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ON TOPOLOGICAL RADON TRANSFORMATIONSLars Ernstr�om, Toru Ohmoto and Shoji Yokura0. IntroductionRecently many mathematicians have been working on Radon transformation (see[3,4,5,7,8] etc.). In [3] Brylinski deals with topological Radon transformations of con-structible sheaves and in [7,8] Ernstr�om deals with topological Radon transformationsof constructible functions, both in the set-up of the following diagram or correspon-dence: Ik
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HPN Grk(PN )where Grk(PN ) is the Grassmannian of k -dimensional planes of the projective spacePN , the point-k -plane incidence variety of PN�Grk(PN ) is denoted Ik , and p and qare the restriction of the projections. In this paper we consider Radon transformationsof constructible functions and of homology classes.The Radon transformation treated in [7,8] is the homomorphismF(PN )! F(Grk(PN ))from the abelian group of constructible functions on PN to that on Grk(PN ) , de�nedby the composite q� � p� of the pull-back p� : F(PN )! F(Ik) and the pushforwardq� : F(Ik) ! F(Grk(PN )) . The functor F , assigning to a variety X , the abeliangroup F(X) of constructible functions on X, is both covariant and contravariant.Namely, the functor F is covariant with respect to pushforward, and contravariantwith respect to pull-back. The topological Radon transformation q� � p� mixes bothcovariant and contravariant natures. In this paper we introduce a category of varieties,whose morphisms are isomorphism classes of pairs of maps X  M ! Y , andwe capture the topological Radon transformation as a covariant functor from thiscategory to the category of abelian groups; i.e., we show the following :Theorem A. There is a category Div of compact complex algebraic varieties andthere is a covariant functor FRad : Div ! Ab from the category Div to the categoryAb of abelian groups such that(i) for a variety X , FRad(X) = F(X) , is the abelian group of constructible functionson X ,The third author is partially supported by Grant-in-Aid for Scienti�c Research (No.07640129),the Japanese Ministry of Education, Science and Culture. Typeset by AMS-TEX1



2 LARS ERNSTR�OM, TORU OHMOTO AND SHOJI YOKURA(ii) for a morphism f 2 HomDiv(X;Y ) , FRad(f) : F(X) ! F(Y ) is the Radontransformation.Also, we introduce the notion of a homological Verdier-Radon transformation onsmooth varieties, which is closely related to the topological Radon transformation viathe Chern-Schwartz-MacPherson transformation C� ([2,14]). In fact, we show thefollowing result.Theorem B. For a divergent diagram � : X p M q! Y , where X , M and Y aresmooth and p :M ! X is Euler, the following diagram commutes:F(X) C�����! H�(X;Z)FRad(�)??y ??yHV�Rad(�)F(Y ) ����!C� H�(Y ;Z)Here HV�Rad(�) : H�(X;Z)! H�(Y ;Z) is the homological Verdier-Radon transfor-mation.We use Theorem B to generalize the Pl�ucker formula in [7,8]. This formula canbe interpreted as a formula expressing the 0�dimensional component of the Chern-Mather class of the k�dual variety of tangent k -planes of a a variety X in PN ,denoted X<k> in Grk(PN ) , via the 0�dimensional component of the Chern-Matherclass of the variety X . Our generalization gives a formula expressing the total Chern-Mather class of the k�dual variety X<k> via the total Chern-Mather class of thesource variety X .Acknowledgement. Some of this work was done during the third author's stayat the Erwin Schr�odinger Institute, Vienna, Austria. He would like to express hisgratitude to the Institute, and in particular to Professor Peter W. Michor, for theirhospitality. 1. The Divergent CategoryIn this section we introduce a category of algebraic varieties that will be used togeneralize the Radon transformations of constructible functions in [7,8].De�nition (1.1). Given varieties X;Y and M , an orderered pair � of maps p :M ! X and q :M ! Y � : X p M q! Yis called a divergent diagram from X to Y . Sometimes the notation � = (p :M : q)will be used. If � is a divergent diagram from X to itself and p = q , then we call �a symmetric divergent diagram.The term "divergent diagram" is used in the theory of dynamics (see [6]).Remark (1.2). The reverse of the divergent diagram � := (p :M : q) is�� : Y q M p! X:



