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Abstract

A general method for calculation of the full isometry group of a
Riemannian solvmanifold is presented.

Using it we determine the full isometry group of the non-symmetric
quaternionic Kahler solvmanifolds M: 7-, W- and V-spaces.

As an application we prove that the isometry group acts transi-
tively on the twistor space and on the SO(3)-principal (“3-Sasakian”)
bundle of M and that the manifold M does not admit quotients of
finite volume.

As other application, we give a simple description of the quater-
nionic Kahler solvmanifolds in terms of a certain spinorial module 5
of the group Spin(3,3+ k). The Lie bracket is defined by means of
the unique embedding of the vector module V = R*** into AZS.
We describe also the group of isometries which preserves the principal
Kahler submanifold &/ C M.

Introduction

We recall that a quaternionic Kahler manifold is a Riemannian manifold M*"
with holonomy group Hol contained in Sp(1)Sp(n). These are Einstein ma-
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nifolds if n > 1. The only known examples of quaternionic Kahler manifolds
of positive scalar curvature are symmetric and in one-to-one correspondence
with the simple compact Lie algebras (Wolf spaces). On the other hand,
many examples of non-symmetric quaternionic Kahler manifolds of negative
scalar curvature are known. The first such examples were constructed in
[A 2], where the classification of quaternionic Kahler manifolds admitting a
transitive splittable solvable group of isometries was given. One additional
series of such manifolds, missing in the classification [A 2] was discovered
by the physicists B. de Wit and A. Van Proeyen in the context of super-
gravity models and the original algebraic classification was completed in [C].
The final result is that there exist three such series of non-symmetric ho-
mogeneous quaternionic Kahler manifolds depending on integer parameters:
T(p), W(p,q) and V(I,k) (k £ 0 (4)), V(p,q; k) (E =0 (4)). We will call
them quaternionic Kéahler solvmanifolds.

Quaternionic Kahler solvmanifolds and the associated “principal Kahler
submanifolds” are studied by physicists (s. [Ce], [C-F-G], [dW-VP 0-2] and
[dW-V-VP]) in the context of N = 2 supergravity. They describe the cou-
pling of n vector multiplets to N = 2 supergravity in dimension d = 4 in
terms of a meromorphic function F(X) on C"™' which is homogeneous of
degree 2. They associate with F' a K&hler metric ¢ on (an open subset of)
the projective space PC"™' with the Kihler potential

X' XY

K=1In Z(aaF+aaF)X0XO

t,7=0

The corresponding metric is called special Kahler. Using dimensional reduc-
tion from d = 4 to d = 3, to every special Kahler metric g they associate a
metric g, which appear to be quaternionic Kahler and is also called special.
The metric g is explicitely expressed in terms of F', it is homogeneous if ¢
is homogeneous. If g is the metric of a quaternionic Kahler solvmanifold,
then ¢ is the metric of the essential part Uy of the principal Kahler sub-
manifold U = Fy x Uy (associated with the principal K&hlerian subalgebra
u = fo+ug). In [dW-VP 0-2] and [dW-V-VP] B. de Wit, F. Vanderseypen and
A. Van Proeyen studied the isometries of special geometries and in particular
described the full isometry algebra of quaternionic Kahler solvmanifolds in
terms of symmetries of the Lagrangian associated to F'.

In the present paper we determine the full isometry algebra and the full
isometry group of the quaternionic Kahler solvmanifolds using the purely al-
gebraic approach of Lie group theory. It seems that our results are consistent
with that of B. de Wit, F. Vanderseypen and A. Van Proeyen.

Now we sketch the structure of the paper. In section 1 a general method
for calculation of the full isometry Lie algebra and the full isometry Lie group

i



of Riemannian solvmanifolds is presented. For simplicity we assume that the
simply transitive solvable Lie group satisfies some additional conditions which
are fulfilled for the quaternionic Kahler solvmanifolds (also for homogeneous
bounded domains and for homogeneous spaces of non-positive curvature).

Let (M, g) be a Riemannian manifold with a simply transitive group of
isometries L. We can equip the Lie algebra [ of £ with the Euclidean scalar
product (,) induced by g. If M is simply connected it can be reconstructed
from the metric Lie algebra ([, (,)).

Under some conditions we prove that the description of the full isome-
try Lie algebra g(M) reduces to the description of so-called suitable SR-
decompositions [ = [; + [, of ([, (,)), s. Thm. 1.1. An SR-decomposition is a
semi-direct orthogonal decomposition into an ideal ([, (,)) and the Iwasawa
algebra ([, (,)) of some semi-simple Lie algebra s with scalar product asso-
ciated to a symmetric Riemannian metric on the corresponding manifold £,.
It is suitable if the adjoint representation ad : [, — der([,) is extended to a
representation p : 5 — der(l,) with some properties.

If [ = [, 41 is a suitable SR-decomposition with maximal dimension
of [5, then g(M) = (5 + 90([,))Bl,, where 0o([,) denotes the Lie algebra of
skew-symmetric derivations of [, which commute with p(s).

Starting from the description of the full isometry algebra, we can describe
the full isometry group in terms of outer automorphisms of the semisimple
Lie algebra s (s. Thm. 1.5, Cor. 1.8 and Cor. 1.9).

In section 2 we apply this algorithm to the quaternionic Kahler solvmani-
folds and determine the full isometry algebra of the 7-, W- and V-spaces (s.
Thm. 2.5, Thm. 2.11 and Thm 2.18). In all the cases the maximal semisimple
Lie subalgebra of non-compact type s C g(M) has the form s = s0(3,3 + k).

In section 3 we determine the automorphism group of the Lie algebra
50(3,3 + k) (s. Prop. 3.1) and use this to determine the full (not necessarily
connected) isometry group (s. Thm. 3.6, Thm. 3.7 and Thm. 3.9).

Our results have the following consequences:

1. The isometry group of the quaternionic Kahlerian solvmanifold M acts
transitively on the twistor space and on the SO(3)-principal bundle of
M (s. Thm. 3.10).

2. A quaternionic Kéhler solvmanifold M admits a (smooth) quotient
M/T of finite volume if and only if M is symmetric (s. Cor. 1.10 and
Cor. 1.11); here I' is a discrete group of isometries.

Theorems 3.6, 3.7 and 3.9 give a new simple description of the quater-
nionic Kéhler solvmanifolds in terms of certain spinorial representation of

Spin(3,3 + k).
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For example, we can describe the quaternionic Kahler manifold 7 (p),
p > 1, as follows. Let (V = R* wy) be Euclidean 4-space with standard
symplectic form wy. Then A?V as Sp(V)-module can be decomposed as

AV = AV 4+ R,

where w® = wy' € A?V. We define a Lie algebra structure on the vector
space

t, =V R + A2V + R’
by

1
adyo|V @ RP = §[d, ado| NoV =1d, [NV, VOR +AV]=0;

@z, w@y]l=@wAw)(r,y), v,weV, xyeRF,

where the subindex 0 denotes the natural projection A*V — AZV and (,)
is the standard scalar product on R”. We denote by (,) the scalar product
on t, induced by the given scalar products on V and R”. By definition the
decomposition of t, is orthogonal,

(v Aw,v Aw) = (v,0){(w,w) — (v,w)? and (W W) = 2.

The symplectic group Sp(V') = Sp(4,R) acts on the Lie algebra t, as group
of automorphisms. Its maximal compact subgroup U(2) preserves the scalar
product on t,. Consider the linear group Sp(V) -7, C Aut(t,) with Lie
algebra sp(V)-pt, C der(t,). Then

Sp(V) -1,

T(p) = )

Let sp(V) = u(2) + m be a Cartan decomposition and (,)m be a certain
u(2)-invariant scalar product on m. Then the quaternionic Kahler metric on
T(p) = (Sp(V)-T7,)/U(2) is induced by the scalar product (,)m + (,) on
m+t. = Tyo)T (p).

Remark that in this case we may identify Sp(4,R) = Sping(3,2); then
V is the semi-spinor module of Spin(3,2) and AZV = R>* the vector re-
presentation of Spin(3,2). A similar description is given for the other two
series.
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1 Isometry Groups of Riemannian
Solvmanifolds

1.1 Admissible Lie Algebras

Definition 1.1 A metric Lie algebra is a Lie algebra | together with a
Fuclidean scalar product (). We say that a metric Lie algebra is irreducible
if it cannot be decomposed into a direct orthogonal sum of two metric Lie
algebras. A solvable metric Lie algebra (I,(,)) is said to be admissible if

(i) it is an orthogonal sum of an Abelian Cartan subalgebra a and of its
derived Lie algebra n=[1,1] :

[=a+n (1)

(ii) the operators ads|n, A € a — {0}, are non-zero and symmetric and



(iii) there exists an element A° € a such that adso|n > 0.

We denote by R C a* the set of roots of [ with respect to the Cartan
subalgebra a. We have the following orthogonal root space decomposition

[=a+ > 1, n,={Xen| adsX =a(A)X}.

aER

Remark 1: [ has trivial center: zent([) = 0. The nilradical of [ is n.

Example 1: Let s be a semisimple Lie algebra of non-compact type and
s = €+ a + nits Iwasawa decomposition, where £ is a maximal compact sub-
algebra, that is the Lie algebra of a maximal compact subgroup of the adjoint
group, nis a nilpotent subalgebra and a is a maximal ad-diagonalizable sub-
algebra normalizing n. Then i(s) = a + n equipped with the scalar product
(,)p induced on i(s) = s/¢ by the Cartan-Killing-form B is admissible. The
metric Lie algebra (i(s), (,)g) is unique up to isomorphism (of metric Lie al-
gebras). More generally we will consider Euclidean scalar products (, ) on i(s)
which are obtained from (,)p via scaling along the irreducible summands of
(i(s), (,)B). We say that the admissible Lie algebra (i(s), (,)) is a symmetric
Iwasawa algebra associated with s. We remark that the scalar products
(,) described above are precisely the Euclidean scalar products such that
(i(s), (,)) is symmetric in the sense of Def. 1.2. In this case RU—TR is a root
system, the system of restricted roots of the real Lie algebra s.

Example 2: Let [ = &, be an orthogonal semidirect sum of admissible
Lie algebras [; = a; + n; (i = 1,2), i.e. [l1, o] C 1. A necessary and sufficient
condition for [ to be admissible is that the operators ad4, A € ay + a3, be
symmetric.

1.2 Holonomy Conditions

The notion of covariant derivative is defined for metric Lie algebras by
means of the following Koszul formula (X,Y, 7 € [):

2AVxY,Z) = ([X,Y],Z2) — (X, [}, Z]) — (Y, [X, Z]).

Definition 1.2 Let [ be a metric Lie algebra. The Kostant algebra tos is
the Lie subalgebra of so(l) generated by the endomorphisms Vyx (X € 1).

The holonomy algebra hol is the ideal of os generated by the expres-
sions of the type

[lea---[vXkaR(Xk—I—lan—l—Q)]---] y Xl,XQ,...Xk+2€[, kZO,l,Q,....

