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ON TOPOLOGICAL RADON TRANSFORMATIONS

LARS ERNSTROM, TORU OHMOTO AND SHOJI YOKURA

0. INTRODUCTION

Recently many mathematicians have been working on Radon transformation (see
[3,4,5,7,8] etc.). In [3] Brylinski deals with topological Radon transformations of con-
structible sheaves and in [7,8] Ernstrom deals with topological Radon transformations
of constructible functions, both in the set-up of the following diagram or correspon-

dence:
/ \

PN Griy(PY)

where Gri(PY) is the Grassmannian of k-dimensional planes of the projective space
P | the point- k-plane incidence variety of P x Gry(PY) is denoted I}, and p and ¢
are the restriction of the projections. In this paper we consider Radon transformations
of constructible functions and of homology classes.

The Radon transformation treated in [7,8] is the homomorphism
F(PY) = F(Gri(PY))

from the abelian group of constructible functions on P to that on Gry(PY), defined
by the composite ¢, o p* of the pull-back p* : F(PY) — F(I}) and the pushforward
¢ F(Ix) — F(Gri.(PY)). The functor F, assigning to a variety X, the abelian
group F(X) of constructible functions on X, is both covariant and contravariant.
Namely, the functor F is covariant with respect to pushforward, and contravariant
with respect to pull-back. The topological Radon transformation ¢, o p* mixes both
covariant and contravariant natures. In this paper we introduce a category of varieties,
whose morphisms are isomorphism classes of pairs of maps X < M — Y, and
we capture the topological Radon transformation as a covariant functor from this
category to the category of abelian groups; i.e., we show the following :

Theorem A. There is a category Div of compact complex algebraic varieties and
there is a covariant functor FR?: Div — Ab from the category Div to the category
Ab of abelian groups such that

(i) for a variety X, FR(X) = F(X), is the abelian group of constructible functions
on X,
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(ii) for a morphism f € Homp;,(X,Y), FR(f) : F(X) — F(Y) is the Radon

transformation.

Also, we introduce the notion of a homological Verdier-Radon transformation on
smooth varieties, which is closely related to the topological Radon transformation via
the Chern-Schwartz-MacPherson transformation C, ([2,14]). In fact, we show the
following result.

Theorem B. For a divergent diagram o : X & M %Y, where X, M and Y are
smooth and p: M — X 1s Euler, the following diagram commutes:

F(X) —S H.(X;7)
TRad(a) lHV—Rad(a)

FY) — H.(Y:Z)
Cx
Here HY () . H,(X;Z) — H.(Y;Z) is the homological Verdier-Radon transfor-

mation.

We use Theorem B to generalize the Pliicker formula in [7,8]. This formula can
be interpreted as a formula expressing the 0— dimensional component of the Chern-
Mather class of the k—dual variety of tangent k-planes of a a variety X in PV,
denoted X <*> in Gri(PY), via the 0— dimensional component of the Chern-Mather
class of the variety X . Our generalization gives a formula expressing the total Chern-
Mather class of the k—dual variety X <¥> via the total Chern-Mather class of the
source variety X .

Acknowledgement. Some of this work was done during the third author’s stay
at the Erwin Schrodinger Institute, Vienna, Austria. He would like to express his
gratitude to the Institute, and in particular to Professor Peter W. Michor, for their
hospitality.

1. THE DIVERGENT CATEGORY

In this section we introduce a category of algebraic varieties that will be used to
generalize the Radon transformations of constructible functions in [7,8].

Definition (1.1). Given varieties XY and M, an orderered pair « of maps p :
M—-X and g: M —Y

a: X&MLY

is called a divergent diagram from X to Y. Sometimes the notation o = (p: M : ¢)
will be used. If « is a divergent diagram from X to itself and p = ¢, then we call «
a symmetric divergent diagram.

The term ”divergent diagram” is used in the theory of dynamics (see [6]).

Remark (1.2). The reverse of the divergent diagram o := (p: M : ¢) is

—a: Y& M h X,
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The diagram —a := (¢ : M : p) is a divergent diagram from Y to X . It is different
from the divergent diagram o .

