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ABSTRACTThe canonical approach to the chiral SU(n) WZNW model with a monodromy inde-pendent r{matrix is reviewed. Taking the quantum group symmetry of the model (whichre
ects its classical Poisson{Lie symmetry) as a guiding principle, we derive a completeset of exchange relations in the enlarged chiral phase space that includes the Borel compo-nents M� of the monodromy matrix. Regarded as new dynamical variables the elementsof M in the left and right sectors cannot be identi�ed: their Poisson brackets have op-posite signs. This is a technical reason why the canonical reduction of the pair of chiralmodels to a single 2{dimensional theory that involves the left and right movers' �elds doesnot respect the quantum group symmetry. A simple modi�cation of the Poisson bracketswhich does lead to an SLq(n) invariant model is proven unacceptable as a substitute forthe 2D theory. As a way out we suggest a weak form of the monodromy and quantumgroup invariance of the extended 2D theory (involving mean values in a physical subspaceof the tensor product of chiral state spaces).
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1 IntroductionIt took some �ve years after the multivalued action for the Wess{Zumino{Novikov{Witten(WZNW) model was written down [1] (during which its conformal current algebra treat-ment was developed [2, 3, 4]) before a canonical r{matrix approach to the theory wasundertaken [5, 6, 7]. It aimed to understand the classical origin of (just discovered [8{12])quantum group symmetries of rational conformal �eld theories (for a review and furtherreferences { see [13]). This development, reaching a peak in the early 1990ies [14{19], stillcontinues to attract attention [20, 21].The basic �eld of the theory is a map g(= g(t; x)) from the cylinder (t 2 IR,x 2 IR=2�ZZ) to a simple compact Lie group G. To make the discussion concrete weshall work out in this paper the case G = SU(n). It was demonstrated in [14] (with somedetails of the proof still unpublished, [18]) that the 2{dimensional (2D) symplectic form
(2) of the classical WZNW theory can be written as a sum of two (symplectic) chiralparts, 
 and �
, corresponding to the splitting2g = u�u ; u = u(x� t) ; �u = �u(x+ t) : (1.1)This is achieved by extending the phase space of u (and the one of �u) by the monodromydegrees of freedom, where the monodromyM is de�ned by the twisted periodicity condi-tion u(x+ 2�) = u(x)M; �u(x+ 2�) = M�1�u(x); M 2 G : (1.2)(We are working throughout the paper with equal time relations and will be skippingthe time argument of u and �u.) In e�ect, 
 is a (closed) 2{form in the space of triples(u(x);M+;M�) where M+(M�) is an upper (lower) triangular matrix in SL(n; IC) (forG = SU(n)) such that the diagonal elements of M+ and M�1� coincide andM =M+M�1� (diag M+ � diag M� = 11) : (1.3)Furthermore, 
 (and �
) can be chosen in such a way that the Poisson brackets (PB) ofa pair of u's (�u's) are monodromy independent. Such PB correspond (as anticipated in[6] and argued in [17]) to simple exchange relations for the quantized chiral �elds thatare manifestly quantum group symmetric. They are to be contrasted with the rathercomplicated exchange relations for u and �u derived recently [21] from di�erent principles.2We are using throughout the space{like Lorentzian metric, �11 = 1 = ��00, resulting,in particular, in interchanging the equations (@t + @x)u = 0 = (@t � @x)�u for u and �u ascompared to [14]. 2



It is usually presumed (and often stated) that the quantum group shifts in the leftand right sectors have the formu! uT�1; M ! TMT�1; T 2 SLq(n) (1.4)and �u! T �u so that the 2D �eld (1.1) is SLq(n) invariant. This is, however, inconsistentwith the canonical quantization scheme in which u and �u commute3. The quantum groupsin the two sectors turn out to be di�erent; already the classical PB of the u and �umonodromies have opposite signs. We indicate the 
ow of a simple minded attempt tocure the di�culty and suggest an alternative way out that mimics the inde�nite metricspace approach to a local gauge theory.The paper is organized as follows.We start in Section 2 with a concise review of classical PB for the chiral WZNWmodelmaking public some results of [18]. We point out on the way that the left and right sectorsonly decouple if we double the monodromy degrees of freedom regarding the monodromymatrices M and �M in 
 and �
 as independent. Section 3 is devoted to a derivation ofthe quantum exchange relations by expressing them in terms of the pair of (fundamentalrepresentations of) quantum group R� matrices. Respecting the symmetry of the classicaltheory reduces the ambiguity in quantization to a single deformation parameter q whichis determined by the ratio of eigenvalues of the braid operator. In Section 4 we analysethe problem of combining the left and right sector in a 2D quantum theory.2 Canonical formalism and chiral PBThe information contained in an action integral A in D space{time dimensions can bedecoded from an associated closed D + 1 form (for a general discussion { see [14], Sec.2).We shall review the realization of this approach in the WZNW model where the presenceof a multivaluedWess{Zumino term in the 2D action A makes it particularly appropriate.The multivaluedness of A is translated into a cohomological property: the canonical 3{form ! = 14� tr(d [ 12k j�j�dtdx+ i(j1 dt� j0 dx) g�1 dg ]� k3 (g�1dg)3) (2.1)is closed (one readily checks that d! = 0) but not exact. The \coupling constant" k(to be identi�ed with the level of the a�ne Kac{Moody algebra generated by the chiralcomponents of the current j) has to be a positive integer in order to ensure the singlevaluedness of the �eld theoretic "partition function" eiA [1].3The contradiction was pointed out in a 1995 Schladming lecture by Anton Alekseev.3



