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INVARIANT PROLONGATION OF OVERDETERMINED
PDES IN PROJECTIVE, CONFORMAL AND
GRASSMANNIAN GEOMETRY

M. HAMMERL, P. SOMBERG, V. SOUCEK, J. SILHAN

ABSTRACT. This is the second in a series of papers on natural modifi-
cation of the normal tractor connection in a parabolic geometry, which
naturally prolongs an underlying overdetermined system of invariant
differential equations. We give a short review of the general procedure
developed in [5] and then compute the prolongation covariant deriva-
tives for a number of interesting examples in projective, conformal and
Grassmannian geometries.

1. INTRODUCTION

In this paper we study certain overdetermined linear systems of PDEs that
have a geometric origin and satisfy strong invariance properties. The goal is
to rewrite these systems in a closed form by prolongation. This is done by
constructing an extended first order system that is described by a covariant
derivative and which has the property that parallel sections of that covariant
derivative are in one to one correspondence with solutions of the original
equation. We call this derivative the prolongation covariant derivative of
the given equation. A universal construction of this prolongation for a big
class of geometric equations that will be introduced below was obtained in
[5].

The equations studied here appear naturally for parabolic geometries like
projective, conformal or Grassmannian structures and include as special
instances the equations describing the infinitesimal symmetries of geometric
structures. Special examples of overdetermined linear systems of invariant
equations coming from parabolic geometries are discussed in, e.g., [2], [13],
7], [10, [18].

The results of [2], [5] provide a priori bounds for the solution spaces of
the respective equations. To obtain more subtle information, for instance
by analyzing the curvature, one needs to have formulas for the resulting
prolongation covariant derivative. While the universal procedure presented
in [5] is constructive, the explicit form of the resulting prolongation was so far
only known in a small number of cases. The panorama of examples presented
in this article follows criterions to be useful, nonelementary, going beyond
the examples scattered in the references and at the same time computable
by hand, while demonstrating the powerful machine developed in [5]. The
interested reader will easily recognize the complexity of the computation
both in general and specific situations of interest.
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The invariant overdetermined operators that give rise to the equations
studied here appear in the Bernstein-Gelfand-Gelfand (BGG for short) se-
quences of natural differential operators on parabolic geometries that was
constructed in [4] and later simplified in [3]. The prolongation results of
[5] make extensive use of tractor calculus for parabolic geometries, which is
also central to the description of the BGG-machinery. In the next sections
we briefly recall the basic technical facts and notations necessary for these
constructions. For more details we refer to the preceding article [5] and
references therein.

1.1. The BGG-sequence. Let G be a semi-simple Lie group and P C G
a parabolic subgroup. A parabolic geometry on a manifold M consists of
a P-principal bundle § — M together with a Cartan connection 1-form
w € QYG, ), [9]. Here g denotes the Lie algebra of G. A major development
in the construction of differential invariants of parabolic structure was done
in [3, 4] .

Let V be a finite dimensional G-representation. It is well known that the
associated tractor bundle V = G x pV carries the canonical tractor covariant
deriative V induced by the Cartan connection form w, see e.g. [1]. The
connection uniquely extends to an exterior covariant derivative on the spaces
EF(V) := QF(M, V) of k-forms with values in the vector bundle V', denoted
by dV : EK(V) — EFM1(V). The lowest homogeneous part of dV is the
Go-equivariant Lie algebraic differential 0y : £¥(V) — £¥+1(V) termed the
Kostant differential, [19]. Here Gy denotes the Levi part of P. Its adjoint,
the Kostant codifferential 0} is P-equivariant and gives rise to a complex

o*
EML(V) B ERW), Bf 00y = 0.
There are Lie algebra cohomology bundles Hy = ker 9}/ im 0}, 41 due to the
P-equivariant projection
Hk : keraz — Hk

The basic ingredient of the BGG-machinery are the differential BG G-splitting
operators

Lk : Hk — kerﬁz,

defined uniquely by the property that for every smooth section o € T'(Hy)
one has

0 41(d" (Ly())) = 0.

In particular, one can form the BGG-operators
Dy : Hy — Hyy1, Dy =1l odY o L.

It will be usually clear from the context what is the appropriate value for
homogeneity k of the form which is acted upon by any of operators, i.e. we
usually omit this subscript from the notation.

Let us briefly review the invariant prolongation procedure obtained in [5]:



INVARIANT PROLONGATION OF OVERDETERMINED PDES 3

1.2. Prolongation of the first BGG operator Dy. The first BGG-
operator Dy associated to V is overdetermined, and our aim is the con-
struction of invariant prolongation of the corresponding systems Dgo = 0
on o € I'(Hp). Let us recall that the approach of [5] starts by introducing
certain class of linear connections on V, which are modifications of trac-
tor covariant derivative VY. The first condition on a modification map
® € £Y(EndV) is that it is homogeneous of degree > 1 with respect to
the natural filtrations on TM and V, for which we write ® € (£}(End V).
This ensures that basic constructions of the BGG-machinery still work. The
next condition is that for any section s € I'(V) we have that ®s € (V)
has values in im 0*. As a consequence, the modified covariant derivative is
in a suitable sense compatible with the underlying first BGG-operator Dy.
The latter condition can be rewritten as ® € Im(9§, ® idy+), thus we arrive
at a class of admissible covariant derivatives

C= {6 =V + 3| e Im (8 @idy+) N (51(EndV))1}.

Here 0}, denotes 0* acting on (V) (and not on £'(End V') and the same
applies for 8 acting on EF(V).
The main theorem of [5] is then

Theorem 1.1. There exists a unique covariant derivative V € C character-
ized by the property

(07 ®idy+)(2) =0,
where § is the curvature of V.
This implies V o Ly = L; o Dy, which in turn yields

Corollary 1.2. Consider a tractor bundle V and the covariant derwative V
in Theorem 1.1. Then V gives a prolongation of the first BGG operator Dy
in the sense that the restriction of the projection Ilg : V — Hy to V-parallel
sections is an isomorphism with the kernel of Dy acting on smooth sections
['(Hy) and inverted by the differential splitting operator Lo : Hy — V.

We therefore say that V is the prolongation covariant derivative.

The prolongation of the first operator in the BGG sequence obtained by
that theorem can be understood as the construction of a certain commuta-
tive square related to the first BGG operator Dy, cf. [5]. We are constructing
also examples of commutative squares for the operators Dy:

1.3. Commutativity for all Dj. In [5] the authors also obtained the ana-
logue of V on £¥(V). Here dV gives rise to the class

Chi={dy=dvV+®|®ec A, Im® C Imd*}

where A := Hom/(E¥(V),EF1(V)) and A! denotes homomorphisms homo-
geneous of the degree > 1. Then it turns out there is a unique dj, € Cy such
that 0§ o dV odj = 0. This then implies

dy o Ly = Liy1 0 Dy,

and II; and Ly restrict to inverse isomorphisms between Ker Jk NKer 9* and
Ker Dk .
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1.4. The guideline for computing examples. Here is the manual for
treating particular examples, which can be used to derive the explicit form
of the prolongation covariant derivative. In practice, the normalization pro-
cedure for canonical tractor covariant derivative can be summarized as an
algorithm based on the following list of steps:

(1)

(3)
(4)

Choose a parabolic geometry (G, P, M,w), where G — M is a prin-
cipal P-bundle on M and w € Q!(G,g). Choose also a finite di-
mensional G-module V and its associated vector bundle V' termed
tractor bundle. Let us fix the two consecutive vector bundles of k,
resp. (k 4+ 1)-forms twisted by V.
Decompose both spaces of k, resp. (k + 1)-forms twisted by V with
respect to Gg, the Levi factor of the parabolic subgroup P. Then
compute the value of the Laplace-Kostant algebraic operator [] asso-
ciated to 0* on each irreducible Gp-summand (i.e., Go-graded com-
ponents associated to P-equivariant filtration) either by evaluating
the action of Casimir operator or from the definition (0 = 0*0 + 00*.
Choose a Weyl structure, so that there is a well defined splitting of
the filtered bundle V into a direct sum of homogeneous components.
Now the procedure splits into two cases:
e The computation of the prolongation covariant derivative.