Definition (1.3). Let o = (p: M : ¢) and o' = (p' : M’ : ¢') be two divergent
diagrams from X to Y. Then we say that the divergent diagram « is isomorphic
to the divergent diagram o', denoted by a ~ o', if there exists an isomorphism
h: M — M’ such that the following diagram commutes:

ie., p=p ohand g=¢ oh.

Note that the relation ~ is an equivalence relation. We denote the isomorphism
class of a divergent diagram « by [«].

Definition (1.4). The composite 5o «a of two divergent diagrams o = (p: M : ¢) :

X M—=Y and g=(r:N:5):Y < N — Z is defined using the following
diagram:

MXYN
y Y\
M N
X Y Z

where M xy N is the fiber product of ¢: M — Y and r: N — Y, and pr; and pro
are the projections. Then the composite 3 o « is defined by:

Boa:=(popri: M xy N :sopry)

Now we are ready to define the divergent category Div of compact complex alge-
braic varieties.

Proposition (1.5). There is a category Div defined by the following data:
(1) the objects Obj(Div) consist of all compact complex algebraic varieties,

(i) for two objects X and Y, the morphisms Homp,(X,Y') consist of the isomor-
phism classes of divergent diagrams from X to Y. For [a] € Hompi,(X,Y) and
[B] € Hompin(Y,Z); we define the composite [3] o [a] by

[B]o[a] :=[Boa] € Hompin(X, Z).



kS LARS ERINOSTRONM, 1TORU OOMO1LT0O AND >00UJ]L YORURA

We shall call this category the divergent category of algebraic varieties.

Proof. We have to show the following three things: (the proofs are straightforward
using the properties of a fiber product and therefore omitted).

(1)The composite [3] o [a] is well-defined; i.e., it is independent of the choice of the
representatives in the isomorphism classes [a] and [3]; ie., a ~ o' and § ~ [
implies that Foa ~ 3" o0a’.

(2) The composite operation is associative, i.e., [y] o ([#] o [a]) = ([¥] o [#]) o [a] for
any divergent diagrams: a: X &EM LY, 3: VY &EN S Z and’y:Z;LiW.
(3) The composition law has units: let 1x := [ex] be the isomorphism class of

the 7identity” divergent diagram ex : X ¥ x4y, Then, for any morphism
[a] € Hompy(X,Y'), and for any morphism [3] € Homp;,(W, X), [a¢]olx = [o] and
Ixo[f]=14],ie, aolx ~a and 1x o ~p3. O

Remark (1.6). Correspondingly, for categories of topological spaces, real analytic
varieties etc., we can define divergent categories, provided that the fiber product is
closed in the category; i.e., if three objects X, Y and Z belong to the category then
the fiber product X xz Y also belongs to the category.

Definition (1.7). Let f : X — Y be a morphism and let I'y be the graph of

the morphism f. Then the divergent diagram X a L'y 2 Y, where p and ¢ are
the restrictions of the projections, is called the graph divergent diagram of f, and is
denoted by ~y.

Observation (1.8). We note that the graph divergent diagram ~¢ of f is isomorphic
to the divergent diagram |f >:= (idx : X : f) : X i x Ly,

Here we show that the usual category Var, of complex algebraic varieties, can be
embedded into the divergent category Div.

Theorem (1.9). ( The graph functor I' ) Let I' : Var — Div be the map defined
as follows:

(1) for an object X € Obj(Var), define I'(X) :=X | and
(i) for a morphism f € Homy 4. (X,Y), define T'(f) by

L(f) :=[vs] € Homp(X,Y),

where [yf] is the isomorphism class of the graph divergent diagram ~y.
Then the map ' : Var — Div s a faithful covariant functor.

