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ON "-REGULARITY FOR THE YANG-MILLS-HIGGS HEAT FLOWON R3HIDEO KOZONO, YOSHIAKI MAEDA AND HISASHI NAITOJuly 19951. IntroductionThe property of "-regularity for weak solutions plays an important role in char-acterizing singularities of such solutions, which enables us to obtain global smoothsolutions. For harmonic maps on compact Riemann surfaces, Struwe [7] proved the"-regularity of weak solutions u(x; t) to the heat 
ow. Indeed, around the singularpoint (x; t), it occurs the concentration of energy aslim supr!0 ZBr(x) e(u(t)) dV � ";where e(u) is the energy density of u. Since the total energy ZM e(u(t)) dV is mono-tone decreasing in time, there exist at most �nitely many singularities f(xi; ti)gmi=1 ofu. For the Yang-Mills functional on compact 4-manifolds, Struwe [8] and Kozono,Maeda and Naito [6] gave a similar criterion and proved that there exists an " > 0such that the concentration of energy of the curvature form FA occurs likelim supr!0 ZBr(x) jFA(t)j2 dV � "for every singular point (x; t) of the connection A(t). Making use of the gauge trans-formations by Uhlenbeck, they proved that there exist at most �nitely many singu-larities of the connection A(t; x) for the Yang-Mills gradient 
ow.In the present paper, we show the "-regularity of gradient 
ow for the Yang-Mills-Higgs heat 
ow on the trivial SU(2)-bundle over Euclidean 3-space. Let P = R3�SU(2) be the trivial bundle over R3. Consider the Yang-Mills-Higgs functional: fora connection A of P and a su(2)-valued function � on R3, we setE(A;�) = ZR3 �jFAj2 + jdA�j2� dV;(1.1) 1



where dA and FA denote the covariant exterior di�erentiation and the curvature formof A, respectively. It is known that the Yang-Mills-Higgs functional has an interestingaspect on the following compacti�ed con�guration space (cf, [2]):C = f(A;�) : E(A;�) <1; j�(x)j ! 1 as jxj ! 1g:On the con�guration space C, we de�ne N(A;�) asN(A;�) = 14� ZR3 FA ^ dA�:which is called the monopole number (or magnetic charge) for (A;�). Groissor [2]showed that if (A;�) 2 C, then N(A;�) is an integer and the functional N : C !Zgives a path component decomposition on C. By restricting � to a su�ciently large2-sphere in R3, it determines a homotopy class of maps on S2. Let S1 be the idealboundary of R3. We can identify S1 with S2(1) canonically: associated to �, wede�ne a map �̂ : S1 ! S2 by �̂(!) = limr!1 �(r; !)j�(r; !)j;where �(r; !) = �(x), r = jxj, ! = xjxj. Then, we have N(A;�) = �deg(�̂).Furthermore, 2N(A;�) gives the �rst Chern number of some bundle over S2.Critical points of the functional (1.1) is called Yang-Mills-Higgs con�gurations. If(A;�) satis�es FA = � � dA�, then (A;�) is a Yang-Mills-Higgs con�guration. Wecall such (A;�) (anti-)monopole, and B = FA � �dA� is called Bogomolny tensor.Existence of monopoles and general Yang-Mills-Higgs con�guration are given by Ja�e-Taubes [5] and Taubes [9, 10].Consider the following heat 
ow associated with the Yang-Mills-Higgs functional:( @tA = �d�AFA � [�; dA�];@t� = �A�:(1.2)We study a property of the regularity for solutions to (1.2). In [3], Hassell showedthe existence of the global smooth solutions of (1.2) under the assumption that somenorm of the Bogomolny tensor of the initial data is small. We now consider theregularity of the solutions of (1.2) without smallness of the initial data. Let us call apair (A(t);�(t)) in the con�guration space C smooth solution of (1.2), if (A(t);�(t))satis�es (1.2) in the classical sense. Now, we introduce the following notion:De�nition 1.1. A smooth solution (A(t);�(t)) of (1.2) is called extendable if thefollowing conditions are satis�ed:(1) For each t 2 (0; T ], there exists a gauge transformation g(t) such that g�(t)A(t)extends to a smooth connection over S1 �= S2.(2) N(A(t);�(t)) is constant for all t 2 (0; T ].2