[ is said to be symmetric if the curvature tensor is annihilated by hol.
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Definition 1.3 Let V' be a Fuclidean vector space. A complex structure
on 'V is a skew-symmetric endomorphism J satisfying J* = —1Id.

A quaternionic structure on V is a Lie subalgebra q of so(V') generated
by two anticommuting complex structures Jy and J,.

Definition 1.4 A metric Lie algebra | with complex structure J is said to
be Kahlerian, if
[hol, J] = 0.

A metric Lie algebra [ of dimension > 4 (resp. = 4) with quaternionic
structure q is said to be quaternionic Kahlerian, if

[hol,q] C q

(resp. if q annihilates the curvature tensor).

Example 3: The basic examples of admissible Kahlerian Lie algebras are
the following.

A key algebra §f = span{G, H} with root p > 0 is defined in terms
of the orthonormal basis G = JH, H by the formula [H,G] = uG. Up to
scaling § = i(su(1,1)).

Given § and a Euclidean vector space ¢ with complex structure, e = f+ ¢
carries a canonical Euclidean scalar product (,) and complex structure .J.
The structure of an elementary Kahlerian Lie algebra with key subal-
gebra f is defined on ¢ by the formulas

adﬂpz%[d, adglr =0 and [X,)Y]=p(JX,Y)G for XY €r.

The metric Lie algebra ¢ is determined up to isomorphism by n = dimg ¢
and . If we wish to specify these parameters, we shall write e = e(n + 1, u).
Up to scaling e(n 4+ 1, ) = i(su(l,n + 1)).

Elementary Kahlerian Lie algebras can be used as building blocks for
the construction of more complicated admissible Kahlerian Lie algebras via
semidirect sums (v. Example 4).

Example 4: Let [ = [&,[; be an admissible orthogonal semidirect sum of
admissible Kahlerian Lie algebras ([;, (,),,J;), t = 1,2 (v. Example 2). The
admissible Lie algebra [ is Kahlerian with complex structure J = J; + Jy if
and only if

L. ¢ : I — 0er(l}) preserves the Kahler form p; = (Ji-,-) of 4, i.e.
pip(X)Y, Z)+p1(Y,o(X)Z)=0forall X €1, Y, Z € [; and



2. (LX) = Jip(X)¥™ for all X € [, where (X )" denotes the
symmetric part of p(X).

Such symplectic representations were studied for elementary Kahlerian Lie
algebras by S.G. Gindikin, I.I. Pyateckii-Shapiro and E.B. Vinberg (v. e.g.
[G-PS-V] and [PS]).

According to L.I. Pyatetskii-Shapiro [PS] every homogeneous bounded do-
main in C" with Bergmann-metric admits a simply transitive group of isome-
tries such that the corresponding metric Lie algebra [ can be decomposed as

[=¢; g ¢ a .- a ¢, where the ¢; are elementary and the semidirect sum
is of the type presented in the example.

Example 5: The classification of admissible quaternionic Kahlerian Lie al-
gebras follows from the classification of quaternionic Kahlerian solvmanifolds
which is due to the first author [A 2] and was completed by B. de Wit, A. Van
Proeyen [dW-VP 1] and the second author [C]. Besides the (non-Abelian)
symmetric examples, which are precisely i(so(p+4,4)) (p > —1), i(su(m, 2)),
i(sp(m, 1)) (m > 1), i(@?), i{), i(el?), i(e") and i(e{?), this classi-
fication yields also infinitely many non-symmetric admissible quaternionic
Kéhlerian Lie algebras. The classification reduces essentially to the clas-
sification of admissible Kahlerian Lie algebras (u,(,),.JJ) of the type u =

fo @ uo (fo = span{Go, Ho} = ¢(1,1), up = e(ny + L, p11) & e(ny + L pp) &

= e(ny + 1, ug)) which admit a Q-representation. We recall that a Q-
representation is a representation T : u — FEnd(it) which satisfies a list of
technical conditions (v. [A 2] Def. 5.3). 1 is isometric to u via an isometry

“:u — u and carries a natural symplectic structure p i<j7 -}, which is given

by the complex structure J: JUy = —JUy, JFy = JFy, Uy € up, Fy € fo.
T is symplectic with respect to p.

Given a Q-representation, [ = u + 1t carries a canonical structure of ad-
missible quaternionic Kahlerian Lie algebra such that

(i) wis a subalgebra of [ (called principal Kahlerian subalgebra);
(ii) adyli = Ty for all U € u and
(iit) [U,V] = p(U, V)G, for all U,V € u.
The quaternionic structure q = span{J,|a = 1,2, 3} is defined as follows:
LU =JU, LU :=—JU, LU :=U, JLU:=-U, Jy=J1Js,

for U € u. The main examples of Q-representations will be presented in
section 2.



1.3 Riemannian Homogeneous Spaces associated with
an admissible Lie Algebra

Let an admissible Lie algebra ([, (,)) be given and let £ be the corresponding
simply connected Lie group. We denote by ¢ the left-invariant Riemannian
metric on £ defined by (,). We say that (£, ¢) is the Riemannian homoge-
neous space associated with ([, (,)). Then the definitions of section 1.2 may
be reformulated in terms of the homogeneous Riemannian space (£,¢) as
follows: The Koszul formula gives the covariant derivative of a left-invariant
vector field Y* on L corresponding to Y € [ in the point e € £ under the
identification T.L = [. The holonomy algebra hol is the Lie algebra of the
holonomy group in the point e of the manifold (£,¢g). Symmetric (resp.
Ké&hler, resp. quaternionic K&hler) metric Lie algebras correspond exactly to
symmetric (resp. K&hler, resp. quaternionic Kahler) manifolds (£, g). More-
over the Riemannian manifold (£, ¢) is irreducible if and only if the admissible
Lie algebra ([, (,)) is irreducible (v. [A 1]). Remark that for arbitrary metric
Lie algebras this is not true.

We will describe an algorithm to determine the full isometry group (L, g)
and the full isometry algebra Lie I(L,g) of the homogeneous Riemannian

manifold (£, g).

1.4 Full Isometry Group and Algebra

Definition 1.5 An SR-decomposition of an admissible Lie algebra [ is an
orthogonal semidirect sum [ = [ + 1., where

(i) s =1i(s) is a symmetric lwasawa algebra of a semisimple Lie algebra s
of non-compact type (i.e. without compact ideals # 0).

(ii) 1, is some admissible ideal or trivial.

It was proved by S.I. Araki [Ar] that the Lie algebra i(s) uniquely de-
termines 5. Note that if [ = a+n, [, = a;, + n;, and [, = a, + n, are the
orthogonal decompositions (1) then a = a5 + a,, n = ny + n,, [a,,[;] = 0,
N, = Y ,er, Mo and 0y = Y cr N, where R, = {a € R| ala, # 0},
Rs = {a € R| ala, = 0} and the set of roots R has the decomposition
R =R, UTRs.

We denote by der(l) respectively 9([) the Lie algebra of derivations re-
spectively skew-symmetric derivations of [. Remark that the semidirect sum
o([)pl is an isometry Lie algebra on (L£,g), this means that it is the Lie
algebra of some Lie group of isometries of the Riemannian manifold (£, g)

(v. [K-N 1] Ch. VI Thm. 3.6. and Thm. 7.2.). But in general it is not the



full isometry algebra, i.e. the Lie algebra of the full isometry group. For an
SR-decomposition [ = [+, we denote by 0y([,) the Lie algebra of derivations
of [, which can be extended to derivations of [ vanishing on [;.

Definition 1.6 An SR-decomposition [ = [+ 1., [, = i(s) of an irreducible
admissible Lie algebra | is called suitable, if the representation ad : [y —
oer(l,) is extended to a representation p : 5 — ver(l,) such that € := p(s) N
0([,) is @ maximal compact subalgebra in p(s). A suitable SR-decomposition
is called maximal if dim [, is mazimal.

Remark 2: From the irreducibility it follows that p is faithful.

The following theorem gives an algorithm which allows to compute the full
isometry algebra of the homogeneous Riemannian manifold (£, ¢) associated
with an irreducible admissible Lie algebra (I, (,)).

Theorem 1.1 Let (I,(,)) be an irreducible admissible Lie algebra. Any suit-
able SR-decomposition | = [+ [,, I, = i(s) (with representation p) defines
an isometry algebra g O | of the corresponding homogeneous Riemannian

manifold (L, g), which is described as follows:
g:5+00([7°)‘|’[r7 (2)

[, is an ideal with the natural action of the Lie algebra 0o(l,) and the action
of s defined by the representation p : s — ver([,) and [s,00(l,)] = 0. Moreover
we have

g=t+1[, s=¢4+I[, and ENI=0,

where € = €, + 0o([,) is @ mazimal compact subalgebra of g and €, = p~*(€°)
is @ mazximal compact subalgebra of s.

A mazimal suitable SR-decomposition is unique and defines the full isom-
etry algebra g.

Proof. Let [ = [, + [, be a suitable SR-decomposition and g the associated
Lie algebra described in the theorem. It is immediate that g =€+ [ with
stated properties.

To prove that g is an isometry Lie algebra on (L, g¢) it is sufficient to
construct a connected Lie group G with LieG = g such that the connected

subgroup K with Lie KX = £ is compact and hence closed. Then we may
identify £ = G/K. For this we need Lemma 1.2.

Lemma 1.2 The adjoint representation p : g — ver(l,) is faithful.



Proof. Suppose that hh = kerp # 0. By remarks 1 and 2 hN [, = zent([,) =0
and h N (s +0(l,)) = 0. Hence, the projection b of h onto 5+ g(l,) is a
non-trivial ideal of 5 4+ 0o([,). Since any semisimple Lie algebra has a non-
trivial compact subalgebra and 0o(l,) is compact , there exists X € b such
that p(X) # 0 has purely imaginary eigenvalues. Choose Y € [, such that
p(X +Y) =0. Then p(Y) # 0 has purely imaginary eigenvalues. This is

impossible because [, is admissible. O

We define G as the group of automorphisms of the Lie algebra [, gene-
rated by the linear Lie algebra p(g) C der(l). By Lemma 1.2 the adjoint
representation p : g — der([ ) is faithful, hence Lie G = g.

Denote by S, A°(l,) and L, the connected linear Lie groups which cor-
respond to the summands of g = (s & 0o([))Bl,. They are closed in GL(,)
because s is semisimple and hence algebraic, o(l,) is algebraic by defini-
tion and L, is splittable solvable with trivial center. This implies that
G = SAY(I.)L, is a closed linear group. Denote by K the subgroup of G
with Lie K = p(€) = & +00([,). Since p(#) consists of skew-symmetric opera-
tors the closure K of K in GL(I,) (and hence in G) is compact. On the other
hand K = K,A°%(l,) is closed in G since the second factor is compact and K
(the Lie group generated by &) is a closed subgroup of & and hence of G.
This shows that K is a maximal compact subgroup of G. This proves that
every suitable SR-decomposition [ = [ + [, gives rise to an isometry algebra
gD lof (L£,9).