Proof. (1) To prove covariance we have to show that I'(f o g) = I'(f) o I'(¢), given
g € Homy,,(X,Y) and f € Homy,,(Y,Z). By definition, I'(f 0 g) = [yfo4] and

I(f) o T(g) = [vsl o [vg] = [vs 0 7], hence we have to show that ysoq ~ 75074
We can show this directly, but using Observation (1.8) above, it suffices to show that
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|fog >~ |f > o|g >. By the definition of |f > o|g > we have the following diagram:

XXYY

27
X Y
7NN
X Y Z
We note that X xy Y is the graph I'y of themap ¢ : X — Y. Themap pry : T’y =+ X
is an isomorphism and the following diagram is clearly commutative:

]7 YZDTQ

X g

RN

Thus we have the equivalence of |fog >~ |f > o|lg >.

(2) To prove faithfullness we have to prove, given f,¢g € Homy,,(X,Y), that I'(f) =
I'(¢g) implies that f = ¢g. By definition I'(f) = I'(¢g) means that [yf] = [v,],which
means that |f >~ |g > via Observation (1.8). This means that there is an isomor-
phism A : X — X such that the folowing diagram commutes, i.e., that i«dx = idxoh

and f=goh.

This means that h = idx and hence f =¢. O
Similarly we can show the following:

Theorem (1.10). ( The reverse graph functor —I' ) Let —T": Var — Div be a
map defined as follows:

(1) for each object X € Obj(Var), —I'(X)=X , and
(i) for a morphism f € Homyq.(X,Y), =I'(f) is defined by

—I(f) :=[—~¢] € Homyqr (Y, X)

where —~y 1s the reverse of the graph divergent diagram ~y.
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Then the map —T : Var — Div 1s a faithful contravariant functor.

Remark (1.11). Theorem (1.10) can be shown similarly as in the proof of Theorem
(1.9), but we can easily see this because the map — : Div — Div, taking the reverse,
is a faithful contravariant functor.

Remark (1.12). Any divergent diagram a = (f : M : g): X « M — Y can be
expressed as the composite |g > o < f| of the divergent diagrams |¢ > and < f].

2. THE RADON FUNCTOR

We shall here define a covariant functor from the divergent category Div to the
category Ab of abelian groups. We will denote the covariant functor of constructible
functions with push-forward by Fi, to emphasize the covariance. Given a morphism
f X — Y the pushforward is denoted f, : F(X) — F(Y). With the pullback
f* F(Y) - F(X) the constructible functions become a contravariant functor,
which will be denoted by F*, to emphasize the contravariance.

In this section, motivated by the Radon transformations of constructible sheaves [3],
and constructible functions [7,8], we introduce the Radon functor F?4¢ : Div — Ab.
If the Radon functor FZ4¢ is restricted to the faithful subcategories I'(Var) and
—I'(Var), it specializes to the covariant functor F, : Var — Ab and the contravariant
functor F* : Var — Ab, respectively.

Definition (2.1). (Radon transformations ) For a divergent diagram
a: XEMBY

we define the homomorphism F?%4(a) : F(X) — F(Y) to be the composite ¢, o p*,
where

(i) p* : F(X) — F(M) is the pull-back, i.e., p*(\) := Ao p,
(ii) g« : F(M) — F(X) is the pushforward, which is defined by

(M) =D mwx(g™ (y) N W),

where A = >, mwlw and each W is a subvariety of M.
We call this homomorphism F%(a) the Radon transformation associated to o .

The reverse Radon transformation associated to «, is defined to be the Radon trans-
formation F7%(—a), where —a :Y Embhx.

It is easy to see the following:

Lemma (2.2). Let ©: X & M % X be a symmetric divergent diagram. Let W be
a subvariety of X . Then we have

(i)
X(p™'y) ifyew

FRS) 1)) = { | e

n particular
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(i) if p 1s surjective and the Euler-Poincaré characteristic x(p~'(y)) of each fiber
p~Hy) is equal to 1, then FR(Z) = 1r(x) the identity homomorphism on the
abelian group of constructible functions on X .

Theorem (2.3). The map F7: Div — Ab defined below, is a covariant functor.
(i) For each object X € Obj(Div) set FHUX) := F(X), the abelian group of
constructible functions on X,

(i3) For a morphism [a] € Hompi,(X,Y), set FR([a]) := FR(q), the Radon
transformation.