Check, if (0}, ®idy+)(£2), where €2 is the curvature of V, is trivial.

In positive case, the procedure ends and we have computed the

prolongation covariant derivative.

If o := (0§ ®idy+)(Q) # 0, take the lowest nontrivial homoge-

neous part a; of a and define

®=-0"q;; V=V+o.

Then repeat the procedure with V replaced by V’. By construc-
tion, the lowest nontrivial component of « in the next step will
have degree higher then in the previous step, hence the proce-
dure will terminate in a finite number of steps (bounded by the
length of the grading of V).
e The case of the whole sequence of commuting squares.

Here we use another procedure based on the following algo-
rithm. Consider two consecutive squares containing the exte-
rior covariant derivatives dY : E¥(V) — E¥(V) and dY,, :
EFL(V) s EF2(V). First check, if

(07 @ idy=)(di4y o dY)

is trivial. If not, the first step is the same as for the construction
of prolongation covariant derivative above. Consider a := (0* ®
idy+)(dY,, odY) # 0, take the lowest nontrivial homogeneous
part a; of o and define

d=-0"'a;; d,=dy +9.

If o/ == (0" ®idy+)(dY od}) is trivial, the procedure termi-
nates and we define dj, = dj.. If not, take the lowest nontrivial
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homogeneous part o, of o/ and define

o =-0"'d)y; dj =d,+ @'
By construction, the degree ;' will be bigger than j, hence the
procedure will terminate in a finite number of steps (bounded
again by the length of the grading of V). Note that iterations ¢
here are, in general, differential operators and their order rises
(in general) by one with each iteration.

2. NOTATION

In this section we review the basic notation and conventions related to
the results of our article.

2.1. Forms, tensors and tensorial actions. In order to be explicit and
efficient in calculations involving bundles of possibly high rank it is necessary
to introduce some further abstract index notation. In the usual abstract in-
dex conventions one would write E[gy...| (where there are implicitly k-indices
skewed over) for the space £ k. To simplify subsequent expressions we use the
following conventions. Firstly indices labeled with sequential superscripts
which are at the same level (i.e. all contravariant or all covariant) indicate
a completely skew set of indices. Formally we set a'---a* = [a'---a¥] and
so, for example, &,1.. .« is an alternative notation for £ while £,1._ k-1 and

2., both denote £¥~1. Next we abbreviate this notation via multi-indices:
We will use the form indices
a¥:=al--.df=[al--d¥], k>0,
ab=a? . db =[a?---d¥, k>1,
abo=ad . df =0 db], k>2,
b =at . df =t -d"), k>3

If, for example, k = 1 then a* simply means the index is absent, whereas if

k = 1 then a means the term containing the index a is absent. For example,
a 3—form ¢ can have the following possible equivalent structures of indices:
Pala2a3 = Plala?ad] = Pad = Palad = Plalad] = Pala2ad € Ea3 = £,
Note the exterior derivative d on a k-form f, can be written as (df),0a =

V0 fa for any torsion—free affine connection V.

Later on we define the standard tractor bundle denoted by £4 and its
dual €. The form index notation developed above will be used also for
skew symmetric powers of these bundles. For example, the bundle of tractor
k—forms & 1... 4r) Will be denoted by E41...4x Or Epk.

The bundle of endomorphisms of £4 (or £4), EFF, clearly injects EF g C
End(7) for any tractor bundle 7 C (® £4)®(® £p). Consider P € £F
and f € 7. The endomorphism v acts on 7 and we denote this action by §.
That is, yff € 7. Using the abstract tractor indices, { is given by the usual
tensorial action, i.e. (vif)4 = y4pfF for f4 € €4 and (vif)a = —vFafp
for f4 € £4. One then computes f on the tensor products of £4 and Ep
using the Leibniz rule. We further put v§ to be zero on £%, & and density
bundles (which we introduce later) and, using the Leibniz rule, extend ~4 to
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the tensor products of 7 with latter three bundles. Finally note the action
f is denoted e in [9].

2.2. The adjoint tractor bundle and the Laplace-Kostant operator.
The bundle A = G xp g is called the adjoint tractor bundle. By definition,
A C £45 and more generally A — End(7) for any tractor bundle 7.
We shall use # to denote the action of sections of A on 7 as introduced
above. Note the curvature of the normal tractor covariant derivative V is the
section of £,0,1 ® A and the curvature action is 2(dVV f) 041 = 2V 0V f =
(QUf)goar € 5[[11,] ® 7 for each f € T.

We have identifications £ = G xp g_ and £* = A/A', A := G xpp,
which allow to define inclusions ¢ : &, — A and 7: £* — A/ A’. (The latter
is just the identity.) We extend these inclusions to

— 5a0b b /
1:8a —ERA and 7T:E& —— Eya > Ega @ AJA'.
Recall that here and below, we use a chosen Weyl structure and the corre-
sponding splittings.

Our aim is to use these tools to express Kostant’s differential 0, codiffer-
ential 0* and in particular the Laplace-Kostant operator [J ([19]) in a form
suitable for computations in abstract indices. Defined on £, ® 7, a = a for
any tractor bundle 7, they have the form

0: 6T 5 Ea QAN DT 2 €0, @ T,

O 6T S EADART 5 €40 T and
O = 00"+ 80 : Ea®T — E, 0 T.

Note 0* is invariant but 0 (thus also [J;) depends on the choice of splitting
of the tractor bundles in question. However, [ is invariant on completely
reducible subquotients of &, ® 7 and acts by a scalar multiple on each
irreducible component of such subquotients. That is, we choose a splitting
of the tractor bundle £, ® 7 to compute i but the value of [ on a given
completely reducible subquotient alone is independent of this choice.

The symbol & denotes the composition P-module structure of represen-
tations or vector bundles.

Finally note one can compute [ from highest weight of bundles con-
cerned, see [19]. We shall use this (less explicit) approach in cases when the
abstract index computation is getting too complicated.

Now we are ready to discuss specific geometries. In each case, we first
summarize the tractor calculus. We shall particularly need the normal trac-
tor covariant derivative V and the Kostant’s differential and codifferential
0 and 0%, respectively. Using these we compute the prolongation covariant
derivative V and/or d on certain bundles.

3. PROJECTIVE GEOMETRY

We follow the notation from [1] here. The projective structure on a
smooth manifold M is given by a class [V] of projectively equivalent torsion
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free connections. That is, connections V € [V] are parametrised by one
forms Y, € & = I'(T*M) and have the form

@a@ = Va@ + wTa@7 pe E(U))’

(1) Vaf® =Vaf' + Taf’ +Ycf0, P&
ﬁawb =Vawp — Towp — Tpwy, wq € E,.
The curvature tensor R,;°y of a torsion free V is defined by (V,V; —
VVa)f€ = RappfP and it decomposes
Rapa = Wap®a + 2014°Pyjg + Babda,  Bab = —2Pap)-
Here Wy¢y is prOJec‘mvely invariant (and 1rredu01ble) Weyl tensor, P is the

Schouten tensor, Pap = Pap — VoY + T T, and ﬁab Bab + 2V Ty We
put Agpe := 2V [,Pyje. Then the Bianchi identity V[aRbc] e = 0 implies

VcWabcd = (n - Q)Aabd and v[aﬂcd] =0.

