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Abstract

We study quartic matrix models with partition function Z[E,J] =
[ dM exp(trace(JM — EM?* — 2M*)). The integral is over the space of Her-
mitean N x N-matrices, the external matrix £ encodes the dynamics, A > 0
is a scalar coupling constant and the matrix J is used to generate correlation
functions. For E not a multiple of the identity matrix, we prove a universal al-
gebraic recursion formula which gives all higher correlation functions in terms
of the 2-point function and the distinct eigenvalues of F. The 2-point func-
tion itself satisfies a closed non-linear equation which must be solved case by
case for given E. These results imply that if the 2-point function of a quartic
matrix model is renormalisable by mass and wavefunction renormalisation,
then the entire model is renormalisable and has vanishing S-function.

As main application we prove that Euclidean ¢*-quantum field theory on four-
dimensional Moyal space with harmonic propagation, taken at its self-duality
point and in the infinite volume limit, is exactly solvable and non-trivial. This
model is a quartic matrix model, where E has for N/ — oo the same spectrum
as the Laplace operator in 4 dimensions. Using the theory of singular integral
equations of Carleman type we compute (for N'— oo and after renormalisa-
tion of E, \) the free energy density (1/volume)log(Z[E, J]/Z[E,0]) exactly
in terms of the solution of a non-linear integral equation. FExistence of a
solution is proved via the Schauder fixed point theorem.

The derivation of the non-linear integral equation relies on an assumption
which we verified numerically for coupling constants 0 < \ < %
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1 Introduction

A rigorous construction of quantum field theories in four dimensions was not very suc-
cessful so far. In this paper we show that for ¢*-theory on four-dimensional Moyal space
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with harmonic propagation, taken at critical frequency and in the infinite volume limit,
much more is true: The model is exactly solvable.

We know that this is a toy model in so far as classical locality and Poincaré symmetry
are not realised and the Minkowskian continuation of that Euclidean model needs to be
investigated. On the other hand, the model

— carries an action of an infinite-dimensional symmetry group,

— is invariant under a duality transformation between position and momentum space
[LS02],

is almost scale invariant [DGMRO07],

is known to have a realisation as a matrix model (with non-constant kinetic term),
has perturbatively an infinite number of divergent but renormalisable Feynman

graphs [GWO05D].

Each renormalised Feynman graph has subleading logarithmic terms which make the
perturbatively renormalised correlation functions divergent at large energy. The model
and its solution touch many aspects of quantum field theory which we recall in the next
subsections. The reader in a hurry may jump to Sec. [.7

1.1 Perturbative, axiomatic and algebraic quantum field theory

Starting with the Lamb shift in the 1940s and culminating in the experimental tests of
the Standard Model, perturbatively renormalised quantum field theory is an enormous
phenomenological success. However, this success lacks a mathematical understanding.
The perturbation series is at best an asymptotic expansion which cannot converge at
physical coupling constants such as the electron charge e? ~ % In addition there are
physical effects such as confinement which seem out of reach for perturbation theory.
Therefore, the development of a mathematical foundation of quantum field theory that
permits non-trivial examples is one of the most urgent challenges in mathematical physics.

In the early 1950’s, Garding and Wightman gave a rigorous mathematical founda-
tion to relativistic quantum field theory by casting the unquestionable physical principles
(locality, covariance, stability, unitarity) into a set of axioms. These ideas were published
years later [Wight|, WGG64, [SW64]. The difficulty to provide non-trivial examples to these
axioms motivated the development of equivalent or more general frameworks such as Al-
gebraic quantum field theory and Constructive/Euclidean quantum field theory. Algebraic
quantum field theory shifts the focus from the field operators to the Haag-Kastler net of
algebras assigned to open regions in space-time [HK64]. Fields merely provide coordinates
on the algebra. Over the years this point of view turned out to be very fruitful [Haa92].
One important advantage over the axiomatic setup is the natural possibility to describe

quantum field theory on curved space-time [BF(9].

1.2 FEuclidean quantum field theory

Of central importance for us is the Euclidean approach. Wightman functions admit
an analytic continuation in time. At purely imaginary time they become the Schwinger
functions [Sch59] of a Euclidean quantum field theory. Symanzik emphasised the powerful
Euclidean-covariant functional integral representation [Sym64], which yields a Feynman-
Kac formula of the heat kernel [Kac49]. In this way the Schwinger functions become the
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moments of a statistical physics probability distribution. This tight connection between
Euclidean quantum field theory and statistical physics led to a fruitful exchange of con-
cepts and methods, most importantly that of the renormalisation group [WK74].

It is sometimes possible to rigorously prove the existence of a Euclidean quantum field
theory or of a statistical physics model without knowing or using that this model derives
from a true relativistic quantum field theory. This is, for instance, the case for the model
constructed in this paper. Sufficient conditions on the Euclidean model which guarantee
the Wightman axioms were first given by Nelson [Nel71]. These conditions based on
Markov fields turned out to be too strong or inconvenient. Shortly later, Osterwalder
and Schrader established a set of axioms [OS73|, [OS75] by which the Euclidean quantum
field theory is equivalent to a Wightman theory. The most decisive axiom is reflection
positivity which yields existence of the Hilbert space and a positive energy Hamiltonian.
The Euclidean approach together with the Osterwalder-Schrader axioms turned out to be
the key to construct relativistic quantum field theories in dimension less than four. Two
successful methods were developed: The correlation inequality method [Gin70, [(GRST5]
relies on positivity and monotonicity of Schwinger functions and is suitable for bosonic
theories. The phase space expansion method [GJS74, [GJ87, [Riv91] works both for bosonic
and fermionic theories. It uses lattice partitions and iterated cluster and Mayer expansions
to control the utraviolet limit of the theory. It can also typically establish that the
Schwinger functions built constructively are the Borel sums of their ordinary perturbative
series. The cluster expansion [GJST4] is also used to prove a mass gap in the spectrum
of the Hamiltonian.

1.8  Solvable models

Under solvable models we understand models in quantum field theory or statistical physics
where all correlation functions can be exactly evaluated in terms of “known” functions,
at least in principle. With a few three-dimensional exceptions, solvable models were
established only in one or two dimensions.

The first field-theoretical example was the Thirring model [Thi58] which describes a
quartic self-interaction of a Dirac field in 1+1 dimensions. In the massless case, Johnson
[Joh61] found the exact expression for the 2- and 4-point functions. This work was
extended by Hagen [Hag67] and Klaiber [KIa67] to the explicit solution of any correlation
function. The massive case is more complicated; we mention the construction of the S-
matrix by Korepin [Kor79] using the Bethe ansatz [Bet31]. Another famous model that
is exactly solvable is the Schwinger model [Sch62], or QED in 2 dimensions.

Many 2-dimensional models of statistical physics are known to be solvable. The first
one was the 2-dimensional square-lattice critical Ising model [[si25], which after important
work by Kramers and Wannier [KW41] was solved by Onsager [Ons44] using the transfer
matrix method. The list of more involved exactly solvable models contains the 6-vertex
model (or ice model) solved by Lieb [Lie67], the 8-vertex model solved by Baxter [Bax71]
and the hard hexagon model also solved by Baxter [Bax80]. The quantum inverse scat-
tering method [Fad95] and Yang-Baxter equations [Jim90] are important tools for these
achievements.

The Ising model turned out to be the prototype of a discrete series of solvable two-
dimensional field theories: the Minimal Models in conformal field theory [BPZ84! [FQS84].
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Minimal Models correspond to highest-weight representations of the Virasoro algebra
at central charge ¢ = 1 — ﬁ. Some of these models give non-trivial realisations
of the Osterwalder-Schrader or Wightman axioms. A solvable model of different type
in conformal quantum field theory is the Wess-Zumino-(Novikov-)Witten model [WZT1],

Wit84] whose solutions are realised by affine Kac-Moody algebras.

1.4 Constructive methods

Constructing a model means to prove for a specific candidate Hamiltonian or Lagrangian
the axioms of Wightman, Haag-Kastler or Osterwalder-Schrader. Thereby the Wightman
or Schwinger functions, although not computed/solved explicitly, are shown to have the
required properties. Constructing a model is less than solving it. However, most of the
solved models are disguised free fields whereas the constructed models are true interacting
field theories, unfortunately only in dimension < 4. For a historical review (that we used
already in the section on Euclidean quantum field theory) we refer to [Jaf00].

The first successfully constructed model is the ¢*-model in 2 dimensions, ¢3 for short,
constructed in a series of articles by Glimm-Jaffe [GJ68-72]. Whereas this was directly
achieved in the Wightman or Haag-Kastler setup, the Euclidean approach was decisive for
the generalisation to the P(¢)s model [GJST74, [GRSTH], i.e. a two-dimensional scalar field
with polynomial interaction. The construction of ¢3 [GJ73, [FO76] turned out to be much
harder. There is a stability problem which was overcome by renormalisation group ideas.
Another problem not present in two dimensions is the inequivalence of representations of
the canonical commutation relations for the interacting and the free field.

Perturbatively, these models ¢3, ¢i and P(¢), are all super-renormalisable. It is
therefore not surprising that a construction of the ¢4-model (which is perturbatively just
renormalisable) faces far more problems. In 4+ ¢ dimensions, the ¢*-model does not exist.
As shown by Aizenman and Frohlich [Aiz81] [Fr682], the model is trivial , i.e. it only exists
if the coupling constant vanishes. Related to triviality is the appearance of Landau poles
[LAK54], first discovered for quantum electrodynamics (QED,): The [-function which
describes the running of the coupling constant when changing the scale could develop a
singularity at finite momentum cut-off. This means that the theory is only consistent
below that cut-off, or has to be trivial if the cut-off is removed. Perturbatively, the (-
function of ¢j-theory develops a Landau pole, which together with the triviality of ¢f, .
strongly suggests (although a proof is still missing) that ¢} cannot be constructed.

There is a variant of the Euclidean A¢j-model, the wrong-sign model A < 0, which
can be constructed if restricted to planar graphs [tHo82l [Riv83]. Because of the wrong
sign and the resulting instability, this Euclidean model does not give rise to a model of
relativistic quantum field theory. We mention this model because it shares some aspects
with the model we study and solve in this paper. Our model also restricts to the planar
sector, but as result of the thermodynamic limit and not by hand. Our model is stable
but violates locality in the traditional sense. It is unknown so far whether or not our
model satisfies a non-local variant of the Osterwalder-Schrader axioms.

Recall that QEDy, is ruled out for the same Landau pole problem [LAK54]. It is there-
fore important that non-abelian Yang-Mills theory is asymptotically free [GWT73| [Pol73]
and as such does not have a Landau pole (in perturbation theory). This means that
Yang-Mills theory is a candidate for a constructive quantum field theory in four dimen-
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sions. Unfortunately, Yang-Mills theory is too difficult so that its construction is an open
problem [JW00]. A toy model of asymptotic freedom is the Gross-Neveu model [GN'4],
a generalisation of the Thirring model to N-component fermions. In two dimensions this
model (GNj for short) is perturbatively renormalisable but not super-renormalisable. The
construction of (GNjy) was achieved in [GKS85L [FMRSS85] and constitutes the first example
of a constructed just renormalisable quantum field theory.

1.5 Noncommutative geometry

Our present fundamental physics rests on two pillars: Quantum field theory and General
relativity. One of the main questions in this area concerns the matching of these two
concepts. In perturbative quantum field theory, the standard model which correctly
describes all experimentally observed particles is renormalisable, whereas general relativity
which correctly describes all observed gravity effects is not. The renormalisation group
tells us that non-renormalisable interactions are scaled away. To put it differently, the
existence of gravity means that space-time cannot be viewed as a differentiable manifold
over all length scales. From the numerical value of the gravitational coupling constant the
renormalisation group estimates the fundamental scale at which the manifold structure
breaks down: it is the Planck scale 1072 m. The most active approaches of quantum
gravity all agree on the assumption that space-time is fundamentally different at the
Planck scale; there is only disagreement about the structure which replaces it.

The approach to quantum gravity which is relevant for this paper is noncommutative
geometry [Con94]. Noncommutative geometry has its roots in the mathematical descrip-
tion of quantum mechanics. It has been vastly developed over the years and achieved
spectacular success in mathematics. Its relevance to physics comes from the fact that both
Yang-Mills theory (as a classical field theory) and general relativity are unquestionably
of geometrical origin. Noncommutative geometry achieved, on the level of classical field
theories, a true unification of Yang-Mills theory, and even of the whole standard model,
with general relativity [Con96, [CC96]: General relativity put on a noncommutative space
which is the product of a manifold with a discrete space is nothing but Yang-Mills theory.
The astonishing picture which results is that the breakdown of the manifold structure of
space-time already occurs at the much larger length scale given by the Compton length
of the W and Z bosons of the standard model. This breakdown is mild; what at larger
distances is a point of space-time becomes a couple of points at scales shorter than the
standard model scale. But once accustomed to this idea it is natural to assume that
passing to shorter and shorter distances there could be a cascade of phase transitions in
which the manifold structure of space-time fades out more and more.

Quantum field theory as defined by the Wightman, Haag-Kastler or Osterwalder-
Schrader axioms relies on the manifold structure of space-time. In giving up the manifold
one has to adapt the axioms. A reasonable replacement is not yet available. One of
the reasons is that whereas noncommutative geometry has a clear concept of compact
manifolds with Euclidean signature [Con0§]|, it is unknown how to describe non-compact
manifolds with Lorentzian signature. Therefore, the focus has been on Euclidean quantum
field theories on noncommutative manifolds. Because of their functional integral realisa-
tion, such models are easy to define: It suffices to specify a parametrisation of the fields
and an action functional for them. Scalar fields, for instance, can classically be viewed



as sections of a vector bundle over the manifold. In noncommutative geometry, such sec-
tions form a projective module over an algebra, with the algebra itself being the simplest
example. The traditional pointlike interaction of scalar fields is then translated into the
product in a noncommutative algebra.

The simplest examples are given by deformations. This means that one takes the same
continuous or smooth functions on the manifold as parametrisation but equipped with a
deformed product %. Rieffel showed [Rie93] that if the manifold carries an action of R? by
translations, as it is the case for Euclidean space, it is possible to turn this group action
into a deformed associative product. Doplicher-Fredenhagen-Roberts studied quantum
space-time arising from space-time uncertainty relations at the Planck scale [DFR95],
Filk derived the Feynman rules for deformed Euclidean space [Fil96], and in 1999 many
authors showed perturbative one-loop renormalisability of a number of models. Shortly
later Minwalla, van Raamsdonk and Seiberg discovered a severe problem at higher loop
order, the so-called ultraviolet/infrared mixing [MVS00].

A possible way to cure this problem for the ¢j-model has been found by us in previous

work [GW05D]. Tt leads to an action functional which has 4 relevant/marginal operators
Z, 112, X\, Q (instead of 3):

4 _ Z2)\
S = /R4 dac(§¢(—A + Q%207 2|2 + o + T¢*¢*¢*¢) (7). (1.1)

Here © is the deformation matrix which defines the x-product. We have been able to
show that the resulting model is renormalisable up to all orders in perturbation theory.
In addition, a new fixed point appears at {2 = 1. At one-loop order the theory flows
into this fixed point, leaving the ratio % constant [GWO04, (GWO05c]: In contrast to the
usual ¢j-theory, the running coupling constant is one-loop bounded. The group around
Rivasseau then showed that for the critical case {2 = 1 the S-function vanishes up to three
loop order [DR07], and finally succeeded in proving 5 = 0 up to all orders in perturbation
theory [DGMRQT]. In this way, the Landau pole problem is tamed.

Vanishing of the S-function is often a consequence of integrability. It was therefore
conjectured that the model ([I.1I) at critical frequency 2 = 1 has a chance of construction.
The construction was searched in two directions. There is the loop vertex expansion
developed by Rivasseau [Riv07hb] which combines the Hubbard-Stratonovich transform
with the Brydges-Kennedy-Abdesselam-Rivasseau forest formula [BK87, [AR94]. This
method already proved useful in traditional constructive quantum field theory [MROS,
RW12| and has been applied in [Wanl2] to the two-dimensional version of (ILIl). The
second approach was proposed by us in [GW09]. By extending the Ward identities and
Schwinger-Dyson equations used by Disertori-Gurau-Magnen-Rivasseau in [DGMROT], we
derived a self-consistent non-linear integral equation for the renormalised 2-point function
of the model (II]). This is a non-perturbative equation, which we solved perturbatively
up to third order in the coupling constant.

1.6 Matrix models

The large-NA limit of SU(N) Yang-Mills theory led to matrix models with dominant
planar diagrams [tHo74]. Since that observation, matrix models play an important role in
mathematical physics: Triangulations of two-dimensional manifolds as simple models of



quantum gravity coupled to matter led to many studies of matrix models [DGZ95]. The
IKKT [IKKT97] and BFSS [BFSS97] models are important as reductions of string theory
models. Of great interest is the observation [BK90, [DS90, [GM90] that in the double
scaling limit of matrix models a new phase transition occurs.

The partition function of a one-matrix model as toy model for 2D gravity is given
by Z2 = [dM exp(—)_, antr(M™)), where the integral is over (N x N)-Hermitean
matrices and the «, are scalar coefficients which may depend on N. In the double scaling
limit o, = Nt, and N — oo, the partition function becomes a series in (¢,) which
can be expressed in terms of the 7-function for the Korteweg-de Vries (KdV) hierarchy
(see [DGZ95| for a review). There is another approach to topological gravity in which
the partition function is a series in (¢,) with coefficients given by intersection numbers
of complex curves. Witten conjectured [Wit91] that the partition functions of the two
approaches coincide. This conjecture was proved by Kontsevich [Kon82] who achieved the
computation of the intersection numbers in terms of weighted sums over ribbon graphs
(fat Feynman graphs), which he proved to be generated from the Airy function matrix
model (Kontsevich model)

/dM exp ( — %tr(EMZ) + %tr(M3))
Z[E] = ’ (1.2)
/dM exp (— str(EM?))

where i = —1 and F is a positive Hermitean matrix related to the series (t,) by t, =

(2n — D!ltr(E~n=Y). The large-N limit of (L2) gives the KAV evolution equation, thus
proving Witten’s conjecture.

The Rieffel deformation of Euclidean space can be described by a matrix product
[GVS8§]. Langmann, Szabo and Zarembo showed [LSZ04] that the model for a complex
scalar field ® with interaction (® « ®)? in an external magnetic field B = ©~! which is
dual [LS02] to the deformation matrix gives rise to a matrix model with partition function

/ﬁMwﬁem(—umei—MﬁMMU@yTmywwmumnnmmmgwmmn

the model is exactly solvable but trivial. In joint work with Steinacker [GS06] [GS08], one
of us used the relation of the Langmann-Szabo self-dual noncommutative ¢*3-model to
the Kontsevich model to perform a non-perturbative renormalisation and to extract the
running of the asymptotically free ¢*3-model in 6 dimensions.