We call the functor F7? . Div — Ab the Radon functor.

Proof. We have to show: (1) that F®44([a]) is well-defined, and (2) the functoriality
of the map F?: Dijv — Ab.

(1): Let o : X & M % Y be isomorphic to o' : X & M’ L Y| ie., there is an
isomorphism h : M — M’ such that p=p oh and ¢ = ¢’ o h. Then we have

f-Rad(a) — (]*p*
= (¢ oh)s(p' o h)*
= ()P (p)"
= (¢')«(p")* (since hyh™ = 1z(ppy by Lemma (2.2) (ii))
— f-Rad(a/)

Thus the definition of F([a]) := FR4(a) is independent of the choice of the
representative from the isomorphism class [a] , i.e., F2%([a]) is well-defined.

(2): Let a: X £ M LY and 3:Y & N 5 Z be two divergent diagrams. We want
to show that FH4([3]o[a]) = FR([3])o FE%([a]). It follows from the definition of
composition in Div that FE([] o [a]) = FE([30a]). By (1), it suffices to show
that FH4(3 0 a) = FR(3) o FR4(q). Recalling the definition of the composite
Boa (using the same symbols as in Definition (1.4)) and the definition of F®%4(3oq),
we have that

f—Rad(ﬁ o Oé) = (3 oprz)*(p Oprl)*
= su(pr2)«(pri)*p*.

Here we recall the following lemma:

Lemma (2.3.1). ([8, Proposition 3.5]) If the following square is a fiber square
(or a Cartesian diagram), i.e., W s the fiber product of f:Y — X and p:Z - X
and g and g are the projections,
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then it holds that p* f. = g«q*

Proof. Given A = 1y where V — Y 1is a closed embedding, it suffices to prove that
P*f«(N) = g+¢*(\). Fix z € Z and denote @ = p(z). Then by definition we have

(P ) =x(fTH@)N V) and  (g.q*(V)(z) = x(g7'(2) Ngq 1( ))-

)0
Furthermore, since W is the fiber product Y x x Z, we have that ¢7'(z) = f~1(z) xz.
Then by a s1mple computation we can see that ¢~ '(2)Ng¢ (V) = (f~!(2 ) V) x

Thus we have that (p* fx(A))(2) = (g+¢*(N\))(2), i.e., p* fu(A) = gxq™(N) since z is an
arbitrary point of Z . [

We apply this lemma to the following fiber sqare,
M Xy N

7
M N
\ /
Y
we have that (pr2)«(pr1)* = r*¢«. Thus we get that
Fled(Boa) = (sopra)u(popr)’
= S*pTZ*prl*p*

= S417qup”
— fRad(ﬁ) OfRad(Oz). ]

Corollary (2.4). The Radon functor F¢? is related to the push-forward F, and
the pull-back F* wvia the graph functor T':

(1) FRad o T = F, . Var — Ab.

(1) Fledo (—T) = F*: Var — Ab.

Next we give some specific examples of divergent diagrams.

Example (2.5).

(1) A divergent diagram II : X P2 X <Y B8 Y is called a product divergent diagram.
For this product divergent diagram FR*d(II)(1y ) = v(W)ly . Thus, FRI)(\) =
X(M1y, where x(A) = nwx(W) if A=> v nwlw.

(2) A Grassmannian divergent diagram is a diagram Ty : PV En 5 Gri(PY),
where Gri(PY) is the Grassmanian of k-dimensional planes of the projective space
PN,

Iy = {(z,l) € PN x Gri(PN) |z €1}
is the k-th incidence variety and p and ¢ are the restrictions of the projections. A
specific description of the topological Radon transformation F%¢4(G) of the Grass-

mannian divergent diagrams is one of the main results of Ernstrom [7,8]. We will get
back to this topic in §4.
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(3) Let X be a variety and let o0 : E — F be a homomorphism of vector bundles E
and F of ranks e and f over X . Let k be any integer such that 0 < k < min(e, f).

Then the degeneracy locus Dy(o) of the bundle homomorphism o is defined to be
(see Fulton’s book [11]):

Dy (o) :={x € X|rank (o(x)) < k}.