ON TOPOLOGICAL RADON TRANSFORMATIONS 3The diagram �� := (q : M : p) is a divergent diagram from Y to X . It is di�erentfrom the divergent diagram � .De�nition (1.3). Let � = (p : M : q) and �0 = (p0 : M 0 : q0) be two divergentdiagrams from X to Y . Then we say that the divergent diagram � is isomorphicto the divergent diagram �0 , denoted by � � �0 , if there exists an isomorphismh :M !M 0 such that the following diagram commutes:M
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>>q0 ||||||||i.e., p = p0 � h and q = q0 � h .Note that the relation � is an equivalence relation. We denote the isomorphismclass of a divergent diagram � by [�] .De�nition (1.4). The composite � � � of two divergent diagrams � = (p :M : q) :X  M ! Y and � = (r : N : s) : Y  N ! Z is de�ned using the followingdiagram: M �Y N
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@X Y Zwhere M �Y N is the �ber product of q :M ! Y and r : N ! Y , and pr1 and pr2are the projections. Then the composite � � � is de�ned by:� � � := (p � pr1 :M �Y N : s � pr2)Now we are ready to de�ne the divergent category Div of compact complex alge-braic varieties.Proposition (1.5). There is a category Div de�ned by the following data:(i) the objects Obj(Div) consist of all compact complex algebraic varieties,(ii) for two objects X and Y , the morphisms HomDiv(X;Y ) consist of the isomor-phism classes of divergent diagrams from X to Y . For [�] 2 HomDiv(X;Y ) and[�] 2 HomDiv(Y;Z) ; we de�ne the composite [�] � [�] by[�] � [�] := [� � �] 2 HomDiv(X;Z):



4 LARS ERNSTR�OM, TORU OHMOTO AND SHOJI YOKURAWe shall call this category the divergent category of algebraic varieties.Proof. We have to show the following three things: (the proofs are straightforwardusing the properties of a �ber product and therefore omitted).(1)The composite [�] � [�] is well-de�ned; i.e., it is independent of the choice of therepresentatives in the isomorphism classes [�] and [�] ; i.e., � � �0 and � � �0implies that � � � � �0 � �0 .(2) The composite operation is associative, i.e., [
] � ([�] � [�]) = ([
] � [�]) � [�] forany divergent diagrams: � : X p M q! Y , � : Y r N s! Z and 
 : Z t L u!W .(3) The composition law has units: let 1X := [eX ] be the isomorphism class ofthe "identity" divergent diagram eX : X id X id! X . Then, for any morphism[�] 2 HomDiv(X;Y ) , and for any morphism [�] 2 HomDiv(W;X) , [�]�1X = [�] and1X � [�] = [�] , i.e., � � 1X � � and 1X � � � � . �Remark (1.6). Correspondingly, for categories of topological spaces, real analyticvarieties etc., we can de�ne divergent categories, provided that the �ber product isclosed in the category; i.e., if three objects X , Y and Z belong to the category thenthe �ber product X �Z Y also belongs to the category.De�nition (1.7). Let f : X ! Y be a morphism and let �f be the graph ofthe morphism f . Then the divergent diagram X p �f q! Y , where p and q arethe restrictions of the projections, is called the graph divergent diagram of f, and isdenoted by 
f .Observation (1.8). We note that the graph divergent diagram 
f of f is isomorphicto the divergent diagram jf >:= (idX : X : f) : X idX X f! Y .Here we show that the usual category V ar , of complex algebraic varieties, can beembedded into the divergent category Div .Theorem (1.9). ( The graph functor � ) Let � : V ar ! Div be the map de�nedas follows:(i) for an object X 2 Obj(V ar) , de�ne �(X) := X , and(ii) for a morphism f 2 HomV ar(X;Y ) , de�ne �(f) by�(f) := [
f ] 2 HomDiv(X;Y );where [
f ] is the isomorphism class of the graph divergent diagram 
f .Then the map � : V ar ! Div is a faithful covariant functor.Proof. (1) To prove covariance we have to show that �(f � g) = �(f) � �(g) , giveng 2 HomV ar(X;Y ) and f 2 HomV ar(Y;Z) . By de�nition, �(f � g) = [
f�g] and�(f) � �(g) = [
f ] � [
g] = [
f � 
g] , hence we have to show that 
f�g � 
f � 
g .We can show this directly, but using Observation (1.8) above, it su�ces to show that



