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Abstract

We construct a (1, 2) heterotic sigma model whose target space geometry consists

of a transitive Lie algebroid with complex structure on a Kaehler manifold. We

show that, under certain geometrical and topological conditions, there are two

distinguished topological half–twists of the heterotic sigma model leading to A

and B type half–topological models. Each of these models is characterized by the

usual topological BRST operator, stemming from the heterotic (0, 2) supersym-

metry, and a second BRST operator anticommuting with the former, originating

from the (1, 0) supersymmetry. These BRST operators combined in a certain

way provide each half–topological model with two inequivalent BRST structures

and, correspondingly, two distinct perturbative chiral algebras and chiral rings.

The latter are studied in detail and characterized geometrically in terms of Lie

algebroid cohomology in the quasiclassical limit.
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3.5 Induced structures on ker ρE and Ẽ . . . . . . . . . . . . . . . . . 19

3.6 Standard complex connections . . . . . . . . . . . . . . . . . . . . 20

3.7 Local expressions . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

4 The heterotic Lie algebroid sigma model 27

4.1 The heterotic Lie algebroid sigma model: classical theory . . . . . 27

4.2 The Lie algebroid heterotic sigma model: quantum aspects . . . . 31

5 The half–topological Lie algebroid sigma models 33

5.1 Topological twisting: classical theory . . . . . . . . . . . . . . . . 33

5.2 The type A Lie algebroid sigma model . . . . . . . . . . . . . . . 34

5.3 The type B Lie algebroid sigma model . . . . . . . . . . . . . . . 36

5.4 Half–topological nature of the twisted sigma models . . . . . . . . 39

5.5 Dependence on target space geometry . . . . . . . . . . . . . . . . 43

5.6 Perturbative renormalization and conformal invariance . . . . . . 45

2



5.7 BRST charges . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

5.8 Operator BRST cohomology and chiral algebra . . . . . . . . . . 48

5.9 Topological twist and anomalies . . . . . . . . . . . . . . . . . . . 53

5.10 Algebro–geometric conditions . . . . . . . . . . . . . . . . . . . . 56

6 Lie algebroid cohomology and chiral ring 59

6.1 Lie algebroid cohomology . . . . . . . . . . . . . . . . . . . . . . . 59

6.2 Complex and holomorphic Lie algebroid cohomology . . . . . . . 60
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1 Introduction

The superstring theories which, in the low energy limit, yield effective four–

dimensional field theories with space–time supersymmetry are described by (0, 2)

superconformal field theories whose right–moving U(1) charges satisfy suitable

integrality conditions. (See [1]– [3] for background and extensive referencing.)

The subject of (0, 2) superconformal field theories is therefore of a considerable

physical interest. Nevertheless, the amount of research work dedicated to these

models has been very limited in comparison to the (2, 2) models, which constitute

a special subclass. The reason of this, of course, is that the smaller amount of

world–sheet supersymmetry makes them harder to study.

Sigma models are nonlinear interacting quantum field theories and, so, are

rather difficult to deal with. In general, they can be described only perturbatively

in the large target space volume limit. However, as originally showed by Witten

in ref. [4], important aspects of supersymmetric sigma models are captured by

means of topological twist. A topologically twisted supersymmetric sigma model

is characterized by the existence of a nilpotent BRST charge and the associated

operator BRST cohomology. On a flat world–sheet, the untwisted parent model

and the twisted daughter model are equivalent. The power of cohomological

methods makes then it possible to study rather effectively the sector of the former

corresponding to the operator BRST cohomology of the latter. On a non flat

world–sheet, the two models are no longer equivalent, but the twisted model still

exists and can be fruitfully studied.

As found by Witten in ref. [5], the (2, 2) supersymmetric sigma model on a

Kaehler manifold can be topologically twisted in two inequivalent ways. The

operator BRST cohomology of the twisted sigma models is known as chiral ring.

It consists of operator classes constant on the world–sheet and is endowed with

a natural multiplicative structure. The twisted models are therefore topological
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field theories. The A model chiral ring is isomorphic to the target manifold

quantum cohomology, a deformation of de Rham cohomology related to Gromov–

Witten invariants and Floer homology, and depends only on the target’s Kaehler

structure. The B model chiral ring is isomorphic to the sheaf cohomology of the

exterior algebra of the target manifold holomorphic tangent bundle and depends

only on the target’s complex structure. For Calabi–Yau manifolds, A and B

models are further related by mirror symmetry [6].

The (0, 2) supersymmetric sigma model on a Kaehler manifold can be topo-

logically twisted in just one way. The operator BRST cohomology of the twisted

sigma model is known as chiral algebra. It consists of operator classes varying

holomorphically on the world–sheet and is endowed with a natural product struc-

ture of the operator product expansion type. The twisted model, therefore, is not

a topological field theory but a holomorphic field theory.

As remarked again by Witten in ref. [7], the chiral algebra of the twisted

(0, 2) sigma model is akin to the chiral ring of the twisted (2, 2) sigma models,

but only to a point. Like the chiral ring, it is independent from the target man-

ifold’s metric, but, unlike the chiral ring, it receives complicated perturbative

and world–sheet instanton corrections, because the model’s lack of left–moving

supersymmetry. In spite of these difficulties, the chiral algebra remains an object

of central importance in the theory. The interest in the subject has been revived

in recent years, after Witten’s discovery that the perturbative chiral algebra can

be formulated as the cohomology of a sheaf of chiral differential operators [8, 9].

Almost simultaneously, Kapustin [10] reached independently the same conclu-

sion and, subsequently, Tan [11]– [14] generalized the analysis to heterotic (0, 2)

supersymmetric sigma models with left–moving fermions.

The perturbative chiral algebra contains a sector formed by classes with non

singular operator product expansion, the (0, 2) chiral ring, which shares many
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properties with and is the true counterpart of the (2, 2) chiral ring, as suggested

by its name [15, 16, 17]. The (0, 2) chiral ring is of considerable interest of its

own and lends itself to a nice geometrical and topological characterization as the

(2, 2) one.

In this paper, we construct a heterotic (1, 2) supersymmetric sigma model

whose target space geometry consists of a transitive Lie algebroid E with complex

structure on a Kaehler manifold M . There are several reasons why this is an

interesting endeavour, as we now explain

Lie algebroids were first studied by Pradines in the early sixties as a vector

bundle generalization of Lie algebras [18]. Lie algebroids provide a very general

and flexible framework for studying a wide range of geometrical structures [19].

Recently, they proved to be essential in the formulation of generalized complex

geometry [20,21], which has attracted much attention in the string theory commu-

nity for its applications to type II flux compactifications [22] and in the construc-

tion of topological sigma models with generalized Kaehler target geometry [23] –

[25]. The study of sigma models with a Lie algebroid target geometry constitutes

therefore a useful theoretical laboratory capable of providing important clues

about the eventual construction of supersymmetric sigma models describing the

propagation of strings in more general flux backgrounds.

Applications of Lie algebroids to sigma models are plentiful [27]. However,

virtually all of them are concerned with smooth Lie algebroids and the sigma

models they yield require gauge fixing and, so, are not immediately suitable

for quantization. Our experience with sigma models with higher world–sheet

supersymmetry suggests instead that, if Lie algebroids are to have any role, it is

the holomorphic rather than the smooth ones which should be involved. In our

construction, in fact, holomorphic Lie algebroids enter in an essential way.

As it turns out, the heterotic Lie algebroid sigma model worked out by us
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enjoys a (0, 2) world–sheet supersymmetry, as all heterotic sigma models, and

an extra (1, 0) supersymmetry originating from the Lie algebroid’s geometry.

Heterotic sigma models with (1, 2) supersymmetry were studied long ago by Hull

and Witten in ref. [26]. However, the origin of the left–moving supersymmetry in

that case was completely different. The extra supersymmetry, we hope, should

constrain the model enough to make the study of important structures as the

chiral algebra and the chiral ring more manageable without rendering the model

too ’ad hoc’ to be interesting.

There are two distinguished topological half–twists of the heterotic Lie al-

gebroid sigma model, which lead to an A and a B type half–topological sigma

model. Each half–topological model is characterized by the usual topological

BRST operator, stemming from the heterotic (0, 2) supersymmetry, and a sec-

ond BRST operator anticommuting with the former, originating from the (1, 0)

supersymmetry. These BRST operators combined in a certain way provide each

half–topological model with two inequivalent BRST structures and, correspond-

ingly, also two distinct perturbative chiral algebras and chiral rings. Albeit we

do not yet fully understand its ultimate origin and implications, we consider this

to be one of the most salient features of our sigma models.

The first BRST structure answers to the usual one of other half–topological

heterotic sigma models. The second BRST structure is instead completely novel.

Though the two structures share a number of properties, the second one is, in the

appropriate sense explained in the body of the paper, “more topological” than

the first. However, in general, the second structure’s chiral algebra seemingly

does not lend itself to a chiral differential operator sheafy description the same

way the first structure’s does.

The perturbative chiral rings of the two half–topological Lie algebroid sigma

models can be characterized geometrically in the quasiclassical limit, as expected.
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In particular, for the second BRST structure, they are isomorphic to certain

Lie algebroid cohomologies. In this way, the problem of computation of genus

0 perturbative chiral ring correlators can be phrased in Lie algebroid theoretic

terms.

The plan of the paper is as follows. In sect. 2, the theory of smooth Lie

algebroids is reviewed with particular emphasis on the transitive case. In sect.

3, the theory of Lie algebroid complex and holomorphic structures is expounded,

providing the necessary geometric toolkit for the construction of Lie algebroid

sigma models. In sect. 4, the heterotic Lie algebroid sigma model is constructed,

its supersymmetry is unveiled and its basic quantum aspects described. In sect.

5, which is the core part of the paper, it is shown that there are two distinguished

twists of the Lie algebroid heterotic sigma model previously constructed, the

half–topological Lie algebroid sigma models, each of which is characterized by

two inequivalent BRST structures. Various topics such as dependence on the

target space geometry, perturbative chiral algebras and rings and anomalies are

analyzed in detail. In sect. 6, the chiral rings of the half–topological Lie algebroid

sigma models are studied in the quasiclassical limit and described in terms of the

target Lie algebroid’s cohomology. In sect. 7, we summarize our results and

indicate future lines of research.
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2 Lie algebroids

2.1 Lie algebroids

Lie algebroids are vector bundles which have the same structural properties

as the tangent bundle of a manifold. On the other hand, Lie algebroids are

anchored bundles and, so, their definition requires a prior independent definition

of the tangent bundle. The latter, therefore, is not merely a particular example

of Lie algebroid. See ref. [19] for an exhaustive treatment of the subject.

A real Lie algebroid is a smooth real vector bundle E over a manifold M

equipped with a smooth bundle map ρE : E 7→ TM , called the anchor, and an

–bilinear bracket [·, ·]E : Γ(E) × Γ(E) 7→ Γ(E) with the following properties.

1) [·, ·]E is a Lie bracket so that Γ(E) is a Lie algebra:

[s, t]E + [t, s]E = 0, (2.1)

[s, [t, u]E]E + [t, [u, s]E]E + [u, [s, t]E]E = 0, (2.2)

for s, t, u ∈ Γ(E).

2) ρE defines a Lie algebra homomorphism of Γ(E) into Γ(TM):

ρE[s, t]E = [ρEs, ρEt]TM
, (2.3)

for s, t ∈ Γ(E), where [·, ·]TM
is the usual Lie bracket of vector fields of M .

3) The generalized Leibniz rule holds:

[s, ft]E = f [s, t]E + (ρEsf)t, (2.4)

for f ∈ C∞(M) and s, t ∈ Γ(E).

The prototype Lie algebroid over M is the tangent bundle TM : the anchor ρTM

is the identity 1TM
and the bracket is the usual Lie bracket [·, ·]TM

. Lie algebroids

generalize Lie algebras: a Lie algebra can be viewed as a Lie algebroid over the

singleton manifold M = pt.
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A (base preserving) morphism of two Lie algebroids E, E ′ over M is a vector

bundle morphism ϕ : E 7→ E ′ such that

ρE′ϕ = ρE, (2.5)

ϕ[s, t]E = [ϕs, ϕt]E′ , (2.6)

with s, t ∈ Γ(E).

If L, E are two Lie algebroids over M and L is a subbundle of E, then L

is a Lie subalgebroid of E, if the natural injection ι : L 7→ E is a Lie algebroid

morphism.

2.2 Transitive Lie algebroids

In this paper, we are interested mainly in transitive Lie algebroids. A Lie

algebroid E is said transitive, if its anchor ρE is surjective. When E is transitive,

ker ρE is a subbundle of E, called the adjoint bundle of E, and ker ρE inherits

from E a structure of Lie algebroid rendering it a Lie subalgebroid of E. Since

the anchor ρker ρE
of ker ρE vanishes, ker ρE is a Lie algebra bundle, that is vector

bundle whose typical fiber is a fixed Lie algebra g.

If E is transitive, Γ(ker ρE) is a Lie ideal of Γ(E). The quotient bundle

Ẽ = E/ ker ρE inherits then from E a structure of Lie algebroid. The anchor ρẼ

of Ẽ defines a Lie algebroid isomorphism of Ẽ onto TM .

If E is transitive, then there exists a canonical exact sequence of Lie algebroids

0 // ker ρE
ιE

// E
ρE

// TM
// 0 (2.7)

called Atiyah sequence. A splitting 1 of E is a bundle map σ : TM 7→ E such that

ρEσ = 1TM
. (2.8)

1 Splittings are often called connections. We shall reserve the term connection for a related

notion (see below)

10



Unlike ρE, σ does not induce in general a morphism of the Lie algebras Γ(TM)

and Γ(E). The failure to do so is measured by the curvature of σ, the field

GEσ ∈ Γ(∧2TM
∗ ⊗ ker ρE) defined by

GEσ(x, y) = [σx, σy]E − σ[x, y]TM
, (2.9)

with x, y ∈ Γ(TM). The splitting σ is flat, if GEσ = 0.

2.3 Lie algebroid connections

Let E be a Lie algebroid. An E Lie algebroid connection on a vector bundle

V is an bilinear map D : Γ(E) × Γ(V ) 7→ Γ(V ) satisfying

Dfsv = fDsv, (2.10)

Ds(fv) = fDsv + (ρEsf)v, (2.11)

for any f ∈ C∞(M), s ∈ Γ(E), v ∈ Γ(V ). The curvature of the connection D is

the field RD ∈ Γ(∧2E∗ ⊗ End(V )) defined by

RD(s, t)v = DsDtv −DtDsv −D[s,t]Ev, (2.12)

where s, t ∈ Γ(E), v ∈ Γ(V ). D is said flat, if RD = 0. In that case, D is called

a representation of the Lie algebroid E in the vector bundle V .

When V = E, it is also possible to define the torsion of D, which is the field

TD ∈ Γ(∧2E∗ ⊗ E) defined by

TD(s, t)u = Dst−Dts− [s, t]E, (2.13)

where s, t ∈ Γ(E). D is said torsionless, if TD = 0.

A TM Lie algebroid connection on V is an ordinary connection on V . In

that case, the definition of curvature and, when V = TM , of torsion given above

reproduce the usual ones. The notion of Lie algebroid connection is however more
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general. For instance, while for a generic s ∈ Γ(E), Ds is a 1st order differential

operator on Γ(V ), when s is valued in ker ρE, Ds is simply a field of Γ(End(E)).

With any E Lie algebroid connection D on E, there is associated canonically

an E Lie algebroid connection on any of the vector bundles which can be con-

structed from E by dualizing and tensoring in the usual way. We shall denote

these connections with the same symbol D. In particular, the associated connec-

tion on End(E) is defined by the relation (DsA)t = Ds(At)−ADst with t ∈ Γ(E),

for s ∈ Γ(E), A ∈ Γ(End(E)).

Let E be a transitive Lie algebroid, V be a vector bundle and D be an E

connection on V . If σ is a splitting of E, then

(Dσ)xv = Dσxv, (2.14)

with x ∈ Γ(TM), v ∈ Γ(V ), is an ordinary connection on V . The curvatures of D

and Dσ are related as

RDσ
(x, y)v = RD(σx, σy)v +DGEσ(x,y)v, (2.15)

for with x, y ∈ Γ(TM), v ∈ Γ(V ).

For a transitive Lie algebroid E, the expression

Dad
Esz = [s, z]E, (2.16)

with s ∈ Γ(E), z ∈ Γ(ker ρE), defines a canonical E connection on ker ρE. Dad
E is

flat. Conversely, for a generic splitting σ of E, Dad
Eσ is not flat, being

RDad
Eσ

(x, y)z = [GEσ(x, y), z]ker ρE
, (2.17)

for x, y ∈ Γ(TM), z ∈ Γ(ker ρE). Dad
Eσ is flat if GEσ is valued in the center of

ker ρE, the subbundle of ker ρE corresponding to the center Zg of the typical

fiber g of ker ρE.
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2.4 Complex Lie algebroids

For a real vector bundle V , let V c = V ⊗ be the complexification of V . A

complex Lie algebroid is a smooth complex vector bundle W over a manifold M

equipped with a smooth bundle map ρW : W 7→ TM
c and a –bilinear bracket

[·, ·]W : Γ(W ) × Γ(W ) 7→ Γ(W ) such that (2.1)–(2.4) hold with TM replaced by

TM
c throughout. If E is a real Lie algebroid, the complexification Ec of E has

an obvious induced structure of complex Lie algebroid. All the constructions

illustrated above extend without change to complex Lie algebroids.
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3 Complex structures and holomorphic Lie algebroids

3.1 Holomorphic Lie algebroids

Lie algebroid theory can be formulated also in the holomorphic setting [28]–

[30]. In this case, however, one must take into account the fact that, in general,

a complex manifold M admits an infinite dimensional algebra of holomorphic

functions and, similarly, a holomorphic vector bundle V over M admits an infinite

dimensional space of holomorphic sections only locally on M. For this reason, one

is forced to work locally on each open set U of M. To each relation of the smooth

theory, there then correspond infinitely many formally analogous relations of the

holomorphic theory, one for each open set U and these relations are compatible

with inclusions of open sets U ⊂ V . Formally, as is well–known, this can be done

employing sheaf theory. We denote by OM the sheaf of holomorphic functions of

M and by OV the sheaf of holomorphic sections of V : for any open set U of M ,

OM(U) is the algebra of holomorphic functions on U and OV(U) is the space of

holomorphic sections of V on U .