The cohomology class [3] € H?(M,R) is a global invariant of the projective
structure. Moreover, (V,V, — ViV, )p = wlape for ¢ € E(w).

3.1. Projective tractors. We shall write sections of the standard projec-
tive tractor bundle £4 = £¢[—1] & £[—1], resp. its dual 4 = E[1] & E,[1]
using the injectors Y4, X4, resp. Y4, X4 as

<Up> = YaAaa + X4pe &l resp. <:> =Yav+ X, € €a.

Such splittings of £4 and £4 are parametrised by choices of projective con-
nections and we call them projective splittings. The change of the splitting
under change of the connection parametrised by T, € &, is

/O'a\ o? - 5
<p> N <p T aa> , de VA =YA4 X477, X4 = X" and
- a

(:) = (u :T V), e, Y4=Yq4—X4T,, X4 =X4.
a a a

That is, X4 € E4[1], X4 € £4[—1] are invariant and YA € EA[1], Y4 €
E4[—1] depend on the choice of the projective scale. We assume the nor-
malization of these such that Y4 XB + XjYCB =048, 1. YoX¢ =1 and
XayL = 6%,

The normal covariant derivative is given by

o® Veo® + pdc® Vev — .
\Y =(<° ¢ and V. = ¢ c ), e
¢ ( P ) (ch - Pcpap Ha Vepta + PeaV
VYA = X4, V. XA =YA and V. V4 = X4P, VX4 = -V 452
and its € curvature has the form
QP = YEXIWa® s — XPXT Auyy € Eyy @ A
ab F =Y XpWap ¢ rAabf € Clap) © A
That is, A = trace-free(£¥ ) is the projective adjoint tractor bundle where
“trace-free” denotes the trace—free part. Hence the curvature action on £¢ is

(VaVy — ViV Fo = (UF)ae = —Qap”cFp. We shall often write QuptFo
instead of (QUF)apc to simplify the notation.
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Using the notation developed above, the inclusions ¢ and ¢ defined in 2.2
have the form YQ%YF & = £, and XEXI‘f—‘1 0 Ea 5 EaF p. Thus

0:6a®T S fars YEVpfa -5 YEY tfa € £05®T and

O Ea®T > fars XEXS fo 2 XEXO b e Eaa T

and we can easily compute [, on £, ® T using the action § as demonstrated
by the following example.

Example 3.1. We shall compute the case 7 = £ in details. Then £,¢ =
Eaf[—1] & Ea]—1], where &, is irreducible and £,¢ has two irreducible com-
ponents (the trace and trace—free parts). We shall compute [J; separately
for all three irreducible components.

We start with (not necessarily irreducible) section 0,° € E,°[—1]. Then
0 on fa¢ = Y%, is zero and XEXgilijccaac = X%, = (0°f)a".
Thus 0*f = 0 for trace—free section 0,°. Assume 0,° = §;,0,. Then
fa© = Y54, (07f)a” = "X %G5 thus (Ouf)a® = (00°f)a” = Y554.
Finally if fac = cha then (a*f)éc =0, (af)ac = Yagpa and (Dkf)ac =
(a*af)ac = Z—chpa

Summarizing, Oy, acts by zero on the trace—free part of £,°[—1] = Ea¢/Eal—1],
by ”‘Tkﬂ on the trace part, i.e. on E[—1] C £,¢/Ea[—1] and by Z—jr]f
on E4[—1] C &C. Note that the inclusion Eu[—1] — E,¢ is realized by
X . Eal—1] — EC.

3.2. Skew symmetric tractors and tractor forms. The notation for
the standard tractor bundle £ developed above can be easily generalized
to the products \*EC = £C = £°(—) & £¢(—¢), where C = C!. Note
/\Z EC ~ /\n—e+1 Ep, hence these products are isomorphic to tractor forms.
We put

ve =yl vl e, x¢=xvS . v eel),

C

and write the sections of £C as

(‘;é> =Y + XCp¢ € £C, o e £°(—0), p¢ e &S(—0)

where ¢ = c¢f. The change of the projective rescaling parametrised by T, is

/O'C\ O'C . SC C Cc ~C c
pé = p(’;_['rclo.c , le. YCZYC_{—ETCIX(}, X(‘;:Xé

and the normal tractor covariant derivative has the form

¢ Vo€ + éébcl . C C C C
7 <pé> = <vbpé - eFJ)Dbcmc ,ie VY9 = 0 PuX§, VX =Y,
Example 3.2. We shall compute the sequence for the tractor bundle £C,

C=C e £C 4 . % £,.C. Since the filtration of £C has level 2, it

follows immediately from the construction of d that (dF )0, = (dV F)40,C +
(Opr1) 10 dVdY F) 40, C for every F,© € £,€. (In particular, the difference
between dV and d is algebraic in this case.)
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Let us compute d in details. Assume F,© = Ygaac + Xgpaé. Then

1 .
VAV F)y-1,0aC = = Q1,08 FaC = §ega71a001pFaPC =

2
1 . .
= §€YgWa71aoch'apc + Xgﬁaqaoac

for some section p which we shall not need explicitly. Therefore

22 1 . 02 '
*d¥dY C= ¢ PIC] _ C r el _
(0°d¥d" F)yoa® =5 X' X000 py P 1) = S XEW ol g1 =
g C2 ¢ r c
:mxg [_(E — 1)Wpr aOO'ap —+ kWaoal parép ]
It remains to apply (py1)~!. Note the map 9*dVdY : £.C — &£,0,€

has values in the (completely reducible) subbundle £,0,¢(—¢) C &,0,€, cf.
the previous display. Irreducible components of this subbundle are bundles
tfErra— 4 (=€), 1 < i < min{l, k + 2} where the notation tf[..] denotes
the trace—free part of the enclosed bundle. The Laplace-Kostant operator
g1 on tf[Eps 3 (—0) acts by AL(¢) := ﬁ%[n —s—t+1+(1—t)(n—29).
Note the computation is rather simple if we consider tf[€p:9'](—¢) as the
irreducible invariant subbundle of EP'(F1--Ei—t) and then follow 3.1. Also
note A%L(¢) is always nonzero. This of course follows by general means but
can be verified directly since tf[€ps9'] # {0} if and only if s + ¢ < n.

Proposition 3.3. The operator d : € — &,0,€

has the form

in the projective geometry

9 min{¢,k+2}

14
(dF)a02C = (d% Fa0aC— e
: : 2 ; A£+2 2(6)

where 02° = XEFaC, X& = X1 - X & and Proft : £, (0) — #f€a:°"](0),
i > 0 4s the projection. O

PI‘OJk+2 IX W[,,ao[ ‘p|0' }\p| ]

The operator d simplifies in spec1al cases £ =1 and k = 0. First assume
¢ =1. Then (0*dVdY)q0a" XCW, 0417 p0, 4P has values in the irre-

= 2(k+2)
ducible subbundle £,0,(—¢) of £,0,¢. We computed [j4; acts by %
on this subbundle. Inverting this scalar, we obtain the result
~ k
C C r
(dF)aOa = (dvF)aOaC + mX Wa0a1 parép’
Now assume k = 0. Then (9*dVd"Y F),C = —@XgI/[/prCQ,ﬂ?W“j has

values in the tracefree (thus irreducible) part of the subbundle &,¢(—¢).
Since ;1 acts on the tracefree part of £,¢(—¢) C &£,€ by 2 e , the resulting
formula is

(r—-1)
2(n—1)
We claim d actually coincides with the prolongation covariant derivative
V. To verify this, first observe ((V — V)F),© € Im 9* by the construction
of d = V. Thus it remains to verify (dﬁﬁF)a—laOC € Ker0*. But since
(dVVF),-1,0€ € Ker & (again by the construction of d = V) and dv —dv

(JF)CLC — (dVF)aC XCWpTC W0 Té‘
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E0 — ker 0* C £,-1,0C, cf. the last term in the previous display, the claim
follows. Using the matrlx notation, V = d has the form

= (0®)\ o° e —1) 0
% () =% () 2= (g )

Finally note £€ = £p (using the tractor volume form) for C = C* and
D = D" ! Thecase { = n—1 (i.e. D = D?) was solved in [12], where the
prolongation of the corresponding BGG operator £,(2) — 4 (explicitly
Joa— Vi fb)) is constructed. They construct the prolongation as the tractor
covariant derivative D, : Ep2 — E,p2, cf. [5]. Since D, — V, : Ep2 — im 9*
(this follows from the formula for D, in p. 9, [12] after a short computation)
and the curvature of (DgDy—DypD,) : Ep2 — Ker 0* (this is obvious form the
formula for D,Dy — Dy D, on Ep2 on the same page) we conclude D, = @a,
cf. 1.1.