ON TOPOLOGICAL RADON TRANSFORMATIONS 5jf � g >� jf > �jg > . By the de�nition of jf > �jg > we have the following diagram:X �Y Y
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hX YX``idXA A A A A A A >>g ~~~~~~~This means that h = idX and hence f = g . �Similarly we can show the following:Theorem (1.10). ( The reverse graph functor �� ) Let �� : V ar ! Div be amap de�ned as follows:(i) for each object X 2 Obj(V ar) , ��(X) = X , and(ii) for a morphism f 2 HomV ar(X;Y ) , ��(f) is de�ned by��(f) := [�
f ] 2 HomV ar(Y;X)where �
f is the reverse of the graph divergent diagram 
f .



6 LARS ERNSTR�OM, TORU OHMOTO AND SHOJI YOKURAThen the map �� : V ar ! Div is a faithful contravariant functor.Remark (1.11). Theorem (1.10) can be shown similarly as in the proof of Theorem(1.9), but we can easily see this because the map � : Div ! Div , taking the reverse,is a faithful contravariant functor.Remark (1.12). Any divergent diagram a = (f : M : g) : X  M ! Y can beexpressed as the composite jg > � < f j of the divergent diagrams jg > and < f j .2. The Radon functorWe shall here de�ne a covariant functor from the divergent category Div to thecategory Ab of abelian groups. We will denote the covariant functor of constructiblefunctions with push-forward by F� , to emphasize the covariance. Given a morphismf : X ! Y the pushforward is denoted f� : F(X) ! F(Y ) . With the pullbackf� : F(Y ) ! F(X) the constructible functions become a contravariant functor,which will be denoted by F� , to emphasize the contravariance.In this section, motivated by the Radon transformations of constructible sheaves [3],and constructible functions [7,8], we introduce the Radon functor FRad : Div ! Ab .If the Radon functor FRad is restricted to the faithful subcategories �(V ar) and��(V ar) , it specializes to the covariant functor F� : V ar ! Ab and the contravariantfunctor F� : V ar ! Ab , respectively.De�nition (2.1). (Radon transformations ) For a divergent diagram� : X p M q! Ywe de�ne the homomorphism FRad(�) : F(X)! F(Y ) to be the composite q� � p� ,where(i) p� : F(X)! F(M) is the pull-back, i.e., p�(�) := � � p ,(ii) q� : F(M)! F(X) is the pushforward, which is de�ned byq�(�)(y) :=XW mW�(q�1(y) \W );where � =PW mW 1W and each W is a subvariety of M .We call this homomorphism FRad(�) the Radon transformation associated to � .The reverse Radon transformation associated to � , is de�ned to be the Radon trans-formation FRad(��) , where �� : Y q M p! X .It is easy to see the following:Lemma (2.2). Let � : X p M p! X be a symmetric divergent diagram. Let W bea subvariety of X . Then we have(i) FRad(�)(1W )(y) = � �(p�1(y)) if y 2 W0 if y 62 W ;in particular