For !0 2 S2, let B�(!0) be the geodesic ball centered at !0 with the radius � .Consider a smooth solution (A(t);�(t)) of (1.2) with the following property:lim infr!1 ZB� (!0) r2(jFA(t; r; !)j+ jdA�(t; r; !)j) d! � "1;(1.3)for su�cient small � , for all t 2 (0; T ] and for all !0 2 S2. Our theorem now reads:Theorem 1.2. There exists a universal constant "1 > 0 such that if the smoothsolution (A(t);�(t)) of ( 1.2) with the following initial conditions ( 1.4), ( 1.5) and( 1.6): jrnAFA(0; x)j+ jrnAdA�(0; x)j � Cjxj�n�2; for all n 2 N [ f0g;(1.4) (A(0);�(0)) 2 C(1.5) j1� j�(0; x)j2j � Cjxj�1;(1.6)with C independent of x 2 R3, satis�es ( 1.3), then (A(t);�(t)) is extendable .Remark 1.3. It is easy to see that the Prasad-Sommer�eld monopole [5, IV.1] sat-is�es the assumption (1.4), (1.5) and (1.6). (See Section 8.) It is also known that forany integer N , there exists at least one monopole solution (A;�) with N(A;�) = Nsuch that (1.4) is ful�lled for n = 0. (See [5, p. 109]).Compared with the harmonic maps and the Yang-Mills functional, we shall char-acterized the singularity as local concentration not of the energy functional but of theL1-norms of the curvature tensor and the �rst derivative of the Higgs �eld. From aview point of nonlinear partial di�erential equations, such a characterization shouldbe done in the Lp-space whose norms is invariant under the change of scaling. Un-fortunately, for the Yang-Mills-Higgs functional, the bound of norms necessarily forgetting smooth solution does not coinside with that of norm de�ning the energyfunctional. This causes a lot of di�culties to obtain the global regularity for weaksolutions of Yang-Mills-Higgs gradient 
ow.It would be interesting to �nd a global weak solution for the gradient 
ow (1.2)for Yang-Mills-Higgs functional without any smallness on the initial data. The abovetheorem will be useful to get a global solution of (1.2) in weak sense, which will bediscussed in a forthcoming paper. 3



2. PreliminariesIn this section, we prepare some fundamental estimates.Proposition 2.1. Let u : (0; T )�(0;1) �! R be a smooth function satisfying u � 0,u(0) 2 L1(0;1) and let f 2 C0((0; T );L1(0;1)). Suppose that u and f satisfy@tu� @rru+ c1r @ru� c2r2u � f;where c1 and c2 are non-negative constants. Then for any positive " and R, thereexists a positive constant � and C" such thatsup0<t<T"<r<1 ju(t; r)j � e�T sup"<r<1 ju(0; r)j+ C";Re�TT 1=2 sup0<t<T(kf(t)kL1 + ku(t)kL1(";R));provided u 2 C0(0; T ;L1(";R)),Proof. Fix positive numbers R > " > 0. Let � be a smooth non-decreasing functionon (0;1) such that � = 0 on (0; ") and � = 1 on (R;1). Set ~u(t; r) = �(r)u(t; r).Then ~u satis�es8<: @t~u� @rr~u+ c1r @r~u� c2r2 ~u � ��00u� 2�0u+ c3r u�0 + f;~u(t; ") = 0:(2.1)Here we set g(t; r) = ��00u� 2�0u+ c3r u�0, and then g(t; r) = 0 on (R;1).Consider the equation8>>><>>>: @tU � @rrU + c1r @rU � c2r2U = f + g;U(t; ") = 0; U(t;1) = 0;U(0; r) = ~u(0; r):(2.2)By a comparison theorem, we have~u(t; r) � U(t; r) for x � ":(2.3)Set Hu = �@rru+ c1r @ru� c2r2u. Since U(t; ") = 0, we havehHU;UiL2 = � Z 1" @rrU U dr + c1 Z 1" r�1@rU U dr � c2 Z 1" r�2jU j2 dr� 12 Z 1" j@rU j2 dr � (c2 + c212 ) Z 1" r�2jU j2 dr� �(c2 + c212 ) Z 1" r�2jU j2 dr:4