A holomorphic Lie algebroid is a holomorphic vector bundle E over a complex

manifold M equipped with a holomorphic bundle map ρE : E 7→ TM and a –

bilinear bracket [·, ·]E : OE × OE 7→ OE commuting with restrictions such that

(2.1)–(2.4) are satisfied at the sheaf level (that is with Γ(E), Γ(TM) and C∞(M)

replaced throughout by OE(U), OTM(U) and OM(U), respectively, for all open

sets U of M.)

One can define the notions of transitive holomorphic Lie algebroid and holo-

morphic splitting and those of holomorphic algebroid connections as in the smooth

theory in obvious fashion.

3.2 Lie algebroid complex structures

Let V be a real vector bundle over a manifold M . An almost complex structure
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of V is a field K ∈ Γ(End(V )) satisfying

K2 = −1V . (3.1)

We denote by Kc the extension of K to the complexification V c of V and by

V +, V + the ±i eigenbundles of Kc 2. When V = TM , we recover the customary

notion of almost complex structure.

Let E be a real Lie algebroid over M and let J be an almost complex structure

of E. J is said a complex structure, if it satisfies the integrability condition

NEJ = 0, (3.2)

where NEJ ∈ Γ(∧2E∗ ⊗ E) is the Nijenhuis field of J defined by

NEJ(s, t) = [Js, Jt]E − [s, t]E − J([Js, t]E + [s, Jt]E), (3.3)

with s, t ∈ Γ(E). The integrability condition (3.2) is equivalent to the closedness

of Γ(E+) under the Lie bracket [·, ·]Ec . When E = TM , we recover the customary

notion of complex structure.

Let E be a real Lie algebroid over M . A Lie algebroid complex structure

of E is a pair (J, JM), where J and JM are complex structures of E and TM ,

respectively, such that the anchor ρE of E is complex linear,

ρEJ = JMρE. (3.4)

A Lie algebroid with complex structure is a real Lie algebroid E endowed with a

Lie algebroid complex structure (JE, JEM).

A Lie algebroid with complex base is a complex vector bundle W over a man-

ifold M together with a complex structure JWM of TM , a smooth bundle map

ρW : W 7→ TM
+ and a –bilinear bracket [·, ·]W : Γ(W ) × Γ(W ) 7→ Γ(W ) such

that (2.1)–(2.4)

2 Usually, the notation V 1,0, V 0,1 is used for these eigenbundles. We employ the notation

V +, V + for convenience.
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hold with E and TM replaced byW and TM
+, respectively. TM

+ itself is a complex

Lie algebroid with complex base.

If E is a Lie algebroid with complex structure, then E+ has an obvious induced

structure of Lie algebroid with complex base. E+ also does. A lot more happens

however.

The complex structure JEM ensures the existence of a holomorphic coordinate

atlas on M and, so, renders M a complex manifold, henceforth denoted by M.

The complex vector bundle TM
+ has a canonical holomorphic structure and is

thus a holomorphic vector bundle TM over M, the holomorphic tangent bundle

of M. Further, the Lie bracket [·, ·]TM
+ restricts to the Lie bracket [·, ·]TM on

local holomorphic sections of TM. In this way, TM gets endowed with a canon-

ical structure of holomorphic Lie algebroid. The natural questions arise about

whether the complex structure JE similarly endows the vector bundle E+ with a

canonical holomorphic structure making it a holomorphic vector bundle E over M

and whether E is also canonically a holomorphic Lie algebroid. Things however

are not as simple as for TM , as the following analysis shows.

3.3 Lie algebroid holomorphic structures

Let E be a Lie algebroid over M with complex structure. The ∂ operator of

E+ is the differential operator ∂E+ on Γ(E+) defined by

∂E+s̄t = ΠE[s̄, t]Ec , (3.5)

with s, t ∈ Γ(E+), where ΠE = (1E − iJE)/2 ∈ Γ(End(Ec)) is the projector field

on E+. ∂E+ is a E+ Lie algebroid connection on E+, that is

∂E+f̄ s̄t = f̄∂E+s̄t, (3.6)

∂E+s̄(ft) = f∂E+s̄t+ (ρ̄E+ s̄f)t, (3.7)
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for any f ∈ C∞
c (M), s, t ∈ Γ(E+) (see eqs. (2.10), (2.11)). The integrability of

the complex structure JE entails that the curvature R∂̄
E+

of ∂E+ vanishes,

R∂̄
E+

(s̄, t̄)u = ∂E+s̄∂E+ t̄u− ∂E+ t̄∂E+s̄u− ∂E+[s̄,t̄]
Ē+
u = 0, (3.8)

for s, t, u ∈ Γ(E+).

The above construction can be repeated in the case where E = TM . As is read-

ily checked, ∂TM
+ is the usual Cauchy–Riemann operator on Γ(TM

+). We shall

see that ∂E+ is a natural generalization of ∂TM
+ , as suggested by the notation.

The operator ∂E+ intertwines naturally with the anchor and the Lie bracket

of the Lie algebroid E+. Indeed, one has

∂TM
+ρ̄

E+ s̄(ρE+t) = ρE+∂E+s̄t, (3.9)

for s, t ∈ Γ(E+) and, further,

∂E+s̄[u, v]E+ = [∂E+s̄u, v]E+ − [∂E+s̄v, u]E+ + ∂E+vs̄
u− ∂E+us̄

v, (3.10)

for s, u, v ∈ Γ(E+), where us̄ = ∂E+ūs.

Let us call a local section t of E+ E–holomorphic if

∂E+s̄t = 0, s ∈ Γ(E+). (3.11)

In general, this equation has only local solutions. We denote by OE the sheaf of

solutions of (3.11). Using (3.7), one verifies that, if f ∈ OM(U) and s ∈ OE(U),

then fs ∈ OE(U) as well. Thus, OE is a sheaf of OM modules.

Does the operator ∂E+s̄ defines a holomorphic structure on E+ making it a

holomorphic vector bundle E over M in analogy to TM
+? In that case, is E

naturally also a holomorphic Lie algebroid again in analogy to TM
+?

In order ∂E+s̄ to define a holomorphic structure on E+, it is necessary that,

locally, there exist E–holomorphic frames of E+, that is that the sheaf OE is
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locally free. This is not the case in general. Let us assume however that it is.

Then, E+ becomes a holomorphic vector bundle E .

Eq. (3.9) is not sufficient to conclude that the anchor ρE+ is holomorphic,

since in general not every field x ∈ Γ(TM
+) is of the form x = ρE+s for some field

s ∈ Γ(E+). (3.9) is anyway compatible with the holomorphy of ρE+ . So, we can

assume ρE+ does have this property.

Eq. (3.10) implies that, if U is an open subset of M and u, v ∈ OE(U),

[u, v]E+ ∈ OE(U) as well. Thus, OE is closed under the Le brackets [·, ·]E+ .

In summary, in order E+ to become a holomorphic vector bundle E over M,

we have to assume that the sheaf OE is locally free. Further, in order E to be a

holomorphic Lie algebroid, we have to assume further that ρE+ is holomorphic.

When the Lie algebroid E is transitive, we are able to make definitely stronger

statements.

3.4 The transitive case

Let E be a transitive Lie algebroid and let J be an almost complex structure

of E. Suppose that ker ρE is invariant under J . Then, in addition to the primary

Nijenhuis field NEJ defined in (3.3), we can define a secondary Nijenhuis field

ÑEJ ∈ Γ(E∗ ⊗ ker ρE
∗ ⊗ ker ρE) by

ÑEJ(s, t) = [Js, Jt]E + [s, t]E − J([Js, t]E − [s, Jt]E), (3.12)

with s ∈ Γ(E), t ∈ Γ(ker ρE). The vanishing of ÑEJ is equivalent to the property

that [s̄, t]Ec ∈ Γ(ker ρE+) for s ∈ Γ(E+), t ∈ Γ(ker ρE+), as is easily verified.

Let E be a transitive Lie algebroid with complex structure 3. It is readily seen

that the Lie algebroid with complex base E+ is then also transitive.

3 We note that, as ρENEJE
(s, t) = NTM JEM

(ρEs, ρEt) for s, t ∈ Γ(E) by (3.3) and ρE is

surjective, the integrability of JE automatically implies that of JEM .
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As, by (3.4), ker ρE is invariant under JE, the secondary Nijenhuis field ÑEJE

is defined. It can then be shown that the vanishing of ÑEJE
,

ÑEJE
= 0, (3.13)

is a necessary and sufficient condition for the sheaf OE to be locally free. Here is

a sketch of the proof. OE is locally free if and only if E+ admits locally an E–

holomorphic frame. Let {ei} be a local frame of E+. There is an E–holomorphic

frame of E+ if and only if we can find a local invertible matrix function T i
j such

that ∂E+s̄(T
j
iej) = 0 for s ∈ Γ(E+). Now, the anchor ρE+ : E+ 7→ TM

+ is

surjective. There is thus a bundle map σ+ : TM
+ 7→ E+ such that ρE+σ+ =

1E+ . The above equation then splits into two equations: i) ∂E+s̄(T
j
iej) = 0 for

s ∈ Γ(ker ρE+) and ii) ∂E+σ̄+x̄(T
j
iej) = 0 for x ∈ Γ(TM

+). Eq. i reduces to

ΠE[s̄, ei]Ec = 0 and thus to (3.13). Eq. ii is a genuine differential equation for

T i
J . It has a solution provided the appropriate integrability condition is satisfied.

The condition indeed is as a consequence of the Jacobi identity obeyed by the Lie

bracket [·, ·]Ec .

Since E+ is transitive, (3.9) is sufficient to conclude that the anchor ρE+ is

holomorphic, as by the surjectivity of ρE+ , every field x ∈ Γ(TM
+) is of the form

x = ρE+s for some field s ∈ Γ(E+).

In summary, if E is a transitive Lie algebroid with complex structure sat-

isfying (3.13), then OE is a locally free sheaf and ρE+ is holomorphic. E+ has

thus a canonical holomorphic structure rendering it a transitive holomorphic Lie

algebroid E over M. Since OE is the sheaf of sections of E and is defined by eq.

(3.11), we can interpret ∂̄E+ as the Cauchy–Riemann operator on Γ(E+).

3.5 Induced structures on ker ρE and Ẽ

Suppose that E is a transitive Lie algebroid with complex structure satisfying

(3.13), as above.
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Since ker ρE is invariant under JE, JE defines almost complex structures on

the vector bundles ker ρE and Ẽ = E/ ker ρE ≃ TM . In this way, both ker ρE

and Ẽ are Lie algebroids with complex structure. ker ρE is not transitive, as its

anchor vanishes identically. Ẽ, conversely, is transitive, as its anchor is a vector

bundle isomorphism. Further, Ẽ satisfies (3.13) trivially.

Therefore, the above theory does not apply to ker ρE while it does to Ẽ.

Nevertheless, the holomorphic structure of E+ induces naturally holomorphic

structures on (ker ρE)+ ≃ ker ρE+ and (Ẽ)+ ≃ Ẽ+ and, in the latter case, the

holomorphic structure is precisely the one associated with the structure of tran-

sitive Lie algebroid with complex structure of Ẽ. In fact, as the anchor ρE of E is

holomorphic, ker ρE is a holomorphic Lie subalgebroid of E and, so, a holomorphic

Lie algebroid. Consequently, Ẽ = E/ ker ρE ≃ TM is a holomorphic Lie algebroid.

3.6 Standard complex connections

Let E be a transitive Lie algebroid and let σ be a splitting of E (cf. subsect.

2.2). We define a field ω ∈ Γ(End(E)) by

ω = 1E − σρE. (3.14)

As ω2 = ω, ω is a projector field. In fact, ω projects on ker ρE.

Let E be a transitive Lie algebroid and let (J, JM) be a Lie algebroid complex

structure of E. A splitting σ of E is said complex with respect to (J, JM) if

σJM = Jσ. (3.15)

Compare with condition (3.4).

Let E be a transitive Lie algebroid with complex structure satisfying the

condition (3.13). Let σ be a complex splitting of E and let DM be an ordinary

connection on M such that the complex structure JEM is parallel, so that

DMxJEM = 0, (3.16)
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with x ∈ Γ(TM). We now set

Dst = σDMρEs(ρEt) + [s, ωt]E +HEσ(ρEs, ρEt), (3.17)

with s, t ∈ Γ(TM), where the field HEσ ∈ Γ(TM
∗⊗2 ⊗ ker ρE) is defined by

HEσ(x, y) =
1

4

(
GEσ(JEMx, JEMy) +GEσ(x, y) (3.18)

+ JE(GEσ(JEMx, y) −GEσ(x, JEMy)
)
,

with x, y ∈ Γ(TM), GEσ being the curvature of the splitting σ (cf. eq. (2.9)).

Directly from the definition (3.17), we verify that D is an E Lie algebroid con-

nection on E (cf. eqs. (2.10), (2.11)). Note that, when E = TM , D = DM . We

call connections of this form standard. They will play an important role in the

formulation of the Lie algebroid heterotic sigma model. The last term in the right

hand side of (3.17) may dropped without compromising D being a connection.

The reason why it is added is to make D naturally related to the operator ∂E+ ,

as shown momentarily.

The complex structure JE of E is parallel with respect to D,

DsJE = 0, (3.19)

with s ∈ Γ(E). Another distinguished property of D is the following. We define

an ordinary connection on the vector bundle Hom(E, TM), denoted also by DM ,

by the relation (DMxφ)t = DMx(φt) − φDσxt with t ∈ Γ(E), for x ∈ Γ(TM), φ ∈

Γ(Hom(E, TM)). We further view the anchor of E as a field ρE ∈ Γ(Hom(E, TM)).

Then, as is easily verified, ρE is parallel with respect to DM ,

DMxρE = 0, (3.20)

with x ∈ Γ(TM).

The torsion TD of D is given by the formula
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TD(s, t) = σTDM
(ρEs, ρEt) + [s, ωt]E − [t, ωs]E (3.21)

− ω[s, t]E +HEσ(ρEs, ρEt) −HEσ(ρEt, ρEs),

with s, t ∈ Γ(E). We note that, when TDM
= 0, TD is generally non vanishing,

but ker ρE valued.

The curvature RD of D is given by the formula

RD(s, t)u = σRDM
(ρEs, ρEt)ρEu−HEσ(ρE[s, t]E, ρEu) (3.22)

+ [s,HEσ(ρEt, ρEu)]E − [t,HEσ(ρEs, ρEu)]E

+HEσ(ρEs,DMρEt(ρEu)) −HEσ(ρEt,DMρEs(ρEu)),

with s, t, u ∈ Γ(E).

For s ∈ Γ(E) and t ∈ Γ(ker ρE), we have

Dst = [s, t]E. (3.23)

So, upon restriction to Γ(ker ρE), D reduces to the canonical E connection Dad
E

of the adjoint bundle ker ρE (cf. eq. (2.17)).

Since, for s ∈ Γ(E), t ∈ Γ(ker ρE), we have Dst ∈ Γ(ker ρE), D induces also

an E Lie algebroid connection on Ẽ, where Ẽ = E/ ker ρE (cf. subsect. 2.2),

Dst = σDMρEs(ρEt) mod ker ρE, (3.24)

with s ∈ Γ(E), t ∈ Γ(Ẽ). As the right hand side of (3.24) vanishes for s ∈

Γ(ker ρE), D induces an Ẽ Lie algebroid connection on Ẽ. Recalling that Ẽ ≃ TM

and that ρE : Ẽ 7→ TM is a Lie algebroid isomorphism with inverse σ : TM 7→ Ẽ,

we realize that this connection is essentially the connection DM entering in the

definition (3.17) of D.

The E Lie algebroid connection D on E extends by complexification to an Ec

Lie algebroid connection Dc on Ec. All the properties of D found above generalize

to Dc without change.

22



By (3.19), Γ(E+) is invariant under Dc. In this way, by restriction, we obtain

an E+ Lie algebroid connection D+ on E+ (cf. eqs. (3.6), (3.7)). Explicitly,

D+
s̄t = Dc

s̄t, (3.25)

where s, t ∈ Γ(E+). The remarkable property of this D+ is that, if DM
+ = ∂TM

+ ,

the Cauchy–Riemann operator of TM
+, then, likewise,

D+ = ∂E+ , (3.26)

the Cauchy–Riemann operator of E+ defining its canonical holomorphic structure

(cf. eq. (3.5)). We remark that, much as DM is nor uniquely fixed by the

requirement that DM
+ = ∂TM

+ , so D is not the only connection enjoying the

important property (3.26).