To prove the last statement let (£, g) be the Riemannian homogeneous
space associated with the irreducible admissible Lie algebra (I, (,)). Denote
by g the full isometry algebra of (£, ¢) and by £ the isotropy subalgebra of
the point e € £ in G; it is a maximal compact subalgebra of g. Then g = €41
and €N [ =0, because £ acts simply transitively. Now we make use of two
lemmas.

Lemma 1.3 There exists a decomposition g =€+ =5+ 5,4 t, where v s
the radical and 5 4 s. is the splitting of a mazimal semisimple subalgebra into
a direct sum of a non-compact and a mazximal compact ideal, such that

a) l=1+1, 1, =is)=INs, [, =[N, is a suitable SR-decomposition.
As following Def. 1.5 the corresponding decompositions (1) are denoted
byl=a+n, lj=a,+n, and [, = a, + n,.

b) € =28 +s.+ &, where &, = €Ns and &, = €Nt are mazimal compact
subalgebras of s and v respectively.

c)s=t+l,v=t+1, g=t+1=(E+s.+¢)++1[;



d) [&.,5+s.+¢]=]s,5]=0;
e) [€+s5,a,] =0 and n, is the nilradical of g.

Proof. The proof can be found in the literature, s. [Wolt] 2.1 Satz, cf. [A 1]
and [A-W 2]. In [Wolt] non-positive curvature is assumed. This ensures the
existence of a simply transitive solvable group of isometries which gives rise
to a Lie algebra of “non-positive curvature type”. In our paper the existence
of such a group is assumed from the very beginning, since admissible Lie
algebras are of non-positive curvature type. O

Lemma 1.4 Under the notation of the preceding lemma:
1) The adjoint representation p : g — vev(L,) is faithful.

2) p(s.+ &) =0o(l,), where 0o(l,.) is defined after Def. 1.5.

Proof. The proof of 1) is as the proof of Lemma 1.2. To prove 2) we remark
that

,0(5c + ET) C Do([T) .

Indeed, ad(s. + &) is a Lie algebra of derivations of g which acts trivially on
s by Lemmal.3 d), in particular it acts trivially on [; and hence it acts on [
and ad(s. + & )|, = p(s. + &) C 0o([,).

Now 1t is sufficient to check that

p(€,) N o(L,) = 0.

Let X € € be such that p(X) € 0o(l,), i.e. p(X) can be extended to D € ()
with D[l = 0. Since g is the full isometry algebra, such a derivation defines
an element Y € € such that ady |l = D. The difference X — Y is in kerp =0
(v.1)). Hence adx! C land adx|l; = 0. This implies that X = 0, because the
isotropy representation of the infinitesimal symmetric space s/, is faithful.
O

;From Lemma 1.3 and 1.4 it follows that the full isometry algebra of (L, g)
admits a decomposition (2), where s is the non-compact part of some Levi
subalgebra s + 5. and 0(l,) = s. + €., where £, is some maximal compact
subalgebra of the radical v = €. + [.. Moreover, all the properties stated in
the theorem are fulfilled. Hence we proved that the full isometry algebra is
associated with some suitable SR-decomposition [ = [, +1[,. Let [ =1, 4+ 1 be
an other suitable SR-decomposition and g’ = 5" 4+ 09([}) 4 [/ the associated
isometry algebra. We may embed g’ C gsuch that s’ C s due to the conjugacy

of maximal semisimple subalgebras. Then [l = ' N[ C [ = sN [ and



dim(l, < diml;. If dim[l, = dim/; then [/ = [; and [[ = [, as orthogonal

S

complement of [ in [. This finishes the proof of Theorem 1.1. O

Remark 3: Note that a subalgebra of a semisimple Lie algebra s which
generates a compact subgroup of Ad S may generate a non-compact subgroup
of a Lie group & with LieS = s.

Let [ = [, + [, be the maximal suitable SR-decomposition of an irre-
ducible admissible Lie algebra ([, (,)). We identify the full isometry al-
gebra g(l) =s+9,(l,) + [, provided by Theorem 1.1, with the linear al-
gebra p(g([)) C der([ ), using the faithful representation p and denote by
G(I) C Aut(l,) the corresponding linear group. It is the connected compo-
nent of the unity of the full isometry group /(L,g)

Now we describe I(L,g). Denote by K(I) the group of all orthogonal
automorphisms of the metric Lie algebra [, which normalize the subalgebra
s C ver(l,). Note that K([) normalizes g([).

Theorem 1.5 Let (I,(,)) be an irreducible admissible Lie algebra and | =
[, + . its maximal suitable SR-decomposition. Assume that the maximal
semisimple subalgebra s of non-compact type of the full isometry algebra
g(l) =s40,(l,) + (. is simple. Then the (full) isometry group is

I(L,g) =K()-G(I) C Aut(l,).

Moreover K(I) is identified with the stabilizer K of the point ¢ € L and
K1) N G(I) is the connected component of unity in K(1).

Remark 4: The theorem remains true also when § = 5, @ --- @ 5, is not
simple under the condition that for any two isomorphic ideals s;, s; the
corresponding Iwasawa ideals i(s;), i(s;) of [, are isomorphic as metric Lie
algebras.

Proof. Denote by K the stabilizer of the point e € £ in (L, g).

Lemma 1.6 1) The adjoint representation of K on g(l) preserves the de-
composition g(l) =5 + Do([T) + (.
2) The adjoint representation of K on 1, is faithful.

Proof. 1) The stabilizer Kq of the point e in G([) is a (connected) maximal
compact subgroup of G([). It may be written as

Ko =K, - A1),

where K; and A°([,) are the subgroups of G(I) corresponding to €& (maxi-
mal compact subalgebra of 5) and 0o([,). It is clear that Ky preserves the

9



decomposition g([) =5 +9,(l,) + [,. Any k& € K preserves £ = LieK and
transforms the polar decomposition g(I) = €4 [ into a polar decomposition
g(l) = &+ Adil. Since any two polar decompostions are conjugated (s. [A 1]),
there exists kg € Ko such that Adgg, preserves € and [. Then it preserves also
the decompositions

[= [s—l'[rv g([): (ES—I_[S)—I_DO([T)—I_[T

Hence, Adj, preserves the decomposition g(l) =54 0,([,) + [,. This proves
1).

2) Let Adi|l, = Id for some k € K. Then for any A € s + 0o([,), X € [,
we have

Ady[A, X] = [AdyA, X] = [A, X]

therefore [A — Adi A, X] = 0. This implies AdyA = A and Ady|g(l) = Id,
since the representation of 5 + 0g([,) on [, is faithful. ;From the faithfulness
of the isotropy representation it follows now that £ = id. O

The lemma shows that X C K(I).
Lemma 1.7 K¢ = K([)g

Proof. The group AdK(l)o|s is a compact connected group of automor-
phisms of a semisimple Lie algebra, hence it consists of inner automorphisms.
On the other hand it contains Ad K, where K is maximal compact in
S. This implies AdK(l)o]s = AdK,. Consider a one-parameter subgroup
©(t) = exptX in K(I)o. Modulo Ky, C Ko = K, - A°(l,) we may assume that
©(t) commutes with s. This implies that X € 9¢(l,) (s. Def. 1.5) and hence
o(t) e A°(l,) C Ko. O

As before, due to the conjugacy of polar decompositions, any ¢ € K(I)
after multiplication by some element from Ko = K([)o preserves [. Then it
preserves [, = [Nt, where t is the radical of g(l) (s. Lemma 1.3), and [, = [Ns.

Now we prove that ¢ preserves the scalar product on [. By definition ¢
is orthogonal on [,. Identify [, = s/€, and note that (,) on [ is the unique
(up to scaling) &;-invariant scalar product on [, since s is simple. This scalar
product is invariant under ¢, because ¢ together with Ky generates a compact
Lie group with Lie algebra € = €5 + 9¢([,) which preserves &, = €N s. So ¢
is an orthogonal automorphism of ([,(,)). By [K-N 1] Ch. 6, Th. 3.6 and
Thm. 7.2, it is identified with some element in the stabilizer K. Hence we

proved that X(I) = K.O

Corollary 1.8 If all automorphisms of 5 are inner, i.e. Aut(s) = Int(s),
then
I(L,g)=6G"=8 - A(,)- L.,

10



where A°(1,) is the group of orthogonal automorphisms of [, which commute
with s.

Corollary 1.9 Assume that Aut(s) = Int(s)U@lnt(s) and that ¢ preserves
the maximal compact subalgebra €, C s. If ¢ can be extended to an auto-
morphism ¢ € Aut(sbl,) which preserves the decomposition s + [, and is
orthogonal on 1. then

I(L,g) = G°UG".
In the opposite case 1(L,qg) = G°.

Remark 5: It is no restriction of generality to assume that @€, = &;, since
any two maximal compact subalgebras of s are conjugated by an inner auto-
morphism.

Remark 6: A similar statement holds if Aut(s) has more than two connected
components.

Proof. It is sufficient to prove that if ¢ cannot be extended, then K =
K(l) = Ks - A°(L,). Let & € K(I). Then k preserves s , ¢ = LieK and
t, = sN¢E From the asumption we know that Adils = pAd, or Ad,,
where « is an element of the normalizer Ngs(€;) = Ns(K;). Now we prove
that Ns(Ks) = Ks. Without restriction we may assume that the symmetric
space S/K; is irreducible. Suppose that a € Ng(K;) — K. This implies that
aky € §/K; is afixpoint of K and hence K fixes the unique geodesic through
the points Ky and aK, which contradicts the irreducibility of §/K,. Hence,
we proved that a € K,. In the first case we can write ¢ = Ady,-1|s. This
shows that ¢ can be extended to an automorphism Adg,-1 with the stated
properties, which contradicts the assumption. Hence we have Adi|s = Ad,|s
and therefore b = ka™' € A*([,). This shows k = ba € A*(l,) - K, and
K=A) Ks O

Corollary 1.10 Let (L, g) be the Riemannian homogeneous space associated
to an admissible Lie algebra (1, (,)). Then the following conditions are equiv-
alent.

1) The full isometry group I1(L,g) is unimodular.
2) (L,g) is symmetric.
3) (L,g) has a compact quotient (as Riemannian manifold).

4) (L, q) has a quotient of finite volume.
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Proof. It is well known that 2) = 3) = 4) = 1). We have to show 1) = 2).
We may assume that [ is irreducible. Let [ = [, + [, be a maximal suitable
SR-decomposition, in particular [, is admissible. According to Theorem 1.1
[, is an ideal in the full isometry algebra g = (s @ 0o(l,))B[,. Therefore
[, is unimodular and admissible, hence trivial. This implies that g = s is
semisimple and [ = i(s) is its symmetric Iwasawa algebra. O

Corollary 1.11 The quaternionic Kihlerian solvmanifolds classified in [A 2]
do admit quotients of finite volume if and only if they are symmetric.