Taking � > (c2 + c212 ) 1"2 , we get h(H + �)U;UiL2 > 0:(2.4)The solution of (2.2) is written asU(t; r) = e�tHu0 + Z t0 e�(t�s)H(f(s) + g(s)) ds:(2.5)Use fundamental estimates for semi-group e�tH and (2.4), and we havekU(t; �)kL1(";1) � e�tku0kL1(";1) + Z t0 ke(t�s)H(f(s) + g(s))kL1 ds� e�tku0kL1(";1) + Z t0 (t� s)�1=2e�(t�s)kf(s) + g(s)kL1 ds� e�Tku0kL1(";1) + 2e�TT 1=2 sup0<t<T kf(t) + g(t)kL1;since f(t; �) 2 L1(0;1) by the assumption. Moreover, we havekg(t)kL1 = kg(t)kL1(";R);since supp g � [";R]. Thus we getkU(t; �)kL1(";1) � e�tku0kL1(";1) + CT 1=2e�T sup0<t<T(kf(t)kL1 + ku(t)kL1(";R));and by (2.3),ku(t; �)kL1(";1) � e�Tku0kL1(";1) + CT 1=2e�T sup0<t<T(kf(t)kL1 + ku(t)kL1(";R)):This completes the proof.Proposition 2.2. Let B�(!) be the geodesic ball centered at ! with the radius � . Foru 2 W 1;2(B� (!)), u � 0, we haveZB� (!) juj3 d! � C  ZB� (!) juj d!! ZB� (!) jr!uj2 d! + ��2 ZB� (!) juj2 d!! ;where d! and r! denote the standard volume form and the di�erentiation in thedirection of S2, respectively. 5



Proof. First we proveZB� (!) juj3 d! � C  ZB� (!) juj d!! ZB� (!) jr!uj2 d!! ;(2.6)for u 2 W 1;20 (B�(!)). By Gagliardo-Nirenberg inequality, we havekukL3 � Ckuk2=3L2 kr!uk1=3L2� C �kuk1=4L1 kuk3=4L3 �2=3 kr!uk1=3L2= Ckuk1=6L1 kuk1=2L3 kr!uk1=3L2 :(2.7)Dividing the both sides of (2.7) by kuk1=2L3 , we have (2.6).To obtain Proposition 2.2, we haveZB� juj3 d! � C ZB� ju� �uj3 d! + C ZB� j�uj3 d!;(2.8)where �u is the average of u on B� (!). The second term of the right hand side of (2.8)is dominated byZB� j�uj3 d! = jB� j�2 �ZB� u d!�3 � jB� j�1=2 �ZB� juj2 d!�3=2 :(2.9)By (2.7), (2.8) and (2.9), we haveZB� juj3 d! � C "ZB� ju� �uj2 d! �ZB� jr!uj2 d!�1=2 + jB� j�1=2�ZB� juj2 d!�3=2#� C �ZB� juj2 d!�"�ZB� jr!uj2 d!�1=2 + jB� j�1=2 �ZB� juj2 d!�1=2#� C �ZB� juj d!�1=2 �ZB� juj3 d!�1=2� "�ZB� jr!uj2 d!�1=2 + jB� j�1=2 �ZB� juj2 d!�1=2# :
(2.10)
Dividing (2.10) by �ZB� juj3 d!�1=2, we get the claim.6



3. Fundamental Properties of Smooth SolutionsWe give fundamental properties for the smooth solution (A(t);�(t)) of (1.2). Firstwe give the energy formula:Proposition 3.1. Let (A(t);�(t)) be a smooth solution of ( 1.2) on (0; T ]�R3. Then,we have @@tE(A(t);�(t)) = �2 ZR3 j@tA(t)j2+ j@t�(t)j2 dV:In particular, the energy is non-increasing in time along the solution of ( 1.2).This proposition is due to [3, Proposition 4.3]. Taking the standard coordinates ofR3, we de�ne FA =Xi<j Fijdxi ^ dxj ; Fij = @iAj � @jAi + [Ai; Aj];dA� = ri�dxi; ri� = @i� + [Ai;�];where @i = @@xi . Moreover 	 denotes the 6-vectors obtained by putting the compo-nents of FA and dA�, that is, 	 =  FA�dA�! :Proposition 3.2. Let (A(t);�(t)) be a smooth solution of ( 1.2). Then we have@tFij = �r�ArAFij � 2[Fik; Fjk]� 2[ri�;rj�] + [[Fij;�];�];(3.1) @tri� = �r�ArAri�� 2[rk�; Fik] + [[ri�;�];�];(3.2) @tj�j2 = �j�j2 � 2jdA�j2;(3.3) @tjFAj2 � �jFAj2 � 2jrAFAj2 + CjFAj3 + CjFAj2jdA�j;(3.4) @tjrA�j2 � �jdA�j2 � 2jr2A�j2 + CjdA�j2jFAj;(3.5) @tj	j2 � �j	j2 � 2jrA	j2 + Cj	j3;(3.6) @trnA	 = �r�ArArnA	+ nXi=0riA	 � rn�iA 	+ nXi=0[�;riA	 � rn�iA 	] + [[rnA	;�];�];(3.7) @tjrnA	j2 � �jrnA	j2 � jrn+1A 	j2 + CjrnA	j nXi=0 jriA	j jrn�iA 	j:(3.8)Here, A �B denotes some linear combination of tensor products of components of Aand B, and r�A denotes the formal adjoint operator of rA with respect to the standardL2-inner product. 7