3.7 Local expressions

Let E be a transitive Lie algebroid with complex structure satisfying (3.13).

Then, as shown earlier, the base M of E is automatically a complex manifold

M and E+ has a canonical holomorphic structure making it a holomorphic Lie

algebroid E over M. Consequently, over any sufficiently small open set U of

M , there exists a holomorphic frame {∂a} of TM associated with each set of

holomorphic coordinates {za} of M and a holomorphic frame {ei} of E .

Since the anchor ρE of E is holomorphic, we have

ρEei = ρa
i∂a, (3.27)

where the anchor structure functions ρa
i are holomorphic

∂̄āρ
b
k = 0. (3.28)

As OE(U) is closed under the Lie bracket [·, ·]E , we have

[ej, ej]E = fk
ijek, (3.29)
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where the bracket structure functions fk
ij are holomorphic

∂̄āf
k
ij = 0. (3.30)

The holomorphy of the anchor ρE allows us to choose adapted holomorphic

frames. Here and in the following, we use the Latin letters u, v, w, x, y as holo-

morphic ker ρE indices and the Latin letters p, q, r, s, t as holomorphic E/ ker ρE

indices. For an adapted holomorphic frame, we have {ei} = {eu} ∪ {ep}, where

{eu} is a holomorphic frame of ker ρE ,

ρEeu = 0. (3.31)

(3.31) implies the important relation

ρa
u = 0. (3.32)

Since [s, t]E ∈ Oker ρE (U) if either s ∈ Oker ρE (U) or t ∈ Oker ρE (U), we have

fp
uv = 0, fp

uq = 0. (3.33)

Let us now view OE(U) as a subspace of Γ(E+|U). ¿From (3.5), it is readily

verified that [s̄, t]Ec = 0 whenever s, t ∈ OE(U). From (3.29) and this observation,

we have then

[ej, ej]Ec = fk
ijek, [ēı̄, ej]Ec = 0 and c. c.. (3.34)

Therefore, only fk
ij and c. c. are non vanishing.

¿From (2.1)–(2.4), the structure functions ρa
i, f

k
ij satisfy

f i
jk + f i

kj = 0, (3.35)

f i
jmf

m
kl + f i

kmf
m

lj + f i
lmf

m
jk (3.36)

+ ρa
j∂af

i
kl + ρa

k∂kf
i
lj + ρa

l∂af
i
jk = 0,

ρb
i∂bρ

a
j − ρb

j∂bρ
a
i − fk

ijρ
a
k = 0. (3.37)

24



A host of more explicit relations can be obtained for an adapted frame by splitting

the frame index i as (u, p) and using (3.32), (3.33).

In our treatment, the complex Lie algebroid E is always endowed with a

complex splitting σ (cf. eq. (3.15)). By (3.15), we have

σ∂a = σi
aei and c. c.. (3.38)

σ is characterized by its curvature GEσ (cf. eq. (2.9)). The components GEσ are

defined by the relations

GEσ
c(∂a, ∂b) = Gi

abei, GEσ
c(∂̄ā, ∂b) = Gi

ābei +Gı̄
ābeı̄ and c. c.. (3.39)

In the right hand side of the first of these relations, a term of the form Gı̄
abeı̄ is

absent, as this automatically vanishes by the complex nature of σ. Applying the

definition (2.9), by a straightforward calculation, we find

Gi
ab = ∂aσ

i
b − ∂bσ

i
a + f i

jkσ
j
aσ

k
b, Gi

āb = ∂̄āσ
i
b and c. c. (3.40)

Note that, since GEσ is ker ρE valued, we have

Gp
ab = 0, Gp

āb = 0 and c. c., (3.41)

as may be readily checked. Note also that the vanishing of the components Gu
āb

is equivalent to the holomorphy of σ.

In view of its application to the construction of the Lie algebroid sigma model,

we provide the local expression of the standard connection D (cf. eq. (3.17)). We

assume that the connection DM is such that DM
+ = ∂TM

+ , so that (3.26) holds.

(3.26) and the holomorphy condition ∂E+ei = 0 entail that

Dc
ēı̄
ej = 0 and c. c.. (3.42)

The coefficients of the connection are defined by the relation

Dc
ei
ej = Ak

ijek and c. c., (3.43)
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which follows from the invariance of Γ(E+) under Dc. The coefficients Ak
ij can

be computed directly using (3.17),

Ak
ij = σk

cρ
a
iρ

b
jAM

c
ab − ρa

iρ
b
j∂aσ

k
b + fk

ilω
l
j, (3.44)

where the components of ω are defined by ωei = ωj
iej with ωp

i = 0, in accordance

with (3.14). In particular, we have

Av
iu = f v

iu, (3.45)

as implied by the property (3.23), and

Ap
ij = 0 for (i, j) 6= (q, r), (3.46)

as follows from (3.24).

The local expressions of the torsion and the curvature of Dc can also be

obtained. We shall not exhibit them however, since they will not be needed in

the following.
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4 The heterotic Lie algebroid sigma model

4.1 The heterotic Lie algebroid sigma model: classical theory

As every sigma model, the Lie algebroid heterotic sigma model is characterized

classically by the following data: a) the target space geometry, b) the world–sheet

geometry, c) the field content, d) the action and e) its symmetries.

The target space geometry consists of a transitive Lie algebroid E with com-

plex structure over a manifold M satisfying (3.13) (cf. subsects. 2.2, 3.2). E

is further furnished with a complex splitting σ. Finally, M is endowed with a

metric g which is Kaehler with respect its complex structure JEM .

The world–sheet is a Riemann surface Σ equipped with a spin structure KΣ
1/2,

a tensor square root of the canonical line bundle KΣ of Σ.

The fields of the model are an embedding field x ∈ Map(Σ,M), two fermion

fields χθ̄ ∈ Γ(KΣ
1/2 ⊗ x∗ΠẼ+), χθ̄ ∈ Γ(KΣ

1/2 ⊗ x∗ΠẼ+), two more fermion fields

λθ ∈ Γ(KΣ
1/2 ⊗x∗Π ker ρE+), λ∗θ ∈ Γ(KΣ

1/2 ⊗x∗Π ker ρE+
∗) and two boson fields

lθθ̄ ∈ Γ(KΣ
1/2 ⊗ KΣ

1/2 ⊗ x∗ ker ρE+), l∗θθ̄ ∈ Γ(KΣ
1/2 ⊗ KΣ

1/2 ⊗ x∗ ker ρE+
∗) 4.

Here, Ẽ+ is the quotient vector bundle E+/ ker ρE+ and ker ρE+
∗ is the dual

vector bundle of ker ρE+ . Π is the parity reversal operator which associates with

any vector bundle V its odd counterpart ΠV . x∗V denotes the pull–back of a

vector bundle V over M by the map x.

The action of the Lie algebroid heterotic sigma model is

S =

∫

Σ

d2z
[1

2
gāb(x)(∂ z̄x

ā∂zx
b + ∂zx

ā∂ z̄x
b) + igābρ

ā
p̄ρ

b
q(x)χ

p̄
θ̄Dzχ

q
θ̄ (4.1)

+ iλ∗uθDz̄λ
u

θ + fu
wvG

w
ābρ

ā
p̄ρ

b
q(x)λ

∗
uθλ

v
θχ

p̄
θ̄χ

q
θ̄ − l∗uθθ̄l

u
θθ̄

]
.

Here, Gu
āb is the (1, 1) component of the curvature GEσ of σ (cf. eq. (3.40)). Dz,

Dz̄ are the components of the connection x∗Dσ of x∗E yielded via pull–back by

4 In the string theory literature, the spinor indices θ, θ̄ are generally denoted by −,+
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x of the connectionDσ of E associated with a standard E Lie algebroid connection

D of E and the splitting σ as in eq. (2.14). D, in turn, is constructed using

σ and the customary Levi–Civita connection ∇M of TM according to (3.17).

The connection x∗Dσ extends to x∗Ec by complexification and then to x∗E+

by restriction, on account of (3.19). Since x∗Dσ leaves x∗ ker ρE+ invariant, by

(3.20), x∗Dσ induces a connection on both x∗ ker ρE+ and x∗Ẽ+. Explicitly, using

(3.44), we have

Dzφ
p = ∂zφ

p + (Γa
cbσ

p
aρ

b
q − ∂cσ

p
bρ

b
q)(x)∂zx

cφq, and c. c., (4.2a)

Dz̄ψ
u = ∂ z̄ψ

u + fu
ivσ

i
a(x)∂ z̄x

aψv, (4.2b)

Dz̄ψ
∗
u = ∂ z̄ψ

∗
u − f v

iuσ
i
a(x)∂ z̄x

aψ∗
v. (4.2c)

Here and in the following, the abbreviation “c. c.” denotes target space complex

conjugation only and is thus inert on the world–sheet.

The action S of the heterotic sigma model has a high amount of symmetry,

as we now show.

The (0, 2) supersymmetry field variations are given by

δαx
a = iαθ̄ρa

p(x)χ
p
θ̄ and c. c., (4.3a)

δαχ
p
θ̄ = −

i

2
αθ̄fp

qr(x)χ
q
θ̄χ

r
θ̄ − αθ̄σp

a(x)∂ z̄x
a and c. c., (4.3b)

δαλ
u

θ = iαθ̄
(
− fu

ivσ
i
aρ

a
p(x)χ

p
θ̄λ

v
θ + luθθ̄

)
, (4.3c)

δαl
u

θθ̄ = −iαθ̄fu
ivσ

i
aρ

a
p(x)χ

p
θ̄l

v
θθ̄ (4.3d)

+ iαθ̄
(
iDz̄λ

u
θ + fu

wvG
w

ābρ
ā
p̄ρ

b
q(x)χ

p̄
θ̄χ

q
θ̄λ

v
θ

)
,

δαλ
∗
uθ = iαθ̄f v

iuσ
i
aρ

a
p(x)χ

p
θ̄λ

∗
vθ + iαθ̄l∗uθθ̄, (4.3e)

δαl
∗
uθθ̄ = iαθ̄

(
f v

iuσ
i
aρ

a
p(x)χ

p
θ̄l

∗
vθθ̄ (4.3f)

+ iDz̄λ
∗
uθ − f v

wuG
w

ābρ
ā
p̄ρ

b
q(x)χ

p̄
θ̄χ

q
θ̄λ

∗
vθ

)
,

where the spinors αθ̄, αθ̄ ∈ Γ(ΠKΣ
−1/2) satisfy the antiholomorphy condition
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∂zα
θ̄ = ∂zα

θ̄ = 0 (4.4)

and complex conjugation interchanges αθ̄, αθ̄ 5.

The sigma model action S enjoys (0, 2) supersymmetry, so that

δαS = 0, (4.5)

provided the splitting σ satisfies the condition

Gu
ab = 0, (4.6)

where Gu
ab is (2, 0) component of the curvature GEσ

c of σ (cf. eq. (3.40)).

As a matter of fact, the weaker condition f v
wuG

w
ab = 0 would be sufficient for

(0, 2) supersymmetry. However, in the analysis of the cohomological properties

of the topological twisted version of the model studied in the next section, it will

emerge that the stronger condition (4.6) is required. (4.6) will thus be assumed

right away.

The (1, 0) supersymmetry field variations are given by

sξx
a = 0, and c. c., (4.7a)

sξχ
p
θ̄ = 0, and c. c., (4.7b)

sξλ
u

θ = −
i

2
ξθfu

vw(x)λv
θλ

w
θ, (4.7c)

sξl
u

θθ̄ = −iξθfu
vw(x)λv

θl
w

θθ̄, (4.7d)

sξλ
∗
uθ = iξθfw

vu(x)λ
v
θλ

∗
wθ, (4.7e)

sξl
∗
uθθ̄ = iξθfw

vu(x)λ
v
θl

∗
wθθ̄. (4.7f)

where the spinor ξθ ∈ Γ(ΠKΣ
−1/2) satisfies the holomorphy condition

∂ z̄ξ
θ = 0. (4.8)

The sigma model action S enjoys also (1, 0) supersymmetry,

5 In our conventions, if ξ, η are complex fermion fields, ξη = ηξ = −ξη.
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sξS = 0, (4.9)

no further restriction on the target space geometry being required. While the

(0, 2) supersymmetry is a common property of all heterotic sigma models, this

(1, 0) supersymmetry is a special feature of our Lie algebroid sigma model. The

model has therefore a total (1, 2) supersymmetry. The (0, 2) and (1, 0) parts of

this play however quite different roles in the topological twisted version of the

model, as we shall see.

As original noticed in ref. [5], on a compact Riemann surface Σ, the space of

holomorphic sections of the holomorphic line bundles KΣ
p/2 with p ∈ is only

finite dimensional. For a world–sheet of this type, conditions (4.4), (4.8) have

only the trivial solutions αθ̄ = αθ̄ = 0, ξθ = 0, and, so, the (0, 2) and (1, 0)

supersymmetries of the sigma model are empty (except in genus 1). To have a

full infinite dimensional space of solutions of (4.4), (4.8), it is necessary that Σ

has punctures. Customarily, one assumes that Σ is the flat punctured complex

plane \ {0}. In the next section, we shall see that the Lie algebroid heterotic

sigma model, in a topologically twisted form, can be formulated on a world-sheet

that is a general compact Riemann surface Σ.

On a flat world–sheet, in which the supersymmetry parameters αθ̄, αθ̄ and ξθ

can be taken constant, the (1, 2) supersymmetry algebra

[δα, δβ] = i(αθ̄β θ̄ − β θ̄αθ̄)∂ z̄, (4.10a)

[sξ, sη] = 0, (4.10b)

[δα, sξ] ≃ 0 (4.10c)

is verified, provided the (0, 2) supersymmetry condition (4.6) is satisfied. Here

and in the following ≃ denotes equality holding on–shell. We remark that (4.6)

is required only by the validity of (4.10a).

The sigma model enjoys also an antiholomorphic R and a holomorphic flavour
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symmetry, under which the sigma model fields x, χθ̄, χθ̄, λθ, λ
∗
θ, lθθ̄, l

∗
θθ̄ have

R/flavour charges (0, 0), (−1, 0), (1, 0), (0, 1), (0,−1), (−1, 1), (1,−1), respectively.

The overall normalization of the two charges is conventional. Different conven-

tions are used in [11] – [14], [17].

The supersymmetry field variations (4.3), (4.7) respect the R/flavour charges

of the sigma model fields provided that the supersymmetry parameters αθ̄, αθ̄, ξθ

are assigned R/flavour charges (1, 0), (−1, 0), (0,−1) respectively. It is natural

to assume this and we shall do so henceforth.

4.2 The Lie algebroid heterotic sigma model: quantum aspects

The Lie algebroid heterotic sigma model is a particular heterotic sigma model

and, so, the usual consistency requirements of the quantum field theory associated

with the latter apply.

In order the sigma model quantum functional integral to be meaningfully

defined, the fermion determinants must combine to yield a function on the space

of all embeddings x. As is well–known, to this end, the associated determinant

line bundle L must be trivial. In the heterotic sigma model, this is achieved if

the complex vector bundles TM
+, ker ρE+ satisfy the condition

ch2(TM
+) = ch2(ker ρE+), (4.11)

where ch2(W ) denotes the degree 4 part of the Chern character of a complex

vector bundle W . Above, the isomorphism Ẽ+ ≃ TM
+ has been taken into

account.

The R and flavour symmetry are generally anomalous. The anomalies mani-

fest themselves as vacuum background R and flavour charges ∆qR, ∆qL. ∆qR is

the difference of the numbers of the χθ̄, and the χθ̄ zero–modes. Similarly, ∆qL

is the difference of the numbers of the λθ and the λ∗θ zero–modes. ∆qR, ∆qL are
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so given by the index formulae

∆qR =

∫

Σ

x∗c1(TM
+), (4.12)

∆qL =

∫

Σ

x∗c1(ker ρE+). (4.13)

Quantum sigma model correlators can be non zero only if the vacuum charges

are soaked up by those of the inserted operators.

Further topological restrictions will arise in the topologically twisted version

of the sigma model studied in the next section. In that case, the fact that the

target manifold M and the gauge vector bundle ker ρE are encompassed in the

Lie algebroid E makes the consistency requirements somewhat more restrictive

and, so, also more predictive.
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5 The half–topological Lie algebroid sigma models

5.1 Topological twisting: classical theory

As is well–known, a supersymmetric field theory on a flat space–time does

not remain supersymmetric on a more general space–time with non trivial topol-

ogy. The reason for this is that supercharges are constant spinors and constant

spinors exist only on very few space–times. A systematic way of constructing

supersymmetric field theories on general space–times is by topological twist of

supersymmetric field theories on flat ones. The twist is implemented by modi-

fying the space–time covariance of the fields depending on their R and flavour

symmetry properties in such a way that one or more supercharges become scalar

and thus can be constant on a general background. Twisting is not always possi-

ble ore may be possible in more than one way. See ref. [5] for a readable exposition

of twisting in sigma models

We shall now consider the topological twist of the Lie algebroid heterotic

sigma model constructed in sect. 4. A sigma model field is either the embedding

field x ∈ Map(Σ,M) or a section φ ∈ Γ(ζ) of some vector bundle ζ over Σ.

A twist prescription leaves x unchanged and replaces any other field φ ∈ Γ(ζ)

having R/flavour charges (qR, qL) with a twisted counterpart φtw ∈ Γ(KΣ
ηRqR/2⊗

KΣ
ηLqL/2 ⊗ ζ), where ηR, ηL are integers independent from φ whose values define

the type of the twist.