In this paper we relate the Langmann-Szabo self-dual ¢**-model (which in contrast to
¢*3 is stable) in 4 dimensions to a matrix model with partition function

/demp@aJM)—uumﬁ>—gumﬂ»

Z[E,J,\ = (1.3)

/dM exp ( —tr(EM?) — %tr(M4))

The matrix E is fixed by identification with the noncommutative field theory, but our
key results hold for general E. The external source J is used to generate correlation
functions. We prove a universal algebraic recursion formula for all higher correlation
functions in terms of the two-point function and the eigenvalues of E. The formula implies
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that if the two-point function is renormalisable, then all higher correlation functions are
renormalisable, too, with vanishing S-function.

For the specific case of the ¢**-model in 4 dimensions we identify a scaling limit
N —00 in which we can also prove existence of the two-point function. Thanks to the
recursion formulae, this provides the exact solution of the model, which in contrast to the
Langmann-Szabo-Zarembo model is non-trivial.

It is tempting to speculate that there might be relations to mathematical structures
which are the analogues of KdV hierarchy and intersection theory of complex curves to
which the Kontsevich model is related.

1.7 Outline of the paper

This paper is a far-reaching generalisation of our previous work [GW09]. We first define
in Sec. [ a general framework of field-theoretical matrix models for a compact operator
M on a Hilbert spac. Whereas the interaction is, as usual, the trace of a polynomial
in M, the kinetic term is tr(EM?) for a selfadjoint unbounded operator E with compact
resolvent. The action of the group of unitaries on Hilbert space induces an infinite number
of Ward identities. In Theorem we turn this Ward identity into a formula for the
second derivative of the partition function. This is the most crucial step which goes far
beyond previous glimpses [DGMRO7, [GW09] of that formula. It is then straightforward
to algebraically derive in Sec. Bl the Schwinger-Dyson equation of any correlation function
(i.e. including non-planar functions and with several boundary components) of the matrix
model, and not only the planar 2- and 4-point functions as in [GW09].

In the infinite volume limit, the non-planar sector with genus g > 0 is suppressed,
but there remain non-trivial sectors which have the topology of a sphere with B punc-
tures/marked points/boundary components. Accordingly, the theory is given by the set
of (N1+ ... +Np)-point functions, where the i® boundary component carries N; external
sources. For B = 1 we prove that the 2-point function G| satisfies a non-linear equation
for that function alone. The matrix indices a, b label the eigenvalues { £, } of the external
matrix F in (L3), which may occur with multiplicities. For a real theory with M = M* we
prove in Sec. an algebraic recursion formula which computes any (N > 4)-point func-
tion G\y,..by_,| in terms of G|qp and the eigenvalues of the external matrix £. The solution

Gy Gogby —Gogbg Gogby
(Ebg—Eby ) (Epy —FEpg) *

The N-point function Gy, 4, _, has a similar structure, namely a sum of fractions with
products of two-point functions in the numerator and differences of eigenvalues of E in
the denominator. This structure can be visualised in a graphical manner, see Sec. 3.5
We put the indices by, ..., by—1 in cyclic order on a circle and symbolise a factor Gy, by

a chord between b;,b; and a factor ﬁ by an arrow from b; to b;. This produces the
non-crossing chord diagrams counted by the Catalan numbers, decorated by two oriented
trees, one connceting all even vertices and one connecting all odd vertices, subject to the
condition that any of the trees intersects the chords only in the vertices. The solution for
N € {4,6,8} is given explicitly.

In Appendix [A] we extend these results to (N;+N)-point functions. The Schwinger-
Dyson equations for the (141)- and (2+2)-point functions are linear in the top degree

for the 4-point function is remarkably simple, Gpp,p0p5 = (—A)

We write ¢ instead of M in Sec.[2l For this outline we write M to be consistent with (L3)).



and depend otherwise only on the N-point functions already known. Given these basic
functions, any other (N7+Ns)-point function with one N; > 3 is again purely algebraic.
This pattern continues to arbitrary (N;+...-+Npg)-point functions: The basic functions
with all N; < 2 satisfy linear equations to be solved case by case, whereas the higher
functions with one N; > 3 are universal and purely algebraic.

The main consequence of these universal algebraic recursion formlulae is that if
the 2-point function is renormalisable by wavefunction and mass renormalisation E +—
Z(E+ %), A= Z2\, and if this renders the basic functions with N; < 2 finite, then
the whole quartic matriz model with action tr(EM? + %M‘l) is non-perturbatively renorm-
alisable and has vanishing [-function (Theorem B.2). To the best of our knowledge such
a statement for the quartic matrix model was not known before; it came in this generality
completely unexpected for us.

So far this applies to any field-theoretical matrix model with cut-off. One example
is the model (1)) of a four-dimensional noncommutative quantum field theory which
we recall in Sec. 1 By results of Gracia-Bondia and Vérilly [GV8S8], the model has
a matrix realisation. As shown by us and together with Gayral in [GW12, (GWTI], the

model has, as a noncommutative geometry, a finite volume of diameter \/7 , where 6 is

the deformation parameter which determines the x-product. Since €2 = 1 is fixed, going
to the thermodynamic (infinite volume) limit amounts to the limit § — oo. The limit
(Q =0, 0§ — o0) was already emphasised by Minwalla, Van Raamsdonk and Seiberg in
[IMVS00] and then further studied by Becchi, Giusto and Imbimbo in [BGI02, BGI03] in
the renormalisation group framework. Becchi et al found for graphs in momentum space,
and we confirm this for whole functions at {2 = 1, that the non-planar sector is scaled
away but there remains a non-trivial topology in form of spheres with several holes (they
called them ‘swiss cheese” in [BGI02]).

Moreover, and this is the key to all further progress, the infinite volume limit 6 —
oo turns the Schwinger-Dyson equation for the basic 2-point function into an integral
equation (Sec. [.3)). Performing the wavefunction renormalisation in order to prepare
for the continuum limit A — oo, this integral equation for the 2-point function G, at
continuous “matrix indices” a, b € [0, A?] is cubic in Gy, and has a singular integral kernel.
In our previous work |[GW09] we have already arrived at this point. The focus there was
put on a perturbative solution up to third order in the coupling constant which revealed
certain number-theoretic properties. In this paper we arrange the equation in different
manner. In this way we recognise that the equation for G, is linear in the function
with a,b # 0 and non-linear only in its boundary value G,9. Even more, the resulting
linear equation at given boundary G, is the well-studied Carleman type singular integral
equation [Car22l Tri57, [Mus65]. Using the known solution of that particular Riemann-
Hilbert problem, we solve exactly the equation for G, in terms of G,o. But because the
2-point function is symmetric, and Gg, = Gy is solved in terms of G, this gives rise to
a consistency equation G = TG

2
Gy = 7 exp /dt/ dp (Cp) s (1.4)
L+ (AMpGro)™ + (1 + tGpo + ATpHy [G.O])
Here, Hy is the Hilbert transform HY [f(e)] = — hm hm / /
T A—=oo e—0 te —



The big progress over |[GW09| is that the non-linear operator T is, although still
complicated, an improvement operator: We prove in Sec. that for A > 0 the operator
T satisfies the assumptions of the Schauder fixed point theorem which therefore guarantees
that (L)) has a solution (b +— Gyg) € CA(R,) which is monotonously decreasing, positive,
and vanishing together with its derivative at infinity.

To be precise, the consistency equation (L4]) relies on an assumption which we do not
check. In an accompanying paper [GW13b] we study (4] numerically and validate this
assumption for coupling constants 0 < A < \* = % For A > \* we find that the required
symmetry Gu, = Gy, does not hold for the numerical solution of (L4]). We trace this
back to the non-trivial solution [Tri57] of the homogeneous Carleman equation which we
have put to zero in the derivation of (L4). The additional term is related to a winding
number [Mus65|] for the boundary value of an analytic function. It is very well possible
that at A* one enters another sheet of the logarithm which would provide a continuation
of the solution to A > % Moreover, the non-trivial solution of the homogeneous Carleman
equation also affects the uniqueness proof. All this is left for future investigation.

In sec. we determine the effective coupling constant A,y = —Goooo explicitly in
terms of A and the fixed point solution Gyy. In agreement with the general Theorem
that all renormalisable quartic matrix models have vanishing S-function, A.g differs only
by a finite factor from the bare coupling A. This confirms at non-perturbative level the
perturbative result of Disertori, Gurau, Magnen and Rivasseau [DGMRO7] that the self-
dual noncommutative ¢j-model has vanishing 3-function.

Our solution for the 2-point function and the universal algebraic solutions for higher
correlation functions can be seen as summation of infinitely many renormalised Feynman
graphs. We check in appendix [Blthat the perturbative expansion (at next-to-lowest order)
of our exact results coincides with the Feynman graph computation.

We stress again that this is an exact solution of a Fuclidean quantum field theory. But
thanks to the explicit knowledge of all correlation functions it should be possible in not
too distant future to decide whether or not the model satisfies reflection positivity. An
affirmative answer is not impossible in view of the positivity and monotonicity properties
of the 2-point function. We are convinced that in perturbation theory there is no chance
to settle this question. We feel that getting thus far with this model was only possible
because there is a deep mathematical structure behind which is still to be discovered. We
hope that the novel methods we developed and the fascinating results we obtained might
be relevant also for realistic quantum field theories in four dimensions.

2 Ward identities in matrix models

A classical scalar field on R? is (e.g.) a continuous function ¢ € Cy(R?) vanishing at oo.
The space of such functions forms a commutative C*-algebra and hence is realised as a
bounded linear operator on Hilbert space. One natural translation of existence of the
mass term fRd dx m;aﬁz(x) to noncommutative operator algebras is to require that ¢? is
a trace-class operator, which is the case if ¢ is a Hilbert-Schmidt compact operator on
Hilbert space.
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2.1 Field-theoretical matriz models

A matrix for us is a compact operator on Hilbert space H. For the Hilbert space H = C"
this is an ordinary n x n-matrix, for H = ¢*(N) an infinite matrix and for H = L*(R")
an integral kernel operator. Accordingly, we let I be a set of indices, which can be finite,
countable or continuous.

We let A; be the algebra of matrices ¢ = (¢ap)aper associated with I, i.e. the vector
space of maps I X I 3 (a,b) — ¢a € C equipped with the product (¢¥)as = Y .c; Pacteb-
For continuous I the space A; is the space of integral kernels ¢, = ¢(a,b), and the above
sum is a short-hand notation for the integral Y _; ¢octher = [, du(c) ¢(a,c)v(c,b) with
respect to a measure p on /. It might be convenient to also allow for weight factors in
discrete sums, (¢¥)ap = D .cs MePacPeh-

Recall that for continuous I a matrix (¢y;) defines a compact operator on H = L*(1, )
(in fact a Hilbert-Schmidt operator) if (¢q,) € L*(I X I, ux p1). The case of infinite discrete
I is then a special case for the Dirac measure. For 1) = (1)) in the trace-class ideal of
compact operators we let tr(¢) := Y14, be the trace (tr(¢) := ", fta¥qq in presence of
a measure), and ¢*, = ¢y, defines the adjoint matrix of ¢.

We consider Euclidean quantum field theory for a single real scalar field ¢ = ¢* € A;
living on a space of volume V. At a later point we will pass to densities in the infinite
volume limit V' — oo so that we must carefully keep track of volume factors. The field
theory is defined by an action functional

S[¢] =V tr(E¢* + P[g)]) . (2.1)

Here, P[¢] is a polynomial in ¢ with coefficients in R, and S;,:[¢] = V tr(P[¢]) would
be a standard matrix model action. Being interested in a situation closer to field theory,
we need an analogue of the kinetic term [, dz $¢(z)(—A¢)(z) involving the Laplacian.
We therefore let E to be an unbounded selfadjoint operator on Hilbert space with compact
resolvent. This means that the resolvent (E —i)~! is a compact operator on H, i.e. a
matrix, so that by little abuse of notation we can view E as a matrix, too. To make sense
of V tr(E¢?) we require ¢ to belong to an appropriate subspace of the compact operators
such that F¢? is trace-class. Note that the Kontsevich model [Kon82] with action (L2)
fits into this setting, with the resolvent of E being trace-class.
The action (2] gives rise to the partition function

Z[]) = / Dl) exp(—S[g] + V tr(6J)) | (2.2)

where D[@] = [], yc; d¢ap is the extension of the Lebesgue measure defined on finite-rank
operators to the space of selfadjoint matrices ¢ € A; for which E¢? is trace-class. By
J € A; we denote the external source. The partition function gives rise to connected
correlation functions by

B IW[J]
- 0Jyay - 0Jpa,

W] = ~log 2[J] (2.3)

<S0alb1 e (panbn>c : V

The functional W[J] is the free energy density which should have a limit for V' — oo.
Unless [ is finite, the resulting index sums may diverge and require a renormalisation.
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2.2 Ward identity

The action of the group U(H) of unitaries on Hilbert space induces an adjoint action of
U € U(H) on bounded operators, A; > ¢ — UpU* € A;. We let ¢V := UpU*. Since the
adjoint action preserves the space of selfadjoint matrices and ¢ is a dummy integration
variable in the partition function, one has

217 = [ Dlo) expl-Sl6) + Vex(61)) = [ DIo¥] expl(=S[e") + Vea(s" ) (24)
For finite matrices A = A*, B € M,(C), the Jacobian of the transformation A — BAB*

is det 2B4AE° = (det Bdet B*)". In particular, det 224 = 1 for U € U(n). Therefore,
the transformation formula for ¢¥[¢] yields

0= /D[gb] {exp(—S[ng] + Vir(¢pJ)) — exp(=S[UoU™| + Vtr(UgbU*J))} (2.5)

for any unitary U. Note that the integrand itself does not vanish because V tr(E¢$?) and
V tr(¢J) are not invariant under ¢ — ¢V. Linearisation of (2.5) about U = id gives for
the action S[¢] = V tr(E¢? + P[¢]) the system of Ward identities

0= /D[(ﬁ} <E¢2 — ¢*E — Jop + ¢J) exp (— S[¢] + Vir(eJ)) . (2.6)

Note that (2.6]) is a matrix equation, which means that for an infinite index set I there is
an infinite number of (scalar) Ward identities. By adjoint action with U we can always
achieve that the external matrix F is diagonal, F,,, = E,,0m,. In this case the system
takes the form

0= / Dig] Y ((Ep — E4)pn®na — Jpn®na + Jnaqbpn) exp (— S[g] + Vtr(¢J)) . (2.7)

nel

1.9
V 0Jps?

Writing under the integral ¢, =
[DGMROT]):

we finally obtain (this was first derived in

Proposition 2.1 The partition function Z[J] of a real scalar matriz model with action
S[¢] = Vir(E¢* + P|]), where Epp = Epbpy is diagonal and Pl¢] a polynomial in ¢,
satisfies the system of Ward identities

(B,— E.) 02 Y 0z
0= T2 g 92N apel. (28
> (y Donddry T aJ,m> “Pp € ( D>

nel

We shall make a technical
Assumption 2.2 The map ¢ : I — R defined by «(m) = E,, is injective.

This assumption is in fact less restrictive than it seems. For fixed potential tr(P|[¢]),
the partition function is completely determined by the spectrum o(FE) of E and the
spectral density. Since E is selfadjoint and has compact resolvent, o(F) is discrete and
has finite-dimensional eigenspaces. Moreover, by achieving E to be diagonal we have
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already placed ourselves in an eigenbasis of F/. The requirements on £ thus imply that [
is necessarily countable, and the chosen diagonalisation yields a bijection between I and
the set {(e,n.) : e € o(E), n. € {1,2,...,dim(ker(E — ¢))}. This means that index
summations over m € I of a function f which depends only on the spectrum of E but
not on the multiplicity can be partitioned into

dimker(E—¢)
> f(m) Z > flen) =) dim(ker(E —¢))- f(e) .
mel e€o(E ne=1 eco(FE)

Now the new summation over o(F) > ¢ with measure dim(ker(E — ¢)) is automatically
injective. In other words, the Assumption already covers the general case if we include
an appropriate measure in the index summation. In order to make use of Proposition 2.1]
we need at least two indices a # p with E, # E,. This means that the only case which
we really exclude is the standard framework of matrix models V tr(E¢?) = V p?tr(¢?) for
which there are highly developed technologies [DGZ95]. Note that this F = p?idg does
not have compact resolvent on infinite-dimensional Hilbert spaces.

2.3 Fxpansion into boundary components

Feynman graphs in matrix models are ribbon graphs drawn on a genus-g Riemann surface
with B boundary components (or punctures/holes/marked points/faces) to which the
external legs are attached |[GWO05al]. Diagonality of the external matrix E,,, = Epndmn
guarantees that the matrix index is constant on every face (i.e. single line of the ribbon).
This means that the right index b of a source J,, coincides with the left index of another
source J., or of the same source Jy,. Accordingly, there is a decomposition of the free
energy density W[J] = - log Z[J] into products of J-cycles Jy,p, Jpops = Jpn_1pn Jpupr =
Jpn, where P = py ... p, stands for a collection of n indices. The decomposition according
to the longest cycle reads

W =W+ S (

L=1 ni,...n,=0 j
np>1

nan>ZG|P1 |PL |..|PE]... \HHJPJ. (2.9)

L
=1 PJ cli j 11371

The total number of J-cycles in a function G|P11|m|p1 \..|PE|..|PE | with N = Z]Lﬂjnj

L || P PE, -
external sources is its number B = n;+- - -+ny, of boundary components. For convenience
we also list those terms of this decomposition which contain at most four sources:

1 1
WJ] =WI[0] + Z GlpJpp + Z {QGlquJquqp + §G\plq|JppJqq}

pel p,qel
1 1 1
+ Z {gGlplq\rl‘]ppJquW + §G\p|qr\<]pp‘]qr<]rq + §G|quIJPquTJTp}
p,q,rel
1 1 1
+ Z {ﬂGIP\QITISIJppJquTTJSS + ZGlplqlTSIJppJqurstr + gGlpq\TS\Jququrstr
p,q,r,sE1
1 1
+ gGlp\qm\JppJqTJrstq + ZGlquSIJququrstp} + O(J6) . (2-10)
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In the sequel it is important to understand that the decomposition into cycles also
persists for coinciding indices. For example, G\ppJppJpp is topologically different from
G pip| JppJpp- We keep track of this distinction by a continuity argument. For that we use
an appropriate embedding I C R¥ and a corresponding extension of F,, to any C'-function
(continuously differentiable) on R* with local extrema outside I. Perturbatively, the
coefficients G| | are rational functions of E,, so that they become differentiable functions
of the indices, too. Identifying the connected functions by functional derivative of W with
respect to Jy, it is then important to perform the derivative at generic indices, e.g.

