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ON GEOMETRY OF CURVES OF FLAGS OF CONSTANT TYPE

BORIS DOUBROV AND IGOR ZELENKO

ABSTRACT. We develop an algebraic version of Cartan method of equivalence or an analog of
Tanaka prolongation for the (extrinsic) geometry of curves of flags of a vector space W with
respect to the action of a subgroup G of the GL(W). Under some natural assumptions on the
subgroup G and on the flags, one can pass from the filtered objects to the corresponding graded
objects and describe the construction of canonical bundles of moving frames for these curves in
the language of pure Linear Algebra. The scope of applicability of the theory includes geometry
of natural classes of curves of flags with respect to reductive linear groups or their parabolic
subgroups. As simplest examples, this includes the projective and affine geometry of curves. The
case of classical groups is considered in more detail.

1. INTRODUCTION

Fix a vector space W over a field K, where K = R or C. Also, fix integers 0 = ko < k1 < ko <
oo <ky=dimW and let F,  x,_, (W) be the manifold of all flags 0 = Ag CA_1 CA 2 C...C
A_, =W, where A_; are k;-dimensional linear subspaces. For definiteness we also assume that
k1 > 0 and k,—1 < k,. We allow equalities among k;, i.e. repeated subspaces in flags, because
direct sums of flags will play an important role in the sequel.

Now fix a Lie subgroup G' of GL(W). The group GL(W) acts naturally on F, _x,_,(W).
Assume that O is an orbit in F, (W) with respect to the action of G. The general question
is whether given two unparamerized curves in O there exists an element of GG sending one curve to
another. Such two curves are said to be G-equivalent. We are also interested in the same question
for parametrized curves of flags.

Note that particular examples of this setup include the classical projective and affine geometries
of curves in P and A™ and the projective geometry of ruled surfaces. In all these cases the action
of the group G is transitive on the corresponding flag varieties. Other examples we will consider
in this paper include:

(1) G=GL(W) and O is the whole flag variety;
(2) G = Sp(W), if W is equipped with a symplectic form o, G = O(W), if W is equipped
with a non-degenerate symmetric form @, and O is the isotropic/coisotropic flag variety.

Our original motivation to study such equivalence problems comes from the new approach,
so-called symplectification procedure, to the geometry of structures of nonholonomic nature on
manifolds such as vector distributions, sub-Riemannian structure etc. This approach was proposed
in [1, 2, 3, 4] and it is based on the Optimal Control Theory. It consists of the reduction of
the equivalence problem for such nonholonomic geometric structures to the (extrinsic) differential
geometry of curves in Lagrangian Grassmannians and, more generally, of curves of flags of isotropic
and coisotropic subspaces in a linear symplectic space with respect to the action of the Linear
Symplectic Group (i.e. a particular case of item (2) above). The symplectification procedure was
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applied to the equivalence problem of vector distributions of rank 2 and 3 ([13, 14, 15]). For rank
2 distributions curves of flags appearing in this approach are curves of complete flags consisting of
all osculating subspaces of the curve of one-dimensional subspaces of these flags, i.e. one arrives
to the classical Wilczynski theory of nondegenerate curves in projective spaces [37]. However, the
geometry of curves of isotropic/coisotropic flags appearing in the symplectification procedure for
rank 3 distributions is more involved and needed the development of a new technique. In [15] we
treated such curves by a brute force method that cannot be extended to the curves appearing in
the theory of distributions of higher rank. The theory developed here gives a conceptual way to
work with all such curves.

A general procedure for the equivalence problems under consideration was developed already
by E. Cartan with his method of moving frames (see [8] and modern expositions, for example, by
P. Griffiths [24] , M. Green [23], and M. Fels and P. Olver [18], [19]). In the present paper we
distinguish curves of flags for which the construction of canonical bundle of moving frames with
respect to the action of a given group G can be done in purely algebraic way and describe this
construction in the language of pure Linear algebra.

For a different type of equivalence problems such as equivalence of filtered structures on man-
ifolds an algebraic version of Cartan’s equivalence method was developed by N. Tanaka in [35].
Instead of doing concrete normalizations, Tanaka describes the prolongation procedure for all
possible normalizations in purely algebraic terms via so-called universal algebraic prolongation of
the symbol of the filtered structure.

We develop a similar algebraic theory for unparametrized curves of flags, satisfying some natural
assumptions. The constructions and the results of the paper can be almost verbatim generalized
to embedded submanifolds of flag varieties (see subsection 4.6). It is worth to notice that an
analog of Tanaka theory for curves (and submanifolds) in projective spaces and more general flag
varieties was already developed in works of Y. Se-ashi [33, 34|, interpreting geometrically and
generalizing the classical work of Wilczynski [37] (see also [10]). However, Se-ashi treated much
more restrictive class of equivalence problems compared to our present paper: first, he considers
the case G = GL(W) only and second, he assumes that the algebraic prolongation of the symbol
of the curve is semi-simple. The last assumption allows him to associate to a curve of flags (and,
more generally, to a submanifold in a flag variety) a Cartan connection with values in the algebraic
prolongation of the symbol by analogy with [36].

For the theory of curves (and, more generally, submanifolds) of flags our paper can be related to
Se-ashi works [33, 34] in the same way as Tanaka paper [35] about filtered structures on manifolds
with general constant symbol is related to his later work [36] about filtered structures with symbol
having semisimple universal algebraic prolongation.

For unparametrized curves in Lagrangian Grassmannians first nontrivial invariants were con-
structed in the earlier works of the second author with A. Agrachev [3, 5], using the notion of
cross-ration of four points in Lagrangian Grassmannians. Our constructions here give a way to
construct a complete system of invariants for curves of flags in much more general situation.

The present paper is closely related to our recent preprint [16] on geometry of curves in parabolic
homogeneous space and, more generally, in a homogeneous spaces of a Lie group with a Lie algebra
endowed with the fixed grading. The link between these papers is given in Remark 3.1. In [16]
we work with abstract groups while in the present paper we work with their representations. We
had to develop here a special language which is more adapted to the case of representations and
to the forthcoming applications to the geometry of distributions.

The corresponding modification of the theory in the case of parametrized curves is given as
well (see subsection 4.5). This modification give more conceptual point of view on constructions
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of papers [40, 41, 42] on parametrized curves in Lagrangian Grassmannians and extend them and
results of [3, 4, 28, 29, 30, 31, 32] to more general classes of curves.

Let us briefly describe the main constructions and the structure of the present paper. As in
the Tanaka theory for filtered structures on manifolds, the main idea of our approach is to pass
from the filtered objects to the corresponding graded objects. In order to make it work we need
additional assumptions on the group G and on the chosen orbit O C Fj,  j, with respect to
the action of G. This assumptions are discussed in section 2 (see Assumption 1 there). Shortly
speaking, any flag fo € O induces the filtration on the Lie algebra g of the Lie group G. And
the compatibility of O with respect to the grading means that g is isomorphic (as a filtered Lie
algebra) to the associated graded Lie algebra gry, g so that passing to the graded objects we do not
change the group in the equivalence problem. Note that gr; g can be identified with a subalgebra
of gl(gry, W), where gr, W is the graded space corresponding to the flag (the filtration) fo. We
give an explicit algorithm for constructing of all orbits compatible with respect to the grading
under the assumption that G is semisimple (see Proposition 2.1 for the irreducible case) and apply
it when G is a symplectic or orthogonal subgroups of GL(W) (see Proposition 2.2 and Remark
2.1, respectively).

The curves of flags under consideration are also not arbitrary but they are compatible with
respect to differentiation (see Assumption 2 in section 3). Informally speaking, it means that
the tangent line to a curve 7 — A(7) C O at the point A(?) is a degree —1 element of the
graded space gry;) g C gl(gry, W). The condition of compatibility with respect to differentiation
is natural through the refinement (osculation) procedure on curves of flags described in section
6. For example, starting with a curve in Grassmannian, it is natural to produce the curve of
flags compatible with respect to differentiation by taking iteratively the osculation subspaces of
the original curve. Then the equivalence problem for curves in Grassmannian is reduced to the
geometry of curves in certain flag manifold which are compatible with respect to differentiation. In
particular, in this way geometry of so-called non-degenerate curves in projective space is reduced
to geometry of curves of complete flags compatible with respect to differentiation.

Further, in section 3, similarly to Tanaka theory, we define the symbol of a curve 7 — A(7) C O
at a point with respect to the group G. For this first we identify the space gry ) W with a fixed
“model” graded space V such that this identification conjugate the group G with the fix subgroup
G of GL(V'). Then the tangent line to the curve 7 — A(7) at the point A(t) can be identified
with a line of degree —1 endomorphism in the Lie algebra g of the Lie group G. Let Gy be the the
subgroup of G preserving the grading on V. Taking all possible identifications of gry ) W with
V' as above we assign to the tangent line to the curve 7 +— A(7) at A(t) the orbit of a degree —1
endomorphism from g with respect to the adjoint action of Gy. This orbit is called the symbol of
the curve 7 — A(1) C O at A(t) with respect to the group G.

The symbol of the curve of flags at a point is the basic invariant of the curve at this point.
The main goal of the present paper is to study the equivalence problem (w.r.t. to the group G)
for curves of flags with a given constant symbol. Note that the condition of constancy of symbol
is often not restrictive. For example, this is the case, when G is semismple (or, more generally,
reductive). Due to E.B. Vinberg ([38]) in this case the set of all possible symbols (for given group
@) is finite. Therefore, the symbol of a curve of flags with respect to a semisimple (reductive)
group G is constant in a neighborhood of a generic point.

The way to solve the equivalence problem under consideration is to associate canonically the
bundle of moving frames to any curve of flags. The main result of the paper (Theorem 4.1) shows
that in the case of curves with constant symbol the construction of such canonical bundle of
moving frames can be done in purely algebraic way, namely in terms of so-called universal algebraic
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prolongation of the symbol. The universal algebraic prolongation of the symbol or, more precisely,
of the line of degree —1 endomorphisms, representing the symbol, is the largest graded subalgebra
of g such that its component corresponding to the negative degrees coincides with this chosen line
of degree —1 endomorphisms. It is isomorphic to the algebra of infinitesimal symmetries of the
so-called flat curve, which is the simplest (the most symmetric) curve among all curves with
this symbol. In the proof of the main theorem, given in section 5, we first fix the normalization
condition by choosing a complementary subspace to the image of certain coboundary operator in
the space of certain 1-cochains. The construction of the bundle of canonical moving frames for
any curve with given constant symbol is imitated by the construction of such bundle for the flat
curve with this symbol.

It is important to emphasize that the number of prolongation steps and the dimension of the
resulting bundle of moving frame is independent of the choice of the normalization condition
but it depends on the symbol only: the number of prolongations steps is equal to the maximal
degree in the grading of the universal algebraic prolongation of the symbol and the dimension
of the bundle of moving frame is equal to the dimension of the universal algebraic prolongation
of the symbol. The computation of the universal algebraic prolongation is an iterative process,
where on each step one needs to solve a system of linear equations. Hence even without fizing the
normalization condition and starting the construction of canonical moving frames one can predict
the main features of this construction using linear algebra only.

Consequently, in order to apply our theory for equivalence of curves of flags with respect to
the given group G it is important to classify all possible symbols with respect to this group and
to calculate their universal algebraic prolongation. We implement these two tasks in sections 7
and 8, respectively, for the standard representation of classical groups. The universal algebraic
prolongation in this cases can be effectively describe using the theory of sly-representations.

Our results in the case of Symplectic Group are crucial for application of so-called symplectifi-
cation procedure to geometry of vector distributions: they give much more conceptual view on our
constructions in [15] for rank 3 distributions and will be used in our future work on distributions of
arbitrary rank. Therefore the symplectic case is treated in detail. The case of Orthogonal Group
is very similar to the case of Symplectic Group. Hence we will only sketch this case referring to
the corresponding objects in the symplectic case.

Note that the set of all possible symbols of curves of flags with respect to a group G depends
only on the group G as an abstract Lie group and it does not depend on a particular representation
of G. Therefore the classification of the symbols in section 7 and the calculation of section 8 can
be used for any representation of the classical groups.

In general the bundles of moving frames obtained in Theorem 4.1 do not have a structure of a
principal bundle. They belong to a wider class of bundles that we call quasi-principal bundles (see
Definition 4.2). Quasi-principal bundles have some features of the principal bundles when one
passes to the grading. The question whether one can choose normalization conditions such that
the resulting bundle will be a principal one is reduced to the question whether this normalization
condition, as a complementary subspace to the image of certain coboundary operator in the
space of certain 1-cochains, is invariant with respect to the natural action of the subgroup of the
group of symmetries of the flat curve preserving a point. In general, such invariant normalization
condition may not exist. Some conditions for existence of the invariant normalization conditions
and examples of symbols for which they do not exist are given in our recent preprint [16].

Finally, it is important to stress that we construct canonical bundles of moving frames for
curves of flags with a given symbol in a unified way, i.e. without any branching in contrast to our
previous construction for curves of isotropic/coisotropic subspaces of a linear symplectic space



On geometry of curves of flags of constant type 5

appearing in the symplectification procedure for rank 3 distributions ([15]) and also in contrast
to the Fels-Olver approach [18, 19]. The latter was used by G. Mari Beffa (see, for example, [28,
29, 30, 31]) for geometry of parametrized curves with very particular symbols in Grassmannians
of half-dimensional subspaces with respect to classical groups (of Lagrangian subspaces in the
symplectic case and of isotropic half-dimensional subspaces in the orthogonal/conformal case).
In the terminology of section 6 the first osculating space of such curves at any point is equal to
the ambient vector space W. The main difference of those works from the treatment of the same
curves in the present paper is that in those works not all curves with a given symbol but generic
curves are considered. For example, the flat curves do not satisfy the genericity assumptions
there.

Acknowledgements We are very grateful to professor Pierre Deligne. The idea of treating the
equivalence problem for curves of flags by passing to the graded objects stemmed from the way
of presentation of the previous paper [41] of the second author with C.Li, which was proposed by
professor Deligne during his edition of that paper. Also we would like to thank Professors Andrei
Agrachev, Tohru Morimoto and Yoshinori Machida for very stimulating discussions.