Proof. Since the corresponding solvable metric Lie algebras are admisible
(v. [C] Prop. I1.29) the result follows from the preceding corollary. O

2 Full Isometry Algebra of Quaternionic
Kahlerian Solvmanifolds

In this section we will determine the full isometry algebra of quaternionic
K&hlerian solvmanifolds (£, ¢) using the algorithm described in section 1.
The non-symmetric examples are naturally grouped into three families, which
will be treated parallelly: 7-, W- and V-spaces. These families contain
symmetric examples as well; they correspond to special values of the integer
parameters and will be excluded in our discussion.

We will begin by recalling the definition of each of the three families for
convenience of the reader. Since the corresponding metric Lie algebras [ =
a+n are admissible (v. [C]) and irreducible (v. [Be] 14.45 Thm.) we can apply

Thm. 1.1. The first step is to list all possible decompositions n=rn; B n,
of n = [[,[] into sums of root-spaces of a. The main step is to prove the
existence of a suitable SR-decomposition [ = [, 4 [, such that n, = n; and
n, = ny, where n = ny 4+ ny is a decomposition from the list such that n; #n
is maximal. The last property implies that [ = [; + [, is a maximal suitable
SR-decomposition. Thanks to Thm. 1.1 this provides us with an explicit
description of the principal part sBl, (s =1([,)) of the full isometry algebra
g = (5P 0(l,))bl.. The remaining step is the straightforward computation
of Do([T).

At this point the following observation is pertinent. Denote by (L, g)
the quaternionic Kahlerian solvmanifold associated with a non-symmetric
admissible quaternionic Kahlerian Lie algebra (I,(,),q). Let g = € 4 [ be the
full isometry algebra of (£, g). Consider the linear isotropy algebra & C sa(l),
i.e. the image of the isotropy algebra £ under the isotropy representation on
g/t = [. Since [ is quaternionic Kéahlerian and non-symmetric, we know (s.
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[Be] 10.92 Cor.) that hol = n(q) = q+ 3(q) (= sp(1) & sp(n)), where n(q)
resp. 3(q) denotes the normalizer resp. the centralizer of the quaternionic
structure q in so(l). Therefore

¢ C n(bol) = n(n(q)) = n(q).

We shall see that the projection of € on q is always surjective. This
implies that the twistor space and the canonical SOs-principal bundle over
the quaternionic Kahlerian solvmanifold are homogeneous under the isometry
group of the base.

The following notion will be used frequently.

Definition 2.1 Let ¢ be a representation of a key algebra § = span{G =
JH, H} with root 1 on a Fuclidean vector space (¢, (,)) with complex structure
Ji. We say that x = ¢, + 1, . = Jix_, is a weight decomposition if

p(H)les = +51d, o(Q)les =0 and (G- = —py.

Note that ¢ is symplectic with respect to py = (Ji-,-) and that p(JF)*¥" =
Jip(F)Y™ for all F € § (¢f. Example 4).

2.1 7T-Spaces

The family t = t(p), p = 0,1,2..., of admissible quaternionic Kahlerian Lie
algebras is defined by a family of admissible Kéhlerian Lie algebras u = u(p)

and their unique Q-representations 7" as explained in Example 5. u = f, @ U
can be described as follows:

u:ee__ 9 ¢ = —I_ =¢ +1717 2617—;

0 1€ 2 1=fi+n (p ) f2 ( \/5)

the key algebras §; = span{G;, H;}, i = 0,1,2, commute and adj, [r; has
a weight decomposition ¥y = x4y + r_. u has a unique Q-representation
T :u— End(n). With respect to the orthonormal basis

Byi= 1 (o + 4 VL) . Qui= P = L (G~ Gy V)



of fo + f1 + f2 it is given by (Xt €xs):

1
Ty, = 51d. Ta, =0,

0

Ty, =

1

(]5+®]5++]50®]50—|—]5_®]5_)

| —

(@00 200 0Q)
To, = —DBo0Q—ProQ—P.0Q_,

. [
Tilt; = ﬁ(P+®P+—P_@P_+Q+®Q+—@_®@_),

Te,lit = Q0Q-—Q+@Qo+ P P- — P D,
V2 V2

. 2 .
Tales = - 1d, Trple- = ——~1d,

. . V2
TG2|X+:O7 TG2|X— :_71]17

. N 1 . 1 . 3
Tx, = PoXi+-—=RLaJX;+JX;00- ——72X1 ®Qo,

V2 V2
. N 1 . __ __ N 1 . N
Ix. = P.@X_+-—=ReJX_+JX_@® — —=X_®Q.
X \/50 Q+ \/5 QO

(Here we identify covectors with vectors by means of the scalar product (,).)
In particular, T, |, has weight decomposition ¥y = ¥4 + .

T(0) = SO0(3,4)/(SO(3) x SO(4)) is the only symmetric space in the
family of quaternionic K&hler manifolds 7 (p) associated to t(p), p =0,1,2...
We will always assume p # 0.

As usual, let £t = a + n denote the decomposition (1).

Lemma 2.1 The table below lists all semidirect orthogonal decompositions

n=ny B ny of the Lie algebra w = [t,t], such that any root space n,, a € R,
(with respect to the Cartan subalgebra a of t = a + n) is contained in ny or
ny.
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n Ny

0 (G Gz ) =n
< Gy > ((Q-2-))
<Q-> (Ga2-))

<> (G2, Q)

< Gy, Qo> {(x-))

<Grr-> | {Q-)
<Qor-> | {(Ga)

L Gy Q- > | 0

& -+ >= 1y respectively ((---)) = ny means that - - - generates the subalgebra
ny respectively the ideal ny. Since ny — ny it is enough to specify ny or ny.

Given a decomposition n = ny + ny as in the lemma we canonically as-
sociate a decomposition a = a; 4+ ay by defining a; := {A € a| adany = 0},

a; — ag. Setting t; = a; +n;, 2 = 1,2, we obtain a decomposition t = ; B t.
It is clear that every SR-decomposition of t has to show up in this way.
The converse is not true: ny = n, ny = 0 does not correspond to an SR-
decomposition of t(p), since we are assuming p # 0.

Remark 7: For ny =< G5, r_ > we obtain a; + ny = ug the principal part
of the (totally geodesic) Kahlerian subalgebra u = fo 4+ ug. As Lie algebras
we have uy = i(so(p + 2,2)). Nevertheless, the Riemannian homogeneous
space associated with the metric Lie algebra 1y is not the hermitian sym-
metric space SOy(p +2,2)/(SO(p + 2) x SO(2)); simply because the scalar
product on ug is not symmetric. In all the other cases (excluding ny = n)
a4y + 1y 1s a symmetric totally geodesic subalgebra of t. As we shall see,
n =< Gy, Q_ > gives rise to the maximal suitable SR-decomposition of t.
The subalgebra ny =< G, Q_ > is maximal with the property that the full
isometry algebra of the totally geodesic symmetric submanifold correspond-

ing to a; + ny extends to an isometry algebra on the ambient quaternionic

K&hler manifold 7 (p).

Proposition 2.2 The mazimal suitable SR-decomposition t = t, + t. of
t=1t(p), p#0, is given as follows

1) ts = a5 +n,, a; = span{Hy — Hy, Hy}, ny = < Gy, Q_ > = span{Gy,
QO; Q-I—; Q—};

2) t, = a, +n,, a, = span{Ho + i}, n, = ((x_)) = span{Go, G, Py,
P—I—; P—}‘|'F1 —I_il;

3) t; =i(s), s = s0(v, ,) = 50(3,2),

15



where a scalar product (,) of signature (3,2) on the vector space vz, =

span{Go, Gy, Py, Py, P_} = zent(n,) is defined by the formulas (i = 0,1,
Jj=0,4,—) o o

(Go,G1) = (Py, P_) = (Fo, Fo) = 1;

(Gy,Gy) = (P, Pe) = (G, P;) = 0.
We consider t; as subalgebra of s = s0(v35) = N2 032 via the embedding

HO — H1 = Go/\Gl
V2H, — ]5+f\]5_

Gy +— —]50A]5+

Qo = pof\Go

Q+ = Go/\er

Q_ — GoAP_
(UAVYW) = (VW)U — (U W)V, U V.W € v33). The extension p:5 —
oer(t,) of the representation ad : t; — ver(t,) is trivial on span{Hy + H.},
standard on vz 3 and acts on x1+¥1 as a sum of p semi-spinor representations
defined by the following formulas:

1

p(BoAGy) e =0, p(PoAGH)[E = ﬁJz;
- X 1 - X
p(POAP_ (2 +34) = —=1, p(BAP-)|(z- +2-) = 0;
V2
p(CHAP gy = T, p(GhAPO)|(x +E-) = 0;
p(PrAGY)[E- = T3, p(PyAG|(1 +E4) = 0.

Proof. The embedding t; < s shows that t; is a symmetric [wasawa algebra
of 5. It is straightforward to check that the formulas given in the proposition
define a representation p of 5 on t, which extends ad : t;, — der(t,) and acts
by derivations.

To see that € := p(s) N 0(¢,) is maximal compact in p(s) it is enough to
note that € is maximal compact in s, p is faithful and p(&;) C o(t,). We
prove this inclusion by a direct computation:

¢, = span{DyARY, PyARY, RYARYY @ span{ Ry AR; } = s0(3) @ s0(2),
where Rf = Gy + Gy and Rf = P, + P_.

~ A

p(BARD(1 + 1) = J2 (3)
p(Pof\R;)|(x1 +1) =

P(RT/A\R;)KE +1) =

J1 (4)

=) -
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p(RTAR)| (- +14) = Js, p(RIAR|(xy +32) = —Js.

We see that p(&;)|(x1 + 1) and therefore p(€;) consists of skew-symmetric
endomorphisms. This shows that t = t; 4 t, is a suitable SR-decomposition.
It corresponds to the splitting n = ny + ny, ny = ((x_)), in Lemma 2.1. One
sees from the list that there is no other splitting n = n4+n}, withny C nf # n.
This proves the maximality. O

Corollary 2.3 Consider the Cartan decomposition s = €,+p of s = s0(v,,)
into its skew-symmetric part €, and its symmetric part p with respect to the
Euclidean scalar product {,) on vss. Then p(¥s) (respectively, p(p)) consists
of skew-symmetric (respectively, symmetric) endomorphisms.

Proof. We know already that p(€;) consists of skew-symmetric endomor-
phisms. The fact that p(p) consists of symmetric endomorphisms is estab-
lished similarly by computing p(p)|(x1 4 1) starting from

p = span{ P,AR;, R;"/\R;; i,7=1,2}. O

Corollary 2.4 Denote by €, C q+3(q) C so(t) the image of & under the
isotropy representation on s/¢; +t, = t. Then the projection of & on q is
surjective.

