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nifolds if n > 1. The only known examples of quaternionic K�ahler manifoldsof positive scalar curvature are symmetric and in one-to-one correspondencewith the simple compact Lie algebras (Wolf spaces). On the other hand,many examples of non-symmetric quaternionic K�ahler manifolds of negativescalar curvature are known. The �rst such examples were constructed in[A 2], where the classi�cation of quaternionic K�ahler manifolds admitting atransitive splittable solvable group of isometries was given. One additionalseries of such manifolds, missing in the classi�cation [A 2] was discoveredby the physicists B. de Wit and A. Van Proeyen in the context of super-gravity models and the original algebraic classi�cation was completed in [C].The �nal result is that there exist three such series of non-symmetric ho-mogeneous quaternionic K�ahler manifolds depending on integer parameters:T (p), W(p; q) and V(l; k) (k 6� 0 (4)), V(p; q; k) (k � 0 (4)). We will callthem quaternionic K�ahler solvmanifolds.Quaternionic K�ahler solvmanifolds and the associated \principal K�ahlersubmanifolds" are studied by physicists (s. [Ce], [C-F-G], [dW-VP 0-2] and[dW-V-VP]) in the context of N = 2 supergravity. They describe the cou-pling of n vector multiplets to N = 2 supergravity in dimension d = 4 interms of a meromorphic function F (X) on C n+1 which is homogeneous ofdegree 2. They associate with F a K�ahler metric g on (an open subset of)the projective space PC n+1 with the K�ahler potentialK = ln24 nXi;j=0(@i@jF + @i@jF )X iX0 XjX035 :The corresponding metric is called special K�ahler. Using dimensional reduc-tion from d = 4 to d = 3, to every special K�ahler metric g they associate ametric ~g, which appear to be quaternionic K�ahler and is also called special.The metric ~g is explicitely expressed in terms of F , it is homogeneous if gis homogeneous. If ~g is the metric of a quaternionic K�ahler solvmanifold,then g is the metric of the essential part U0 of the principal K�ahler sub-manifold U = F0 � U0 (associated with the principal K�ahlerian subalgebrau = f0+u0). In [dW-VP 0-2] and [dW-V-VP] B. de Wit, F. Vanderseypen andA. Van Proeyen studied the isometries of special geometries and in particulardescribed the full isometry algebra of quaternionic K�ahler solvmanifolds interms of symmetries of the Lagrangian associated to F .In the present paper we determine the full isometry algebra and the fullisometry group of the quaternionic K�ahler solvmanifolds using the purely al-gebraic approach of Lie group theory. It seems that our results are consistentwith that of B. de Wit, F. Vanderseypen and A. Van Proeyen.Now we sketch the structure of the paper. In section 1 a general methodfor calculation of the full isometry Lie algebra and the full isometry Lie groupii



of Riemannian solvmanifolds is presented. For simplicity we assume that thesimply transitive solvable Lie group satis�es some additional conditions whichare ful�lled for the quaternionic K�ahler solvmanifolds (also for homogeneousbounded domains and for homogeneous spaces of non-positive curvature).Let (M;g) be a Riemannian manifold with a simply transitive group ofisometries L. We can equip the Lie algebra l of L with the Euclidean scalarproduct h; i induced by g. If M is simply connected it can be reconstructedfrom the metric Lie algebra (l; h; i).Under some conditions we prove that the description of the full isome-try Lie algebra g(M) reduces to the description of so-called suitable SR-decompositions l = ls + lr of (l; h; i), s. Thm. 1.1. An SR-decomposition is asemi-direct orthogonal decomposition into an ideal (lr; h; i) and the Iwasawaalgebra (ls; h; i) of some semi-simple Lie algebra s with scalar product asso-ciated to a symmetric Riemannian metric on the corresponding manifold Ls.It is suitable if the adjoint representation ad : ls ! der(lr) is extended to arepresentation � : s! der(lr) with some properties.If l = ls + lr is a suitable SR-decomposition with maximal dimensionof ls, then g(M) = (s+ d0(lr))+3lr, where d0(lr) denotes the Lie algebra ofskew-symmetric derivations of lr which commute with �(s).Starting from the description of the full isometry algebra, we can describethe full isometry group in terms of outer automorphisms of the semisimpleLie algebra s (s. Thm. 1.5, Cor. 1.8 and Cor. 1.9).In section 2 we apply this algorithm to the quaternionic K�ahler solvmani-folds and determine the full isometry algebra of the T -, W- and V-spaces (s.Thm. 2.5, Thm. 2.11 and Thm 2.18). In all the cases the maximal semisimpleLie subalgebra of non-compact type s � g(M) has the form s = so(3; 3 + k).In section 3 we determine the automorphism group of the Lie algebraso(3; 3 + k) (s. Prop. 3.1) and use this to determine the full (not necessarilyconnected) isometry group (s. Thm. 3.6, Thm. 3.7 and Thm. 3.9).Our results have the following consequences:1. The isometry group of the quaternionic K�ahlerian solvmanifoldM actstransitively on the twistor space and on the SO(3)-principal bundle ofM (s. Thm. 3.10).2. A quaternionic K�ahler solvmanifold M admits a (smooth) quotientM=� of �nite volume if and only if M is symmetric (s. Cor. 1.10 andCor. 1.11); here � is a discrete group of isometries.Theorems 3.6, 3.7 and 3.9 give a new simple description of the quater-nionic K�ahler solvmanifolds in terms of certain spinorial representation ofSpin(3; 3 + k). iii



For example, we can describe the quaternionic K�ahler manifold T (p),p � 1, as follows. Let (V = R4; !0) be Euclidean 4-space with standardsymplectic form !0. Then ^2V as Sp(V )-module can be decomposed as^2V = ^20V +R!0 ;where !0 = !�10 2 ^2V . We de�ne a Lie algebra structure on the vectorspace tr = V 
Rp + ^20V +R!0by ad!0 jV 
Rp = 12Id; ad!0j ^20 V = Id ; [^20V; V 
Rp + ^20V ] = 0 ;[v 
 x;w 
 y] = (v ^ w)0hx; yi ; v; w 2 V; x; y 2 Rp ;where the subindex 0 denotes the natural projection ^2V ! ^20V and h; iis the standard scalar product on Rp. We denote by h; i the scalar producton tr induced by the given scalar products on V and Rp. By de�nition thedecomposition of tr is orthogonal,hv ^ w; v ^ wi = hv; vihw;wi � hv;wi2 and h!0; !0i = 2 :The symplectic group Sp(V ) = Sp(4;R) acts on the Lie algebra tr as groupof automorphisms. Its maximal compact subgroup U(2) preserves the scalarproduct on tr. Consider the linear group Sp(V ) � Tr � Aut(tr) with Liealgebra sp(V )+3tr � der(tr). ThenT (p) �= Sp(V ) � TrU(2) :Let sp(V ) = u(2) + m be a Cartan decomposition and h; im be a certainu(2)-invariant scalar product on m. Then the quaternionic K�ahler metric onT (p) = (Sp(V ) � Tr)=U(2) is induced by the scalar product h; im + h; i onm+ tr �= TU(2)T (p).Remark that in this case we may identify Sp(4;R) = Spin0(3; 2); thenV is the semi-spinor module of Spin(3; 2) and ^20V = R3;2 the vector re-presentation of Spin(3; 2). A similar description is given for the other twoseries.AcknowledgementsThis paper was started, when both authors participated in the QuaternionicProgram at Erwin Schr�odinger Institut in Vienna. It was �nished during thestay of the �rst author at Max-Planck-Institut in Bonn. We are very gratefuliv
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(iii) there exists an element A0 2 a such that adA0 jn > 0.We denote by R � a� the set of roots of l with respect to the Cartansubalgebra a. We have the following orthogonal root space decompositionl = a+ X�2Rn�; n� = fX 2 nj adAX = �(A)Xg:Remark 1: l has trivial center: zent(l) = 0. The nilradical of l is n.Example 1: Let s be a semisimple Lie algebra of non-compact type ands = k+ a+ n its Iwasawa decomposition, where k is a maximal compact sub-algebra, that is the Lie algebra of a maximal compact subgroup of the adjointgroup, n is a nilpotent subalgebra and a is a maximal ad-diagonalizable sub-algebra normalizing n. Then i(s) = a+ n equipped with the scalar producth; iB induced on i(s) �= s=k by the Cartan-Killing-form B is admissible. Themetric Lie algebra (i(s); h; iB) is unique up to isomorphism (of metric Lie al-gebras). More generally we will consider Euclidean scalar products h; i on i(s)which are obtained from h; iB via scaling along the irreducible summands of(i(s); h; iB). We say that the admissible Lie algebra (i(s); h; i) is a symmetricIwasawa algebra associated with s. We remark that the scalar productsh; i described above are precisely the Euclidean scalar products such that(i(s); h; i) is symmetric in the sense of Def. 1.2. In this case R[�R is a rootsystem, the system of restricted roots of the real Lie algebra s.Example 2: Let l = l12+l2 be an orthogonal semidirect sum of admissibleLie algebras li = ai + ni (i = 1; 2), i.e. [l1; l2] � l1. A necessary and su�cientcondition for l to be admissible is that the operators adA, A 2 a1 + a2, besymmetric.1.2 Holonomy ConditionsThe notion of covariant derivative is de�ned for metric Lie algebras bymeans of the following Koszul formula (X;Y;Z 2 l):2hrXY;Zi = h[X;Y ]; Zi � hX; [Y;Z]i � hY; [X;Z]i :De�nition 1.2 Let l be a metric Lie algebra. The Kostant algebra kos isthe Lie subalgebra of so(l) generated by the endomorphisms rX (X 2 l).The holonomy algebra hol is the ideal of kos generated by the expres-sions of the type[rX1; : : : [rXk ; R (Xk+1;Xk+2)] : : :] ; X1;X2; : : :Xk+2 2 l ; k = 0; 1; 2; : : : :l is said to be symmetric if the curvature tensor is annihilated by hol.2



De�nition 1.3 Let V be a Euclidean vector space. A complex structureon V is a skew-symmetric endomorphism J satisfying J2 = �Id.A quaternionic structure on V is a Lie subalgebra q of so(V ) generatedby two anticommuting complex structures J1 and J2.De�nition 1.4 A metric Lie algebra l with complex structure J is said tobe K�ahlerian, if [hol; J ] = 0 :A metric Lie algebra l of dimension > 4 (resp. = 4) with quaternionicstructure q is said to be quaternionic K�ahlerian, if[hol; q] � q(resp. if q annihilates the curvature tensor).Example 3: The basic examples of admissible K�ahlerian Lie algebras arethe following.A key algebra f = spanfG;Hg with root � � 0 is de�ned in termsof the orthonormal basis G = JH;H by the formula [H;G] = �G. Up toscaling f = i(su(1; 1)).Given f and a Euclidean vector space x with complex structure, e = f+ xcarries a canonical Euclidean scalar product h; i and complex structure J .The structure of an elementary K�ahlerian Lie algebra with key subal-gebra f is de�ned on e by the formulasadH jx = �2 Id; adGjx = 0 and [X;Y ] = �hJX; Y iG for X;Y 2 x :The metric Lie algebra e is determined up to isomorphism by n = dimC xand �. If we wish to specify these parameters, we shall write e = e(n+1; �).Up to scaling e(n+ 1; �) = i(su(1; n+ 1)).Elementary K�ahlerian Lie algebras can be used as building blocks forthe construction of more complicated admissible K�ahlerian Lie algebras viasemidirect sums (v. Example 4).Example 4: Let l = l12+'l2 be an admissible orthogonal semidirect sum ofadmissible K�ahlerian Lie algebras (li; h; ii; Ji), i = 1; 2 (v. Example 2). Theadmissible Lie algebra l is K�ahlerian with complex structure J = J1 + J2 ifand only if1. ' : l2 ! der(l1) preserves the K�ahler form �1 = hJ1�; �i of l1, i.e.�1('(X)Y;Z) + �1(Y; '(X)Z) = 0 for all X 2 l2, Y;Z 2 l1 and3