Let Hom(E, F') be the vector space of all the homomorphisms from E to F'. Since for
any non-zero scalar ¢ € C, the complex numbers, Dy(0) = Dy(co), we consider the
projective space P(Hom(E, F)). Then we consider the following incidence variety:

I :={(x,0) € X x P(Hom(E, F)) | rank (c(x)) < k}.
A diagram of the following type is called a degeneracy divergent diagram:
Aw(E,F): X &£ I & P(Hom(E, F)).

It would be interesting to find a specific description of the topological Radon trans-
formation FR(A.(E, F)). By the definition we see that

(FHUAR(E, F))(1w)) (o) = x(W 0 Dy(0)).

Thus the problem is equivalent to finding the Euler characteristic of the degeneracy
loci of a homomorphism of vector bundles.

Parunsinski and Pragacz [15] have proved a formula for the degeneracy loci D,(¢),
under the assumption that ¢ is a k-general homomorphism of vector bundles. The
notion of k-generality may be defined by requiring that the degeneracy locus has the
expected dimension and that the singularities of Dy(¢) is contained in Dy_1(¢).

The formula for the degeneracy locus of an k-general homomorphisms of vector
bundles is based on the theory of polynomials supported on the rth degeneracy
locus, developed by Pragacz. These polynomials are homology classes, defined by
polynomials in the Chern classes of E', F' and X . However, to find an explicit formula
for the Radon transformation of a degeneracy divergent diagram, it is necessary to find
the Euler characteristic of the degeneracy locus of homomorphism that are possibly
not k-general.

Remark (2.6). For a divergent diagram o : X & M % Y the composite —a 0 o
of a and its reverse —a is a symmetric divergent diagram from X to itself, which
is in general far from the "identity” divergent diagram ex : X x4 X or any
symmetric divergent diagram isomorphic to ex . However, it is reasonable to pose
the question of to what extent they are different from each other, or to try to give a
specific description of the Radon transformation F7%¢(—a o a), i.e., the composite
FRad(_q)o FRad(q). In the case of the above Grassmannian divergent diagram

Ty PN &L L Gri(PY),

Ernstrom [8, Proposition 3.6] solved this problem: For a constructible function A €

F(PY),

FRU(_TyoTy)(\) = ((Z) — (Z:f)» + (Z__11>X(A)1PN-
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In particular when £ = N — 1 we have
FRUA_Tn i oTn_)(A) = A+ (N = 1)x(M)1pxy.

This was previously proved by Viro [17]. The above formulas are closely related to
the problem of finding inversion formulas for Radon transforms (see Schapira [16]).

Remark (2.7). There is a dual notion of divergent diagram, which we denote con-
vergent diagram. For a convergent diagram,

X\M/Y

one considers the homomorphism ¢* o p, : F(X) — F(Y), which is also called a
topological Radon transformation. The Radon transformation ¢* o p, is equal to the
Radon tramsformation associated to the divergent diagram X %= X xy ¥V 25V
because of the following fiber square

X XM Y
Y
X Y
q
P
M
and by Lemma (2.3.1) : ¢*p. = (pra)«(pr1)* : F(X) — F(Y). Thus, as far as we

are concerned with Radon transformations of constructible functions, it suffices to
consider divergent diagrams.

3. VERDIER-TYPE RIEMANN-ROCH AND
HOMOLOGICAL VERDIER-RADON TRANSFORMATIONS

The Chern-Schwartz-MacPherson transformation C, is a transformation from the
functor of constructible functions F to homology groups H, with coefficients in Z.
Using the Radon transformations of constructible functions and the Chern-Schwartz-
MacPherson transformation we will construct a homological Radon transformation.