O*W OPW

Gl = =0l Gty = — 20 .
lpdl aJpanqp J:O,q;ﬁp’ [Pldl 8Jpp8Jqq J=0,q9#p

The case of coinciding indices is then obtained by continuity, G,y = lim,_, G|, and
Gl = limg—p Gpjg)-

We are now going to prove the following Ward identity, which is the key to solve our
model.

Theorem 2.3 For injective m — E,,, the partition function Z[J] of a real scalar matriz
model with action S[¢] = V tr(E¢* + P[]), where Epy = Epdmn is diagonal and Plg] a
polynomial in ¢, satisfies the system of Ward identities

AN 1% 0Z[J] 0Z[J]
00Ty Sap (VW) + VW) Z + E,— B, ( APyl 0Ty ) ’
el nel (211)
[ee) ') L
=Y Y (=) X (T 72 )~
L=0n1,..,n,=0 j=1 " P: i J=li;=1
(G|a|a|P1| 1PE L+ Y Glpi P, anlP?l. 1P|
nel

L
D D Gmlpi jana ol \P,%L|JW1JW"'J%—sn)’

k=3 n,q1,....qx—3€l

’

=22 (M) ()

'jn]

> > (H H Tpi ) (ﬁ 11 JQ,k)GIa\PI 175 G lalQl.1QE | } :

P] e[] Qk e[k jzllj—l k= 1lk 1

Proof. In Z Ritis = Z (V OWLJ] V28W[ |owl ]>Z[J] we write

= 0Jan0Jnyp ajmajnp Oan Oy
PW[J] ) 2.reg OW[J] OW[J] ) e
gy, deWal I W] =50 =g = = S Wal ]+ W 1)

where 8,,W:[J] contain all terms in which the derivatives generate a factor d,,, and
Wired[J] are the remainders. Applying the functional derivatives to (2.9) we derive the
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92W[J)
Jan0Jnp

structure of W}, W2 as given in the Theorem. Namely, a d,, arises in if (in that

order)
e both % and % act on different J-cycles each of length 1, or

e both % and % act on the same J-cycle of length 2, or

0
3 np

second derivative % then acts on Jp,, in that chain.

acting on a J-cycle of length £ > 3 gives the chain Jyy,Jyq, - - - Jgo_sn- The

OWLJ] OW[J]

In Z7=5 T the only possibility to generate a 0,4y is to let

e both % and % act on J-cycles each of length 1.

The combinatorial factors in (2Z9) are reproduced after a shift. It is straightforward to
also write down the remainders W *9[.J] in explicit form; but as we do not need this we
refrain from listing the result.

We consider the case a # p. On one hand this implies d,,W = 0, on the other hand

we may divide the expression in Proposition 2.1] by @ # 0 to obtain
1% 0Z[J] 0Z[J]
= S (AWl 4 YRz = (o Ty ) (212
a 7é p nzé;( ap + ap ) nze; Ep _ Ea P at]an 8an ( )

It is now important to realise that the identity ([212]) also extends to p = a. Namely, the
partition function and its derivatives such as W™, W27 are completely determined by
the entries F,, in the external matrix. Extending m — FE,, to a differentiable function,
the rhs of ([Z12) is at least continuous at p — a by 'Hopital’s rule and agrees with the
lhs for which there is no obstruction to go to p = a. This finishes the proof. O

3 Schwinger-Dyson equations
3.1  Strategy

A standard procedure in quantum field theory consists in expressing the fields ¢ in the
interaction S;,;[¢] = V tr(P[¢]) of the partition function (2.2)) as derivatives with respect
to the sources,

Z[J] = / D[4] exp ( S [%%]) exp (= Vtr(E¢?) + V tx(])) .

In this formulation the Gauflian ¢-integration can formally be carried out and gives

10 Jmnd,
Z[J =C (—Sm[——D VL DE) ., (L)p= Y 2mmm (3.1
[]] exp v a7 exp(2< >E) (J, ) e mnejEm+E" (3.1)
The constant (possibly ill-defined) prefactor C' will be omitted. The power-series ex-
pansion of e~ Sintl¥ 57) gives gise to Feynmagl graphs, but since the expansion looses the
distinction between e~ Sintlv 667] and etSintlv 27!, the expansion does not converge. A better

1

strategy is to keep e Sm[v 37! intact and instead let functional derivatives Opg = %%
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act on W in order to produce the connected functions G in the expansion (2Z.9]). These
“external” derivatives combine with the “internal” derivatives in e St[va7) to certain
identities called Schwinger-Dyson equations. It turns out that for each function G the
Ward identity of Theorem can be used at an intermediate step to generate new rela-
tions.

We shall demonstrate this for the regular (i.e. B = 1) two-point function Gq. As

usual we impose a # b so that 0 = (%)‘JZO. We have
o 1 0*(log 2)[J] ‘ 1 *ZlI] 11 9Z[J] 1 90Z[J]
Y 0000y Vim0V Z[0] 0J0e0Jup =0V Z[0] Odpe li=0Z[0] OJw ls=0

1! 0 ~Sult ) 9 %uns
“vamton ot
"B, i B (B, + ;zb)z[o] { <¢“ba((;<iz:t)> [%%} }Z[J] ‘J:O : (3.2)

A
For the most general interaction S;,,;[¢] =V Z Z kqbplm “ Opp_ i Ppepr WE have

( Sznt (_)\k) ak:—2 02
(¢ab OPap > [V 8,]} Z Z k-1 0 Jppy - - 0T 50 Tpa OJan @Iy , (33)

k=3 n,p,p1,....pk—3€l

. . . . 2
i.e. in any part we encounter the two-fold derivative ﬁ known from Theorem 2.3
anUJdnp

This appearance of is a general feature of any connected function G.

0Jq 8]

3.2 Schwinger-Dyson equations for a ¢*-model: B =1 cycle

We now specify to the case Sp[¢] = V 24tr(¢*). We first evaluate (B.2) using (3:3) and
Theorem [2.3] taking a # b into account and the fact that Gy = 0:

oL (—4) {32((V2W5[J] + VW) Z[J])
T B+ By | V3(Ey+ Ey)Z[0] 0Jay0 e
Vv 0? 0Z 0Z
+ J m - Jna_
g;f E, — Eq 01,3000 ( "D dom aan> }J:O
1 (=) g1
= Ea I Eb + (Ea n Eb) {VG|ab\ <G|a|a| + nZEI G\an\)
V2 (G\a|a\ab| + ; G|an|ab\ + G|aaab| + G\baba|>
1 o Glabl = Gy | 1 Glap — Glopy
+VZ Ep—Ea +V Eb_Ea } ' (34>
pel
To obtain the last line one has to use 37~ = V Z|0 ](G|an|Jm + Oan qul Glalgl Jgqg + (”)(JQ))

and %‘i = VZ[ ](G‘pn‘Jpn + (Snp qul G‘p|q|Jqq + O(J2)).
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In a similar manner we obtain for pairwise different indices a, b; the following equation
for the regular (i.e. single-cycle) (N > 4)-point function:

Glaby.oby_1| = (=) { N (VWL + VW2[JI)Z[J))

V?’(Ea + Eb)Z[O] 8Jab18Jb152 - anN72bela‘]bN71a

V oN 0Z 0Z
=+ J m - Jna .
p,nZEI Ep — Ea aprlanle s anN—2bN—1anN—1a < P &Lm aan) }JZO

Since all indices a, b; are pairwise different, the first line gives V2W[0] + VW2[0] times
the application of all derivatives to Z[J] plus Z[0] times the application of all derivatives
to (V2WLJ] + VIW2[J]). In the first case there is actually only a contribution from
the application of all derivatives to log Z[J] = VW/[J], because the indices are pairwise
different. The second line is a sum of terms where one of the derivatives acts on J,,

minus the action of J,, ,, on J,,, with all other derivatives acting on %iﬁ and %i[i],

respectively. Depending on the Kronecker-§ arising in this way, the derivatives acting on
) ) .. oNz[J]
Z ither form a singl le or les. For the derivati
[J] either form a single cycle or two cycles. For the derivative AN ST Y Y -
special care is needed in the cases p = b;. Either these are the necessarily arising cases in
ok Z[J]
Jbyb1 0Jb1by 0Tty 11y,

derivatives which form a single cycle, or the derivatives form two cycles

ON—Fz[J]
8kabk+1"'8JbN—2bN—1JbN—1bk
its action on log Z[J]. For the case of two cycles there are two possibilities: Either both
act on a two-cycle contribution of log Z[J], or on one-cycle contributions of 5 (log Z[J]).
With these remarks we find, noting that each log Z contributes a factor V/,

and

with one common index b,. The single-cycle cases reduce to

G\ab1---bN—1|
20
-7 - 1 Gaa+ Gan)Ga
Ea+Eb1 V | ‘ | %; ‘ ‘ ‘ b1~~-bN—1|
1 N-1
+ W <G|a|a|ab1...b1\],1| + Z G\an\abl...bN,ﬂ + G\aaabl...bel\ + Z Glbl...bkabk...bwfla\)
nel k=1
N—-1
_ i Z Gipby.on_1| — Glab..by 1| _ l Z Glor..bplorsr . bn—1bn] = Glor. by lbpsr.by—1al
\% e E, - E, Vv — E,, — E,
72
G -G a
. Z G\bl...bzl\ |b2l+1--~beg:2l‘ — E|b2l+1~~bN71 |} ‘ (35>
=1 bau “

In Appendix [Al we derive the Schwinger-Dyson equations for functions with B = 2
boundary components.

3.8 An algebraic recursion formula for a real field theory

The generating functional W[J] for connected N-point functions is real. For real fields
¢ = ¢" also the source J is real, ie. J = J* or Jy, = Jg. Selfadjointness of E

implies £, = E,. Therefore, the expansion coefficients of W[J] in ([29) are all real,
G‘p11|m|P%L = G|P11\...|P,§L|- This is clear in perturbation theory where the G|P11‘m|p7%L| are
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represented by ribbon graphs made of propagators EaJlrEb and vertices (—A4). It fol-
lows non-perturbatively from the reality of the equations (B.4)), (85) and their (B > 2)-
analogues, possibly after a decoupling of these equations by genus expansion introduced
in section 3.4l These considerations imply for the B = 1 sector

§ : G|P0---p1v71|‘]pop1 T JPN72PN71JPN71PO - E , G\po---pNA\JPOPNA‘]PN71PN72 T Jplpo .

PO, sPN—1€1 POs--PN—1€1

Renaming the indices py <> py_y for k € {1,2,... %} we notice that N-point functions
are not only invariant under cyclic permutations but also invariant under reversal of the
order of its indices (or orientation reversal), and this extends to arbitrary B > 1:
G\pép%mp}vl,l|'~~\p€p15~~p53,1\ - G\pép}vl,p.p%|~~~|p§pﬁB,1~~plB| : (3.6)
The equation (B.0]) is an empty condition if all N; < 2. But as soon as N; > 2 for at least
one 1 <17 < B it allows us to completely solve G|p1p1 Pl L|pBpP.pB | iDL terms of the
0P1--PNn; -1l IPOPT - PNp—1

functions having all N; < 2. Here we demonstrate this for B = 1. The case B = 2 and
an outlook to B > 2 is given in Appendix [Al

Starting point is (B.5) which we multiply by (E, + Ep,). From the resulting equa-
tion we subtract the equation obtained by the same procedure but with renamed indices
b < by_p for 1 < k < % From (B.8) we conclude (E, + Ep,)Glap,..bn 1| — (Fa +
Evy )Glaby 1.00] = (B, — Eby)Glaby.by_y|- On the rhs of (B.3) all terms not having £,
in the denominator cancel by (3.6]), leaving

N-1
£ B G Y Glor..bp o bn—1bx] — Gl blbpsr...bx_1al
( by — bN—l) laby..by—1| =

V k=1 Ebk - ECL
. G|bN—1---bN—k|bN—k—1---b1bN_k| - G|bN—1---bN—kbN_k_l...b1a|)
EbN—k - E,
N—2
2
A G G|b2l+1~-~belbgl\ - G|b2[+1...bN,1a|
T M b1.bai| = — %
=1 b a
-G G|bN*2171'~-ble72l| B G|bN72171...b1a|
|bn—1--bN—2i] E — £ .
b 2 a

Rearranging the sums to common denominators Ej, — E, and taking (B.6) into account,
we conclude:

4)-point function at B = 1 of a

Theorem 3.1 The (unrenormalised) connected (N >
2+ ’%qﬁ ) is for injective m — E,, given

real scalar matriz model with action S = Vtr (E¢
by the algebraic recursion formula

N—2
p)
G‘ = ( A )Z Glbobl---b2l—l|G|b2lb2l+1---bN—l| - G|b2lb1---b2l—1‘G|b0b2l+1---bN71‘
boby..by—1] — \T M
(Ebo - Eb2l)(Eb1 - EbN—l)

=1

N-1
4 (_)‘4) Z G|bobl---bk—1\bkbk+1~-~b1\1—1| - G|bkb1~--bk—1|b0bk+1-~-bN—1\ . (37)
(Ebo - Ebk)(Ebl - Equ) ]

k=1
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The equation ([3.4)) for G|q is not algebraic. It involves sums over the index set [
which in general will diverge for infinite I. One would try to absorb these divergences
in a field redefinition ¢ — v/Z¢ in the initial action S = Vitr (E¢? + 261) and a mass
renormalisation of the smallest eigenvalue of E. This amounts to replace FE, — Z (Ea—i—“Q—Q—

2
Prare) and Ay — Z2\y. Remarkably, these replacements leave (B7) invariant. Anticipating
a similar recursion formula for B = 2 we can formulate this observation as follows:

Theorem 3.2 Given a real scalar matriz model with action S = V tr(E¢? + %gb‘l) and

m > Ey,, injective. If the basic functions Gp,|...psx|porsiporsel...loy—1px| With at most two

sources per cycle are turned finite by renormalisation E, — Z(E, + “72 — %) and \y —
Z?\y, then all (N>4)-point functions Gy, ..by_,| are finite (at least for pairwise different
indices) without further need of a renormalisation of \y. This means that all such ¢*-
matriz models have vanishing B-function.

All higher correlation functions are given by algebraic recursion formulae in terms of

renormalised basic functions Gp,|.. s lposs1ponsel..lox—1ox|- [

There remains some worry about G|ys,..b5_,| at coinciding indices. In perturbation
theory these are rational functions of Ej, so that the £, — Ej, in the denominator of (3.7)
cancel. In a thermodynamic limit V' — oo and % > ic; finite one can hope that the basic
functions Gp,|...1posIporriponisllpv_1pn| DECOMeE smooth functions of continuous indices so
that the limit to coinciding indices can exist.

Observe that the limit V' — oo eliminates the second line of ([B.7). We show in
section B.4] that this agrees with the restriction to the planar sector. In section 3.5 we give
a graphical solution of the planar part of (3.1). This involves non-crossing chord diagrams
counted by the Catalan numbers.

We recall that Disertori, Gurau, Magnen and Rivasseau proved in [DGMROT] that the
S-function of self-dual noncommutative ¢}-theory vanishes to all orders in perturbation
theory. We have generalised the strategy of [DGMRO7] to a very general class of ¢?-
matrix models and proved by Theorem B.2 that all these models have a non-perturbatively
vanishing B-function, provided that the two-point function is renormalisable.

3.4 The genus expansion

Our strategy will be to perform the infinite volume limit V' — oo in such a manner that
the the densitised summation % Zpe ; has a limit. This is achieved by relating a cut-off
in the index sum over p € I to the volume. This limit scales away all terms in (3.4), (8.5)
and (3.7) with more inverse powers of V' than the number of index summations. We argue
in this subsection that the contributions which are scaled away in this limit are precisely
the non-planar parts of genus g > 1. These arguments are not necessary to understand
the rest of the paper so that the reader may jump to (3.10) and (3.11]) which summarise
the scaling limit of (3.4) and (B.7). In fact the direct scaling limit (V' — oo, 7 Y-, finite)
avoids the infinite sum over all genera > 1 which can at best be expected to be Borel
summabldd,

Perturbatively, the connected functions Gp,_| Pr | are expanded into ribbon graphs,
the matrix analogue of Feynman graphs. A ribbon graph represents a two-dimensional

2We thank the referee for this remark.
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simplicial complex and as such encodes the genus g of a Riemann surface on which the
ribbon graph can be drawn. We thus decompose the connected functions according to
the genus, G P|.PE | = Z;io G’|(Ig:,)11‘._.‘ PE I We are not going to discuss the convergence of
this series. We shall see in Proposition that this expansion can be viewed as formal
power series in V=29, Understanding the resummation of this series for large enough V
would be an interesting problem of constructive physicsZ,

The Schwinger-Dyson equations of subsection [3 describe how a given connected func-
tion G|a|p11|m|p%L‘ or G|abp1~-~pk72|P1k+l|--~|PT%L‘ is represented as a contraction of the special

(planar) vertex (W) or (gbami2 . qﬁplb%), which carries the external source J,,
or Ju, to a smaller subgraph. This contraction may increase the genus. We have invest-
igated a similar problem in [GW05a] and use these results to identify the topology of the
various contributions to the Schwinger-Dyson equations. We can summarise the outcome

of [GWO05a] as follows:

Proposition 3.3 i) Attaching one leg of a (planar) vertex to a connected subgraph
does not change the genus. If this attachment is to a J-cycle of length 1, then the
other legs of the distinguished vertex form a cycle of its own. If the attachment is to
a J-cycle of length > 2, then the other legs insert in cyclic order into the connected
chain.

i) Joining two legs of different cycles of a connected graph increases the genus by 1.
At the same time, these two cycles are connected to a single one, unless both are of
length 1 in which case both cycles disappear.

iii) Joining two legs of the same cycle of a connected graph does not change the genus.
The cycle disappears if before the contraction it was of length 2. If the original cycle
was of length k > 3 and neighboured legs are joint, then the remaining legs form a
single cycle of length k — 2. If the original cycle was of length k > 4 and legs are
joint which are not neighbours, then the joining splits the original cycle into two,
one consisting of the ‘inner’ legs relative to the contraction, the other one of the
‘outer’ legs. 0

We now identify the topology of individual parts of Ward identity and Schwinger-
Dyson equations. We start with the two parts W![J], W2[J] in Theorem 2.3t W?2[J]
arises by insertion of (¢?),, into a connected function of W, and W[J] arises by joining a
pair of disjoint connected functions from W - W via the vertex (¢?),,. In the application
to Schwinger-Dyson equation later on it will be important that (¢?),, is part of a larger
vertex (¢%)pa(¢®") e, similar to B3)). The r legs of (¢®")(,) have to be taken into account
in the cycle structure. We find:

1. G|a|a‘P11|_”|pT%L‘ arises by contracting two cycles of the same graph, each of length

1, via (¢*),e. We are in the situation of Proposition B3lii) so that the genus first
increases by 1. But if (¢?),, is actually part of a larger vertex (¢?),q(¢")ap, then
the remainder (¢"), forms a cycle of its own although notationally not visible in
GajalP} ... PL |- If these derivatives in the cycle (¢")s contract to h of the cycles
|PL,...,|PL |, then the genus further increases by h. The total increase of the
genus is thus by h + 1.
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2. GP11|...|P&1|an|P12|.‘.|P/;~L| arises by joining both legs of a cycle of length 2 via (¢?),a.
According to Proposition B3liii), the genus first is unchanged. The original J-
cycle disappears in this way, but the remaining part (¢“"),) of the vertex forms
again a cycle of its own. If these derivatives in (¢*"),) contract to h of the cycles
|Pl|,...,|PL |, then the genus further increases by h.