2. '(J2X)sym = J1'(X)sym for all X 2 l2, where '(X)sym denotes thesymmetric part of '(X).Such symplectic representations were studied for elementary K�ahlerian Liealgebras by S.G. Gindikin, I.I. Pyatecki��-Shapiro and E.B. Vinberg (v. e.g.[G-PS-V] and [PS]).According to I.I. Pyatetski��-Shapiro [PS] every homogeneous bounded do-main in C n with Bergmann-metric admits a simply transitive group of isome-tries such that the corresponding metric Lie algebra l can be decomposed asl = e1 ?2+ e2 ?2+ � � � ?2+ ek, where the ei are elementary and the semidirect sumis of the type presented in the example.Example 5: The classi�cation of admissible quaternionic K�ahlerian Lie al-gebras follows from the classi�cation of quaternionic K�ahlerian solvmanifoldswhich is due to the �rst author [A 2] and was completed by B. de Wit, A. VanProeyen [dW-VP 1] and the second author [C]. Besides the (non-Abelian)symmetric examples, which are precisely i(so(p+4; 4)) (p � �1), i(su(m; 2)),i(sp(m; 1)) (m � 1), i(g(2)2 ), i(f(4)4 ), i(e(2)6 ), i(e(�5)7 ) and i(e(�24)8 ), this classi-�cation yields also in�nitely many non-symmetric admissible quaternionicK�ahlerian Lie algebras. The classi�cation reduces essentially to the clas-si�cation of admissible K�ahlerian Lie algebras (u; h; i; J) of the type u =f0 ?� u0 (f0 = spanfG0;H0g = e(1; 1), u0 = e(n1 + 1; �1) ?2+ e(n2 + 1; �2) ?2+� � � ?2+ e(nk + 1; �k)) which admit a Q-representation. We recall that a Q-representation is a representation T : u ! End(~u) which satis�es a list oftechnical conditions (v. [A 2] Def. 5.3). ~u is isometric to u via an isometry~: u! ~u and carries a natural symplectic structure �̂ = hĴ �; �i, which is givenby the complex structure Ĵ : Ĵ ~U0 = �gJU0, Ĵ ~F0 = gJF 0, U0 2 u0, F0 2 f0.T ju0 is symplectic with respect to �̂.Given a Q-representation, l = u ?+ ~u carries a canonical structure of ad-missible quaternionic K�ahlerian Lie algebra such that(i) u is a subalgebra of l (called principal K�ahlerian subalgebra);(ii) adU j~u = TU for all U 2 u and(iii) [ ~U; ~V ] = �̂( ~U; ~V )G0 for all U; V 2 u.The quaternionic structure q = spanfJ�j� = 1; 2; 3g is de�ned as follows:J1U := JU ; J1 ~U := �gJU ; J2U := ~U; J2 ~U := �U ; J3 = J1J2 ;for U 2 u. The main examples of Q-representations will be presented insection 2. 4



1.3 Riemannian Homogeneous Spaces associated withan admissible Lie AlgebraLet an admissible Lie algebra (l; h; i) be given and let L be the correspondingsimply connected Lie group. We denote by g the left-invariant Riemannianmetric on L de�ned by h; i. We say that (L; g) is the Riemannian homoge-neous space associated with (l; h; i). Then the de�nitions of section 1.2 maybe reformulated in terms of the homogeneous Riemannian space (L; g) asfollows: The Koszul formula gives the covariant derivative of a left-invariantvector �eld Y � on L corresponding to Y 2 l in the point e 2 L under theidenti�cation TeL = l. The holonomy algebra hol is the Lie algebra of theholonomy group in the point e of the manifold (L; g). Symmetric (resp.K�ahler, resp. quaternionic K�ahler) metric Lie algebras correspond exactly tosymmetric (resp. K�ahler, resp. quaternionic K�ahler) manifolds (L; g). More-over the Riemannianmanifold (L; g) is irreducible if and only if the admissibleLie algebra (l; h; i) is irreducible (v. [A 1]). Remark that for arbitrary metricLie algebras this is not true.We will describe an algorithm to determine the full isometry group I(L; g)and the full isometry algebra Lie I(L; g) of the homogeneous Riemannianmanifold (L; g).1.4 Full Isometry Group and AlgebraDe�nition 1.5 An SR-decomposition of an admissible Lie algebra l is anorthogonal semidirect sum l = ls + lr, where(i) ls = i(s) is a symmetric Iwasawa algebra of a semisimple Lie algebra sof non-compact type (i.e. without compact ideals 6= 0).(ii) lr is some admissible ideal or trivial.It was proved by S.I. Araki [Ar] that the Lie algebra i(s) uniquely de-termines s. Note that if l = a + n, ls = as + ns and lr = ar + nr are theorthogonal decompositions (1) then a = as + ar, n = ns + nr, [ar; ls] = 0,nr = P�2Rr n� and ns = P�2Rs n�, where Rr = f� 2 Rj �jar 6= 0g,Rs = f� 2 Rj �jar = 0g and the set of roots R has the decompositionR = Rr [Rs.We denote by der(l) respectively d(l) the Lie algebra of derivations re-spectively skew-symmetric derivations of l. Remark that the semidirect sumd(l)+3l is an isometry Lie algebra on (L; g), this means that it is the Liealgebra of some Lie group of isometries of the Riemannian manifold (L; g)(v. [K-N 1] Ch. VI Thm. 3.6. and Thm. 7.2.). But in general it is not the5



full isometry algebra, i.e. the Lie algebra of the full isometry group. For anSR-decomposition l = ls+lr we denote by d0(lr) the Lie algebra of derivationsof lr which can be extended to derivations of l vanishing on ls.De�nition 1.6 An SR-decomposition l = ls + lr, ls = i(s) of an irreducibleadmissible Lie algebra l is called suitable, if the representation ad : ls !der(lr) is extended to a representation � : s ! der(lr) such that k� := �(s) \d(lr) is a maximal compact subalgebra in �(s). A suitable SR-decompositionis called maximal if dim ls is maximal.Remark 2: From the irreducibility it follows that � is faithful.The following theorem gives an algorithm which allows to compute the fullisometry algebra of the homogeneous Riemannian manifold (L; g) associatedwith an irreducible admissible Lie algebra (l; h; i).Theorem 1.1 Let (l; h; i) be an irreducible admissible Lie algebra. Any suit-able SR-decomposition l = ls + lr, ls = i(s) (with representation �) de�nesan isometry algebra g � l of the corresponding homogeneous Riemannianmanifold (L; g), which is described as follows:g = s+ d0(lr) + lr ; (2)lr is an ideal with the natural action of the Lie algebra d0(lr) and the actionof s de�ned by the representation � : s! der(lr) and [s; d0(lr)] = 0. Moreoverwe have g = k + l ; s = ks + ls and k \ l = 0 ;where k = ks + d0(lr) is a maximal compact subalgebra of g and ks = ��1(k�)is a maximal compact subalgebra of s.A maximal suitable SR-decomposition is unique and de�nes the full isom-etry algebra g.Proof. Let l = ls + lr be a suitable SR-decomposition and g the associatedLie algebra described in the theorem. It is immediate that g = k+ l withstated properties.To prove that g is an isometry Lie algebra on (L; g) it is su�cient toconstruct a connected Lie group G with LieG = g such that the connectedsubgroup K with LieK = k is compact and hence closed. Then we mayidentify L �= G=K. For this we need Lemma 1.2.Lemma 1.2 The adjoint representation � : g! der(lr) is faithful.6



Proof. Suppose that h = ker� 6= 0. By remarks 1 and 2 h\ lr = zent(lr) = 0and h \ (s + d0(lr)) = 0. Hence, the projection b of h onto s+ d0(lr) is anon-trivial ideal of s+ d0(lr). Since any semisimple Lie algebra has a non-trivial compact subalgebra and d0(lr) is compact , there exists X 2 b suchthat �(X) 6= 0 has purely imaginary eigenvalues. Choose Y 2 lr such that�(X + Y ) = 0. Then �(Y ) 6= 0 has purely imaginary eigenvalues. This isimpossible because lr is admissible. 2We de�ne G as the group of automorphisms of the Lie algebra lr gene-rated by the linear Lie algebra �(g) � der(lr). By Lemma 1.2 the adjointrepresentation � : g! der(lr) is faithful, hence LieG = g.Denote by S, A0(lr) and Lr the connected linear Lie groups which cor-respond to the summands of g = (s� d0(lr))+3lr. They are closed in GL(lr)because s is semisimple and hence algebraic, d0(lr) is algebraic by de�ni-tion and Lr is splittable solvable with trivial center. This implies thatG = SA0(lr)Lr is a closed linear group. Denote by K the subgroup of Gwith LieK = �(k) �= ks+d0(lr). Since �(k) consists of skew-symmetric opera-tors the closure K of K in GL(lr) (and hence in G) is compact. On the otherhand K = KsA0(lr) is closed in G since the second factor is compact and Ks(the Lie group generated by ks) is a closed subgroup of S and hence of G.This shows that K is a maximal compact subgroup of G. This proves thatevery suitable SR-decomposition l = ls + lr gives rise to an isometry algebrag � l of (L; g).To prove the last statement let (L; g) be the Riemannian homogeneousspace associated with the irreducible admissible Lie algebra (l; h; i). Denoteby g the full isometry algebra of (L; g) and by k the isotropy subalgebra ofthe point e 2 L in G; it is a maximal compact subalgebra of g. Then g = k+ land k \ l =0, because L acts simply transitively. Now we make use of twolemmas.Lemma 1.3 There exists a decomposition g = k + l = s+ sc + r, where r isthe radical and s+ sc is the splitting of a maximal semisimple subalgebra intoa direct sum of a non-compact and a maximal compact ideal, such thata) l = ls + lr, ls = i(s) = l \ s, lr = l \ r, is a suitable SR-decomposition.As following Def. 1.5 the corresponding decompositions (1) are denotedby l = a+ n, ls = as + ns and lr = ar + nr.b) k = ks + sc + kr, where ks = k \ s and kr = k \ r are maximal compactsubalgebras of s and r respectively.c) s = ks + ls, r = kr + lr, g = k+ l = (ks + sc + kr) + ls + lr;7