2. COMPATIBILITY OF THE PAIR (G, Q) WITH RESPECT TO GRADING

First let us recall some basic notions on filtered and graded vector spaces. A point
f():{OZA()CA_lCA_QC...CA_M:W}

of O is a decreasing filtration of W. So, it induces the decreasing filtration {(gl(WW))y, :}icz of
gl(W),

(2.1) (0tW)fo. = {A € gl(W) : A(Aj) C Ajyi for all j}, - (al(W)) fo.i C (GUW)) fo,i-1-

It also induces the filtration on any subspace of gl(W). Further, let gr, W be the graded space
corresponding to the filtration fy,

gry, W= @Ai/Ai—H
icZ

and let gr g, gl(W) be the graded space corresponding to the filtration (2.1),

gr s, ol(W) = @D (al(W)) 0.6/ (9HW)) y i1
1€EZ

The space gry gl(W) can be naturally identified with the space gl(gry, W). Indeed, if A;
and As from (gl(W))y,.; belong to the same coset of (gl(W)) s, :/(gl(W))s,.i41, ie. Az — Ay €
(gt(W)) y,i+1, and if wy and wo from A; belong to the same coset of Aj/Aj i1, i.e. wo—wy € Ajyq,
then Ajw; and Asws belong to the same coset of Ajy;/Ajiir1. This defines a linear map from
gry, ol(W) to gl(gry, W). It is easy to see that this linear map is an isomorphism.

Now let g C gl(W) be the Lie algebra of the group G. The filtration fy induces the filtration
{94,,i}iez on g, where

9foi = (g[(W))fo,i ng.

Let gry, g be the graded space corresponding to this filtration. Note that the space gy,i/9f,.i+1
is naturally embedded into the space (gl(W))y,.i/(8/(W))syiv1. Therefore, grs g is naturally
embedded into gry gl(W) and, by above, gry g can be considered as a subspace of g[(gr fo W)
It is easy to see that it is a subalgebra of g[(grfo W)

In general, the algebra gry g is not isomorphic to the algebra g.
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Example 2.1. Assume that dim W = 4m, W is equipped with a symplectic (i.e. nondegenerate
skew-symmetric) form o, Sp(W) is the subgroup of GL(W) preserving the form o, and sp(W) is
the corresponding Lie algebra. Assume that

foZ{OZAoCA_lCA_QZW},

where dimA_; = 2m and the restriction of o to A_; is nondegenerate. Let us prove that
gry, sp(W) is not isomorphic to sp(W) (for more general case see Proposition 2.2 below). For this
first identify the space W/A_; with the skew-symmetic complement A%, of A_; with respect to
the form o. Using this identification, we have that W/A_; is equipped with the symplectic form,
which the restriction of o to A% ;. Besides A_; is equipped with the symplectic form, which is the
restriction of o to it. Consider the following natural decomposition

(2.2) g((A,1 ) W/Afl) = g[(A,l) ©® g[(W/A,l) ) HOm(Afl, W/Afl) D HOm(W/Afl, Afl).

Then by direct computations one can show that the algebra gry sp(W) is isomorphic to the
subalgebra of gl(A_; & W/A_;) consisting of endomorphisms A such that if A is decomposed as
A = Aj1 + Age + Ajg + Aoy with respect to (2.2) then Ayy € sp(A_1), Ao € sp(W/A_1), and
Agp =0, where sp(A_;) and sp(W/A_) are symplectic algebras of A_; and W/A_j, respectively.
Consequently, the algebra gr g, sp(W) is not semisimple and is not isomorphic to sp(W). More
general class of examples is given by Proposition 2.2 below. On the contrary, if A_; is a Lagrangian
subspace, then similar argument shows that gr sp(W) is isomorphic to sp(W). O

In order that the passage to the graded objects will not change the group in the equivalence
problem we have to impose that gry g and g are conjugated for some (and therefore any) fy € S.
More precisely we will assume in the sequel the following

Assumption 1(compatibility with respect to the grading) For some fo € O , fo ={0= Ao C
A1 CAyC...CA_, =W}, there exists an isomorphism J : grs, W — W such that
(1) J(Ai/Aip1) C Ny, —p<i <15
(2) J conjugates the Lie algebras gry, g and g i.e.

(2.3) g:{Jo:L‘oJ_l::UEgrfO g}

Note that from the transitivity of the action of G on O it follows that if Assumption 1 holds
for some fy € O then it holds for any other fy € O. If Assumption 1 holds we say that the
pair (G, Q) is compatible with respect to the grading. Besides, the Lie algebra g has a grading via
formula (2.3) and this grading is defined up to a conjugation.

Obviously, if G = GL(W) or SL(W), then G acts transitively on any flag variety Fy, . x, , (W)
the pair (G, Fi,,..k,_,(W)) is compatible with respect to the grading. In general in order to
construct a pair (G, Q) compatible with respect to the grading, one can start with the fixed Z-

grading on the Lie algebra g, g = @ gi, and try to find a flag fo in W such that the algebra
i€z

g1, g is conjugated to g and the grading is preserved. Then as O one takes the orbit of fo with

respect to G. In this case we say that the orbit O is compatible with respect to the grading of g.
In the case of semisimple ¢ there is an explicit algorithm for constructing all orbits of flags

compatible with respect to the grading of g. Recall that an element e of a graded Lie algebra

g = @gi is called a grading element if ad.(x) = ix for any = € g;. Since the map § : g — g

i€z
sending x € g; to ix is a derivation of g and any derivation of a semisimple Lie algebra is inner,
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for any graded semisimple Lie algebra there exist the unique grading element e. Moreover, this
element is also semisimple as an endomorphism of W.

Proposition 2.1. If G C GL(W) is a semisimple Lie group acting irreducibly on W and a grading
is fixed on its Lie algebra g, then there exists a unique orbit of flags compatible with respect to the

grading of g.

Proof. Assume that ) is the highest weight of the g-module W and v is the corresponding lowest
weight. Using the basic representation theory of semisimple Lie algebras, one can easily get that
in the considered case the spectrum spec(e) of the grading element e satisfies

(2.4) spec(e) = {A(e) —i:i€Z,0<i<\e)—vr(e)}
(note that A(e) — v(e) is natural). Therefore the natural order on the spectrum of e is defined.
-1
Let W = @ W; be the decomposition of W by the eigenspaces of e such that W; is the
j=v(e)—A(e)—1
eigenspace corresponding to the eigenvalue A(e) + j + 1. Take the flag
(2.5) Jo =AW} 2 ) a1 such that W7 = GBW
i>j
If z € g; and w € W}, then e(w) = (A(e) + j + 1)w and [e, z](w) = iw. Therefore
(2.6) eox(w) = [e, z](w) + z 0 e(w) = (Me) + (7 + 1) + a(w),

ie. x(w) € Wjq;. This implies that the map J : gry, W — W, which sends an element of
W3 /Wit to its representative in W;, conjugates gr , 9 and g. Therefore the orbit Oy, of fo with
respect to G is compatible with respect to the grading of g.

Now let us briefly sketch the proof of uniqueness, which is based on the irreducibility assump-
tion. Since the grading element e belongs to go, an orbit compatible with respect to the grading
of g must contain a flag {W/ };:1_ 4 such that each subspace W; is an invariant subspace of e.

First one proves that W~! C w-L. Assuming the converse, it is not hard to show that the space
g.fI/Vv*1 is a proper subspace of W, because it does not contain the nonempty set W*I\W*I. This
contradicts the irreducibility assumption. Further, if W~ is a proper subspace of Wﬁl, then in
a similar way one can prove that the space g.WW ™! does not contain the nonempty set W‘l\I/V_1
which again contradicts the irreducibility assumption. Hence, W-1 = W-! In the same manner
one can prove that Wi =W for any —p < j < —2. (]

Note that Proposition 2.1 is also true if G is reductive. The proof is the same. The only
difference is that the grading element is not unique: it is defined modulo the center of g, but it
does not effect the proof.

We are especially interested in the case, when W is an even dimensional vector spaces equipped
with a symplectic form o and G = Sp(W) or CSp(W), where Sp(W) is the corresponding
symplectic group and C'Sp(W) is the so-called conformal symplectic group, i.e. the group of all
transformation preserving the symplectic form ¢ up to a multiplication by a nonzero constant.
Denote by sp(W) and csp(W) the corresponding Lie algrebras. Recall that a subspace L of W
is called isotropic with respect to the symplectic form o if the restriction of the form ¢ on L is
identically equal to zero or, equivalently, L is contained in its skew-symmetric complement L“
(with respect to o), while a subspace L of W is called coisotropic with respect to the symplectic
form o if L contains L*.
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Definition 2.1. We say that a flag fo = {0 =Ag C A1 CA o C...CA_,=W}inWis
symplectic if (A_;) = Ai—y for any 0 <@ < p.

Obviously, the flag fy is symplectic, if and only if the following three conditions hold: any
subspace in the flag fy is either isotropic or coisotropic with respect to the symplectic form o;
a subspace belongs to the flag fy together with its skew-symmetric complement; the number
of appearances of a subspace in the flag fy is equal to the number of appearances of its skew-
symmetric complement in fj.

Proposition 2.2. An orbit O in a flag manifold is compatible with respect to some grading on
g =sp(W) or csp(W) if and only if some (and therefore any) flag fo € O is symplectic.

Proof. Let X be the highest weight of the considered standard representation of sp(W). Fix the
grading on g and let e be the grading element. Since csp(W) = sp(W) @K, in the case g = csp(W)
we can always choose e € sp(W). By above O is the orbit of the flag fy defined by (2.5). Since
e € sp(W), we have that o(ewi, ws) + o(w1, ews) = 0 for any w; and wy in W. This implies that
if wy € Wy, wa € Wj,, and Ae) + j1 +1 # —(A(e) + j2 + 1) then o(wi,w2) = 0, where W is
the eigenspace of e corresponding to the eigenvalue A(e) + j + 1. From this and the fact that the
form o is nondegenerate it follows that the spectrum of e is symmetric with respect to 0 (for more
general statement see Remark 2.2 below) and ¢ defines nondegenerate pairing between W;, and
W;, with A(e) + 71 +1 = —(A(e) + j2 + 1). Consequently, the subspaces W7 with A(e) +j+1 >0
are isotropic and W% = (W) for A(e) + j1 +1 = —(A(e) + j2 + 1). Thus, the flag fo is
symplectic. ([

Remark 2.1. Assume that W is a vector space equipped with a nondegenerate symmetric form
@, and G = O(W) or CO(W), the orthogonal or conformal groups. The notion of isotropic and
coisotropic subspaces of W with respect to the form @) are defined similar to the symplectic case,
using orthogonal complements instead of skew-symmetric ones. Then by complete analogy with
Proposition 2.2 the orbits of flags compatible with some grading of g = so(W) or cso(WW) consist
of flags fo = {0 = Ap C Ay C Ay C ... C A_, = W} such that (A_;)* = A;_, for any
0 < i < u, where L denotes the orthogonal complement of L with respect to Q. We will call
such flags orthogonal. A flag fy is orthogonal if and only if the following tree conditions hold: any
A; is either isotropic or coisotropic subspaces with respect to @; a subspace belongs to the flag fj
together with its orthogonal complement with respect to the form @; the number of appearances
of a subspace in the flag fj is equal to the number of appearances of its orthogonal complement
in fo. In particular, if K = R and the form @ is sign definite then there is no orbits of flags
compatible with the grading except the trivial one 0 C W. O

In the case of a general (not necessarily irreducible) representation of a semisimple (a reductive)
Lie group G, the flags compatible with the grading can be constructed by the following algorithm:

(1) take flags as in Proposition 2.1 in each irreducible component;

(2) shift degrees of subspace in each of these flags by arbitrary nonpositive numbers with the
only restriction that for at least one irreducible component there is no shift of degrees, i.e.
the minimal nontrivial subspace in the flag sitting in this component has degree —1.

Consider a flag which is a direct sum of the flags constructed in each irreducible component
(with shifted degrees as above): the degree i subspace of this flag is equal to the direct sum of
degree i subspaces of flags in each irreducible component. Obviously, the orbits of such flags are
compatible with respect to some grading of g. Moreover, they are the only orbits satisfying this
property. The above restriction on the shifts of degrees was done in order that the resulting flag
will satisfy our convention that the minimal nontrivial subspace in it has degree —1.
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Remark 2.2. Note that the spectrum of the grading element is symmetric with respect to 0
for any representation of the following simple Lie algebras Ay, By, Cy, Dy for even ¢, Er, Esg,
Fy, and G2 (in the proof Proposition 2.2 it was shown for the standard representation of the
symplectic Lie algebras Cy only). It follows from the fact that among all simple Lie algebras
these are the only algebras for which the map —1 belongs to the Weyl group of their root system
(see, for example,[25, p.71, Exercise 5]). Thus the highest and the lowest weights A and v of any
irreducible representation of these algebras satisfy v = —\, which togehter with formula (2.4)
implies the desired statement about the spectrum of the grading element. [J

As an example of non-reductive group G consider the case of an affine subgroup Aff(W) of
GL(W) which consists of all elements of GL(W) that preserve a fixed affine hyperplane A of W.
Obviously, the restriction of an element of Aff(T¥') to the affine space A is an affine transformation
of A. We define an affine flag in an affine space A as a set {A;};. ,, of nested affine subspaces
of A, A; C A;_1. An affine flag is called complete if it consist affine subspaces of all possible
dimensions. A flag {Ai},;l_u in W with A3 N A # () defines the affine flag {A; N .A};:l_u in A.
So, the equivalence problem for curves of flags with respect to the affine group Aff(W) can be
reformulated as the equivalence problem for curves of affine flags with respect to the group of
affine transformations of A. As a particular case we have the classical equivalence problem for
curves in an affine space. In order to use our theory for non-degenerate curves in an affine space
A, i.e. curves which do not lie in any proper affine subspace of A, one has first to make the
refinement (osculation) procedure of section 6 below to reduce the original equivalence problem
to the equivalence problem of curves of complete affine flags. Finally, it is not hard to show that
for any orbit O of flags with respect to Aff(IW) the pair (Aff(W), O) is compatible with respect
to the grading.

Remark 2.3. The treatment of the reductive case suggests a way for construction of orbits
compatible with respect to the grading in the case of arbitrary (not necessary reductive) graded
subalgebra g C gl(IW). Assume that a grading element e exists and also that e, as an endomor-
phism of W, is semisimple. Now assume that the spectrum of e is a disjoint union of the sets
{A;}jecz such that if X belongs to A; and X + ¢ is an eigenvalue of e then A +i € A;;. As a
grading of W take the splitting such that the j subspace of this splitting is the the sum of the
eigenspaces of elements of A; and as a flag fo take the corresponding flag as in (2.5). Then by
the same arguments as in the proof of Proposition 2.1 we get that the orbit of fy is compatible
with respect to the grading of g.