Rather than recalling the path from the WZNW action integral to the form ! weshall justify (2.1) by deriving from it the equations of motion. There are two ways to dothat yielding the same answer. The canonical variational approach consists in contracting! with a vertical vector �eld, @=@j� or tr(gX@=@g);X 2 G, and then pulling back theresulting 2{form to the base space setting s�(g�1dg) = g�1@�g dx� � g�1@tgdt+g�1@g dxetc. We thus obtain the equations of motion in the �rst order formalism:s�(!b @=@j�) = �1k j� + ig�1@�g� dt dx = 0) j� = �ikg�1@�g (2.2a)s�(!btr(gX @=@g)) = �trn�k[g�1@0g; g�1@1g] + i@�j��Xo dt dx = 0) @�j� = 1ik [j0; j1] : (2.2b)(In deriving (2.2b) we have used the relation g�1dgbtr(gX @=@g) = X:) The secondway requires regarding the forms dj� and g�1dg as having both horizontal and verticalcomponents so that, e.g., �13 tr(g�1dg)3b @0 ^ @1 = tr([g�1@0g; g�1@1g]g�1dg), and settingthe contraction of ! with the bivector �eld @0 ^ @1 equal to zero (then the coe�cient todj� gives (2.2a), the coe�cient to g�1dg reproduces (2.2b)). Taking the curl of (2.2a) andcombining the result with (2.2b) we arrive at the left invariant chiral current@0j1 � @1j0(= @0j1 + @1j0) = 1ik [j0; j1]) (@0 � @1)�j = 0; �j := 12(j0 � j1) = ikg�1@+g(2.2c)(@+ := 12(@0 + @1)). The right invariant counterpart j of �j isj = �ik(@�g)g�1; 2@� = @1 � @0 ) @+j = �g(@��j)g�1 = 0 : (2.2d)These equations are in fact the starting point of [1] (suggested by the non{abelian boson{fermion correspondence).The symplectic form 
(2) of the theory is obtained by integrating (2.1) in x (over thecircle) for constant time (dt = 0):
(2) = 14� Z ��� trni dj0 g�1 dg � (ij0 + kg�1@g)(g�1dg)2o dx : (2.3)The general solution g of (2.2) is given by the factorized expression (1.1) while theperiodicity of g; g(t; x + 2�) = g(t; x) is re
ected into the twisted periodicity condition(1.2) which introduces the monodromy degree of freedom. If we insert (1.1) into (2.3),using the �rst order equations for u and �u to writej0(= �j0) = ik g�1@tg = ik �u�1 �(@�u)�u�1 � u�1@u� �u; @ = @@x ; (2.4)4



we can express 
(2) as a sum of two chiral symplectic forms on the price of incorporatingin the chiral phase spaces the boundary values u< and �u< of u and �u at x = �� and themonodromy (or, more precisely, its Gauss decomposition in the complexi�ed group GC).The result can be written as 
(2) = 
(u;M) + �
(�u; �M ) ; (2.5)with M and �M treated as independent dynamical variables (to be identi�ed after thereduction to 
(2)) and
(= 
(u;M)) = k4� tr�Z ��� @(u�1 du)u�1 du dx + dMM�1 u�1< du<�+ k4� �(M) ;(2:6)�
(= 
(�u; �M)) = k4� tr �Z ��� d�u �u�1 @(d�u �u�1)dx+ d �M �M�1 d�u< �u�1< �� k4� �( �M) :(2:�6)The 2 form � that is added (subtracted) to 
 (�
) is assumed to only depend on themonodromy and is designed to render the chiral forms closed:� = 12 tr(dMM�1 K dMM�1); K = K(M) ; (2:7)here K is a skew symmetric linear map of the complexi�ed Lie algebra GC into itself,tr(XKY ) = �tr((KX)Y ), restricted byd� = 13 tr(dMM�1)3 () d
 = 0 = d�
) : (2:8)There is no global solution of (2.8) on the (compact) group manifoldG. One can, however,construct such solutions on a dense open neighbourhood of the identity of the complexi�edgroup GC using, in e�ect, the Gauss{like decomposition (1.3):M =M+M�1� ; M� 2 B� � GC; Mdiag+ Mdiag� = 11 ; (2:9)here B+(B�) are Borel subgroups of GC, whose Lie algebras are generated (for the stan-dard r{matrices (2.12) below) by the Cartan elements hi 2 GC and by the raising (respec-tively, lowering) operators e�(e��) where � runs through the positive roots of GC. (ForG = SU(n) B� are the subgroups of SL(n; IC) of upper and lower triangular matrices.)Theorem 2.1 ([14] Sec.3, [18]) There is a one{to{one correspondence between the con-stant solutions r� of the classical Yang{Baxter equation (YBE)[r�12; r�13] + [r�12; r�23] + [r�13; r�23] = 0 (2.10a)5



of the formr�ij = rij � Cij; rij = �rji; Cij = Cji; tr2C12 2X= X for any X 2 GC (2.10b)and the skew symmetric maps K(M): GC! GC, and hence the 2{forms � (2.7) satisfying(2.8), such that the resulting chiral symplectic form (2.6) yields PB involving the above(monodromy independent) r�:�1u (x1); 2u (x2)� = �k 1u (x1) 2u (x2)(r+12 �(x21) + r�12 �(x12)); xij = xi � xj : (2.11)Here � is the step function satisfying �(x) + �(�x) = 1, �(x) � �(�x) = sign x for�2� < x < 2�, and we are using the familiar Faddeev notation 1u= u
 11; 2u= 11 
 u.Remark If e�(e��) are the raising (lowering) operators in the de�ning representationof GC corresponding to positive roots � then the standard solution of (2.10) correspondsto r12 = X�>0 �1e�2e�� � 1e��2e�� : (2.12)The Casimir operator C12 appearing in (2.10b) is expressed in terms of the Cartan{Weylbasis hi; e�� of GC asC12 = X�>0 �1e�2e�� + 1e��2e��+ (c�1)ij �2j�2 1hi 2hj : (2:13a)Here cij = 2 �i�j�2j is the Cartan matrix, c�1 is its inverse, �i are the simple roots, � is thehighest root (the factor �2j�2 is 1 for simply laced simple Lie algebras); in particularC12 = P12 � 1n 1112 for G = SU(n) (2:13b)(P12 is the permutation operator de�ned by P12(1� 2�) =2� 1� for any pair of vectors �; � in ICn,so that P12 1A 2B= 2A 1B P12). Note that for ��e� + �ihi + ���e�� 2 GC the projections onthe Lie algebras of B+ and B� corresponding to the splitting (2.9) of the group elementM are ��e� + 12 �ihi and ����e�� � 12 �ihi, respectively.The form (2.10a) of r� with C12 given by (2.13) implies non{degeneracy of r�.Proof of Theorem 2.1 Let X̂ be an arbitrary vector �eld in the in�nite dimen-sional phase space of chiral �elds u with monodromy M treated as a dynamical variable.Its contractions with the basic (Lie algebra valued) 1{formsu�1(x) du(x)bX̂ = X(x); dMM�1bX̂ = X0 (2.14)6