The topological twist of the fields implies a simultaneous twist of the spinor

supersymmetry parameters αθ̄, αθ̄ ∈ Γ(KΣ
−1/2), ξθ ∈ Γ(KΣ

−1/2) of the (0, 2),

(1, 0) supersymmetry field variations (4.3), (4.7) so that to ensure the world–

sheet covariance of the twisted form of these latter. In fact, inspection reveals

that the twist of αθ̄, αθ̄, ξθ must be carried out using the same prescription as that

of the fields, where αθ̄, αθ̄, ξθ have the R/flavour charges (1, 0), (−1, 0), (0,−1)

found in sect. 4, respectively.

33



To ensure that one of the two (0, 2) supercharges becomes a world–sheet scalar

upon twisting, as required, we must twist either αθ̄ into α ∈ Γ(Π1Σ) or αθ̄ into

α ∈ Γ(Π1Σ). This restricts the choice of ηR to ηR = ∓1, as is immediately seen.

Similarly, to ensure that the (1, 0) supercharge becomes a world–sheet scalar upon

twisting, ξθ must be twisted into ξ ∈ Γ(Π1Σ). This fixes ηL to ηL = −1. The

topological supersymmetry is the residual twisted supersymmetry associated with

either α or α and ξ.

We are thus left with the twists defined by (ηR, ηL) = (∓1,−1). They are

called type A and B twists and they lead to the type A and B half–topological Lie

algebroid sigma models, respectively, which are studied in this section. We work

first at the classical level and postpone the analysis of their quantum consistency

to the second part of this section.

5.2 The type A Lie algebroid sigma model

The type A Lie algebroid sigma model arises from the implementation of the

type A twist in the heterotic Lie algebroid sigma model (cf. subsect. 4.1).

The field content of the A model is obtained from that of the heterotic model

by turning each field of the latter into its twisted counterpart. Proceeding in this

way, the embedding field x ∈ Map(Σ,M) is left unchanged, the fermion fields χθ̄ ∈

Γ(KΣ
1/2 ⊗ x∗ΠẼ+), χθ̄ ∈ Γ(KΣ

1/2 ⊗ x∗ΠẼ+) are replaced by fermion fields χz̄ ∈

Γ(KΣ ⊗x∗ΠẼ+), χ ∈ Γ(x∗ΠẼ+), the fermion fields λθ ∈ Γ(KΣ
1/2 ⊗x∗Π ker ρE+),

λ∗θ ∈ Γ(KΣ
1/2 ⊗ x∗Π ker ρE+

∗) turn into fermion fields λ ∈ Γ(x∗Π ker ρE+), λ∗z ∈

Γ(KΣ ⊗ x∗Π ker ρE+
∗) and the boson fields lθθ̄ ∈ Γ(KΣ

1/2 ⊗KΣ
1/2 ⊗ x∗ ker ρE+),

l∗θθ̄ ∈ Γ(KΣ
1/2 ⊗KΣ

1/2 ⊗ x∗ ker ρE+
∗) yield boson fields lz̄ ∈ Γ(KΣ ⊗ x∗ ker ρE+),

l∗z ∈ Γ(KΣ ⊗ x∗ ker ρE+
∗).

The action of the type A sigma model is obtained from that of the heterotic

model (cf. eq. (4.1)) by substituting each field of the latter with its twisted
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counterpart. Proceeding in this way, we obtain

SA =

∫

Σ

d2z
[1

2
gāb(x)(∂ z̄x

ā∂zx
b + ∂zx

ā∂ z̄x
b) + igābρ

ā
p̄ρ

b
q(x)χ

p̄Dzχ
q
z̄ (5.1)

+ iλ∗uzDz̄λ
u + fu

wvG
w

ābρ
ā
p̄ρ

b
q(x)λ

∗
uzλ

vχp̄χq
z̄ − l∗uzl

u
z̄

]
.

The (0, 2) supersymmetry field variations of the A model are obtained from

those of the heterotic model (cf. eq. (4.3)) by the simultaneous twist of the

sigma model fields and the supersymmetry parameters. Under type A twist,

the supersymmetry parameters αθ̄, αθ̄ ∈ Γ(KΣ
−1/2) turn into αz̄ ∈ Γ(ΠKΣ

−1),

α ∈ Γ(Π1Σ), respectively. The primary type A topological field variations are

the truncated (0, 2) supersymmetry field variations yielded by setting αz̄ = 0.

Proceeding as indicated and formally dividing by α, these read

δAx
a = 0, δAx

ā = iρā
p̄(x)χ

p̄, (5.2a)

δAχ
p
z̄ = −σp

a(x)∂ z̄x
a, δAχ

p̄ = −
i

2
f p̄

q̄r̄(x)χ
q̄χr̄, (5.2b)

δAλ
u = 0, (5.2c)

δAl
u

z̄ = −Dz̄λ
u + ifu

wvG
w

ābρ
ā
p̄ρ

b
q(x)χ

p̄χq
z̄λ

v, (5.2d)

δAλ
∗
uz = il∗uz, (5.2e)

δAl
∗
uz = 0. (5.2f)

The (0, 2) supersymmetry of the heterotic model action, eq. (4.5), implies

that the A model action SA is invariant under the primary topological symmetry,

δASA = 0. (5.3)

In analogous fashion, the (1, 0) supersymmetry field variations of the A model

are obtained from those of the heterotic model (cf. eq. (4.7)) by the simultaneous

twist of the sigma model fields and the supersymmetry parameters. Under type A

twist, the (1, 0) supersymmetry parameter ξθ ∈ Γ(KΣ
−1/2) turns into ξ ∈ Γ(Π1Σ).
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The secondary type A topological field variations result in this way. After formally

dividing by ξ, they read

sAx
a = 0, sAx

ā = 0, (5.4a)

sAχ
p
z̄ = 0, sAχ

p̄ = 0, (5.4b)

sAλ
u = −

i

2
fu

vw(x)λvλw, (5.4c)

sAl
u

z̄ = −ifu
vw(x)λvlwz̄, (5.4d)

sAλ
∗
uz = ifw

vu(x)λ
vλ∗wz, (5.4e)

sAl
∗
uz = ifw

vu(x)λ
vl∗wz. (5.4f)

The (1, 0) supersymmetry of the heterotic model action, eq. (4.9), implies that

the A model action SA enjoys also the secondary type A topological symmetry,

sASA = 0. (5.5)

As the heterotic sigma model it comes from, the type A sigma model enjoys

an R and a flavour symmetry, in which each twisted field has the same R and

flavour charge as its untwisted parent. The R/flavour charges of the twisted fields

x, χz̄, χ, λ, λ∗z, lz̄, l
∗
z are thus (0, 0), (−1, 0), (1, 0), (0, 1), (0,−1), (−1, 1), (1,−1),

respectively.

5.3 The type B Lie algebroid sigma model

The type B Lie algebroid sigma model arises from the implementation of the

type B twist in the heterotic Lie algebroid sigma model.

The field content of the B model is obtained from that of the heterotic model

by turning each field of the latter into its twisted counterpart. Proceeding in this

way, the embedding field x ∈ Map(Σ,M) is left unchanged, the fermion fields

χθ̄ ∈ Γ(KΣ
1/2 ⊗ x∗ΠẼ+), χθ̄ ∈ Γ(KΣ

1/2 ⊗ x∗ΠẼ+) turn into fermion fields χ ∈
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Γ(x∗ΠẼ+), χz̄ ∈ Γ(KΣ⊗x
∗ΠẼ+), the fermion fields λθ ∈ Γ(KΣ

1/2⊗x∗Π ker ρE+),

λ∗θ ∈ Γ(KΣ
1/2⊗x∗Π ker ρE+

∗) give rise to fermion fields λ ∈ Γ(x∗Π ker ρE+), λ∗z ∈

Γ(KΣ ⊗ x∗Π ker ρE+
∗) and the boson fields lθθ̄ ∈ Γ(KΣ

1/2 ⊗KΣ
1/2 ⊗ x∗ ker ρE+),

l∗θθ̄ ∈ Γ(KΣ
1/2 ⊗KΣ

1/2 ⊗ x∗ ker ρE+
∗) yield boson fields l ∈ Γ(x∗ ker ρE+), l∗zz̄ ∈

Γ(KΣ ⊗KΣ ⊗ x∗ ker ρE+
∗).

As for the A model, the action of the type B sigma model is obtained from

that of the heterotic model (cf. eq. (4.1)) by substituting each field of the latter

with its twisted counterpart. The result is

SB =

∫

Σ

d2z
[1

2
gāb(x)(∂ z̄x

ā∂zx
b + ∂zx

ā∂ z̄x
b) + igābρ

ā
p̄ρ

b
q(x)χ

p̄
z̄Dzχ

q (5.6)

+ iλ∗uzDz̄λ
u + fu

wvG
w

ābρ
ā
p̄ρ

b
q(x)λ

∗
uzλ

vχp̄
z̄χ

q − l∗uzz̄l
u
]
.

Again as for the A model, the (0, 2) supersymmetry field variations of the

B model are obtained from those of the heterotic model (cf. eq. (4.3)) by the

simultaneous twist of the sigma model fields and the supersymmetry parameters.

Under B twist, the (0, 2) supersymmetry parameters αθ̄, αθ̄ ∈ Γ(KΣ
−1/2) become

α ∈ Γ(Π1Σ), αz̄ ∈ Γ(ΠKΣ
−1), respectively. The primary type B topological

field variations are the truncated (0, 2) supersymmetry field variations yielded by

setting αz̄ = 0. Proceeding as said and formally eliminating α, these read

δBx
a = iρa

p(x)χ
p, δBx

ā = 0, (5.7a)

δBχ
p = −

i

2
fp

qr(x)χ
qχr, δBχ

p̄
z̄ = −σp̄

ā(x)∂ z̄x
ā, (5.7b)

δBλ
u = −ifu

ivσ
i
aρ

a
p(x)χ

pλv + ilu, (5.7c)

δBl
u = −ifu

ivσ
i
aρ

a
p(x)χ

plv, (5.7d)

δBλ
∗
uz = if v

iuσ
i
aρ

a
p(x)χ

pλ∗vz, (5.7e)

δBl
∗
uzz̄ = if v

iuσ
i
aρ

a
p(x)χ

pl∗vzz̄ (5.7f)

−Dz̄λ
∗
uz − if v

wuG
w

ābρ
ā
p̄ρ

b
q(x)χ

p̄
z̄χ

qλ∗vz.
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The (0, 2) supersymmetry of the heterotic model action, eq. (4.5), implies

that the B model action SB is invariant under the primary topological symmetry,

δBSB = 0. (5.8)

In analogous fashion, just as in the A model, the (1, 0) supersymmetry field

variations of the B model are obtained from those of the heterotic model (cf.

eq. (4.7)) by the simultaneous twist of the sigma model fields and the super-

symmetry parameters. Under type B twist, the (1, 0) supersymmetry parameter

ξθ ∈ Γ(KΣ
−1/2) turns again into ξ ∈ Γ(Π1Σ). The secondary type B topological

field variations result in this way. After formally dividing by ξ, they read

sBx
a = 0, sBx

ā = 0, (5.9a)

sBχ
p = 0, sBχ

p̄
z̄ = 0, (5.9b)

sBλ
u = −

i

2
fu

vw(x)λvλw, (5.9c)

sBl
u = −ifu

vw(x)λvlw, (5.9d)

sBλ
∗
uz = ifw

vu(x)λ
vλ∗wz, (5.9e)

sBl
∗
uzz̄ = ifw

vu(x)λ
vl∗wzz̄. (5.9f)

The (1, 0) supersymmetry of the heterotic model action, eq. (4.9), implies that

the B model action SB enjoys also the secondary type B topological symmetry,

sBSB = 0. (5.10)

As the heterotic sigma model, the type B sigma model enjoys an R and

a flavour symmetry, in which each twisted field has the same R and flavour

charge as its untwisted parent. However, in order to comply later with established

cohomological conventions, it is convenient to redefine the sign of the R charge.

The R/flavour charges of the twisted fields x, χ, χz̄, λ, λ∗z, l, l
∗
zz̄ are therefore
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(0, 0), (1, 0), (−1, 0), (0, 1), (0,−1), (1, 1), (−1,−1), respectively.

5.4 Half–topological nature of the twisted sigma models

The twisted sigma models illustrated above have a number of features, which

make them candidate topological field theories. In the unified treatment presented

below, the label t stands for the types A,B.

The algebra of the twisted sigma model fields has a double grading, where the

bidegree of each elementary field is given by its R/flavour charges.

The primary and the secondary topological field variation operators δt, st are

odd, as they flip the statistics of the fields, and in fact of bidegree (1, 0) and (0, 1),

respectively. The (1, 2) supersymmetry algebra (4.10) entails that

δt
2 = 0, (5.11a)

st
2 = 0, (5.11b)

δtst + stδt ≃ 0, (5.11c)

provided the (0, 2) supersymmetry condition (4.6) is satisfied. (Recall that ≃

denotes equality on–shell.) (4.6) is required only by the validity of (5.11a).

The nilpotency of δt and st shows that they are BRST operators. In spite of

this and the fact that they both originate by topological twist of the heterotic

sigma model, they play quite different roles in the twisted sigma models. As

we shall now show, δt is a true topological field variation operator, while st is

akin to a gauge theoretic Slavnov operator. Indeed, st represents a non trivial

symmetry of the half–topological sigma models, which, being intimately related

to the adjoint bundle ker ρE of E, we shall call adjoint symmetry.

The existence of a nilpotent BRST operator and the associated BRST coho-

mology is a universal feature of all topological sigma models, but it is not by

itself sufficient to render a sigma model genuinely topological. Other require-
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ments must be satisfied: a) the sigma model action should be BRST–exact up to

a topological term and b) the stress tensor should be BRST–exact. Let us check

whether our twisted sigma models fulfil these taking δt as BRST operator.

The first requirement is fulfilled. Indeed, St has the following structure

St = δtΨt + ηtItop, (5.12)

where Ψt is the gauge fermion

ΨA =

∫

Σ

d2z
(
− gābρ

b
q(x)χ

q
z̄∂zx

ā + iλ∗uzl
u

z̄

)
, (5.13)

ΨB =

∫

Σ

d2z
(
− gābρ

ā
p̄(x)χ

p̄
z̄∂zx

b + il∗uzz̄λ
u
)
, (5.14)

ηA = −1, ηB = 1 and Itop is the topological action,

Itop =

∫

Σ

d2z
1

2
gāb(x)(∂zx

ā∂ z̄x
b − ∂ z̄x

ā∂zx
b) =

∫

Σ

x∗ω, (5.15)

ω = i
2
gābdz

ā ∧ dzb being the Kaehler form of M .

The second requirement, conversely, is not fulfilled. The components of the

stress tensor are in fact found to be

Ttzz = −gāb(x)∂zx
ā∂zx

b − iλ∗uzDzλ
u, (5.16a)

Ttz̄z̄ = −gāb(x)∂ z̄x
ā∂ z̄x

b + T ′
tz̄z̄, (5.16b)

Ttzz̄ = 0, (5.16c)

where T ′
tz̄z̄ is given by the expressions

T ′
Az̄z̄ = igābρ

ā
p̄ρ

b
q(x)Dz̄χ

p̄χq
z̄, (5.17)

T ′
Bz̄z̄ = −igābρ

ā
p̄ρ

b
q(x)χ

p̄
z̄Dz̄χ

q (5.18)

in the two twisted models. The stress tensor component Tzz is δt–closed

δtTzz ≃ 0, (5.19)
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but it is not δt–exact. The stress tensor component Tz̄z̄, instead, is δt–exact,

Ttz̄z̄ = δtGtz̄z̄, (5.20)

where Gtz̄z̄ is given by the expressions

GAz̄z̄ = gābρ
b
q(x)χ

q
z̄∂ z̄x

ā, (5.21)

GBz̄z̄ = gābρ
ā
p̄(x)χ

p̄
z̄∂ z̄x

b. (5.22)

We find in this way that our twisted sigma models are not topological field

theories. Since only one of the two non trivial components of the stress tensor is

BRST–exact, they are half–topological sigma models [17].

What is the role of the BRST operator st in all this? Any attempt to formulate

the twisted sigma models as topological field theories taking st as BRST operator

necessarily fails. Since st acts trivially on the embedding and the Ẽ+, Ẽ+ valued

fields, there is no way of generating the corresponding terms of the action by

letting st act on a suitable gauge fermion. Nevertheless, δt and st combined yield

a distinct BRST operator with properties completely analogous to those of δt

above, as we now show.

For any u ∈ , we can construct a BRST operator

δt(u) = δt + ust. (5.23)

This is indeed nilpotent on–shell on account of (5.11),

δt(u)
2 ≃ 0. (5.24)

One may be tempted to extend the domain of definition of δt(u) to u ∈ by

setting δ′t(u
′) = u′δt + st. However, as just noticed, the primary and secondary

BRST operators play an asymmetrical role in the sigma models, the first one

only being the counterpart of the usual BRST operator of other twisted heterotic

sigma models. So, it seems unlikely that δ′t(u
′) would have any significance.
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With the BRST operator δt(u), there is associated a BRST cohomology de-

pending a priori on u. Let us see how. Let ft be the flavour charge. As δt and

st have flavour charges 0 and 1, respectively, we have [ft, δt] = 0 and [ft, st] = st.