d) [kr; s+ sc + kr] = [s; sc] = 0;e) [k+ s; ar] = 0 and nr is the nilradical of g.Proof. The proof can be found in the literature, s. [Wolt] 2.1 Satz, cf. [A 1]and [A-W 2]. In [Wolt] non-positive curvature is assumed. This ensures theexistence of a simply transitive solvable group of isometries which gives riseto a Lie algebra of \non-positive curvature type". In our paper the existenceof such a group is assumed from the very beginning, since admissible Liealgebras are of non-positive curvature type. 2Lemma 1.4 Under the notation of the preceding lemma:1) The adjoint representation � : g! der(lr) is faithful.2) �(sc + kr) = d0(lr), where d0(lr) is de�ned after Def. 1.5.Proof. The proof of 1) is as the proof of Lemma 1.2. To prove 2) we remarkthat �(sc + kr) � d0(lr) :Indeed, ad(sc + kr) is a Lie algebra of derivations of g which acts trivially ons by Lemma1.3 d), in particular it acts trivially on ls and hence it acts on land ad(sc + kr)jlr = �(sc + kr) � d0(lr).Now it is su�cient to check that�(ks) \ d0(lr) = 0 :Let X 2 ks be such that �(X) 2 d0(lr), i.e. �(X) can be extended to D 2 d(l)with Djls = 0. Since g is the full isometry algebra, such a derivation de�nesan element Y 2 k such that adY jl = D. The di�erence X � Y is in ker � = 0(v. 1)). Hence adX l � l and adX jls = 0. This implies that X = 0, because theisotropy representation of the in�nitesimal symmetric space s=ks is faithful.2 >From Lemma 1.3 and 1.4 it follows that the full isometry algebra of (L; g)admits a decomposition (2), where s is the non-compact part of some Levisubalgebra s+ sc and d0(lr) = sc + kr, where kr is some maximal compactsubalgebra of the radical r = kr + lr. Moreover, all the properties stated inthe theorem are ful�lled. Hence we proved that the full isometry algebra isassociated with some suitable SR-decomposition l = ls+ lr. Let l = l0s+ l0r bean other suitable SR-decomposition and g0 = s0 + d0(l0r) + l0r the associatedisometry algebra. We may embed g0 � g such that s0 � s due to the conjugacyof maximal semisimple subalgebras. Then l0s = s0 \ l � ls = s \ l and8



dim l0s � dim ls. If dim l0s = dim ls then l0s = ls and l0r = lr as orthogonalcomplement of ls in l. This �nishes the proof of Theorem 1.1. 2Remark 3: Note that a subalgebra of a semisimple Lie algebra s whichgenerates a compact subgroup of AdS may generate a non-compact subgroupof a Lie group S with LieS = s.Let l = ls + lr be the maximal suitable SR-decomposition of an irre-ducible admissible Lie algebra (l; h; i). We identify the full isometry al-gebra g(l) = s+ d0(lr) + lr, provided by Theorem 1.1, with the linear al-gebra �(g(l)) � der(lr), using the faithful representation � and denote byG(l) � Aut(lr) the corresponding linear group. It is the connected compo-nent of the unity of the full isometry group I(L; g)Now we describe I(L; g). Denote by K(l) the group of all orthogonalautomorphisms of the metric Lie algebra lr which normalize the subalgebras � der(lr). Note that K(l) normalizes g(l).Theorem 1.5 Let (l; h; i) be an irreducible admissible Lie algebra and l =ls + lr its maximal suitable SR-decomposition. Assume that the maximalsemisimple subalgebra s of non-compact type of the full isometry algebrag(l) = s+ d0(lr) + lr is simple. Then the (full) isometry group isI(L; g) = K(l) � G(l) � Aut(lr) :Moreover K(l) is identi�ed with the stabilizer K of the point e 2 L andK(l) \ G(l) is the connected component of unity in K(l).Remark 4: The theorem remains true also when s = s1 � � � � � sk is notsimple under the condition that for any two isomorphic ideals si, sj thecorresponding Iwasawa ideals i(si), i(sj) of ls are isomorphic as metric Liealgebras.Proof. Denote by K the stabilizer of the point e 2 L in I(L; g).Lemma 1.6 1) The adjoint representation of K on g(l) preserves the de-composition g(l) = s+ d0(lr) + lr.2) The adjoint representation of K on lr is faithful.Proof. 1) The stabilizer K0 of the point e in G(l) is a (connected) maximalcompact subgroup of G(l). It may be written asK0 = Ks �A0(lr) ;where Ks and A0(lr) are the subgroups of G(l) corresponding to ks (maxi-mal compact subalgebra of s) and d0(lr). It is clear that K0 preserves the9



decomposition g(l) = s + d0(lr) + lr. Any k 2 K preserves k = LieK andtransforms the polar decomposition g(l) = k+ l into a polar decompositiong(l) = k+Adkl. Since any two polar decompostions are conjugated (s. [A 1]),there exists k0 2 K0 such that Adkk0 preserves k and l. Then it preserves alsothe decompositionsl = ls + lr; g(l) = (ks + ls) + d0(lr) + lr :Hence, Adk preserves the decomposition g(l) = s+ d0(lr) + lr. This proves1). 2) Let Adkjlr = Id for some k 2 K. Then for any A 2 s+ d0(lr), X 2 lrwe have Adk[A;X] = [AdkA;X] = [A;X]therefore [A � AdkA;X] = 0. This implies AdkA = A and Adkjg(l) = Id,since the representation of s+ d0(lr) on lr is faithful. >From the faithfulnessof the isotropy representation it follows now that k = id. 2The lemma shows that K � K(l).Lemma 1.7 K0 = K(l)0Proof. The group AdK(l)0js is a compact connected group of automor-phisms of a semisimple Lie algebra, hence it consists of inner automorphisms.On the other hand it contains AdKs, where Ks is maximal compact inS. This implies AdK(l)0js = AdKs. Consider a one-parameter subgroup'(t) = exp tX in K(l)0. Modulo Ks � K0 = Ks �A0(lr) we may assume that'(t) commutes with s. This implies that X 2 d0(lr) (s. Def. 1.5) and hence'(t) 2 A0(lr) � K0. 2As before, due to the conjugacy of polar decompositions, any ' 2 K(l)after multiplication by some element from K0 = K(l)0 preserves l. Then itpreserves lr = l\r, where r is the radical of g(l) (s. Lemma 1.3), and ls = l\s.Now we prove that ' preserves the scalar product on l. By de�nition 'is orthogonal on lr. Identify ls �= s=ks and note that h; i on ls is the unique(up to scaling) ks-invariant scalar product on ls, since s is simple. This scalarproduct is invariant under ', because ' together withK0 generates a compactLie group with Lie algebra k = ks + d0(lr) which preserves ks = k \ s. So 'is an orthogonal automorphism of (l; h; i). By [K-N 1] Ch. 6, Th. 3.6 andThm. 7.2, it is identi�ed with some element in the stabilizer K. Hence weproved that K(l) = K.2Corollary 1.8 If all automorphisms of s are inner, i.e. Aut(s) = Int(s),then I(L; g) = Gs = S � As(lr) � Lr ;10



where As(lr) is the group of orthogonal automorphisms of lr which commutewith s.Corollary 1.9 Assume that Aut(s) = Int(s)['Int(s) and that ' preservesthe maximal compact subalgebra ks � s. If ' can be extended to an auto-morphism ~' 2 Aut(s+3lr) which preserves the decomposition s + lr and isorthogonal on lr then I(L; g) = Gs [ ~'Gs :In the opposite case I(L; g) = Gs.Remark 5: It is no restriction of generality to assume that 'ks = ks, sinceany two maximal compact subalgebras of s are conjugated by an inner auto-morphism.Remark 6: A similar statement holds ifAut(s) has more than two connectedcomponents.Proof. It is su�cient to prove that if ' cannot be extended, then K =K(l) = Ks � As(lr). Let k 2 K(l). Then k preserves s , k = LieK andks = s \ k. >From the asumption we know that Adkjs = 'Ada or Ada,where a is an element of the normalizer NS(ks) = NS(Ks). Now we provethat NS(Ks) = Ks. Without restriction we may assume that the symmetricspace S=Ks is irreducible. Suppose that a 2 NS(Ks)�Ks. This implies thataKs 2 S=Ks is a �xpoint ofKs and henceKs �xes the unique geodesic throughthe points Ks and aKs, which contradicts the irreducibility of S=Ks. Hence,we proved that a 2 Ks. In the �rst case we can write ' = Adka�1js. Thisshows that ' can be extended to an automorphism Adka�1 with the statedproperties, which contradicts the assumption. Hence we have Adkjs = Adajsand therefore b = ka�1 2 As(lr). This shows k = ba 2 As(lr) � Ks andK = As(lr) � Ks. 2Corollary 1.10 Let (L; g) be the Riemannian homogeneous space associatedto an admissible Lie algebra (l; h; i). Then the following conditions are equiv-alent.1) The full isometry group I(L; g) is unimodular.2) (L; g) is symmetric.3) (L; g) has a compact quotient (as Riemannian manifold).4) (L; g) has a quotient of �nite volume.11



Proof. It is well known that 2)) 3)) 4)) 1). We have to show 1)) 2).We may assume that l is irreducible. Let l = ls + lr be a maximal suitableSR-decomposition, in particular lr is admissible. According to Theorem 1.1lr is an ideal in the full isometry algebra g = (s � d0(lr))+3lr. Thereforelr is unimodular and admissible, hence trivial. This implies that g = s issemisimple and l = i(s) is its symmetric Iwasawa algebra. 2Corollary 1.11 The quaternionic K�ahlerian solvmanifolds classi�ed in [A 2]do admit quotients of �nite volume if and only if they are symmetric.Proof. Since the corresponding solvable metric Lie algebras are admisible(v. [C] Prop. II.29) the result follows from the preceding corollary. 22 Full Isometry Algebra of QuaternionicK�ahlerian SolvmanifoldsIn this section we will determine the full isometry algebra of quaternionicK�ahlerian solvmanifolds (L; g) using the algorithm described in section 1.The non-symmetric examples are naturally grouped into three families, whichwill be treated parallelly: T -, W- and V-spaces. These families containsymmetric examples as well; they correspond to special values of the integerparameters and will be excluded in our discussion.We will begin by recalling the de�nition of each of the three families forconvenience of the reader. Since the corresponding metric Lie algebras l =a+n are admissible (v. [C]) and irreducible (v. [Be] 14.45 Thm.) we can applyThm. 1.1. The �rst step is to list all possible decompositions n = n1 ?+3 n2of n = [l; l] into sums of root-spaces of a. The main step is to prove theexistence of a suitable SR-decomposition l = ls + lr such that ns = n1 andnr = n2, where n = n1+ n2 is a decomposition from the list such that n1 6= nis maximal. The last property implies that l = ls + lr is a maximal suitableSR-decomposition. Thanks to Thm. 1.1 this provides us with an explicitdescription of the principal part s+3lr (s = i(ls)) of the full isometry algebrag = (s� d0(lr))+3lr. The remaining step is the straightforward computationof d0(lr).At this point the following observation is pertinent. Denote by (L; g)the quaternionic K�ahlerian solvmanifold associated with a non-symmetricadmissible quaternionic K�ahlerian Lie algebra (l; h; i; q). Let g = k + l be thefull isometry algebra of (L; g). Consider the linear isotropy algebra �k � so(l),i.e. the image of the isotropy algebra k under the isotropy representation ong=k �= l. Since l is quaternionic K�ahlerian and non-symmetric, we know (s.12