Proof. For any su(2)-valued tensor �eld T , a, b and c, we have�jT j2 = 2(r�ArAT; T ) + 2jrAT j2;(rirj �rjri)T = [Fij; T ];(a; [b; c]) = (b; [c; a]);where (�; �) denotes the pointwise inner product for su(2)-valued tensor �elds. Usingthese relations, we obtain (3.3). Taking the inner product between � and the secondequation of (1.2) in the direction of �ber, we have(@t�;�) = (�A�;�) = 12�j�j2 � jrA�j2;which shows (3.3).Using the Bianch indentity, we havedAj@tAi = @tFji;dA(rjFji) = rk(rjFki �riFkj) + 2[Fik; Fjk]= �r�ArAFji + 2[Fik; Fjk];dA[�;ri�] = �2[ri�;rj�] + [[Fij;�];�]:(3.9)By (3.9) and the �rst equation of (1.2), we have (3.1). A similar calculation to thesecond equation of (1.2) yields (3.2). (3.4) and (3.5) are obtained easily from (3.1)and (3.2). From (3.4) and (3.5), we get (3.6).Let us show (3.7) by induction. The case n = 0 is shown in (3.6). Assume (3.7) istrue for n and we have@trn+1A 	 = rA@trnA	� [d�AFA;rnA	]� [[�; dA�];rnA	]= rA  �r�ArArnA	+ nXi=0riA	 � rn�iA 	+ nXi=0[�;riA� �rn�iA 	] + [[rnA	;�];�]!� [d�AFA;rnA	]� [[�; dA�];rnA	]= �r�ArArn+1A 	+ n+1Xi=0(riA	 � rn+1�iA 	+ [�;riA� � rn+1�iA 	]) + [[rn+1A 	;�];�];which implies that (3.7) is true for n+ 1. So, we have (3.8) by (3.7).By applying the maximum principle for (3.3), sup(t;x)j�j is bounded by its initial value.8



Proposition 3.3. Let (A(t);�(t)) be a smooth solution of ( 1.2) satisfying ( 1.5).Then we have the following uniform bounds for t 2 (0; T ]:sup0<t<T k	(t)kL1 � Cmax(k	0k2L2; k	0kL1);sup0<t<T krn	kL1 � Cn (n 2 N);where Cn depends on (A0;�0) and n 2 N [ f0g.For the proof, see [3, Proposition 5.2, 5.3].Proposition 3.4. Let (A(t);�(t)) be a smooth solution of ( 1.2). Assume thatj1 � j�(0; r; !)j2j � C0r�1;jdA�(t; r; !)j2 � C1r��; for � > 3; r � 1;jdA�(t; r; !)j 2 C1(R3) \ L1(R3):Then we have j1� j�(t; r; !)j2j � C2r�1;which yields j1 � j�(t; r; !)j j � Cr�1:Here constant C depends on C0 and C1.Proof. By setting w := j�j2 � 1� C0r�1, w satis�es@tw ��w = �2jdA�j2 � 0:Therefore, we have w(t; r; !) � max(r;!) w(0; r; !) � 0;which implies j�(t; r; !)j2 � 1 � C0r�1:(3.10)To show the Proposition, we need to show the bound from below:j�(t; r; !)j2 � 1 � �C2r�1;with some constant C2 independent of r and !.Let us take a bounded continuos function v on R3 asv := (C3 for r � 1;C3r�� for r � 1;9