Example 3.4. Here we discuss the bundle £(45) = £(ab)(_2) ¢ £2(—2) ¢ £(-2).
Consider a section FoB¢ € &,(BY) expanded in the basis of injectors as
FuB¢ = v By gt 4 x(BY D p.e 4 XBXCu,. Then

(dVdY F) 14022 = 1Qa,laomBC =Q

4—1a0a 5 (BPFaC)P —

a—1a9
1
=YYW, -1 0000,97 +X<BY§>[§Wa 100%pPal — Ag-140,0a%] + XB X7,
for some section 7. Applying 0* we obtain
(07dV AV F) 0a7¢ =2XBYOW;, 000 00 7

1
B~y C r T
+ XPXC[SWhao "y )" = Apaoipioa)”” ]

The filtration degree of £4P) is 3 and so the construction of d will require (at
most) 2 steps. In the first step we put d’ := dV + (Dfﬁ)*lﬁ*dvdv 1 E.BC —
E,0a2¢ where Oz denotes Oy y1 restricted to the subquotient £,°(—2) of
EaBY) | which corresponds to the injector X(BYCC) D Ea0(—2) — E,BO.
Note this subquotient has two irreducible components but we need only

the trace—free part since W[mo( 1p|a] )P ig tracefree. A short computation

reveals 9*9 = [J; acts on the corresponding subquotient of &,B¢) by 773 k

Hence
k+2
(d'F)0,2¢ = V0 F B¢ — * —
(2) B_ .
+XPX (§W[m07"\p|f’a1p = Apaoipial’™)]-

XY W0 pjoa

Further computation reveals

BC k+2
n—k

1
+ 2X Y (4500 Wiao i Pal” = -1 Afradip|Oal””

(dvd/F)aflaOaBC = (dvdvF)a*aoa [2Y(—1Y )W[rao( lp|9al o

+ Vaflw[mo(ﬂp‘aaf)p)} + XBXC’)/aflaoa
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for some section 7y,-1404 € E4—140a(—2) and
k ]' T S
(0°d¥d F)yog "¢ = — —— XPXC [2vsw[mo< WEARL

n —
1 T T
+ (= k= 2) (5 Wipa ppa” = Apaoipioal”™) |

The previous displays shows that (0*dY d'F),0,2¢ is the section of the sub-
bundle £,0,(—2) C E,0,2¢. Since Ty acts on this subbundle by 2=E-1).

0 )
we obtain the result d :=d' — kT k+2 O*dvd’

Proposition 3.5. The operator d : E,BC) — £,,BC)
geometry has the form

in the projective

~ k+ 2
(AF)0a% =V Fa "¢ = = [2X(BY YWt ()P
1 B~y C r s
BT 1)X X2V W0 " o ™?
1 ' T
- (n - k) (_W[rao |p|pa]p - A[ra0|p\0'a]p )Ha
where 0" XBXCF BC and pa = 2XBYCF BC O

We shall discuss the case k¥ = 0 in more details. Then the formula in
Proposition 3.5 simplifies to

~ 2
(dF)aBC ZVaFBC - EX(BYCC)WNLCPUTP

1 1
+ —XBXC (2470p0™ + ——Wra"pVs0'7].

This means d is not a covariant derivative on £B) as the term Wm pVso'P
is not algebraic in FBC, ie. d # V in this case. To compute \Y explicitly,
assume k = 0 and put V’ := d’ (this is a covariant derivative on £B)). That
is, V/, FBC — vy FBC_ (\I/F)aBC, where the homomorphism ¥, : £5) —
£,BC) is given by the formula (2), ie., (VF),BC = X(BYCC)WMCPUTP -
XBXCAmpUW. Extending W,o to an endomorphism £, (B¢ — &.,1 (B,
an easy computation shows

3
(UV'F)aoq2¢ = XBYO W, 006V 10 — 5Waoal’ygpp] + XBXxCp

for some 7 € £(—2). Therefore (*UV'F)BC = —1XBX“W,,°, V. 0" and
we finally obtain (9*dY'V'F),5¢ = (9*dVV'F), ¢ — 2(9*UV'F)5C = 0.
Since the left hand side is the curvature of V' (apphed to FBY), this curva-
ture is a map EBO) _ Ker &*. Thus we verified V = V', cf. Theorem 1.1.
Rewriting V in the matrix notation, we obtain

_ O_bc O_bc 5 0
Vol ot | =Val p¢ | = = | Whatpor
v v n —Arapo?”

Note V, provides the prolongation of the corresponding (first order)
BGG operator from €90 (—2) to the totally tracefree part of &, (—2).
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The same problem was solved in [13] in terms of the connection defined
by (3.6) or the left hand side of (5.2) there. Let us denote this con-
nection on &£(BC) by D,. Note the formula for D, differs from ﬁa in
the middle term of the last matrix in the previous display: this term is
—2 ra“poP for V. whereas %Wmcpaf”" in the case of D, cf. [13, (3.6)].
The reason is purely notational, specifically in the choice of the projec-
tors. If one replaces X(BYCC) by —%X(BYCC) — which means e.g. FoB¢ =

Y(fYCC)ch—l—(—%X(BYCC))pc—i—XBXCV —both terms will coincide. Note also
that formulas for V, and the normal covariant derivative defined in the dis-
play preceding to [13, Theorem 5.1] coincide after the change of projectors.
This confirms the results here coincide with those in [13].

4. CONFORMAL GEOMETRY

4.1. Conformal geometry and tractor calculus. We summaries here
some notation and background. Further details may be found in [15]. Let
M be a smooth manifold of dimension n > 3. Recall that a conformal
structure of signature (p,q) on M is a smooth ray subbundle Q C S%T*M
whose fiber over z consists of conformally related signature-(p,q) metrics
at the point z. Sections of Q are metrics g on M. So we may equivalently
view the conformal structure as the equivalence class [g] of these conformally
related metrics. The principal bundle 7 : @ — M has structure group Ry,
and so each representation Ry 3 z — z~%/2 € End(R) induces a natural
line bundle on (M, [g]) that we term the conformal density bundle E[w]. We
shall write £[w] for the space of sections of this bundle. We write £ for the
space of sections of the tangent bundle T'M and &, for the space of sections
of T*M. The indices here are abstract in the sense of [6] and we follow
the usual conventions from that source. So for example &, is the space of
sections of ®2T*M. Here and throughout, sections, tensors, and functions
are always smooth. When no confusion is likely to arise, we will use the
same notation for a bundle and its section space.

We write g for the conformal metric, that is the tautological section of
S?T*M ® E[2] determined by the conformal structure. This is used to
identify T'M with T* M [2]. For many calculations we employ abstract indices
in an obvious way. Given a choice of metric g from [g], we write V for the
corresponding Levi-Civita connection. With these conventions the Laplacian
A is given by A = g®V,V, = V’V,. Here we are raising indices and
contracting using the (inverse) conformal metric. Indices will be raised and
lowered in this way without further comment. Note E[w] is trivialized by
a choice of metric g from the conformal class, and we also write V for the
connection corresponding to this trivialization. The coupled V, preserves
the conformal metric.