[Be] 10.92 Cor.) that hol = n(q) = q + z(q) (�= sp(1) � sp(n)), where n(q)resp. z(q) denotes the normalizer resp. the centralizer of the quaternionicstructure q in so(l). Therefore�k � n(hol) = n(n(q)) = n(q) :We shall see that the projection of �k on q is always surjective. Thisimplies that the twistor space and the canonical SO3-principal bundle overthe quaternionic K�ahlerian solvmanifold are homogeneous under the isometrygroup of the base.The following notion will be used frequently.De�nition 2.1 Let ' be a representation of a key algebra f = spanfG =JH;Hg with root � on a Euclidean vector space (x; h; i) with complex structureJ1. We say that x = x+ ?+ x�, x+ = J1x�, is a weight decomposition if'(H)jx� = ��2 Id ; '(G)jx+ = 0 and '(G)jx� = ��J1 :Note that ' is symplectic with respect to �1 = hJ1�; �i and that '(JF )sym =J1'(F )sym for all F 2 f (cf. Example 4).2.1 T -SpacesThe family t = t(p), p = 0; 1; 2 : : :, of admissible quaternionic K�ahlerian Liealgebras is de�ned by a family of admissible K�ahlerian Lie algebras u = u(p)and their unique Q-representations T as explained in Example 5. u = f0 ?� u0can be described as follows:u0 = e1 ?2+ f2 ; e1 = f1 + x1 = e(p + 1; 1) ; f2 = e(1; 1p2) ;the key algebras fi = spanfGi;Hig, i = 0; 1; 2, commute and adf2 jx1 hasa weight decomposition x1 = x+ + x�. u has a unique Q-representationT : u! End(~u). With respect to the orthonormal basis~P+ := 12 � ~H0 + ~H1 +p2 ~H2� ; ~Q+ := Ĵ ~P� = 12 � ~G0 � ~G1 +p2 ~G2� ;~P0 := 1p2 � ~G0 + ~G1� ; ~Q0 := Ĵ ~P0 = 1p2 �� ~H0 + ~H1� ;~P� := 12 � ~H0 + ~H1 �p2 ~H2� ; ~Q� := Ĵ ~P+ = 12 � ~G0 � ~G1 �p2 ~G2�13



of ~f0 +~f1 +~f2 it is given by (X� 2 x�):TH0 = 12Id ; TG0 = 0 ;TH1 = 12 � ~P+ 
 ~P+ + ~P0 
 ~P0 + ~P� 
 ~P��� 12 � ~Q+ 
 ~Q+ + ~Q0 
 ~Q0 + ~Q� 
 ~Q�� ;TG1 = � ~P0 
 ~Q0 � ~P+ 
 ~Q+ � ~P� 
 ~Q� ;TH2j~x?1 = 1p2 � ~P+ 
 ~P+ � ~P� 
 ~P� + ~Q+ 
 ~Q+ � ~Q� 
 ~Q�� ;TG2j~x?1 = ~Q0 
 ~Q� � ~Q+ 
 ~Q0 + ~P0 
 ~P� � ~P+ 
 ~P0 ;TH2j~x+ = p24 Id ; TH2j~x� = �p24 Id ;TG2 j~x+ = 0 ; TG2j~x� = �p22 J1 ;TX+ = ~P+ 
 ~X+ + 1p2 ~P0 
 gJX+ + gJX+ 
 ~Q� � 1p2 ~X+ 
 ~Q0 ;TX� = ~P� 
 ~X� + 1p2 ~P0 
 gJX� + gJX� 
 ~Q+ � 1p2 ~X� 
 ~Q0 :(Here we identify covectors with vectors by means of the scalar product h; i.)In particular, Tf2 j~x1 has weight decomposition ~x1 = ~x+ +~x�.T (0) = SO0(3; 4)=(SO(3) � SO(4)) is the only symmetric space in thefamily of quaternionic K�ahler manifolds T (p) associated to t(p), p = 0; 1; 2 : : :We will always assume p 6= 0.As usual, let t = a+ n denote the decomposition (1).Lemma 2.1 The table below lists all semidirect orthogonal decompositionsn = n1 ?+3 n2 of the Lie algebra n = [t; t], such that any root space n�, � 2 R,(with respect to the Cartan subalgebra a of t = a + n) is contained in n1 orn2: 14



n1 n20 hhG2; ~Q�; x� ii = n� G2 � hh ~Q�; x�ii� ~Q� � hhG2; x�ii� x� � hhG2; ~Q�ii� G2; ~Q� � hhx�ii� G2; x� � hh ~Q�ii� ~Q�; x� � hhG2ii� G2; ~Q�; x� � 0� � � � �= n1 respectively hh� � �ii = n2 means that � � � generates the subalgebran1 respectively the ideal n2. Since n1 ? n2 it is enough to specify n1 or n2.Given a decomposition n = n1 + n2 as in the lemma we canonically as-sociate a decomposition a = a1 + a2 by de�ning a2 := fA 2 aj adAn1 = 0g,a1 ? a2. Setting ti = ai+ ni, i = 1; 2, we obtain a decomposition t = t1 ?+3 t2.It is clear that every SR-decomposition of t has to show up in this way.The converse is not true: n1 = n, n2 = 0 does not correspond to an SR-decomposition of t(p), since we are assuming p 6= 0.Remark 7: For n1 =� G2; x� � we obtain a1 + n1 = u0 the principal partof the (totally geodesic) K�ahlerian subalgebra u = f0 + u0. As Lie algebraswe have u0 �= i(so(p + 2; 2)). Nevertheless, the Riemannian homogeneousspace associated with the metric Lie algebra u0 is not the hermitian sym-metric space SO0(p + 2; 2)=(SO(p + 2) � SO(2)); simply because the scalarproduct on u0 is not symmetric. In all the other cases (excluding n1 = n)a1 + n1 is a symmetric totally geodesic subalgebra of t. As we shall see,n1 =� G2; ~Q� � gives rise to the maximal suitable SR-decomposition of t.The subalgebra n1 =� G2; ~Q� � is maximal with the property that the fullisometry algebra of the totally geodesic symmetric submanifold correspond-ing to a1 + n1 extends to an isometry algebra on the ambient quaternionicK�ahler manifold T (p).Proposition 2.2 The maximal suitable SR-decomposition t = ts + tr oft = t(p), p 6= 0, is given as follows1) ts = as + ns, as = spanfH0 �H1;H2g, ns = � G2; ~Q� � = spanfG2,~Q0, ~Q+, ~Q�g,2) tr = ar + nr, ar = spanfH0 + H1g, nr = hhx�ii = spanfG0, G1, ~P0,~P+, ~P�g+ x1 +~x1,3) ts = i(s), s = so(v3;2) �= so(3; 2),15



where a scalar product (; ) of signature (3; 2) on the vector space v3;2 =spanfG0, G1, ~P0, ~P+, ~P�g = zent(nr) is de�ned by the formulas (i = 0; 1,j = 0;+;�) (G0; G1) = ( ~P+; ~P�) = ( ~P0; ~P0) = 1 ;(Gi; Gi) = ( ~P�; ~P�) = (Gi; ~Pj) = 0 :We consider ts as subalgebra of s = so(v3;2) �= V2 v3;2 via the embedding8>>>>>>>>><>>>>>>>>>: H0 �H1 7! G0 ^̂G1p2H2 7! ~P+ ^̂ ~P�G2 7! � ~P0 ^̂ ~P+~Q0 7! ~P0 ^̂G0~Q+ 7! G0 ^̂ ~P+~Q� 7! G0 ^̂ ~P�((U ^̂V )(W ) = (V;W )U � (U;W )V , U; V;W 2 v3;2). The extension � : s !der(tr) of the representation ad : ts ! der(tr) is trivial on spanfH0 + H1g,standard on v3;2 and acts on x1+~x1 as a sum of p semi-spinor representationsde�ned by the following formulas:�( ~P0 ^̂G1)jx1 = 0 ; �( ~P0 ^̂G1)j~x1 = 1p2J2 ;�( ~P0 ^̂ ~P�)j(x+ +~x+) = 1p2J1 ; �( ~P0 ^̂ ~P�)j(x� +~x�) = 0 ;�(G1 ^̂ ~P�)j~x+ = J3 ; �(G1 ^̂ ~P�)j(x1 +~x�) = 0 ;�( ~P+ ^̂G1)j~x� = �J3 ; �( ~P+ ^̂G1)j(x1 +~x+) = 0 :Proof. The embedding ts ,! s shows that ts is a symmetric Iwasawa algebraof s. It is straightforward to check that the formulas given in the propositionde�ne a representation � of s on tr which extends ad : ts ! der(tr) and actsby derivations.To see that k� := �(s) \ d(tr) is maximal compact in �(s) it is enough tonote that ks is maximal compact in s, � is faithful and �(ks) � d(tr). Weprove this inclusion by a direct computation:ks = spanf ~P0 ^̂R+1 ; ~P0 ^̂R+2 ; R+1 ^̂R+2 g � spanfR�1 ^̂R�2 g �= so(3)� so(2) ;where R�1 = G0 �G1 and R�2 = ~P+ � ~P�.�( ~P0 ^̂R+1 )j(x1 +~x1) = 1p2J2 (3)�( ~P0 ^̂R+2 )j(x1 +~x1) = 1p2J1 (4)�(R+1 ^̂R+2 )j(x1 +~x1) = J3 (5)16



�(R�1 ^̂R�2 )j(x� +~x+) = J3 ; �(R�1 ^̂R�2 )j(x+ +~x�) = �J3 :We see that �(ks)j(x1+~x1) and therefore �(ks) consists of skew-symmetricendomorphisms. This shows that t = ts + tr is a suitable SR-decomposition.It corresponds to the splitting n = n1 + n2, n2 = hhx�ii, in Lemma 2.1. Onesees from the list that there is no other splitting n = n01+n02, with n1 � n01 6= n.This proves the maximality. 2Corollary 2.3 Consider the Cartan decomposition s = ks+p of s = so(v3;2)into its skew-symmetric part ks and its symmetric part p with respect to theEuclidean scalar product h; i on v3;2. Then �(ks) (respectively, �(p)) consistsof skew-symmetric (respectively, symmetric) endomorphisms.Proof. We know already that �(ks) consists of skew-symmetric endomor-phisms. The fact that �(p) consists of symmetric endomorphisms is estab-lished similarly by computing �(p)j(x1 +~x1) starting fromp = spanf ~P0 ^̂R�i ; R+i ^̂R�j ; i; j = 1; 2g : 2Corollary 2.4 Denote by �ks � q+ z(q) � so(t) the image of ks under theisotropy representation on s=ks + tr �= t. Then the projection of �ks on q issurjective.Proof. This follows immediately from the equations (3), (4) and (5) sincex1 +~x1 is a quaternionic subspace of t. 2To formulate the �nal result we introduce the following notation. LetV = H denote the quaternions with standard scalar product hq; qi = q�q andby Ri, Rj, Rk, right multiplication by i; j; k 2 H . Then !0 = hRk�; �i is asymplectic form on the real vector space V �= R4. Now we de�ne a metricLie algebra tr. It will be proved that it is isomorphic to tr described in Prop.2.2. We put tr = V 
Rp ?+ ^2Vwith natural scalar product h; i induced by (V; h; i) and the standard scalarproduct on Rp. We normalize h; i on ^2V by jv ^ wj = 1 for orthonormalvectors v, w. Denote by !0 = !�10 the element of ^2V which is inverse to!0 2 ^2V �. We can decompose^2V = ^20V +R!0 ;where ^20V = ker !0, !0 2 ^2V �. We note that j!0j2 = 2 and !0 ? ^20V .17