3. GP11| IPE=2, [nanas...ax_s|PE]..|PE, also has unchanged genus according to Proposi-

tion B.3liil) after connection of the cycle of length & > 3 via (¢?),,. However,
the final cycle structure is more involved: Assume the vertex is ¢p,¢na(¢")@s,) and
to be inserted into the cycle Jy, o Jooai Jarae - Jgnoqr_,- We first contract ¢,,, with

Janstirs IVING & Opg,,Opg,_,- According to Proposition B.3l1), the legs of the vertex
insert into the cycle, giving

Jqu qufh Jq1q2 T qu73n¢na(¢®T>(bi) : (*>

In the second step ¢, is contracted with J,,, , giving a d4p0,4,. Since k > 3 and
r > 1, the two legs ¢,, and J,,, are not neighbours, so that according to Propos-
ition B.3liii) the cycle (*) is split into two cycles Jng, Joigs =+ Jgp_yn and (%),
When GP%|~~.\P§,:lenanq1. ars|PEL.IPE | is used in a Schwinger-Dyson equation, the J-
derivatives encoded by (¢®")«,) necessarily connect to h > 1 different J-cycles, and
this increases the genus by h.

4. Gy py)..|PE |G\G|Qi| o' | arises by connecting two length-1 cycles of different sub-
nr lmy

graphs via (¢?),,. According to Proposition B.3li), the genus is unchanged. The
remaining part (¢®")p,) of the total vertex (¢?),a(¢®")w,) forms a cycle of its
own. In Schwinger-Dyson equations, this cycle connects to A > 1 other cycles
in G|@|P11|---|P%L|G|@IQH---IQTLJL,I’ thus increasing the genus by h.

5. Jpn %?, J] —Jna af][‘]] Here we have to expand Z as polynomial in connected functions
G and apply the above discussion case by case.

For the single-cycle two-point Schwinger-Dyson equation (3.4]) we thus have:

() _ _ Og0 A 1 @) 9" @) ")
Cal = E4 By, (Bt Eb) (v X clctity DI IRCHCH

g'+g9"+1=g nel g'+g"=g
(9-2) 9= | 9 1) (g-1)
<G|a\a|ab| + Z G\an\ab| \aaab\ G|baba\>>
nel
(9) (9) (g—1) (9—1)
LM <_ 3 Clay =Gy 1 1 Gy =Gl > (3.8)
B+ B)\V E—~E V E-h
G(g_l)fG(g_l)

The very last term “"bﬁl—w has genus increased by 1 because two different cycles

are connected by the external vertex. Similarly, the equation (B.3]) for the single-cycle
(N > 4)-point function has the expansion
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G(g)

|ab1 b1l

(@) (") 1 () (")
E +Eb1{ Z ZG|0"| |aby...bn — 1|+V Z G|a|a\G|ab1 by 1|

g'+g'"'=g nel g'+g"+1=g

1 (9-2) (9-1) g—1)
+ W<G|a\a|ab1 N +ZG|an|ab1 Ny +G|aaab1 by + ZG|bkabkbk+1 .by_1aby...by_ 1|>

nel
(9) (9) N-1 ~(9-1) (g-1)
ot Z G|Pb1 1] G\ablmbeﬂ o i Z G\bl Dplbrg1---bn—1bg] G|bl~~-bk\bk+1~-b1\1—1a|
pGI Ep Eq 4 k=1 Ebk — E,
(9") (9")
B Z Z G|b21+1~~bN71b2z| B G|b2l+1~-~bN71l1| (3 9)
|b1 oy E’b2l - B, ’ ’

I=1 g'+g'"=g

The same expansion extends to (B.7). In particular, we have proved

Proposition 3.4 The (unrenormalised) planar connected N-point functions Gmb1 b

at B =1 in a real ¢*-matriz model with injective external matriz E satisfy the recursive
system of equations

© A0
a0 _ 1 Ay Gl = Glap)

= — G(O) |pb|
bl B, + By,  (E,+ Eb Iabl Z jap| T (E, + E,)V Z E,—-E,
pel (3.10)

N2 ) (0) (0) (0)
(0) = (=) i G|b0b1~~b2171|G|b2zb2l+1~~bN71| B G|b21b1~~b2171\G|bob2l+1~~-bN71‘ (3.11)
[bobi...bN—1] (Ebo - Ebzl)(Ebl - EbNA)

=1
In the scaling limit (V — oo, % > per finite), the full function and the genus-0 function

. . . 0) L
satisfy the same equation so that im = voe G @ =1Hm | voe  Glappy|- U
v Lper finite v Zper finite

The equation (BI0) is a remarkable closed equation for the planar connected regular two-
point function alone. This was already established in [GW09] by a different method, and
versions of ([3.10) for self-dual noncommutative ¢*-theory at a = b = 0 have already been
derived in [DGMRO7]. We have generalised the ideas of [DGMRO?] to a large class of
matrix models and obtained a self-consistent equation for G| bl for any matrix indices
a,b. Usual Schwinger-Dyson techniques give an open system of equations relating the
2-point function to the 4-point function, the 4-point function to the 6-point function, and
so on. In our setting, the Ward identity allowed us to break this system apart. There
is now one closed non-linear equation for the 2-point function alone and then a recursive
formula for the exact solution of all (N > 2)-point functions.

We stress that the two-point function is by definition symmetric, G ab| = =G\
this is not manifest in (B10)!

We observe in Appendix [Al that planar functions with B = 2 cycles scale with % for
V — oo. Inserted into (3.8)) and (8.9]) we see that functions with (¢ = 1, B = 1) then
scale with % This holds in general: the whole non-planar sector with genus g > 1 is
scaled away for V' — oo.

ibal> although
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Proposition 3.5 In the scaling limit (V — oo, % > ; finite), the (Ni+...+Ng)-point

function of genus g has a scaling

G(g) — Vl—B—QgGQ (312)

b BB B b, |- bP b8

pel

where Ggl LB BB
Lobhy | bP bR

Proof. We proceed by induction in g and B. The step from (B=1,g=0) to (B=2,9 =
0) is verified in (A.3)) and (A.8]). Then ([B.8)) and (B9) verify the step from (B =1,g = 0)
and (B=2,9 =0) to (B =2,g =0). Knowing that these matrix models have a universal

scaling degree in the combination B+ 2¢g [GW05b]) we confirm (B12)) in the general case.
0J

has a finite limit for V. — oo.

: _ Ny (9
Recall that the genus expansion reads G|b{..b}vl|...|b13...b§3\ = D gm0 G\b%...b}\,l|..4|b13...b]1\3]B|'

Expressing G in terms of the functions GY on the lhs of ([3IZ) which have a limit for
V — 0o we see that a genus-g contribution is suppressed by a factor V=29, There is even
a better argument why the whole non-planar sector with g > 0 is scaled away: As noticed
in Propositions [3.4] [A.1] and [A.2] the whole function and its genus-0 part satisfy the same
equation.

Note that ([BI2]) also suggests that N-point functions with B > 1 are suppressed by
a factor V~-(B=1) over the one-cycle functions. This is definitely true for matrix model
correlation functions. We give in section [£.7 an outlook to ongoing work in which we study
for the ¢*-model on Moyal space the passage from matrix representation to position space.
It turns out that all planar functions with (B > 1,9 = 0) do contribute to position space
correlation functions, whereas the non-planar sector remains suppressed.

3.5  Graphical solution of the recursion formula in the planar sector

In the limit V' — oo the second line of (B7) is absent, so that we obtain an algebraic
recursion formula in the B = 1 sector alone. For N € {4,6} we thus obtain
(0) ~(0) _ ~(0) ~(0)
|abed| (Ea o Ec)<Eb . Ed) ’
0)  ~(0) 0)  ~(0) (0) (0) 0) (©
G(O) _ (_)\4){ G\bobll \b2b3b455|_Glblbz\Glb:slesbol G\boblbzbsl \b4b5|_G|b1bzbsb4\ |bsbo| }
[Po--bs| (Ebo - Eb2)<Eb1 - Eb5) (Ebo - Eb4)(Eb1 - Ebs)
0)  ~(0)  ~(0) 0)  ~(0)  ~(0) 0)  ~(0)  ~(0)
(—\s 2{G|bob1G|b2b5G|b4b3 I G|bob3\G|b2b1|G|b4bs| n G\bob5|G\b2b3|G\b4b1|
€boba Cbaby b1 bs Cbsbs €b4bo Cboba " Ebsb3 Cbsby €boby €baby " Ebzby €b1bs
0 A0 ~O 1 1 1
* G|b0b1|G‘b2b3|G‘b4b5|<e L LT >
boba Cbabs *€by b3 Chsbs bobs Cbabs *Cb1bs Cbzbs boba Cbaba *Cbybs Cbsbs
0 A0 ~O 1 1 1
+ G|bob5|Gb2b1|Gb4b3|<eb €bybs*Ebsbs € N Choby Cbaby " Chsbs € * €boby Cbaby *Cbsby € )} ’
0ba Cbaba *Cbsbs Cbzby boba Cboba "Cbsb3 Cbsby bob2 Cbabs "Cbsb1 Cb1b3
(3.14)

where ey, := Ep, — Ep,;. The denominators arising in (3.14]) are not unique; we rearrange
them using the identity

1 1 1
_l’_

€b;b;Chiby,  CbbyChyb;  Cbyb;Cbib;

0. (3.15)
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We introduce a graphical representation for a contribution to G\(l?o)...bel\' We put the

indices by, ...,by_1 in cyclic order on a circle. A factor Gl(l?i )bj‘ is drawn as a thick chord

%+E as a thin arrow from b,, to b,. Reversing the

bn

arrow thus changes the sign. Later on we connect the arrows to trees where it will be
necessary to specify the root as a thick dot. The corresponding graphical description of

B.I3) reads
G\bo)b1b2b3| )\4 @ @ (316)

The two graphs are turned into each other by a rotation of f and possibly reversion of
both arrows.
Our rules give the following graphical representation of the six-point function (3.14):

between b; and b;, and a factor

two rotations
0 T

G|(b3...b5| = (—=\)? + by %

ke {1,2}

+(=M\)? @ @ @ +r(;)tat210n . (3.17)
y 2=

We first notice that only the 5 non-crossing pairings of the cyclic indices bgb,byb3b4b5
appear. The remaining pairing Gipgp, Gy, Grop, has a self-crossing. The non-crossing
pairings of 2n cyclic indices are counted by the Catalan number C,, = %

Note that the 4 possible products of even/odd paths starting with root by/b; are
distributed over the pairings in such a manner that the paths intersect the pairings only
in the vertices and every product of paths appears exactly once. Further rotation of the
first line by <%= 2t3 and of the second line by %= 2r2 give the same graphs after common reversal
of the arrows and use of the identity (B:IE])

These observations generalise to any planar N-point function at B = 1:

Proposition 3.6 The N-point function GI(I?(? is a sum with prefactors i(—/\4)%_1

bn—1|
of graphs with vertices by, . ..,by_1 put in cyclic order on a circle and (fat) edges between

b, by representing a factor G&)bl‘ and (thin) arrows from by to b, representing a factor

o 1 B We call by; an even vertexr and by 11 an odd vertex. In every such graph we have
k

(or can achieve via (313)):

1. Every even vertex is paired (by a fat chord) with exactly one odd vertez, and these
chords do not cross.

2. Taking any even vertex as a root, there is a an oriented rooted tree between all even
vertices. This even tree has no self-intersection and intersects the fat chord only at
the vertices.
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3. Taking any odd vertex as a root, there is a an oriented rooted tree between all odd
vertices. This odd tree has no self-intersection and intersects the fat chords only at
the wvertices.

Proof. By ([B.11), the N-point function G\(l?o)...bw_ﬂ arises by connections of 2/-point func-
tions with (N — 2[)-point functions via an even arrow and an odd arrow. We proceed
by induction and assume validity of the Proposition for the 2i- and (N — 2[)-point func-

tions, starting with G\(l?o)bll which is represented by one chord without any arrows. We can
symbolise (B.I1]) (without prefactor (—\4)) as follows:

b1
(0) (0)

% G|b0-<-b2l71‘

0) bai—1 b
Gl = — 0

[bo---bn —1]

=1 : by — =

~ 50 byt

[boy41---bN—1bo]

bar 41

Here, the x locates the vertices and the dashed line separates the 2[-point function from
the (N — 2[)-point function of which we do not show their inner chords and trees.

1) By induction in one of these smaller functions every even vertex is paired with
exactly one odd vertex. These pairings do not cross in the smaller function and
since they do not cross the dashed cut, there cannot be a crossing between chords
of the two smaller functions.

2) All even vertices in the 2/-point function and in the (N — 2[)-point functions are
connected by a tree which by induction has no self-intersection and intersects the
chords only in the vertices. The additional arrow from by to b; connects both trees
of [ and % — [ vertices to a larger tree of % vertices. It is geometrically clear that the
additional arrow intersects both the two smaller even trees and the chords precisely
in the vertices by and b;.

3) All odd vertices in the 2l-point function and in the (N — 2[)-point functions are
connected by a tree which by induction has no self-intersection and intersects the
chords only in the vertices. The additional arrow from b; to by_; connects both
trees of [ and % — [ vertices to a larger tree of % vertices. This larger tree does not
have self-intersections, but in general intersects the chord emanating from by. Since
a cyclic permutation of the indices interchanges even and odd vertices and hence
even and odd trees, by 2) it must be possible to use the identity (3.I5]) to rearrange
the odd tree in such a way that the possible intersection with the chord emanating
from by can be avoided. U

Proposition determines the planar connected N-point function up to the problem
to identify the product of even and odd trees associated with a given non-crossing chord
diagram. Due to (815 this product cannot be unique. We leave this question of canonical
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€bbg Ebobg Cbgby "Cbrbs €bsbg €bgby €bby Cboby €bybg "Cbrb by bg Cbgby €bbg Cboby €bybg "Cbrby €by by Cbybg
1 + 1 + 1
€bobg Cboby €bybg €7 bs €bsby by by €bobg Cbobg Cbgby "€brby €by by by by €bobg Cbgbo Cboby "Cbrbs €bgby €by by

1 1 ) (3.18)
€bobg Cbabg Cbgby "Cb7bs Cbsby €by b3 Eboba Cbgby Cbybg " Cb7bs Cb7bg Cb3by ’

We have used (3.15)) to bring the denominators for the last two products of Gy, into a
form which (in the sum) is symmetric in the even and odd indices and has a common
sign. A novel feature compared with the six-point function is the appearance of trees
with branches - 1 . 1 an 1 . 1 . Trees become
bobg Cboby Cbyby  Eb1bg b1 bs Cbsby Eboba Cboby Cbybs  Eb7bs Cbrbz Cbgby

unavoidable in the 12-point function where some pairings do not permit a non-crossing
rooted path. It seems natural to require that paired roots carry the same number of
branches. If we furthermore require that in 8-point functions only the root has more than
one branch, then the representation given in (BI8]) seems distinguished. Its graphical

representation reads

three rotations
Gy o = (=N by 2k,
ke {1,2,3}
\
= =
one
+ + -+ rotation

by %’r

(3.19)

seven rotatlons
27rk

ke{1234567}

Again we obtain all Cy = 14 non-crossing pairings of the cyclic external indices by, ..., b7
which give the products of Gfl?i )bj|.



4 Self-dual noncommutative ¢j-theory
4.1 Definition of the matriz model

In order to improve the problems of four-dimensional quantum field theory it was sugges-
ted to include “gravity effects” through deforming space-time. A simple example for such
a deformation is the Moyal space, which arises by deformation of the Fréchet algebra of
Schwarz class functions by the action of the translation group [Rie93],

Frow = [ TSR gty feesE). @)

Here, © = —0O' € My(R) is a skew-symmetric matrix. Although not required by the
general theory, for our purpose we need © to be of full rank, which implies that d is even.
The algebra Ae = (S(R?),*) is a pre-C*-algebra [GGISV03, Prop. 2.14]. The standard
R?-Lebesgue integral defines a linear functional which is positive [o,(f * f)(z) > 0 and
tracial [p.(f * 9)(z) = [za(g* f)(z). Therefore, GNS-construction gives rise to a Hilbert
space H = H; ® Hy on which there are commuting representations 7 ® id of Ag and
id ® 7 of the opposite algebra Ag. Restricted to Hy, any element of Ag is a compact
operator on Hy, in fact even a trace-class operator.

This means that we can define field-theoretical matrix models on Ag > ¢ by specifying
the polynomial P[¢] and the external matrix E. We take d = 4 and P[¢] = 22¢*. The
unbounded operator E should play the role of the Laplacian. However, the Laplacian A
on R? does not have compact resolvent. This non-compactness of A is the reason why
field theories based on action functionals such as

[ ds(5ol-a+ )6+ Foxonox0)@)
Re 2 4
have bad properties (UV/IR-mixing [MVS00]).

In our previous work [GWO05b] we found a way to handle this problem. We realised
that extending the Laplacian to the harmonic oscillator Hamiltonian (which has compact
resolvent!), the field theory defined by the action

S = G4 / d%(%qﬁ(—A 02207 | + p2)o + %gb* b % b * gb) () (42)

is renormalisable to all orders of perturbation theory. The perturbative renormalisability
was proved by renormalisation group techniques [GWO05b] and multi-scale analysis, both
in matrix representation [RVW06] and position space [GMRV06]. The model is covariant
under the Langmann-Szabo duality transformation [LS02]. It becomes self-dual at 2 = 1,
a point at which the S-function vanishes to all orders in perturbation theory [DGMROT].
Certain variants of this model have also been treated, see |[Riv07a)] for a review.