The curvature Rq,° of the Levi-Civita connection (the Riemannian cur-
vature) is given by [V, Vy]v® = Rgpqu? ([-,-] indicates the commutator
bracket). This can be decomposed into the totally trace-free Weyl curva-
ture Cypeq and a remaining part described by the symmetric Schouten tensor
Pap, according to

(3) Rabcd = Cabcd + 2gc[an]d + 2gd[bpa}ca
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where [---] indicates antisymmetrization over the enclosed indices. The
Schouten tensor is a trace modification of the Ricci tensor Ric,y, = Req%
and vice versa: Ricgy = (n — 2)Pgy + Jg,,, where we write J for the trace
P, of P. The Cotton tensor is defined by Agpe := 2V[,Py.. Via the Bianchi
identity this is related to the divergence of the Weyl tensor as follows:

(4) (’I’L - 3)Aabc = vdcdcab-
Finally we put
(5) Bab = VpApab + qucpaqb € g(ab)o[_2]'

In the dimension n = 4, this is the conformally invariant Bach tensor.

Under a conformal transformation, we replace a choice of metric g by
the metric § = €2Tg, where Y is a smooth function. _We recall that, in
particular, the Weyl curvature is conformally invariant Cypeq = Cupeq- With
T, :=V,T, the Schouten tensor transforms according to

(6) I/D\ab = Pab - vaﬂrb + TaTb - %Tc’rcgab'

Explicit formula for the corresponding transformation of the Levi-Civita
connection and its curvatures are given in, e.g., [1, 15]. From these, one can
easily compute the transformation for a general valence (i.e., rank) s section
foed € Epe.d[w] using the Leibniz rule:

Vafse-d =Vafoed + (W =) Yafoea = Yofaca - — Yafoe-a
+ Tpfpc“-dgb& ey Tpfbo--anlc‘r
We next define the standard tractor bundle over (M, [g]). It is a vector
bundle of rank n+2 defined, for each g € [g], by [€4], = E[1] D E[1] D E[-1].
If g = Ty, we identify (o, pa,7) € [E4]y with (@, 714, 7) € [E4]5 by the
transformation

(7)

a 1 0 0 el
(8) ﬁa = Ta 5ab 0 My
7 “lyre —vto1) \ 7

It is straightforward to verify that these identifications are consistent upon
changing to a third metric from the conformal class, and so taking the
quotient by this equivalence relation defines the standard tractor bundle £4
over the conformal manifold. On a conformal structure of signature (p, q),
the bundle £4 admits an invariant metric hap of signature (p+1,qg+1) and
an invariant connection, which we shall also denote by V,, preserving hsp.
Up to an isomorphism this the unique normal conformal tractor connection
and so induces normal connection on @ &4 that will be denoted V, and
termed the (normal) tractor connection. In a conformal scale g, the metric
hap and V, on £4 are given by

0 0 1 o VaOé — la
9)  hap=10 g 0] and Vu [ | = | Vars + gap™ + Papar
1 0 0 T VaT _ Pabe

It is readily verified that both of these are conformally well-defined, i.e.,
independent of the choice of a metric g € [g]. Note that hap defines a
section of E45 = £4 ® Ep, where £4 is the dual bundle of £4. Hence we
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may use hap and its inverse hAB to raise or lower indices of £4, £4 and
their tensor products.

In computations, it is often useful to introduce the ‘projectors’ from £4
to the components £[1], &[1] and £[—1] which are determined by a choice
of scale. They are respectively denoted by X4 € E4[1], Zaq € E44[l] and
Ya € Ea[—1], where Eg4lw] = €4 ® & ® E[w], etc. Using the metrics
hap and g, to raise indices, we define XA, ZA2 YA Then we see that
YaX4 = 1, Z w2l = Gy, and all other quadratic combinations that
contract the tractor index vanish. In (8) note that @ = «, hence X4 is
conformally invariant. Reformulating (9), we obtain

V,Yp = 2%Py, V,2%=—-Ypo? — XzP and V, Xz =Z%g..

Given a choice of g € [g], the tractor-D operator

Dy: Ep..plw] — Eap..p[w — 1]
is defined by
(10) DAV :i= (n+4 2w —2)wYaV 4+ (n+ 2w — 2)Z4,VV — X 40V,
where OOV := AV + wJV. This is conformally invariant, as can be checked
directly using the formula above.

The curvature  of the tractor connection is defined on £ by [V, V,]VC =
Q¢ 5VE . Using (9) and the formulae for the Riemannian curvature yields
(1) Qe = 252} Cabes — 2X (521 Aabs € Elapzr) = Eiap) @ A,
where A = &gy is the conformal adjoint tractor bundle. We shall write
QutFo or (QF) g for the curvature action (V,Vy—Vy Vo) Fo = —Qup” o Fp.

Using the notation developed above, the inclusions ¢ and ¢ defined in 2.2
have the form —2Y|pZpa0 @ Ea = Egapmr) and —2X[EX% t Ea 5 Ealpr)-
(The scalar —2 is used for the sake of compatibility of 9 and V, cf. [9].)
Thus

0:Ea®T 3 fars —2YpZpo fa —= Ea @ T and
O Ea®T 3 fars —2XpZ4fa > Ea® T
and we can easily compute (I on £, ® 7 using the tensorial action f.
k

Example 4.1. We shall compute d on forms twisted by . Let a = a
and consider Foc = Y0a + Z5ptca + Xova € Eac. Then

1
(AV AV F) y=140aC = =Qu-1,01Fac = 5Qa_laoopFap =

s [Caflaocpuap + Aaflaocaa] — XcAy-1,0" tiap,

N =N =

hence (8*dvdvF)aoaC = —ﬁ){c [Caoalrp,urép + Aaoalrdré]. This is a

section of the subbundle £,0,[—1] C E,0ac and one easily computes that

O acts on this (irreducible) subbundle by —";_lﬁgl. Therefore (JF adaC =

VoFac — Q(Tkk—I)XC [Caoa1rp;z,«ép + Aaoafam] for 0 <k <n-1, and

d=dVfork>n—1. Finally note that the prolongation covariant derivative
coincides with the normal one for k = 0, i.e., V=V on &c.
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Example 4.2. The computation of the prolongation covariant derivative is
getting rather technical for more complicated bundles. We shall demonstrate
it on the prolongation covariant derivative V on EBC)o- (Note &Bc), and
EBC are isomorphic using the tractor metric.) The computation consists
of three steps: we start with V and then define covariant derivatives v,
V and V. Taking a section Fpc = Y(gYeyo + Y(BZCC)PC + Z(%Zé)wbc +
XBYoyw + X(BZCC)MC + X (XK we get

1

1
(dvdvF)aoalBC = §Qa0a1ﬁFBC = §Q;0alBCPQFPQ =
1 1
:Y(BZCC') [gcaoalcppp + Aa0a1ca] + Z(bBZCC,) [Caoal(bpwc)p + §Aa0a1(bpc)}
1 1 1
— §X(BYC)Aaoa1ppp + X(BZé) [icaoalcp,up — Aa0a1pwcp + §Aa0alcl/:|
— %XBXcAaoalp,up,

where Q;OalBCPQ = Zana1(B(Phc)Q). Applying 0* to the previous display,
we obtain (9*dVdY F),ipc = —2X(BP’"Q|M1|C)QFPQ, because Q0,1 pp is
0*-closed (i.e. XAOPpralPAl = 0). We put \I/alBCPQ = *QX(BPTQVGHC)Q.
Equivalently, ¥ 1 579 can be obtained by applying 0* to the £pc-factor

of 041(BC) PQ_ This is exactly the operator 5, from [5] since the notation

therein means V' = & pe),, V" = E(PQo  and therefore szoalBCPQ €€ ®
End(V) is the curvature tensor of V, on V' = &pey,. We shall denote
the operator 0y, by Oy~ : Eparpc’? — EapcT? here. Thus we have