should satisfy, in view of (1.2), the twisted periodicity conditionX(x+ 2�) = M�1(X(x) +X0)M : (2.15)If X̂ = X̂(ju(x)) is the Hamiltonian vector �eld for u(x) then its contraction with thesymplectic form (2.6),
bX̂ = k4� trndMM�1(2X< +X0 +KX0)��2 Z ��� dx0(@ 0X(x0) u�1(x0) du(x0)o  @ 0 = @@x0! ; (2.16)where X< = X(��), should reduce to du(x). This implies2X< +X0 +KX0 = 0 (2.17)and �k tr n@ 0X(x0ju(x)) u�1(x0) du(x0)o = �(x� x0) du(x) (2.18a)� being the periodic �{function with respect to the line element dx2� :�(y) = Xn2ZZ e�iny (2.18b)(which is related to the ordinary �{function, �0 on the interval �2� < y < 2� by �(y) =2��0(y); note that for each x and x0 belonging to the interval (��; �) their di�erence x�x0runs through an interval of double length, (�2�; 2�)). The general solution of (2.18) for�� < x; x0 < � is X(x0ju(x)) = X<(u(x))� �(x0 � x) Z(u(x)) ; (2.19)where 1Z (2u) = 2�k 2u C12 (2.20a)C12 being the Casimir operator (2.13) so that for G = SU(n) we can write (in compo-nents): Z�0�0 (u��) = 2�k ���0� u��0 � 1n ��0�0 u��� : (2.20b)The twisted periodicity (2.15) allows to express X0 in terms of the remaining variables.Inserting the result, X0 = M(X< � Z)M�1 �X<, in (2.17) we obtain a relation betweenX< and Z: (1�K)X< + (1 +K)M(X< � Z)M�1 = 0 : (2.21)7



The PB (2.11) can be expressed in terms of the Hamiltonian vector �elds X̂(ju) as� 1u (x1); 2u (x2)� = 
bX̂(j 1u (x1))bX̂(j 2u (x2)) ==1u (x1) � 1X< (2u (x2))� �(x12) 1Z (2u (x2))� : (2.22)Identifying (2.22) with (2.11) allows to determine the operator K = K(M) in terms ofits value K1 at M = 11. To begin with, assuming that the right{hand side of (2.22) isindependent of M we deduce that so is X< which can then be computed from (2.21) forM = 11: X<(u) = 12 (K1 + 1)Z(u); K1 := K(11) : (2.23)Inserting (2.23) into (2.22) and comparing with (2.11) we express K1 in terms of r:K1X = tr2(r12 2X), (K1 � 1)X = tr2(r�12 2X) : (2.24)(The last inference uses tr2 C12 2X= X for any X 2 GC. ) Substituting X<(u) (2.23) into(2.21) we obtainf(K � 1)(1 +K1) + (K + 1)AdM (1�K1)gZ = 0 (AdMX :=MXM�1) : (2.25a)Since 1Z (2u (x)) spans GC when 2u (x) varies, the operator in the braces should vanish:(K � 1)(K1 + 1) = (K + 1)AdM(K1 � 1) : (2.25b)We are interested in solutions K(M) of (2.25) for which K1 is given by (2.24) with r�satisfying the classical Y BE (2.10). Eq.(2.10) can be translated into the following relationfor K1 (introduced and used in a similar context in [23]):[K1X;K1Y ] + [X;Y ] = K1([K1X;Y ] + [X;K1Y ]) 8 X;Y 2 GC : (2.26)The meaning of this \K1{YBE" is revealed by the following important observation [23].If K1 satis�es (2.26) then the subspace eGC � GC� GC of pairs ((K1 + 1)X; (K1 � 1)X)with X 2 GC is a (complex) Lie subalgebra of GC� GC . In other words, the commutatorof two such pairs is again a pair of this type; indeed, (2.26) implies[(K1 � 1)X; (K1 � 1)Y ] = (K1 � 1)([K1X;Y ] + [X;K1Y ]) :Let eGC be the Lie subgroup of GC�GC with Lie algebra eGC . It can be mapped into GCby (M+;M�)!M+M�1� . One can use this map to pull K(M) back to eGC [18].Proposition 2.2 The expressionK(M) = AdM+ K1 Ad�1M+ �) � = tr(M�1+ dM+M�1� M�)� (2.27)8



satis�es (2.25) provided the K1{YBE (2.26) holds (and the corresponding � satis�es (2.8)).Proof. Inserting (2.27) in (2.25) and using AdM = AdM+ Ad�1M� we �ndAdM+(K1 + 1)nAd�1M+(K1 + 1)�Ad�1M�(K1 � 1)o = 2(K1 + 1) : (2.28)But the pair (Ad�1M+(K1 +1)X;Ad�1M�(K1� 1)X) belongs to eGC for any X 2 GC (since theadjoint action of eGCmaps eGC into itself); hence(Ad�1M+(K1 + 1)X; Ad�1M�(K1 � 1)X) = ((K1 + 1)Y; (K1 � 1)Y )where 2Y = Ad�1M+(K1 + 1)X �Ad�1M�(K1 � 1)X(2 GC) :This proves the validity of (2.28) and hence of Proposition 2.2.Remark It is instructive to see how Eq.(2.28) is realized for the standard solution(2.12) of the classical YBE; the map K1 + 1 : GC! GC projects lower triangular matriceson their diagonal (Cartan) part and doubles the nondiagonal elements (corresponding toraising operators) in upper triangular matrices.Conversely, for K given by (2.27) with K1 (2.24) satisfying (2.26) we arrive at themonodromy independent PB (2.11) thus completing the proof of Theorem 2.1.As a corollary, we shall deduce the PB of the monodromy M with u and with itself(now using the Hamiltonian vector �eld X̂(jM) of M). This computation again requiressome work. A non{obvious step is the solution with respect to X of the equationY := 2X< + (K + 1)X0 = 2X +AdM+(K1 + 1)(Ad�1M� �Ad�1M+)X :Here X = X(xjM) = u�1(x)du(x)bX̂(jM) { cf.(2.14). Noting that X(xjM) is actuallyindependent of x, so that X = X<, and using the twisted periodicity relation (2.15) we�nd X0 = MXM�1�X and hence 4X = 2Y +(K1+1)(Ad�1M �1)Y . Contracting 
 withthe vector �elds corresponding to u and to M or to 1M and 2M we obtain� 1M; 2u� = �k � 1M 2u r�12� 2u r+12 1M� ; (2.29)� 1M; 2M� = �k �r�12 1M 2M + 1M 2M r�12� 1M r�12 2M � 2M r+12 1M� : (2.30)The extended phase space of the chiral model contains as we have seen the pair ofBorel subgroups (B+; B�) of GC. We shall therefore work out, following [18], the PB for9