Writing the action functional (£.2)) in the matrix base of the Moyal space, see [GW05D]
GWO05a], one obtains a non-local matrix model in the sense that the ¢-bilinear term is
a tensor product tr(E - (¢ ® ¢)). We have studied the power-counting behaviour of such
matrix models in [GW05a]. By a sophisticated analysis of the tensor-product external
matrix E we proved in [GWO5b] the perturbative renormalisability of the model (Z2).
The action simplifies enormously at the self-duality point 2 = 1 where it becomes an
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ordinary matrix model in the sense of section 21 with diagonal external matrix E. In

terms of the bare quantities, which involves the bare mass .- and the wave function
1

renormalisation ¢ — Z2¢, the action functional becomes [GWO05D, egs. (2.5)+(2.6)]

S =V( Y Eudutuat ) v= (O (4.30)
m,neN3,
2 , 2
Fu= (gl + ) PATE S pbutut - 03)
m,n,k,leN3,

We have made use of the fact that, after an appropriate coordinate transformation in R,
the only non-vanishing components of © are O, = —09 = O34 = —O43 =: 6. We have
also absorbed the ground energy of the harmonic oscillator into a redefinition of fpgpe.
The prefactor 647 in (f2) is introduced in order to identify the volume V = (£)? instead
of the usual factor (270)? arising from the integral of the matrix basis. All summation
indices m, n, ... belong to N2, with |m| := my 4+ may. The symbol N3, refers to a cut-off
in the matrix size which later on will be made more precise. The scalar field is real,
Gun = Gnm- We then know from Theorem that there is no need of a renormalisation
A = ZyAren of the coupling constant.

4.2 Renormalisation of the two-point function

We now focus on the Schwinger-Dyson equation ([B.I0) for the planar regular connec-
ted two-point function Gfg;‘. From (43D) we read off Ay, = Z?\. The summation over
pel = N3, in (B.10) di;erges if we remove the cut-off N3, — N? and, therefore, re-
quires renormalisation. Renormalisation is defined by mnormalisation conditions for the
first Taylor coefficients of the one-particle irreducible (1PI) function I'y, related to G

|ab]
according to
(0) -1 4 2
G‘Qlj = (HQQ - ng) ) H@b = E,+ Ep = Z(E(m‘ + |[_)|) + Nbare) . (4‘4)
It is then an easy exercise to rewrite (B.I0) into the following equation for I
/\Z2 1 1 VA 1 pr - Fab
Ty === ( + )+ B ey )
o 14 pGZNJQV ngg - szg Hng - Fglz Vv pGZN%/ (Hng - Fng) %(|2_9|_|Q|)
We require
2 2 4 ren
FQQ = Zubare —p+ (Z - 1)§(|C_L| + |[_)|) + Pgl} )
Ti =0 (00" =0, (4.6)

where OI'"*" is any of the (discrete) derivatives with respect to ay, as, by, by. This implies
1
Gl

ab|

4
=Hyp —T'gp = §<|Q’ + |b|) + N2 - ngn . (4‘7)
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Hence, p is the renormalised mass, and both G‘(SZ| and I'}7" should be regular if the cut-off
in the matrix indices is removed. Inserted into (£5) we find

Ztpare — 1° + (Z = 1)g(lal + [b]) + T5"

-2y Z
V. 2 S(lal + Ip|) + p? — Tpen

peny, ?
A Z Z I — Ty
Y Z (4 2 ren 4 2 ren 1 ) : <48)
Ve, allbl ) 2 =Ty g6l [pl) 4 2 = Tt (el — lal)
Notice the different exponents of Z in the two tadpoles > LI Separating
P 5(lel+Ip)+p*—T5e
the first Taylor term (by putting |a| = |b| = 0) we obtain
Z/Ll%are - :U’Q
D S
VS alel b =TtV S AGlpl =Ty Glel a2 = Ty el
which inserted into (4.8)) gives
(Z = Dg(lal + [b]) + Tgg"
B A Z ( Z2 Z2 >
V &5 Nallal+lph) w2 =Togr - Glpl + 42 —Tg
V e Vel lpD) +p? =T glpl 4+ — T3
z Iy — Ty z T

- ren + ren - ) ! (49)
(0] + Ip) + p2 = T35 G(lpl = lal) — glpl + 12 = T35 5lpl

The next step consists in differentiating (4.9) at 0 with respect to a; and b; in or-

der to get a self-consistent system of equations for Z,I';;". It is now crucial that

(A3) depends only on the sums |a| = ai+ay, [b| = bi+by and |p| = pi+py of in-

dices. This degeneracy is first passed on to the bare two-point function I'y,. But then

the derivatives %||Q|,|b|:0 = %'\QWZ\:O and 6(21' lal,]b|=0 = %hg‘,@:g respect the degen—
eracy, so that also the renormalised two-point function Fggd depends only on the 1-
norms |a| = a;+as and |[b] = by+bs. Consequently, we can replace the index sums by

ZpeN?v f(|]_9|) = Z%:0(|]_9|—|—1)f(|]_7|), because there are |]_9| +1 possibilitiesﬁ to write |]_)| as
a sum lp| = p1+p2 with p1, p» € N. The cut-off lp| <N € N then specifies the previously
unclear symbol p € N3. In summary, [@J) takes with V = (¢)? from (@3a)) the form

(Z = 1)5(al + [o]) +T5"
N

=) X0+ 0 (g e )

p|=0 %(|Q| + [p|) + p* — I‘gz)n §|]2| e ngn

d_
3In d dimensions the measure would be (‘E‘;—_Q 1).
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N
42 Z A
~A(5) S el+1)( -
6/ = (0] + [pl) + p2 =Ty Glpl + 2 = T
Z I —Tat" Z 0"

) . (4.10)

+
(ol +Ipl) + 12 = Tyim 5(lpl = lal) — Flpl+p2 = Tp5" 5lpl

4.8 Integral representation

We study a particular limit in which the self-dual noncommutative ¢j-model converges
to a large-A limit of a certain matrix model. This limit is defined by sending 6, N — oo
such that

%j\/’ = 1%(1 + Y)A? = const . (4.11)

Here ) > —1 is a real number which we identify later in order to simplify our equation.
The number (1 + )) can be seen as a finite wavefunction renormalisation. This large-A
limit (LIT)) plays the role of a thermodynamic (infinite VOhlIIlGH) limit because it turns

the discrete norms |al, [b], |p| of matrix indices into real numbers a,b, p € [0,A?] defined
by
glal = 2L+ V)a, Gl =21+ V)b, Glpl = A +V)p, Tg"=:pTa .
(4.12)

In the very end we also have remove the cut-off A% in a continuum limit A — oo (thus
relaxing A = const in (£I1])). It is important that I'7¢" only depends on |a| and [b| so
that it converges to a function [0, A%]2 3 (a,b) + 'y € R. In the limit (ZI1), a sum over
|p| converges to

SN
M=

ﬂmm@qu+wA dp F2(1+ V)p) .

Therefore, the equation (LI0) converges to the following integral equation where the mass
p? drops out (we work with densities):

(Z-1)1+Y)(a+b)+Taw

A2 22 Z2
_ 2 o
- A“*y>A P (T I T P 1T T
A? Z Z
JR— 2 JR—
A“+y)l P (AT T T, P T T
A pr - Fab Z FPO )
b+p)(14+Y)+1-Tp 1+ p—a) pA1+IY)+1-Tp p(1+Y)

(4.13)

The powerful analytical tools available for integral equations are a huge advantage over the
discrete equations. On the other hand, in regions of the space of continuous parameters

4See [GWTIL, [GW12] where it is shown that the spectral action behind the model under consideration
yields for = 1 an 8-dimensional finite volume proportional to 6.
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where I' varies slowly we can expect the integral equation to be a good approximation for
the discrete equation (£I0) also for finite 6.

It turns out that the terms with Z2-coefficient in ({I3) need a subtle discussion. It is
highly convenient to eliminate them via the equation resulting from ([@I3]) at b = 0:

(Z—=1)(1+Y)a+Ty

A2 72 7Z?
J— 2 -
A(1L+Y) /0 Pdp((a+p)(1+y)+1—1“ap p(1+.’)7)+1—F0p>

AQ
Z al’yo — plag
+,\1+y/ d P .
( ) 0 pp(1+y)+1—r,,o (p—a)

The difference between ({I3]) and (£14]), expressed in terms of the dimensionless function

(4.14)

0 _ 1

Gop = 1°G : 4.15

P T G (T V) 1 - T (4.15)
reads

A2 Gpo _ Gpo

Z(14+Y)b— — + —A1+y/ dp 7S Goo 4.16

(49— g = M1+) [ pdp 252 (4.16)

From (16]) we obtain the desired equation for Z~! by putting a = 0, dividing by Z(14+Y)b

and going to the limit b — 0, where lim,_,o b( —1) =1+ Y and limy_,oGg, = 1 are
used:

A2 A2 G —G
lel—/\(1+y)/ dpG’po—)\lim/ dp =210
0 b—0 0 b

It will be convenient to choose ) as

A2
o : Gpp — Gpo
Vi A ) =

7 = (1+y)(1—A/0A2 dp Gpo) . (417)

Of course it remains to verify that —1 < ) < co. Multiplication of (L.I6]) by 6 +y) - and
elimination of Z~! via ([AI7) gives

A2 Gy — Gpo) — a(Glap — Glag) 222
>+Ga0:§/ dp (p( o — Gpo) — a(Gap O)Ga())‘ (4.18)
0 p—a

(Gab - GaO) <1 + b

bGaO

4.4 The Carleman equation

We make now the crucial assumption that Gy, is Holder-continuous, i.e.
Gy — Gap| < Cylp—al™  VO<a#p<A?, (4.19)

for some constants Cy, m, > 0. Under this assumption we may replace the singular integrals
by their Cauchy principal values:

A? G
/ dp 22— b hr% / / G =G . (4.20)
0 p €E—



Introducing the finite Hilbert transform

HA[f(0)] := = 15% / / (4.21)

we can rewrite the equation (LI8) as
(g 41t AZQGZQ [G'O]>Dab — MH Do) = —Guao (4.22a)
Dy = a@ . (4.22b)

The equation (A22al) is now a standard singular integral equation of Carleman type [Car22]
Tri57]. We cite from Tricomi’s book [Tri57]:

Proposition 4.1 ([Tri57, §4.4]) Let h € C(|—1,1]) and f € LP(]—1,1]) for somep > 1.
Then the singular integral equation

h(l’)g@(l‘) - )\WHa[QO(.)] = f<x> ) T e ]_17 1[ ) (4'23>
has the solution
sin(Y(x eHald]
o(x) = #(f(x) cos(V(z)) 4 =717, [e‘H‘W]f(o) sin(ﬁ(O))} + ¢ ) , (4.24)

| A7 B
Jamr o OO = @)

where the Hilbert transform integrates over | — 1,1[, and C' is an arbitrary constant.
The angle 9(x) obeys the identities [Tri57, §4.4(28)] and [Tri57, §4.4(18)],

e = cos(9(x)) + Ho[e P sin(v(e)] =1, (4.25a)
e cos(9(x)) — Ha [eH‘[ ]sm(ﬁ(o))} =1. (4.25b)

The solution ([f24) and the identities (25al) and (4.25D]) are unchanged if transformed
via p = A72(1 + ) to p € [0, A?] instead of z € [—1,1]. We make the following decisive

I(z) = aﬁgtﬂ?n (%) , sin(d(z)) =

Assumption 4.2 C'=0.

This assumption (or rather choice) will be discussed at the end of Sec. and in Sec. [l
Under this assumption the solution of ([£22al) is

sin(?j;(a)) (Gao cos(Dy(a)) + I [N G g Sin(ﬁb(.))D ,  (4.26a)

< AmaGgao )
1+ bGao + AmaHs [G.O}
The form ([£26al) of the solution of (A22al) is not very useful. We can simplify it enorm-
ously noting that ([4.26D)) is, for b = 0, also a Carleman-type singular integral equation

1
M cot ¥ (a)Gag — MHA[Guo] = e (4.27)

Dab:_

ﬁb(a) — arctan

4.26b
o (4.26b)

This equation has the following solution:

33



Gap = eMalP0l=H5[90] sin(do(a))
|A|ra

Proof. By (£.24)) the solution of ([A.27) is for C' =0

Lemma 4.3

Gao = sin(Jo(a)) (COSWO(G)) 4 eH’,}[ﬂo]H/C\L [BHA'WO} Sin(ﬁo(o))}) |

AT a °

Rational fraction expansion H [M] = 2(?—[1; [f(e)] — H [f (Q)D and the identity

[ ]
(4.25a) yield the assertion, where 9y(0) = 0 for A > 0 and J4(0) = 7 for A < 0, hence
cos ¥p(0) = sign(A), are used. O

For the Hilbert transform occurring in (£26a]) and for the investigation of the four-point
function later on we need the following addition theorem:

Lemma 4.4 For all 0 < a,b,d < A? one has
Arasin (Yq(a) — dp(a)) = (b — d) sin¥y(a) sindy(a) . (4.28)
Proof. This follows from insertion of (426D]) into cot Jy(a) — cot ¥4(a). O

This Lemma has several important consequences:

Corollary 4.5 1. For X\ > 0, the function b — Oy(a) is monotonously decreasing for
any fized a > 0. In particular, 9y(a) < Jo(a) for any 0 < a,b < A%

2. For A <0, the function b — ¥y(a) is monotonously increasing for any fized a > 0.
In particular, 9y(a) > 9o(a) for any 0 < a,b < A2

Proof. By continuity we can choose |b — d| small enough so that 7,4 := ¥4(a) — Up(a) €

] =5, %[ Then 744 and sin 7, have the same sign. Let b > d. Then from ([£.28) we

conclude 94 > 9 for A > 0 and 94 < ¥, for A < 0. O

The next step is the analogue of Lemma for the Hilbert transform occurring in

(E.26al):

Lemma 4.6
21 [e—H’i[ﬂb]G.O sin(ﬁb(O))} — —Slgr;()\)e_%wo] (eHﬁ[ﬁO_ﬁb] cos (ﬁo(a)—ﬁb(a)) — 1>.

Proof. We insert G from Lemma B3] into H [e‘”ﬂ‘%]G.O sin(dy(e))] and obtain with

E2):

ign(A
H[(} [G_H/‘\‘wb]G.o Sin(§b<.)):| _ Slglll)( )6—7{/(\)[190}%/; |:6'H1}[190—19b] sin (ﬁo(.)_ﬁb<.)):| )
Now the identity (4.25D]) yields the assertion. O

This allows us to prove the following remarkable formula for G :
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Theorem 4.7 The renormalised planar connected two-point function Gg, of self-dual
noncommutative ¢3-theory (with continuous indices arising as limit § — oc) satisfies
(under the assumption[{.9) the equation

Gy = S20(D) syl (4.29)
|A|ra

In particular, Ga, > 0 for all a,b € [0, A?].
Proof. Insertion of (4.22b)) into (4.26al) gives
sin(y(a))
ATa
We insert Lemma [£3] and Lemma (.Gt

_ —ngo]Sin("UQO(a)) HA[Do] _ sin (1, (a)) HA [90]
Ga=¢€ N e b S {e cos(Uy(a))

Gap = Gao — b (GaO cos(p(a)) + eHﬁwb]Hﬁ [e‘Hﬁ[ﬂb} Geo Sin(%('))]) :

pAEN m (eHﬁ[ﬂofﬁb] cos (Jo(a)—dy(a)) — 1)}} :

We express cos (Jo(a)—(a)) by its addition theorem and combine the sin-sin part with
eMaldol after the first “{":

_ —H[90] sin(do(a)) HA[Wo] o2 HA[9,) sin(Uy(a))
Gu =€ D e cos*(Up(a)) + e Sn(do(a)

— eMal%l gin (9, (a)) cos(Vy(a)) (L + cot ﬁo(a)) } .

ATTQ

Now ({26L)) implies 1 + cot ¥p(a) = cot Jy(a), and then the above equation collapses to

E23). O

Lemma 4.8 One has

A (Gpo)®
Y= )\/ dp 2 2
o (MpGho)® + (1+ AmpHA[Gag))

(4.30)

A2
d
Proof. To compute ) = —\ / o Dyo = —AnH5[Dep] in [@IT) we use the convolution
p

theorem for the finite Hilbert Otransform [Tri57, §4.3(4)]
Ho | 61(0)Halda] + G2(0)Haln]| = Halor (0)]Haln(e)] = p2(@)n(a) . (431)

With D,y given by (f.26al), we have to identify x = 0, ¢1(a) = eMal?ol sin 9y (a) and
pa(a) = e MalPIG 0 sin(dy(a)). With sindy(0) = 0 we obtain

Y= [smwo(.))a.o cos(ﬁo(.))} — A {’H’,‘ [smwo)e%wol} e~ MG sin (o (o))

+H [sin(ﬁo(.))e’ﬂ W] 2 [e_m Qe sin(ﬂo(o))} .
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Using (4.25D)) this equation collapses with cos ¢,(0) = sign(\) to

Y = sign(X) H e HIOHHOINIG o sin(dy (0))]
_ L s’ () /AQ dp
A2 Jo g p° o ()2 (1 + cot?(Wo(p))

where the second line follows from Lemma [£3] Now the assertion follows with (£.26h]).
0

It follows that ) > 0 for A > 0 and —1 < Y < 0 for A < 0 with |\| small enough. Now
observe that (EIT), Lemma 3] and (4.25D) give

~Hy[] A g
Z7'=(1+ y)(l — sign(/\)6 i / & sinﬁo(p)e%wd)
™ o P

=(14+Y) (1 — sign(\)e 0171243 [sin ﬁo(o)emwow — (1+ Y)sign(A)e Mol
(4.32)

It therefore follows that sign(Z~1) = sign(\) so that the case A < 0 leads to an unstable
action functional. We therefore discard the case A < 0 in the sequel.

4.5 The master equation

The identity ([£.29) allows us to compute G, once G is known, but (£29) alone is not
sufficient to determine Gyo. This is because we ignored so far the equation (AI4]) which
in terms of ({.I5) and after insertion of ({.I7) reads

Gpo

1 A? A a—ag
a— +1=-X1+ y)Z/ pdp (Gop — Gop) — )\/ dp — . (4.33)
a0 0 0 (p - a)
We introduce the Hilbert transform and insert (29) and (£32]):
A2 . .
0 )
1+ a— \macot 190(@) = _/ pdp <M€HI}LW;¢] — lim M Ho > )\ﬂ_aHA[ ]
0 wa a—0 s

(4.34)

We write sind,(a) = (1+ cot? ﬁp(a))_% = (1+(5& +cot 190(a))2)7% and use the following
limit for A > 0:

iy () = oty 0 iy 28 = (25

This gives:
Proposition 4.9 The function T, := Awacot ¥o(a), with To = 1, is determined by

a exp | H, Pt
T—1+a+”lm/ /+e (a+p\/lzk(m)2[ OHT:D

P exp (’HA[arctan A_;T}D
B 1+p ) (

4.36)
0
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This is a non-linear self-consistency equation whose solution yields the input data ¥(a)
and Yp(a) to evaluate the two-point function G, by Theorem .71

Unfortunately, (4.36]) is too complicated for further analysis. We therefore derive an
alternative equation from the symmetry Gy = lim,_,o G4. This requirement together
with Theorem [4.7] gives:

Proposition 4.10 The renormalised planar reqular two-point function Gy is determined
by the self-consistency equation

2
Gro = exp /dt/ — 2 |, (437)
14 b )wrpGpg ( +tGpo + )\WP’H% [G-O])

which is well-defined in the class of continuously differentiable functions on [0, A?].