Now we de�ne the Lie algebra structuread!0 jV 
Rp = 12Id; ad!0j ^20 V = Id ;it follows that [^20V; V 
Rp+^20V ] = 0. It remains to de�ne [; ] : (V 
Rp)�(V 
Rp)! ^20V . It is given by[v 
 x;w 
 y] = (v ^ w)0hx; yi ;where the subindex 0 denotes the natural projection ^2V ! ^20V and h; i thestandard scalar product on Rp. Denote by sp(V; !0) the symplectic Lie alge-bra of the symplectic vector space (V; !0). It acts naturally on tr by deriva-tions. We de�ne also an action of the Lie group (resp. algebra) O(p) (resp.so(p)) on tr by orthogonal automorphisms (resp. skew-symmetric derivations)as follows. An element � 2 O(p) (resp. ' 2 so(p)) acts on tr by�(v 
 x) = v 
 �(x) �j ^2 V = Id ;'(v 
 x) = v 
 '(x) 'j ^2 V = 0 :So we de�ned on tr = V 
Rp + ^20V +R!0 the structure of a metric Liealgebra such that the Lie algebra sp(V; !0)� so(p) acts on tr by derivations.Theorem 2.5 1) The quaternionic K�ahler Lie algebra t(p), p � 1, is iso-morphic (as metric Lie algebra) to the metric Lie algebra i(sp(V; !0)) ?+3 tr,where i(sp(V; !0)) is the symmetric Iwasawa algebra associated with s =sp(V; !0), s. Example 1.2) The full isometry algebra g(T (p)) of the quaternionic K�ahler manifoldT (p), p � 1, is given byg(T (p)) = (sp(V; !0)� so(p))+3tr :The adjoint representation of this Lie algebra on its ideal tr de�nes an em-bedding g(T (p)) ,! der(tr).Proof. The proof follows from Prop. 2.2. Indeed, the maximal semisimplesubalgebra of non-compact type s �= so(3; 2) acts on x1 + ~x1 as a sum of psemi-spinor representations. It is known that the semi-spinor representationof so(3; 2) can be identi�ed with the standard representation of sp(4;R) �=so(3; 2) on V = R4. Moreover, the induced representation of sp(4;R) on ^2Vcan be decomposed as ^2V = ^20V + R!0, where ^20V is identi�ed with the18



standard representation of so(3; 2). The natural s-invariant symplectic form!0 on x1 +~x1 is given by!0 = pXi=1(X i� ^ gJX i� + JX i� ^ ~X i�) ;where (X i�)i=1;:::;p is an orthonormal basis of x�. Now we can identify ass-modules x1+~x1 �= V 
Rp, v3;2 �= ^20V and ar �= R!0, where H0�H1 = !0.It remains to determine the Lie algebra d0(tr). For future applicationin section 3 we do more. We determine the corresponding (not necessarilyconnected) subgroup As(tr) of I(T (p)) which consists of orthogonal auto-morphisms of tr commuting with the action of s. This will be done in thefollowing lemma. 2Lemma 2.6 As(tr) = O(p) with the action described before Theorem 2.5.Proof. It is evident that O(p) � As(tr). Conversely, let � 2 As(tr). We mayidentify tr = V 
 Rp + ^20V + R!0. Since � commutes with s = sp(V; !0)it preserves the decomposition. Moreover, �jV 
 Rp 2 O(p), �j ^20 V = �Idand �!0 = �0!0 (�; �0 2 f�1g), due to Schurs lemma and orthogonality of�. Commutator relations immediately imply � = �0 = +1. This proves thelemma and Thm. 2.5. 22.2 W-SpacesWe are going to de�ne W- and V-spaces simultaneously. The following con-cept is important.De�nition 2.2 Let x, y and z be Euclidean vector spaces. A bilinear mapping : x� z! y is said to be isometric, ifh (X;Z);  (X;Z)i = hX;XihZ;Zifor all X 2 x and Z 2 z. Isometric mappings  : x�z! y and  0 : x0�z0 ! y0are said to be equivalent, if there are isomorphisms � : x ! x0, � : z ! z0and � : y! y0 of Euclidean vector spaces such that the following diagram iscommutative: x� z  �! y# ��� # �x0� z0  0�! y0Accordingly, we say that the data (�; �; �) de�ne an equivalence between and  0. If  =  0 we speak of an autoequivalence. Two isometric19



mappings  : x � z ! y and  0 : x � z0 ! y0 are said to be isomorphic, ifthere are isomorphisms � : z ! z0 and � : y ! y0 of Euclidean vector spacessuch that the following diagram is commutative:x� z  �! y# Id�� # �x� z0  0�! y0We say that the data (�; �) de�ne an isomorphism between  and  0. If =  0 we speak of an automorphism. An isometric mapping  : x� z! ywith k = dim x 6= 0 is said to be special, if dimy = dim z 6= 0. k is calledthe order of the special isometric mapping.Let  : x� z ! y be a special isometric mapping. The transpose of  isthe special isometric mapping de�ned by (X 2 x, Y 2 y, Z 2 z)h t(X;Y ); Zi := hY;  (X;Z)i :Given a second special isometric mapping  0 : x � z0 ! y0 (over the sameEuclidean vector space x) the sum  +  0 is the special isometric mapping +  0 : x� (z + z0)! y+ y0 de�ned by (X 2 x, Z 2 z, Z 0 2 z0)( +  0) (X;Z + Z 0) :=  (X;Z) +  0 (X;Z 0) :We recall that special isometric mappings and Z2-graded Cli�ord mod-ules are equivalent notions. The natural correspondence is induced by thefollowing construction. To a special isometric mapping  : x� z! y we canassociate aZ2-graded moduleM =M0�M1 over the Cli�ord algebra C`(x).In fact, set M0 := z, M1 := y and de�ne 	 : x! End(M ) by	(X)Z :=  (X;Z) ; 	(X)Y := � t(X;Y ) (X 2 x; Y 2 y; Z 2 z) ;then 	 satis�es the relation 	(X)2 = �hX;XiId.Let x�, z� and y� be Euclidean vector spaces. Every isometric mapping : x� � z� ! y� de�nes an admissible K�ahlerian Lie algebra u( ) = (f0 +u0; J) by means of the following recipe1. u0 is a semidirect orthogonal sum u0 = (f1 + x1) + (f2 + x2) + f3 ofelementary K�ahlerian Lie algebras with commuting key algebras withroot 1.2. x1 admits a (J -invariant) decomposition x1 = y + z such that the fol-lowing is true for x := x2, y and z: adf3 jy, adf2 jz and adf3 jx have weightdecompositions y = y+ + y�, z = z+ + z� and x = x+ + x�, wherey+ = Jy�, z+ = Jz� and x+ = Jx�. Furthermore:[f1; x] = [f2; y] = [f3; z] = [y; z] = [x; z+] = [x+; y+] = [x�; y�] = 0 :20



3. The remaining Lie brackets are computed according to the rules (X 2 x,X� 2 x�, Y� 2 y� and Z� 2 z�):[X�; Z�] = 1p2 (X�; Z�) ; [JX;Z�] = J [X;Z�] ;[x�; y+] � z+ ; [X+; Y�] = [JX+; JY�] andh[X�; Y+]; Z+i = � 1p2 hJY+;  (X�; JZ+)i :u( ) admits a (unique) Q-representation if either(i) x� = 0 (hence  = 0) and u = u(p; q) �= u(q; p) is completely deter-mined by the parameters p = dimy� and q = dim z� or(ii)  is a special isometric mapping.The corresponding quaternionic K�ahlerian Lie algebras (solvmanifolds) aredenoted by w(p; q) (W(p; q)) and v( ) (V( )) in the cases (i) and (ii) re-spectively. We recall that the K�ahlerian Lie subalgebra u = u( ) is calledprincipal K�ahlerian subalgebra. The corresponding subgroup U is a totallygeodesic K�ahlerian submanifold of the quaternionic K�ahlerian solvmanifold.The de�nition of the Q-representation T of u( ) is given as follows. Setf := P3i=0 fi. The operators TH�j~f and TG�j~f are given, with respect to theorthonormal basis ~P0 := 12 � ~H0 + ~H1 + ~H2 + ~H3� ;~P� := 12 �� ~H0 � ~H� + ~H� + ~H
� ;~Qi := Ĵ ~Pi ; (f�; �; 
g = f1; 2; 3g ; i 2 f0; 1; 2; 3g)of ~f, by the following formulas:TH�jspann ~P0; ~P�; ~Q�; ~Q
o = 12Id ;TH�jspann ~Q0; ~Q�; ~P�; ~P
o = �12Id ;TG� : 8><>: ~Q0 7! ~P� 7! 0 ;~Q� 7! ~P0 7! 0 ;~P� 7! ~Q
 7! 0 :Tf1j~x, Tf2j~y and Tf3 j~z have weight decompositions ~x = ~x+ +~x�, ~y = ~y+ + ~y�and ~z = ~z+ +~z� andTf1 (~y+~z) = Tf2 (~x +~z) = Tf3 (~x+ ~y) = 0 :21



In the following, let X�, Y� and Z� denote arbitrary elements and (X i�)i,(Y i�)i and (Z i�)i arbitrary orthonormal bases of x�, y� and z� respectively.U � V := 2rUV de�nes a bilinear mapping from the product of two of thespaces x, y and z into the third. With these conventions the expressions forthe remaining operators TU (U 2 y+ z+ x) readTX+ = ~P0 
 ~X+ � ~X+ 
 ~P1 + gJX+ 
 ~Q0 � ~Q1 
 gJX++Xi gX+ � Y i� 
 ~Y i� +Xi gX+ � Z i� 
 ~Z i� ;TY+ = ~P0 
 ~Y+ � ~Y+ 
 ~P2 + gJY+ 
 ~Q0 � ~Q2 
 gJY++Xi gY+ �X i� 
 ~X i� +Xi gY+ � Z i� 
 ~Z i� ;TZ+ = ~P0 
 ~Z+ � ~Z+ 
 ~P3 + gJZ+ 
 ~Q0 � ~Q3 
 gJZ++Xi gZ+ �X i� 
 ~X i� +Xi gZ+ � Y i� 
 ~Y i� ;TX� = � ~P2 
 ~X� � ~X� 
 ~P3 � gJX� 
 ~Q2 � ~Q3 
 gJX�+Xi gX� � Y i� 
 ~Y i� +Xi gX� � Z i+ 
 ~Z i+ ;TY� = � ~P1 
 ~Y� � ~Y� 
 ~P3 � gJY� 
 ~Q1 � ~Q3 
 gJY�+Xi gY� �X i� 
 ~X i� +Xi gY� � Z i+ 
 ~Z i+ ;TZ� = � ~P1 
 ~Z� � ~Z� 
 ~P2 � gJZ� 
 ~Q1 � ~Q2 
 gJZ�+Xi gZ� �X i� 
 ~X i� +Xi gZ� � Y i+ 
 ~Y i+ :For the convenience of the reader we remark that the bilinear mapping \�"introduced above is completely determined by the following relations, whichare obtained from the Koszul formula. The �rst three formulas are, as usual,to be read selecting either all the upper or all the lower signs and � 2 f�;+gand we used the standard rule of multiplication of signs: �� = + etc.X� � Y�� = �Y�� �X� 2 z� ;X� � Z�� = ��Z�� �X� 2 y� ;Y� � Z�� = Z�� � Y� 2 x� ;hX+ � Y+; Z�i = � 1p2hJY+;  (JX+; Z�)i ;hX� � Y�; Z�i = � 1p2hY�;  (X�; Z�)i ;22