Definition (3.1). A divergent diagram a : X & M 5 Y is said to be smooth
if X, M and Y are smooth and « is said to be FEuler if furthermore the morphism
p: M — X is Euler; i.e., the constructible function 1, on M satisfies the local
Euler condition (see [12] page 77). The latter means that 1p; is an element of the
bivariant group of constructible functions F(M — X).
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Definition (3.2). Given a smooth divergent diagram o : X & M 2% Y, the com-
posite

HE(a) = q,0p' : HA(X;Z) — H.(Y;7Z)

is called the homological Radon transformation. Here ¢, : Ho (M;Z) — H.(Y;Z)
is the usual pushforward and p' : H,(X;Z) — H.(M;Z) is the usual Gysin homo-
morphism defined by p' = Dy - p* - Dy', where Dy : H*(Z;Z) — H.(Z;Z) is the

Poincaré duality isomorphism for a smooth variety Z.

Remark (3.3). Our homological Radon transformation is a generalization of Fried-
lander-Mazur’s "homological correspondence homomorphism”

ov: H(X;Z)— H.(Y;Z)

in the case when V' is a smooth subvariety of the Cartesian product X x Y of smooth
varieties X and Y (see [10, Chapter 4]).

We will show how these three transformations F7e4 HRe and C, are related. A

naive guess would be that given a smooth divergent diagram a : X & M 5 Y, the
following diagram is commutative.

F(X) —% H,(X;7)
TRad(a) lHRad(a)

F(Y) T> H.(Y:;Z)

But we can see that this is not always true; we consider the following case: let X = pt
be a one-point-variety, and let M =Y be any compact complex smooth variety of
dim > 0. Consider the following divergent diagram:

5:pt£Yid4Y.

Then we have that (C, o FE4(§))(1,¢) = o(Ty)N[Y] and (HE(§) o C,)(1,1) = [Y].
Thus, in general, we have C, o FR4(§) £ HR(§) o C,.

However, the drawback of the above (non-commutative) diagram can be remedied
by the following Verdier-type Riemann-Roch theorem.

Theorem (3.4). ( Verdier-type Riemann-Roch ) Let f: M — X be an Euler

morphism of smooth varietes M and X . Then the following diagram commutes:

FX) —% H(X:7Z)

f*l lo(Tfmf’

F(M) T> H.(M;Z)

Here ¢(Ty) 1s the total Chern class of the virtual relative tangent bundle Ty := TM —
f*rXx.
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Definition (3.5). Given a morphism f: X — Y of compact smooth manifolds X
and Y, the homomorphism

(TN fH(Y;Z) = H(X;7Z)
is called the Verdier-Gysin homomorphism and denoted by f" with a double shriek.

Remark (3.6). It is straightforward to see that just like the Gysin homomorphism
the above Verdier-Gysin homomorphism is also functorial, i.e., for morphisms f :

X—>Yandg:Y — 7,
(0)! = g

For this we need to observe that for a cohomology class 3 of V',

FBNg)=FfBngf).

This functoriality and Theorem (3.4) imply that C, is a natural transformation
from the contravariant functor F* to the ”contravariant” homology functor with
the Verdier-Gysin homomorphism, when it is restricted to the category of Euler mor-
phisms of smooth varieties.

To prove Theorem (3.4), we use Fulton-MacPherson’s bivariant theory [12]. For
details of the bivariant theory see [12]. Here we cite the necessary parts of the theory
for the proof of the above theorem. The key result is the following bivariant version
of Chern-Schwartz-MacPherson transformation C,, the existence of which was con-
jectured by Fulton and MacPherson [12, §10.4 Chern classes], and proved by J.-P.
Brasselet [1]:

Theorem (3.7). (Bivariant Chern classes) (Brasselet [1])

There exists a Grothendieck transformation ~ : F — H from the bivariant theory
F of constructible functions to the bivariant homology theory H such that of X 1s
smooth, then v(1x) = c¢(TX).[X]

X
e(Tx) [X]
id
X pt

v(1x)

where ¢(TX) us the usual Chern cohomology class of the tangent bundle TX and [X]
18 the fundamental class of X .