3. COMPATIBILITY WITH RESPECT TO DIFFERENTIATION AND SYMBOLS OF CURVES OF FLAGS

After clarifying what kind of orbits in flag varieties will be considered, let us clarify what kind
of curves in these orbits will be studied. Let

(3.1) t—={0=Ao(t) CA_1(t) CAa(t)C...CA_L(t) =W}
be a smooth curve in O parametrized somehow.

Recall that for a given parametrization of the curve (3.1) the velocity %Ai(t) at t of the curve
7+ Ay(7) can be naturally identified with an element of Hom(A;(¢), W/A;(t)). Namely, given
[ € A;(t) take a smooth curve of vector £(7) satisfying the following two properties:

(1) £(t) =1,

(2) (1) € Ai(7) for any 7 close to t.
Note that the coset of /() in W/A;(t) is independent of the choice of the curve ¢ satisfying the
properties (1) and (2) above. Then to 4A;(t) we assign the element of Hom (A;(t), W/A;(t))
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which sends [ € A;(t) to the coset of ¢/(t) in W/A;(t), where the curve ¢ satisfies properties (1)
and (2) above. It defines a linear map from the tangent space at A;(¢) to the Grassmannian of
k_;-dimensional subspace of W to the space Hom (A;(t), W/A;(t)). Simple counting of dimensions
shows that this map is an isomorphism and therefore it defines the required identification.

Assumption 2 (compatibility with respect to dz’ﬁer@ntiation} We assume that for some (and
therefore any) parametrization of the curve (3.1) the velocity J A (t) satisfies

d

%Az(t) € HOHl(AZ'(t),Aifl(t)/Ai(t)), V—p+1<i< -1 andt.

In this case we say that the curve (3.1) is compatible with respect to differentiation. Equivalently,
a curve (3.1) is compatible with respect to differentiation if for every i, —pu+ 1 <1 < —1, if {(¢)
is a smooth curve of vectors such that £(t) € A;(t) for any ¢, then ¢'(t) € A;—1(t) for any t.
The condition of compatibility with respect to differentiation is natural through the refinement
procedure on curves of ﬂags described in section 6 below.

Under Assumption 2, 4 A;(¢) factors through a map &; from A;(£)/As1(t) to Aj—1(t)/A;(t). In
other words, the map d; € g[(grA(t) W) of degree —1 is well defined up to a multiplication by
a nonzero constant (recall that the reparametrization is allowed). Besides, since the curve (3.1)
belongs to the orbit of G then

(3.2) o € (grA(t) 9)71-

Now we define symbols of curves of flags at a point with respect to the group G. For this we
start with some notations. Fix fy € O such that fo = {0 = AO CA1CAC...CA_, =W}

and denote V' = gry W, V; = A;/Aiy1. The grading V = @ V; defines also the natural filtration

=—p
(3.3) ocvicvic..cvr=V, Vi=@V, -p<i<-L

Further, fix an isomorphism J : V — W, satisfying conditions of Assumption 1. Let G be the
subgroup of GL(V) such that G = {J 'oAoJ: A€ G} and g is its Lie algebra. Further, let

gl(V) be the space of endomorphisms of V' of degree k, gl(V/ @ Hom(V;, Vi1x), and
i=—p
(3.4) gr =g N gl(V)i.
By Assumption 1 this defines the grading of the Lie algebra g: g = @gk. We define a
keZ

“big” bundle P over the orbit @ with the fiber Py over a point A = {_/N\,}Z_:l_u consisting of all
isomorphisms A : V' — W such that

(1) A preserves the filtrations (3.3) and A = {A;}:
—1;

(2) A conjugates the Lie groups G and G i.e. G ={AoXoA™1: X €G}; .

(3) Ao J leq.

—p L AV = A forany —p+1<i<
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Further, let G4 be the subgroup of G consisting of all elements of G preserving the filtration

(3.3). Obviously, the corresponding subalgebra g satisfies g4 = @ gk, where g are as in (3.4).
k>0
It is easy to see that the bundle Pisa principal G -bundle over the orbit O.

Remark 3.1. (Homogeneous spaces formulation) Note that P can be identified with G via the
map A — Ao J~! and with G via the map A= AN Ae P. Besides, under the latter identi-
fication O = G/G4 and the fibers of P are exactly the left cosets of G4 in G. The homogeneous
space O = G /G, is equipped with the natural G-invariant vector distribution D which is equal at
the “origin” of G/G. (i.e. at the coset of identity of G/G. ) to the equivalent classes of elements of
degree —1 of g under the identification of the tangent space to G/G at the “origin” with g/g+.
Then a curve in O is compatible with respect to differentiation if and only if it is an integral curve
of the distribution D. So, the equivalence problem for curves of flags compatible with respect to
differentiation can be reformulated as the equivalence problem for integral curves of the natural
G-invariant distribution in the homogeneous space G/G,. This point of view, restricted to the
parabolic homogeneous spaces, is considered in our recent preprint [16] O

Further, the group G acts naturally on g_; as follows: A € G4 sends x € g_; to the degree —1
component of (AdA) z. It induces the action on the projectivization Pg_; in the obvious way. By
constructions, the set My = {K(A ' od0A) A€ ﬁA(t)}, where (A1 0 d; 0 A) | denotes the
degree —1 component of A~ 06, 0 A is an orbit in Pg_; with respect to aforementioned action of
G+. This orbit is called the symbol of the curve (3.1) at the point {A;(t)};* | with respect to G.

Remark 3.2. Note that by definition the set of all possible symbols of curves of flags with respect
to a group G depends only on the group GG as an abstract Lie group. In other words, it does not
depend on a particular embedding of G to GL(W) for some W or, equivalently, on a particular
faithful representation of G. [J

In the sequel we will consider curves of flags with the constant symbol 901, i.e. 9 = M for
any t. We also say that such curves of flags are of constant type M. If G (and therefore G) is
semisimple and Gy is the connected subgroup of G with subalgebra gg, then due to E.B. Vinberg
[38] the set of orbits with respect to the adjoint action of Gy on Pg_; is finite. Note that if e is
the grading element of g and Go is the stabilizer of e with respect to the adjoint action of G, then
the orbits of g_; with respect to the natural action of G and the adjoint action of Gy coincide.
Besides Gy is just the connected component of the identity in 50. Therefore in the case when G
is semisimple the set of all possible symbols is finite and the condition of constancy of the symbol
holds in a neighborhood of a generic point of a curve. The same conclusions can be done if G is
reductive.

Any curve of flags that is G-equivalent to the curve t — {.J o et‘sVi}izo’_l_“,_u for some § such
that Ko € M is called the flat curve with constant symbol M (here Vy = 0). The flat curve is an
essence the simplest curve among all curves with a given symbol.

Remark 3.3. If the group G coincides with its normalizer in GL(W), then for all constructions
above it is not necessary to fix a map J : V +— W and the condition (3) in the definition of the
bundle P can be omitted.

Example 3.1. Assume that dim W = n + 1 and consider a curve of complete flags

t— {O C A_l(t) C A_Q(t) c... A,(n+1)(t) = W},
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compatible with respect to differentiation. A complete flag means that dim A_; = i. Assume also
that for any —n < i < —1 the velocity %Ai(t) , as an element of Hom(A;(¢), Ai—1(t)/Ai(t)), is
onto A;_1(t)/A;(t). The symbol of such curve of complete flags (with respect to GL(W)) is a line
of degree —1 endomorphisms of the corresponding graded spaces, generated by an endomorphism
which has the matrix equal to a Jordan nilpotent block in some basis. The flat curve of the
maximal refinement is the curve of osculating subspaces of a rational normal curve in the projective
space PW. Recall that a rational normal curve in PW is a curve represented as t + [1 : ¢ : 2 :
...t"] in some homogeneous coordinates. [J

As in the Tanaka theory for filtered structures on manifolds, we want to investigate the original
equivalence problem via the passage to the graded objects, that is to imitate the construction
of the bundle of canonical moving frames for any curve with a given constant symbol 9 via
the construction of such bundle for the flat curve with symbol 9. The latter can be done in
purely algebraic way via the notion of the universal algebraic prolongation of the symbol which
is introduced in the next section.

4. ALGEBRAIC PROLONGATION OF THE SYMBOL AND THE MAIN RESULT

From now on we consider a curve of flags (3.1) with constant symbol 9t and we fix a line m in
g_1 representing the orbit 9. Often the line m itself will be called the symbol of the curve (3.1)
as well and we will shortly say that the curve (3.1) has constant symbol m instead of constant
symbol with the representative m.

4.1. Algebraic prolongation of symbol. Set u_; = m and define by induction in k
(4.1) up = {X €gi:[X,0] €up_q,d em}, k>0.

The space uy, is called the kth algebraic prolongation of the line m. Then by construction u(m) =

@ ug is a graded subalgebra of g. It can be shown that it is the largest graded subalgebra of
k>—1

g such that its component corresponding to the negative degrees coincides with m. The algebra
u(m) is called the universal algebraic prolongation of the line m (of the symbol 9 ). Obviously,
gl(V)r =0 for all K > u. So ux =0 for k > pu.

The algebra u(m) has a very natural geometric meaning. Namely, let T" be the curve ¢
{et‘sV"}i:o’_Lm,_u in the corresponding flag manifold Fy, . ,_,(V) for some § € m. The group
GL(V) acts naturally on this flag manifold, and thus, we can identify each element X e gl(V')
with a vector field on Fkl,n-,kﬁ—l(v)' We define a symmetry algebra of I' as a set of all elements
X € g, such that the corresponding vector field on Fry ks (V') is tangent to I'.

As it is shown in [11], the symmetry algebra of I is the largest subalgebra of g that contains m
and lies in m+ ) .., g;. It is easy to see from (4.1) that u satisfies this property by construction.
Thus, we see that u(m) is exactly a symmetry algebra of the curve I'. Besides, a flat curve with
symbol m is G-equivalent to the curve J(I'). Therefore the algebra u(m) is conjugated to the
symmetry algebra of a flat curve with the constant symbol m.

4.2. Zero degree normalization. Let P |a(-) be the union of all fibers of the bundle P over our

curve (3.1), where P is the bundle over the orbit @ defined in section 3. Our goal is to assign to

the curve A(+) in a canonical way a fiber subbundle of ]3] A(-) endowed with a canonical Ehresmann
connection, i.e. with a rank 1 distribution transversal to its fibers. We shall construct this bundle
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through the iterative construction of decreasing sequence of fiber subbundles of P[(.y. Define a
map

—1 —1

(4.2) I, : @ Hom(Vi, Ai(t)) — @D Hom (Vi Ai(t)/Airrra(t))
i=—p i=—p

as follows:

L(A)|y, = Aly, mod Ay i1(t), V—p<i<—1.

Let Py be the subbundle of P| A(-) With the fiber Py(t) over the point {A;(t)}; L, consisting of

all A € ﬁA(t) such that

I

m= K(A_l oy oA)_1

We also denote by Py the bundle over our curve with the fiber Py(t) over the point {A;(¢)}; 4
equal to the image of the corresponding fiber ﬁo(t) of the bundle ]30 under the map II}. By
constructions Py is a principal Ug-bundle, where Uy is a subgroup of G consisting of all degree 0

elements B of G such that AdB(m) = m. The Lie algebra of Uy is equal to ug defined by (4.1).

4.3. Quasi-principal subbundle of ﬁo. Take a fiber subbundle P of ﬁo which is not necessary
a principal subbundle of Py. Let P(t) be the fiber of P over the point {A;(¢)}, " ;. Take ¢ € P(t).
The tangent space Ty (P(t)) to the fiber P(t) at a point ¢ can be identified with a subspace of
g+. Indeed, define the following g, -valued 1-form w on P: to any vector X belonging to T, (P(t))

we assign an element w()(X) of g4 as follows: if s — 1(s) is a smooth curve in P(t) such that
¥(0) =9 and ¢'(0) = X then let

(4.3) wW)(X) =y o X,

where in the last formula by ¢ we mean the isomorphism between V and W. Note that the linear
map w(v) : Ty (P(t)) — g4 is injective. Set

(4.4) Ly = w(Ty(P(t)).

If P is a principal bundle over our curve, which is a reduction of the bundle 130, then the space
L, is independent of ¢ and equal to the Lie algebra of the structure group of the bundle P. For
our purposes here we need to consider more general class of fiber subbundles of ]30. To define this
class recall that the filtration given by the subspaces V¢, —u < i < —1, defined by (3.3), induces a
natural filtration on gl(V') and, therefore, on the subspace Ly,. The corresponding graded subspace
Ly is called a symbol of the bundle P at a point ¢. Under the natural identification of spaces
gr gl(V') with gl(gr V'), described in the beginning of section 2, one has that gr Ly, is a subspace of
gl(gr V). Besides V is a graded space by definition, i.e V' ~ grV. Therefore, gr L, is a subspace
of gl(V).

Definition 4.2. We say that the bundle P has a constant symbol s if its symbols at diﬁerent
points coincide with s. In this case we call P the quasi-principal subbundle of the bundle Py with
symbol s.
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4.4. Structure function associated with Ehresmann connection. Further, assume that a
fiber subbundle P of 130 is endowed with an Ehresmann connection, i.e. with a rank 1 distribution
‘H transversal to its fibers. A parametrized smooth curve t — 1 (t) in P is called a moving frame
of the pair (P,H) if the following two conditions holds:

(1) the curve t — 1(t) is tangent to the distribution H at any point;

(2) there exists 6 € m such that (¢! o q//(t))_l = ¢ for any t.

A pair (P,H) will be called a bundle of moving frames.
Let C' = Hom(m,g). Also, given A € gl(V) denote by (A); the component of degree k of

A (w.r.t. the splitting gl(V') = @g[(V)k). Then to any bundle P with the fixed Ehresmann
keZ

connection H one can assign the function ¢ : P — C! as follows: Given ¢ € P(t) and § € m

let ¢(7) be a curve in P tangent to the Ehresmann connection H such that ¢(t) = ¢ and

(vt o4/ (t))_, = 4. Then set

(4.5) c($)(6) ==y (t) o W' (1),

Note that the righthand side of (4.5) does not depend on the choice of the curve ¥ (tau) with the
aforementioned properties. The function c is called the structure function of the pair the bundle
of moving frames (P, H).