So, for ζ ∈ , we have

exp(ζft)δt(u) exp(−ζft) = δt(u exp(ζ)). (5.25)

It follows that the δt(u)–cohomology is independent from u ∈ \ {0} up to

isomorphism. Thus, we really have to consider only the BRST charges δt(0) and,

say, δt(1). Note that δt(0) = δt is the primary BRST charge while δt(1) = δt + st

is the total BRST charge.

Using (5.13), (5.14) and (5.4), (5.9), we find that

stΨt ≃ 0. (5.26)

Further, we have

stTtzz = 0 (5.27)

and

stGtz̄z̄ = 0, (5.28)

as is straightforwardly verified using once more (5.4), (5.9). By these relations, it

is possible to extend the construction carried out in the first half of this subsection,

replacing δt by δt + st throughout. In this way, (5.12) becomes

St ≃ (δt + st)Ψt + ηtItop. (5.29)

Likewise, (5.19) and (5.20) take the form

(δt + st)Tzz ≃ 0 (5.30)

and

Ttz̄z̄ = (δt + st)Gtz̄z̄. (5.31)
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So, Tzz and Ttz̄z̄ are also δt + st–closed and δt + st–exact, respectively.

The half–topological sigma models have therefore two distinct BRST cohomo-

logical structures with analogous formal properties, one associated with δt, the

other associated with δt + st. They will emerge over and over again at various

points below and will constitute the main theme of our analysis. This feature of

the sigma models raises a number of questions. Do both these BRST structures

have a counterpart in the quantum theory? If so, which properties do they have

and how do they relate to each other? In the rest of this section, we shall try to

answer these queries.

5.5 Dependence on target space geometry

The target space geometry of the half–topological sigma models is charac-

terized by several fields: the Lie bracket [·, ·]E, the anchor ρE, the Lie algebroid

complex structure (JE, JEM), the complex splitting σ and the Kaehler metric

g. The cohomological nature of the half–topological sigma models suggests that,

when some of these fields are varied, the action varies by a BRST–exact term.

Consider first a variation h of the metric g, the other target space fields re-

maining fixed. Since the variation must preserve the Hermiticity and the Kaehler-

ness of the metric g, the (2, 0), (0, 2) components of h vanish and and the (1, 1)

component satisfies the equation

∂āhb̄c − ∂b̄hāc = 0 and c. c.. (5.32)

Inspecting the expression of the primary field variation operator δt (cf. eqs. (5.2),

(5.7)), we observe that it does not depend on the metric. From (5.12)–(5.15), we

find then that the resulting variation of the action St is given by

∆hSt = δt∆hΨt + ηt∆hItop, (5.33)

where ∆hΨt is the variation of the gauge fermion Ψt,
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∆hΨA =

∫

Σ

d2z
(
− hābρ

b
q(x)χ

q
z̄∂zx

ā
)
, (5.34)

∆hΨB =

∫

Σ

d2z
(
− hābρ

ā
p̄(x)χ

p̄
z̄∂zx

b
)

(5.35)

and ∆hItop is the variation of the topological term Itop,

∆hItop =

∫

Σ

d2z
1

2
hāb(x)(∂zx

ā∂ z̄x
b − ∂ z̄x

ā∂zx
b) =

∫

Σ

x∗∆hω, (5.36)

with ∆hω = i
2
hābdz

ā ∧ dzb. Thus, ∆hSt is δt–exact only if ∆hItop = 0. This

happens when either the (1, 1) form ∆hω is exact or the embedding field x is

homotopically trivial.

Consider next a variation τ of the splitting σ, the other target space fields re-

maining fixed. Since the variation must preserve the basic relations (2.8), (3.15),

only the components τu
a of τ are non vanishing. Further, the (0, 2) supersymme-

try condition (4.6) requires that

∂aτ
u

b − ∂bτ
u

a + fu
viτ

v
aσ

i
b + fu

ivσ
i
aτ

v
b = 0, (5.37)

as follows easily from (3.40). Inspecting the expression of the primary field vari-

ation operator δt (cf. eqs. (5.2), (5.7)), we observe that it does depend on the

splitting σ. Therefore, we cannot expect the resulting variation of the action St

to be given by an expression analogous to (5.33). However, using directly the

explicit expression of St (cf. eqs. (5.1), (5.6)) and recalling that of the secondary

field variation operator st (cf. eqs. (5.4), (5.9) ), we find that

∆τSt = st∆τΥt, (5.38)

where ∆τΥt is given by

∆τΥA =

∫

Σ

d2zλ∗uz

(
τu

a(x)∂ z̄x
a − i∂āτ

u
bρ

ā
p̄ρ

b
q(x)χ

p̄χq
z̄

)
, (5.39)

∆τΥB =

∫

Σ

d2zλ∗uz

(
τu

a(x)∂ z̄x
a − i∂āτ

u
bρ

ā
p̄ρ

b
q(x)χ

p̄
z̄χ

q
)
. (5.40)
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We discover in this way that, though ∆τSt is not δt–exact, it is st–exact.

All this may look a little bit puzzling. To shed light on this matter, we begin

with noticing that, for a variation h of the metric, one has

st∆hΨt = 0. (5.41)

Therefore, (5.33) could be cast as

∆hSt = (δt + st)∆hΨt + ηt∆hItop. (5.42)

Next, for a variation τ of the splitting, one has

δt∆τΥt ≃ 0, (5.43)

in virtue of (5.37). Thus, (5.33) could be cast as

∆τSt ≃ (δt + st)∆τΥt. (5.44)

We reach therefore the following conclusions.

Under a variation of the Kaehler metric g, the variation of the action St

minus the topological term Itop is both δt– and δt + st–exact. Conversely, under

a variation of the splitting σ compatible with the (0, 2) supersymmetry condition

(4.6), the variation of the action St is only δt + st–exact.

As far as we can see, the variation of the action St resulting from the variation

of the Lie bracket [·, ·]E, the anchor ρE and the Lie algebroid complex structure

(JE, JEM) is neither δt– nor δt+st–exact. St depends non trivially on those target

space fields. We shall come back to this point in sect. 7.

5.6 Perturbative renormalization and conformal invariance

In sigma model perturbation theory, at 1–loop, the classical action St of the

half–topological sigma models undergoes a renormalization of the form

∆St = δt∆Ψt, (5.45)
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where ∆Ψt is the renormalization suffered by the gauge fermion Ψt,

∆ΨA =

∫

Σ

d2z
(
− κA1Rābρ

b
q(x)χ

q
z̄∂zx

ā + iκA2f
u

wvg
ābGw

āb(x)λ
∗
uzl

v
z̄

)
, (5.46)

∆ΨB =

∫

Σ

d2z
(
− κB1Rābρ

ā
p̄(x)χ

p̄
z̄∂zx

b + iκB2f
u

wvg
ābGw

āb(x)l
∗
uzz̄λ

v
)
, (5.47)

Rāb being the Ricci tensor of the metric gāb. The κti are certain cut–off dependent

constants. Therefore, ∆St is δt–exact.

The renormalization ∆Ψt of the gauge fermion is st–closed,

st∆Ψt ≃ 0, (5.48)

as is straightforward to verify using (5.4), (5.9). Therefore, the renormalization

∆St could be also expressed as

∆St ≃ (δt + st)∆Ψt. (5.49)

Consequently, ∆St is δt + st–exact as well.

Because of (5.16c), the half–topological sigma models are conformally invari-

ant at the classical level. The cut–off dependence of the κti indicates however

that conformal invariance is generally broken at the quantum level. Confor-

mal invariance is preserved quantum mechanically only if Rāb = 0, i. e. when

gāb is Calabi–Yau, and the splitting σi
a satisfies the appropriate version of the

Uhlenbeck–Yau equation, namely

fu
wvg

ābGw
āb = 0 (5.50)

(cf. eq. (3.40)), as usual. Even if these restrictions on the target space geometry

do not hold, the renormalization of the classical action remains δt– as well as

δt + st–exact . We thus expect conformal invariance to continue to hold at the

level of BRST cohomology in the appropriate sense to be defined.

The above conclusion is based on perturbation theory. Its validity is therefore

restricted to the perturbative regime where the effects of world–sheet instantons
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are neglected. In fact, conformal invariance can be broken by world–sheet instan-

tons non perturbatively [7]. The following analysis assumes conformal invariance

and thus it holds only perturbatively.

5.7 BRST charges

Having clarified the role of the two BRST cohomological structures of the

half–topological sigma models at the classical and perturbative quantum level,

let us now consider their quantum operator realization.

In the quantum theory, the field variation operator δt becomes a BRST charge

Qt
6 characterized by the property that, for any local operator O

[Qt,O] = δtO, (5.51)

in the quasiclassical limit, [·, ·] denoting here and below a graded commutator.

Similarly, the field variation operator st becomes a BRST charge Λt such that

[Λt,O] = stO (5.52)

again quasiclassically.

As δt is nilpotent (cf. eq.(5.11a)), so should be the associated charge Qt

Qt
2 = 0. (5.53)

Likewise, the nilpotence of st (cf. eq.(5.11b)) leads to the nilpotence of Λt

Λt
2 = 0. (5.54)

As δt and st anticommute (cf. eq.(5.11c)), so should their associated charges,

[Qt,Λt] = 0. (5.55)

6 In the string theory literature, QA, QB are generally denoted by Q+, Q+, respectively.
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By (5.51), (5.52), the BRST charges corresponding to the two BRST field

variation operators δt, δt + st of the sigma models at the quantum level are Qt,

Qt + Λt. By (5.53)–(5.55), they are both nilpotent as required.

5.8 Operator BRST cohomology and chiral algebra

At the quantum level, the half–topological sigma models are characterized

by their operator BRST cohomology. Since, in the present case, we have two

BRST structures whose treatment is totally analogous, it is convenient to employ

a uniform notation. We denote the two topological field variation operators δt,

δt + st as δ(1)
t, δ

(2)
t and the associated BRST charges by Qt, Qt + Λt as Q(1)

t,

Q(2)
t, respectively.

The basic property of the charge Q(ν)
t is its nilpotence,

Q(ν)
t
2 = 0. (5.56)

Because of it, for any local operator O, we have

[Q(ν)
t, [Q

(ν)
t,O]] = 0. (5.57)

Consequently, with Q(ν)
t, there is associated an operator BRST cohomology. A

local operator O is Q(ν)
t–closed if

[Q(ν)
t,O] = 0. (5.58)

A Q(ν)
t–closed local operator O is Q(ν)

t–exact if

O = [Q(ν)
t,X ]. (5.59)

for some local operator X . The operator BRST cohomology is just the opera-

tor Q(ν)
t–cohomology, that is the quotient of the algebra of Q(ν)

t–closed local

operators by the ideal of Q(ν)
t–exact ones.
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The topological operators O are precisely the Q(ν)
t–closed ones. The quan-

tum correlators of topological operators depend only on their Q(ν)
t–cohomology

classes, as 〈[Q(ν)
t,X ]〉 = 0 for any operator X . Thus, inside correlators, we have

O ≈ O + [Q(ν)
t,X ]. (5.60)

We have seen above that the classical half–topological sigma models are con-

formally invariant; Tzz̄ vanishes (cf. eq. (5.16c)). Further, Tzz is δ(ν)
t–closed

(cf. eqs. (5.19), (5.30)) and Tz̄z̄ is δ(ν)
t–exact (cf. eqs. (5.20), (5.31)). These

properties do not automatically extend to the quantum sigma models.

The δ(ν)
t–exactness of the renormalization of the classical action (cf. eqs.

(5.45), (5.49)) indicates that conformal invariance holds in the quantum theory

at the level of Q(ν)
t–cohomology. This statement needs to be qualified [7,10,17].

In a quantum conformal field theory with central charge c, it is more natural

to employ, in place of the covariant stress tensor T used so far, the conformal

stress tensor T c. The components of the two are related as

T c
zz = Tzz −

c

12π
Rzz, (5.61a)

T c
z̄z̄ = Tz̄z̄ −

c

12π
Rz̄z̄, (5.61b)

T c
zz̄ = Tzz̄ −

c

12π
Rzz̄, (5.61c)

where Rzz, Rz̄z̄ and Rzz̄ are the components of the projective connection and the

Ricci tensor of the world–sheet metric hzz̄
7. In what follows, we assume that hzz̄

has constant Ricci scalar 8. Conformal invariance implies that T c
zz̄ = 0 and that

7 We recall that Rzz = ∂zΓ
z
zz −

1
2 (Γz

zz)
2, Rz̄z̄ = ∂z̄Γ

z̄
z̄z̄ −

1
2 (Γz̄

z̄z̄)
2 and Rzz̄ = −∂z̄Γ

z
zz =

−∂zΓ
z̄
z̄z̄ where Γz

zz = ∂z lnhzz̄, Γz̄
z̄z̄ = ∂z̄ lnhzz̄ are the components of the Levi–Civita con-

nection. Rzz̄ can be expressed as Rzz̄ = 1
2Rhzz̄, where R is the Ricci scalar.

8 According to the uniformization theorem, this is always possible. Upon doing so, we have

∂z̄Rzz = 0, ∂zRz̄z̄ = 0.
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∂ z̄T
c
zz = 0, ∂zT

c
z̄z̄ = 0.

In the half–topological sigma models, which are conformally invariant only at

the level of Q(ν)
t–cohomology, weaker conditions hold. The sigma models are still

characterized by their central charge ct, as any ordinary conformal field theory.

However, T c
tzz̄ vanishes only up to a Q(ν)

t–exact term. So, we have

T c
tzz̄ = [Q(ν)

t, G
(ν)

tzz̄], (5.62)

for some operator G(ν)
tzz̄. Similarly, T c

tzz is holomorphic and T c
tz̄z̄ is antiholo-

morphic only up to a Q(ν)
t–exact term. We find indeed the relations

∂ z̄T
c
tzz = −[Q(ν)

t,∇zG
(ν)

tzz̄], ∂zT
c
tz̄z̄ = −[Q(ν)

t,∇z̄G
(ν)

tzz̄], (5.63)

which follow from (5.62) and the covariant stress energy conservation equations,

∇z̄Ttzz + ∇zTtzz̄ = 0, ∇zTtz̄z̄ + ∇z̄Ttzz̄ = 0.

In the classical theory, the component Ttz̄z̄ of the stress tensor is δ(ν)
t–exact

(cf. eqs. (5.20), (5.31)). In the quantum theory, an analogous property holds.

The component T c
tz̄z̄ of the stress tensor is Q(ν)

t–exact up to a central term.

More precisely, we have

T c
tz̄z̄ +

ct
12π

Rz̄z̄ = [Q(ν)
t, G

(ν)
tz̄z̄], (5.64)

for some operator G(ν)
tz̄z̄

9. The validity of (5.64) can be argued as follows.

We first note that the left hand side of (5.64) is just the component Ttz̄z̄ of

the covariant stress tensor. We then recall that an infinitesimal deformation of

the complex structure of the world–sheet Σ, corresponding to the infinitesimal

Beltrami differentials (µz
z̄, µ

z̄
z), results in an insertion of the form

∫
Σ
d2z(µz

z̄Ttzz+

µz̄
zTtz̄z̄) inside correlators. Now, in the quantum theory, the action undergoes

9 The central term ct

12π
Rz̄z̄ in the left hand side ensures that the latter transforms as a

quadratic differential under a change of world–sheet coordinates as the left hand side does.
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a 1–loop renormalization ∆St of the form (5.45), (5.49), which keeps it δ(ν)
t–

exact up to a topological term. Under the deformation, the Beltrami differential

component µz̄
z enters only in the variation of ∆Ψt but not in that of δ(ν)

t, as

is easy to realize inspecting the expressions of δ(ν)
t (cf. eqs. (5.2), (5.7), (5.4),

(5.9)) and of ∆Ψt (cf. eqs. (5.46), (5.47)). µz̄
z therefore couples to a δ(ν)

t–exact

object indicating that (5.64) must hold quantum mechanically.

In the classical theory, the component Ttzz of the stress tensor is δ(ν)
t–closed

(cf. eqs. (5.19), (5.30)). However, we cannot expect this property to extend at the

quantum level as for Ttz̄z̄. T
c
tzz is not Q(ν)

t–closed in general. This can be seen

by an argument similar to the one expounded in the previous paragraph. Under

a deformation of the world–sheet complex structure, the Beltrami differential

component µz
z̄ enters in the variation of δ(ν)

t in the 1–loop renormalization ∆St

of the action and, so, it does not necessarily couple to a δ(ν)
t–closed object. If,

however, this does nevertheless happens, then T c
tzz will be Q(ν)

t–closed. This is

the case in particular when ∆St vanishes, i. e. when gāb is Calabi–Yau and the

splitting σ satisfies the Uhlenbeck–Yau equation (5.50) and the half–topological

sigma models are strictly conformal quantum mechanically. Weaker conditions

on the target space geometry may however suffice.

Suppose now that the world–sheet Σ is the standard flat punctured complex

plane \ {0}. Since, by (5.63), T c
tzz, T

c
tz̄z̄ are (anti)holomorphic up to a Q(ν)

t–

exact term, we can expand T c
tz̄z̄, T

c
tz̄z̄ in Laurent series in the usual way, T c

tzz =
∑

n Ltnz
−n−2, T c

tz̄z̄ =
∑

n Ltnz̄
−n−2. The Laurent modes Ltn, Ltn however are

defined only up to a Q(ν)
t–exact ambiguity.