where � > 3 and C3 = 2max(C1;maxr�1 jdA�j2). Choose f asf(x) = 14� ZR3 v(x)jx� yj dy (� 0);which solves ��f = v. Since v is bounded near the origin and since v(x) = O(jxj��)with � > 3, it is easy to verify that f 2 L1(R3) with decay likejf(x)j � C4jxj�1 for all jxj � 1:(3.11)Now set u := j�j2 � 1 +C2r�1 + f and we have by (3.3) and the de�nition of v that@tu��u = �2jdA�j2 ��f= �2jdA�j2 + v � 0:Hence the maximum principle yieldsmin(r;!) u(0; t; !) � u(t; x) for all (t; x) 2 (0;1)�R3:(3.12)Since f � 0, we have by assumption,min(r;!) u(0; r; !) � (C2 �C0)r�1and (3.12) yields j�(t; x)j2 � 1 � f(x)� C0r�1 � �C0r�1:(3.13)Now the desired estimate follows from (3.11).By (3.13) and j1 � j�j j � j1� j�j j j1 + j�j j = j1 � j�j2j;we get the conclusion.Proposition 3.5. Let (A(t);�(t)) be a smooth solution of ( 1.2). Assume ( 1.4), thenwe have jrnA	(t; r; !)j � Cr�(n+1)(3.14)for t 2 (0; T ].Proof. First we show (3.14) for n = 0.From (3.6) and Proposition 3.3, we have@tj	j � �j	j+ Cj	j:Set w = eCtj�(t)j �Cr�1, then w satis�es@tw ��w � 0:(3.15) 10



Applying the maximum principle for (3.15), we havew(t; x) � maxx2R3 w(0; x):On the other hand, by Proposition 3.3, we havej	(0)j � (Cr�2 for r � 1;C for r < 1:Hence we have w(0) = j	(0)j � Cr�1 � 8<:C(r�2 � r�1) for r � 1;C(1� r�1) for r < 1;and w(0; x) � 0:Therefore we have w(t) = j	(t)j � Cr�1 � 0:To prove (3.14) for general n, we assume (3.14) is true for m � n � 1. Set un =rn+1jrnA	j. By (3.8), we have@tun � �un � 2(n+ 1)r @run + (n+ 1)(n+ 2)r2 un+ Cj	jun + C n�1Xi=1(ri+ 12 jriA	j)(rn�i+ 12 jrn�iA 	j):Using Proposition 3.3 and the assumption of the induction, we have@tun � �un � C1r @run + C2r2 un + C3un + gn;(3.16)where gn = CPn�1i=1 (ri+ 12 jriA	j)(rn�i+ 12 jrn�iA 	j).For any 0 < " < R, let �(r) be a non-decreasing function which satis�es � = 0 on[0; "], � = 1 on [R;1). Set f = u�, then, by (3.16), we have@tf � �f � C1r @rf + C2r2 f + C3f + gn +G;(3.17)where G = C(�00un + �0@run + 1r�0un). Here we note that suppG � [";R], gn + G isbounded and f("; !) = 0.Let v be the solution for ( ��v = gn +G;vjjxj=" = 0;then v is bounded on R3. Applying the maximum principle for (3.17), we havef(t; x)� v(x) � maxx2R3 eCt(f(0; x) � v(x)) � C; for t 2 (0; T ]:11



Hence we have rn+1jrnA	j � C:Therefore we have (3.14) by induction.4. EstimatesThroughout this section, we assume that (A(t);�(t)) is a smooth and W 1;2(R3)-solution of (1.2) with the initial value (A0;�0) 2 C on (0; T ) � R3, T < 1. Takingthe polar coordinates on R3, we denote R3 3 x = (r; !) 2 (0;1)� S2.Proposition 4.1. If (A(0);�(0)) satis�es ( 1.4) and ( 1.5), then we have	(t) 2 Wm;2(R3) \Wm;1(R3);for all m 2 N [ f0g.Proof. For m = 0, we see for Propositions 3.1 and 3.3, 	 2 L2(R3) \ L1(R3).Suppose Proposition 4.1 is true for m. Then we have by (3.8) that@tjrm+1A 	j � �jrm+1A 	j+ F (j	j; jrA	j; � � � ; jrm+1A 	j);where F denotes the polynomial for j	j; � � � ; jrm+1A 	j. By the assumption of theinduction, there is a function fm = fm(t; x) 2 L1(R3 � (0; T )) such that jF j � fmfor all (t; x) 2 (0; T )�R3. Using the maximum principle,jrm+1A 	j � ju(t; x)j;(4.1)where u(t; x) is the solution of the heat equation( @tu��u = fu(x; 0) = jrm+1A 	(0; x)j:(4.2)Note that if (A(0);�(0)) satis�es (1.4) and (1.5). We haveZR3 jrm+1A �(0)j2 dV � Zjxj�1 jrm+1A �(0)j2 dV + C Z 11 r�2m�4+2 dr � C;therefore rm+1A 	(0) 2 L2(R3) \ L1(R3). (4.1) and (4.2) yield thatrm+1A 	(t) 2 L2(R3) \ L1(R3):This completes the proof. 12