Uopet? = 2(0569)ar pcP9, explicitly

Vopc"™® == 20,285 [ X T ZD9C 0 (heyq + XXV A1)
c P P
(12) + X (528 (27T Z9C g + 2X P ZIA 1 )]
+ XpXeyZPP ZDIA 1,

Since %C’a1(bc)ppp + Aq1(pe)0 is a section of the Cartan component of the
subquotient &1y @ & of £,1(pey, and U acts on this subquotient by —%,
we put VoFpo = VoFpo + %\IJGBCPQFPQ as the first “approximation” of
V. We need to know Voo, pct? to compute the curvature Q0,1 50"% of
V. First, it easily follows from ¥,15,7% = —QX(BPTQ|M1|C)Q that

(dv\ll)aoalBC'PQ = vaO\IJalBC'PQ = _2vaOX(BPTQ\Ta1\C)Q =
0 pel
= —QZ(eB Pe g|aOeOQela1\C)Q + 2W(BPQ|a0a1|C)Q — X(BPTV‘TQQOGHC)Q,
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since V-1€Q4041009 = 0. Expanding the expressions in the previous display,
we obtain

3
(dv‘l’)aoalBCPQ = —§Y(BZCC’) [X(PZQ)qCaoalcq + XPXQAaoa1C]

+ ;X(BYC)X(PZQ)qAaoalq

+ 226 [_QZP(PZQ)qgaO[bCP]alcq + %X PXQ(ViAwaie + Py Coatre)
+ XPZ(—2g,0p,A 1. + %vbcaoalcq - gb[cA|a0a1|q])]

+ Xp25)| gY(PZQ)qCaOalcq ~ XPZVUV (Ajw0arjg) + P Clasatslg)
+ 270 291 (2g 0 Apjarg — %VpCaOalcq + gpteAvaria)|

+ XpXc [—;YU” ZDA 001, + %ZP(P ZD(V Aoy + Ppscaoalsq)]

after some computation, which uses the differential Bianchi identity, in par-
ticular the relation [18, (29)]. Now we need to apply 0%, to the previous
display. This yields

3

(Opc d¥0)ppct® = 52(%25) [(XPZDIC1 (g + XT XAt )]

1 1
+ X(BZ) [§(n 1) 2P P ZD9C 5 e — §XPXQBalc

P
+ XPZD9((n — 4)Ayare) — 3Aaige))]
1 P 1 p
+ XBXC[i(n —1)2PPZDUA 1 ) + §X( ZDB,,].
We need to compute ¥y, po? = 1(850Q) 01 o’ satistying U1 g Fpg =
(0*dVV F) 1 pc. Since Vo Fpo = Vg + %WQBCPQ we have

1— 1 2 4
§Qa0a1BC’PQ = §Qizoa1BCPQ + g(dvqj)aoalBC’PQ + 5(\1} A \Il)aoalBC’PQa

where (¥ A U) 015079 = Uopc™VWapsT?. Since 1(05.Q)apc’? =

15079 by definition of ¥, applying 05 to the previous display yields
(13)
1

U, 50t = 5(3Ecﬁ)achPQ =
2 . 4
=U,ipc" @+ 5(3Bcdv‘l’)alBCPQ + 5(3 (U AT)) e’ =

— é X525 [(n =427 Z99C 0 e+ 2(n = DX P ZVIA (10 — XTXOB,]

1 4
+ gXBXC [(n - 4)Zp(PZQ)qAa1(pq) + X(PZQ)qBalq] + 5(8EC(\I/ AN arpc’®,

where

(14)
1
(8EC(\P/\\I’))alBCPQ = §XBXC' [X(PZQ)qCal (rs)qursp'i‘XPXQCal (TS)qurs] .
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Remark 4.3. The section (9*dY ¥),pc"? is closely related to the confor-
mally invariant curvature quantity
Wer =(n — 4)Z§ZECap, — 2(n — 4)ZEXL Aoy
—2(n — 4)XEZf Age + AXEX{ Be s,

cf. [14], where all the form indices E, F, e, f have the valence 2. In
fact, one easily computes (9*dV¥),pc’? = —%ZfX(BWC)(PRQ). Since
(0*dV¥),pc"? coincides with ¥,5c"? up to the terms involving C,1 (’"S)qump
and C1 (’"S)quTS, cf. (13), conformal invariance of Wgp verifies the invari-

ance of the previous computations.

Looking at the form of ¥, sot QFPQ, we see that we need the action of [y
on the subquotient &1, of &, pc (corresponding to the injector X(BZé)).
A short computation reveals this is —5 hence the next “approximation” of
V will be the covariant derivative

- _ 9 2 25
Va = Vot ~Wapc"™ = Vot 2Wupc™ + ~Wapc™ : Epg) = Eawe).

Now we need the curvature ﬁaoal ot @ of ?a and then to apply 05, on
%§a0a1 ot @. Tt follows from the definition of V, that
(15)
15 P _lg PQ L 2g G, PQ L A, RSy PQ
analBC - analBC + =V, Vape + Vope " Vaigs' ¥,
2 2 n 3n
since EaOBCRSTalRSPQ = ‘I’aoBcjftﬁalRSPQ =0. o
The next step is to compute V15079 = L(05.0) 15079 We ap-

ply Op to the three terms on the right hand side of (15). Firstly recall
%(8%05),1130%2 = U ,15c79 by definition. Secondly, one gets
1

(dvﬁ)aoalBCPQ = gz(gz(?) |:(n - 4)ZP(PZQ)ngaOCa1(pq)c

+2(n = )X P Zg,0 Ay(g10) — X XOGp00 By
+ %X( 5 Z&) E(n — )Y P ZC 410 — ;(n —HXPYD AL,
+ (0= 92" 2NV 0 Cor gye + 2900 Ag) he) + 20a0cAat ()
+2X P ZD((n — )V 0 Ay — (0 — ) PooP Cot (o) + 29001 Byt
+ %gcaocal (Ts)poqmp)

4 s
+ X" X~V Byie = 2(n = 4) P Aygare) + 59carCar >PAp(TS))]

+ XpXcp,t PQ

for some 179 € £,179 after some computation. Using the last display, it
is not difficult to verify that

* U T 2 *
(O5cdV0) i pcet? = —§‘I/alBCPQ - 5(” —2)(0pc(¥ A ) pee.
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Thirdly, one easily derives W, 050V, 1 5479 = —%WaoBoRS\PalRSPQ.
Hence we finally obtain

(16) Wuipc"@ = 5(8309)alBCPQ = =5, = 3)(05c(¥ A W))aipe’?,
where — & (n —3) = —%(n —-2)— gi(n —4).

In the last step we need the action of J; on the subbundle £,1[—2] C
Eal(BC)o correspondmg to the injector XpX¢. This is the scalar —(n—1), so

by adding —\Ila1 et to V we obtain the resulting prolongation covariant
derivative

_ 2 2— 1 5
Vo = Vot 3Wapc” + ~Wapc"™ + ——Wapc"™ : Epg) — Eu(pe)-

Proposition 4.4. The prolongatwn connection V : E(BC) — &y(BC) tn the
conformal geometry has the form v oFBo =VoFpo+ % ‘I’aBC QFPQ, where

P b e [y(P P
VpcQ = ~Z 426 [X< ZD9C, g + X XQAa(bc)]

c 4 n—4

+ X2 | = 2" 2 C e+ 2X P2 (Ao + T Ay(ar)

- lXPXQBac]

n

4 P 1 P 4 s

+ XpXeo [_EZP( ZQ)qAa(pq) + EX( 7Q)q (Bag + mca( )qursp)
4 PyxQer (rs)p
o X9 A,m].