First, from this Brasselet’s theorem we can get the following:

Proposition (3.8). Let M and X be smooth compact complex algebraic varieties
and let f : M — X be an Euler morphism. Then the following equality holds:
V(15) = e(Ty).[11,

M

cm/ [/]
id
f f

M X

y(1y)
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where 1y 1s the canonical orientation for the bivariant constructible function group

F(M — X), the class [f] is the canonical orientation for the bivariant homology
group H(M — X) and Ty := TM — f*TX is the virtual relative tangent bundle of
the morphism f.

Proof. (cf. [12, §6, Proposition 6A]) We consider the following diagram, which is
commutative except possibly at the bottom triangle, whose commutativity is to be

proved.
u [f]
\ [y
o(Twr) pt
A:m "

[M
M ~(1x)
/(Tf) m\

M [f] X

X

Fre(Tx)™)

Then the proof goes as follows:

(TM).
= (T [f1e(TX) ™ A(Ly) (since F*e(TX) ™ [f] = [flo(TX) ™)
= (TM)LfLX) (since 7(1y) = e(TX)[X])
o(T).[M] (since [f.1X] = [M] )
=7(1m)
=~(1f)v(1x) (since 1p7 = 14.1x )

Thus we get that ¢(T%).[f].v(1x) = v(1f).7(1x). Now, since the operation ( ).v(1x)
is an isomorphism, we can conclude that ¢(T%).[f] = ~v(1y). O

Now, it is easy to see

Proof of Theorem (8.4). (cf. [12, §2.7 Grothendieck transformations]) By a general
theory of Grothendieck transformations, the Grothendieck transformation v : F — H
induces the following commutative diagram (see [12, §2.7 | p.30]):

FX) —% H(X:7Z)

(1f)*l l(’Y(lf))*

F(M) —— H.(M;Z)
Here (14)* and (y(15))* are the Gysin homomorphisms (defined in [12, §2.5]) for
the orientations 1y and 7(1l¢). Then the Gysin homomorphism (1¢)* is the pull-
back of constructible functions f* : F(M) — F(X) and the Gysin homomorphism
(v(14)* = (c(Ty).[f])* is nothing but the Verdier-Gysin homomorphism ¢(Ty)f" :
H.(X:Z)— H(M;Z). O
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Definition (3.9). (A homological Verdier-Radon transformation ) For a smooth
divergent diagram a : X & M % Y, the composite

HY Red(n) =g, 0p" : HA(X;Z)— H,(Y;Z)

shall be called the homological Verdier-Radon transformation.

Corollary (3.10). For an Euler divergent diagram o : X E M LY the following
diagram commutes:

F(X) —S H.(X;7)
TRad(a) lHV—Rad(a)

F(Y) T> H.(Y;Z)

Remark (3.11). We will here define a compatible pair of Radon transforms of con-
structible functions and homology groups. The condition on the divergent diagram
for which this is possible will be weaker than the Euler condition above. Suppose that
o X€MLY isa divergent diagram, where p is not necessarily Euler. If there

is a nonzero element b, in the bivariant group of constructible functions F(M 2 X)
then there is a nontrivial bivariant transformation

b, : F(X) — F(M)

induced by b,. We define a Radon transform of constructible functions as the com-
position:

Fled(a]) : F(X) 25 F(M) L5 F(Y)

This Radon transform is of course dependent on the element b,. However, for a certain
class of morphisms, named ”Sans éclatement en codimension 0” in French by Henry,
Merle and Sabbah [13], there is a unique contructible function b, in F(M 5 X) such
that there is an Zariski open dense set of M over which b, is equal to one. If p is
Euler then b, =1, and f,ﬁ“d = FhRad,

We say that a morphism M 2 X is micro locally equidimensional if it satisfies
the condition of ”Sans éclatement en codimension 07, i.e. the fibers of the relative
conormal morphism Cp(M) — X are all of the same dimension.

Next, we consider the Grothendieck transformation of bivariant theories ~ intro-
duced above. The image ~(b,) in H(M £ X) induces a homomorphism

1(by) : Ho(X;Z) — Ho(M;Z)

compatible with Ep_ Define a Radon transform of homology groups as the composi-
tion:

H"([a]) : Hi(X) ), H. (M) H.(Y)
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The following diagram is commutative because of the axioms of Grothendieck trans-
formations [12, §2]:

F(X) —5 H.(X)
by (bp)
F(M) —S~ H, (M)

FV) =2~ B.(Y)

Therefore the two Radon transformations f,ﬁ“d and Hlfj:“dare compatible via C .