Proof. This follows immediately from the equations (3), (4) and (5) since
¥ + &1 1s a quaternionic subspace of t. O

To formulate the final result we introduce the following notation. Let
V = H denote the quaternions with standard scalar product (¢, ¢) = ¢g and
by R;, R;, Ry, right multiplication by 4,7,k € H. Then wy = (Rg-,-) is a
symplectic form on the real vector space V = R*. Now we define a metric
Lie algebra t,. It will be proved that it is isomorphic to t,. described in Prop.
2.2. We put

t, = VOR? + A2V

with natural scalar product (,) induced by (V,(,)) and the standard scalar
product on R”. We normalize (,) on A*V by |v A w| = 1 for orthonormal
vectors v, w. Denote by w® = wy! the element of A2V which is inverse to
wo € A2V*. We can decompose

AV = AV + R,

where AZV = kerwy, wy € A*V*. We note that [w°]? =2 and w° — AZV.
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Now we define the Lie algebra structure
1
adpo|V @ RP = §[d, ado| N2V = 1d;

it follows that [A3V, V @ RP + A3V] = 0. It remains to define [,] : (V @ R?) x
(VoR)— /\(2)\/. It is given by

[U@x,w@y] = (U/\w)0<x7y>7

where the subindex 0 denotes the natural projection A?V — A2V and (,) the
standard scalar product on RP. Denote by sp(V,wy) the symplectic Lie alge-
bra of the symplectic vector space (V,wp). It acts naturally on t, by deriva-
tions. We define also an action of the Lie group (resp. algebra) O(p) (resp.
50(p)) on t, by orthogonal automorphisms (resp. skew-symmetric derivations)
as follows. An element ¢ € O(p) (resp. ¢ € s0(p)) acts on t, by

dvor)=vedx) NV =Id,

plvez)=v@e() @AV =0.

So we defined on t, = V @ R + A2V + Rw? the structure of a metric Lie
algebra such that the Lie algebra sp(V,wy) & so(p) acts on ¢, by derivations.

Theorem 2.5 1) The quaternionic Kdihler Lie algebra t(p), p > 1, is iso-

morphic (as metric Lie algebra) to the metric Lie algebra i(sp(V,wp)) Pt
where i(sp(V,wp)) is the symmetric Twasawa algebra associated with s =
sp(Viwo), s. Example 1.

2) The full isometry algebra g(7 (p)) of the quaternionic Kdhler manifold
T(p), p>1, is given by

a(7(p)) = (sp(V,wo) @ s0(p))Bt, .

The adjoint representation of this Lie algebra on its ideal t. defines an em-

bedding g(7 (p)) — ver(t,).

Proof. The proof follows from Prop. 2.2. Indeed, the maximal semisimple
subalgebra of non-compact type s = s0(3,2) acts on r; + &1 as a sum of p
semi-spinor representations. It is known that the semi-spinor representation
of 50(3,2) can be identified with the standard representation of sp(4,R) =
50(3,2) on V = R*. Moreover, the induced representation of sp(4, R) on A2V
can be decomposed as A’V = AZV + Rw?, where A3V is identified with the
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standard representation of s0(3,2). The natural s-invariant symplectic form
wp on ¥y + Iy 1s given by

P :
o = SN A TX 4 JXD A K
=1

where (Xi)izl,...,p is an orthonormal basis of r_. Now we can identify as
s-modules ry + 5 2 VARP, 03, 2 A2V and a, = Rw®, where Hy — H; = u°.

It remains to determine the Lie algebra 0o(t,). For future application
in section 3 we do more. We determine the corresponding (not necessarily
connected) subgroup A®(t.) of I(7(p)) which consists of orthogonal auto-
morphisms of t, commuting with the action of 5. This will be done in the
following lemma. O

Lemma 2.6 A°(t,) = O(p) with the action described before Theorem 2.5.

Proof. It is evident that O(p) C A®(t,). Conversely, let ¢ € A®(t,). We may
identify t, = V @ R? + A2V + Rw. Since ¢ commutes with s = sp(V,wo)
it preserves the decomposition. Moreover, ¢|V @ R? € O(p), ¢| A3V = eld
and ¢w? = €w® (e,¢ € {#£1}), due to Schurs lemma and orthogonality of
¢. Commutator relations immediately imply ¢ = ¢ = +1. This proves the
lemma and Thm. 2.5. O

2.2 )V-Spaces

We are going to define W- and V-spaces simultaneously. The following con-
cept is important.

Definition 2.2 Letg, yy and 3 be Fuclidean vector spaces. A bilinear mapping
Y X 35— 1 is said to be isometric, if

w)(Xv Z)7¢(X7 Z)> = <X7X><Z7 Z>

forall X € x and 7 € 3. Isometric mappings :xx3 — pand ' ¢/ x3 — v
are said to be equivalent, if there are isomorphisms o : ¢ — ¢/, 7:3 — §
and v : ) — v of Fuclidean vector spaces such that the following diagram is
commutative:

rX5 o

l oXT l v

xl X 3/ _/> U/
Accordingly, we say that the data (o,7,v) define an equivalence between
v oand . If v = ' we speak of an autoequivalence. Two isometric
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mappings ¢ 1 ¥ X 3 — y and ' : ¥ x 3 — v are said to be isomorphic, if
there are isomorphisms 7 : 3 — 3 and v : v — v of Fuclidean vector spaces
such that the following diagram is commutative:

tx; -5

l Idxr l v
rxy oy
We say that the data (7,v) define an isomorphism between » and ¢'. If
Y = " we speak of an automorphism. An isometric mapping b 1 x X3 —p
with k = dimy # 0 is said to be special, if dimy = dimj # 0. k is called
the order of the special isometric mapping.
Let ¢ 1 x x5 — 1 be a special isometric mapping. The transpose of ¢ s
the special isometric mapping defined by (X €x, Y €9, Z €3)

(WI(X.Y), Z) == (V.4 (X, Z)) .

Gliven a second special isometric mapping ' : ¢ x 3 — v (over the same
Fuclidean vector space x) the sum ¢ + ' is the special isometric mapping

Y+ e x(3+5) =040 defined by (X €x, Z €3, 2/ €5)
(O + VX, 242" = (X, Z) + 4" (X, 7).

We recall that special isometric mappings and Zy-graded Clifford mod-
ules are equivalent notions. The natural correspondence is induced by the
following construction. To a special isometric mapping ¢ : t X 3 — ) we can

associate a Zy-graded module My, = My & My over the Clifford algebra Cl(x).
In fact, set My := 3, My := 1 and define ¥ : ¢ — End(My) by

W(X)Z = 0(X,Z), W(X)Y = —(X,Y) (XerYen Ze;),
then W satisfies the relation U(X)? = —(X, X)Id.

Let x_, 3_ and n_ be Euclidean vector spaces. Every isometric mapping
Y 1 r- X 3 — p_ defines an admissible Kéahlerian Lie algebra u(v) = (fo +
Uug, J) by means of the following recipe

1. up is a semidirect orthogonal sum uy = (f1 + r1) + (f2 + r2) + f3 of
elementary Kahlerian Lie algebras with commuting key algebras with
root 1.

2. 1y admits a (J-invariant) decomposition r; = y + 3 such that the fol-
lowing is true for ¢ := 12, y and 3: adj, |y, adj, |3 and adj, |¢ have weight
decompositions ) = 9 +9_, 3 = 34+ +3- and ¥ = ry + r_, where
vy = Jy_, 3+ = J3- and r4 = Jr_. Furthermore:

[F1,2] = [f2, 0] = [}3,3] = [0,3] = [t,5+] = [y, 04] = [z-,0-] = 0.
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3. The remaining Lie brackets are computed according to the rules (X € g,
Xt €rs, Yi €95 and Zs € 31):

1
[X—vz—]:ﬁqvb(X—vZ—)v [JX,Z_]=J[X,Z_],

[-,04] Cv, [X4, Vo] =[JX4, JY] and
1

V2

u(v) admits a (unique) Q-representation if either

(X_Yi) Ze) = == (IY4 (X T Z4)).

(i) r— = 0 (hence ¢ = 0) and u = u(p,q) = u(q,p) is completely deter-
mined by the parameters p = dimy_ and ¢ = dimj_ or

(ii) ¢ is a special isometric mapping.

The corresponding quaternionic Kahlerian Lie algebras (solvmanifolds) are
denoted by w(p,q) W(p,q)) and v(yy) (V(¢0)) in the cases (i) and (ii) re-
spectively. We recall that the Kéhlerian Lie subalgebra u = u(v) is called
principal Kahlerian subalgebra. The corresponding subgroup i is a totally
geodesic Kahlerian submanifold of the quaternionic Kahlerian solvmanifold.

The definition of the Q-representation 1" of u(+)) is given as follows. Set
f:=32,f. The operators Tgaﬁ and Tgaﬁ are given, with respect to the
orthonormal basis

]50 = (]:[0-|-[:[1—|-]:[2—|—[:[3),

— 0| =

p, .= —(—ﬁo—ﬁa+ﬁﬁ+ﬁw),

[N]

Qi ::jpiv ({a7ﬁ77}2{17273}7 Z€{0717273})
of §, by the following formulas:

THQ|Span {P07 Pozv Qﬁv Q’v} = %[dv

Ti,|span { Qo Qo Pa, P} = —31d,
Qo — P, 0,
TGOL: Qa'_)POD—)()?

15, |z, 15,9 and Tj, |3 have weight decompositions ¥ = ¥y +7-, § = 94 + 0_
and 3 =34+ +3- and

T5, (043) =15, x+3) =T, (x+0) =0.
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In the following, let X1, Y. and Z. denote arbitrary elements and (Xft)i,
(Y{); and (Z.); arbitrary orthonormal bases of r4, h1 and 34 respectively.
UoV :=2VyV defines a bilinear mapping from the product of two of the

spaces ¢, §) and 3 into the third. With these conventions the expressions for
the remaining operators Ty (U € 9+ 3+ 1) read

Tx

+

Tx_

Ty_

— ]50®)~(+—X+®P1+Jy+®QO_Q1®JY+

+3 X o VIV Y X, 02l 0 7,

= RV, - Y,@P+JY,2Q— Q.0 JY,;

+3 VioXi o X +Y Y 02l 0 70,

— PO®Z+—Z+®P3+jZ+®QO_Q3®jZ+

+3 ZioXi X 43 Z, oYY,

= _p2®)~(__)N(_®p3_{]")(“_®@2_@3®{]")(“_

+Y X oVieYi+Y X ozl

= —]51®Y/_—Y/_®]53—JT/—®Q1—Q3®JT/_

+Y Y oXioX +Y Yoozl @7,

= —p1®2_—Z_®p2—ﬁ_®Q1—Q2®J7_

+Y Z o Xi@X 43 Z oviaVi.

For the convenience of the reader we remark that the bilinear mapping “o”
introduced above is completely determined by the following relations, which
are obtained from the Koszul formula. The first three formulas are, as usual,

to be read selecting either all the upper or all the lower signs and ¢ € {—, +}
and we used the standard rule of multiplication of signs: —— = + etc.