ON TOPOLOGICAL RADON TRANSFORMATIONS 7(ii) if p is surjective and the Euler-Poincar�e characteristic �(p�1(y)) of each �berp�1(y) is equal to 1 , then FRad(�) = 1F(X) the identity homomorphism on theabelian group of constructible functions on X .Theorem (2.3). The map FRad : Div ! Ab de�ned below, is a covariant functor.(i) For each object X 2 Obj(Div) set FRad(X) := F(X) , the abelian group ofconstructible functions on X ,(ii) For a morphism [�] 2 HomDiv(X;Y ) , set FRad([�]) := FRad(�) , the Radontransformation.We call the functor FRad : Div ! Ab the Radon functor.Proof. We have to show: (1) that FRad([�]) is well-de�ned, and (2) the functorialityof the map FRad : Div ! Ab .(1): Let � : X p M q! Y be isomorphic to �0 : X p0 M 0 q0! Y , i.e., there is anisomorphism h :M !M 0 such that p = p0 � h and q = q0 � h . Then we haveFRad(�) = q�p�= (q0 � h)�(p0 � h)�= (q0)�h�h�(p0)�= (q0)�(p0)� (since h�h� = 1F(M 0) by Lemma (2.2) (ii))= FRad(�0)Thus the de�nition of FRad([�]) := FRad(�) is independent of the choice of therepresentative from the isomorphism class [�] , i.e., FRad([�]) is well-de�ned.(2): Let � : X p M q! Y and � : Y r N s! Z be two divergent diagrams. We wantto show that FRad([�]� [�]) = FRad([�])�FRad([�]) . It follows from the de�nition ofcomposition in Div that FRad([�] � [�]) = FRad([� � �]) . By (1), it su�ces to showthat FRad(� � �) = FRad(�) � FRad(�) . Recalling the de�nition of the composite��� (using the same symbols as in De�nition (1.4)) and the de�nition of FRad(���) ,we have that FRad(� � �) = (s � pr2)�(p � pr1)�= s�(pr2)�(pr1)�p�:Here we recall the following lemma:Lemma (2.3.1). ([8, Proposition 3.5]) If the following square is a �ber square(or a Cartesian diagram), i.e., W is the �ber product of f : Y ! X and p : Z ! Xand q and g are the projections, W g����! Zq??y ??ypY ����!f X



8 LARS ERNSTR�OM, TORU OHMOTO AND SHOJI YOKURAthen it holds that p�f� = g�q� .Proof. Given � = 1V where V ! Y is a closed embedding, it su�ces to prove thatp�f�(�) = g�q�(�) . Fix z 2 Z and denote x = p(z) . Then by de�nition we have(p�f�(�))(z) = �(f�1(x) \ V ) and (g�q�(�))(z) = �(g�1(z) \ q�1(V )):Furthermore, since W is the �ber product Y �XZ , we have that g�1(z) = f�1(x)�z .Then by a simple computation we can see that g�1(z) \ q�1(V ) = (f�1(x) \ V )� z .Thus we have that (p�f�(�))(z) = (g�q�(�))(z) , i.e., p�f�(�) = g�q�(�) since z is anarbitrary point of Z . �We apply this lemma to the following �ber sqare,M �Y N
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u uYwe have that (pr2)�(pr1)� = r�q� . Thus we get thatFRad(� � �) = (s � pr2)�(p � pr1)�= s�pr2�pr1�p�= s�r�q�p�= FRad(�) � FRad(�): �Corollary (2.4). The Radon functor FRad is related to the push-forward F� andthe pull-back F� via the graph functor � :(i) FRad � � = F� : V ar ! Ab .(ii) FRad � (��) = F� : V ar ! Ab .Next we give some speci�c examples of divergent diagrams.Example (2.5).(1) A divergent diagram � : X pr1 X �Y pr2! Y is called a product divergent diagram.For this product divergent diagram FRad(�)(1W ) = �(W )1Y . Thus, FRad(�)(�) =�(�)1Y , where �(�) =PW nW�(W ) if � =PW nW 1W .(2) A Grassmannian divergent diagram is a diagram �k : PN p Ik q! Grk(PN ) ,where Grk(PN ) is the Grassmanian of k -dimensional planes of the projective spacePN , Ik := f(x; l) 2 PN �Grk(PN ) j x 2 lgis the k -th incidence variety and p and q are the restrictions of the projections. Aspeci�c description of the topological Radon transformation FRad(G) of the Grass-mannian divergent diagrams is one of the main results of Ernstr�om [7,8]. We will getback to this topic in x4.