Proposition 4.2. If (A(0);�(0)) satis�es ( 1.4) and ( 1.5), then we haveZS2 r2j	(t; r; !)j d!is uniformly bounded on (0; T )� (0;1). The bound depends only on T and E(0).Proof. Set h(t; r) := ZS2 r2j	(t; r; !)j d!:Then we have @th� @rrh + 4r@rh� 6r2h � Cr2 ZS2 j	j2 d!:(4.3)Note that h 2 L1((0; T )� (0;1)), kh(0)kL1(";R) � CR3, andZ 10 ZS2 r2j	j2 d!dr = E(t):Applying Proposition 2.1 to (4.3), we havesup(t;r) ZS2 r2j	(t; r; !)j d! � C;where the constant depends on T and E(0).For a positive � > 0, we take a smooth non-negative function � on S2 satisfying� = ( 1 on B�=2(!0)0 outside B� (!0)and jr!�j � C=� . In the following, we assume the following condition for the solution(A;�).Condition 4.3. There exists a universal constant "1 > 0 such that the solution(A;�) satis�es sup(t;r) ZS2 r2j	(t; r; !)j �2 d! < "1:Proposition 4.4. If (A;�) satis�es the condition 4.3, then we have12@t ZR3 j	j2�2 dV + C ZR3 jrA	j2�2 dV � C;where the constant C = C(E(0); � ) is independent of r.13



Proof. Taking the L2-inner product to (3.7) with 	�2, for n = 0, we have12@t ZR3 j	j2�2 dV = � ZR3hr�ArA	;	i�2 dV+ C ZR3h	 �	;	i�2 dV � C ZR3 j[�;	]j2�2 dV:In particular, we have12@t ZR3 j	j2�2 dV � � ZR3hr�ArA	;	i�2 dV + C ZR3 j	j3�2 dV:(4.4)Using jr�1rA!�j � jrA�j and elementary calculations, we get� ZR3hr�ArA	;	i�2 dV= � ZR3 jrA	j2�2 dV + ZR3hrA	;	ir� � dV� � ZR3 jrA	j2�2 dV + ZR3 jrA	j j	j jr�j � dV� � ZR3 jrA	j2�2 dV + 12 ZR3 jrA	j2�2 dV+ 4 ZR3 r�2j	j2jr!�j2 dV:(4.5)In the above integration by parts, the surface integrand at in�nity vanishes because����ZSrh	;rA	i dSr���� � C ZS2 r2j	j jrA	j d! � Cr2�1�2 = Cr�1;by Proposition 3.5. Combining (4.4) with (4.5), we have12@t ZR3 j	j2�2 dV + 12 ZR3 jr	j2�2 dV� 4 ZR3 r�2j	j2jr!�j2 dV + C ZR3 r2j	j3�2 dV:(4.6)Applying Proposition 2.2, we haveZR3 j	j3�2 dV� C1 Z 10 r2 �ZS2 j	j �2 d!��ZS2 jr!j	jj2�2 d! + ��2 ZS2 j	j2�2 d!� dr� C1 sup(t;r) �ZS2 r2j	j �2 d!��ZR3(r�2jr!j	jj2)�2 dV + ��2 ZR3 r�2j	j2�2 dV �� C1 sup(t;r) �ZS2 r2j	j �2 d!��ZR3 jrA	j2�2 dV + ��2 ZR3 r�2j	j2�2 dV � :(4.7)
14