Proof. The limit ¢ — 0 in (429)) yields with (4.35])

_ b a1 1 A dp
Gito = lim Gy = ¢ = oo (- ) - (p)) . (438)

Together with Corollary this formula already establishes that for A > 0 the function
b — Gy is monotonously decreasing and maps [0, A?] into [0,1]. The explicit formula

(4.317) follows from

e e W

and (4£.26D]) after exchange of the p, t-integrals.
The equation (£37) is meaningful on the class of continuously differentiable functions.
Namely, if G4o € C'[0, A?], then

p—e d
Apr/;[G.o =\p hm dq Gqo— log lg — pl
dgq

5—)0

A2
= )\p<GA2OIOg<A2 —p) —logp — / dg G log|q — pl) :
0

This shows that p +~— ArpH5[Ge] is a continuous function on [0,A%[.  Since
lim,,_, 52 )\71‘}97'[ [Gep] = —o0 and )mp?-[ [Geo] appears in the denominator together
with bounded functions, the integrand in (A37) extends to a continuous function on
[0,0] x [0,A%] 5 (¢,p). By the fundamental theorem of calculus we have

A2 2
4G _ —Gb0<L +)\/ dp 5 (Gro) 2> o (4.39)
db L+b 0 (ATpGro)” + (14 bGpo + ATpHA[Guo))

Since the ths is a smooth function of b € [0,A?], continuous derivatives of Gy exists
inductively to any order. ([l

Observe from (£.39) and (4.30) that dfgo o = —(14+ D).

The next task is to prove that the master equation (4.37) has a solution for any A > 0
and A? sufficently large, including the continuum limit A — oo. This will be achieved by
the Schauder fixed point theorem:
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Theorem 4.11 (Schauder) Let X be a Banach space, K C X a convex subset and T
a continuous mapping of K into itself. If T(K) is contained in a compact subset of K,
then T has a fized point.

The main road to establish compactness for X being the space of continuous functions
on a compact Hausdorff space is the Arzela-Ascoli theorem. There exist generalisations
to differentiable functions and to locally compact Hausdorff spaces. The setup relevant
for our situation is contained in [CCMXII] that we specify to our case. Let

Co(Ry) :={f : Ry — R continuous and bounded , tlim f(t) =0}
— 00
Co(Ry) :={f:R. =R : f f continuous and bounded , Jim f(t) = lim f'(t) = 0}
—o0

t—o0

be the spaces of continuous and continuously differentiable functions on R, respectively,
that vanish (together with their derivative) at co. These are Banach spaces with norms

[ flloo = super, [f(#)] and [|f|I'c = supier, [f()] + supser, [f(#)], respectively. One has

Proposition 4.12 ([Avr69, Lemme 1]) A subset K C Co(Ry) is relatively compact if
and only if it is uniformly bounded, equicontinuous on R, and uniformly convergent at
00.

We recall that a subset K C X is relatively compact in the topology induced from X if
its closure K is compact. A subset K of continuous functions on a metric space (M, d) is
equicontinuous if for every e > 0 there is a uniform ¢ > 0 such that |f(t) — f(s)| < € for
all f € K and all s,t € M with d(s,t) < d. For subsets of C}(R.) one has:

Proposition 4.13 ([CCMX11, Thm. 3.1]) A subset K C Cj(R,) is relatively com-
pact if and only if

1. K':={f" . fe€ K} is relatively compact in Co(R),
2. For every e > 0 there is a L > 0 with Hf‘[LOO[HOO <eforal feK.

The following operator T} is well-defined on the subset of positive functions in C} (R, )N
Li1(R,), for any 1 < ¢ < oc:

1 b [e's) dp
(Inf)(b) := exp (—/\/dt/ 5 vy ) . (4.40)
ToHF [f(9)]) 2
1+b 0 0 (/\71'}?) +(t+z}(—p))

The Hilbert transform maps differentiable functions to continuous functions on |0, oo,
with logarithmic divergence at p = 0. To see this we write for p > 0

0) =§/Opdq%+§/qu%, (4.41)

using the fact that Hﬁ [1] = 0. The second integral is bounded by Hélder’s inequality,
and its derivative with respect to p exists. In the first integral we have

/ 20t f(q) — flp+6) / *® . flq) — fp)
dq — dqg ————=
0 q—(p+9) 0 q—7p
P ) = fp+S) [ 5 flo—f)  flp+d)—f(p)
_/zp 4 q—(p+9) +/o dq<q—(p+5) P Ry () >
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Using the mean value theorem f(p) — f(q) = (p—q)f'(§) for some & between p and ¢, this
expression tends to zero for § — 0. Since lim, ,o pH; [f(e)] = 0, the integrand in (.40)
is a rational function of positive continuous functions on R, with denominator separated
from zero. Therefore the p-integral exists and is convergent for large p. The fundamental
theorem of calculus guarantees that (7} f) is differentiable.

The following even stronger result holds:

Lemma 4.14 Let A\ > 0 and assume that f € C}(R) satisfies
(A1) f(0)=1,
(A2) 0< f(b) < 135
f
(A3) 0< —(p + 53)) <,

for some C\ > 0. Let Py > 0 be the unique solution of 2AP#(1 + C>\>€CAP>‘ =1. Then

(C1) (T3/)(0) =1
(C2) 0 < (Taf)(b) < 5

L
+

L (DY)
(C3) 0< —(z5 + @pw) <z T w2

(Tr )" (®) 23 | 2 | T+8w 1
(C4> (%Af)(b) | < 1 + T + +2 (AnZPy)2 -

Proof. (C1) and ( 2) are obvious from (£40]). Integrating (A3) with initial condition

(A1) one has 61-}—1) < f(b) < 1 which is even stronger than (A2). In analogy to (E39)
we have

(T2f)'(b) I dp
_<(7§f)(b) +1+b>_)\/0 (Amp)® + (b+%;[f()]> : (4.42)

The rhs of (£42)) is positive, and it remains to show the bound (C3). Since f > 0 and
f' < 0 we have the following inequalities for the integrals in (A4T]):

o 1 142
Os/ dqf(Q)g log L%
o q¢—p ptl p

Y

q—Dp q€[0,2p]

02/2pqu>2p inf f'(q) > —2p(Cy+1) .

Collecting these results and using il +bb < f(b) < T +b we conclude
Lt ’\WJZ:Z{’; EAQ) P (1 — (1 + C,\)eCM’) . (4.432)
p

For fixed Cy > 0 the continuous function Ry > p — 2Ap%(1 + Cy)e®*? is monotonously
increasing and maps R, to itself. Let Py be the unique solution of 2APZ(1+Cy)e“ M = 1.
By the implicit function theorem, this gives rise to a globally defined differentiable function
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R, > C)\ — P, which is monotonously decreasing. These monotonicity properties lead to
the inequality

O<p<P = 1+MJ€Z§’O[JC<')]21—%20. (4.43b)

We now split the integral ([£42) at Py where for 0 < p < Py we use (£.43D) whereas
for p > Py we simply use (b 4 LRAmpH(f(e)]

2
f(p) ) = 0:

B |1 g dp B dp
o<~ ( o) +1+b>9/0 (/\7Tp)2+(1—1’;—22)2+)\/0 (Ap)’

1 dx 1
_\P
A/0 Db + (1=

)\7T2P/\
! dz (1 + 2?) 1 1 1
< AP _ - L (4
= A/0 P+ (1— 22 amzpy 2 oy, 4

+ (1 —22)? T2 < _ )+Cosht " 2a
which can be looked up in [GR94, §3.517.1,§8.702]. This finishes the proof of (C3)
Another derivative of (L42) gives

™

1 2 (o) t
1 1 cosh L
We have used the integral / dx 53 T /
0 a‘*x 0 (

_I_ b+ 1+A7TPH%O[f d 2

f(p)
TpHp [f(e)]
1 oo 2(b + 1+ mpHP
+1+b+A/ w 2( - [f)(n 2 2}' (449)
+ATpHY [ f (o

0 () + (b RELEL)

We thus get with (C3) the estimate
T " b 3 1 2 o] d
K(aff?)((b))’ <(ramm) e
0 (()\ﬂp) T (b + TG )

/1 dz '
0 ((AMmPy)2z2 + (1 — 22)?)2

(3+ L >2+1+4( L >2+2)\P
2 T AP, T\ \m2P, A

We have with §3.517.1, §8.702, §9.131.1, §9.122.1]

/01( (14 z%) dx 3 \/_/ cosh t

0222 + (1 — 22)?)* ) + cosh t)?

(¢

2
13 2
2

a 3T
= 4a2 5ol - z) :wﬂ(

Together with 2a < 1+ a? we confirm (C4).

((
1 _
27
2

1
2

1_4>§1—|—a.

1
2
2 a? a?

40



It is of fundamental importance that we can always choose C'y such that %—l—; < C).

A2 P,
Namely, ’
1 1 3 1 1
stmp <O o DR(G ) T < 2B+ 00 =1

2
& Pe (AR5 )e <1 (4.462)
T

The condition is satisfied for

1

G_W 1 2 PA
p=-2" o penr. <3>\P n —)67 <08303<1. 4.46b
ATV AN A A2 (4.46b)

Note that the inverse solution for C) is huge for 0 < A < 1.
We thus consider the following subset of C§ (R ):

1

ko= {7 €CR) JO=1, 0<fO)< 5.

0< () < (5 + ) o)}
(4.47)

with C the solution of 2)\P>?(1 + C’A)eC*PA =1lat P, = %. We have established
the following facts:

(K1) T\ maps K, into £, by Lemma T4 (C1)+(C2)+(C3) and (£.40).

(K2) (T,\(IC,\))/ C Co(R ) is relatively compact. Namely, (TA(IC,\))/ C Co(R) is equicon-
tinuous by Lemma [14l(C4), uniformly bounded as subset of K, and uniformly
convergent by Lemma [£.14].(C3)+(C2), thus relatively compact by Proposition L.12l

(K3) Hg\[lm[nm < e for all g € T)\(K,) by Lemma EI4.(C2).

(K4) For the closure we have T)(K,) C Kx: Functions g = limg_,o gx with gx € Th(K))
on the closure can at most exceed Ky in g(b) = 0 for some b. But 0 < —¢/(b) <
(1+rb + C)\)g(b) and ¢(0) = 1 imply e;crzb < g(b) < 1+rb so that also ¢ is strictly
positive.

(K5) ICy is convex: We have pfi + (1 — p)fo € Ky for any fi, fo € Ky and 0 < p < 1 by
definition of IC,.

(K6) Ty : Ky — Ky is continuous, i.e. |[Thf — Tnf|l'. < € for ||f — f||'. < &: By the
uniform convergence Lemma E141(C2)+(C3) with § + 1= 5 < C) it suffices to re-
strict the sup-norms to the compact interval [0, %] Since continuous functions

on compact intervals are uniformly continuous, it suffices that for fixed ¢ the map
dp

Kyo fr— / =
’ 0o (Amp) 4 (t+ L)

rand is bounded by ()\%p)Q, we can for A > 0 restrict the integral to a compact inter-

5 € R, is continuous. Since the integ-

val [0, A%(¢)]. Since the Hilbert transform is continuous according to the discussion
in (4.41)) and rational functions of continuous functions with denominator separated
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1
1+ ATpHP °

()\7rp)2+(t+71;(§) el ”)

is continuous for every p and hence uniformly continuous on [0, A%(¢)]. This implies

| Tnf — Tofl. < € for f, f sufficiently close in Ky.

from zero are continuous, the whole function K, > f —

; ER,

(K2) and (K3) are the conditions in Proposition EE13] which imply that T)(K,) C CA(R.)
is relatively compact. Hence T)\(K,) C C}(Ry) is compact, with T\(Ky) C K, by (K1)
and (K4). This means that 7 maps /C, into a compact subset of ICy. The properties (K5)
and (K6) verify the other conditions in the Schauder fixed point theorem (Theorem A.1T]),
which thus guarantees that the map T) : Ky — K, has a fixed point Gy:

Theorem 4.15 For any A\ > 0, the equation

2
Gro= ——exp / ” / i (Gpo) S (448)
1+ /\7rpG (1 +tGpo + )\WPH%O[GOO])

has a solution Gy € C§(Ry). This solution is automatically smooth, monotonously de-

creasing with um'formly bounded derivative —(1 5t C,\)Gbo < dgbb“ < 0 and pointwise

bounded by 0 < Gyg < —. At b =0 one has Gog = 1 and dGbO ‘b 0= —(1+D). O

In retrospect the Theorem justifies the assumption (£I9) on Hélder continuity of G .
It is clear that by restricting to [0, A?] and ignoring the behaviour at oo, also ({.37)
has a solution G2, € C*[0, A?]. Note however that this proof works for fixed A? (including
A? = 00) but without control on the limit. This means that our existence proof does not
imply the (highly plausible) existence of the limit limy ., Gi, and the equality with Gy.

The solution Gy of ([£48)) provides ¥(a) via (4.26D) and then gives the complete two-
point function G, according to (£29]) and all higher correlation function via Theorem [311

If we also knew uniqueness of the solution, then the resulting unique 9y would be the
only candidate for a solution of (£36]). But before addressing the uniqueness question
one has to understand the possible non-trivial solutions of the homogeneous Carleman
equation which we ignored by Assumption This is a project of its own.

4.6 Higher correlation functions and effective coupling constant

Higher correlation functions of the noncommutative ¢}-model in matrix representation are
obtained from the algebraic recursion formula (B.7) after specification to the parameters
and index sets (£.3D). We are interested in the limit V' — oo subject to ([I1]). According
to (EI2) we have limy_,o, B, — B, = Zp?(1+Y)(a—b). This suggests to absorb the mass
dimension as follows:

Gty = lim NG (4.49)

laby...bn—1]

which for N = 2 is compatible with (7)) and [I5). With Ay = Z?\ we obtain from
(B31) in the limit V' — oo the recursion formula

N-2
G b _ (_>‘> i GbOblmel—lGb2lb2l+1-~~bN—1 - Gb2lb1~~~b2171Gb0b2l+1~~-bN71 (4 50)
(14 Y) (bo — bay)(by — by—1)
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This gives
(_/\) Gachd - GadGbc

Gaped = 4.51
= TEYE (oAb d) 50
and so on.

Of particular interest is the effective coupling constant g = —Goooo. Indeed, we have
Aeff = Loooo where the 1PT function I'gyeq is obtained by amputation of the connected two-
point functions from Gy and a change of sign, i.e. I'ypeq = —— Caed _ The direct

Gabichdea
computation from (Z5I]) involves up to second derivatives of Gy, at a = b = 0 which are

difficult to control. We therefore use a different method based on the g = 0 sector of the
original equation ([3.9). Specifying to the parameters and index sets (43D]) of self-dual
noncommutative ¢*-theory we obtain in terms of (I12) and ([#Z9) the formula

_ N G /W
71 4 N2 pbibn-1 T G, Fabibyoa
Z— G = M) D (lpl+ 1) =
Gany ™ o) L g 7] = la)
2
Gy by_1by — Gib bn_1a
— )\ Gb b 20+1---ON—-102] 2[+1---ON—-1 , (452>
ZH o 7,2 (0] — lal)

where p, a, by are viewed as functions of [p|, |a|, |bx| according to (4£12)). In the limit (£1T))
this equation converges to an integral equation which under the assumption that Gy, sy,
is Holder-continuous can be rearranged as

-1
Cottncs (2 At 0 G ) ~ AeHi o G ]

Gabl + y
N-—2
A 2 Gugrryobon 1br — Gbgrry by 1a
— G 21+1 N—-102] 2141 N—1 ) 4.53
TR G o (4.53

Using the previous definitions and identities (4.22D)), (L22a) and (4I7), the prefactor
involving Z~! is treated as follows:

Zfl

Tyt ATHA[ @ Gap,]
Z—l
133" AmbyHy [Day, | + AmHy [ @ Gl
A -1
— by Doy (%1 R AZaG”fé [G.o]> + b1 Gap + 1Z+ 3+ ATH; [0 Guol
1 A . Z—l

= aG, (%1 M Azcgéa[G 0]) iy LA (e - a)Gud] (4.54)

~ .

Inserted back into (A53]) we obtain for (aGap,. sy_,) again a Carleman equation

<ﬁ N 1+ AMmaHA [Geo)

) (aGabl...bN,l) - /\WH/C\L [ L4 G.bl...bN,l]

a aGy
2
A Gy, by 16 — G by_1a
— G 2l+1---ON—-102] 2l+1---ON—-1 . 455
(1 + y)g lzl b1...bg; bQZ “a ( )
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Remarkably, the Carleman equation (£55) has the same homogeneous part as the equation
(4.22al) for the two-point function Dy, , only the inhomogeneity is different. Its solution
is given by Proposition 4.1 again under the assumption C' = 0, as:

N-2
A 2 siny, (@) ( Goy iy by_1by — Ghyyrby_sa
G, _ 2 :G 1 2+1---DN—1b2y 2041--DN—1 9

+ e%[ﬂbl}?‘[ﬁ [e_H/:wbl] sin(dy, (o)) Gty — Gbng...le.D .

by — @
(4.56)

Consistency of our method implies that the solutions of (450]) agree with the algebraic
solutions (€50), a fact that we have explicitly verifiedd for N = 4.