ON TOPOLOGICAL RADON TRANSFORMATIONS 9(3) Let X be a variety and let � : E ! F be a homomorphism of vector bundles Eand F of ranks e and f over X . Let k be any integer such that 0 � k � min(e; f) .Then the degeneracy locus Dk(�) of the bundle homomorphism � is de�ned to be(see Fulton's book [11]): Dk(�) := fx 2 Xjrank (�(x)) � kg:Let Hom(E;F ) be the vector space of all the homomorphisms from E to F . Since forany non-zero scalar c 2 C , the complex numbers, Dk(�) = Dk(c�) , we consider theprojective space P (Hom(E;F )) . Then we consider the following incidence variety:Ik := f(x; �) 2 X � P (Hom(E;F )) j rank (�(x)) � kg:A diagram of the following type is called a degeneracy divergent diagram:�k(E;F ) : X p Ik q! P (Hom(E;F )):It would be interesting to �nd a speci�c description of the topological Radon trans-formation FRad(�k(E;F )) . By the de�nition we see that(FRad(�k(E;F ))(1W ))(�) = �(W \Dr(�)):Thus the problem is equivalent to �nding the Euler characteristic of the degeneracyloci of a homomorphism of vector bundles.Parunsi�nski and Pragacz [15] have proved a formula for the degeneracy loci Dr(') ,under the assumption that ' is a k -general homomorphism of vector bundles. Thenotion of k -generality may be de�ned by requiring that the degeneracy locus has theexpected dimension and that the singularities of Dk(') is contained in Dk�1(') .The formula for the degeneracy locus of an k -general homomorphisms of vectorbundles is based on the theory of polynomials supported on the r th degeneracylocus, developed by Pragacz. These polynomials are homology classes, de�ned bypolynomials in the Chern classes of E , F and X . However, to �nd an explicit formulafor the Radon transformation of a degeneracy divergent diagram, it is necessary to �ndthe Euler characteristic of the degeneracy locus of homomorphism that are possiblynot k -general.Remark (2.6). For a divergent diagram � : X p M q! Y the composite �� � �of � and its reverse �� is a symmetric divergent diagram from X to itself, whichis in general far from the "identity" divergent diagram eX : X id X id! X or anysymmetric divergent diagram isomorphic to eX . However, it is reasonable to posethe question of to what extent they are di�erent from each other, or to try to give aspeci�c description of the Radon transformation FRad(�� � �) , i.e., the compositeFRad(��) � FRad(�) . In the case of the above Grassmannian divergent diagram�k : PN p Ik q! Grk(PN );Ernstr�om [8, Proposition 3.6] solved this problem: For a constructible function � 2F(PN ) , FRad(��k � �k)(�) = (�Nk���N � 1k � 1�)�+�N � 1k � 1��(�)1PN :



10 LARS ERNSTR�OM, TORU OHMOTO AND SHOJI YOKURAIn particular when k = N � 1 we haveFRad(��N�1 � �N�1)(�) = �+ (N � 1)�(�)1PN :This was previously proved by Viro [17]. The above formulas are closely related tothe problem of �nding inversion formulas for Radon transforms (see Schapira [16]).Remark (2.7). There is a dual notion of divergent diagram, which we denote con-vergent diagram. For a convergent diagram,X
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u uMand by Lemma (2.3.1) : q�p� = (pr2)�(pr1)� : F(X) ! F(Y ) . Thus, as far as weare concerned with Radon transformations of constructible functions, it su�ces toconsider divergent diagrams.3. Verdier-type Riemann-Roch andhomological Verdier-Radon transformationsThe Chern-Schwartz-MacPherson transformation C� is a transformation from thefunctor of constructible functions F to homology groups H� with coe�cients in Z.Using the Radon transformations of constructible functions and the Chern-Schwartz-MacPherson transformation we will construct a homological Radon transformation.De�nition (3.1). A divergent diagram � : X p M q! Y is said to be smoothif X, M and Y are smooth and � is said to be Euler if furthermore the morphismp : M ! X is Euler; i.e., the constructible function 1M on M satis�es the localEuler condition (see [12] page 77). The latter means that 1M is an element of thebivariant group of constructible functions F (M ! X) .