M�. Using the relations 2dM+ = M+(K1 + 1)Ad�1M+(dMM�1); (K1 � 1)13C32 = �r�12,f(K1 + 1)(AdM� �AdM+)r+g12 = 2(Ad�11M+ �Ad 2M+)r12 we �nd� 1M�; 2u� = ��k 2u r�12 1M� ; (2:31)� 1M�; 2M�� = �k �r12; 1M� 2M�� = �k �r"12; 1M� 2M�� ; " = + or � ; (2:32a)� 1M�; 2M�� = �k �r�12; 1M�; 2M�� : (2:32b)The PB (2.29, 30) for M (each containing twice as many terms as the corresponding PBfor M�) can be recovered from here by using (2.9) and the Leibniz rule for PB.A similar computation for the �u{sector gives:�1�u (x1); 2�u (x2)� = ��k �r+12�(x21) + r�12�(x12)� 1�u (x1) 2�u (x2) ; (2:33)( 1�M; 2�u) = �k  1�M r�12 2�u �r+12 1�M 2�u! ; (2:34)( 1�M; 2�M) = ��k  r�12 1�M 2�M + 1�M 2�M r�12� 1�M r�12 2�M � 2�M r+12 1�M! ; (2:35)( 1�M�; 2�u) = ��k r�12 1�M� 2�u ; (2:36)( 1�M�; 2�M�) = ��k "r12; 1�M� 2�M�# ; (2:37a)( 1�M�; 2�M�) = ��k "r�12; 1�M�; 2�M�# : (2:37b)The sign di�erence between (2.30), (2.32) and (2.35), (2.37) indicates that we cannotidentify M and �M as dynamical variables.The symplectic form (2.6) and the resulting chiral PB exhibit four types of symmetrywhich we choose to formulate for the u{sector.(a) Invariance under periodic left shifts generated by the chiral current j:�1u (x); 2j (y)� = �iC12 1u (x)�(x� y); j(y) = �ik(@u(y))u�1(y) = j(y + 2�) : (2:38)(In deriving (2.38) we use the relation 2� @@x �(x� y) = �(x� y) for � given by (2.18b).)(b) Poisson{Lie symmetry [22, 23] under constant right shifts (this is the classical coun-terpart of the quantum group symmetry of exchange relations to be displayed in Sec.3).10



(c) An in�nite Poisson{Lie symmetry under (in�nitesimal) right shifts u(x) ! u(x) �iu(x)"(x) where "(x) satis�es the special boundary conditions [20])"(��) = "+ := "ihi +X�>0 "�e�; "(�) = "� := �"ihi +X�>0 "��e�� ; (2:39)(d) An in�nite conformal symmetry x ! f(x) where f 0 > 0 (f mapping the interval(��; �) into itself). Indeed, the step function appearing in the PB (2.11) can be charac-terized precisely by the property�(f(x)� f(y)) = �(x� y) for f 0(x) > 0 (�� < f(x) < �) : (2:40)This point is worth stressing since we started with the equal time symplectic form (2.3)that is not manifestly Lorentz invariant. In fact, we are dealing with the phase spaceof classical solutions of the equations of motion which exhibit the full symmetry of thetheory (a point emphasized in [14, 17]).3 Exchange relations for quantized chiral �elds andtheir quantum group symmetryWe are now looking for quantum exchange relations for u(x) and M� which respect allclassical symmetries listed above.Invariance under (local) left shifts suggests, in the �rst place, that the R matrix shouldmultiply the u's from the right:2u (x2) 1u (x1) =1u (x1) 2u (x2)R12(x12) : (3.1)Repeated application of this exchange relation should give the identity transformation:R21(x21) R12(x12) = 11 (R21(x) = P R12(x)P ) (3.2)(P = P12 being the permutation operator that appears in (2.13b)). Lorentz invariance ofR12 implies that it depends just on the sign of x12 (a fact emphasized in an early studyof exchange relations in 1+1 dimension, [8]):R12(x12) = R+12 �(x21) +R�12 �(x12) (�(x) + �(�x) = 1) : (3.3)Combined with (3.2) Eq.(3.3) givesR�21 R+12 = 11 = R+21 R�12 : (3:20)11