Remark 4.1. Under the identification of the bundle P with the Lie group G given in Remark 3.1
one can describe the structure function ¢(¢) in terms of the left-invariant Maurer-Cartan form Q
of G by the following formula:

(4.6) () ((UX))_,) = Q$)(X) Vi€ Pand X € H(v),

where (Q(X))i1 is the degree —1 component of Q(X) with respect to the grading on g. Note also

that the gy-valued 1-form w defined by (4.3) is nothing but the restriction of the left-invariant
Maurer-Cartan form to the fibers of the bundle P. [J

Note that

(4.7) c' =y,

keZ

where C,% = Hom(m, gx_1). Let C’_1~_ = @C’,ﬁ, ¢ be the kth component of ¢ w.r.t. the splitting

k>0
(4.7), and cy = Y ;- ck. We say that ¢ is the positive part of the structure function of c. Note

that by the constructions ¢y = 0 for k < 0 and ¢((d) = § for every 6 € m.
Further, let 0 : g — C' be the operator given by the following formula:

(4.8) 0z(0) =[d,z], Vregdem.

Remark 4.2. As a matter of fact, one can look on g and C! as on the spaces of 0-cochains and 1-
cochains, respectively, on m with values in g. Moreover, the operator 0 is exactly the coboundary
operator associated with the adjoint representation ad : m — gl(g).

Recall also that the group G, acts naturally on the space C! as follows:

(4.9) (A.c)(6) = (AdA)c(((AdAfl)é)_l), a€G.,dem,
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where ((AdA_l)(S)i1
Obviously, this action restricts to the action on C}r.

is a degree —1 component of (AdA~1)§ with respect to the grading of g.

Finally, let uy(m) = @uk and let U, (m) be the subgroup of the group of symmetries of the
k>0
curve t — {et‘SVi}Z-:_Lm,_# preserving the filtration {V* i_:lf”. Note that u; (m) is the Lie algebra
of U+ (m)

A subspace A/ complimentary to the space Hom(m,ui(m)) + (Imd N C}) in C1 is called a
normalization condition. We say that an Ehresmann connection H on a subundle P of ]50 satisfies
the normalization condition N if the positive part of the structure function of the pair (P, H)
takes values in \V.

Our main theorem can be formulated as follows:

Theorem 4.1. Fiz a normalization condition N'. Then for a curve of flags (3.1) with constant
symbol with representative m there exists a unique quasi-principal subbundle P of the bundle
Py with symbol uy(m) and a unique Ehresmann connection H on it such that this connection
satisfies the normalization conditions N'. If, in addition, the space N is invariant with respect to
the natural action of the subgroup Uy (m) on CL, then the bundle P is the principal bundle with
the structure group Uy (m).

The pair (P,H) from the previous theorem is called the bundle of moving frames canonically
associated with the curve (3.1) via the normalization condition N and the Ehresmann connection
H is called the canonical Ehresmann connection on P associated with the curve (3.1) via the
normalization condition N .

Theorem 4.1 is proved in the next section. As a direct consequence, we have that two curves
{Ai}i;l_ . and {KZ}:_ ., of flags with constant symbol m are equivalent through A € G if and
only if for any moving frame t — 1 (¢) of the pair (the bundle P, the Ehresmann connection H)
canonically associated with the curve {Ai};:lf , Via N the curve t — Ao1(t) is the moving frame
of the pair (the bundle P, the Ehresmann connection ﬁ) canonically associated with the curve

(A}, via V.

Remark 4.3. Note that in the case when the normalization condition N is invariant with respect
to the natural action of the subgroup Uy (m) on C’i, the canonical Ehresmann connection is not
a principal connection on the corresponding U, (m)— principal bundle in general. It is a principal
connection if the first algebraic prolongation uy is equal to 0.

4.5. On geometry of parametrized curves of flags. Similar results can be obtained for
equivalence problem for parametrized curves of flags with respect to the action of group G. There
are only three modifications. The first modification is that the symbol of a parametrized curve is
an orbit of an element (and not a line) in g_; with respect to the adjoint action of G;. Then we
fix a representative d of this orbit. The second modification is in the definition of the algebra ug
and of the bundle Py. Let § € g_1. Set u_; = K¢§ and

(4.10) up:={X €go:[X,0] =0}.

The spaces u for k > OAare defined recursively, using (4.1). The third modiﬁcatiAon is in the
definition of the bundle P (the zero degree reduction of the bundle P|,(.)). Here Py should be
the subbundle of 13|A(-) with the fiber Py(t) over the point {A;(t)}; ' consisting of all A € 13A(t)

T=—p
such that

0= (Ail o O oA)_l.
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With these modifications all other constructions and Theorem 4.1 are valid.

4.6. On geometry of submanifolds of constant type in flag varieties. Similar theory can
be constructed for equivalence problem for submanifolds of dimension [ of O with respect to the
action of the group G. Again we consider submanifolds compatible with respect to differentiation.
A submanifold is compatible with respect to differentiation if any smooth curve on it is compatible
with respect to differentiation. A symbol of an [-dimensional submanifold S C O at a point A
is an orbit of an [-dimensional abelian subalgebra m (of g) belonging to g_; with respect to the
natural action of G, on [-dimensional subspaces of of g_;. This subalgebra can be taken as a
linear span of all elements of type (A_l o040 A)il, where A is a fixed element of the fiber Py
and d; are elements of gry W corresponding to all possible smooth curves in .S, passing through
A. Note that the word "abelian” can be removed, because any subalgebra of g that belongs to
g_1 must be abelian.

Further, one can define the bundle ]30 over the submanifold S as in subsection 4.2, the notion
of a quasi-principal subbundle of the bundle ﬁo as in subsection 4.3, an Ehresmann connection
of P i.e. arank [ distribution H transversal to its fibers, and a moving frame of the pair (P, H)
as in subsection 4.4. The structure function of the (P,H) can be defined by the relation (4.6).
Note that since m is abelian, the structure function at any point b € P takes its values in the
space Z! of 1-cocycles (with respect to the coboundary operator associated with the adjoint
representation ad : m — gl(g), see Remark 4.2). Therefore, to get the generalization of Theorem
4.1 to submanifolds with a constant symbol in flag varieties (with literally the same proof as in
section 5 below) one has to replace Ci by Z_1F in the formulation of this theorem, where Z}r is the
subspace of cocycles in C’i. It is clear that in the case of curves Z! = C1.

Finally note that one can consider more general situation of filtered submanifolds of constant
type in flag variety, which is encoded by fixing a graded subalgebra in a negative part of g (not
necessary belonging to g_1. This point of view is considered in the recent preprint [12].

5. PROOF OF THEOREM 4.1

We construct a decreasing sequence of fiber subbundles of the bundle 180 by induction.
First let us introduce some notations. If A is the space from the formulation of Theorem 4.1,
denote

(5.1) Npy=NNCL, keN
Then obviously N = @Nk

keN
Note also that there is a natural mappings pr;, : C}—Hom(m, gx—1/ux—1) such that for any

cr € C} and § € m we set pry,(cx)(8) to be the equivalence class of ¢ () in gr—1/ug—1. We assume
that

(5.2) Nk = pry(Ng)-

Further, let g be as in (3.4). Then the image of the restriction of the operator 0 to the subspace
i belongs to Cl. We denote this restriction by dy, 9 : gr — C}. Finally, let

(5.3) O = pry, 0 O

Note that by constructions the space uy defined by (4.1) is nothing but the kernel of the map Ok,
U, = ker 6k
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5.1. First degree normalization. First take some Ehresmann connection on the bundle ﬁ() and
let ¢ be the degree 1 component of the structure function of the bundle 130 with this Ehresmann
connection. If one takes another Ehresmann connection on 130 and the corresponding degree 1
component ¢; of the structure function of ]30 with this new Ehresmann connection, then

(5-4) & (¥)(8) —er(¥)(8) €up Vi € Py and § € m

In other words, the map ¢ : Py — Hom(m, go/up), defined by ¢;(¢)) = pr; o ¢1(¢), is independent
of a choice of an Ehresmann connection on JSO.A

Now take 1; and 15 from the same fiber Py(t) such that IT(¢1) = II§(t)2) and study how
¢1(¢1) and ¢1(1)2) are related. As before given A € gl(V') denote by (A)y the component of degree

k of A (w.r.t. the splitting gl(V) = €D gl(V)x). Set
keZ
(5.5) Fin = (1" 0 02),.
It is not hard to see that f; 5, € g1, where g, is defined by (3.4). In opposite direction, for fixed
Y1 € Py(t) and any f € g; there exists ¢ € Py(t) such that IT(¢1) = IT§(¢)2) and f = filywz.
Lemma 5.1. The following identity holds

(5.6) () = 1 (1) 4+ O1(ffy )
Proof. First note that

(5.7) Fbusn = (1)) ™ o (11 (42) — T} (41)).

or, equivalently,

(5.8) 2(v) = 91(v) + I (¥1) © fyy 0, (v) mod Aipa(t) Vv € V.
Let ¢;(7), i = 1,2 be a section of P, such that i(t) = 1; and

59) it oul(n) =5

Then one can write the identity analogous to (5.8) for any 7. Differentiating it at 7 = ¢ and using
(5.9) again we get

(5.10) Uy(t)(v) = 1 () (v) + (1) 0 6 0 f, y, (V) mod Ay (t) Vo € Vi
Applying ¥, ! to both sides and using (5.9) again one gets
(5.11) byt o P(t)(v) =yt o P1(1)(v) + 60 fi 4, (v) mod A (1) Vv €V

Representing 1/)51 o](t) as w;l o1y o z/)fl o 1] (t) and taking into account that
¢2_1 o =1Id— film + operators of degree > 2,
Yt oY (t) = 6 + &1 (1) + operators of degree > 1 mod ug.
we get that
(v3 o i(1), = a1 (1) = £}, y, 00 mod uo.
Finally, comparing 0-degree components of identity (5.11) we get the required identity (5.6). O
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Now take the space N7 as in (5.1). By our assumptions on N we have

(5.12) Hom(m, go/uo) = Imd; & N7.

Let ]31 be the subbundle of the bundle ]30 consisting of all w € ]30 such that ¢1(¢) € Ni. From
formula (5.6) and splitting (5.12) it follows that the bundle Py is not empty. Moreover, 1, and
Wy from the same fiber Py (t) satisfy IT4 (¢ ) = I (¢2) if and only if fw W, € Ker 01 = uy.

We also denote by P the bundle over our curve with the fiber P (t) over the point {A;(¢)};__,
equal to the image of the corresponding fiber P (t) of the bundle P, under the map IT{. By above

Py can be considered as an affine bundle over P, such that its fibers are affine spaces over the
vector space uy. The projection of the bundle is induced by the maps II.

Note that in the constructions of the bundles 131 and P; we did not use the whole information
on the space N7, but on its image under the (non-injective) map pry only. So, from the knowledge
of the whole space A7 we should get additional restrictions on the bundle of moving frame we are
looking for. Indeed, by our assumptions on N we have the following splitting

(5.13) (pry) "L (N1) = N1 @ Hom(m, ug).

From this splitting and relation (5.4) it follows that one can choose an Ehresmann connection
on P1 such that the degree 1 component c¢; of the structure equation of P1 with this Ehresmann
connection belongs to Nj. Moreover, any such Ehresmann connection on P1 induces the unique
Ehresmann connection on the bundle F,.

5.2. Higher degree normalizations: the induction step. Given ¢ > 0 assume that there
exists a unique series of bundles P, 1 < k < ¢ over our curve such that Py is as above and for
each 1 < k < i the bundle Py satisfies the following properties:

(A1) ]3k is a subbundle of ﬁk_l;

(A2) if ¢ is the structure function of Pk (endowed with some Ehresmann connection) and ¢; is
its degree | component, then

(5.14) pryoq €N, V1<I<k

(A3) if P, 0 < k <4, is the bundle over our curve with the fiber Py (t) over the point {A; ()} J_—M

equal to the image of the corresponding fiber ]3k (t) of the bundle Pk under the map II¢,
then P, can be considered as an affine bundle over P,_; such that its fibers are affine
spaces over the vector space ui. The projection of this bundle is induced by the maps

Ht .
k—1°
(A4) there exists an Ehresmann connection on the bundle Py such that the structure function
c satisfies
(5.15) ageN;, V1<Ii<k.

Moreover, any such Ehresmann connection on Pj induces the unique Ehresmann connec-
tion on the bundle Pj_1.

Now let us construct the subbundle ]3”1 of ﬁi, corresponding to the normalization of degree
i+ 1. For this first take some Ehresmann connection on P; satisfying (5.15) (with k£ = i) and let

¢;+1 be the degree i+ 1 component of the structure function of the bundle P; with this Ehresmann
connection. If one takes another Ehresmann connection on P; satisfying (5.15) (with k& = i) and
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the corresponding degree ¢ + 1 component ¢;1 of the structure function of ]3@ with this new
Ehresmann connection, then

(5.16) Gir1($)(0) — cip1(¥)(8) €y Vi) € Py and 6 € m.

In other words, the map &1 : P; — Hom(m,g;/w;), defined by &41(¢) = priyq1 © cip1(v), is
independent of a choice of an Ehresmann connection on P.

Now take 11 and 1)y from the same fiber E(t) of the bundle P; such that II¢(¢);) = IT¢(¢)2) and
study how ¢;11(¢1) and ¢;+1(¢2) are related. Set

i+1 —1
(5.17) Fiyy = (W1 o), .
It is not hard to see that fz 5., € giy1, where g;41 is defined by (3.4). In opposite direction, for

fixed 11 € P,(t) and any f € g4, there exists 1y € P;(t) such that IT (1) = i(¢p2) and f = fl}}l V-
By the complete analogy with the proof of Lemma 5.1 one gets the following identity

(5.18) Gt (¥2) = G (Y1) + 01 (f )

Further take the space N;11 as in (5.1). By our assumptions on A/ we have

(5.19) Hom(m, g;/u;) = Im0; 41 & Niy1.

Let 13i+1 be the subbundle of the bundle P; consisting of all ¥ € P; such that Gir1(Y) € Niy1.
From formula (5.18) and splitting (5.19) it follows that the P41 is not empty. Moreover, ¢1 and
Wy from to the same fiber Pyyy(t) satisfy IT(hy) = It (¢by) if and only if J”Jrl € ker 0; = w4 1.

We also denote by P;+1 the bundle over our curve with the fiber -Pz—i-l( ) over the point
{A;(t)} J,_# equal to the image of the corresponding fiber ]3i+1(t) of the bundle P,y; under
the map HZ 41- By above Pji; can be considered as an affine bundle over P; such that its fibers
are affine spaces over the vector space u;11. The projection of the bundle is induced by the maps
II¢. So, the bundles P;1 and Py, satisfy conditions (A1)-(A3) above (for k =i+ 1).