Xe o Y:I:e - j:Y:I:E o XE € 3:!: )
Xe © Z:I:e = :i:GZ:tE © XE € UE
1/EOZ:I:E - ZiEOKEF:F7

(XyoVinZo) = ——s(ViwlIXy. 2.)),
(X_oY_,Z_) = —%W_,MX—?Z—)%
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(X, oY .Z,) — %<Y_,¢<JX+,JZ+>>,
(X_oYy, 7)) = 7<JY+,¢(X—,JZ+)>,
(X, 0Z,,Y.) = —%<Y—,¢(JX+,JZ+)>,
(X_o0Z_,Y.) = %W_,MX_,Z—)%

(X, 0Z_,Y,) = 7<JY+,¢(JX+,Z—)>,
(X_o0Z,,Y,) = 7<JY+,¢(X—7JZ+)>,
(Yio0Zy, X_) = 7<JY+,¢(X—,JZ+)>,
(Y_oZ_,X_) = %W_,MX_,Z—)%

(YioZ_,X,) = 7<JY+,¢(JX+,Z—)>7
(Y_o0Zy, Xy) = %(Y_,;/;(JXJF,JZJF».

W(p,0) Z W(0,p) = SOu(p+4,4)/(SO(p +4) x SO(4)) are the only sym-
metric W-spaces. The multiplication in the division algebras R, C, H and O
defines special isometric mappings of order 1, 2, 4 and 8 respectively. The
corresponding V-spaces are the only symmetric V-spaces. For the remain-
ing of this paper the W- and V-spaces under consideration will always be
assumed to be non-symmetric.

First we repeat the analysis of the previous subsection for the W-spaces.
V-spaces will be treated in the next subsection.

Consider v = w(p, q) and let v = a 4+ n denote the decomposition (1).

Lemma 2.7 The semidirect orthogonal decompositions n = ny B ny of the
Lie algebra n = [ro,w], such that any root space n,, o € R, (with respect to

the Cartan subalgebra a of vo = a + n) is contained in ny or ny, are given by
(¢f. Lemma 2.1):

=0, < Gy >, < Gy >, < Qp >,
Y >, G >, < Gy, Gy >, < G, Qo >,

> GQ?U— >>7 < G273— >>7 < G37Q0 >>7
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< Gay3- >, < Qo0 >, < Qoy3- >,
LY_,5. >, < Gy, G, Qo >, < Gy, Qo0 >,
< G3,Qoy3- >, < Qo035 >, < Go, Gy, 52 >,
<<G2,G3,t)_,3_,]50>> or mn.

Proposition 2.8 The maximal suitable SR-decomposition vo = v, + 1, of
=w(p,q), p#0 and ¢ #0, is as follows

]) v, = a, + ns,NCls = SN}?CLTLN{HO — Hl,HQ,Hg}, n, = K GQ,G;),,QO > =

span{Gz, GS, P27 P37 Qov Ql};

2) r?r = ar:l' nTN} a, = SPGW{HO + Hl}; n, = <<U—73—>> = Span{GO; Gl;
Fo, P, Q2, Qs} +11+ 81, 11 =0 +3,

7) w, =1(s), 5 = 500, 5) = 50(3,3),

where a scalar product (,) of signature (3,3) on vz 3 = span{Go, G, Py, P,
(2, @3} = 3ent(n,) is defined by the formulas (i,7 =0,1, k =2,3)

(GO,Gl) = (—]50,]51) = (Qz,@:&) = 1;

(Gi, Gi) = (P, P) = (Qr, Qr) = (G, Py) = (Gi, Qr) = (P, Qi) = 0.
We consider vo, as subalgebra of s = so(033) = N2 033 via the embedding

Ho — Hy — GoAG,

Hy — —(]?0/\% + Qz/\@:a)/?

Hs — j(PoNf\P1 - sz\QS)/Q

Gy Pof\Q3

Gz ]50/\@2

]52 = Gof\Q3

]53 = Gof\Qz

Qo = Gof\p1

Ql = Gof\po )
where the notation A was introduced in Prop. 2.2. The extension p : 5 —
oer(rv,) of the representation ad : ws — ver(w,) is trivial on span{Hy +
Hi}, standard on vss and acts on ty +I1 as a sum of p + q semi-spinor
representations defined by the following formulas:

p(=PoAG)|(B- +3-) = =T, p(—PoAG)|(x1 + B4 +31) = 0;
P(QsAG)|(B- +34) = =2, p(QsAGH)|(x1 + By +3-) = 0;
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P(QsAP)|(0g +34) = —J1. p(Qsh
p(C AP>|<++3+>=J3, p(Gh
P(GIAQ2)|(By +3-) =2, p(G1AQ)|(x1 + 8- +34) = 0;
p(PLAQ) GG +94) =, p(PIAQ2)|(n+3- + - +3) =0.

More precisely, b + 0 (respectively, 3 + ) consists of p (respectively, of q)
equivalent semi-spinor representations and the irreducible summands of 419
are not equivalent to the summands of 3 + 3.

»
APy
AQs
Q2)

(- +3+3-+0)=0;
|

|
NEr+0-+3-)=0;
)

Proof. The proof is completely analogous to the proot of Prop. 2.2. We only
remark that the semi-spinor representations on §) + ) and 3 + 3 are precisely
related by the outer automorphism ¢ of so(v, ;) given in Prop. 3.1. O

Corollary 2.9 Consider the Cartan decomposition s = €,+p of s = s0(v, ,)
into its skew-symmetric part €, and its symmetric part p with respect to the
Euclidean scalar product {,) on vss. Then p(¥s) (respectively, p(p)) consists
of skew-symmetric (respectively, symmetric) endomorphisms.

Corollary 2.10 Denote by €, C q+ 3(q) C so(w) the image of € under the
isotropy representation on 5/8; + v, = w. Then the projection of €5 on q is
surjective.

We reformulate the results using the following notation. Let V = (R*, (,))
denote the standard Euclidean vector space. Note that the volume form vol
on V defines an indefinite scalar product (,) on A?V by

oAn=(o,n)vol.

We identify A*V 22 A?V* using (, ).
Now we define a metric Lie algebra tv,., which as we will show is isomorphic
to 1, from Prop. 2.8. We set

r,=VoR + V" @R+ A’V + RA,

with the scalar product (,) induced on V @ R? + V* @ R? + A*V by the
standard scalar product on V and R; in addition (h,h) = 2.
The Lie brackets are defined by

1
adp|(VORF 4+ V*@RY) = §]d, adp,| ANV =1d;
this implies [A’V,V @ R? + V* @ R?] = 0. Moreover [V @ R, V* @ R?] = 0
and

[v @2, w @y =vAw(z,y)
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for v,w € V or V*. In the latter case we used the identification A2V = AZV/*
via (,). Denote by sl(V) = s((4,R) the Lie algebra of endomorphisms of V'
which annihilate vol. It naturally acts by derivations on 1o, with trivial action
on RA. We have a natural action of O(p) x O(q) by orthogonal automorphisms
on 1,, similar to the case of 7-spaces. We denote by so(p) & so(q) the
corresponding Lie algebra of skew-symmetric derivations.

So we defined on v, =V @ R? + V* @ R? + A’V + RA the structure of
a metric Lie algebra such that the Lie algebra sl(V) & so(p) & so0(q) acts on
1, by derivations.

Theorem 2.11 1) The quaternionic Kdihler Lie algebra vo(p,q), p,q > 1, is

isomorphic (as metric Lie algebra) to the metric Lie algebra i(sl((V)) B 10,
where i(sl(V)) is the symmetric Twasawa algebra associated with s = sl(V),
s. Fxample 1.

2) The full isometry algebra g(W(p, q)) of the quaternionic Kdihler mani-
fold W(p,q), p,q > 1, is given by

a(W(p,q)) = (sl(V) @ so(p) & so(q)) b, .

The adjoint representation of this Lie algebra on its ideal v, defines an em-

bedding gOWV(p, q)) — ver(ro,).

Proof. The proof reduces to a reformulation of Prop. 2.8 if we remark that
the semi-spinor representation of s0(3,3) is the standard representation of
sl(V) 2 s0(3,3) and the induced representation of s[(V') on A*V is exactly
the standard representation of s0(3,3). To identify the notations of Prop. 2.8
and Thm. 2.11 we have to identify

P+ =V ORY, ;4+3=2V QR

V33 = /\2‘/7 a, = Rh, h = Hy— H,.

To finish the proof we must check that so(p) & s0(q) = do(r0,). This follows
from the next lemma. O

Lemma 2.12 A*(w,) = O(p) x O(q), where A*(w,) is the group of orthogo-
nal automorphisms of vo, which commute with the action of s = sl(V). The
Lie algebra of A*(r0,) is Do(w0,) = s0(p) & s0(q).

Proof. The proof is the same as for 7-spaces (cf. Lemma 2.6) since V., V*,
A*V and Rh are non-equivalent irreducible s[(V')-modules. O
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2.3 V-Spaces

The definition of the non-symmetric V-spaces was given in subsection 2.2.
Let v = a + n denote the decomposition (1) for the quaternionic Kéhler Lie
algebra v = v(v)) associated with a special isometric mapping .

Lemma 2.13 The semidirect orthogonal decompositions w =1, b ny of the
Lie algebra n = [v,v], such that any root space n,, o € R, (with respect to
the Cartan subalgebra a of v = a4 n) is contained in ny or ny, are given by
(¢f. Lemma 2.1):

=0, € G3>, < Qo>, < 3. >,

L1l >, < Gs,Q0 >, < Ga,5- >, < Ga,po >,
Lr1oyie >, < Qoyie >, < Qoyre >,
< Gy, Qor3- >, < Gis, Qo,x_ >,
< Qo,x_,j_ >, L G102, > or n.

Proposition 2.14 The mazimal suitable SR-decomposition b = v, 4+ v, of
v = 0(e)), b non-symmetric, is given by

]) v, = a; + ng, a, = SpanN{Ho — Hl,HQ,Hg}, n, = K Gg,Qo,x_ > =

Span{G27 G37 P27 P37 QOv Ql} + r + i—;

2) v, = a, +n,, a, = span{Hy + Hy}, n, = ((3_)) = span{Go, Gy, P,
Pl; Q2, @3} + 11+ i, 11 =043,

7) vy =1i(s), 5 = 50(bg4,,) = 50(3,3 + k),

where a scalar product (,) of signature (3,34 k) is defined on 0334, = b33+
I+ = jent(n.) by the requirement that vss and ¥y are (,)-orthogonal, that
the scalar product coincides with —(,) on ¥y and is the same as in Prop.

2.8 on v33 = Span{Go, Gy, Po, P, Qa,QsY. We consider v, as subalgebra of
5 =50(0334%) = N’ U3 344 via the embedding (X1 € vy ):

X_|_ — Po/\X_|_
X_ o —QsAJX
X_ — —Go/\JX_,

S. Prop 2.2 for the notation A. The embedding of the subalgebra v, N (x +
I-)” Zwy is given by the same formulas as in Prop. 2.8.