Associativity of the exchange relations implies the quantum YBE:R"12 R�13 R�23 = R�23 R�13 R"12 (" = + or �) : (3.4)In order to actually implement the left shifts (2.35) we need the quantum version ofthe expression for the current j as a composite �eld. This involves a non{trivial orderingproblem for the product of interacting �elds @u and u�1. An e�cient way around thisdi�culty is to substitute the expression for j by the operator Knizhnik{Zamolodchikovequation [2] �ih ddx u(x) =: j(x) u(x) :; h = k + n ; (3.5a)while promoting the PB (2.35) to a commutation relation (CR):�1u (x); 2j (y)� = C12 1u (x) �(x� y); C12 = �ab 1ta2tb : (3.5b)Here ftag is any basis in the fundamental representation of G = su(n); the expression forthe Casimir invariant C12 is actually basis independent (provided �ab = tr(tatb); �as�sb =�ab ) and hence coincides with (2.13). The normal product in (3.5a) is easy to de�ne sincethe components of j (unlike those of u) behave like free �elds. Settingj(x) = Xn2ZZ Jn einx; Jnj0i = 0; n � 0 (3.6a)and Jn = Janta we can write [3]: j(x)u(x) := j(+)(x)u(x) + tau(x)ja(�)(x) ; ja(�)(x) = 1Xn=0 Jan einx = ja � ja(+) : (3.6b)Combining (3.1) and (3.5) actually requires substituting (3.5b) by a pair of operator Wardidentities: �1u (x1); 2j(+) (x2)� = i�2 sin x12 + i02 ��1 eix122 C12 1u (x1)�2j(�) (x2); 1u (x1)� = i�2 sin x12 � i02 ��1 eix122 C12 2u (x2) : (3:5c)One way to derive these relations is to use the CR between u and the current modes:�1u (x); 2Jn� = e�inx C12 1u (x)in conjunction with (3.6a). The latter agree with (3.5b) for � given by (2.18b). In e�ect,Eq.(3.5c) suggests yet another limit expression for the periodic �{function:i2 sin x+i02 � i2 sin x�i02 = �(x) :12



We point out that the proper de�nition of the product of the operator valued distri-bution 1u (x1) 2u (x2) with a discontinuous (step) function, like in (3.1), requires care andwill not be treated in the present paper.Since our basic dynamical variables, u(x) and M�, are dimensionless, and the \cou-pling constant" k in (1.1) should be a (positive) integer [1], there is no room for introducingthe Planck constant. Instead, the (quasi) classical limit is de�ned by the large k behaviourof R12:2u (x2) 1u (x1) � 1u (x1) 2u (x2)� i�1u (x1); 2u (x2)� or R�12 � 11 � i�k r�12 for k � 1 :(3:7)Conditions (3.1{7) still leave considerable freedom in the choice of R12. For in-stance, if u and R12 satisfy (3.1{6) and S is a (constant) element of GC then uS�1 and1S 2S R12 1S �1 2S �1 also satisfy these relations. If in addition S di�ers from the unit matrixby a term of order 1=k then (3.7) is satis�ed as well. The GC orbit space of solutions ofthe quantum YBE has been shown [24] to be rather singular even in the simplest caseof G = SU(2) (in which R12 is a 4 � 4 matrix). Happily, the non{degeneracy condition(implied at the classical level by (2.10b)) strongly reduces the freedom.The key to selecting an appropriate R matrix is given by the requirement that theexchange relations (3.1) admit a quantum group symmetry under right shifts, u! uT�1,that is the quantum version of the Poisson{Lie symmetry (b). The point is that quantumgroups provide a standard tool, the universal R{matrix [25], for constructing exchangealgebras ({ see [26]). Thus, in the case of G = SU(r + 1), one starts with the followingpair of Uq(s`r+1) R{matrices (written, one at a time, in [27, 28]):R+12 = �qH12 �+12; H12 = (c�1)ij 1H i 2Hj ; �+ = !��>0 �+(�) (3.8a)R�12 = ��12 qH12; �� =  ��>0 ��(�); (�q = q�1) : (3.8b)Here c�1 is the inverse (Ar�) Cartan matrix, the arrow ! indicates an ordering, say(�1; �1 + �2; : : : ; �1 + : : : + �r; �2; : : : ; �2 + : : : + �r; : : : ; �r) of positive roots,  stan-ding for the opposite ordering. The intertwiner �+ exchanges the co{product �q with��q, �+�q(X) = ��q(X) �+, �� intertwines the corresponding permuted products �0 :���0�q(X) = �0q(X)��. (The operator �� has been subsequently used by Lusztig underthe name \quasi{R{matrix" { see [29] Chapter 4; note that the uniqueness theorem proventhere uses a speci�c completion of the tensor product Uq(s`r+1)
 Uq(s`r+1); �� and �+belong, in fact, to di�erent completions in the sense of Lusztig.) The factors in (3.8) aregiven by q{exponentials:�+(�) = e+(� 1E� 2F �); ��(�) = e�(�� 1F � 2E�); � = �q � q = ��� (3.9)13



e�(x) = 1Xn=0 xn(n)�! ; (n)�! = n�`=1 (`)�; (`)� = q�2` � 1q�2 � 1 ; (3.10)�i; i = 1; : : : ; r label the simple roots of s`r+1, E� are raising, F� are lowering operators:Eij+1 = EijEj+1 � qEj+1Eij; Fij+1 = Fj+1Fij � �qFijFj+1; i � j � r � 1(Eii � Ei; Fii � Fi). The Chevalley{Cartan generators Ei; Fi, Hi satisfy the basic CRqHi Ej = Ej qHi+cij ; qHi Fj = Fj qHi�cij (3.11a)[Ei; Fj] = �ij[Hi]; [H] = qH � �qHq � �q (i; j = 1; : : : ; r) ; (3.11b)and the Serre relationsEi Ei�1 Ei = E(2)i Ei�1 + Ei�1 E(2)i ; [Ei; Ej] = 0 for ji� jj � 2 ; (3.12)where [2] E(2)i = E2i (and similar relations for Fi).In the (r+1){dimensional de�ning representation of Uq(s`r+1) E�; F� and Hi are givenin terms of the (undeformed) Weyl matrices:Ei = ei i+1; Fi = ei+1 i; Hi = eii � ei+1 i+1; i = 1; : : : ; r; (3.13a)where eij are characterized by the multiplication laweij ek` = �jk ei` () Eij = eij+1; Fji = ej+1 i) : (3.13b)Proposition 3.1 The deformation parameter q can be chosen in such a way that forthe de�ning representation (3.13) of Uq(s`r+1) the R{matrices (3.8) satisfy the necessaryconditions (3.4,5,7) for the quantum exchange relations (3.1).Proof The YBE (3.4) is established in general for the universal R{matrix by Drinfeld[25]. Eq.(3.2) is also general and follows from the property e+(x)e�(�x) = 1 of deformedexponents. The quasi classical limit is obtained for � = �q� q � 2�ik (for k � 1) using thatin the fundamental n = r+1 dimensional representation of Uq(s`n) the q{exponents (3.9)are given by the �rst two terms of their expansions:��(�) = 1 � � 1e�� 2e�� : (3.14)With these choices our quantum theory depends on a single parameter q. The quasi-classical asymptotics only gives the �rst two terms in its 1=k expansion: q � 1+ i�k +O( 1k2 ).In order to �x q we shall compute the eigenvalues of the braid matrix�R = P R+12 = q 1n 8<: nXi;j=1 �q�ij 1eij 2eji +� Xj<` 1e``2ejj9=; (3.15)14