We use ([4.50) to compute Goooo = limg, 0 Gaoooo, taking Goo = 1, lim, o G“3*1 =
—(1+Y) and cos¥y(0) = sign(A) into account:

. . sin 190(@) GaO —1
Aef =~ a0 (1+Y)*ma (
sin g (a)

. . AT 1A . 1-G,
- ig% m <51gn()\) + 7'[1(\) [€H0[ﬁ0] Helo] s1n(190(o))—(1 " y)O.D )

cos(J(a)) + MEI2 | PRI gin (g (o) Guo = )

a ®

Recalling lim, o 2220 — || from (Z35) and Lemma 3, we obtain

Ta

) . 1
14y (14

— Gl sin? (o)
Ay W)

1
M|
2700 Gy m(e)?
Spelling out the Hilbert transform, taking (A30) into account and going to the limit
A — 00, we have proved:

Proposition 4.16 The effective coupling constant Aoy = —Goooo of self-dual noncom-
mutative ¢j-theory is given in terms of the bare coupling constant X by the following
equivalent formulae

\ A A2 > 1 — Gposin®Jo(p)
i )? Jo

= +
1+Y (1+Y pGro  (Amp)?
1—Gpo

o Ay G
_A{1+ (1+y)/o w (Aprp0)2+(]19+ Apr;O[G.O])Q} ' 457

By Theorem[{.13, the change Ay — X is only a finite renormalisation of the bare coupling
constant in response to an infinite change of scales, which means that the QFT model has
a non-perturbatively vanishing [-function. O

We recall that vanishing of the pg-function at any order of perturbation theory was
proved by Disertori, Gurau, Magnen and Rivasseau in [DGMRO7]. A decisive step in

5The proof is given in appendix A of the preliminary versions v2,v3 of this paper on arXiv. We have
suppressed this appendix in the final version.
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their proof was to neglect a term in [DGMROT, eq. (4.18)] which in our notation reads

ZpeNi, ﬁG}ng. This is perturbatively justified, but as far as we can see, this argument

cannot be used non-perturbatively; at least it is not obvious. Our derivation of (A1)
shows that the omission of the mentioned term is not necessary in the non-perturbative
treatment. By Theorem much more is true: the [g-function of any renormalisable
¢*-matrix model with action tr(E¢? + %(b‘l) vanishes identically.

4.7 Miscellaneous remarks

1. We have shown in (8:12]) that N-point functions with B > 1 seem to be suppressed
by a factor V—(B=1 gver the one-cycle functions. We show in [GW13a] that there is a
reasonable (and interesting) limit in which the sector (B > 1, ¢g = 0) survives. In the
matrix basis of the Moyal plane, individual matrix elements of correlation functions
have GauBian decay e 1#1°/% for ||z|| — oo. Such functions belong to Schwartz
space where V is the correct volume. At the end we are interested in a particle
interpretation with plane wave asymptotics. These plane waves are in the unital
algebra. According to [GWI11l [GW12|, the spectral dimension of unital functions is
doubled, i.e. the volume is V2 instead of V. The assembly of plane waves from Gaufl
packets involves sums over matrix indices which increase the volume from V to V2.
There is one such factor V' per cycle so that all correlation functions arising from
% log Z[J] have a finite limit for V' — oo as soon as we assemble plane waves. In
this situation the contributions from B > 1 will survive.

We recall that the § — oo limit of the model at 2 = 0 was studied by Becchi,
Giusto and Imbimbo [BGI02, BGI03|]. They already established the suppression of
the non-planar sector (also noticed in [MVS00]) and presence of functions B > 1
(“swiss cheese”) in the limit § — oo.

2. Functional derivatives of the original Ward identity (Z.8]) express the index integral
of an N-point function in terms of other functions. Putting p = by, a = by and
. . . . N-—2 .
applying the derivatives with respect to 57— < , we obtain from (2.8))
203 N

~-~8JbN71b
N 2
(Ep, — EbN) ( Z G|nb2...bN| + Z G\b2---bk|bk---bN\ + Z G|b2---bzz+1|G|bzz+1---bN|)
nel k=2 =1
= Glonbs.by_1| = Gloobs..oy_1| - (4.58)

Inserting (.3D) and the rescaling (B.12]) we see that the functions with B = 2 cycles
increase the genus by 1. The restriction to the planar sector g = 0 thus leads with

(412) to the equation

N—-2
A2 2
Z(1+Y)(b2 — bn) ((1 + y)Z/ pdp Gpp,..by + Z GbQ...bQHIGbQHl...bN)
0 =1
= Gang,...bN,l - Gbgbg...b}v,1 . (459)
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It is interesting to verify (A59) for N = 4. From the explicit formula ([£50) we
obtain

Z(1+ V)AT (G Ho[0Gad] — GaHE[0Ga)) + Z(1 + V) (b—d)GeGeg = Gae — Gae
(4.60)

in agreement with (d.54]).

3. One may speculate that for large indices a, b > 1 there is a scaling relation G, s =

-----

4. Taking the difference between (416 and the same equation at b — ¢ we have

1 1 1 A2 G G
b—c) — _ A dp CGov Goc 461
( ) Z(l—l—y)<Gab Gac> /0 pap p—a ( )

We divide by b — ¢ and go to the limit b = ¢. In terms of G/, := lim; . G“Z:CG“ we

have with (L.I7)

(1 + ATHL [ @ Gap] — ATHY[ @ Gog)
Gab

We insert (4.29) and obtain with (4.25D)):
A cot 9p(a) (aGly) — AMmH, [0 Gl = —Gap -

) ' — )\7‘(7‘[/;[0 ’,b] =—Gu .

1 maHA [Geo]

Recalling Ara cot 9y(a) = b+ Coo

we have -(Ama cot ¥y(a)) = 1. This allows

us to write down the Carleman equation for the n-th derivative GSZ) = %Gab
AT cot 19b(a)(aG(")) — A\HL[ G(")] = —nGUY 4 _Om__ : (4.62)
ab a b ab Z(l 4 y)

The case n = 0 follows directly from ([€29), (£25D]) and (£32]).

5 Conclusion and outlook

This paper was originally intended to achieve the solution of ¢*-quantum field theory on
four-dimensional Moyal space with harmonic propagation along the lines we proposed in
[GW09]. In developing the necessary tools we realised that the mathematical structures
extend to general quartic matrix models with action S = Vtr(E ¢2+%¢4) for a real matrix-
valued field ¢ = ¢* = (¢pq)pqer, Where the external matrix E encodes the dynamics and
the number V' > 0 represents the volume. We proved that in a scaling limit V' — oo
and % Zpe ; finite, all such matrix models have a 2-point function satisfying a closed non-
linear equation, and that all higher correlation functions are obtained from a universal
algebraic recursion formula in terms of the 2-point function and the eigenvalues of E.
The remarkable and completely unexpected conclusion is that all renormalisable quartic
matrix models have a vanishing g-function, i.e. they are almost scale-invariant — a fact
that was perturbatively established in [DGMRO7| for the noncommutative ¢j-model.
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We feel that getting thus far was only possible because there is a deep mathematical
structure behind. Our observations could be another facet of the close connection between
integrability and scale invariance. This point deserves further investigation, in particular
in view relations to other classes of integrable models. It would also be interesting to know
whether there is more than a formal similarity with the cubic matrix model of Kontsevich
[Kon&2].

This paper achieves the non-perturbative solution of a toy model of four-dimensional
quantum field theory — of the ¢j-model on noncommutative Moyal space in the limit
f — oo. The solution of the correlation functions can be viewed as summation of in-
finitely many renormalised Feynman graphs (see also Appendix [Bl). The main tools for
these achievements are Ward identities in field-theoretical matrix models, the resulting
Schwinger-Dyson equations and the solution theory of the Carleman singular integral
equation. The 2-point function plays a central role in our approach. It is expressed in
terms of a single function G of one variable given as solution (that we proved to exist) of
a non-linear integral equation.

We are left with a few problems:

e We have ignored so far the possible non-trivial solutions of the homogeneous Car-
leman equation. The numerical treatment in [GW13b] justifies this for coupling
constants 0 < A < % This needs a rigorous confirmation, which is only possible if
the whole space of solutions of the Carleman equation is taken into account. The
investigation of the consistency requirements should then select the right point in
the solution space. In this way it should be possible to continue the solution of the
model to A > % It seems plausible that the true solution changes its sign for A > %
This could be interpreted as the impossibility of an infinite correlation length so
that A = % might be the end point of the A-family of critical models.

It makes little sense to prove the (important!) uniqueness of the solution of the
integral equation for the two-point function before clarifying the freedom from the
homogeneous Carleman equation.

e Clarify the combinatorics of the weight factors in the formulae expressing the N-
point function in terms of the 2-point function. We already know that the non-
crossing chord diagrams arise which are counted by the Catalan numbers. Identify-
ing the combinatorics might suggest links to other models.

e The reformulation of the infinite volume limit § — oo in position space is ad-
dressed in |[GW13a]. We prove that the limit § — oo restores the full Euc-
lidean symmetry group and that only the diagonal (N;+ ...+ Ng)-point functions
Gay...ay).|ap...ag With all N; even contribute to position space correlation func-

Ny Np
tions. These functions describe a theory with interaction but without exchange of
momenta. In contrast to a free theory, clustering is violated, which corresponds to
the presence of different topological sectors. This needs further investigation.

e In position space reformulation the main question concerns the analytic continu-
ation in the Euclidean time variable to a possible Minkowskian theory. We show in
[GW13a] that Osterwalder-Schrader reflection positivity of the two-point function
is connected to the question whether a — G, is a Stieltjes function. Settling this
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question requires more knowledge on the fixed point solution G,y of our master
equation.

The scaling limit in which both the size A of the matrices and the noncommutativity
parameter ¢ are sent to infinity with their ratio (£.I1]) kept fixed restricts the matrix
model to its planar sector. The reason is that any full correlation function satisfies
exactly the same equation as its restriction to the planar sector. It is an interesting
and definitely much harder problem to construct the model for N' — oo but finite
. The main difficulty is to control the planar 2-point function which now solves the
non-linear discrete equation (4I0). There is next a hierarchy of linear equations for
higher (N1+ ...+ Np)-point functions of fixed genus, with explicitly known solution
if one N; > 3. Assuming that the other basic functions with all N; < 2 can be
controlled there remains the resummation of the genus expansion, a problem of
constructive physics. It would be very interesting to establish the limit § — oo via
this construction. That it agrees with the procedure based on (4.I1]) is plausible
but by no means obvious.

Correlation functions with two boundary components

Two cycles of odd length: Schwinger-Dyson equations

The case of B = 2 cycles needs distinction of several cases. For the (141)-point function
we use % =(=V\) meel GapPpnPna to derive

Clalel = (E, + i?a)Z[O] { <¢“ (aqi;nt)) [%%] }Z [J]‘J:D
_ (=) {32((V2W£[J] + VW) Z[J))

- V3(E,+ E,)Z[0] 0J 200 .
1% 0? 0Z 0Z
— . Al
+p;j E, —E, 0,u07n (p"ajan J"“ajnp>}Jo (A1)

The result after genus expansmn obtained by similar considerations as in Sec. [3.4] is

(9) (9" ”) 3 (¢ ~(g")
Glaj = E n E { Do D GG+ GlalelClalal

nEI g'+9"=g g'+g"+1=g

T2 ( el F O Glorcian + |c|aaa|+G\a|cac|>

nel
(g) G(g G(g
Ialr:\ \pICI |ac| |ec] } A9
+ = Z + V—E By (A.2)

In the general case of two cycles Whlch both have odd length we have

G|abl~--b2l‘cl~-cN—2l71| = V3<E n Eb)Z[O}

(=) 8N((V2W1[J] + VWQ[J])Z[J])
{ .21 9 N-21-1

aby...by; Cl...CN—2]—1
0Z 0Z
aN n - Jna
V ( LN . 0an> }
el EP — E, a‘]Pblanle T an2l71b2lan2lanN At J=0"

€1...CN—21—1
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ok ok 1 1
where = . For [ = 0 we have to put — . The
O, oy 9Jp1po - Jpy 19 OJpy1 p Eo+Ey, Eo+Eq
derivatives are evaluated according to the discussion preceding (B.5)):

G|ab1~--b21|01-~-CN—21—1|

(=) (1
{V <G\ab1...bgl|cl...cN_21_1|G|a\a| + Z G|ab1...b21\cl...cN_21_1|G|an|)

- E,+E
at by nel
! G E
+ W |a‘a|ab1...bgl|01...CN,2171| + G‘aaabl...bgl|01...CN,2171| + G|an|ab1...b2l‘Cl...CN,2171
nel
2l N-21-1
_'_ E G|b1...bkabk...bgla|cl‘..CN,Ql,l\ + E G|01...Ckack...CN72171|ab1...b21|)
k=1 k=1
+ EG‘ laby..b |G(9”) _ l G|pb1---b2l|Cl---CN—21—1| - G\ab1---b21|01---01\7—21—1
a|aog...
V 1 21 |a|cl...CN,2171| V gt Ep _ Ea
1 - G -G
- Z |b14..bk|bk+14..b21bk|Cl...CN_21_1‘ \bl...bk\bk+1...bgla\cl...cN_gl_l|
V — E,, — E,
l
G G‘bgj...bzlbgj_l‘ - G‘ij---bQZa‘
- |b1...bgj_1c1...en—21—1] B _ B
j=1 62]'_1 a
l
o Z G\b , ‘G|b2j+1---b2lb2j—1‘Cl---cN—Ql—1| - G|b2j+1---b21a\01---CN—21—1
1...02;
o Ey,, — E,
N-2[—-1
. i G‘Cl...ckbl...bglckck+1...01\],gl,1| - GlclA..Ckbl...bglack+1...CN72171| } (A 3)
% Zkl E., — E,

In case of a real field theory we can proceed as in section to obtain an algebraic

recursion formula. For [ > 1 we multiply (A.3) by E, + Ej, and subtract from the
resulting equation the equation with renamed indices by <> bgi1_ and cx <> cn_o_k-
Taking (B.6) into account we arrive (after genus expansion) at

(9)
‘b0b1...b21|01...CN_21_1|
A\ N-21-1 G(g) el
_ (_ 4) Z |c1...c—1bob1...byCrCry1-.CN_21—1] lc1...ck—1¢xb1...bagbocgy1...CN—21—1
4 =1 (Ebl - Ebzl)(Ebo - ECk)
l (9" (g") () (g")
+< \ ) 2 : 2 :GbObl---ij—2Cl---CN—Ql—l|G|b2j—1b2j---b2l| G|b2j—1b1---b2j—2\Cl---CN—zl—l|G|b0b2j---b21|
-4
g/+g//:g j=1 (Ebl - Ele)(EbO - Eij—l)
! G(g’) G(g”) () (g")
‘I‘( A ) Z Z |bob1...boj 1|~ |b2jbojy1...bor]c1...cN—21—1] |b2jb1...baj 1|~ |bob2jy1...bar]c1...cN—21—1
— N4

(Eb1 - Ebzl)(Ebo - Esz)

g'+g"=g j=1
A\ 2 G(gfl) (1)
+ (_ 4) Z |bob1...bg —1[brbrq1.--barlcr...on—21—1] [bgb1...bg—1|bobrq1---barlcr...on 211 (A 4)
Vo (Eby — Epy)(Eby — Eb,)

The | = 0 case is obtained from the symmetry Gyie,..cx_ 1] = Gler.en_1|po]- Lhe last line
of [A4) increases the genus by 1 because the external vertex connects two cycles of the
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same function, from B = 3 to B = 2. The restriction to the planar (g = 0) sector, exact
in the limit (V — oo, > e finite), gives:

Proposition A.1 Given a real ¢*-matriz model with injective external matriz E, the
(unrenormalised) planar connected N -point functions with two cycles of odd length satisfy
together with the single-cycle functions (310) and (311) the system of equations

(0) ~(0) (0) ~(0) (0) (0)
a0 _ M 3 Ciple Flaal = ClateFipal A1 10) Gled ~Ceal (A5)
|a|c| - V E _ E V |aa| E _ E ) .
pel D a c a
(0)
G|b0b1---b21|Cl---cN—21—1|
N—21—1 (0) (0
_ (_)‘4) Z |c1...c—1bob1...bycpCrp1..CN_21—1] lc1...cp—1ckbr...barbocr 1. .cN 211
Vv (Ebl - Eb21)<Eb0 - Eck)

k=1

l (0) (0) _ ~(0) (0)
A G|b0b1-~~b2j—2‘Cln-CN—Zl—l|G|b2j71b2j-~~b21| G‘b2j71b1--~b2j72‘cl~~-cN—2l—1|G|b0b2j~-b2l|
+(—A\1)

=1 (Eb1 - Ele)(Ebo - Eb2j71)

L q© (0) _q© (0)
)\ |b0b1...b2]’,1‘ |b2jb2j+1...b21|cl...CN,2171‘ |b2jb1...b2j,1| |b0b2j+1,..b21|Cl...CN,2171‘
+ (—A4) :

(b, — Eby) (B — Eyy,) (A.6)

j=1

In the limit (V — oo, + >_per finite), the full function and the genus-0 function satisfy
(0)

laby...bag|ct..on—oi_1]| lim | voeo G|‘1b1~--b2l‘Cl~~-CN—2l—1|'

the same equation: lim  v-eo
L % Zpel finite

v Zpel finite

. B P (0)
Proof. Equation (A.E) follows from the (g = 0)-case of (A.2) by elimination of 3, ;G\,

via (310). O

A.2  Two cycles of even length: Schwinger-Dyson equations

The situation is different in the case of two cycles which both have even length because
the action of the two .J-cycles on Z decomposes into its action on log Z and the separate
action of each one cycle on one of the factors log Z in %(log Z)?. This means

VG|ab1~~b2171\C1~-~CN721| + V2G|ab1mb2171|G\01~~~CN721\
_ (—A4) {3N((V2W§[J] +VW2[J])Z[J])

VS(EG + Eb)Z[O] aJa?ll)l...bzlflaJC]Y.igjl\r_gl
0Z 0Z
aN (Jpn_ - Jna_)
vy Y )
pnel Ep - E, a‘]pbla‘]lnbz e anzl—szl—l6‘]521—1(18‘]5\1[:25\7721 J=0

The global prefactor V arises from %ﬂb exp(L(J, J)g) = E‘:+bgb exp(%(J, J)g). In addition
to the discussion of (B.5) there is now the possibility that the derivatives with respect to
J2 oy, and JN2act separately on one of the functions VW, [J] + VWZ[J] and

Z[J]. The analogous consideration applies to the last line. In this way all terms which
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constitute Gje,. cy_,,| times the rhs of equation B.3) for G|u,. 5, ,| are generated, and
these cancel with the lhs. For (N = 4,1 = 1) we thus obtain after genus expansion

(=M g1 9"
G(g) : {_ Z G|ab|cd| \a|a\ V Z ZG\ab|cd| \an\

|ab\cd\ E i Eb vV
g +g”+1 =g g +g”*g nel
1
772Gl 2. 7y
+ Vv |a|a|ablcd| + V G\a|a|cd| |ab| V2 CTY|an|ab|cd|
g9'+9"+1=g nel

(g—-1) (9—-1)

1 (g-1) 1)
G g + G (9~ + G\cacd|ab\ + G|cdad|ab\>

z : 2 :G|an|cd| \ab| VQ( |aaablcd| |babalcd|
’+g”—g nel

1 ( (v 1 Clea ~ Cliea
g (9" g 9N L pble ablc
+ 3 Z (G|cacd|G\ab| G|cdad|G\ab| ) vV Z Ep _ Ea

g'+9"=g pel
(9-1) (9) (9)
1 G|b|b|cd| G|i§7|a|cd| 1 G\cbcd| G|fbad\ 1 G|cdbd| Gfdba} (A7)
v E,— E, Vv E.—FE, v E,— FE, ) ’