ON TOPOLOGICAL RADON TRANSFORMATIONS 11De�nition (3.2). Given a smooth divergent diagram � : X p M q! Y , the com-posite HRad(�) := q� � p! : H�(X;Z)! H�(Y ;Z)is called the homological Radon transformation. Here q� : H�(M ;Z) ! H�(Y ;Z)is the usual pushforward and p! : H�(X;Z) ! H�(M ;Z) is the usual Gysin homo-morphism de�ned by p! = DM � p� � D�1X , where DZ : H�(Z;Z)! H�(Z;Z) is thePoincar�e duality isomorphism for a smooth variety Z .Remark (3.3). Our homological Radon transformation is a generalization of Fried-lander-Mazur's "homological correspondence homomorphism"'V : H�(X;Z)! H�(Y ;Z)in the case when V is a smooth subvariety of the Cartesian product X�Y of smoothvarieties X and Y (see [10, Chapter 4]).We will show how these three transformations FRad;HRad and C� are related. Anaive guess would be that given a smooth divergent diagram � : X p M q! Y , thefollowing diagram is commutative.F(X) C�����! H�(X;Z)FRad(�)??y ??yHRad(�)F(Y ) ����!C� H�(Y ;Z)But we can see that this is not always true; we consider the following case: let X = ptbe a one-point-variety, and let M = Y be any compact complex smooth variety ofdim > 0. Consider the following divergent diagram:� : pt p Y idY! Y:Then we have that (C� �FRad(�))(1pt) = c(TY )\ [Y ] and (HRad(�) �C�)(1pt) = [Y ]:Thus, in general, we have C� � FRad(�) 6= HRad(�) � C� .However, the drawback of the above (non-commutative) diagram can be remediedby the following Verdier-type Riemann-Roch theorem.Theorem (3.4). ( Verdier-type Riemann-Roch ) Let f : M ! X be an Eulermorphism of smooth varietes M and X . Then the following diagram commutes:F(X) C�����! H�(X;Z)f�??y ??yc(Tf)\f !F(M) ����!C� H�(M ;Z)Here c(Tf ) is the total Chern class of the virtual relative tangent bundle Tf := TM �f�TX .



12 LARS ERNSTR�OM, TORU OHMOTO AND SHOJI YOKURADe�nition (3.5). Given a morphism f : X ! Y of compact smooth manifolds Xand Y , the homomorphismc(Tf ) \ f ! : H�(Y ;Z)! H�(X;Z)is called the Verdier-Gysin homomorphism and denoted by f !! with a double shriek.Remark (3.6). It is straightforward to see that just like the Gysin homomorphismthe above Verdier-Gysin homomorphism is also functorial, i.e., for morphisms f :X ! Y and g : Y ! Z , (gf)!! = f !!g!!:For this we need to observe that for a cohomology class � of Y ,f !(� \ g!) = f�� \ (gf)!:This functoriality and Theorem (3.4) imply that C� is a natural transformationfrom the contravariant functor F � to the "contravariant" homology functor withthe Verdier-Gysin homomorphism, when it is restricted to the category of Euler mor-phisms of smooth varieties.To prove Theorem (3.4), we use Fulton-MacPherson's bivariant theory [12]. Fordetails of the bivariant theory see [12]. Here we cite the necessary parts of the theoryfor the proof of the above theorem. The key result is the following bivariant versionof Chern-Schwartz-MacPherson transformation C� , the existence of which was con-jectured by Fulton and MacPherson [12, x10.4 Chern classes], and proved by J.-P.Brasselet [1]:Theorem (3.7). (Bivariant Chern classes) (Brasselet [1])There exists a Grothendieck transformation 
 : F ! H from the bivariant theoryF of constructible functions to the bivariant homology theory H such that if X issmooth, then 
(1X) = c(TX):[X] X
  

[X]
@@

@@
@@

@X >>idc(TX) ~~~~~~~~
//
(1X) ptwhere c(TX) is the usual Chern cohomology class of the tangent bundle TX and [X]is the fundamental class of X .First, from this Brasselet's theorem we can get the following:Proposition (3.8). Let M and X be smooth compact complex algebraic varietiesand let f : M ! X be an Euler morphism. Then the following equality holds:
(1f ) = c(Tf ):[f ] , M
  f [f ]
BB

BB
BB

BBM ==idc(Tf) ||||||||
//
(1f )f X



ON TOPOLOGICAL RADON TRANSFORMATIONS 13where 1f is the canonical orientation for the bivariant constructible function groupF(M ! X) , the class [f ] is the canonical orientation for the bivariant homologygroup H(M ! X) and Tf := TM � f�TX is the virtual relative tangent bundle ofthe morphism f .Proof. (cf. [12, x6, Proposition 6A]) We consider the following diagram, which iscommutative except possibly at the bottom triangle, whose commutativity is to beproved. M //[f ]
((