hX+ � Y�; Z+i = 1p2 hY�;  (JX+; JZ+)i ;hX� � Y+; Z+i = � 1p2hJY+;  (X�; JZ+)i ;hX+ � Z+; Y�i = � 1p2hY�;  (JX+; JZ+)i ;hX� � Z�; Y�i = 1p2 hY�;  (X�; Z�)i ;hX+ � Z�; Y+i = 1p2 hJY+;  (JX+; Z�)i ;hX� � Z+; Y+i = 1p2 hJY+;  (X�; JZ+)i ;hY+ � Z+;X�i = � 1p2hJY+;  (X�; JZ+)i ;hY� � Z�;X�i = 1p2 hY�;  (X�; Z�)i ;hY+ � Z�;X+i = 1p2 hJY+;  (JX+; Z�)i ;hY� � Z+;X+i = 1p2 hY�;  (JX+; JZ+)i :W(p; 0) �= W(0; p) = SO0(p + 4; 4)=(SO(p + 4) � SO(4)) are the only sym-metricW-spaces. The multiplication in the division algebras R, C , H and Ode�nes special isometric mappings of order 1, 2, 4 and 8 respectively. Thecorresponding V-spaces are the only symmetric V-spaces. For the remain-ing of this paper the W- and V-spaces under consideration will always beassumed to be non-symmetric.First we repeat the analysis of the previous subsection for the W-spaces.V-spaces will be treated in the next subsection.Consider w = w(p; q) and let w = a+ n denote the decomposition (1).Lemma 2.7 The semidirect orthogonal decompositions n = n1 ?+3 n2 of theLie algebra n = [w;w], such that any root space n�, � 2 R, (with respect tothe Cartan subalgebra a of w = a+ n) is contained in n1 or n2, are given by(cf. Lemma 2.1): n1 = 0; � G2 �; � G3 �; � ~Q0 �;� y� �; � z� �; � G2; G3 �; � G2; ~Q0 �;� G2; y� �; � G2; z� �; � G3; ~Q0 �;23



� G3; z� �; � ~Q0; y� �; � ~Q0; z� �;� y�; z� �; � G2; G3; ~Q0 �; � G2; ~Q0; y� �;� G3; ~Q0; z� �; � ~Q0; y�; z� �; � G2; G3; y�; z� �;� G2; G3; y�; z�; ~P0 � or n :Proposition 2.8 The maximal suitable SR-decomposition w = ws + wr ofw = w(p; q), p 6= 0 and q 6= 0, is as follows1) ws = as + ns, as = spanfH0 �H1;H2;H3g, ns = � G2; G3; ~Q0 � =spanfG2; G3; ~P2; ~P3; ~Q0; ~Q1g,2) wr = ar + nr, ar = spanfH0 +H1g, nr = hhy�; z�ii = spanfG0, G1,~P0, ~P1, ~Q2, ~Q3g+ x1 +~x1, x1 = y+ z,3) ws = i(s), s = so(v3;3) �= so(3; 3),where a scalar product (; ) of signature (3; 3) on v3;3 = spanfG0, G1, ~P0, ~P1,~Q2, ~Q3g = zent(nr) is de�ned by the formulas (i; j = 0; 1, k = 2; 3)(G0; G1) = (� ~P0; ~P1) = ( ~Q2; ~Q3) = 1 ;(Gi; Gi) = ( ~Pi; ~Pi) = ( ~Qk; ~Qk) = (Gi; ~Pj) = (Gi; ~Qk) = ( ~Pj; ~Qk) = 0 :We consider ws as subalgebra of s = so(v3;3) �= V2 v3;3 via the embeddingH0 �H1 7! G0 ^̂G1H2 7! �( ~P0 ^̂ ~P1 + ~Q2 ^̂ ~Q3)=2H3 7! �( ~P0 ^̂ ~P1 � ~Q2 ^̂ ~Q3)=2G2 7! ~P0 ^̂ ~Q3G3 7! ~P0 ^̂ ~Q2~P2 7! G0 ^̂ ~Q3~P3 7! G0 ^̂ ~Q2~Q0 7! G0 ^̂ ~P1~Q1 7! G0 ^̂ ~P0 ;where the notation ^̂ was introduced in Prop. 2.2. The extension � : s !der(wr) of the representation ad : ws ! der(wr) is trivial on spanfH0 +H1g, standard on v3;3 and acts on x1 + ~x1 as a sum of p + q semi-spinorrepresentations de�ned by the following formulas:�(� ~P0 ^̂G1)j(~y� +~z�) = �J3 ; �(� ~P0 ^̂G1)j(x1 + ~y+ +~z+) = 0 ;�( ~Q3 ^̂G1)j(~y� +~z+) = �J2 ; �( ~Q3 ^̂G1)j(x1 + ~y+ +~z�) = 0 ;24



�( ~Q3 ^̂ ~P1)j(y+ +~z+) = �J1 ; �( ~Q3 ^̂ ~P1)j(y� + z+~z� + ~y) = 0 ;�(G1 ^̂ ~P1)j(~y+ +~z+) = J3 ; �(G1 ^̂ ~P1)j(x1 + ~y� +~z�) = 0 ;�(G1 ^̂ ~Q2)j(~y+ +~z�) = J2 ; �(G1 ^̂ ~Q2)j(x1 + ~y� +~z+) = 0 ;�( ~P1 ^̂ ~Q2)j(z+ + ~y+) = J1 ; �( ~P1 ^̂ ~Q2)j(y+ z� + ~y� +~z) = 0 :More precisely, y + ~y (respectively, z + ~z) consists of p (respectively, of q)equivalent semi-spinor representations and the irreducible summands of y+~yare not equivalent to the summands of z +~z.Proof. The proof is completely analogous to the proof of Prop. 2.2. We onlyremark that the semi-spinor representations on y+ ~y and z+~z are preciselyrelated by the outer automorphism � of so(v3;3) given in Prop. 3.1. 2Corollary 2.9 Consider the Cartan decomposition s = ks+p of s = so(v3;3)into its skew-symmetric part ks and its symmetric part p with respect to theEuclidean scalar product h; i on v3;3. Then �(ks) (respectively, �(p)) consistsof skew-symmetric (respectively, symmetric) endomorphisms.Corollary 2.10 Denote by �ks � q + z(q) � so(w) the image of ks under theisotropy representation on s=ks + wr �= w. Then the projection of �ks on q issurjective.We reformulate the results using the following notation. Let V = (R4; h; i)denote the standard Euclidean vector space. Note that the volume form volon V de�nes an inde�nite scalar product (; ) on ^2V by� ^ � = (�; �) vol :We identify ^2V �= ^2V � using (; ).Now we de�ne a metric Lie algebrawr, which as we will show is isomorphicto wr from Prop. 2.8. We setwr = V 
Rp ?+ V � 
Rq ?+ ^2V ?+ Rh ;with the scalar product h; i induced on V 
 Rp + V � 
 Rq + ^2V by thestandard scalar product on V and R; in addition hh; hi = 2.The Lie brackets are de�ned byadhj(V 
Rp + V � 
Rq) = 12Id ; adhj ^2 V = Id ;this implies [^2V; V 
 Rp + V � 
 Rq] = 0. Moreover [V 
 Rp; V � 
 Rq] = 0and [v 
 x;w 
 y] = v ^ w hx; yi25



for v;w 2 V or V �. In the latter case we used the identi�cation ^2V �= ^2V �via (; ). Denote by sl(V ) �= sl(4;R) the Lie algebra of endomorphisms of Vwhich annihilate vol. It naturally acts by derivations on wr with trivial actionon Rh. We have a natural action ofO(p)�O(q) by orthogonal automorphismson wr, similar to the case of T -spaces. We denote by so(p) � so(q) thecorresponding Lie algebra of skew-symmetric derivations.So we de�ned on wr = V 
 Rp + V � 
 Rq + ^2V + Rh the structure ofa metric Lie algebra such that the Lie algebra sl(V )� so(p) � so(q) acts onwr by derivations.Theorem 2.11 1) The quaternionic K�ahler Lie algebra w(p; q), p; q � 1, isisomorphic (as metric Lie algebra) to the metric Lie algebra i(sl(V )) ?+3 wr,where i(sl(V )) is the symmetric Iwasawa algebra associated with s = sl(V ),s. Example 1.2) The full isometry algebra g(W(p; q)) of the quaternionic K�ahler mani-fold W(p; q), p; q � 1, is given byg(W(p; q)) = (sl(V )� so(p)� so(q))+3wr :The adjoint representation of this Lie algebra on its ideal wr de�nes an em-bedding g(W(p; q)) ,! der(wr).Proof. The proof reduces to a reformulation of Prop. 2.8 if we remark thatthe semi-spinor representation of so(3; 3) is the standard representation ofsl(V ) �= so(3; 3) and the induced representation of sl(V ) on ^2V is exactlythe standard representation of so(3; 3). To identify the notations of Prop. 2.8and Thm. 2.11 we have to identifyy+ ~y �= V 
Rp; z+~z �= V � 
Rqv3;3 �= ^2V; ar �= Rh; h = H0 �H1 :To �nish the proof we must check that so(p)� so(q) = d0(wr). This followsfrom the next lemma. 2Lemma 2.12 As(wr) = O(p)�O(q), where As(wr) is the group of orthogo-nal automorphisms of wr which commute with the action of s = sl(V ). TheLie algebra of As(wr) is d0(wr) = so(p)� so(q).Proof. The proof is the same as for T -spaces (cf. Lemma 2.6) since V , V �,^2V and Rh are non-equivalent irreducible sl(V )-modules. 226



2.3 V-SpacesThe de�nition of the non-symmetric V-spaces was given in subsection 2.2.Let v = a+ n denote the decomposition (1) for the quaternionic K�ahler Liealgebra v = v( ) associated with a special isometric mapping  .Lemma 2.13 The semidirect orthogonal decompositions n = n1 ?+3 n2 of theLie algebra n = [v; v], such that any root space n�, � 2 R, (with respect tothe Cartan subalgebra a of v = a+ n) is contained in n1 or n2, are given by(cf. Lemma 2.1): n1 = 0; � G3 �; � ~Q0 �; � z� �;� x� �; � G3; ~Q0 �; � G3; z� �; � G3; x� �;� x�; z� �; � ~Q0; z� �; � ~Q0; x� �;� G3; ~Q0; z� �; � G3; ~Q0; x� �;� ~Q0; x�; z� �; � G3; x�; z� � or n :Proposition 2.14 The maximal suitable SR-decomposition v = vs + vr ofv = v( ), v non-symmetric, is given by1) vs = as + ns, as = spanfH0 � H1;H2;H3g, ns = � G3; ~Q0; x� � =spanfG2; G3; ~P2; ~P3; ~Q0; ~Q1g+ x+~x�,2) vr = ar + nr, ar = spanfH0 + H1g, nr = hhz�ii = spanfG0, G1, ~P0,~P1, ~Q2, ~Q3g+ x1 +~x1, x1 = y+ z,3) vs = i(s), s = so(v3;3+k) �= so(3; 3 + k),where a scalar product (; ) of signature (3; 3+ k) is de�ned on v3;3+k = v3;3+~x+ = zent(nr) by the requirement that v3;3 and ~x+ are (; )-orthogonal, thatthe scalar product coincides with �h; i on ~x+ and is the same as in Prop.2.8 on v3;3 = spanfG0; G1; ~P0; ~P1; ~Q2; ~Q3g. We consider vs as subalgebra ofs = so(v3;3+k) �= V2 v3;3+k via the embedding (X� 2 x�):X+ 7! ~P0 ^̂ ~X+X� 7! � ~Q3 ^̂gJX�~X� 7! �G0 ^̂gJX� ;s. Prop. 2.2 for the notation ^̂ . The embedding of the subalgebra vs \ (x +~x�)? �= ws is given by the same formulas as in Prop. 2.8.The extension � : s ! der(vr) of the representation ad : vs ! der(wr) istrivial on spanfH0 +H1g, standard on v3;3+k and its action on x1 +~x1 is as27