where n = r + 1, and shall compare them with the exponents of conformal dimensionscomputed with the aid of the Sugawara stress energy tensor of the current algebra theory.Proposition 3.2 The n2 � n2 matrix �R (3.15) has two eigenvalues: a �n+12 � degen-erate one, �q n�1n , corresponding to the eigensubspace of q{symmetric tensors and a �n2�degenerate one, �q n+1n , with an eigensubspace of q{skewsymmetric tensors.Proof We realize (following [30]) a q{symmetric tensor in terms of products of \q{bosonic" variables b� satisfyingb�b� = qb�b� for � < �; �; � = 1; : : : ; n : (3.16)Noting that Xij �q�ij(eij)�
 (eji)�� b
b� = �q��� b�b�and using (3.16) we �nd � �R � �q n�1n � 1b2b= 0 : (3.17)Similarly, introducing q{fermions f� satisfying(f�)2 = 0 = f�f� + �qf�f� for � < � ; (3.18a)we obtain � �R+ q n+1n � 1f 2f= 0 : (3.18b)Corollary It follows from (3:20) that the matrix �R� = PR�12 satis�es similar relationswith q$ �q. They are both Hecke, e.g.�R2 � �q1=n �R � q2=n = 0 : (3.19)We now turn to writing down the above eigenvalues of �R in terms of the conformaldimensions �h(�) of primary chiral vertex operators of highest weight � = (�1; : : : ; �r)in a height h = k + n (level k) su(n) current algebra theory. �h(�) is given by2h�h(�) = C2(�) = �i(c�1)ij(�j + 2) (1 � i; j � r = n � 1); h = k + n : (3.20)In particular, for the \quark representation" �1 = (1; 0; : : : ; 0) and symmetric and skewsym-metric tensor representations 2�1 and �2 = (0; 1; 0; : : : ; 0) we haveC2(�1) = n2�1n ; C2(2�1) = 2 (n+2)(n�1)n ; C2(�2) = 2 (n�2)(n+1)n , so that the eigenvalues of theconformal braid matrix for the product of two \quark �elds" areei�(2�h(�1)��h(2�1)); �ei�(2�h(�1)��h(�2)) (3.21)15



(the minus sign in the second term comes from the permutation of SU(n) indices in askewsymmetric tensor (of weight �2)). They agree with the eigenvalues computed inProposition 3.2 for q = ei�h ; h = k + n (for G = SU(n)) : (3.22)The ratio of the two exponentials (3.21) ei�(�h(2�1)��h(�2)) is just q2.We remark that the calculation of the eigenvalues of the simplest braid matrix notonly allows to �x the parameter q, but also provides a consistency check of the theorysince two numbers are matched by a single parameter (with a given large k behaviour).We now proceed to computing the exchange relations for the (Borel components ofthe) monodromy matrix demanding as a test that u(x) and u(x+2�) = u(x)M obey thesame exchange relations (3.1).We start with the Borel components M� of M whose PB are given by (2.31, 32).Assuming that their exchange relations only involve the above matrices R�12 we �nd thefollowing (unique) expressions that �t the quasi classical limit:1M� 2u = 2u R�12 1M� ; (3.23)R"12 1M� 2M� = 2M� 1M� R"12; " = � ; (3.24)R+12 1M+ 2M� = 2M� 1M+ R+12 �, R�12 1M� 2M+= 2M+ 1M� R�12� : (3.25)These relations imply the following \re
ection equations" for the monodromy (2.9):2u R+12 1M = 1M 2u R�12 ; (3.26)2M R+12 1M R+21 = R+12 1M R+21 2M, R�21 2M R+12 1M= 1M R+21 2M R�12 : (3.27)The consistency check of the exchange relations for u(x)M needs some care: we shouldmake sure that after the shift (1.2) the argument �x12 of � in (3.3) is still in the interval(�2�; 2�). (The alternative, to extend �(x) beyond this interval setting �(x + 2�n) =�(x)+n for n 2 ZZ, would require appropriate modi�cation of the above exchange relationsdepending on the interval to which belong the arguments of u.) Let, for instance,0 < x21 < 2� ) 2u (x2) 1u (x1) =1u (x1) 2u (x2)R+12; 2u (x2) 1u (x1 + 2�) == 1u (x1 + 2�) 2u (x2)R�12 ; (3.28)inserting 1u (x1 + 2�) =1u (x1) 1M we see that (3.26) agrees with (3.28).We shall now display the quantum group symmetry of the exchange relations. Westart by recalling a basic property of the algebra SLq(n) (a Hopf algebra dual to the16