The extension p : 5 — vet(v,) of the representation ad : v, — Ver(rv,) is
trivial on span{Hoy + H1}, standard on 0331y and its action on 1 + ¥y is as
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follows. The action of 50(3,3) on g1 + 1 is given by the same formulas as in
Prop. 2.8. For all X_ € x_ we have:

p(GLATX )|(By +3-) = JX_o,

p(GhATX )|(B- +31) = =X o,
p(GLIATX ) = 0;
p(PLATX )0y +34) = =1 X o,

~ A

p(PLATX )|(54 +94) = J1X_o,

ATX )l(9- +3- +5-+3-) = 0;
p(QATX (0= + 34 +8; +3-) = X_o,
p(Q2ATX ) |(0y +5- + 8- +34) =0;
p(TX_ATX )01+ 1) = 5(X- 0 XL = XL 0 X_Jo,

B~
~~
—

where X_o denotes the gq-linear endomorphism of t1 + 11 obtained from the
map (s. p. 22) U — X_oU, U € n+3, by Jy-linear extension and J, X_o is
the composition of the endomorphisms J,|(x1 + £1) and X_o.

Corollary 2.15 Consider the Cartan decomposition s = €, + p of the Lie
algebra s = 50(0373%) into its skew-symmetric part €; and its symmetric part
p with respect to the Fuclidean scalar product (,) on vssyr. Then p(€;)
(respectively, p(p)) consists of skew-symmetric (respectively, symmetric) en-
domorphisms.

Corollary 2.16 Denote by €, C q+3(q) C s0(v) the image of £, under the
isotropy representation on s/, + v, = v. Then the projection of €5 on q is
surjective.

We recall that the isometry classes of V-spaces are in one-to-one corre-
spondence with the equivalence classes of special isometric mappings. Fur-
thermore, every special isometric mapping can be decomposed into a sum
of irreducible ones. Two special isometric mappings of order k £ 0 (4) are
equivalent if and only if they have the same number [ = 1,2,3... of irre-
ducible summands. Every special isometric mapping ¢ of order k = 0 (4)
admits a decomposition ¢» = pt + b=, where T are two non-isomorphic
special isometric mappings and p,q € {0,1,2...}, l=p4+q¢ > 1; pvT + ¢~
and p'vT + /17 are equivalent if and only if {p,q} = {p',¢'}.

For the final description of the full isometry algebra g(V(¢)) of V(¢) we

introduce further notation. Denote by V = R*** the vector representation
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of 5 = 50(3,3+ k) and by S a (real) spinorial representation of lowest dimen-
sion, i.e. spinor representation if it is irreducible and semi-spinor otherwise.
In other words, S is spinor if &k = 1,2,3,5 (8) and semi-spinor if £ = 0,4,6,7
(8). For k = 0 (4) we denote the two non-equivalent semi-spinor represen-
tations by ST and S~. In order to describe the principal part s-pv, of the
full isometry algebra g(V(¢)) = (5 & 0o(v,))Bv, of V(¢») in more invari-
ant terms we shall make use of the following facts concerning the spinorial
representation S.

Proposition 2.17 1) There exists a Spin(V)-invariant isomorphism S =
S*if k20 (4) and S~ = (S if k=0 (4).

2) A*S contains a unique Spin(V')-submodule isomorphic to V.

3) Assume k =0 (4) and denote the unique vector submodules of A*S* and
A2S™ by V and V' resp. Then V and V' are canonically isomorphic.

Remark 8: The explicit description of Spin(V)-invariant structures on the
spinor representation such as invariant bilinear forms is part of a general
program which will be presented in a forthcomming paper [A-C]. As result
of this program we obtain the explicit construction of embeddings of the
vector representation into the (exterior or symmetric) square of the spinor
or semi-spinor representation. This is used to construct Lie algebra and Lie
superalgebra extensions of the (generalized) Poincaré algebra.

Proof. 1) Follows from the existence of a non-trivial Spin(V')-invariant
bilinear form on S for k £ 0 (4) and on the spinor module St4+ S fork=0
(4); S* being isotropic in the last case (s. [A-C]).

2) The explicit construction of the embedding V' — A2S is given in [A-C],
cf. Remark 9 below. The uniqueness can be extracted from [O-V] Table 1.

3) By 1) and 2) V! C A?S™ = (A%SH)* is canonically identified with V*.
Since V* is in turn canonically isomorphic to V' via (,) this gives a canonical
isomorphism V = V', O

We remark that only 3) and the existence statement in 2) will be used in
the sequel. These can be easily derived from Prop. 2.14 without refering to
[A-C]. We have not done so for expository reasons.

Remark 9: The explicit description of the embedding V < A?S can be
given in terms of Clifford multiplication ¢ and an appropriate (symmetric
or skew-symmetric) Spin(V)-invariant bilinear form 3. For example, if k =

1,2,3,5 (8) it is given by
v ﬁ(/“‘(v)'v')v veV,
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where ¢ : V@ S — S and 3 is a Spin(V)-invariant skew-symmetric bilinear
form on S.

With the notations above we associate to each V-space V(1) a Lie algebra
g =50(3,3 + k)bv,. We will prove later that g is exactly the principal part
s5-pv, of the full isometry algebra g(V(¢)).

First we define an s0(3,3 + k)-module v, by

b, =SOR +V +RA, ifk#0 (4); (6)

0, =STOR + S QR+ V+Rh, ilk=0(4); (7)

where the modules RA, R, R? and R? are trivial.
Now we define the Lie algebra structure on v,

1
ady|S @R = Sld, ifEZ0(4),

1
adp|(ST@RP + 5~ @ RY) = 5[d, if k=0 (4),
adh|V: [d,

it follows that [V, S @ Rl] =0 (resp. [V, ST @ R + S~ @ R?] = 0). The Lie
bracket on S @ R’ (k #£0 (4)) is defined by

[v @z, w@y]=pr(v Aw)(z,y), v,wes,

where pr is the natural projection of A%S onto its unique vector submodule (s.
Prop. 2.17 2)). In case k = 0 (4) the same formula defines the Lie bracket on
ST @RP and on S~ @R?, using the identification of the vector submodules in
A2ST and A2S™ given in Prop. 2.17 3). Finally, we put [ST@R?, ST@R?] = 0.

It is clear that the representation of s0(3,3 + k) on v, defined by the
decompositions (6) and (7) acts by derivations of the Lie algebra structure
just defined.

Theorem 2.18 1) The quaternionic Kdhler Lie algebra v(v) of the non-
symmetric quaternionic Kdhler V-space V(1) is isomorphic to the Lie algebra
i(s0(3,3 4+ k))-pv,, where i(s0(3,3 + k)) denotes the Twasawa algebra of s =
50(3,3 + k).

2) The full isometry algebra g(V () of V(v) is given by

g(V(¢)) = (50(37 3 —I_ k) @ DO(UT))_BUT 9

where the Lie algebra (v, ) = Lie A*(v,) is given in the next lemma.
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Proof. Consider the s-Module (s = s0(3,3 +k)) v, =31 + &1 + 03341 + @,
described in Prop. 2.14. Using the formulas given there we can identify

n+nESoR, ifk#0(4),

n+nESTOR+ST@RY, ifk=0(4),
t]3,3-I-k = V7 a, = RA.

It is easy to see that this isomorphism of s-modules is also a Lie algebra
isomorphism, if we identify h = Hy — H;. O

Lemma 2.19 A%(v,) is isomorphic to
o O(l) ifk=1,7(8),
o U(l) if k=26 (83),
o Sp(l) if k=35 (8),
o Sp(p) x Splq) if k=4 (8),
o O(p) x O(q) if k=0 (8).

Proof. Let ¢ € A®(v,). We can consider ¢ as orthogonal automorphism
of the metric Lie algebra v(¢) acting trivially on vs. It was shown in [C]
(s. Prop. I1.23) that orthogonal automorphism of v(¢) correspond exactly
to autoequivalences of ¥ in the sense of Def. 2.2. Since ¢ acts as identity
on v, D x_ it is an automorphism of ¥ in the sense of Def. 2.2. Using the
natural correspondence between special isometric mappings of order k, Zs-
graded Cly-modules and (ungraded) C/j_;-modules, now the proof follows
from next lemma and the fact that Cl;_; is a

e simple real matrix algebra if k = 1,7 (8),

e simple complex matrix algebra if k = 2,6 (8),

e simple quaternionic matrix algebra if &£ = 3,5 (8),

e sum of two simple quaternionic matrix algebras if k = 4 (8),

e sum of two simple real matrix algebras if k =0 (8). O
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Lemma 2.20 1) Let K(n) denote the simple matriz algebra over K = R, C
orH and V = 1K" = K"@R' a sum of | copies of the standard representation
considered as real vector space with action of K(n) C End(V'). Then

Zarwy(K(n)) = K* © GL(I,R) = GL(1,K)

and

Zow)(K(n)) =4 U(l) i K=C
Sp(l)y if K =H,

where O(V') is the orthogonal group with respect to some positive definite

{ o) if K=R

scalar product on V.

2) Let A=K(n)® K(n) be the direct sum of two copies of K(n) and denote
by K" and K" the two non-equivalent irreducible representations of A, with
trivial action of K(n)" and K(n) respectively. Consider V = pK" & ¢K"' =
(K" @ RP) & (K”' @ R?) as real vector space and A C End(V'). Then

ZGL(V)(A) = GL(p7 K) X GL(Q? K)

and

Recall that the subgroup U(v) C V(¢) corresponding to the principal
K&hlerian subalgebra u(%)) is a totally geodesic Kahlerian submanifold. Now
we describe the Lie algebra gy of the group of isometries of V(¢) which pre-
serve U(t). Denote by s0(2,2+ k) the subalgebra of 50(3,3+ k) = s0(b334%)
which acts trivially on the two-dimensional subspace vy 1 = span{Gy, G1} C
03345 and by vz 24y the orthogonal complement of vy 1 in 03 344.

Lemma 2.21 1) The s50(2,2+k)-module S decomposes as direct sum of two
irreducible submodules Sy, Sy of the same dimension. Moreover, we may
assume that

Su®Rl:F1 and §11®Rl:i17
in case k £ 0 (4). In the case k = 0 (4) we have S = SE = S;—L @ SNY;—L and
may assume
STOR 4+ S; @R =1, and SR 45, 9R? = .