For N > 6 we can achieve [ > 2 by symmetry, and then the invariance of the real theory
under orientation reversal ([B.6]) allows us to derive the purely algebraic solution

(9)
G|abl boy_1ler...en—al
1-1 (9) (9) (9) (9)
|b2jbojy1...bar—1] [b1...baj—1bajlci...en—a1]  |abajt1...bo—1]

G
|b1...baj_1alct...cn—2]
= (=) J
( 4) Z (Eln - Eb21_1>(Ea - Eb?j)

+

Jj=1
-1 ~(9) (9) (9) G(g)
+< \ )Z [b1...bgj—1a| 7 |b2bojy1...bo—1]c1...cn—2i] [b1...b25 12|~ |abzjr1...ba—1]c1...cy o
—7\4
=1 (Ebl - Eb21_1)(Ea - Esz)
A\ N-21 ~(9) _ ~(9)
+ (_ 4) Z le1...cp—1aby...boj_1cpCry1...cN—21| |c1...ck—1ckb1..bay—_1acky1...cN—2
4 =1 (Ebl - E52171)<Ea - ECk)
201 (9—-1) _ (g-1)
(_)\4) z : G|b1...bk,1a|bkbk+1...b2[,1‘Cl..,CNle‘ Glbl...bkflbk|abk+1...bgl,1|Cl...CN721| } (A 8)

V (Ebl - Eb2l71)(Ea - Ebk)

k=1

The restriction to the planar (g = 0) sector gives:
Proposition A.2 Given a real ¢*-matriz model with injective external matriz E, the
(unrenormalised) planar connected N -point functions with two cycles of even length satisfy

together with the single-cycle functions (3.10) and (3.11) the system of equations

(=20) () )

© (0) (0) (0)
Glapled) = v b O jab ( Z Glanted) T Gleaca) + G\cdacu)

nel

(0) (9) (0) (0) (0) (0) (0)
N A G\pb|cd\G|ab\ G\gb|cd\G|pb\ Ay Glopea) — Clebaal n EG\cdbcﬂ - G|cdba|}
% E,-E, v E.—E, %4 E,— FE, ’
pel
(A.9)
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(0)
laby...by—1le1...cn—2i
-1 (~(0) (0) _ 0 (0)
( )\ ) Ibl.A.b2j71a|61...CN,QZ|G|b2jb2j+1...bgl,1| G|b1...l)2j71b2j|Cl...CN,QZ|G‘(lb2j+1...b2171|
— N4 §

(Ebl - Ebgzq)(Ea - Eb2j)

(0) © _a© )
( A ) Z |b1...b2j_1a| |b2jb2j+1~-~b2l—1|61~~~CN—2Z| |b1...b2j_1b2]'| ‘(Zbgj_‘_l...bgl,l|Cl...CN,21
N4

(Ebl - Ebzzq)(Ea - Esz)

Jj=1

j=1
A\ N-21 (0) . G(O)
+ (_ 4) 2 : le1...cp—1ab1...byj_1CRCR41...CN—21] le1...cx—1¢Kb1...boj_1aCK41...CN—21 (A 10)
4 1 (Ebl - Eb2l—1)(Ea - Eck)
: (0) L .
We have hmvzx;;ooﬁme G|ab1...b21_1|cl...cN_21| = hmvz‘;;oﬁmte Glaby..boy_1ler..on_n| 0 the scal-
g limat.

Proof. Equation ([A.9) follows from the (g = 0)-case of (A7) by elimination of ), _; el

|an|

via (310). O

A.8  Remarks on functions with more than two cycles

Although we are not going to work out the details, it is clear how to write down the
Schwinger-Dyson equation for any planar B-cycle N-point function and how to achieve
its solution. By analogy with the (1+1)-point function and the (2+2)-point function we
expect that the solution for the (Ny+...+Np)-point functions with all NV; < 2 requires
a case by case Carleman solution for known input data. If at least one N; > 3, then
the invariance under orientation reversal leads to an explicit algebraic formula for the
(N1+ ...+ Npg)-point function.

A.4  The B =2 sector of noncommutative ¢}-theory
We solve the basic equations (&.5) for G*) aje) and (A9) for G|(313|c 4 for the parameters (H.30))

of the noncommutative ¢j-model in matrix representation. Higher correlation functions
are algebralc The equations only depend on the 1-norms (£I2)) of the indices so that
ZZJGNN — le\ o([p| +1). We absorb the mass dimension and the volume factor

Gab1...bk\cl...cN,k,1 = N 4(‘/,u )G © (All)

laby...bgler...en—p—1] *

Conversely, (A1) suggests that if G, .. bk\q en_, has a limit for V' — oo (and that is

the case as shown in the sequel), then Glab1 beleten_p_y| 15 Scaled to zero. We give in
section [£.7 some arguments why the sector B > 2 is nonetheless interesting.
Recalling Gaa = ,u2G‘m|, V = (4% A\ = Z%°\ and E,, from (£3D), multiplication of

(A9) by z=5556— 1+y - thus leads to

71 G 4 2 X Gpe — 2@, A G G
(1+y)GI (g ryy) o+ Ty A G
wa w(1+Y) — p—a (1+Y)?2 c—a

lpl=0 (A.12)
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where p and [p| are related by (£I2). Now the thermodynamic limit (411 to continuous
variables a, ¢, p € [0, A?] exists. Under the assumption that G\ is Holder-continuous, we

can move g‘:‘a G to the lhs of (AI2), and taking (£54) at by = a into account we arrive
at the following Carleman equation for the planar (1+1)-point function:

)\ Gcc_Gac
1+Y)? c¢c—a

(g N 1+ )\WG%IMG.O]) (aGa\c) . )\WH/; [ ° G.H =

Al
a aGqo (A-13)

We let ¥(a) := J,(a) and stress that the (non-)presence of the subscript at ¥ will be
important in the following calculation. The Carleman formula (£.24]) and rational fraction
expansion give the solution of (A.T3) as

sin(a) <GCC — Glae
(1+Y)*ma
sin¥(a)

~ T relea) ((Gu=Gac) cos(9(a)) + e [ e 41 sin(i(0)) (Gee—Giae) |

Ml [e—mm sin(v(e)) (GCC—G,C)] )
i H W) A )
T in;)(;?z(c —a) (GCC cos(d(c))e Ml — G cos(9(a) e el

— HA e sin(9(0)) G + HA [0 sin(ﬁ(o))G.CD . (A.14)

Gale = os(1(a)) + o174 [e—Hﬂﬂl sin(9(e)) Zee—Cee GD

c—a c— e

The last identity follows from (f25al). We see no possibility at the moment to further
simplify this expression. A non-trivial consistency check is the symmetry Gy = Gejq. In
perturbation theory up to O(\?) we confirm the symmetry and the agreement with the
Feynman graph expansion, see Appendix [Bl

Higher (N;+Ny)-point functions with N; odd are obtained from (A.6]) for E, — E}, —
Z212(1 4+ Y)(a — b) and Ay = Z?X. In the simplest case (N = 4,1 = 1) the solution in
dimensionless functions (A.TT) reads

G o A GaﬂcGaaaz - Gaz\cGagm A Ga2a1 Ga3|C — Ga2a3Ga1|C
arazasle (14+Y)?  (as—as)(as — a1) (1+Y)* (a2 —az)(as — a1)
)\ Galagagc - Gca2a3a1
(1+Y)? (a2 —as)(c—ay)

_I_

(A.15)

The basic function for B = 2 cycles of even length is G|(21)7|C d determined by the solution

of (A9). In the parametrisation (£3h) and after taking the limit (EIT]) to continuous
matrix indices ([£I2), this equation reads in terms of (A.TT))

b 1+ MmaHA[Geol
(a + (lGao > (aGamcd) - /\71'7'[2 [ o Gob|cd}
A
= _Z(l + y>Gab <)\Ia|cd + m(Gacdc + Gadcd))
A Gage — Gacba A Geavda — Gedba
+(1+3))2 p— +(1+y)2 - . (A.16a)
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A2
[a|cd = / qdq Gaq|cd . (Alﬁb)
0

We regard I,q as a function which is independent of Gyeq so that we can apply the
Carleman formula (£24]). By linearity we first treat the auxiliary problem

(b_l N 1+ MraHA [Geo

a aGao

) (aFabl\q...cN) - )‘WH/; [ ° Fobl|cl...cN:|

A G e
_ c2...CNC1 c2...CNG ‘ A1l
(1+Y)? c1—a (A-17)

[]=

Comparing with (£55) we notice that both sides of Gape; . cn = Ghier.on s Fabilea 1.cn

=1
satisfy the same Carleman equation. We can thus compute the functions F' by iteration:

F o Gab1c102
abi|cica — G— )
bici
Ja o Gab101620304 - Gb1010203Fab10304 o Gab1016203C4Gb103 — Gb1010203Gablcgc4
ab1|01020304 - G - G G .
bici bic1 Ybics

(A.18)

Since G, is differentiable, these functions extend to coinciding indices ¢; so that the

inhomogeneity +)\y)2 Gacbe=Clcta 4 a +’\y)2 Geard=Cetva iy (K T6al) gives rise to the contribution

Fobjedes + Fapjdeap in Gapea- The inhomogeneity proportional to Z(1 + Y)Gg, needs to be
treated by the Carleman formula (£24):

Gavied = Fapjedet + Fap|deds
in
— M{Z(l +V)Gap (A[a|cd +

ATTQ

(Gacdc + Gadcd)) COS ﬁb(a)

A
(1+Y)?

A
(1+Y)

+ eHI}Iwb]Hﬁ [eilewb] sin ﬁb(.)Z<1 + y)Gob <)\Io\cd + (Gocdc + Godcd)>:| }

= Fapjedeb + Fav|ded
sin vy (a)
— ————cos(a)GupZ(1 4+ ) ()\Ia|cd +

ATa
sin? ¥y (e)
A\TTe

A
m (Gacdc+Gadcd> )

A
W(G-Cdc + Godcd)>i| y (A.19)
where (£.29]) has been used. We multiply by Ab and integrate over b =: ¢ to obtain an

~ GuZ(1+ V)| (Mg +

. A
equation for I,jeq 1= fo qdq Gagled:

Z1 1 A2 . A Xo|cd A . 9
Xa|cd{1 Ty + E/quq sind,(a) cos 19q(a)G’aq} +H, [?/quq sin ﬁq(o)Gaq]
A2 A
=A d Fa cde Fa c —Gacc Gac ) A.20
/OCICI( qledeq T Q\ddq)+<1_|_y)2( detGaded) ( a)
A
Xa|cd = Z(]- + y) (AIa|cd + m(Gacdc + Gadcd)) . (A20b>
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Using 1L = cot J4(a) — cot ¥o(a) and inserting Z~' from (@IT), we have

z' 1™
Y + — /0 qdq sind,(a)cosy(a)Goq

A2 A% Qe sindy(a) cos (V4(a) — Do(a))
=14+X[d — — A [ dg —— ! . A2
2 [ (Gog = Go) = [ o S (A.200)

A2 A2
All integrals in this equation, and also / qdq sin®9,(b)G,, and / q dq (Fugjedeg T+ Fagldedq)
0 0

exist for A — oo, even in perturbation theory. Therefore, (A.20al) is again a Carleman
singular integral equation [{.23)) for X,q where the input functions h and f only depend
on the known data G, and ¥,(a) and exist in the limit A — oco. Its solution is given by
(@24)). Inserted into (A.I9) we thus get the (in principle explicit) solution

sin Jy(a)
ATa

sin? ¥y (e)

19 a Xac - a A
cos Up(a)Gap-Xajed — GapHy e

Gavled = Fapjeder + Fap|dea — Xeled

(A.21)
Higher (N4 N3)-point functions with N; even are obtained from (A0) for E, — E}, —

Z212(1 4+ Y)(a — b) and Ay = Z2?)\. In the simplest case (N = 6,1 = 2) the solution in
dimensionless functions (A.TT) reads

A Gb1aGb2b3|clcg - Gb1b2 Gabg\qcz + Gblu'ClCQGb2b3 - Gb1b2|clchab3

Gabl babslcica —

(1 +y)2 (bg — a)(b1 — bg)
A G(abbb'cc_G’cbbbfac Gcabbbfc _Gccbbb'a
+ 10203c1C2 10102b3ac2 1ab10203¢2 1€20102b3 ) A .22
(1 —f-y)Q( (Cl —a)(b1 —bg) (CQ —a)(b1 — bg) > ( )

B Perturbative expansion

It is interesting to expand our solutions for the correlation functions into power series in \.
These series should reproduce the expansion of the partition function into ribbon graphs,
and indeed this agreement was for us a non-trivial consistency check of our equations.
The Feynman rules are:

o j for a (fat) line separating faces with indices a, b

1
14+(14+Y)(a+b

e (—Z2)) for a (ribbon) vertex with four outgoing ribbons and index conservation at
every corner,

A2
o (1+Y)? / pdp for every closed face with index p.
0

These rules lead to a (for A — oo) divergent one-particle irreducible (1PI) two-point func-
tion I'y, which therefore needs renormalisation through subtraction of the constant and
linear Taylor terms. There is no subtraction for the four-point function: As result of the
vanishing g-function, the divergences in the ribbon graphs of the 1PI four-point function
for A — oo cancel exactly with the divergence of the wavefunction renormalisation Z.
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All of the following results are given for the limit A — co. Starting point is the master
equation ([4R) for Gy which yields G, = — + O(A). To next order we thus have

a+1
1 log(1 + a) 9
G = 155 (1+a) O

For the Hilbert transform we have

log(a)

__yo8la) 2
AH Gl = ~AT2 = + O\
This yields for (4.26D) the expansions
B ar ,ar((1+a)log(l +a) — aloga) 5
(@) = A (1+a+b)? O, (B-1)
- (1 4b)log(1+b) —aloga 9

i) o] = A~ oEL LD row.,

which inserted into (£29) give
B 1 (1+a)log(l+a)+ (1+0b)log(l+b) 5
Co= 10557 (1+a+b)? O (B-2)

for the 2-point function. This result is reproduced by renormalised one-loop ribbon graphs
if we take the following expansion of ) (see ({30)) and Z(1 4+ V) = e*ol%l (see ([@32))
into account (strictly speaking, Z is only defined for finite A):

Y=XA+00), ZA+Y)=1+0(\). (B.3)

It is interesting to compare this with the perturbative solution of the true master
equation ({.36). This leads to 7, = 1 + a + O()) and then in next order

ATQ

tandg(a) ’ (B-4)

To=1+a+ )x((l + a)log(1 + a) —l—aloga) +0(\?) =
in agreement with (B.I). We see this as good indication that in the limit A — oo the
master equations (£30) and ({48)) are equivalent.

From (BI3]) we then obtain the 4-point function Guped =: —GapGocGeaGaal abea Up to
one loop, with the 1PI contribution

Fabch)\(l—)\a_ (1+a)log(1+a;:§+(1+c)log(1+c)
B Ab— (1+0)log(1 +b2):il,z+ (1+d)log(1 +d)) Lo 53)

that agrees with the ribbon graph calculation. For the 6-point function, the result of
(BI4) can be arranged as

Gabcdef = GabichdeeGefoa (Fabchadrdefa+PbcdeGberefab+rcdechfFfabc - Fabcdef) )
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Popeaes — (—2)? (a—c)(1+e€) log(1+€) + (c—e)(1+a) log(1+a) + (e—a)(1+c) log(1+4-¢)
(a—c)(c—e)(e—a)
N (_A)g(b—d)(lJrf) log(1+f) + (d—f)(14b) log(1+b) + (f—b)(1+d) log(1+d)
(b—=d)(d—f)(f—D)
+ 0O\, (B.6)

also in agreement with the ribbon graph calculation.
For the (141)-point function ([A.14]) we need

logc+ clog2 aloga+ alog?2
A — ) = A( € - ) +one
H) = A1) = Mo ) o).
A0~ HA10) iy (e _ A( (14 c¢)log(1l+c) log 2
Hile sin(e)Gec| (1+20)(1+b+c)  (1+20)(1+20)
blogb 9
— O(N\) .
(1+b+c)(1+26)> +OW)
Now ([AT4) gives after straightforward but lengthy computation
Ga|c = _GaaGcc (FaaccGac - Fa|c) )
(14c) log(1+4-c) (14+a) log(14a)
- log(2)
Ty = A2 ( — et ltote )+o0), (BT
| (c—a) (I+a+a)(l+c+c) (A% (B.7)
where I'y|. agrees with the Feynman graph computation
> (=) 3
Coe = d + O\ .
| /0 PO e+ Do+p+ Dp+et) (A%

For the (2+2)-point function (A2]]) we first have to provide some intermediate results.

From (A.I8) and (B.6) we have

Fopjedch = GavGedGacGra (PabchadGchdcba + LedcGoeGrel cvar — Gbcrabcdcb> :

Next we compute Xg.q from (A:20a). Since H [% fOA2q dq sin? z9q(o)Gaq} = O(\), the
equations (A220aHA20d) are to O(A3) purely algebraic with solution

Xujen = Gla{ = Gl acae(A = (1~ log(1 +0))) = T Ga (A = X(1 ~ log(1 + a) )

- GadJaac - Gacjaad - Jaadd - Jaacc} + O()‘4) ) (BSa)
* —\3 50— ¢+ (14 ¢)(log(1+c) —log(1+a)
Jaac'—/ pdp (2) = (=)? i >7
0 (I4a+p)*(1+c+p) (a —c)?
(B.8b)

[ee] _)\3
Jaacc = / pdp ( )
0 (

14+ a+p)?(1+c+p)?

32c—2a+ (24+a+c)log(l+a) — (2+a+c)log(l +c)

= (=) (a—0p (B.8c)
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From (B.8al) we obtain after some rearrangements

|

Sirl2 ’l9b(.>
AT

= <_A)3szG2b ( -

X.|cd}

(1+c)log(1+c) + alog(a) N (14+0)log(1+b) — (1 +¢)log(l+c)

(14+a+c)? (I1+a+c)(b—rc)
(1+d)log(1+d)+ alog(a) N (14 b)log(1+b) — (14 d)log(1+ d)
(14 a+d)? (I14+a+d)(b—d)

- ngGab(Jcchca =+ JddbGda + Jbbcc + Jbbdd) + O()\4> . <B8d)

These results and Tgpeacs = —Jeca — Jipa give for (A21))

Gab\cd = Gachdecha (FabchadGbcrdcba + Fabchachchdba + Fbcchchchcbab

+ dechbddedeab + 1—‘acdcC;acG(achaba + FadcclG(adC:adFdaba + Fab\cd) )

Fab\ccl = Gad']aac + deJbbc + GacJaad + Gchbbd + Gchcca + GcaJccb + Gdedda + Gdajddb
+ Jaacc + Jaadd + Jbbcc + Jbbdd + O()\4) . (Bg)
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