quantum universal enveloping algebra Uq(s`n), { see [26] or [31] Chapter 7 ). SLq(n) isde�ned as the polynomial algebra generated by the matrix elements of an n � n matrixT satisfying the following two equivalent sets of de�ning relations (for the two signs of "in R"12 { cf. (3.24)) R�12 1T 2T= 2T 1T R�12; detqT = 1 : (3.29)Here the q{determinant detq T is the central element of the algebra which appears in therelation T 1�1f�1 : : : T n�nf�n = (detqT )f1 : : : fn ; (3.30)where f� are the q{fermionic variables (3.18).Example [30] Let n = 2, T = � a bc d� :We leave it to the reader to verify that each of the two sets of quadratic relations (3.29)is equivalent to the commutation relationsab = qba; ac = qca; bd = qdb; cd = qdc; bc = cb; ad� da = (q � �q)bcwhile detq T = ad� qbc = da� �qbc.The following statement is an adaption of well known results [26, 30].Proposition 3.3 If T 2 SLq(n) and T �� commute with u (and M) then the substi-tutions u! uT�1; M ! TMT�1 (3.31)respect all quantum exchange relations.(In verifying (3.1,3) we need the �rst equation (3.29) for both R+12 and R�12. In verifyingT invariance of (3.27) we use the implication 1T R�12 2T �1 = 2T �1R�12 1T of (3.29).)The monodromy extended chiral phase space with a manifest quantum group (Hopfalgebra) symmetry matches the \axiomatic" description of the quantum group extendedchiral theory of [11, 12, 32]. The price for the manifest SLq(n) (or Uq(s`n)) symmetry isa relaxation of the unitarity assumption for the chiral conformal �eld theory. (One onlyhas a semide�nite braid invariant hermitian form [13, 32].) Insisting on strict (Wightmanpositivity and) unitarity is only compatible with a weak quasi Hopf quantum symmetry[33]. In contrast to Ref. [21] we do not require unitarity of the R matrix; we just assumethat the eigenvalues of �R (3.15) coincide with those of a conformal current algebra braidmatrix ( �R is then unitarizable whenever it is diagonalizable).17



Quantized right invariant sector. The exchange relations between two �u's that�t the PB (2.33) and are consistent with a symmetry under (undeformed) right SU(n)shifts are 2�u (x2) 1�u (x1) = R21(x21) 1�u (x1) 2�u (x2) ; (3.32)here we have used r�21 = �r�12; R21(x21)R12(x12) = 11 : (3.33)Preparing for the discussion of the 2D theory (in Sec.4 below) we also list the CR involving�M�: 2�u 1�M�= R�21 1�M� 2�u) R+12 2�u 1�M= 1�M R�12 2�u (3:34)R"21 1�M� 2�M�= 2�M� 1�M� R"21 ; R�21 1�M+ 2�M�= 2�M� 1�M+ R�21 (3:35a)R�21 1�M R�12 2�M= 2�M R�21 1�M R�12 : (3:35b)(in accord with (2.34) { (3.37) ). The relation�R+ij = R�ji (R�jiR+ij = 1) (3:36)(where the bar on R stands for complex conjugation), valid forR+12 = q 1n 8<: nXi;j=1 �q�ij 1eii 2ejj +� Xi<j 1eij 2eji 9=; ; (3:37a)R�12 = �q 1n 8<: nXi;j=1 q�ij 1eii 2ejj �� Xi>j 1eij 2eji 9=; ; (3:37b)shows that the CR (3.35a) for �M� are related to the CR (3.25) for M� by complexconjugation. This remark can be extended to the CR involving u if we view �u as complexconjugate to u�1.4 2D observables and chiral �eldsThe 2D observables are the �eld g (1.1) and the left and right currents which can bewritten at the classical level asj(x�) = �ik(@�g)g�1 = �ik(@xu)u�1; �j(x+) = �ikg�1@+g = �ik�u�1@x�u ; (4.1)where x� = x� t and @"x"0 = �""0, for "; "0 = �. The quantum CR among these �elds canbe obtained from the exchange relations involving u and �u in the chiral models, provided18



they are supplemented by the assumption that u and �u commute,�1u (x); 2�u (y)� = 0 = �1j (x); 2�u (y)� = "1u (x); 2�j (y)# : (4.2)To begin with, using (3.1), (3.32), (3.33) and (4.2) we �nd�1g (t; x); 2g (t; y)� = 0 : (4.3)It follows further from (3.5b) and from its counterpart for �u that�1g (t; x); 2j (y�)� = C12 1g (t; x)�(x� � y�) (4.4a)"1g (t; x); 2�j (y+)# = � 1g (t; x)C12 �(x+ � y+) : (4.4b)(Clearly, for equal times x� � y� = x � y.) In view of (4.2) the KZ equation (3.5a) canbe written in terms of the 2D �eld g:�ih@�g(t; x) = : j(x�) g(t; x) : (4.5a)�ih@+g(t; x) = : g(t; x) �j(x+) : (2@� = @x � @t) : (4.5b)These physical CR give rise in the classical limit to PB that can be derived directly fromthe symplectic form (2.3) on the reduced (physical) phase space spanned by g and j0 (thespace of maps from the 2D cylinder to the cotangent bundle T �G).The exchange relations (3.1), (3.32) together with the CR (4.2) do not admit a quan-tum group symmetry y ! uT�1, �u! T �u (T 2 SLq(n); T �� non{commuting { cf. (3.29)).Indeed, if the matrix elements of u and �u commute, those of u�1T and T �u won't. Onereason why already the classical Poisson Lie symmetry of the left and the right chiralmodels does not carry through to the 2D theory is that the left and right symmetries arenot the same. Classically, this is re
ected in the overall minus sign in the right{hand sideof (2.33a) and in the already noted sign di�erence between the PB of M (2.30) and �M(2.34). In the quantum picture the �u{sector symmetry under left shifts�u! �T �u ( �M ! �T �M �T�1) (4.6)involves a matrix �T satisfying (due to (3.32))R�21 1�T 2�T= 2�T 1�T R�21 ; (4.7)instead of (3.29). In view of (3.33) this implies�T 2 SL�q(n); �q = q�1 : (4.8)19