2) The natural projection pr : A2S — V = 03,345 Maps A%Sy, and /\zgu onto
trivial 50(2,2 + k)-submodules of V' and Sy ® Sy onto the s0(2,2 + k)-vector

submodule vz 24. More precisely, from our identifications it follows that

pr(ASy) = RGY , pr(/\zgu) = RG,.
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3) Fork #£0 (4)
u, = Sy @ R 4 pr(A2Sy) + pr(A2Sy) + RA
is a subalgebra of v,. For k =0 (4) the same is true for
u, = ST ORY + 57 @R+ pr(A2Sy) + pr(A%Sy) + RA
(pr(A*Sy) and pr(/\zgu) do not dependent on the choice Sy = SE). Moreover,
w. =1 + span{Go,G1} +a, =unv,.
Proof. The lemma follows from the formulas in Prop. 2.14. O

Theorem 2.22 /) The mazimal suitable SR-decomposition of the non-sym-
metric quaternionic Kdihler Lie algebra v() induces a (not mazimal) suitable
SR-decomposition of the principal Kihler subalgebra uw = u(v), i.e. u = u; +
u,, where us = uNvy is the lwasawa subalgebra of 50(2,2+k) and u, = uNv,.
2) The Lie algebra gy is given by

gu = (50(2,2+ k) & 0o(0,)" ) DU,
where Do(0, )" = {¢ € 0(0, )| pu, Cu,}.
Proof. One can check immediately using Prop. 2.14 that
uNov, =a, + span{Gy, G} + 1,

unNv, =a, + span{Go, G1} + 11 .

This implies 1). To prove 2) we remark that g, = €, + u, where &, = ¢Nu
is a compact subalgebra, hence &, Nv, = 0 and u, = g, N v,. This implies
that u, is an ideal in gy, because v, is an ideal in g(V). This shows that
gu C ngy(u,). On the other hand, one can check that

gy (1) = (50(2,2 4+ k) @ o(0,)" )Py, C gy. O

3 Full Isometry Group of Quaternionic
Kahlerian Solvmanifolds

3.1 Automorphism Group of s = s0(3,3 + k)

In section 2 we proved that the maximal semisimple subalgebra s of non-
compact type in the full isometry algebra g(L£) of the quaternionic Kéhler
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solvmanifolds (£, g) is isomorphic to s0(3,3 + k), where k£ = —1,0,1,... is
the order of the isometric mapping defining (£, ¢g). We will apply Cor. 1.9
to construct the full (not necessarily connected) isometry group (L, g). For
this we need a description of the group Aut(s) of all automorphisms of the
Lie algebra s = s0(3,3 + k). It is given in the following proposition.

Proposition 3.1 1) Aut(s) = Int(s) U {Int(s) for s = s0(3,3 + k), if
0#k>—1;

2) Aut(s) = Int(s)U&Int(s) Unlnt(s)Ulnint(s) fors =s0(3,3) (k=10),
where £ = Adp, n = Ade and

( Lis O (0 14
S Ca ) B S

Proof. The proof will split into several lemmas. We denote by &, = s0(3) &
50(3 4+ k) the maximal compact subalgebra of s = s0(3,3 + k) and by sC =
50(6 + k,C) the complexification of 5. We will consider s and 5C as linear
Lie algebras of the vector spaces V = R*** and vC = otk respectively.

Lemma 3.2 [He/
C ]nt(s(c) if k is even
Aut(s™) = C Cy  pp -
Int(s=)U&Int(s~) if k is odd,

where € = Adp, D = diag(1gys,—1). The automorphism & preserves s and
modulo Int(s) is equivalent to Adg : X — — X', F = diag(1s, —1s4%).

Denote by Aut.(€;) the group of all automorphisms of &, = s0(3) @ s0(3+
k) which can be extended to an automorphism of s.

Lemma 3.3 1) Aut(¥,) = Int(8,) for k even # 0,
2) Aut(¥;) = Int(t;) U EInt(Es) for k odd # 1,
3) Aut.(€s5) = Int(t;) U EInt(E;) for k=1,

4) Aut(€s) = Int(€) Unlnt(t) for k=0,
where £ = Adp and n = Ade with matrices D and C given in Prop. 3.1.

Corollary 3.4 For k # 1, Aut(€,) = Aut.(t).
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Proof. The proof of 1), 2), 4) follows from [He]. To prove 3) it is sufficient
to show that an automorphism ¢ of & = 50(3) B s0(4) can be extended to an
automorphism of s = s0(3,4) if and only if it preserves the ideal s0(3) (hence,
also s0(4)). Since any automorphism of sC = 50(7,C) is inner, p = Ady for
some A € SO(7,C). Hence, the decomposition of the vector space vC =
C” into irreducible components with respect to the Lie algebras 50(3) and
©(s50(3)) = Aso(3)A™" are isomorphic. This implies that ¢(s0(3)) = s0(3),
since s0(3) acts trivially on a 4-dimensional subspace of VC and both 50(3)-
ideals of s0(4) act trivially only on a 3-dimensional subspace of vC. o

Lemma 3.5 The only non-trivial automorphism of 5 which acts trivially on
t, is Adg, F = diag(1s, —1344).

Proof. By Lemma 3.2 we may assume that the automorphism has the
form Ady|s for some A € SO(6 + k,C); where Ady preserves s and acts
trivially on €. The last condition means that [A,&] = 0. The linear Lie
algebra ¢, = s0(3) & s0(3 + k) C g[(V(C) has two non-equivalent invariant
irreducible subspaces. By Schur’s Lemma A = diag(A1ls, ulsyr), A, p € C.
Since A € SO(6 + k,C), we have \* = y* = 1. Hence, A = +F and
Ady = Adg. O

The proof of Proposition 3.1 now follows from Lemmas 3.3 and 3.5

3.2 7T-Spaces

Theorem 3.6 The (full) isometry group of the quaternionic Kdihler mani-
folds T (p), p > 1, is given by

(T (p)) =G°UpG® — Aut(t,),

G° = (SxA*(t,))xT,., where S = Sp(4,R) = Sping(3,2) and T, are the linear
subgroups of Aut(t,) generated by the linear Lie algebras s = sp(4,R),t, C
oer(t,) (s. Thm. 2.5) and A*(t.) = O(p) is given in Lemma 2.6. The au-
tomorphism ¢ € Aut(t,) is defined in terms of the decomposition t, =
V@R? + A3V 4+ Rw? as follows:

elVeoR =B®ld, B=duag(l,1,-1,-1),
w(v Aw)o = (pv Apw)y  and @’ = w°.
Proof. According to Cor. 1.9 and Prop. 3.1 it is sufficient to prove that
the automorphism ¢ of t, normalizes s = 50(3,2) = sp(4,R) and induces an
outer automorphism on s. Since Bwy = —wy, conjugation with B will be an
outer automorphism of sp(4, R) which is extended by ¢ to an automorphism
of spt.. O
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3.3 W-Spaces

Theorem 3.7 The (full) isometry group of the quaternionic Kdihler mani-
folds W(p,q), p,q = 1, is given by

IW(p.q)) = G°UXG" — Aut(w,) if p#q;

I(W(p,p)) =G° UG UG’ U (xp)G® — Aul(r,);
G° = (S x A°(w,))xW,, where S = SL(4) = Sping(3,3) and W, are
the linear subgroups of Aut(vo,) generated by the linear Lie algebras s =
sl(4,R), w0, Coer(w,) (s. Thm. 2.11) and A®(w,) = O(p) x O(q) is described
in Lemma 2.12. In terms of the decomposition vo, = V @ R + V* @ R? +
AV 4+ Rh, x is induced by the automorphism diag(—1,1,1,1) of V putting
xh = h. For p = q the automorphism ¢ of w, is induced by the canonical
isomorphisms V. — V* and V* — V wvia (,) putting oh = h (recall that
we have a canonical s{(V)-invariant identification A*V = A?V*; note that

©| A*V = x (Hodge-star)).

Proof. y is an orthogonal automorphism of 1w, and conjugation by the
matrix diag(—1,1,1,1) in s = s[(4,R) is an outer automorphism of s[(4,R) =
50(3,3). Moreover, this automorphism interchanges the simple summands of
the maximal compact subalgebra so(4) = s0(3) & s0(3) and modulo inner
automorphisms is equivalent to n in Prop. 3.1 2). According to Cor. 1.9 we
have proved G* U xG* C I(W(p,q)).

Let us now consider the outer automorphism ¢ : X — —X' of 5 =

sl(4,R).

Lemma 3.8 ¢ can be extended to an automorphism of s-Bw, if and only if
p =q. The extension (p = q) is orthogonal on ro,.

Proof. Assume ¢ can be extended. Then we have
Apv = —pAlv, A€sl(4,R), veVReXV,

which shows that the sl(4, R)-module o(V @ e) =2 V*. This implies that the
multiplicitiy p of V' in o, equals the multiplicitiy ¢ of V*. It p = ¢ then ¢ 1s
canonically extended by ¢ given in Theorem 3.7. O

Using Cor. 1.9 we immediately derive Theorem 3.7 from Prop. 3.1 2) and
the lemma. O
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3.4 V-Spaces

Theorem 3.9 The (full) isometry group of the non-symmetric quaternionic
Kihler manifolds V(1) is given by
IV()) =G — Aut(v,), ifk is even,
IV()) =G UeG® — Aul(v,), ifk is odd.
The automorphism ¢ € Aut(v,) is defined by
PlG+i+iy)=—1d, ¢l(h+9+033+0a,)=1d

and G° = (S8 x A°(0,))xV,, where S = Sping(3,3 + k), V, are the linear
subgroups generated by the linear algebras s = 50(3,3 + k), v, C der(v,) and
A®(v,) was determined in Lemma 2.19.

Proof. Consider first the case when k is odd. The outer automorphism
Adp,, D,|vss = Id, D,|ty = —Id, of s0(v334%) = 50(3,3+ k) is extended by
@ to an automorphism of s-pv,, which is orthogonal on v,. By Cor. 1.9 and
Prop. 3.1 this implies the theorem in case k is odd.

If £ is even we consider the outer automorphism 6 = Adp,, D.Qy = —Qs,
D.Qs = —Qs, D.|(span{Go, Gy, Py, P1} +t+) = Id, of s0(0334x) = s50(3,3 +
k). By the formulas for the embedding v, < s (s. Prop. 2.14) we know that
0 preserves the Cartan subalgebra a, of v, and #|a; = Id. Assume 6 has been
extended to 6 € Aut(sbv,). Since Ola; = Id, it follows e.g. that Oy_ = y_,
because y_ is the root space of a; with root —(Hy — Hy + 2H3)/4. Now we
check Lie brackets between s = 50(v335%) = A?0334% and v, D y_using the
formulas in Prop. 2.14:

[0(—QsAJX_),0Y_] = [Q,ATX_,0Y_]
= p(Q2AJX_)IY_ = X_o00Y_ 40,
if X_ €er_ —{0} and Y_ € y_ — {0}. On the other hand:
0 —QsAJX _Y_] = 0p(—QsAJX_)Y_ = 0[X_,Y_]=0.

This shows that # cannot be extended to an automorphism of spv, and
proves the theorem, thanks to Cor. 1.9 and Prop. 3.1. O

3.5 Conclusion

A remarkable consequence of our analysis is the following.

Theorem 3.10 The (connected) isometry group of the quaternionic Kdih-
lerian solvmanifolds acts transitively on the twistor space and on the SOs-
principal bundle associated with the quaternionic structure.

Proof. The result follows from Corollaries 2.4, 2.10 and 2.16. O
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