4. A FORMULA FOR THE (GRASSMANNIAN HOMOLOGICAL
RADON TRANSFORM OF THE CHERN-MATHER CLASS.

As mentioned in the introduction, Ernstrom [7,8] studied the topological Radon

transformation of the Grassmannian divergent diagram I’y : pN & I N Grk(PN).
He gave an explicit description of the image of the local Euler obstruction Fux €
F(PY) under the topological Radon transformation F24¢(T;.), where X is a reduced
subvariety of PY. The k-dual variety X <*> is defined as the closure in Gri(P")

of the following set

{L € Grk(PN)| there is a point © € Xgno0th N L,
and a hyperplane H D TX,, H D L }.

Let ¢<*> be the generic value of FEY(Euy), i.e., e<¥> = x(X N L) for a generic
k-plane L. Set n = dim X and n<¥> = dim(X <¥>). The main result is the following

formula.

Theorem (4.1). ([8, Theorem (3.2)])
f‘Rad(EuX) — €<k>]—Grk(PN) _I_ (_1)n+k(N—k)_n<k>EUX<k>

In the special case when &k = N — 1 the above Ernstrom’s formula gives an affir-
mative solution to a conjecture due to Viro [17, 6D, p.132].

Definition (4.2). For a constructible function o« on a variety X the integer y(X, «)
shall be called the topological Euler characteristic of the constructible function «:

X(X,a) = / Ci(a), i.e., the 0-th component of C,(«).
X

Here C, : F(X) — H.(X;Z) is the Chern-Schwartz-MacPherson homomorphism.

In particular, x(X, Fux) is nothing but the degree (or the 0-th component) of
the Chern-Mather class Cps(X) of the variety X.
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Lemma (4.3). ([7, Proposition 4.13]) Let a be a constructible function on PV .
Then

WG (P 7)) = ().

The following formula (a generalized Pliicker relation) follows from Theorem (4.1)
and Lemma (4.3).

Theorem (4.4). ([7,Theorem (4.14)]) Let X be a closed subvariety of PN . Then

we have

N N+1 n k) <k>
<k>X(X7 EUX) — <k> (k i_1> + (_1) +E(N—k) X(X<k>,EuX<k>).

By the definition of the topological Euler characteristic of constructible functions,
the above Pliicker formula may be written as follows:

(JD (Cur(X))o = <t (Zi 11> T 0y (0,

or

(X))o = (1O (e e (3 )

where Cp(Z)o denotes the 0-th component (or the degree) of the Chern-Mather
class Cpr(Z). This means that the degree of the Chern-Mather class of the k-th dual
variety X <F> can be described via the 0-th component of the Chern-Mather class
of the source variety X . What we want to do is to describe the total Chern-Mather
class of the k-th dual variety X <F> via the total Chern-Mather class of the source
variety X . This naive wish was the very start of the present work. Now that we have
Corollary (3.10), the solution for this problem follows immediately:

Theorem (4.5). Let X be an n-dimensional reduced subvariety of PN . Then we
can describe the image of the total Chern-Mather class of the k-dual variety X <F>
in the Grassmannian Gri(PY™) as follows:

(ix<r> )2 Car(X K> =
(—1)" == () 0 P (ix)s O (X)) — €5 Car(Gry(PY))1,

where ix<k> : X <F> = Gr.(PN) and ix : X — PN are the inclusion maps.

Proof. Tt follows from Theorem (4.1) and Corollary (3.10). Note that p: I — PV is
Euler, because it is a locally trivial fibration with non-singular fibers. [

Remark (4.6). Theorem (4.4) is a special case of Theorem (4.5). This follows by
considering the 0-th component of the formula in Theorem(4.5), and the fact that the
top Chern class of T}, is equal to the Euler characteristic of the fibers of p; that is

)
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