As T c
tz̄z̄ is Q(ν)

t–exact up to a central term, by (5.64), the modes Ltn also are.

Their adjoint action thus descends on the operator Q(ν)
t–cohomology and is in

fact trivial 10. Conversely, as T c
tzz is not Q(ν)

t–closed in general, the modes Ltn

10 If T is a Q(ν)
t–closed operator, then the adjoint action of T is defined on the operator
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also are not. Consequently, their adjoint action is not defined on the operator

Q(ν)
t–cohomology. However, translation invariance guarantees that ∂z commutes

with Q(ν)
t. As Lt−1 = ∂z, we have [Q(ν)

t, Lt−1] = 0. Moreover, as Q(ν)
t is a

scalar, it commutes with the spin operator St. Since St = Lt0 − Lt0 and Lt0 is

Q(ν)
t–exact, we have [Q(ν)

t, Lt0] = 0. Hence, the adjoint action of Lt−1 and Lt0

still descends on the operator Q(ν)
t–cohomology [17]. When T c

tzz happens to be

Q(ν)
t–closed, all the modes Ltn also are and their adjoint action is thus defined

on the operator Q(ν)
t–cohomology.

As observed in [7], these properties have important consequences. If O is

any Q(ν)
t–closed operator, then [Lt0,O] and ∂ z̄O = [Lt−1,O] are Q(ν)

t–exact.

Therefore, the operator Q(ν)
t–cohomology consists of antiholomorphic scaling di-

mension 0 holomorphic operator classes. So, if Oα is a basis of Q(ν)
t–closed oper-

ators modulo Q(ν)
t–exact ones representing the Q(ν)

t–cohomology, the coefficients

cαβ
γ(z) entering in the operator product expansion

Oα(z)Oβ(0) ≈
∑

γcαβ
γ(z)Oγ(0) (5.65)

are in fact all meromorphic. The holomorphic operator Q(ν)
t–cohomology, equip-

ped with the operator product expansion structure (5.65), constitutes the chiral

algebra A(ν)
t of the half–topological sigma model.

Since Lt−1 and Lt0 act on the operator Q(ν)
t–cohomology, A(ν)

t carries a natu-

ral action of ∂z and is further graded according to holomorphic scaling dimension.

The spectrum of holomorphic scaling dimensions h of A(ν)
t consists of non

negative integers. This can be shown as follows. At the classical level, operator

Q(ν)
t–cohomology. Indeed, as [Q(ν)

t, T ] = 0, [Q(ν)
t, [T,O]] = 0 for any operator O such that

[Q(ν)
t,O] = 0 and [T,O] = ±[Q(ν)

t, [T,X ]] whenever O = [Q(ν)
t,X ]. Further, if T is a Q(ν)

t–

exact operator, then the adjoint action of T on the operator Q(ν)
t–cohomology is trivial. Indeed,

T = [Q(ν)
t, V ] for some operator V and, so, [T,O] = [Q(ν)

t, [V,O]] for any operator O such

that [Q(ν)
t,O] = 0.
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cohomology classes of A(ν)
t with non vanishing h can be constructed using exclu-

sively the field λ∗uz and the ∂z derivatives of the fields xa, xā and λ∗uz. (The ∂z

derivatives of the fields χp, χp̄ as well as the fields lu, l∗u can be eliminated using

the field equations.) The resulting classes have non negative integer h. Their

spin is therefore s = h, since s = h − h, where h is the antiholomorphic scaling

dimension of the classes, which always vanishes. At the quantum level, there are

consequently no perturbative quantum corrections of the values of h, since the

spin s = h must remain integer.

For dimensional reasons, the coefficients cαβ
γ(z) entering in the operator prod-

uct expansion (5.65) have the form

cαβ
γ(z) =

fαβ
γ

zhα+hβ−hγ
, (5.66)

where fαβ
γ is a constants and hι is the scaling dimension of Oι.

Since hι ≥ 0, the operator classes Oα with hα = 0 have a non singular operator

product expansion. When inserted in the same point they therefore form a ring

R(ν)
t, the chiral ring of the half-topological model sigma model, the heterotic

counterpart of the chiral ring of (2, 2) theories. Correlators of chiral ring classes

are holomorphic and hence constant when the world–sheet Σ is compact.

A(ν)
t is graded also by R and flavour charge. In the operator product expan-

sion (5.65), the R and flavour charges of the two sides must match. Then, in

(5.66), fαβ
γ = 0 unless qRα + qRβ − qRγ = qLα + qLβ − qLγ = 0, where qRι, qLι are

the R/flavour charges of Oι.

5.9 Topological twist and anomalies

At the quantum level, the half–topological sigma models worked out above

must satisfy the same consistency requirement as the parent heterotic sigma

model, namely that the fermion determinants combine to yield a function on

the space of all embeddings x or, equivalently, that the associated determinant
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line bundle L be trivial (cf. subsect. 4.2). In the half–topological sigma models,

this is achieved if the complex vector bundles TM
+, ker ρE+ satisfy the condition

(4.11) relating their Chern characters and a further condition, viz

1

2
c1(TΣ

+)
(
(2s̄− 1)c1(TM

+) − (2s− 1)c1(ker ρE+)
)

= 0 (5.67)

11, where s̄ and 1− s are the spins of the fermion fields χ and λ (that is, from the

world–sheet point of view, χ and λ are sections of KΣ
s̄ and KΣ

1−s, respectively).

We note that (5.67) is automatically verified in the untwisted case, where s, s̄ =

1/2, but not so in general in the twisted ones, where s, s̄ 6= 1/2. Now, s = 1,

s̄ = 1, for the A twist, and s = 1, s̄ = 0, for the B twist. Then, (5.67) becomes

−
1

2
c1(TΣ

+)
(
ηtc1(TM

+) + c1(ker ρE+)
)

= 0, (5.68)

where ηA = −1, ηB = 1, as before.

In order (5.68) to be satisfied, it suffices that either c1(TΣ
+) = 0 or ηtc1(TM

+)+

c1(ker ρE+) = 0. Assume that the latter condition obtains. Then, on account of

(4.11), the 1st and 2nd Chern classes of the vector bundles TM
+, ker ρE+ satisfy

− ηtc1(TM
+) = c1(ker ρE+), (5.69)

c2(TM
+) = c2(ker ρE+). (5.70)

Let us see how these topological restrictions affect the Lie algebroid E+.

Since the Lie algebroid E+ is transitive, it fits into the Atiyah sequence

0 // ker ρE+

ι
E+

// E+
ρ

E+
// TM

+ // 0 (5.71)

(cf. eq. (2.7)), which implies the relation c(E+) = c(ker ρE+)c(TM
+) among total

Chern classes. Using (5.69), (5.70), we find

11 Here, TΣ
+, TM

+, ker ρE+ are shorthands for the box product vector bundles over Σ × M

TΣ
+

⊠ 1M , 1Σ ⊠ TM
+, 1Σ ⊠ ker ρE+ , respectively.
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c1(E
+) = (1 − ηt)c1(TM

+), (5.72)

c2(E
+) = 2c2(TM

+) − ηtc1(TM
+)2. (5.73)

By (5.72), the cohomology class c1(E
+) is even for the A model and vanishes for

the B model. If E = TM , then necessarily ci(E
+) = 0, i = 1, 2. In that case,

further, M is Calabi–Yau.

At the de Rham cohomology level, condition (5.69) is required by the consis-

tency of the twist of the heterotic sigma model. As we recalled at the beginning

of this section, twisting amounts to altering the covariance of the sigma model

fields depending on their R and flavour charges. In the sigma model, twisting

is implemented by coupling the world–sheet spin connection to the appropriate

linear combination Jtw of the R and a flavour currents JR, JL. With s and s̄

defined as earlier, we have

Jtw = (2s̄− 1)JR + (1 − 2s)JL. (5.74)

In our case, Jtw turns out to be

Jt = −
1

2
(ηtJR + JL). (5.75)

To ensure that the quantum twisted fields have the same covariance as their clas-

sical counterparts, the current Jt must be non-anomalous, i. e. the corresponding

vacuum background charge must vanish,

∆qt = −
1

2
(ηt∆qR + ∆qL) = 0. (5.76)

Using (4.12), (4.13), (5.76) can be cast compactly as

−
1

2

∫

Σ

(
ηtx

∗c1(TM
+) + x∗c1(ker ρE+)

)
= 0. (5.77)

(5.69) is a sufficient condition for (5.77) to be satisfied.

While we require that the twisted general covariance is non-anomalous, the
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global R and flavour symmetries still could, and generally will, suffer an anomaly

after twisting. The vacuum background R and flavour charges, with s and s̄

defined as above, are given by

∆qRs̄ = d(1 − 2s̄)(ℓ− 1) +

∫

Σ

x∗c1(TM
+), (5.78)

∆qLs = r(1 − 2s)(ℓ− 1) +

∫

Σ

x∗c1(ker ρE+), (5.79)

where ℓ is the genus of Σ and d = rankTM
+, r = rank ker ρE+ . In the untwisted

case, where s, s̄ = 1/2, we recover (4.12), (4.13). In the twisted cases, taking into

account that we have conventionally redefined the sign of the R charge in the B

model, we find the expressions

∆qRt = −d(ℓ− 1) − ηt∆qR, (5.80)

∆qLt = −r(ℓ− 1) + ∆qL, (5.81)

where ∆qR, ∆qL given by (4.12), (4.13). Again, quantum sigma model correlators

can be non zero only if these vacuum charges are soaked up by those of the inserted

operators.

5.10 Algebro–geometric conditions

There are certain algebro–geometric conditions which must be added to the

topological anomaly cancellation conditions (4.11) and (5.68) of the half–topolog-

ical sigma models. They ensure the existence of a natural trace on the relevant

chiral ring which, in turn, is required for the consistent computation of correlators

of chiral ring operator classes. We refer the reader to ref. [16] (see also ref. [17])

for a detailed discussion of this point. Here, we shall limit ourselves to outline

the argument.

Let us consider for definiteness the string tree level ℓ = 0. In the perturbative

regime, assumed in our analysis, world–sheet instantons do not contribute and

56



the sigma model path integral localizes at constant embeddings x ∈ Map(Σ,M).

The moduli space of constant embeddings is just the target space M . Thus, the

quantum correlator 〈O〉 of any chiral ring element O should be expressible as an

integral over M of a suitable top form ωO depending on O.

〈O〉 =

∫

M

ωO. (5.82)

To ensure the convergence of the integral, we require M to be compact. Clearly,

O determines only the de Rham cohomology class [ωO]dR of ωO.

¿From (5.80), (5.81), in the situation considered, the vacuum background R

and flavor charges are ∆qRt = d and ∆qLt = r. Therefore, the correlator 〈O〉 can

be non vanishing only if the R and flavour charges of O have the values d and r,

respectively. Correspondingly, the class [ωO]dR is trivial unless this condition is

met.

The algebro–geometric conditions mentioned at beginning of this subsec-

tion are sufficient conditions for the existence of the appropriate correspondence

O 7→ [ωO]dR. They take the form of isomorphism relations between certain

(anti)holomorphic line bundles (denoted below by ∼=).

For the type A sigma model, there is just one condition, viz

∧r ker ρE
∗ ∼= ∧dTM

∗. (5.83)

For the type B sigma model, the statement of the conditions is slightly more

involved. To begin with, we recall that the target space geometry involves a split-

ting σ of E satisfying (3.15) and whose curvatureGEσ
c has vanishing (2, 0) compo-

nent (cf. eq. (4.6)). Let Dad
Eσ be the ordinary (1, 0) connection of ker ρE+ obtained

from the connection Dad
Eσ by complexification and restriction to Γ(ker ρE+) (cf.

subsect. 2.3). By relation (2.17), being GEσ
2,0 = 0, Dad

Eσ has vanishing (2, 0)

curvature. Dad
Eσ therefore defines an antiholomorphic structure on the complex

vector bundle ker ρE+ making it an antiholomorphic vector bundle KE+σ over M.
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The first condition then reads

∧r KE+σ
∗ ∼= 1M. (5.84)

The second condition requires that M is a Calabi–Yau manifold,

∧d TM
∗ ∼= 1M. (5.85)

For the type A sigma model, (5.83) implies that

c1(TM
+) = c1(ker ρE+). (5.86)

(5.86) is just (5.69). For the type B sigma model, (5.84), (5.85) together lead to

c1(TM
+) = c1(ker ρE+) = 0. (5.87)

(5.87) is compatible with but more restrictive than (5.69).

For the second BRST structure of the half–twisted sigma models, there is a

further condition: the typical fiber g
+ of the Lie algebra bundle ker ρE+ must be

unimodular, that is tr adX = 0 for any X ∈ g
+. Explicitly, this can be phrased

as a simple condition on the structure functions fu
vw, namely

f v
uv = 0. (5.88)

For the B model, the unimodularity condition has another important conse-

quence: unlike KE+σ, the antiholomorphic line bundle ∧rKE+σ
∗ is actually in-

dependent from the splitting σ 12. Hence, so is also condition (5.84).

The justification of the restrictions listed above will be provided in sect. 6

below, once the structure of the sigma model chiral rings will have been unveiled.

12 The (1, 0) connection induced by Dad
Eσ on ∧r kerE+ is given locally by ∂a − fv

ivσi
a Under

a variation τ of σ at fixed ρE (cf. subsect. 5.5), the variation of the induced connection is

−fv
uvτu

a, which vanishes if (5.88) holds. It follows that the antiholomorphic structure of

KE+σ is indeed independent from σ.
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6 Lie algebroid cohomology and chiral ring

6.1 Lie algebroid cohomology

In this section, we shall unveil the relation between the cohomology of certain

Lie algebroids with complex base belonging to the target space geometry of the

heterotic Lie algebroid sigma model and the BRST cohomology defining the chiral

rings of the half–twisted sigma models in the perturbative quasiclassical regime.

This will provide an elegant geometric interpretation of those rings.

A Lie algebroid E over M is characterized by its cohomology HLA
∗(E). This

is defined as follows.

Let E[1] be the parity shifted form of E. In each trivializing neighborhood,

E[1] is coordinatized by base coordinates xA of degree 0 and fiber coordinates ξI

of degree 1. The algebra of functions of E[1], Fun(E[1]), is then graded according

to the polynomial degree in the ξI .

There exists a canonical degree 1 vector field QE on E[1] given locally by

QE = ρA
Iξ

I∂xA −
1

2
f I

JKξ
JξK∂ξI , (6.1)

where ρA
I , f

I
JK are the anchor and bracket structure functions of E with respect

to a local frame {eI}
13. ¿From (2.1)–(2.3), it follows that QE is homological,

QE
2 = 0. (6.2)

The Lie algebroid cohomology HLA
∗(E) is then the cohomology of the com-

plex (Fun(E[1]), QE). When E = TM , it reduces to the customary de Rham

cohomology HdM

∗(M) of M , as is immediate to see. So, it can be considered a

natural generalization of the latter.

The Lie algebroid cohomology HLA
∗(W ) of a complex Lie algebroid W is de-

13 The structure functions are defined as usual by the relations ρEeI = ρA
I∂A and [eI , eJ ]E =

fk
IJeK and obey relations formally identical to (3.35)–(3.37).
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fined in the same fashion. If E is a Lie algebroid, then HLA
∗(Ec) is the complex-

ification of HLA
∗(E).

6.2 Complex and holomorphic Lie algebroid cohomology

Let W be a Lie algebroid with complex base M (cf. subsect. 3.2). W is

characterized by a Lie algebroid cohomology HLA
∗(W ) defined in an analogous

fashion. One considers the parity shifted vector bundle W [1] and coordinatizes it

by degree 0 base coordinates za, zā and degree 1 fiber coordinates ξi. Fun(W [1])

is then graded according to the polynomial degree in the ξi. Next, one constructs

a canonical degree 1 holomorphic vector field on W [1], viz

QW = ρa
iξ

i∂za −
1

2
f i

jkξ
jξk∂ξi, (6.3)

with the anchor and bracket structure functions ρa
i, f

i
jk taken with respect to a

local frame {ei} of W . Then, due to (2.1)–(2.3), QW is homological,

QW
2 = 0. (6.4)

HLA
∗(W ) is the cohomology of the complex (Fun(W [1]), QW ). When W = TM

+,

we obtain the holomorphic Dolbeault cohomology of M , H∂M

∗,0(M).

Let E be a holomorphic Lie algebroid on a complex manifold M (cf. subsect.

3.1). Then, with E , there is associated a holomorphic Lie algebroid cohomol-

ogy HLA
∗(E) as follows. Instead of a complex, we have a sheaf of complexes

(Fun(E [1]),QE), where Fun(E [1]) is the sheaf such that, for any open set U of M ,

Fun(E [1])(U) is the algebra of holomorphic functions on E|U [1] and QE is defined

according to (6.3) using a holomorphic frame {ei}. The Lie algebroid cohomol-

ogy HLA
∗(E) is the sheaf associated with the presheaf H ′

LA
∗(E) such that, for any

open set U of M , H ′
LA

∗(E)(U) is the cohomology of (Fun(E [1])(U),QE).

Suppose that E is a transitive Lie algebroid with complex structure satisfying

(3.13), the case mainly treated in this paper. Then, E+ is in particular a Lie
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algebroid with complex base and, as such, it is equipped with its cohomology

HLA
∗(E+).