The question arises: cannot we modify the Poisson{Lie structure of the chiral phasespaces in such a way that the combined 2D system does exhibit a quantum symmetrywith-out a�ecting the physical CR (4.3), (4.4)? The following unsuccessful attempt, presentedhere to serve a pedagogical purpose { as a Coleman style \false theorem", demonstratesthat a simple minded approach, that keeps the u{sector unchanged, fails.The fact that each of the forms 
 and �
 is closed by itself and that the discrepancybetween the PB of the u and �u sectors is just a sign di�erence suggests a \Columbusegg solution" to the puzzle: postulate that the Poisson structure of the 2D model isdetermined by the di�erence 
� �
 rather than by the sum of symplectic forms. At �rstsight, it works beautifully: the u{sector CR do not change, the monodromy in the twosectors has identical exchange relations, so that we can set M = �M , the CR involving �ubecome 2�u (x2) 1�u (x1) = R12(x12) 1�u (x1) 2�u (x2) ; (4.9)2M� 1�u= R�12 1�u 2M� ) R�12 1�u 2M= 2M R+12 1�u ; (4.10)u and �u no longer commute,1�u (x1) 2u (x2) =2u (x2)R12(x12) 1�u (x1), 2�u1u=1u R21 2�u ; (4.11)but the locality property (4.3) for the 2D �eld (1.1) is preserved. The 2D model doesadmit a quantum group symmetry (1.4), (4.6) with T = �T satisfying (3.29). Assumingonly part of these properties one �nds that this solution is unique ... What goes wrongis the fact that the above CR for �u (and the CR for u and M derived in Sec.3) imply thatg (1.1) is not just local, it is central: it commutes with all dynamical variables,�1g (t; x); 2u (y)� = 0 = �1g (t; x); 2�u (y)� = �1g (t; x); 2M�� :Hence the CR (4.4) between g and the chiral currents cannot possibly hold. It turns outthat the CR (4.9{11) of �u are exactly the same as the CR of u�1 that follow from theexchange relations of Sec.3. Hence, the CR of g are consistent with the assumption thatg = 11.This wrong start can be elevated to a no{go result since an exchange relation oftype (4.11) is, in fact, necessary in order to have a consistent quantum group symmetry(u; �u)! (uT�1; T �u); T 2 SLq(n).Is not this result vindicating the point of view expressed in [19]: the quantum groupsymmetry is an artefact of cutting the WZNW model into chiral parts (and changingeach), there is no trace of it in the 2D theory? We shall argue why such a negative con-clusion seems to be premature. 20



Physical subspace of HL 
 HR corresponding to a diagonal theory The ex-tended WZNW model de�ned in the tensor product of left and right chiral spaces ex-hibits some familiar features of a gauge theory. On top of the physical 2D �eld g and thechiral currents it involves multivalued chiral �elds which require arbitrary choices. Theinner product in each chiral state space is not positive de�nite (as discussed at the end ofSec.3). A crucial ingredient in a \covariant gauge" setup consists of selecting the physicalsubspace of the theory. We are looking for a subspace H of the (extended) tensor productspace HL
HR of the chiral models which contains the vacuum j0 >= j0 >L 
j0 >R andis such that the matrix elements of g(t; x) in H are periodic in x:< �jg(t; x+ 2�)� g(t; x)j	 >= 0 for �;	 2 H (4.12)(whenever the corresponding matrix elements of g are well de�ned). We assume furtherthat the operators which commute with g and hence with all observables are multiplesof the unit operator in H (i.e., have H as their common eigensubspace). Such are theproducts M�1� �M� ; as it follows from (3.23), (3.34),1M�1� 1�M� 2u2�u= 1M�1� 2u R�12 2�u 1�M�=2u2�u 1M�1� 1�M� : (4.13)Extending the de�ning property of M� to have inverse eigenvalues to the quantum casewe shall write (M�1+ �M+ � �M�1� M�)H = 0 (4:14)(M�1� �M�j0 > being multiples of the unit matrix).The requirement (4.12) implies that the helicities �h(�)��h(��) have integer valueson physical state vectors: the univalence operator e2�i(L0��L0) should coincide with theidentity on H , (e2�i(L0��L0) � 1)H = 0 : (4:15)Then Eq.(4.12) follows sinceg(t; x+ 2�) = e2�i(�L0�L0)g(t; x)e2�i(L0��L0) : (4:16)This is achieved, in particular, in a diagonal theory in which the physical state space is adirect sum of positive energy (highest weight) current algebra modules of equal left andright weights: H =M� HL(�)
HR(�) : (4:17)Let � be the orthogonal projector on H in HL
HR (�2 = � = �� ; �HL
HR = H).We shall display the observable (the conditional expectation in the terminology of [34])21



�g(t; x)� for G = SU(r + 1) (setting � = (�1; : : : ; �r) as in (3.20) ). There are exactlyr + 1 chiral vertex operatorsu(x;�1; : : : ; �r) : HL(�1; : : : ; �r) �! HL(�1 + �1; : : : ; �r + �r) (4:18)where the admissible (�1; : : : ; �r) are(1; 0; : : : ; 0; 0) ; (�1; 1; 0; : : : ; 0) ; : : : ; (0; 0; : : : ;�1; 1) ; (0; 0; : : : ; 0;�1) (4:19)and the space in the right hand side of (4.18) consists of the 0{vector whenever one ofthe entries �i + �i is negative. (In the case of SU(2) the CVOs u(x;�1) are nothing butthe creation and annihilation operators which increase, respectively decrease the isospinof the state vector by 1=2 .) With these notations the observable projection of g is justthe diagonal in f�ig part�g(t; x)� = Xf�igu(x� t;�1; : : : ; �r)�u(x+ t;�1; : : : ; �r) (4:20)where the sum runs through the r + 1 sequences (4.19). Indeed, the orthogonality ofsubspaces of di�erent highest weight implies the vanishing of the conditional expectationof a product u(x� t; f�ig)�u(x+ t; f��ig) for f�ig 6= f��ig. The single valuedness (i.e., theperiodicity in x) of the conditional expectation (4.20) is an immediate consequence of(4.16) and (4.15).Verifying the consistency of the above analysis with the properties of the quantummonodromy matrices requires some work. To begin with there is an ordering problem inthe quantum version of (1.2):u(x+ 2�) = ...u(x)M ... ; �u(x+ 2�) = ...M�1�u(x)... ; (4:21)the meaning of the triple dot product (already restricted by the consistency condition(3.28)) should be disclosed in a systematic matching of the operator formalism with theknown braiding properties of conformal current algebra blocks (for G = SU(2) - see[32]). A preliminary study indicates that the two pictures are indeed consistent with oneanother. This suggests that the conditional expectation (4.20) is also quantum groupinvariant (in spite of the fact that the operator equation T�1 �T = 1 does not hold inHL 
HR). We hope to return to these questions shortly.AcknowledgmentsThe authors are greatly indebted to Krzysztof Gaw�edzki for acquainting them with hisunpublished work, for a number of enlightening discussions, and for a critical reading of an22
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