O

Example 4.5. The prolongation covariant derivative V on tractor form
bundles €40, A = A¥ was computed in [11]. Consider a section Fyo =

YAOA_O-a + k+1ZAOAMaOa +WA0-ZV3 +XAO_Z_pa 6 gAOA. Then

k—1
v cFaoa = VeFq0p + ZAOA [Ccpaoalapé + ——9:00Ca142 qué}
k(k—1) a
— monA [(n - Q)CcaQanpqéi —(k— 2)Ca2a3pq00pq5]
k—1)(k—2
+ X oA {_Acpalapé - %gml Cazas™Vpga

N k—1
2(n—k

n — 2k
) ( on (cha1a2pq)0'pqé + gt qua20'pqé

— 2140(11170‘175i — Aa1a2p0'cpé + Ccalpq,upqé

n(n—k+1) -2k k
nk Ccpala2 Vpa — E a1a2pq/~’/cpqéi>},

cf. [11, Remark 4.2].

The prolongation covariant derivative v simplifies for £ = 2 in dimension
n = 4. Then we have (at least locally) the conformal volume form

17 €c € Ec[4] such that €%ec. = 4!, i.e. €% = 4!5611 e? ced cet
c

c2 Ye3 Yet
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where ¢ = ¢, e = e*. Recall Ve = 0 for any connection V from the confor-

mal class. Then the Hodge-star operator * : Egp — Egak, k= 0,...,4 has
the form (xf),r = Gakr4_kfr4—k. The eigenvalues of * for k = 2 are +2. The
induced tractor volume form Fgs = —30 Wézecz; € Ecs yields analogously
the tractor Hodge—star operator * : Eg¢ — Egs—¢. The eigenvalues of E for
¢ = 3 are +£6.

Henceforth we assume k£ = 2 and n = 4 and *F = 6F. If not stated
otherwise, all form indices will have valence 2, e.g. A = A? or a = a%. Our
normalization of volume forms E and € means that

(18) xo =20, *xp= -3V, *xv=2u, *xp=—2p,
i.e., o, is self-adjoint. Using this and (17), one easily verifies
(19) 9ea0Ca or = —2CPa0,00,  Ca'per = —2C 01" iy,
Thus the prolongation covariant derivative V has the form

~ 1 1

VeFaoa =VeFpop + ;2 408 Ol a0pg0 — TW 404 Cea" 0

1
—+ ZXAOZ [—4Acpa1 Opa? + gca1Ara20‘r — 2Aca1papa2
— AapO'Cp + 2cca1r/1,a2r + Ccpayp].

The connection V simplifies considerably for half-flat structures, i.e., when

(20) €2 Crp + € Car = 4M\Cap, A E {—I—l, —1}.
The self-adjoint structure A = 1 equivalently means C,* f, = 0 for every
anti-self-adjoint two form f, and the anti-self-adjoint structure A\ = —1

analogously means Cp" fy = 0 for every self-adjoint fa. It follows from (20),
(18) and (17) that

(21) CPavy = ACa" iy

We shall discuss the anti-self dual case A = —1 in detail. A short compu-
tation reveals

r r
Ca'or =0, A'wor =0 and Axloy =2A4,.L0,2,,

where the second and the third equally follow by applying Ve and Vo0,
respectively, to the first one and using V,0Car = 2g,0,1 44,2. (Note the last
equality says AP0, = 0.) From the last display and (21) for A = —1 we
finally obtain the following:
Proposition 4.6. Consider an anti-self-dual conformal structure in the di-
; i on 7 - £ + — A2

mension 4. Then the prolongation connection V : E[AOA] — EC[AOA]’ A=A
on the bundle of self-dual tractor 3-forms S[JAOA] C Elaoa) has the form

~ 1

VeFp0a = VeFop +X 0% [—2Ac(pa1)0pa2 + §Ccpaljp].
for Fyop € S[ZOA] where g5 = 3XAO‘:FA0A and v, = 76WA09FA0A.

Note a modification of V on £7,, was also obtained in [10, (2.27)] where
the spinorial notation is used.
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5. ALMOST (GRASSMANNIAN GEOMETRY

A complex almost Grassmannian (or AG-) structure on a smooth mani-
fold M is given by two auxiliary vector bundles £4 and €4 and the identi-
fication

(22) g =cpet=£y, NEM= NeEa,

where p is the rank of €4 and ¢ is the rank of £4. In fact, all results we
obtain hold for all real forms of a given complex geometry, [16]. Motivated
by the case p = ¢ = 2, when the structure is the spin conformal structure,
we shall term €4 and €4 spinor bundles.

Following [16] and equation (22), we adopt the convention

E[-1] 2 Epa = EBY, €[] 2 EA" = &R

for line bundles. This isomorphism is given explicitly by the tautological
section €aq € Eaq[l] as E[—1] > f +— feas € Eaq. A choice of a scale & €
&[1] is equivalent to the choice of spinor volume forms egAq =& Yepd € Epa,
and analogously for AT,

Our convention for the torsion T,,;¢ and the curvature Rg,% of a covariant

derivative V, on T'M are given by the equation
QV[avb}Uc = Tabdvdvc + Rabcdvd.

Summarizing [16, Theorem 2.1], for a scale £ € £[1] on an AG-structure,
there are unique covariant derivatives on £ and €4 such that the torsion
Ff/g/g, of the induced covariant derivative on T'M is totally trace-free, the
induced covariant derivative preserves (22), and in addition ¢ is parallel. We
denote this class of covariant derivatives, parametrized by sections of £[1],
by [V]. Changing the scale £ — & = ¢Y¢ € £[1] with T a smooth function,

the covariant derivative V changes to V in a way that
VAUC = v4uC + 658 W, for u€ e €4,
@ﬁ/ucr = Vﬁ/ucr + 5éZT§/uB/, for ugr € Ecv,
(23) @ﬁlvg = VﬁlvB — TglvA, for vg € &g,
@AIUBI = VﬁlvB/ — TﬁlvA/, for vP" € £ and also
Vof = Vaf +wYof, for f e &w)],

where T, = V,T. We use hat sign to denote quantities corresponding to
the changed scale é = e¢¥¢ from now on without further notice.

Given V € [V], we denote all covariant derivatives on tensor products of
E4 anD £y also by V. The curvature on spinor bundles is given by

2V Vi — TV = Ry50P,  (2V,Vy — Tw?Va)vp = Ry, Sver.