Using (6.3), we can extend QE+ to a homological vector field on Ec[1]. How-

ever, while QE+ does not depend on the framing {ei} of E+ used, the resulting

extension does. There is nevertheless a canonical choice of the extension. Since

E+ has a canonical holomorphic structure making it a holomorphic Lie algebroid

E , we can use the associated holomorphic framing {ei}. We denote the resulting

extension by QE
14. The homological vector field QEc of Ec splits as

QEc = QE + QE, (6.5)

as is easy to check. The homological vector field QE of E is simply the restriction

of QE to Fun(E [1]).

¿From now on, we assume that E is a transitive Lie algebroid with complex

structure satisfying (3.13). Further, we pick a splitting σ of E satisfying condition

(3.15) and whose curvature GEσ
c has vanishing (2, 0) component (cf. eq. (4.6)).

6.3 The Lie algebroid Ê+ and its cohomology

Now, we are going to construct a distinguished Lie subalgebroid Ê+ of Ec,

which is a Lie algebroid with complex base and whose cohomology turns out to be

intimately related to the BRST cohomology defining the type A half–topological

sigma model chiral ring.

Consider the complex vector bundle Ê+
σ = TM

+ ⊕ ker ρE+ . We endow Ê+
σ

14 A change of the smooth frame {ei} induces a change of fiber coordinates ξi, in which the

new fiber coordinates depend holomorphically on the old ones but generally non holomorphically

on the base coordinates. The derivatives ∂a in the two frames differ so by terms proportional

to ∂ı̄. Therefore, the right hand side of (6.3) is covariant only up to terms of the latter form.

These are inert on Fun(E+[1]) but not on Fun(Ec[1]). If, however, we restrict to holomorphic

frames, the ∂ı̄ terms vanish and the right hand side of (6.3) is covariant.
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with the anchor defined by

ρÊ+
σ
(x⊕ u) = x, (6.6)

with x ∈ Γ(TM
+), u ∈ Γ(ker ρE+), and with the Lie bracket defined by

[x⊕ u, y ⊕ v]Ê+
σ

= [x, y]TM
+ ⊕

(
[σcx, v]Ec − [σcy, u]Ec + [u, v]Ec

)
, (6.7)

with x, y ∈ Γ(TM
+), u, v ∈ Γ(ker ρE+). Condition (3.13) ensures that the right

hand side of (6.7) belongs to Γ(Ê+
σ). Condition (4.6) is required by the fulfillment

of the Jacobi identity. Ê+
σ acquires in this way a structure of Lie algebroid with

complex base, as is readily verified.

The bundle map ̟̂σ : Ê+
σ → Ec defined by ̟̂σ(x ⊕ u) = σcx + u for

x ∈ Γ(TM
+), u ∈ Γ(ker ρE+) is a monomorphism of complex Lie algebroids (cf.

subsect. 2.1). Let Ê+ be the image of ̟̂σ in Ec. Then, Ê+ is a complex Lie sub-

algebroid of Ec and a Lie algebroid with complex base. Further, ̟̂σ : Ê+
σ → Ê+

is an isomorphism of Lie algebroids with complex base. From now on, we identify

Ê+
σ and Ê+ leaving the isomorphism ̟̂σ understood.

Let us compute the homological vector field QÊ+ . As E+ has a canonical

holomorphic structure, there is a holomorphic framing {ei}. Then, {∂ā} ∪ {eu}

constitutes a distinguished framing of Ê+. Let ζ ā, cu be the corresponding fiber

coordinates of Ê+[1]. Then

QÊ+ = ζ ā∂zā −
1

2
fu

vwc
vcw∂cu. (6.8)

It is straightforward to check that QÊ+ is nilpotent

QÊ+
2 = 0, (6.9)

as required.

Next, we observe that QÊ+ decomposes as

QÊ+ = Q̃Ê+ + ΛÊ+ , (6.10)
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where Q̃Ê+ , ΛÊ+ are given by

Q̃Ê+ = ζ ā∂zā, (6.11)

ΛÊ+ = −
1

2
fu

vwc
vcw∂cu. (6.12)

Q̃Ê+ , ΛÊ+ are nilpotent and anticommute

Q̃Ê+
2 = 0, (6.13)

ΛÊ+
2 = 0, (6.14)

Q̃Ê+ΛÊ+ + ΛÊ+Q̃Ê+ = 0. (6.15)

By (6.13), (Fun(Ê+[1]), Q̃Ê+) is a complex. The algebra Fun(Ê+[1]) is isomor-

phic to the algebra of ∧∗ kerE
∗–valued (0, ∗) forms Ω0,∗(M,∧∗ kerE

∗). Under the

isomorphism, Q̃Ê+ is identified with the standard Dolbeault operator ∂∧∗ kerE ∗ .

The cohomology of (Fun(Ê+[1]), Q̃Ê+) is thus isomorphic to the Dolbeault coho-

mology H∂̄
∗(∧∗ kerE

∗), that is the sheaf cohomology H∗(O∧∗ kerE ∗).

We note that Fun(Ê+[1]) is bigraded according to the polynomial degree in

ζ ā, cu and that, by (6.13)–(6.15), (Fun(Ê+[1]), Q̃Ê+ ,ΛÊ+) is a double complex.

By (6.10), the total cohomology of this latter is the cohomology of the complex

(Fun(Ê+[1]), QÊ+), that is the Lie algebroid cohomology HLA
∗(Ê+). This can

therefore be computed, at least in principle, using standard spectral sequence

methods 15.

15 ker ρE+ is a Lie algebroid with vanishing anchor. It has a canonical holomorphic structure

induced by that of E+, with which there are associated a holomorphic framing {eu} and fiber

coordinates cu of ker ρE+ [1]. The homological vector field Qker ρ
E+

is given by Qker ρ
E+

=

− 1
2fw

uvcucv∂cw. Qker ρ
E+

is therefore the fiberwise Chevalley–Eilenberg differential of the Lie

algebra bundle ker ρE+ and, so, HLA
∗(ker ρE+) is the space of sections of a vector bundle whose

typical fiber the Chevalley–Eilenberg cohomology HCE
∗(g+) of the typical fiber g

+ of ker ρE+ .

As is apparent, Qker ρ
E+

is formally identical to the homological vector field ΛE . This furnishes

an interpretation of the latter.
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6.4 Lie algebroid cohomology of Ê+ and A model chiral ring

Now, we are ready to unveil the relation between the Lie algebroid cohomology

of Ê+ and the A model chiral ring.

As explained in subsect. 5.8, the chiral ring R(ν)
A of the ν–th BRST structure

of the type A half–topological sigma model consists of operatorQ(ν)
A–cohomology

classes of vanishing scaling dimensions h, h̄. Each class is represented by a scalar

local operator O 16 such that [Q(ν)
A,O] = 0 defined modulo an operator of the

form [Q(ν)
A,X ] with X an arbitrary scalar local operator 17. Let FA denote the

algebra of the A model scalar local operators. Then, (FA, [Q
(ν)

A, · ]) is a complex

and the chiral ring R(ν)
A is its cohomology.

The operators F ∈ FA are all of the form

F =
∑

m,n

1

m!n!
φp̄1...p̄m;u1...un

(x)χp̄1 · · ·χp̄mλu1 · · ·λun . (6.16)

The fields χp
z̄, λ

∗
uz as well as all the ∂z, ∂ z̄ derivatives of fields cannot contribute

to F because of its scalar nature.

In the quasiclassical limit, there is a canonical isomorphism ςA : FA 7→

Fun(Ê+[1]) defined as follows. Redefine the fiber coordinates of Ê+[1] as

γ p̄ = σp̄
āζ

ā. (6.17)

Then, for any operator F ∈ FA of the form (6.16), ςA(F) ∈ Fun(Ê+[1]) reads

ςA(F) =
∑

m,n

1

m!n!
φp̄1...p̄m;u1...un

γ p̄1 · · · γ p̄mcu1 · · · cun . (6.18)

Under the isomorphism ςA, we have

ςA([Q(ν)
A,F ]) = Q(ν)

Ê+ςA(F), (6.19)

16 Here and below, the adjective “scalar” means “world–sheet scalar”.

17 Since the BRST charge Q(ν)
A is itself a scalar, it cannot change the world–sheet covariance

of the local operators F which it acts upon. Therefore, X must be also be a scalar.
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where Q(ν)
Ê+ is a certain homological vector field on Ê+[1],

Q(ν)
Ê+

2 = 0. (6.20)

Relation (6.19) states that ςA is a chain map of the complexes (FA, [Q
(ν)

A, · ]),

(Fun(Ê+[1]), Q(ν)
Ê+). Therefore, in the quasiclassical limit, the chiral ring R(ν)

A

is isomorphic to the cohomology of (Fun(Ê+[1]), Q(ν)
Ê+). Next, we are going to

compute Q(ν)
Ê+ in such regime, having in mind that Q(ν)

Ê+ may receive compli-

cated perturbative quantum corrections.

Using (4.6), we find that

Q̃Ê+ = ρā
p̄γ

p̄∂zā −
1

2
f p̄

q̄r̄γ
q̄γ r̄∂γp̄, (6.21)

while ΛÊ+ is still given by expression (6.12). ¿From (6.17), (6.21), we find easily

Q̃Ê+z
a = 0, Q̃Ê+z

ā = ρp̄γ
p̄ (6.22a)

Q̃Ê+γ
p̄ = −

1

2
f p̄

q̄r̄γ
q̄γ r̄, (6.22b)

Q̃Ê+c
u = 0, (6.22c)

From (6.12), we obtain

ΛÊ+z
a = 0, ΛÊ+z

ā = 0, (6.23a)

ΛÊ+γ
p̄ = 0, (6.23b)

ΛÊ+c
u = −

1

2
fu

vwc
vcw. (6.23c)

Comparing (5.2) and (6.22), we find that the action of the primary topological

field variation operator δA on FA is such that

ςA(δAF) = Q̃Ê+ςA(F), (6.24)

for any operator F ∈ FA. Likewise, comparing (5.4) and (6.23), we find that the

action of the secondary topological field varation operator sA is such that
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ςA(sAF) = ΛÊ+ςA(F). (6.25)

Consider the first BRST structure of the A model. In the quasiclassical limit,

Q(1)
A = QA acts as δA (cf. subsect. 5.7, eq. (5.51)). From (6.19), (6.24), in the

same regime, we have therefore

Q(1)
Ê+ = Q̃Ê+ . (6.26)

We conclude that, at the classical level, the chiral ring R(1)
A is isomorphic to

the cohomology of (Fun(Ê+[1]), Q̃Ê+) and, hence, to the Dolbeault cohomology

H∂̄
∗(∧∗ kerE

∗) or the sheaf cohomology H∗(O∧∗ kerE ∗). The first BRST structure

is the one normally envisaged in twisted heterotic sigma models. Here, we have

recovered a well-known result about the heterotic chiral ring [16] – [17].

Next, consider the second BRST structure. In the quasiclassical limit, Q(2)
A =

QA + ΛA acts as δA + sA (cf. subsect. 5.7, eqs. (5.51), (5.52)). ¿From (6.19),

(6.24), (6.25), in the same regime, we have then

Q(2)
Ê+ = Q̃Ê+ + ΛÊ+ = QÊ+ , (6.27)

where (6.10) has been used. We conclude that, at the classical level, the chiral

ring R(2)
A is isomorphic to the cohomology of (Fun(Ê+[1]), QÊ+), that is the Lie

algebroid cohomology HLA
∗(Ê+).

Next, we consider the problem of computing correlators of A model chiral

ring classes at genus ℓ = 0 in the quasiclassical limit. This matter was discussed

preliminarily in subsect.5.10, which the reader is referred to. Recall that the

quantum correlator 〈O〉 of any chiral ring element O ∈ R(ν)
A should be express-

ible as an integral over M of a suitable top degree de Rham cohomology class

[ωO]dR depending on O. As we have found above, with O there corresponds a

cohomology class of the complex (Fun(Ê+[1]), Q(ν)
Ê+). This indicates that there

must exist a map ϕ̂ : Fun(Ê+[1]) 7→ Fun(TM [1]) such that, for any chiral ring

element O ∈ R(ν)
A, one has
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〈O〉 =

∫

TM [1]

ϕ̂ ω, (6.28)

where ω ∈ Fun(Ê+[1]) with Q(ν)
Ê+ω = 0 is a representative of O. In (6.28), ϕ̂ ω

is to be thought of as a non homogeneous form on M , whose top degree part is

integrated on M . The map ϕ̂ must have the following properties. First,

ϕ̂ Q(ν)
Ê+ω = (−1)d−r d ϕ̂ ω, (6.29)

for ω ∈ Fun(Ê+[1]), where d = ζa∂a + ζ ā∂ā is the de Rham differential in super-

geometric form. In virtue of (6.29), the right hand side of (6.28) depends only

on the Q(ν)
Ê+–cohomology class of ω and, so, is defined on R(ν)

A. Second,
∫

TM [1]

ϕ̂ ω = 0, (6.30)

whenever ω ∈ Fun(Ê+[1]) does not have bidegree (d, r). This ensures that the

selection rule on the chiral ring correlators found earlier in subsect. 5.10 is satis-

fied.

Let (5.83) hold. Then, the holomorphic line bundle ∧dTM
∗⊗∧r ker ρE is holo-

morphically trivial and, so, it has a nowhere vanishing holomorphic section υ. υ

induces an algebra morphism ϕ̂υ : Fun(Ê+[1]) 7→ Fun(TM [1]) defined by

ϕ̂υ ω =
1

d!r!
υa1...ad

u1...urζa1 · · · ζad∂cu1
· · · ∂cur

ω, (6.31)

with ω ∈ Fun(Ê+[1]). By the holomorphy of υ, ϕ̂υ fulfils (6.29), for the first

BRST structure. It does so also for the second BRST structure, provided that

the unimodularity condition (5.88) holds. Moreover, ϕ̂υ fulfils (6.30) for either

structures. In this way, we have justified the algebro–geometric conditions (5.83)

and (5.88) for the A model introduced in subsect. 5.10.

6.5 The Lie algebroid E+ and its cohomology

We are now going to show that the Lie algebroid with complex base E+ has
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a structure analogous to that of the Lie algebroid Ê+ constructed above and that

its cohomology is intimately related to the BRST cohomology defining the type

B half–topological sigma model chiral ring.

Consider the complex vector bundle E+
σ = TM

+ ⊕ ker ρE+ . We endow E+
σ

with the anchor defined by

ρE+
σ
(x⊕ u) = x (6.32)

with x ∈ Γ(TM
+), u ∈ Γ(ker ρE+), and with the Lie bracket defined by

[x⊕ u, y ⊕ v]E+
σ

= [x, y]TM
+ ⊕

(
[σcx, v]Ec − [σcy, u]Ec + [u, v]Ec

)
(6.33)

with x, y ∈ Γ(TM
+), u, v ∈ Γ(ker ρE+). Again, condition (4.6) is required by the

fulfillment of the Jacobi identity. E+
σ acquires in this way a structure of Lie

algebroid with complex base, as is immediately verified.

The bundle map ̟σ : E+
σ → Ec defined by ̟σ(x ⊕ u) = σcx + u for x ∈

Γ(TM
+), u ∈ Γ(ker ρE+) is a monomorphism of complex Lie algebroids. The

image of ̟σ in Ec in nothing but the Lie algebroid E+, as follows from relation

(3.14). ̟σ : E+
σ → E+ is then an isomorphism of Lie algebroids with complex

base. Again, for simplicity, we identify E+
σ and E+ leaving the isomorphism ̟σ

understood.

Let us compute the homological vector field QE+ . As E+ has a canonical

holomorphic structure, there is a holomorphic framing {ei}. By the above find-

ings, {∂a} ∪ {eu} constitutes another distinguished framing of E+. Let ζa, cu be

the corresponding fiber coordinates of E+[1]. Then,

QE+ = ζa
(
∂za − fu

ivσ
i
ac

v∂cu

)
−

1

2
fu

vwc
vcw∂cu. (6.34)

It is straightforward to check that QE+ is nilpotent

QE+
2 = 0, (6.35)
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as required 18.

Next, we observe that QE+ decomposes as

QE+ = Q̃E+ + ΛE+ , (6.36)

where Q̃E+ , ΛE+ are given by

Q̃E+ = ζa
(
∂za − fu

ivσ
i
ac

v∂cu

)
, (6.37)

ΛE+ = −
1

2
fu

vwc
vcw∂cu. (6.38)

Q̃E+ , ΛE+ are nilpotent and anticommute

Q̃E+
2 = 0, (6.39)

ΛE+
2 = 0, (6.40)

Q̃E+ΛE+ + ΛE+Q̃E+ = 0. (6.41)

We note that (6.39) depends crucially on the validity of (4.6).

By (6.39), (Fun(E+[1]), Q̃E+) is a complex. The algebra Fun(E+[1]) is isomor-

phic to the algebra of ∧∗KE+σ
∗–valued (∗, 0) forms Ω∗,0(M,∧∗KE+σ

∗), where the

antiholomorphic vector bundle KE+σ was defined in subsect. 5.10. Under the iso-

morphism, Q̃E+ is identified with the (1, 0) connection Dad
Eσ with vanishing (2, 0)

curvature that defines the antiholomorphic structure of KE+σ and, so, with the

holomorphic Dolbeault operator ∂∧∗K
E+σ

∗ . The cohomology of (Fun(Ê+[1]), Q̃Ê+)

is thus isomorphic to the holomorphic Dolbeault cohomology H∂
∗(∧∗KE+σ

∗), that

is the sheaf cohomology H∗(O∧∗K
E+σ

∗). This cohomology depends in general on

the splitting σ, since KE+σ does.