To construct an Ehresmann connection ]3i+1, satisfying condition (A4), consider the splitting

(5.20) (priz1) " (Nig1) = Nip1 @ Hom(m, u;).
From this splitting and relation (5.16) it follows that one can choose an Ehresmann connection
on ﬁi+1 such that the degree i+1 component c¢;41 of the structure equation of ]3”1 with this
Ehresmann connection belongs to AN;i1. Moreover, any such Ehresmann connection on ﬁi—f—l
induces the unique Ehresmann connection on the bundle P;. This completes the induction step.

Since uy = 0 for k¥ > p and the maps It are identities for ¢ > u — 1, the sequence of bundles
{P}Z>g stabilizes from ¢ = "= 1, ie. B = 1+1 for i > p— 1, and also P; = P for i > pu— 1.
Moreover, the bundle P, (= Pu) is endowed with the unique Ehresmann connection such that its
structure function satisﬁes (5.15) with k =

We claim that the bundle P, with the constructed Ehresmann connection is the bundle we are
looking for in Theorem 4.1. By construction the positive part of the structure function of P, takes
values in NV. Let us check that the bundle P, has symbol u;(m). By the previous constructions
we have the sequence of the bundles {P;}£ such that P41 is a bundle over P;. Hence, P, can
be considered as a bundle over each P; with 0 <4 < u. Take ¢ € P, and consider the ﬁbers of
P, considered as a bundle of P; for each 0 <4 < u. The tangent spaces to this fibers at 1) define
the filtration on Ty P,(t). Let w and Ly be as in (4.3) and (4.4) respectively. The images of the
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spaces of the filtration on T, P,(t) under the map w(v)) define the filtration on the space L, . By
our constructions this filtration coincides with the filtration induced on Ly, from gl(V'). Moreover,
by property (A3) the graded space gr Ly, of Ly, coincides with ui(m). In other words, the bundle
P, has constant symbol uy(m). So, P, satisfies all conditions of our theorem. Moreover, all
conditions we imposed on the structure function of P, during the proof were necessary, which
proves the uniqueness of the constructed bundle and completes the proof of the first part of our
theorem.

Note that by our constructions the bundle P, (without a specified Ehresmann connection on it)

can be uniquely determined by the subspace N' = EB/\T}C of Hom (m, g+ /us (m)): the bundle P,
k>0

consists of all 1) € Py such that (1)) € N; for all 1 < i < p. The natural action of Uy (m) on cl
defined by (4.9) induces the action on Hom(m, g4 /uy(m)). Now assume that A is invariant with
respect to the action of U, (m) on Ci. Then the corresponding space N is invariant with respect
to the action of Uy (m) on Hom(m, gy /uy(m)). This implies that if ¢ € P, then ¢y o B € P, for
any B € Uy(m), which implies that the bundle P, is a principal U, (m)-bundle. This completes
the proof of the second part of our theorem.

6. REFINEMENT PROCEDURE

Here we explain the origin of the condition of compatibility with respect to differentiation via
the so-called refinement procedure in the cases of the standard representations of the classical
groups and the case G = Aff(WW).

6.1. The case G = SL(W), GL(W), and Aff(WW). The constructions of this subsection work
for any group G such that any orbit O of flags is compatible with respect to some grading of
the corresponding Lie algebra g. Starting with a curve of flags (3.1) compatible with respect
to differentiation, we can build a finer curve of flags compatible with respect to differentiation.
For this first given a curve ¢t — L(t) of subspaces of W (parametrized somehow), i.e. a curve in
a certain Grassmannian of W, denote by C(L) the canonical bundle over L: the fiber of C(L)
over the point L(t) is the vector space L(t). Let I'(L) be the space of all sections of C(L) . Set
LO)(t) := L(t) and define inductively
k
LO)(1) = span{ (1) : £ € T(1),0 < & < j)

for j > 0. The space L) (t) is called the jth extension or the jth osculating subspace of the curve
L at the point t. The compatibility of the curve of flags (3.1) with respect to differentiation is
equivalent to the condition AZ(-l)(t) C A;—1(t) for any —p+1 < i < —1 and for any t.

Further given a subspace L in W denote by L' the annihilator of L in the dual space W*:
Lt ={peW*: (pv) =0, Vv e L}. Set L= (t) = ((L(t)l)(j))L for j > 0. For any curve
t+> L(t) in a Grassmannian we get the nondecreasing filtration {L7)(t)},ez of W. If dimensions
LU )(t) are independent of ¢ for any j > 0, then the subspaces L) (t), j <0, can be also defined
inductively by LU)(t) = Ker % LU+ (¢).

Now take a germ of the curve (3.1) at a point ¢ and assume that it is compatible with respect
to differentiation. Assume that there exists a neighborhood U of ¢ such that one of the following

assumptions hold:
(1)

)

(B1) For 7 € U the dimension of subspaces (Agl) (7)) is constant, the subspace A
between A;(t) and A;—1(t), and one has the inclusion AEQ)(T) CAi—i(7);

(1) is strictly
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(B2) For 7 € U the dimension of the space (AZ(-_I)(T)) is constant, the subspace Ag_l)(T) is
2

strictly between A;11(t) and A;(t), and one has the inclusion A;41(7) C AZ('_ )(T) (or,
equivalently, AEPI(T) C Agil)(T))

Note that for i = u 4 1 the condition Al@) (1) € Aj—1(7) holds automatically in (B1) and for

i = —1 the condition A;1(7) C AZ(*Q) (7) holds automatically in (B2).
If assumption (B1) holds, then we can obtain a new germ of a curve of flags by inserting in (3.1)
the space Agl)(r) between A;(7) and A;_1(7) for any 7 € U . We call such operation elementary

refinement of the first kind. In the same way if assumption (B2) holds, then we can obtain a new
germ of a curve of flag by inserting in (3.1) the space A(_l)(T) between A;y1(7) and A;(7) for

7
any 7 € U. We call such operation elementary refinement of the second kind. In both cases we
renumber the indices of subspaces in the obtained flags from —1 to —u — 1. The germ of a curve
of flags ¢ is called a refinement of the germ of the curve (3.1) at t, if it can be obtained from this
germ by a sequence of elementary refinements (either of the first or the second kind).

By construction any refinement preserves the property of compatibility with respect to dif-
ferentiation. Besides, if two curves are GL(W)-equivalent, then the corresponding refinements
are GL(W)-equivalent. Further, the refinement procedure defines a partial order on the set of all
germs of smooth curves of flags in W, which also induces a partial order on the set of all refinements
of the germ of the curve (3.1) at t. In general a curve of flags admits several different maximal
refinements with respect to this partial order. Finally, for a curve ¢ — L(¢) in a Grassmannian of
W consider the corresponding trivial curve of flags ¢t — {0 C L(¢) C W}. Then it is easy to show
that in a generic point the germ of such curve of flags has the unique maximal refinement, which is
exactly the curve t — {LU)(t)} jez of all osculating subspaces of the curve L (truncated and renum-

bered in an obvious way). The corresponding map &; € @Hom (Lj (t)/ L7 1(1), LjH(t)/Lj(t))
JET

satisfies the following properties: the restriction of & on LJ(t)/L/~L(t) is surjective for j < 0
and §; sends (L7(t)/L7=Y(t) onto L/TY(t)/LI(t). for j > 0. Hence the symbol of the curve
t v {LY)(t)} ez satisfies similar properties. Note that the symbol of a curve of flags at a given
point is in essence the tangent line to a curve. The symbol of the refined curve of flags contains
an important information about the jet space of higher order of the original curve. So, fixing the
symbol of refined curve of flag instead of the original one, we fix more subtle classes of curves
and our prolongation procedure is more accurate: the dimension of the algebraic prolongation
of the symbol of the refined curve (which in turn is equal the dimension of the canonical bundle
of moving frames for the refined curve) might be significantly smaller than the dimension of the
corresponding objects for the original curve.

Example 6.1. (Non-degenerate curve in projective space) Consider a curve t — L(t) in a projec-
tive space PW of an n+ 1-dimensional vector space W, i.e. a curve of lines in W. Without making
a refinement procedure the symbol at a generic point of a curve, which does not degenerate to
a point, is a line of degree —1 endomorphisms of the corresponding graded space having rank 1
and the flat curve corresponds to a curve of lines in W depending linearly on a parameter (or ,
equivalently, it is a projective line linearly embedded to PW'). Obviously, the universal algebraic
prolongation coincides with the subalgebra of gl(W) preserving the plane, generated by the lines
of a flat curve. Now consider so-called non-degenerate curves in PW | i.e. curves which do not lie
in any proper subspace of PW. For such curve the nth osculating space at a generic point t is
equal to the whole W, L(™(t) = W. The maximal refinement of the curve t — {0 C L(t) ¢ W}
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is the curve of complete flags
te {0C L(t) c LY(t) ... LO(5) = W},

as in Example 3.1 above. As already mentioned there the symbol of such curve is a line of degree
—1 endomorphisms of the corresponding graded spaces, generated by an endomorphism which
has the matrix equal to a Jordan nilpotent block in some basis and the curve in projective space
corresponding to a flat curve of complete flags is the curve of osculating subspaces of a rational
normal curve in the projective space PW. Finally, from Theorem 8.1 below (see also the sentence
after it) it follows that the universal algebraic prolongation of this symbol is isomorphic to gl
(or sly in the case G = SL(W)), which also follows from the well-known fact that the algebra
of infinitesimal symmetries of a rational normal curve is isomorphic to gl, (or sly in the case
G = SL(W)). In this case one can show that the normalization condition can be chosen to be
invariant with respect to the natural action of the subgroup U, (m) (which is isomorphic in this
case to the group the upper-triangular matrices) on C’}_ and in this way the classical complete
system of invariants of curves in projective spaces, the Wilczynski invariants, can be constructed
(see [16] or [10] for the detail). O

6.2. The case G = Sp(W) or G = CSp(W). Here W is equipped with a symplectic form o. In
this case, by Proposition 2.2 our theory works for curves of symplectic flags as in Definition 2.1.
Given a curve t — L(t) in a Grassmannian of W denote by t — L“(t) the curve of subspace of
W such that the space L“(t) is the skew-symmetric complement of the space L(t) with respect to
the symplectic form o. Starting with a germ of a curve (3.1) of symplectic flags compatible with
respect to differentiation and applying an elementary refinement as in the previous subsection,
we obtain non-symplectic flags in general. Therefore we need to modify the definition of an
elementary refinement appropriately. Such modification is based on the following simple fact: if
t + L(t) is a curve of coisotropic or isotropic subspaces of W then (L)) (t) = (L9)(=D(t). We
say that a refinement of a curve of symplectic flag ¢ — {A;(t)}icz is an elementary symplectic
refinement in one of the following 2 cases:

(C1) If condition (B1) holds with subspaces A;(7) being coisotropic, then an elementary sym-

plectic refinement of the first kind consists of inserting Agl)(T) between A;(7) and A;—1(7)
and inserting (A)("D(7) between (A;_1)“(7) and (A;)%(7) for any 7 € U;

(C2) If condition (B2) holds with subspaces A;+1(7) being coisotropic, then an elementary
symplectic refinement of the second kind consists of inserting AE_I)(T) between A;y1(7)
and A;(7) and inserting (A7)M) (1) between (A;)“(7) and (A;41)?(7) for any 7 € U,

(C3) If A;(7) is isotropic and A;_1(7) is coisotropic (which implies by assumptions that A;_1(7) =
A% (7), then assume that (A;)(V)(7) is isotropic, of constant dimension in U, A;(7) is strictly
contained in (A;)M)(7), and AZ@) C AE:%)(T). An elementary symplectic refinement of the

third kind consists of inserting Al(7) and A(:i)(T) between A;(7) and A;—1(7) (if A}(7)

(3
and AE:P(T) coincide they count as a one space).

By analogy with the previous subsection one can define a symplectic refinement as a composi-
tion of elementary symplectic refinement. By construction the resulting flag under a symplectic
refinement is symplectic and compatible with respect to diferentiation. Also the refinement pro-
cedure defines a partial order on the set of all germs of smooth curves of symplectic flags in W.
In general, similar to the previous subsection, a curve of symplectic flags admits several different
maximal symplectic refinements with respect to this partial order. There is a unique maximal
refinement for the germs at generic points of the following two types of curves of symplectic flags:
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t — {0 C L(t) C W}, where spaces L(t) are Lagrangian, i.e. isotropic of dimension % dim W, and
t— {0 C L(t) c L*(t) € W}, where spaces L(t) are proper isotropic. In the first cases we can
use elementary refinement of the first kind only and the maximal refinement coincides with the
flag associated with a curve in a Lagrangian Grassmannian, introduced in [41],[42]. In the second
case one can use elementary refinements of the first and third kinds only.

6.3. The case G = O(W) or G = CO(W). Here W is equipped with a non-degenerate symmetric
form @). The elementary refinement are defined in completely the same way as in the symplectic
case: isotropic and coisotropic subspaces are taken with respect to the form ) and instead of
skew-symmetric complement one takes orthogonal complements with respect to Q).

7. CLASSIFICATION OF SYMBOLS OF CURVES OF FLAGS WITH RESPECT TO CLASSICAL GROUPS

We describe all symbols of curves of flags with respect to GL(W) (equivalently, SL(W)) ,
Sp(W) (equivalently, C'Sp(W)), and O(W) (equivalently, CO(W). According to Remark 3.2 it
can be used for any representation of classical groups.

7.1. The case of GL(W)(SL(W)). Let 0; and d2 be degree —1 endomorphisms of the graded

spaces V1 and V5, respectively. The direct sum Vi & V5 is equipped with the natural grading such

that its ith component is the direct sum of ith components of V7 and V5. The direct sum 1 P do

is the degree —1 endomorphism of Vi @ V5 such that the restriction of it to V; is equal to 9; for

each ¢ = 1,2. A degree —1 endomorphism ¢ of a graded space V is called indecomposable if it

cannot be represented as a direct sum of two degree —1 endomorphisms acting on nonzero graded
S

spaces. Further, given two integers r < s < 0 let V,s = @Ei, where dim £; = 1 for every i,

r <i<s, and let §,5 be a degree —1 endomorphism of V.4 zwﬁﬁch sends F; onto F;_; for every 1,
r <i<s,and sends F, to 0. Then clearly d,s is indecomposable.

The following theorem gives the classification of all symbols of curves of flags (both of un-
parametrized and parametrized) with respect to the General Linear group:

Theorem 7.1. A degree —1 endomorphism 6 of a graded space (indexed by negative integers)
is conjugated to the direct sum of endomorphisms of type 8,s. Moreover, for any two integers
r < s < 0 the number of apperance of 6,5 in this direct sum is an invariant of the conjugate class.