[M ]
PP

PP
PP

PP
PP

PP
PP

P

��

f�(c(TX)�1) X
~~

[X]
~ ~
~ ~
~ ~
~ ~

��

c(TX)�1ptMXX c(TM)0
0
0
0
0
0
0
0
0
0
0
0
0
0
0

>>}}}}}}}}

((

(1f ) PP

PP
PP

PP
PP

PP
PP

P

>>
(1M )}}}}}}}}

}} c(Tf)| |
| |
| |
| |M //[f ] XWW
(1X)0

0
0
0
0
0
0
0
0
0
0
0
0
0Then the proof goes as follows:c(Tf ):[f ]:
(1X) = c(TM):f�c(TX)�1:[f ]:
(1X)(since c(Tf ) = c(TM):f�c(TX)�1)= c(TM):[f ]:c(TX)�1:
(1X) (since f�c(TX)�1:[f ] = [f ]:c(TX)�1)= c(TM):[f ]:[X] (since 
(1X) = c(TX):[X])= c(TM):[M ] (since [f ]:[X] = [M ] )= 
(1M )= 
(1f ):
(1X) (since 1M = 1f :1X )Thus we get that c(Tf ):[f ]:
(1X) = 
(1f ):
(1X): Now, since the operation ( ):
(1X)is an isomorphism, we can conclude that c(Tf ):[f ] = 
(1f ): �Now, it is easy to seeProof of Theorem (3.4). (cf. [12, x2:7 Grothendieck transformations]) By a generaltheory of Grothendieck transformations, the Grothendieck transformation 
 : F ! Hinduces the following commutative diagram (see [12, x2:7 , p.30]):F(X) C�����! H�(X;Z)(1f )�??y ??y(
(1f ))�F(M) ����!C� H�(M ;Z)Here (1f )� and (
(1f ))� are the Gysin homomorphisms (de�ned in [12, x2.5]) forthe orientations 1f and 
(1f ) . Then the Gysin homomorphism (1f )� is the pull-back of constructible functions f� : F(M) ! F(X) and the Gysin homomorphism(
(1f )� = (c(Tf ):[f ])� is nothing but the Verdier-Gysin homomorphism c(Tf )f ! :H�(X;Z)! H�(M ;Z): �



14 LARS ERNSTR�OM, TORU OHMOTO AND SHOJI YOKURADe�nition (3.9). (A homological Verdier-Radon transformation ) For a smoothdivergent diagram � : X p M q! Y , the compositeHV�Rad(�) := q� � p!! : H�(X;Z)! H�(Y ;Z)shall be called the homological Verdier-Radon transformation.Corollary (3.10). For an Euler divergent diagram � : X p M q! Y the followingdiagram commutes: F(X) C�����! H�(X;Z)FRad(�)??y ??yHV�Rad(�)F(Y ) ����!C� H�(Y ;Z)Remark (3.11). We will here de�ne a compatible pair of Radon transforms of con-structible functions and homology groups. The condition on the divergent diagramfor which this is possible will be weaker than the Euler condition above. Suppose that� : X p M q! Y is a divergent diagram, where p is not necessarily Euler. If thereis a nonzero element bp in the bivariant group of constructible functions F(M p! X)then there is a nontrivial bivariant transformationbp : F(X)! F(M)induced by bp . We de�ne a Radon transform of constructible functions as the com-position: FRadbp ([�]) : F(X) bp�! F(M) q��! F(Y )This Radon transform is of course dependent on the element bp . However, for a certainclass of morphisms, named "Sans �eclatement en codimension 0" in French by Henry,Merle and Sabbah [13], there is a unique contructible function bp in F(M p! X) suchthat there is an Zariski open dense set of M over which bp is equal to one. If p isEuler then bp = 1p and FRadbp = FRad .We say that a morphism M p! X is micro locally equidimensional if it satis�esthe condition of "Sans �eclatement en codimension 0", i.e. the �bers of the relativeconormal morphism Cp(M) ! X are all of the same dimension.Next, we consider the Grothendieck transformation of bivariant theories 
 intro-duced above. The image 
(bp) in H(M p! X) induces a homomorphism
(bp) : H�(X;Z)! H�(M ;Z)compatible with bp . De�ne a Radon transform of homology groups as the composi-tion: HRadbp ([�]) : H�(X) 
(bp)���! H�(M) q��! H�(Y )



ON TOPOLOGICAL RADON TRANSFORMATIONS 15The following diagram is commutative because of the axioms of Grothendieck trans-formations [12, x2]: F(X) //C�
��

bp H�(X)
��

(bp)F(M) //C�

��
q� H�(M)