follows. The action of so(3; 3) on x1+~x1 is given by the same formulas as inProp. 2.8. For all X� 2 x� we have:�(G1 ^̂gJX�)j(~y+ +~z�) = J2X�� ;�(G1 ^̂gJX�)j(~y� +~z+) = �J2X�� ;�(G1 ^̂gJX�)jx1 = 0 ;�( ~P1 ^̂gJX�)j(y+ +~z+) = �J1X�� ;�( ~P1 ^̂gJX�)j(z+ + ~y+) = J1X�� ;�( ~P1 ^̂gJX�)j(y� + z� + ~y� +~z�) = 0 ;�( ~Q2 ^̂gJX�)j(y� + z+ + ~y+ +~z�) = X�� ;�( ~Q2 ^̂gJX�)j(y+ + z� + ~y� +~z+) = 0 ;�(gJX� ^̂ gJX 0�)j(x1 +~x1) = 12(X� �X 0� �X 0� �X�)� ;where X�� denotes the q-linear endomorphism of x1 + ~x1 obtained from themap (s. p. 22) U 7! X� �U , U 2 y+ z, by J2-linear extension and J�X�� isthe composition of the endomorphisms J�j(x1 +~x1) and X��.Corollary 2.15 Consider the Cartan decomposition s = ks + p of the Liealgebra s = so(v3;3+k) into its skew-symmetric part ks and its symmetric partp with respect to the Euclidean scalar product h; i on v3;3+k. Then �(ks)(respectively, �(p)) consists of skew-symmetric (respectively, symmetric) en-domorphisms.Corollary 2.16 Denote by �ks � q+ z(q) � so(v) the image of ks under theisotropy representation on s=ks + vr �= v. Then the projection of �ks on q issurjective.We recall that the isometry classes of V-spaces are in one-to-one corre-spondence with the equivalence classes of special isometric mappings. Fur-thermore, every special isometric mapping can be decomposed into a sumof irreducible ones. Two special isometric mappings of order k 6� 0 (4) areequivalent if and only if they have the same number l = 1; 2; 3 : : : of irre-ducible summands. Every special isometric mapping  of order k � 0 (4)admits a decomposition  = p + + q �, where  � are two non-isomorphicspecial isometric mappings and p; q 2 f0; 1; 2 : : :g, l = p + q � 1; p + + q �and p0 + + q0 � are equivalent if and only if fp; qg = fp0; q0g.For the �nal description of the full isometry algebra g(V( )) of V( ) weintroduce further notation. Denote by V = R3;3+k the vector representation28



of s = so(3; 3+k) and by S a (real) spinorial representation of lowest dimen-sion, i.e. spinor representation if it is irreducible and semi-spinor otherwise.In other words, S is spinor if k � 1; 2; 3; 5 (8) and semi-spinor if k � 0; 4; 6; 7(8). For k � 0 (4) we denote the two non-equivalent semi-spinor represen-tations by S+ and S�. In order to describe the principal part s+3vr of thefull isometry algebra g(V( )) = (s � d0(vr))+3vr of V( ) in more invari-ant terms we shall make use of the following facts concerning the spinorialrepresentation S.Proposition 2.17 1) There exists a Spin(V )-invariant isomorphism S �=S� if k 6� 0 (4) and S� �= (S+)� if k � 0 (4).2) ^2S contains a unique Spin(V )-submodule isomorphic to V .3) Assume k � 0 (4) and denote the unique vector submodules of ^2S+ and^2S� by V and V 0 resp. Then V and V 0 are canonically isomorphic.Remark 8: The explicit description of Spin(V )-invariant structures on thespinor representation such as invariant bilinear forms is part of a generalprogram which will be presented in a forthcomming paper [A-C]. As resultof this program we obtain the explicit construction of embeddings of thevector representation into the (exterior or symmetric) square of the spinoror semi-spinor representation. This is used to construct Lie algebra and Liesuperalgebra extensions of the (generalized) Poincar�e algebra.Proof. 1) Follows from the existence of a non-trivial Spin(V )-invariantbilinear form on S for k 6� 0 (4) and on the spinor module S++S� for k � 0(4); S� being isotropic in the last case (s. [A-C]).2) The explicit construction of the embedding V ,! ^2S is given in [A-C],cf. Remark 9 below. The uniqueness can be extracted from [O-V] Table 1.3) By 1) and 2) V 0 � ^2S� �= (^2S+)� is canonically identi�ed with V �.Since V � is in turn canonically isomorphic to V via (; ) this gives a canonicalisomorphism V �= V 0. 2We remark that only 3) and the existence statement in 2) will be used inthe sequel. These can be easily derived from Prop. 2.14 without refering to[A-C]. We have not done so for expository reasons.Remark 9: The explicit description of the embedding V ,! ^2S can begiven in terms of Cli�ord multiplication � and an appropriate (symmetricor skew-symmetric) Spin(V )-invariant bilinear form �. For example, if k �1; 2; 3; 5 (8) it is given by v 7! �(�(v)�; �); v 2 V ;29



where � : V 
 S ! S and � is a Spin(V )-invariant skew-symmetric bilinearform on S.With the notations above we associate to each V-space V( ) a Lie algebrag = so(3; 3 + k)+3vr. We will prove later that g is exactly the principal parts+3vr of the full isometry algebra g(V( )).First we de�ne an so(3; 3 + k)-module vr byvr = S 
Rl + V +Rh ; if k 6� 0 (4); (6)vr = S+ 
Rp + S� 
Rq + V +Rh ; if k � 0 (4); (7)where the modules Rh, Rl, Rp and Rq are trivial.Now we de�ne the Lie algebra structure on vradhjS 
Rl = 12Id ; if k 6� 0 (4),adhj(S+ 
Rp + S� 
Rq) = 12Id ; if k � 0 (4),adhjV = Id ;it follows that [V; S 
Rl] = 0 (resp. [V; S+ 
 Rp + S� 
 Rq] = 0). The Liebracket on S 
Rl (k 6� 0 (4)) is de�ned by[v 
 x;w 
 y] = pr(v ^ w)hx; yi ; v; w 2 S ;where pr is the natural projection of ^2S onto its unique vector submodule (s.Prop. 2.17 2)). In case k � 0 (4) the same formula de�nes the Lie bracket onS+
Rp and on S�
Rq, using the identi�cation of the vector submodules in^2S+ and ^2S� given in Prop. 2.17 3). Finally, we put [S+
Rp; S�
Rq] = 0.It is clear that the representation of so(3; 3 + k) on vr de�ned by thedecompositions (6) and (7) acts by derivations of the Lie algebra structurejust de�ned.Theorem 2.18 1) The quaternionic K�ahler Lie algebra v( ) of the non-symmetric quaternionic K�ahler V-space V( ) is isomorphic to the Lie algebrai(so(3; 3 + k))+3vr, where i(so(3; 3 + k)) denotes the Iwasawa algebra of s =so(3; 3 + k).2) The full isometry algebra g(V( )) of V( ) is given byg(V( )) = (so(3; 3 + k)� d0(vr))+3vr ;where the Lie algebra d0(vr) = LieAs(vr) is given in the next lemma.30



Proof. Consider the s-Module (s = so(3; 3 + k)) vr = x1 + ~x1 + v3;3+k + ardescribed in Prop. 2.14. Using the formulas given there we can identifyx1 +~x1 �= S 
Rl ; if k 6� 0 (4),x1 +~x1 �= S+ 
Rp + S� 
Rq ; if k � 0 (4),v3;3+k �= V ; ar �= Rh :It is easy to see that this isomorphism of s-modules is also a Lie algebraisomorphism, if we identify h = H0 �H1. 2Lemma 2.19 As(vr) is isomorphic to� O(l) if k � 1; 7 (8),� U(l) if k � 2; 6 (8),� Sp(l) if k � 3; 5 (8),� Sp(p) � Sp(q) if k � 4 (8),� O(p) �O(q) if k � 0 (8).Proof. Let � 2 As(vr). We can consider � as orthogonal automorphismof the metric Lie algebra v( ) acting trivially on vs. It was shown in [C](s. Prop. II.23) that orthogonal automorphism of v( ) correspond exactlyto autoequivalences of  in the sense of Def. 2.2. Since � acts as identityon vs � x� it is an automorphism of  in the sense of Def. 2.2. Using thenatural correspondence between special isometric mappings of order k, Z2-graded C`k-modules and (ungraded) C`k�1-modules, now the proof followsfrom next lemma and the fact that C`k�1 is a� simple real matrix algebra if k � 1; 7 (8),� simple complex matrix algebra if k � 2; 6 (8),� simple quaternionic matrix algebra if k � 3; 5 (8),� sum of two simple quaternionic matrix algebras if k � 4 (8),� sum of two simple real matrix algebras if k � 0 (8). 231



Lemma 2.20 1) Let K (n) denote the simple matrix algebra over K = R, Cor H and V = lK n = Kn
Rl a sum of l copies of the standard representationconsidered as real vector space with action of K (n) � End(V ). ThenZGL(V )(K (n)) = K � 
GL(l;R) = GL(l;K )and ZO(V )(K (n)) = 8><>: O(l) if K = RU(l) if K = CSp(l) if K = H ,where O(V ) is the orthogonal group with respect to some positive de�nitescalar product on V .2) Let A = K (n)�K (n)0 be the direct sum of two copies of K (n) and denoteby K n and K n0 the two non-equivalent irreducible representations of A, withtrivial action of K (n)0 and K (n) respectively. Consider V = pK n � qKn 0 =(K n 
Rp)� (Kn 0 
Rq) as real vector space and A � End(V ). ThenZGL(V )(A) = GL(p;K )�GL(q;K )and ZO(V )(A) = 8><>: O(p) �O(q) if K = RU(p) � U(q) if K = CSp(p) � Sp(q) if K = H .Recall that the subgroup U( ) � V( ) corresponding to the principalK�ahlerian subalgebra u( ) is a totally geodesic K�ahlerian submanifold. Nowwe describe the Lie algebra gu of the group of isometries of V( ) which pre-serve U( ). Denote by so(2; 2+k) the subalgebra of so(3; 3+k) = so(v3;3+k)which acts trivially on the two-dimensional subspace v1;1 = spanfG0; G1g �v3;3+k and by v2;2+k the orthogonal complement of v1;1 in v3;3+k.Lemma 2.21 1) The so(2; 2+k)-module S decomposes as direct sum of twoirreducible submodules Su, ~Su of the same dimension. Moreover, we mayassume that Su 
Rl = x1 and ~Su 
Rl = ~x1 ;in case k 6� 0 (4). In the case k � 0 (4) we have S = S� = S�u � ~S�u andmay assumeS+u 
Rp + S�u 
Rq = x1 and ~S+u 
Rp + ~S�u 
Rq = ~x1 :2) The natural projection pr : ^2S ! V = v3;3+k maps ^2Su and ^2 ~Su ontotrivial so(2; 2 + k)-submodules of V and Su 
 ~Su onto the so(2; 2 + k)-vectorsubmodule v2;2+k. More precisely, from our identi�cations it follows thatpr(^2Su) = RG1 ; pr(^2 ~Su) = RG0 :32