Proof. We will proceed as in the classical proof of Jordan Normal Form Theorem (see, for exam-
ple, [22, chapter 3]). The only difference is that one has to take into account the grading on the
ambient space V as well. Let § be a degree —1 endomorphism of V. Then ¢ defines the addi-
tional filtration on V' via generalized eigenspaces of different orders (corresponding to the unique
eigenvalue 0), namely ker(§) C ker(62) C ...ker(6"7') = V. In the first step choose a tuple of
vectors in V' consisting of homogeneous vectors (with respect to the grading on V') such that their
images under the canonical projection to the factor space ker(§'*1)/ker(6') constitute a basis of
ker(6'+1)/ker(6'). Then take the images of vectors of this tuple under §. Since J is of degree —1,
these images are homogeneous vectors in V' belonging to ker(d'). Complete the tuple of these
images (if necessary) to a tuple of homogeneous vectors in ker(4') such that the images of vectors
in this tuple under the canonical projection to the factor space ker(8')/ ker(6=1) constitute a basis
of ker(d')/ ker(6'~1). Continuing this process we will get a basis of V consisting of homogeneous
vectors such that the matrix of the operator ¢ in this bases has a Jordan normal form. Each
Jordan block corresponds to an indecomposable endomorphism of type §,;. This proves that ¢ is
conjugated to the direct sum of endomorphisms d,.s. The invariance of the number of appearance
of J,¢ in this direct sum can be easily obtained from the above construction as well. O
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The previous theorem also shows that the endomorphisms 6.5 are the only indecomposable
degree —1 endomorphisms, up to a conjugation, of a graded space (indezed by negative integers).

7.2. Symplectic case. Let 37 := {% :i € Z} and }Zoaq := 3Z\Z = {i + 1 : i € Z}. It is more
convenient for a symplectic flag to make a shift in the indices (either by an integer or by a half
of an integer) such that (A;) = A_; for any i in Z or %Zodd' In the sequel the subspaces in
symplectic flags will be enumerated according to this rule.
Assume that V' = @ Vi, where A is either Z or Zyq4q is a graded space We say that this grading
i€EA
is symplectic (or V is a graded symplectic space) if the corresponding flag

(7.1) {(V'Yiez or 17440 WheTe Vi= @ Vi,
Jjzi

is symplectic and also the subspaces V; and V; are skew orthogonal for all pairs (7, j) with i 4 j #
0. As in the previous subsection, the notion of indecomposibility plays the crucial role in the
classification. Let 1 and d9 be degree —1 endomorphisms of the graded symplectic spaces Vi and
V5, respectively, belonging to the corresponding symplectic algebras. The direct sum Vi & Vs is
equipped with the natural symplectic grading such that its ith component is the direct sum of ith
components of V; and V5 and the symplectic form on V; @ V5 is defined as follows: the restriction
of this form to V; coincides with the symplectic form on V; for each ¢ = 1,2 and the spaces V}
and V5 are skew-orthogonal in V; @ V5. The direct sum 01 @ do is the degree —1 endomorphism of
V1® V3 (belonging to sp(Vy @ V2)) such that the restriction of it to V; is equal to §; for each i = 1, 2.
A degree —1 endomorphism § € sp(V) of a graded symplectic space V is called symplectically
indecomposable if it cannot be represented as a direct sum of two degree —1 endomorphisms acting
on nonzero graded spaces and belonging to the corresponding symplectic algebras.

Remark 7.1. Note that we can add two graded symplectic spaces and two degree —1 endomor-
phisms on them if and only if either the grading on both spaces are indexed by Z or the grading
on both spaces are indexed by %Zodd.D

Below we list two types of symplectically indecomposable degree —1 endomorphism:

(D1) Given a nonnegative s € 1Z, and an integer [ such that 0 < [ < 2[s] let V_} be a linear
symplectic space with a basis

(7.2) {es—t,- vy [osyo s fis}
such that o(e;,e;) = o(fi, f;) = 0, o(es, fj) = (—1)57% if j = —i, and o(es, fj) = 0 if
j # —i. Define the grading on V;’; such that the ith component equal to the span of
all vectors with index i appearing in the tuple (7.10). It is a symplectic grading. Then
denote by 5?2 a degree —1 endomorphism of V;’; from the symplectic algebra such that

525(@) =¢i_qfors—1+1<1i<s, 525(@5_0 =0, (525(]}) =fioifor —s+1<i<[—s,
and 625(]‘_5) =0.
(D2) Given a positive m € %Zodd let

LY = @ E;

—m < i< m,
i€ %Zodd

be a symplectic graded spaces such that dim E; = 1 for every admissible i and let 7 be
a degree —1 endomorphism of £,, from the symplectic algebra which sends E; onto F;_;
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for every admissible 4, except i = —m, and 7m (E_,;) = 0. In the case K = R we also
assume that o(m (e),e) > 0 for all ey € E1

By Remark 7.1 we cannot the direct sum of o 5? Wlth s € %Z and 7t , for example. The following
theorem gives the classification of all degree —1 endomorphisms from the symplectic algebra of a
graded symplectic space V and consequently the classification of all symbols of curves (both of
unparametrized and parametrized) of symplectic flags of V' with respect to Sp(V') and C'Sp(V):

Theorem 7.2. Assume that V is a graded symplectic space.

(1) If the grading on V is indexed by Z then a degree —1 endomorphism from sp(V') is con-
Jugated (by a symplectic transformation) to the direct sum of endomorphisms of type 5?3,
where s is a nonnegative integer and 0 < 1 < 2s. Moreover, for each pair of integers (s, l)
with 0 <[ < 2s the number of appearances of 5?’1 in this direct sum is an invariant of the
conjugate class. 7

(2) If the grading on V' is indezed by %Zodd and K = C, then a degree —1 endomorphism from
sp(V) is conjugated (by a symplectic transformation) to the direct sum of endomorphisms
of type (5?5 with s € %Zodd and 0 < 1 < 2s — 1, and of type T with positive m € %Zodd.
Moreover, for each pair (s,l) € %Zodd X Z with 0 <1 < 2s—1 and a positive m € %Zodd the
numbers of appearances of 525 and Ty in this direct sum are invariants of the conjugate
class.

(3) If the grading on V is indexed by %Zodd and K = R, then a degree —1 endomorphism

from sp(V') is conjugated to the direct sum of endomorphisms of type 57 -».

s;07

Moreover, for each pair (s,l) € lZodd X Z with 0 <1 < 2s—1 and a positive m € Zodd

the numbers of appearances of 5, sl ¥ and —7 in this direct sum are invariants of the

conjugate class.

™ and —Tip

Theorem 7.2 shows that, up to a conjugation, the only symplectically indecomposable endo—
morphisms are the endomorphisms of the type 52 and 75 for K = C and of the type 6% sl T,

and —7.7 in the case K = R.

Proof. Let § be a degree —1 endomorphism of V' belonging to sp(V). Assume that 6'*! = 0 and
8 # 0 for some [ > 0. Let C be a complement to ker ¢ in V, i.e.

(7.3) V =C @ kerd.
Define a bilinear form b : C x C — K by
(7.4) b(ul, UQ) = U(ul, (SlUQ).

Since ¢ € sp(V) and o is skew-symmetric, the form b is symmetric if [ is odd and skew-symmetric
if [ is even. As a matter of fact the form b can be considered as a bilinear form on V/ ker §'.

Lemma 7.1. The form b is non-degenerate.

Proof. Assume that there exists u; € C such that b(uy,u2) = 0 for any us € C. In other words,
o(u1,8'ug) = 0 for any up € C. This together with splitting (7.3) implies that o(u,6'v) = 0 for
any v € V. Note that from the fact that & € sp(V) it follows that o(uy,6'v) = (=1)lo(6'u1,v),
therefore o(6'uy,v) = 0 for any v € V. Since ¢ is non-degenerate, we get §lu; = 0, i.e. u; € ker &',
As a consequence of this, our assumption that u; € C, and splitting (7.3) we get that u; = 0.
This completes the proof of the lemma. O
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Further from the splitting (7.3) it follows that §°C N 67C = 0 for i > j. Set

(7.5) Y :=C®éCa®...adC.
Lemma 7.2. The restriction of the symplectic form o to the subspace Y] is non-degenerate.

Proof. From Lemma 7.1 it follows that for any 4 the bilinear form (u1,us) — o(8tu, 0" *ug) is
non-degenerate. Also the condition 67! = 0 implies that o(6%u1,6us) = 0 for i + j > I. This
implies that the matrix of the form oy, with respect to any basis of ¥ is block-triangle with
respect to non-principal diagonal and each non-principal diagonal block is nonsingular. This
completes the proof of the lemma. O

We can always choose the space C in (7.3) such that C is a direct sum of homogeneous spaces
(i.e. a direct sum of subspaces of V;). By the previous lemma, V =Y, ® Y}l, where Yf is the
skew-symmetric complement of Y;. By constructions Ylé C ker8'. Also it is easy to show that Ylé
inherits the symplectic grading from V, Yf = @Yﬁ N V;. Repeat the same procedure for YlZ
instead of V, then, if necessary, repeat it again. ZIemZ this way one gets the unique skew-orthogonal
splitting of V' into the direct sum of invariant subspaces of §,

d
(7.6) VI@YZ., =l >l>...>1
i=1
such that 5li+1]yl_ =0, 5li|yl_ #0,Y, =CD6C; @ ... 0 8%C; for a complement C; to ker 5li\yl, in
Y),, and each Y}, is a gradedlsymplectic space with the grading inherited from V. Z
From the splitting (7.6) it follows that to prove our theorem it is sufficient to restrict ourself
to the case when V' =Y}, where Y] is as in (7.5). Assume that s is the maximal nontrivial degree
in the grading of V (i.e V5 # 0 and V; = 0 for i > s). Let Zs be the space of all vectors of degree
s in V. Then by constructions Z is transversal to ker §'. Let

X=Z, D67 ...5087,

and Z, be the image of Z in V/ ker ' under the canonical projection on the quotient space. In
the sequel we will look on the form b as on a bilinear form on V/ ker ‘.

Lemma 7.3. The space X N X< is equal to 0 or X.

Proof. By the same arguments as in the proof of Lemma 7.2 the statement of the present lemma
is equivalent to the following statement: the restriction b| 2 of the form b on the space Z; is either

equal to 0 identically or non-degenerate. Set K; = ker b| 7. Assume by contradiction that K is a

nonzero proper subspace of Z,. Let {V7} be the flag as in (7.1). From the assumption

JEZ or %Zodd
that K # Z, it follows that 67, ¢ (V*=1+2)%. Hence

(7.7) Vet g (VeThR)L

Since the flag {V7},cz is symplectic, the space (V*712)% has to be equal to one of the subspaces
of the flag {V7 }jez. This together with the assumption that s is the maximal degree in the
grading of V' and relation (7.7) implies that

(7.8) (Vi) =y, = Z,.

Now let Ki- = {v € V/kerd" : b(v,u) = 0 Vu € K;}. By constructions, Z, C Ki. The
assumption K7 # 0 implies that K f is a proper subspace of V/ker§'. Therefore there exist
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elements of degree less than s in V that are transversal to ker 8*. Consequently the space V5~!+1
is a proper subspace of V and V72 C Vs~I+1 This yields in turn that that (V') is a
nonzero proper subspace of (V¥712)4 = V which contradicts the fact that the flag {V7};cz is
symplectic and that s is the maximal degree in the grading of V. The proof of the lemma is
completed. O

Now consider separately the cases ¥ N X4 =0 and X N X4 = X.
Lemma 7.4. [f X NX4 =0, thenV = X.

Proof. V.= X ® X“. Let us prove that X = 0 or, equivalently, V = X. Indeed, assume by
contradiction that X4 # 0. Then X' is a graded symplectic spaces with the symplectic forms and
the gradings inherited from V such that the maximal degree in the grading is less than s. This
together with the assumption that V' =Y}, where Y] is as in (7.5), implies that in the grading of
V there are nonzero vectors of degree less than s —+ 1. This contradicts relation (7.8) that must
hold in the considered case. (]

Lemma 7.5. Assume that X N X% = 0. Then the following three statements hold:

(1) Ifl is even, then the endomorphism ¢ is conjugated to the direct sum of the endomorphisms
52’23 with an integer s repeated %dim Zs times;

(2) If I is odd and K = C, then the endomorphism & is conjugated to the direct sum of the
endomorphisms 5" repeated dim Zg times;

(3) If I is odd and K = R, then the endomorphism ¢ is conjugated to the direct sum of the
endomorphisms 75" and —75° such that the numbers of appearances of Ts/2 and —Tgjp are
equal to the positive and the negative indices of the form b, respectively.

Proof. In the considered case as a subspace C in (7.3) one can take Z;. As was already mentioned
before, the form b (defined on Z;) is non-degenerate symmetric if [ is odd and non-degenerate

skew-symmetric if [ is even. If [ is even we can choose a Darboux (symplectic) bases in Z, with

17
respect to the form b, i.e. a basis {¢;, Vj}j?:dllm 7 such that the form b is nonzero (and equal to
+1) only for the pairs (gj,v;) and (vj,e;). Then for each 1 < j < 1dim Z, the restriction of
the endomorphism ¢ to the minimal invariant subspaces of ¢ containing ¢; and v; is conjugated
to (5?_328, which proves item (1) of the lemma. If [ is odd we choose a basis of Z4 for which the
quadi"atic form corresponding to the form b is diagonal. Then for each vector of this basis the
restriction of § to the minimal invariant subspaces of § containing this vector is conjugated to 75¥,

which proves items (2) and (3) of the lemma. O

Now consider the case X N X4 = X. In this case ZS C ZSL The grading on V induces the
natural grading on V/ ker ¢!. Take a subspace K5 consisting of the homogeneous elements of the
minimal degree s; in V/kerd!. By constructions s; < s. Let us prove that

(7.9) V/kerd' = Z+ @ Ko.