18 QE+ extends to a homological vector field on Ec[1]. Since the framing {∂a} ∪ {eu} used

in the construction of QE+ is not holomorphic, the extension differs from the canonical exten-

sion QE defined above eq. (6.5), which employs the holomorphic framing {ei} (cf. footnote

14). Indeed, one has QE = QE+ − Gū
ab̄ζ

aζ b̄∂cū. So, QE , QE+ have the same restriction on

Fun(E+[1]) but generally differ on Fun(Ec[1]).
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We note that Fun(E+[1]) is bigraded according to the polynomial degree in

ζa, cu and that, by (6.39)–(6.41), (Fun(E+[1]), Q̃E+ ,ΛE+) is a double complex.

By (6.36), the total cohomology of this double complex is the cohomology of

the complex (Fun(E+[1]), QE+), that is the Lie algebroid cohomology HLA
∗(E+).

Again, the latter can be computed using spectral sequence methods. It is also

manifestly independent from the splitting σ.

6.6 Lie algebroid cohomology of E+ and B model chiral ring

Now, we are going to uncover the relation between the Lie algebroid cohomol-

ogy of E+ and the B model chiral ring. In outline, the analysis follows the same

lines as that done for the A model.

¿From subsect. 5.8, the chiral ring R(ν)
B of the ν–th BRST structure of

the type B half–topological sigma model consists of operator Q(ν)
B–cohomology

classes of vanishing scaling dimensions h, h̄. Each class is represented by a scalar

local operator O such that [Q(ν)
B,O] = 0 defined modulo an operator of the form

[Q(ν)
B,X ] with X any scalar local operator. Let FB denote the algebra of the B

model scalar local operators. Then, (FB, [Q
(ν)

B, · ]) is a complex and the chiral

ring R(ν)
B is its cohomology.

The operators F ∈ FB are all of the form

F =
∑

m,n

1

m!n!
φp1...pm;u1...un

(x)χp1 · · ·χpmλu1 · · ·λun , (6.42)

the fields χp̄
z̄, λ

∗
uz as well as all the ∂z, ∂ z̄ derivatives of fields not contributing

because of the scalar nature of F .

Analogously to the A model, in the quasiclassical limit, there is a canonical

isomorphism ςB : FB 7→ Fun(E+[1]). Define new fiber coordinates of E+[1] by

γp = σp
aζ

a. (6.43)

Then, for any operator F ∈ FB of the form (6.42), ςB(F) ∈ Fun(E+[1]) is
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ςB(F) =
∑

m,n

1

m!n!
φp1...pm;u1...un

γp1 · · · γpmcu1 · · · cun . (6.44)

Again, analogously to the A model, the isomorphism ςB has the property that

ςB([Q(ν)
B,F ]) = Q(ν)

E+ςB(F), (6.45)

where Q(ν)
E+ is a certain homological vector field on E+[1],

Q(ν)
E+

2 = 0. (6.46)

By (6.45), ςB is a chain map of the complexes (FB, [Q
(ν)

B, · ]), (Fun(E+[1]), Q(ν)
E+)

and, so, the quasiclassical chiral ring R(ν)
B is isomorphic to the cohomology of

(Fun(E+[1]), Q(ν)
E+). We are now going to compute Q(ν)

E+ in that regime.

Using (4.6), we find that

Q̃E+ = ρa
pγ

p(∂za − f v
iuσ

i
ac

u∂cv) −
1

2
f r

pqγ
pγq∂γr. (6.47)

while ΛE+ is still given by expression (6.38). ¿From (6.43), (6.47), we find easily

Q̃E+za = ρpγ
p, Q̃E+zā = 0, (6.48a)

Q̃E+γp = −
1

2
fp

qrγ
qγr, (6.48b)

Q̃E+cu = −fu
ivσ

i
aρ

a
pγ

pcv (6.48c)

while, from (6.38), we obtain

ΛE+za = 0, ΛE+zā = 0, (6.49a)

ΛE+γp = 0, (6.49b)

ΛE+cu = −
1

2
fu

vwc
vcw. (6.49c)

By comparing (5.7) with (6.48) and (5.9) with (6.49), we find that the actions of

the topological field variation operators δB, sB on FB satisfy

ςB(δBF) = Q̃E+ςB(F), (6.50)
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and

ςB(sBF) = ΛE+ςB(F). (6.51)

for any operator F ∈ FB, extending the A model findings.

Consider the first BRST structure of the B model. In the quasiclassical limit,

Q(1)
B = QB acts as δB (cf. subsect. 5.7, eq. (5.51)). From (6.45), (6.50), in the

same regime, we have therefore

Q(1)
E+ = Q̃E+ . (6.52)

It follows that, at the classical level, the chiral ring R(1)
B is isomorphic to the

cohomology of (Fun(Ê+[1]), Q̃E+) and, hence, to the holomorphic Dolbeault coho-

mology H∂
∗(∧∗KE+σ

∗) or the sheaf cohomology H∗(O∧∗K
E+σ

∗).

Next, consider the second BRST structure. In the quasiclassical limit, Q(2)
B =

QB + ΛB acts as δB + sB (cf. subsect. 5.7, eqs. (5.51), (5.52)). ¿From (6.45),

(6.50), (6.51), in the same regime, we have then

Q(2)
E+ = Q̃E+ + ΛE+ = QE+ , (6.53)

where (6.36) has been used. Consequently, at the classical level, the chiral ring

R(2)
B is isomorphic to the cohomology of (Fun(E+[1]), QE+), that is the Lie al-

gebroid cohomology HLA
∗(E+).

The problem of computing correlators of B model chiral ring classes at genus

ℓ = 0 in the quasiclassical limit can be treated along the same lines as theAmodel.

As we have found above, with any chiral ring class O ∈ R(ν)
B there corresponds

a cohomology class of the complex (Fun(E+[1]), Q(ν)
E+). Thus, there must exist

a map ϕ : Fun(E+[1]) 7→ Fun(TM [1]) such that, for O ∈ R(ν)
B,

〈O〉 =

∫

TM [1]

ϕω, (6.54)

where ω ∈ Fun(E+[1]) with Q(ν)
E+ω = 0 is a representative of O. The mapping
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ϕ must have the properties that

ϕQ(ν)
E+ω = (−1)d−r dϕω, (6.55)

for ω ∈ Fun(E+[1]), to make the right hand side of (6.54) depend only on the

Q(ν)
E+–cohomology class of ω and, thus, defined on R(ν)

B, and that

∫

TM [1]

ϕω = 0, (6.56)

whenever ω ∈ Fun(E+[1]) does not have bidegree (d, r), to ensure that the selec-

tion rule on the chiral ring correlators of subsect. 5.10 is satisfied.

Assume that (5.84), (5.85) hold. As the antiholomorphic line bundle ∧rKE+σ
∗

is antiholomorphically trivial, it admits a nowhere vanishing antiholomorphic

section υ. Similarly, as the holomorphic line bundle ∧dTM
∗, is holomorphically

trivial, it possesses a nowhere vanishing holomorphic sections Ω. υ, Ω induce an

algebra morphism ϕυΩ : Fun(E+[1]) 7→ Fun(TM [1]) defined by

ϕυΩω =
1

d!r!
Ωā1...ād

υu1...urζ ā1 · · · ζ ād∂cu1
· · · ∂cur

ω, (6.57)

with ω ∈ Fun(E+[1]). By the antiholomorphy of υ and the holomorphy of Ω

ϕυΩ fulfils (6.55), for the first BRST structure. It does so also for the second

BRST structure, provided, again, that the unimodularity condition (5.88) holds.

Moreover, ϕυΩ fulfils (6.56) for either structures. In this way, as for the A model,

we have justified the algebro–geometric conditions (5.84), (5.85) and (5.88) for

the B model introduced in subsect. 5.10.

6.7 Lie algebroid chiral algebras

In this final subsection, we make some remarks concerning the chiral algebras of

the half–topological sigma models.

Consider first the chiral algebra A(ν)
A of the A model. Since the local op-

erators and the BRST charge can be described locally along M , it is possible
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to consider operators that are well–defined not throughout M , but only on lo-

cal neighborhoods of M [7]. Q(ν)
A–cohomology classes of operators defined in

a neighborhood have operator product expansions involving classes of operators

defined in the same neighborhood and they can be restricted to smaller neigh-

borhoods and patched on unions of neighborhoods in a natural fashion. So, what

we actually have is a sheaf of chiral algebras C(ν)
A.

An operator class O of A(ν)
A is characterized by its scaling dimensions (h, 0)

and R/flavour charges (qR, qL). A local operator F representing O must then

have the same properties. F must so be a function of the fields xa, xā, λu, λ∗uz

and their ∂z derivatives and the field χp̄ with h z indices, qR factors χp̄ and qL

λu minus λ∗uz possibly differentiated factors. The fields χp
z̄ and ∂ z̄ derivatives of

fields cannot appear in the expression of F because its antiholomorphic scaling

dimension vanishes. The ∂z derivatives of χp̄ and the fields luz̄, l
∗
uz are not

included as they can be eliminated using the field equations. It can be shown that

the operators F of this form are in one–to–one correspondence with the elements

of Ω0,qR(Wh,qL
), where Wh,qL

is a certain complicated holomorphic vector bundle

depending on h, qL constructed with TM, kerE and their duals.

Consider now the first BRST structure of the A model. In the quasiclassical

limit, the BRST charge Q(1)
A acts on the local operators F of fixed scaling di-

mensions (h, 0) and flavour charge qL but varying R charge qR as the Dolbeault

operator ∂Wh,qL
in many though not all cases, by reasons analogous to those found

in the treatment of chiral ring R(1)
A

19. For the sake of the argument, let us leave

aside this technical complication and pretend that Q(1)
A acts classically as ∂Wh,qL

.

Since ∂Wh,qL
obeys the ∂–Poincaré lemma, the cohomology of ∂Wh,qL

is trivial on

any local neighborhood of M . The operator Q(1)
A–cohomology is therefore lo-

cally trivial classically on the local operators F of scaling dimensions (h, 0) and

19 In the case where E = TM considered by Witten in [7], this is actually always true.

74



flavour charge qL. Since h and qL are arbitrary, the operator Q(1)
A–cohomology

is locally trivial classically in general.

It is believed that perturbative quantum corrections cannot create cohomology

classes [7]. Taking this for granted, it follows that the operator Q(1)
A–cohomology

is locally trivial also quantum mechanically in the perturbative regime we assume.

By an argument totally analogous to that used to prove the Dolbeault-Čech

isomorphism in algebraic geometry, one then shows that the operator Q(1)
A–

cohomology, that is the chiral algebra A(1)
A, is isomorphic to the Čech cohomol-

ogy of the sheaf A(1)
A

0 of R charge 0 Q(1)
A–closed operators. In [7, 10], Witten

and Kapustin showed independently that, for E = TM with M Calabi–Yau, the

Čech cohomology of A(1)
A

0 could be related to that of the sheaf of chiral differ-

ential operators introduced in [8], [9]. This result was later generalized by Tan

in [11] – [14] to heterotic sigma models with general gauge bundle. It extends also

to our type A sigma model for the first BRST structure.

Does the above generalize to the type A sigma model for the second BRST

structure? To be sure, not in a straightforward fashion. The argument just

outlined for the first structure uses in an essential way the fact that, in the

quasiclassical limit, Q(1)
A reduces to the appropriate Dolbeault operator ∂ and

that, by the ∂–Poincaré lemma, the ∂–cohomology is locally trivial. For the

second structure, one expects that Q(2)
A, again quasiclassically, reduces instead

to some generalization of the Lie algebroid differential QÊ+ studied in subsect.

6.3 by arguments analogous to those employed in the study of the chiral ring

R(2)
A in subsect. 6.4. The point here is that there is no analog of the Poincaré

lemma for QÊ+ . Thus, the operator Q(2)
A–cohomology is not locally trivial in

general and A(2)
A does not have a Čech description the same way A(1)

A does.

The above analysis can be repeated along the same lines for the B model with

completely similar conclusions.

75



7 Conclusions and outlook

7.1 Summary of results

In this paper, we have constructed a heterotic sigma model whose target

space geometry consists of a transitive Lie algebroid E with complex structure

on a Kaehler manifold M satisfying certain natural geometric conditions, the

heterotic Lie algebroid sigma model. We have then found that the model possesses

a primary (0, 2) supersymmetry, which it shares with the other heterotic sigma

models [3], and a novel secondary (1, 0) supersymmetry ensuing from the adjoint

bundle ker ρE, the kernel of the anchor ρE of E.

This opens new possibilities for topological twisting. The two twist prescrip-

tions, considered in this paper, lead to half–topological sigma models of type

A and B, as already studied in the literature. These sigma models, however,

because of the higher amount of supersymmetry of the parent untwisted model

stemming from the Lie algebroid target space geometry, are characterized not

only by the usual primary topological BRST operator but also by a secondary

Slavnov–like BRST operator anticommuting with the former. As a consequence,

the sigma models possess two inequivalent BRST structures, which share many,

but not all, properties.

Quantum mechanically, in the perturbative regime in which there are no

world–sheet instanton contributions, the two half–topological sigma models con-

structed by us are conformally invariant at the level of BRST cohomology and

are characterized by a holomorphic chiral algebra A and a chiral ring R with

respect to both BRST structures, on a par with the half–topological sigma mod-

els considered in earlier studies [15]– [17]. The difference between the structures

manifests itself with regard to the dependence of the chiral algebra correlators

on the target space geometric data. The classical action of our sigma models

contains also a Kaehler metric g of M and a splitting σ of E. The chiral alge-
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bra correlators are independent from g for both BRST structures while they are

independent from σ for the second BRST structure only. The second structure

is therefore “more topological” than the first and, from a Lie algebroid theoretic

point of view, also more natural. Indeed, as we have seen, the second structure’s

chiral ring is directly related to the target space Lie algebroid cohomology in a

way the first structure’s one is not.

Our conclusions rest on a considerable amount of educated guessing and are

therefore to a certain extent conjectural. We do not know whether the two

BRST structures coexist in the same quantum field theory or, else, whether their

pertain to two different quantum field theories sharing the same quasiclassical

limit. Happily, our conclusions apparently do not hinge on the answer to this

questions. In any case, as is well-known, the inclusion of non perturbative world–

sheet instanton effects can radically alter the perturbative picture that emerges

from our analysis.

7.2 Open problems

There are several issues which we have not touched and, related to these,

problems still open.

Lie algebroid sigma models with a regular but non transitive target.

A Lie algebroid E is regular if its anchor ρE has locally constant rank [19].

Every transitive Lie algebroid is regular, but not viceversa. The natural question

arises whether it would be possible to generalize our analysis and produce a

heterotic Lie algebroid sigma model with a regular non transitive target. Since

our construction relies in an essential way on the use of splittings, which exist only

for transitive Lie algebroids, the task seems hopeless at first glance. However, as

the baseM of a regular Lie algebroid E admits a foliation such that the restriction

of E to each leaf of M is transitive, it is conceivable that a Lie algebroid sigma
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model with regular target may be built as a family of Lie algebroid sigma models

with transitive target parametrized by the foliation of M and connected in some

way.

Lie algebroid sigma models with (2, 2) supersymmetry.

It would be desirable to have a Lie algebroid sigma model with (2, 2) super-

symmetry. For a target space geometry consisting of a transitive Lie algebroid

E with complex structure over a Kaehler base M , of the kind considered in this

paper, in the same way as the (0, 2) heterotic sigma model arises by coupling

fermionic degrees of freedom in ker ρE+ to the basic (0, 2) sigma model over M

in a way compatible with (0, 2) supersymmetry, the (2, 2) sigma model should

arise by coupling fermionic degrees of freedom in ker ρEc to the basic (2, 2) sigma

model over M in a way compatible with (2, 2) supersymmetry. The closure of the

(2, 2) supersymmetry algebra apparently requires the splitting σ to be flat. While

every transitive Lie algebroid admits a flat splitting locally, it generally does not

globally [19]. So, it is likely that such (2, 2) Lie algebroid sigma model, assuming

that it does exist, will turn out to be only a very mild generalization of the usual

one. Alternatively, one may try to define the (2, 2) sigma model locally in target

space and then try to glue the resulting field theories in a globally meaningful

way, though it is difficult to fathom how this could be done.

Description of the chiral algebra.

In this paper, we concentrated on the chiral rings of the two half–topological

Lie algebroid sigma models for each BRST structure and said comparatively

little about their ambient chiral algebras (cf. subsect. 6.7). The point is that

the condition [Q(ν)
t,O] = 0 is not very constraining for a local operator O of

positive holomorphic scaling dimension. This is what renders chiral algebras very

complicated objects which resist any attempts at a simple description such as that

of chiral rings. Needless to say, much work remains to be done on this aspect of
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the theory.

Deformation of the target Lie algebroid structure.

In general, infinitesimal deformations of the target space geometry of a sigma

model result in the insertion of integrated vertex operators in correlators. For the

sigma models studied in this paper, the target geometry consists of a transitive

Lie algebroid E with complex structure over a manifold M satisfying (3.13) (cf.

subsects. 2.2, 3.2). Its deformation involves that of a) the Lie bracket structure

[·, ·]E, b) the anchor structure ρE, c) the fiber complex structure JE and d) the

base complex structure JEM subject to various constraints. Further, the deforma-

tions reducible to symmetry transformations must be modded out. This analysis

requires a considerable amount of extra work and is left for future work.
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