3) For k 6� 0 (4) ur = Su 
Rl + pr(^2Su) + pr(^2 ~Su) +Rhis a subalgebra of vr. For k � 0 (4) the same is true forur = S+u 
Rp + S�u 
Rq + pr(^2Su) + pr(^2 ~Su) +Rh(pr(^2Su) and pr(^2 ~Su) do not dependent on the choice Su = S�u ). Moreover,ur = x1 + spanfG0; G1g+ ar = u \ vr :Proof. The lemma follows from the formulas in Prop. 2.14. 2Theorem 2.22 1) The maximal suitable SR-decomposition of the non-sym-metric quaternionic K�ahler Lie algebra v( ) induces a (not maximal) suitableSR-decomposition of the principal K�ahler subalgebra u = u( ), i.e. u = us +ur, where us = u\vs is the Iwasawa subalgebra of so(2; 2+k) and ur = u\vr.2) The Lie algebra gu is given bygu = (so(2; 2 + k)� d0(vr)ur)+3ur ;where d0(vr)ur = f' 2 d0(vr)j 'ur � urg.Proof. One can check immediately using Prop. 2.14 thatu \ vs = as + spanfG2; G3g+ x ;u \ vr = ar + spanfG0; G1g+ x1 :This implies 1). To prove 2) we remark that gu = ku + u, where ku = k \ uis a compact subalgebra, hence ku \ vr = 0 and ur = gu \ vr. This impliesthat ur is an ideal in gu, because vr is an ideal in g(V). This shows thatgu � ng(V)(ur). On the other hand, one can check thatng(V)(ur) = (so(2; 2 + k)� d0(vr)ur)+3ur � gu : 23 Full Isometry Group of QuaternionicK�ahlerian Solvmanifolds3.1 Automorphism Group of s = so(3; 3 + k)In section 2 we proved that the maximal semisimple subalgebra s of non-compact type in the full isometry algebra g(L) of the quaternionic K�ahler33



solvmanifolds (L; g) is isomorphic to so(3; 3 + k), where k = �1; 0; 1; : : : isthe order of the isometric mapping de�ning (L; g). We will apply Cor. 1.9to construct the full (not necessarily connected) isometry group I(L; g). Forthis we need a description of the group Aut(s) of all automorphisms of theLie algebra s = so(3; 3 + k). It is given in the following proposition.Proposition 3.1 1) Aut(s) = Int(s) [ �Int(s) for s = so(3; 3 + k), if0 6= k � �1;2) Aut(s) = Int(s)[ �Int(s)[�Int(s)[ ��Int(s) for s = so(3; 3) (k = 0),where � = AdD, � = AdC andD =  1k+5 00 �1 ! ; C =  0 1313 0 ! :Proof. The proof will split into several lemmas. We denote by ks = so(3)�so(3 + k) the maximal compact subalgebra of s = so(3; 3 + k) and by sC =so(6 + k; C ) the complexi�cation of s. We will consider s and sC as linearLie algebras of the vector spaces V = R6+k and V C = C 6+k respectively.Lemma 3.2 [He]Aut(sC ) = 8<: Int(sC ) if k is evenInt(sC ) [ �Int(sC ) if k is odd,where � = AdD, D = diag(1k+5;�1). The automorphism � preserves s andmodulo Int(s) is equivalent to AdE : X 7! �X t, E = diag(13;�13+k).Denote by Aute(ks) the group of all automorphisms of ks = so(3)�so(3+k) which can be extended to an automorphism of s.Lemma 3.3 1) Aut(ks) = Int(ks) for k even 6= 0,2) Aut(ks) = Int(ks) [ �Int(ks) for k odd 6= 1,3) Aute(ks) = Int(ks) [ �Int(ks) for k = 1,4) Aut(ks) = Int(ks) [ �Int(ks) for k = 0,where � = AdD and � = AdC with matrices D and C given in Prop. 3.1.Corollary 3.4 For k 6= 1, Aut(ks) = Aute(ks).34



Proof. The proof of 1), 2), 4) follows from [He]. To prove 3) it is su�cientto show that an automorphism ' of ks = so(3)� so(4) can be extended to anautomorphism of s = so(3; 4) if and only if it preserves the ideal so(3) (hence,also so(4)). Since any automorphism of sC = so(7; C ) is inner, ' = AdA forsome A 2 SO(7; C ). Hence, the decomposition of the vector space V C =C 7 into irreducible components with respect to the Lie algebras so(3) and'(so(3)) = Aso(3)A�1 are isomorphic. This implies that '(so(3)) = so(3),since so(3) acts trivially on a 4-dimensional subspace of V C and both so(3)-ideals of so(4) act trivially only on a 3-dimensional subspace of V C . 2Lemma 3.5 The only non-trivial automorphism of s which acts trivially onks is AdE, E = diag(13;�13+k).Proof. By Lemma 3.2 we may assume that the automorphism has theform AdAjs for some A 2 SO(6 + k; C ); where AdA preserves s and actstrivially on ks. The last condition means that [A; ks] = 0. The linear Liealgebra ks = so(3) � so(3 + k) � gl(V C ) has two non-equivalent invariantirreducible subspaces. By Schur's Lemma A = diag(�13; �13+k), �; � 2 C .Since A 2 SO(6 + k; C ), we have �2 = �2 = 1. Hence, A = �E andAdA = AdE. 2The proof of Proposition 3.1 now follows from Lemmas 3.3 and 3.53.2 T -SpacesTheorem 3.6 The (full) isometry group of the quaternionic K�ahler mani-folds T (p), p � 1, is given byI(T (p)) = Gs [ 'Gs ,! Aut(tr) ;Gs = (S�As(tr))nTr, where S = Sp(4;R) = Spin0(3; 2) and Tr are the linearsubgroups of Aut(tr) generated by the linear Lie algebras s = sp(4;R); tr �der(tr) (s. Thm. 2.5) and As(tr) = O(p) is given in Lemma 2.6. The au-tomorphism ' 2 Aut(tr) is de�ned in terms of the decomposition tr =V 
Rp + ^20V +R!0 as follows:'jV 
Rp = B 
 Id; B = diag(1; 1;�1;�1) ;'(v ^ w)0 = ('v ^ 'w)0 and '!0 = !0 :Proof. According to Cor. 1.9 and Prop. 3.1 it is su�cient to prove thatthe automorphism ' of tr normalizes s = so(3; 2) = sp(4;R) and induces anouter automorphism on s. Since B!0 = �!0, conjugation with B will be anouter automorphism of sp(4;R) which is extended by ' to an automorphismof s+3tr. 2 35



3.3 W-SpacesTheorem 3.7 The (full) isometry group of the quaternionic K�ahler mani-folds W(p; q), p; q � 1, is given byI(W(p; q)) = Gs [ �Gs ,! Aut(wr) if p 6= q ;I(W(p; p)) = Gs [ �Gs [ 'Gs [ (�')Gs ,! Aut(wr) ;Gs = (S � As(wr))nWr, where S = gSL(4) = Spin0(3; 3) and Wr arethe linear subgroups of Aut(wr) generated by the linear Lie algebras s =sl(4;R);wr � der(wr) (s. Thm. 2.11) and As(wr) = O(p)�O(q) is describedin Lemma 2.12. In terms of the decomposition wr = V 
 Rp + V � 
 Rq +^2V + Rh, � is induced by the automorphism diag(�1; 1; 1; 1) of V putting�h = h. For p = q the automorphism ' of wr is induced by the canonicalisomorphisms V ! V � and V � ! V via h; i putting 'h = h (recall thatwe have a canonical sl(V )-invariant identi�cation ^2V �= ^2V �; note that'j ^2 V = � (Hodge-star)).Proof. � is an orthogonal automorphism of wr and conjugation by thematrix diag(�1; 1; 1; 1) in s = sl(4;R) is an outer automorphism of sl(4;R) =so(3; 3). Moreover, this automorphism interchanges the simple summands ofthe maximal compact subalgebra so(4) = so(3) � so(3) and modulo innerautomorphisms is equivalent to � in Prop. 3.1 2). According to Cor. 1.9 wehave proved Gs [ �Gs � I(W(p; q)).Let us now consider the outer automorphism ' : X 7! �X t of s =sl(4;R).Lemma 3.8 ' can be extended to an automorphism of s+3wr if and only ifp = q. The extension (p = q) is orthogonal on wr.Proof. Assume ' can be extended. Then we haveA'v = �'Atv; A 2 sl(4;R); v 2 V 
 e �= V ;which shows that the sl(4;R)-module '(V 
 e) �= V �. This implies that themultiplicitiy p of V in wr equals the multiplicitiy q of V �. If p = q then ' iscanonically extended by ' given in Theorem 3.7. 2Using Cor. 1.9 we immediately derive Theorem 3.7 from Prop. 3.1 2) andthe lemma. 2 36



3.4 V-SpacesTheorem 3.9 The (full) isometry group of the non-symmetric quaternionicK�ahler manifolds V( ) is given byI(V( )) = Gs ,! Aut(vr) ; if k is even ;I(V( )) = Gs [ 'Gs ,! Aut(vr) ; if k is odd :The automorphism ' 2 Aut(vr) is de�ned by'j(z+~z +~x+) = �Id ; 'j(y+ ~y+ v3;3 + ar) = Idand Gs = (S � As(vr))nVr, where S = Spin0(3; 3 + k), Vr are the linearsubgroups generated by the linear algebras s = so(3; 3 + k); vr � der(vr) andAs(vr) was determined in Lemma 2.19.Proof. Consider �rst the case when k is odd. The outer automorphismAdDo, Dojv3;3 = Id, Doj~x+ = �Id, of so(v3;3+k) �= so(3; 3+ k) is extended by' to an automorphism of s+3vr, which is orthogonal on vr. By Cor. 1.9 andProp. 3.1 this implies the theorem in case k is odd.If k is even we consider the outer automorphism � = AdDe, De ~Q2 = � ~Q3,De ~Q3 = � ~Q2, Dej(spanfG0; G1; ~P0; ~P1g+~x+) = Id, of so(v3;3+k) �= so(3; 3 +k). By the formulas for the embedding vs ,! s (s. Prop. 2.14) we know that� preserves the Cartan subalgebra as of vs and �jas = Id. Assume � has beenextended to � 2 Aut(s+3vr). Since �jas = Id, it follows e.g. that �y� = y�,because y� is the root space of as with root �(H0 �H1 + 2H3)=4. Now wecheck Lie brackets between s = so(v3;3+k) = ^2v3;3+k and vr � y�using theformulas in Prop. 2.14:[�(� ~Q3 ^̂gJX�); �Y�] = [ ~Q2 ^̂gJX�; �Y�]= �( ~Q2 ^̂gJX�)�Y� = X� � �Y� 6= 0 ;if X� 2 x� � f0g and Y� 2 y� � f0g. On the other hand:�[� ~Q3 ^̂gJX�; Y�] = ��(� ~Q3 ^̂gJX�)Y� = �[X�; Y�] = 0 :This shows that � cannot be extended to an automorphism of s+3vr andproves the theorem, thanks to Cor. 1.9 and Prop. 3.1. 23.5 ConclusionA remarkable consequence of our analysis is the following.Theorem 3.10 The (connected) isometry group of the quaternionic K�ah-lerian solvmanifolds acts transitively on the twistor space and on the SO3-principal bundle associated with the quaternionic structure.Proof. The result follows from Corollaries 2.4, 2.10 and 2.16. 237
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