Take a subspace Ko which is a representative of I?Q in V and consists of homogeneous vectors (of
degree s1). From minimality of s; it follows that Vi, ;41 = 0Ky and V; =0 fori > sy — 1+ 1.
From the maximality of s it follows that Z, = (V*1=*2)<. This implies that dim Ky = dim Z,
and that Ky N Z+ = 0, which in turn yields (7.9).
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Now let Y = Ko @Ko ... 06" Ky. By constructions, the restriction of the endomorphism ¢ to
X @ )Y is conjugated to the direct sum of endomorphisms 6?} repeated dim Z; times Further con-

sider the space (X ©))“. This space inherits the grading from V, (X ®Y)* = @(X oY) NV,
1€EZ

with the maximal nontrivial grading less than s. Repeat the same procedure for (X @ ))¢ instead

of V, then, if necessary, repeat it again. In this way we decompose the endomorphism ¢ in the

case of V =Y to the direct sum of symbols of the type 525 and 74t for K = C or (5?_3“ o and —71p

in the case K = R. This together with the decomposition (7.6) completes the proof of Theorem

(7.2). O

Remark 7.2. In the works [41, 42] of the second author with C. Li parameterized curves in
Lagrangian Grassmannian (over R) satisfying so-called condition (G) were considered. In the
present terminology condition (G) of [41, 42] is equivalent to the condition that the symbol of
the parameterized curve of symplectic flag is conjugated to the direct sum of endomorphisms
of type 7, and —7,,,. The Young diagram which were assigned there to a curve in Lagrangian
Grassmannian can be described as follows: for any p € N the number of rows of length p in it is

equal to the number of appearances of endomorphisms ng,l and —75°_, in this direct sum. We

2 2
calculate the universal prolongation of such symbols in subsection 8.3.6 below, which together
with Theorem 4.1 gives more conceptual point of view on the constructions of papers [41, 42] and
generalize them to more general classes of curves.

7.3. Orthogonal case. The classification of symbols in this case is very similar to the symplectic
case. As in the symplectic case we make a shift in the indices (either by an integer or by a
half of an integer) such that (A;)* = A_;;; for any i in Z or %Zodd, where L+ denotes the
orthogonal complement of a subspace L with respect to the nondegenerate symmetric form Q.
Further, by complete analogy with the symplectic space we can define graded orthogonal spaces
and orthogonally indecomposable degree —1 endomorphisms.

By analogy with (D1) and (D2) of the previous subsection, there are the following two types
of orthogonally indecomposable degree —1 endomomorphisms:

(E1) Given a positive s € 3Z, and an integer [ such that 0 <1< 2(s+ {s}) — 1 let V2 be a a
linear space equipped with a nondegenerate symmetric form and with a basis

(7.10) {es—ty-ses fosy s fios)

such that Q(ei,ej) = Q(fl,fj) =0, O'(ei,fj) = (*1)S_i, if j = —i, and O'(ei,fj) = 0 if
j # —i. Define the grading on V;‘l’ such that the ith component equal to the span of
all vectors with index i appearing in the tuple (7.10). It is an orthogonal grading. Then
denote by 6% a degree —1 endomorphism of V;? from the symplectic algebra such that
5§§’l(ei) = ei,71 for s —14+1<1i<s, 5;?1(65_5) =0, 52’1(]‘}) =fisifor —s+1<i<[—s,
and 635 (f-s) = 0.

m
(E2) Given a nonnegative integer m let £i° = @ FE; be an orthogonal graded spaces such that

=—m
dim E; = 1 for every admissible ¢ and let 79 be a degree —1 endomorphism of £,, from
the symplectic algebra which sends F; onto E;_ 1 for every admissible i, except i = —m,

and 73°(E_,,) = 0. In the case K = R we also assume that Q(7t (e),e) > 0 for all ¢g € .

The following theorem gives the classification of all degree —1 endomorphisms from the orthog-
onal algebra of a graded orthogonal space V' and consequently the classification of all symbols of
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curves (both of unparametrized and parametrized) of orthogonal flags of V' with respect to O(V')
and CO(V):
Theorem 7.3. Assume that V is a graded orthogonal space.
(1) If the grading on V is indezed by %Zodd then a degree —1 endomorphism from so(V) is
congugated (by an orthogonal transformation) to the direct sum of endomorphisms of type
g?l; where s € %Zodd and 0 <1 < 2s. Moreover, for each pair of integers (s,l) € %Zodd X 7.
with 0 < 1 < 2s the number of appearances of 627 in this direct sum is an invariant of the
conjugate class. 7
(2) If the grading on V is indexed by Z and K = C, then a degree —1 endomorphism from
s50(V) is conjugated (by an orthonormal transformation) to the direct sum of endomor-
phisms of type 63 with a positive integer s and 0 < 1 < 2s — 1, and of type 1) with a
nonnegative integer m. Moreover, for each pair of integers (s,l) with 0 <1 <2s—1 a
nonnegative integer m the numbers of appearances of 635 and 7,7 in this direct sum are
mwvariants of the conjugate class. ,
(3) If the grading on V is indexed by %Zodd and K = R, then a degree —1 endomorphism
from so(V') is conjugated to the direct sum of endomorphisms of type 5;}, T, and —T1.7°.
Moreover, for each pair of integers (s,1) with 0 <1< 2s—1 and a nonnegarive integer m

the numbers of appearances of 035, Ty, and —,7 in this direct sum are invariants of the
)
conjugate class.

Theorem 7.3 shows that, up to a conjugation, the only orthogonally indecomposable endomor-
phisms are the endomorphisms of the type 52:’1 and 7, for K = C and of the type 52:’1, 70 and
—727 in the case K = R.

The proof of Theorem 7.3 is identical to the proof of Theorem 7.2. The only difference is that
in the present case the form b, defined by (7.4), is symmetric if [ is even and skew-symmetric if [
is odd. Therefore Lemma 7.5 should be modified appropriately.

Remark 7.3. This remark is about a possible relation of the problem of classification of symbols
to the theory of quiver representations ([21], [7]). In the case G = GL(W)( or SL(W)) there is an
obvious one-to-one correspondence between the set of symbols (obtained in Theorem 7.1) and the
set of indecomposable representations of the quivers with underlying indirect graph equal to the
Dynkin diagram of type Ay (if one does not take into account possible shift in the range of indices
in the graded space). It would be interesting to link the obtained classification of indecomposable
symplectic and orthogonal symbols with representations of quivers with the corresponding Dynkin
diagrams as underlying indirect graphs. [

8. COMPUTATION OF ALGEBRAIC PROLONGATION OF SYMBOLS FOR CLASSICAL GROUPS

8.1. Decomposition of the universal prolongation algebra. First we point out some general
properties of the universal algebraic prolongation in the case when g is a graded reductive Lie
algebra. Let m be a line in g_; and u(m) be the universal algebraic prolongation of m, as defined
in subsection 4.1. Take § € m. According to Jacobson-Morozov theorem [26, Ch.III, Th. 17]
(see also [39] for complex graded Lie algebras and [9] for real graded case), we can complete d by
elements H and Y of degree 0 and 1 respectively (in g) to the standard basis of a slp-subalgebra
of g, i.e such that

(8.1) [H,6] =26, [H,Y] = -2V, [5,Y] = H.

Let nyax(m) be the largest ideal in u(m) concentrated in the non-negative degree (i.e., Nypax(m) C
> i>oWi). Such ideal exists since the sum of any two ideals concentrated in the non-negative
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degree will also be an ideal of this type. It is also clear that npax(m) is graded, i.e. npax(m) =
> (Mmax(m)) ,, where (nmax(m)); = tmax(m) N g;.

On the one hand, since [, Npax(M)] C npax(m) and relations (8.1) hold, we get that sly N
Nmax(m) = 0, which implies that

(8.2) dim u(m)/npax(m) > 3.

On the other hand, under the identification of the algebra u(m) with the algebra of infinitesimal
symmetries of a flat curve Fy, with the symbol m (see subsection 4.1), to any element of u(m) we
can assign the vector field on the curve Fy,. Consider the subspace n,.(m) of u(m), consisting of
all elements of u(m) for which the corresponding vector fields on Fy, are identically zero. Clearly,
npe(m) is an ideal of u(m). This ideal is called the non-effectiveness ideal of u(m). Then the
quotient algebra u(m)/n,.(m) can be realized as a finite-dimensional Lie algebra of vector fields
on a curve. From the classical Sophus Lie result it follows that

(8.3) dim u(m)/npe(m) <3

(see the original proof in [27] , its translation and commentary in [6], and a self-contained proof in
the recent paper [17]). Since npe(m) C Npax(m) we get from (8.2) and (8.3) that nyax(m) = ny,e(m)
and that dimu(m)/nyax(m) = 3. The latter implies the following

Proposition 8.1. u(m) is a semidirect sum of the constructed embedding of sl into g and nyax(m)
(= npe(m) ). In particular, nyax is an sly-module.

The latter fact is very useful in the description of the universal algebraic prolongations of
symbols of (unparametrized) curves of flags.

Remark 8.1. For parametrized curves the corresponding universal prolongation of a symbol
0 € g_1 is equal to a semidirect sum of K§ and the non-effectiveness ideal n,..

8.2. The case of G = GL(W) (SL(W)). We say that a graded space V which is also sly-module
is a nice sla-module, if the corresponding embedding of sly into gl(V') is spanned by endomorphisms
of degree —1, 0, and 1. Let V; and V5 be two nice slp-modules. Then Hom(V;, V2) = Vo® V" is the
slp-module and a graded space in a natural way. Denote by n(V1, V2) the maximal sla-submodule
of Hom(V1, V2) concentrated in the non-negative degree part.

Assume that m = RJ. By Theorem 7.1 there exists a map N : {(r,s) € ZxZ :r < s <0} —
N U {oco} with finite support such that § is conjugated to the endomorphism Dy, which is the
direct sum of indecomposable symbols where d,, is repeated N(r,s) times. The endomorphism
D,, acts on the space

(8.4) Vn= P Vis @ KN,
r<s<0

First, Dy can be extended to a subalgebra of gl(Vy) isomorphic to sly which acts irreducibly on
each V5. From (8.4) it follows that

sV =Wwe (W) = @ Hom(Vis, Viys,) @ Hom(KN 1o KV(252)),
r1 <51 <0,
re <52 <0
Second, by definition of n(V;,s,, Viys,) we have that
(8.5) p= @ n(Vrls17 W252) ® HOH](KN(”’Sl), KN(rg,sz))
ry < s1 <0,

rg < 52 <0
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is the maximal sly-module in gl(Vy) concentrate in the non-negative degree part of gl(Vy). Be-
sides, p is a subalgebra of gl(Vy). Indeed, [p,p] is an slp-module in gl(Vy) concentrate in the
non-negative degree, which implies that [p,p] C p, because p is the maximal sly-module satisfying
this property. Therefore p = npax(KDy,).

It remains to describe n(V;, s, V}, s,) more explicitly. Set {; = s; — 73, © = 1,2. Note that
slp-submodule V;.,5, ® (V;,5,)" is decomposed into the irreducible slp-modules as follows:

min{l1,l2}

(8.6) Hom(Vys;, Vigsy) = Vigss @ (Viysy)"™ = EB 1y, 415 —2i
1=0

where IT; denotes an irreducible sly-module of dimension j+1 (see, for example, [20]). Moreover,
the submodule II;, 4;, of the largest dimension is generated by the elements of highest (or lowest)
degree in V,,s, ® (V;,5,)*, which is equal to so — 71 (12 — s1 respectively). The range of degrees
for each next submodule in this decomposition is shrunk by 1 from both left and right sides, i.e.
the submodule II;, 4;,_2; has degrees varying from ro — s; + 4 to s — r; — 4. The submodule
n(Vi1s1s Vigs,) 18 equal to the direct sum of submodules from the decomposition (8.6) for which
all degrees are non-negative. Therefore,

min{ly,l2,s2—7r1}

P 0y, 415 —2i-

t=max{0,s1—r2}

12

(87) n(‘/msla ‘/;“232)

In particular,
(88) ﬂ(‘/;«s, V;"s) =1l = KlId,
(8.9) (Vi sys Vigs,) = 0 if and only if so < s1 or 7o < 7.
Let us prove statement (8.9). Indeed by (8.7) n(V,,s,, Vi,s,) = 0 if and only if one of the

following three conditions holds:

(1) §1—T9>8—1r1 =19 <7Tq;

(2) 81 —T9 > 89 — o = 89 < 81;

(3) s1—ra>s2—11,
which proves the “if” part of (8.9). Further, if conditions (1) and (2) does not hold then the

condition (3) does not hold as well, which proves the “only if” part.
Further, it is clear that

(8.10) 0(Viy sy @ KNV, o, @ KN?) = 0(V,, ), Vi s,) ® Hom (KM”’SH,KMW’”)).
Combining (8.5), (8.8), (8.9), (8.10), and Proposition 8.1 we get the following

Theorem 8.1. The universal prolongation algebra w(KDy) of the symbol KDy is equal to the
semidirect sum of the constructed embedding of sla into gl(V') and

@ n(‘/;‘lsu ‘/7‘232) (= I‘IOIIl(]KN(rl’Sl)’]KJ\/Y(7"27S2))7

s1 < sz, 11 < T2,
rj <85 <0

where (Vi s,y Vigsy) is as in (8.7).

In particular, if § = d,5 then by (8.8) one has npax(6) = KId and u(d) = gly. This can be
applied to Example 6.1 above.

Remark 8.2. It is clear that in the case of G = SL(W) the universal prolongation of a symbol
consists of the traceless part of the universal prolongation of the same symbol for G = GL(W).
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8.3. The case of G = Sp(W) (CSp(W)) and G = O(W) (CO(W)). First note that in the
case G = CSp(W) (G = CO(W)) the universal algebraic prolongation of a symbol is equal to the
direct sum of the universal algebraic prolongation of the same symbol for G = Sp(W) (G = O(W))
with K. Therefore it is sufficient to concentrate on the case G = Sp(W) and G = O(W). We
will primary treat the symplectic case and briefly indicate what changes should be done for the
orthogonal case. Let V be a graded symplectic space which is also a nice sly-module such that
the corresponding embedding of sly into gl(V') belongs to sp(V') In this case we will say that V' is
a nice symplectic sly-module. The symplectic algebra sp(V') is a sly-module and a graded space
in a natural way. Denote by [F?(V) the maximal slp-submodule of sp(V') concentrated in the
non-negative degree part. From the maximality assumption it follows that I°*(V) is a subalgebra

of sp(V).
q
Further, assume that V = EB L;, where each L; is a graded symplectic space and nice symplec-

i=1
tic sly-modules (with all structures induced from V'). The restriction o|r, to L; of the symplectic
form o of V' defines natural identification between L; and its dual space L. Here o denotes the
symplectic form on V' Consider the following splitting of gl(V):

(8.11) gl(V) = é Hom(L;, Lj).

An endomorphism A € gl(V), having the decomposition A = szzl A;j with respect to the
splitting (8.11), belongs to sp(V) if and only if A;; € sp(L;) for all 1 < i < g and A;; = —A;
for all 1 < i # j < q (here the dual linear map A7, is considered as a map from L; to L; under
the aforementioned identification L; ~ L} and L; ~ L;) Therefore the map A — Y7 | A +

Zl§i<j§q A;; defines the identification

=1 =1

1<i<j<q
Moreover,
q q
(8.13) (P (@ LZ-) =@PriL)e P nli L),
i=1 i=1 1<i<j<q

where n(L;, L;) is as in the previous subsection.