��
q�F(Y ) //C� H�(Y )Therefore the two Radon transformations FRadbp and HRadbp are compatible via C� .4. A formula for the Grassmannian homologicalRadon transform of the Chern-Mather class.As mentioned in the introduction, Ernstr�om [7,8] studied the topological Radontransformation of the Grassmannian divergent diagram �k : PN p Ik q! Grk(PN ) .He gave an explicit description of the image of the local Euler obstruction EuX 2F(PN ) under the topological Radon transformation FRad(�k) , where X is a reducedsubvariety of PN . The k -dual variety X<k> is de�ned as the closure in Grk(PN )of the following setfL 2 Grk(PN )j there is a point x 2 Xsmooth \ L,and a hyperplane H � TXx, H � L g:Let e<k> be the generic value of FRad(EuX) , i.e., e<k> = �(X \ L) for a generick -plane L . Set n = dimX and n<k> = dim(X<k>) . The main result is the followingformula.Theorem (4.1). ([8, Theorem (3.2)])FRad(EuX) = e<k>1Grk(PN ) + (�1)n+k(N�k)�n<k>EuX<k>In the special case when k = N � 1 the above Ernstr�om's formula gives an a�r-mative solution to a conjecture due to Viro [17, 6D, p.132].De�nition (4.2). For a constructible function � on a variety X the integer �(X;�)shall be called the topological Euler characteristic of the constructible function � :�(X;�) := ZX C�(�); i.e., the 0-th component of C�(�) .Here C� : F(X)! H�(X;Z) is the Chern-Schwartz-MacPherson homomorphism.In particular, �(X;EuX) is nothing but the degree (or the 0-th component) ofthe Chern-Mather class CM (X) of the variety X .



16 LARS ERNSTR�OM, TORU OHMOTO AND SHOJI YOKURALemma (4.3). ([7, Proposition 4.13]) Let � be a constructible function on PN .Then �(Grk(PN );FRad(�)) = �Nk��(PN ; �):The following formula (a generalized Pl�ucker relation) follows from Theorem (4.1)and Lemma (4.3).Theorem (4.4). ([7,Theorem (4.14)]) Let X be a closed subvariety of PN . Thenwe have�Nk��(X;EuX) = e<k>�N + 1k + 1�+ (�1)n+k(N�k)�n<k>�(X<k>; EuX<k>):By the de�nition of the topological Euler characteristic of constructible functions,the above Pl�ucker formula may be written as follows:�Nk�(CM (X))0 = e<k>�N + 1k + 1�+ (�1)n+k(N�k)�n<k>(CM (X<k>))0;or (CM (X<k>))0 = (�1)n+k(N�k)�n<k>f�Nk�(CM (X))0 � e<k>�N + 1k + 1�g;where CM (Z)0 denotes the 0-th component (or the degree) of the Chern-Matherclass CM (Z) . This means that the degree of the Chern-Mather class of the k -th dualvariety X<k> can be described via the 0-th component of the Chern-Mather classof the source variety X . What we want to do is to describe the total Chern-Matherclass of the k -th dual variety X<k> via the total Chern-Mather class of the sourcevariety X . This naive wish was the very start of the present work. Now that we haveCorollary (3.10), the solution for this problem follows immediately:Theorem (4.5). Let X be an n-dimensional reduced subvariety of PN . Then wecan describe the image of the total Chern-Mather class of the k -dual variety X<k>in the Grassmannian Grk(PN ) as follows:(iX<k>)�CM (X<k>) =(�1)n+k(N�k)�n<k>fq�(c(Tp) \ p!(iX )�CM (X)) � e<k>CM (Grk(PN ))g;where iX<k> : X<k> ! Grk(PN ) and iX : X ! PN are the inclusion maps.Proof. It follows from Theorem (4.1) and Corollary (3.10). Note that p : Ik ! PN isEuler, because it is a locally trivial �bration with non-singular �bers. �Remark (4.6). Theorem (4.4) is a special case of Theorem (4.5). This follows byconsidering the 0-th component of the formula in Theorem(4.5), and the fact that thetop Chern class of Tp is equal to the Euler characteristic of the �bers of p ; that is�Nk � .
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