. / ! /
The curvature of V is R4 = R, 26%, — R, 9,08, where R 5 and R,

are trace—free on the spinor indices displayed. The relations

C _ 11 C  <CpA'B |, sCpB'A
Ryyp =Uwp —0gPap +94PE D,

c C' | sB'pA'C'  A'pBC’
Ruyyp =Uwp +0pPas —0pPBas
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together with the condltlon U ﬁ g ﬁ U flg ﬁ: = 0 (and the algebraic Bianchi

identity) determine U, D, U abg, and the Rho—tensor Pg,. In more details,

the curvature on the (co)tangent bundle is
Ry = Uy + 53’5 PED — 00/ 05PA B + 6508 PE R — 6008 PA R

where U, = U, D(5 — U, 60 In this form, tensors U are determined

by U6 = jé/g a—U f,g/g; = 0. (Note the previous display means the
decomposition U = R + 0P, where U is 0*-closed, cf. the theory of Weyl
structures in [9].) Furthermore,

(24) Uabg = _Uabg; = 2P[ab] and — 2(]7 + q)P[ab} = VI,

where the last identity follows from the algebraic Bianchi identity.
We will be mostly interested in the case p = 2 and ¢ > 2. In this case,

the only invariants are the trace—free part of T([fl g])g, and the trace—free

part of U [( A B]C), [16]. That is, if these two vanish, the geometry is locally
isomorphic to the homogeneous model. Finally note that using the algebraic

Bianchi identity, we obtain

R'[A'B'] _ /|A'B'|R R'(A'B') _ (A'BR _
Uapr = UR(AB)_U[AB]R’ =Ukap =0
R/(A'B") _ (A'B")R (A'le] nB") T
(25) U(AB)R’ U R(AB) — T( TB)e
R'[A'B] wpir _ 1 [A|e| 1B'] T
Unpirw =Uran = qrara Ble

5.1. Grassmannian tractor calculus. We follow [16] here. The standard
tractor bundle is the (spinor tractor) bundle £* = £4 @ £4" and we denote
its dual by &, = €4 & E4. (That is, we use Greek letters for spinor tractor
abstract indices.) Using the injectors Y§ € £%, X%, € £€%, and YA e el
X e &4 sections of £ and &, are written conveniently as

A
<ZA/> =Yg + XGpY €% resp. <Z’:> =Y vu + X2 pa € &

Splittings of £¢ and &, are parametrised by choice of the scale £ € £[1]. The
change of the splitting has the form

/O'A\ UA . O e a B Ya a
oA )T pV =18 b ) Le, Yi=Yi+XpTa, X3 =X3 and

var var : oA A ByA YA A
= / e, YO =Y - XOT5, X=X
(MA) <MA+TQ‘VA/>’ o e ° o B e “

That is, the sections X4, and X A are invariant and Y and YaA/ depend on
the choice of the scale. They are normalized in such a way that Yng +
YB X0 = 6,0, 1e, XBY§ =648, and X9V =547

The normal covariant tractor derivative is given by

/ UB VP/O' + pP,(SA (VB! VPII/B/ 5P:,u,4
\Y / P and V = .
A (PB ) <V - PLE B> 4 <“B> (V pp +PLY VB’)
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That is,

/ '/ / /
VEYS = -X%PLE VI XS, =YL and
'y B BpP'B' P yvB P’ sB

VAYa :XaPAB’ VAXa :_Ya 5A'

Its curvature Qabg is trace-free on the spinor tractor bundle and has the
explicit form

Qupg = — YgYﬁC Tpor + Y(?‘X U + XC/Yﬁ Up

a

+ ngXgQabg € Euyp € Elay @ trace-free(E5),

where Qape = —2V [ Pyc + TapPec € Eap)c and trace-free(EF) = A is the
adjoint tractor bundle. That is, (V,Vy — Vi Ve — Tp®Ve) f@ = Qab,@fﬁ _
(U )ap® = Qaptf© in our notation.

The inclusions ¢ and 7 from 2.2 are of the form YX‘OYAO/ D Ea D E0.%8

and XAI,XA1 Ea = Ea° 5, where we use the identification & , = ﬁol and
1

E® Al, Therefore

0:Ea@T 3 fars Y V5" fa =5 €0, ©T and
O Ea®T S fars X XS fa - 0 T

for any subbundle 7 of ® £, ® ® £ @ £[w]. This does not cover all tractor
bundles but will be sufficient in the examples treated below.

Henceforth we assume p = 2, ¢ > 2. Note we have the decomposition

Qabg = Q[(’Zg)} 5T Q([ilg]/) 5 where the component Q([ A g]l) 5 vanishes in the

torsion—free case.

5.2. Skew symmetric tractors and tractor forms. We shall also need
tractor bundles /\Z £% = £% with the notation for the multiindex o = .
Since \‘ & = \IT2E Ep (we assume orientability here), these are just trac-
tor forms. Specifically, the case £ = ¢ + 1 is just the bundle £3.

It follows from the structure of £¢ that

gx=ghg el AgelPCIA a—af, A=Al 2<0<y

Of course we have the isomorphism EB'C1A = SA[—l] using the spinor
volume form €p/cr € Eprcn[—1] but it turns out more convenient for the

computation to use the form as in the display.

We put
£
:y[ji...yj}egg, W2 i :X[gf ‘fz...Y ]eéfg,A,
[al 2 3 a]
XJCB",C,A—XB, aC,Yfﬁlg...Y Eg[g,o,]A,
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where X7 o oA 18 invariant and Y3 and W2, are scale dependent. Finally,
the normal tractor connection on these sectlon is

VCYX = (W& P|c\A1]’

B/[A
\Y W;’A = Ya . 53/ — (f )XE/D/[ P|C|£2}, and
VXS, = 2WE 05

Example 5.1. We shall demonstrate the prolongation covariant deriva-
tive V for AG—geometries on tractor bundles corresponding to fundamental
representations. These are bundles /\é E* for 1 < ¢ < g+ 1. Since the
computation is getting very technical for 1 < ¢ < g+ 1, we later restrict to
torsion—free manifolds.

First we discuss the cases £ and £3 = AT €. Considering F© e £~
and G € &g, a short computation gives

(0*dVdV F),> = —XD,XDSD SFY  and

(@ dVdV Q)5 = ——XD,XDSD’C’G
where
ali 1Al R IR/ 1 / !
D'C' _ ;7R'A'B A'B'R (A'le|lnB") r [A'le|nB'] v
Sep =UiBr = URAB_QTT(A B)e Jr4T[A Ble *

Hence we need the action of the Kostant-Laplace operator [ on Sgc/ =
E(g ) & S[D <l The eigenvalues are, respectively, %(q —1) and %(q +1).

Therefore the prolongation connection V has the form

‘vl nl o D (D'c”) 1 [D'C'T w o @

VF® = V,F® — X3, XV [—S +—q+1SCD}F for F € £°,
1 !’ 1 ¥ali

VG5 = V.Gg +Xw,XD[—S(D )+ ms[gg]}aw for G € &g.

It remains to consider the bundles 5"‘, a = af for 2 < ¢ < q. Consider
the section F'® = YKO'A + W;‘/- BA + X« B C'A where o® € EA,

. . . B'C'A
pb'A e gB'A B'C'A ¢ glB'CIA A straightforward computation shows
that

a 1 a 1 ol |w|é
(dVdY F)g> = S8l = §€Qde[u} Fleled =

o Al 0|4 AL 10/ A
_ i{YA [fUde[Q o104l _ 7, 14 0 \A]}

and p

42 L , . L
+ W;’A |:(£ — 1)Ude[Q HlB QlA} + deeg O'QA + Ude Q/MQ A
A% |1B'Q'|A B'C'A
_ 2Tde[Q/ plB'@l }] + XD AP }

for a section @B’ ¢'A ¢ EB'C'A " We need to compute 9* of the previous
display.

It turns out the computation is getting too technical in general, so we
compute V in the torsion-free case only. That is, we assume Tefg =0
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(hence also SD = 0) from now on. Then we obtain
(0*dVdV F).*>
1 B, A2 .
G ){zwg,AU 4% S 1QRIA)
C'[A3 =% =%
+X§’C’ W_2)U [ |BQR|A 0Q.6 CB oQRA UCBMQRA]}'

Since U é{glc U [agg in the torsion—free case, we conclude that
(0*dVdV F).* = 0.

This yields the surprising result V = V on £%. The same is obviously true
also for £ =1 and £ = ¢ + 1. Hence we obtain

Proposition 5.2. The prolongation connection Ve: X £.% a=a' for
1 <4< q+1 on torsion-free AG-manifolds is equal to the normal tractor
connection, i.e. V = V.
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