Now take a symplectic symbol m = Kd. Let Vsﬁ'; and Lph. are graded symplectic spaces as in
items (D1) and (D2) of subsection 3. According to Theorem 7.2 § is conjugated to a direct sum
of endomorphism of types 625, 7w, and , in the case of K = R, also of type —7. Therefore one

q
can always assume that V = @Li, where each L; is either equal to V;’; or £3}. In the symplectic

=1

q
case the endomorphism § can be extended to a subalgebra of sp (@ Li> isomorphic to sly such
i=1
that if L; = V;'; then V;‘; (with respect to the induced action) is the sum of two irreducible
slo-submodules

(814) Es;l = Span{ei}sflgigm Fs;l - Span{fi}fsgiglfm
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where e; and f; are as in (7.10), and if L; = £, then L (with respect to the induced action)
is an irreducible sly-module. By analogy with the previous subsection the universal algebraic
prolongation u(Ré) of the symbol Ré is equal to the semidirect sum of the constructed embedding
of sly into sp(V') and the algebra I°* (BT L;).

The orthogonal case is treated in completely the same way. We only need to replace everywhere
from the beginning of this subsection the word “symplectic” by the word “ orthogonal”, the sign
sp by the sign so, and the symplectic form ¢ by a non-degenerate symmetric form Q.

By identiﬁcation (8.13) and the analogous formula for the orthogonal case in order to compute
P (@I, L;) (r° (B L;) and, consequently, the universal prolongation u(Rd) in sp(V') (so(V))
it is sufficient to compute spaces [**(V) (I°*°(V)) and Hom(V4, V2), where V', Vi, and V3 are equal
either to Vlﬁg or Ly (either to Vi or L37).

For this first denote by n(,, s, (rs,s,) the righthand side of (8.7),

min{li,l2,s0—7r1}

(815) n(rl,sl),(rg,SQ) = @ Hl1+l2—2i)

i=max{0,s1—r2}

where l; = s; — ;.

8.3.1. Description of [5*3(‘/55;’;) and [F°(V329).

s;l

First let us give a convenient description of the algebras sp (V:’;) and so (V;?) . In the sequel we
will use the same notation for E,; and Fy; in the orthogonal case, as in (8.14). The symplectic form
or the non-degenerate symmetric form define the following natural identifications: Fg; =2 (Fg;)*
and Fy; = (Fs;)*. Keeping in mind these identifications, an endomorphism A € gl(V'), having
decomposition A = A1y + Ao + A1z + Aoy with respect to the splitting

9[(‘/:?) = gl(Esu) © gl(Fsy) © Hom(Fyy, Egy) © Hom(Egy, Foy),

bdongstosp<vj§)ifand<nﬂyifA;2::Al%l4§,=14m,and4422:47A;r n;bdongstogo(vgg)
if and only if A, = —Aj9, A5 = —Ag;, and Agy = —A7,. Therefore the map A — Ay + A+ Al2
defines the following identifications

(8.16) 5p(vss’lj) = gl(Esy) @ SQ(ES;Z) @ 52(Fs;l)’
(817) 50( sl) = g[(Es;l) S5 52(E5'l) S /\2(F5'l)7

)

where S?(Ej,) and S?(F, 1) denote the symmetric square of E,; and Fj,, respectively, and A 2(Egy)
and A?(F, s;1) denote the skew-symmetric square of Eg; and Fy,.

Here S?(Es;) and A%(Ey,) are subspaces of Hom(Fy, Es,); S2( 1) and A?(Fy,) are subspaces
of Hom(Ej,, Fs;). Keeping this in mind, we define [ipll (lﬁt’ll)
S%(Esy) (A%(Esy)) concentrated in the non-negative degree part of S?(Es,) (A%(Es,)). Similarly,

let [?,’[2 ([z,ol’Q) be the maximal sly-submodule of S?(Fs;) (A?(Es;)). Then from (8.16)

as the maximal sly-submodule of

(8.18) [5p(V5‘;) =N ls),(s— 13)@[5p1@[5p2 NK@[spl p2
0
l

S5
(8.19) F%W)_WSm@l@@ﬁl@WQNK@Wl@WQ

S3

Let us describe lﬁpll, [szQ [50 L and [i‘,’f. Let [ = s — r. In order to describe [?,’l’l and [i‘,’l’l note

that slp-submodules S?(Es;) and AN%(Es;)) are decomposed into the irreducible slp-modules as
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follows:
(5]

(8.20) S*(Egy) = @szf@;
i=0
(5]

(8.21) N (Esp) = D Ma—psi.
i=0

(see, for example, [20]).

The submodule IIy; of the largest dimension in 52(Es;l) is generated by the elements of highest
or lowest degree in S2(Es;l), which are equal to 2s and 2s — 2[, respectively. The range of degrees
for each next submodule in the decomposition (8.20) is shrunk by 2 from both left and right sides,
i.e. the submodule IIy;_4; has degrees varying from 2s — 2] + 2i and 2s — 2i. The submodule [i':l’l
is equal to the direct sum of the submodules from the decomposition (8.20) for which all degrees
are non-negative, i.e. for which max{0,1 — [s]} < < min{[}], [s]}. Since I < 2[s], we have that
[£] < [s]. Therefore

(5]
(8.22) [Zfl’l = P
1=max{0,l—[s]}

Note that from the condition [ < 2[s] and the last formula it follows that [?,’l’l # 0.

In order to get [7,2,’2 we have to replace s by [ — s in the righthand side of (8.22), i.e.

(3]
(h? = &b 1o —4i;,
t=max{0,l—[l—s]|}
Again from the fact that [ < 2[s] it follows that

29

(8.23) 2 {K if 1 is even and s = .

0 otherwise.

Besides, by (8.8) one has n,_; ) (s—1,s) = K. Substituting this and relation (8.23) into (8.22) we
get that in the case [ is odd or s # é

(8.24) (V) =Ke

CHAR

where [?;l’l is as in (8.22). Finally, by (8.22) we get [;’ED = K for any nonnegative integer p. From
this, formula (8.23), and identification (8.18) it is easy to see that for any nonnegative integer p

(8.25) (P (V35,) =2 slo.

Similarly in the orthogonal case the submodule Ily; 5 of the largest dimension in /\Z(Es;l) is
generated by the elements of highest or lowest degree in /\Q(Es;l), which is equal to 2s — 1 and
2s — 21 + 1 respectively. The range of degrees for each next submodule in the decomposition
(8.21) is shrunk by 2 from both left and right sides, i.e. the submodule Ily;_5_4; has degrees
varying from 2s — 2] + 1 4+ 2¢ to 2s — 1 — 2¢. The submodule [z?l’l is equal to the direct sum of
submodules from the decomposition (8.21) for which all degrees are non-negative, i.e. for which
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rrlr}lzlxx{() I—[s+3]} <i< mm{[Tl], [s—1]}. Since I < 2(s+{s}) — 1, we have that [1771] <[s—1].

(8.26) [i‘:l’l = @ Hoi—2—44,

i:maX{O,l—[s—i—%]]}

Note that from the condition I < 2(s+ {s}) — 1 and the last formula it follows that [Z‘_’l’l # 0.
In order to get [i‘,’l’2 we have to replace s by [ — s in the righthand side of (8.26), i.e.

(5]
50,2
" = P o244,

i:max{O,lf[lfer%]}

Again from the fact that | < 2(s+ {s}) — 1 it follows that

(8.27)

CH

(0.2 _ K llsoddands—g
0 otherwise.

Similarly to (8.24) in the case [ is even or s # % we get that

(8.28) V) 2 Ke 5

sl
where [“;';l’l is as in (8.26). Finally, by (8.26) we get [50 ! Ly
formula (8.27), and identification (8.19) it is easy to see that
(8.29) [5°(V5° Lop- ) Esl, pelN

= K for any p € N. From this,

8.3.2. Description of I (L3h) and 1%°(L52).

Note that FP(L3h) C n(Lih, L) = KId, but Id ¢ sp(£3). In the same way [*°(L£) C
(L, L0 =2 KId, but Id ¢ so(L£;°) Therefore

(8.30) FPLPYy =0, F(L2)=0
8.3.3. Description of n(V:pll, V;Zpb) (or of n(\/;f‘fll, i 12))

By Remark 7.1 we are interested only in the cases when both s; and so are integers or both s1
and so belong to %Zodd- Set 71 = s1 — I1 and 79 = s2 — la. In the sequel € will mean other sp or
s0. Note that

Hom( VSEQ;ZQ) = Hom(Esl;ll ) Esz 12)@H0m( s13l1 F82 lz)@Hom(Esl;ll ) F82;12)®H0m(F81;11 ) ES2;12)‘

s15l10

Therefore,

(8:31) (Vi Vayin) = 00 51),(r2,50) D B(ms1,—r1),(=52,-12) D Bry50),(—s2,-12) D V(—s1,-11),(r2.52)

Often many terms in the righthand side of (8.31) vanish. First, let us analyze the term n(,, 5y (—sy —rs)-
By (8.9) if n(;, s1),(—s2,—ro) 7 0, then 71 < —s9 and sy < —77 or, equivalently, s1 — I < —s2 and
s1 <l — sy. In the symplectic case, in addition we have I; < 2[s1] and ls < 2[sg]. Using all four
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inequalities we get that s; = s9, $1,$2 are integers and [y = ly = 2s;. This together with (8.8)
implies that

K if81 = 89, S1,82 € Z, l1 =1y =2s%
(8'32) N(r1,81),(—s2,—1r2) = W(s1—11,51),(—s2,la—82) — 0  otherwise.
In the orthogonal case, in addition to s —1; < —sg and s1 < ly — s9 we have I} < 2(s;+{s1})—1
and lo < 2(s2 + s2) — 1]. Using all four inequalities we get that s; = s2, s1, s2 belongs to %Zodd,

and [y = lo = 2s1. So, we will have the same formula as (8.32) except that s1, so belongs to %Zodd.
Further, by (8.9)

(8.33) N(—sy,—r1),(—s2,—12) = 0 if and only if r1 < 19 or s1 < s9.

Substituting formulas (8.32) (or its analog for the orthogonal case), (8.9), (8.33) into (8.31) and
using (8.15) for nonzero terms, one gets an explicit expression for n(‘fjfll, Vi .,) - In particular,

if (r1,s1,72,52) # (—s,s,—8,s), then at least two of the first three terms in the right handside of
(8.31) vanish. Finally, it is easy to see that

(8.34) n(Vias, Vias) = gly, €= sp or so.

8528

8.3.4. Description of n(VF¥

sl

LF) and of n(Val, L)

S

By analogy with the previous case

(835) n( sila Efn) = W(s—1,s),(—m,m) + W(—s,1—s),(—m,m)

First, let us analyze the term n(s_; o) (—mm)- By (8.9) if n_y o) (—mm) # 0, then s —1 < —m
and s < m. By Remark 7.1, s € %Zodd in the symplectic case and s € Z in the orthogonal case,
and therefore [ < 2s — 1 in both cases, which together with the previous inequalities implies that
—s+1<s—1<—m < —s, which is impossible. Consequently, for any admissible triple (I, s, m)
we get Nis_1 s) (—mm) = 0, i.e.

(8.36) n( sg;l,ﬁm) =M (_s5]1—s),(—m,m), € = S0 OT §p.

Besides, n(_;_s) (=m,m) # 0 if and only if I — s < m < s and it can be computed using formula
(8.15).

8.3.5. Description of w(Lymy, Lyn,) (or of n(L30 L5 ).
By (8.9), both for ¢ = sp and £ = so we have

K ifmlzmg

8.37 Loy Lomy) = 1 - -
(8.37) MLinys Lin) = My ma) (~ma,ma) {0 if my # mo.

8.3.6. The case of tensor products.

In order to use formula (8.13) more effectively it is worth also to say more about the space
P(V @ KV), where V is a graded symplectic space which is also a nice symplectic sly-module
and V @ K inherits from V the structure of a graded symplectic space and of a nice symplectic
slp-module in a natural way. From (8.12) it is easy to get the following natural identification:

(8.38) sp(V @ KY) = (sp(V) @ KN) @ (gl(V) @ AZKY),
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where A2K% denotes a skew-symmetric square of KV. Consequently,
(8.39) PV oKY) =2 (EP(V)eKY) @ (V) @ A2ZKY).

Combining (8.10),(8.39), and the calculations of the subsections 8.3.1-8.3.5, one can get more
compact explicit formula for the algebraic prolongation of a given symplectic symbol.
In particular, from (8.30) and (8.37) it follows that

(8.40) BP(LP @ KYV) = AZKN = s0(NV).

Now assume that K = R. Let V be a nice symplectic sls-module such that as a graded space
it coincides with L3 @ RN++N- for some nonnegative integers Ny and N_ and the degree —1
component of the corresponding embedding of sly into sp(V') is generated by the direct sum of
7P taken N, times and —7% taken N_ times. Then similarly to above it can be shown that

(8.41) (V)= so(Ny, N_).

Further, fix two functions Ny, N_ : %Zmod — N U {0} with finite support and assume that
the symplectic symbol m is generated by the direct sum of endomorphisms of type 7 and —7n,
where 757 appears N, (m) times and —7n appears N_(m) times in this sum for each m € N.
These symbols correspond to curves in a Lagrangian Grassmannian satisfying condition (G) in

the terminology of the previous papers of the second author with C. Li ([41, 42]). Then from (8.41)

and (8.37) it follows that the non-effectiveness ideal of u(m) is equal to @ $50(Ny(m), N_(m))
meN
and it is concentrated in the zero component of u(m). From this and Remark 8.1 it follows that in
the parameterized case uy(m) = @ $50(N4(m), N_(m)) and, by Theorem 4.1 and Remark 4.3, if
meN
the normalization condition is fixed, then for any parametrized curve of flags with symbol m there
exists a unique principal bundle of moving frames with the structure group H O(N4(m), N_(m))
meN
and the unique principal Ehresmann connection such that this connection satisfies the chosen
normalization condition. This result was proved in [41, 42] ( Theorem 1 in [41] and Theorems 1
and 3 in [42]) for specifically chosen normalization conditions. So, our main Theorem 4.1 gives
more conceptual point of view on the constructions of those papers and clarifies them algebraically.
Finally, formulas (8.39)-(8.41) hold true if V' is a graded orthogonal space and sp is replaced by
s50. Also, the same conclusion as in the previous paragraph can be done if an orthogonal symbol
is generated by the direct sum of endomorphisms of type 7,7 and —7,.
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