If sup(t;r) ZS2 r2j	j �2 d! < 12C1 ;then, by Proposition 4.2, (4.6) and (4.7), we have12@t ZR3 j	j2�2 dV + C ZR3 jrA	j2�2 dV � C(1 + ��2) ZR3 r�2j	j2�2 dV:On the other hand, we haveZR3 r�2j	j2 dV = Z 10 ZS2 j	j2 d!dr + Zjxj�1 j	j2 dV� C sup(t;r) j	j2 + ZR3 j	j2 dV;which completes the proof.Proposition 4.5. For n � 1, we have12@t ZR3 r2njrnA	j2�2 dV + C ZR3 r2njrn+1A 	j2�2 dV� C(1 + ��2) ZR3 r2n�2jrnA	j2 dV + C sup(t;r) �ZS2 r4j	j2�2 d!�ZR3 r2n�2jrnA	j2�2 dV+ C n�1Xi=1 "sup(t;r) �ZS2 r2i+4jriA	j2�2 d!���ZR3 r2ijri+1A 	j2�2 dV + ��2 ZR3 r2(i�1)jriA	j2�2 dV �� ;where constant C depends only on n.Proof. Taking the L2-inner product to (3.7) with r2nrnA	�2, by a similar calculationwith the previous proof, we have12@t ZR3 r2njrnA	j2�2 dV � � ZR3 r2nhr�ArArnA	;rnA	i�2 dV+ C nXi=0 ZR3 r2njriA	j jrn�iA 	j jrnA	j �2 dV:(4.8) 15



Moreover, we have� ZR3 r2nhr�ArArnA	;rnA	i�2 dV� � ZR3 r2njrn+1A 	j2�2 dV + 12 ZR3 r2njrn+1A 	j2�2 dV+ 4 ZR3 r2n�2jrnA	j2jr!�j2 dV + Cn ZR3 r2n�2jrnA	j2�2 dV:(4.9)Using Proposition 3.5, we have����ZSr r2nhrnA	;rn+1A 	i dSr���� � C ZS2 r2njrnA	j jrn+1A 	j d! � Cr2n�n�1�n�2 = Cr�1;and therefore the boundary term of the integral by part is vanish. By (4.8) and (4.9),we get 12@t ZR3 r2njrnA	j2�2 dV + 12 ZR3 r2njrn+1A 	j2�2 dV� C ZR3 r2n�2jrnA	j2jr!�j2 dV + C ZR3 r2n�2jrnA	j2�2 dV+ C ZR3 r2njrnA	j2j	j �2 dV + C n�1Xi=0 ZR3 r2njriA	j jrn�iA 	j jrnA	j �2 dV:(4.10)By a direct calculation, we haveZR3 r2njriA	j jrn�iA 	j jrnA	j �2 dV � ZR3 r2n�2jrnA	j2�2 dV+ ZR3 r4i+2jriA	j4�2 dV + ZR3 r4(n�i)+2jrn�iA 	j4�2 dV;(4.11)and ZR3 r4i+2jriA	j4�2 dV = Z 10 r4i+4ZS2 jriA	j4�2 d!dr� C Z 10 r4i+4 �ZS2 jriA	j2�2 d!�� �ZS2 jr!jriA	jj2�2 d! + ��2 ZS2 jriA	j2�2 d!� dr� C sup(t;r) �ZS2 r2i+4jriA	j2�2 d!�� �ZR3 r2ijri+1A 	j2�2 dV + ��2 ZR3 r2(i�1)jriA	j2�2 dV � :(4.12) 16



Combining (4.11) with (4.12), we getn�1Xi=1 ZR3 r2njriA	j jrn�iA 	j jrnA	j �2 dV� (n� 2) ZR3 r2n�2jrnA	j2�2 dV + C n�1Xi=1 "sup(t;r) �ZS2 r2i+4jriA	j2�2 d!���ZR3 r2ijri+1A 	j2�2 dV + ��2 ZR3 r2(i�1)jriA	j2�2 dV �� :(4.13)Using the Sobolev and Schwartz inequalities, we haveZB� j	j jrnA	j2�2 d! � �ZB� j	j2�2 d!�1=2 �ZB� jrnA	j4�2 d!�1=2� �ZB� j	j2�2 d!�1=2�ZB� jrnA	j2�2 d!�1=2� �ZB� jr!jrnA	jj2�2 d! + ��2 ZB� jrnA	j2�2 d!�1=2� "2 ZB� jr!jrnA	jj2�2 d! + "2��2 ZB� jrnA	j2�2 d!+ 12" �ZB� j	j2�2 d!��ZB� jrnA	j2�2 d!� :Therefore, taking " = 2r�2"0, we haveZR3 r2nj	j jrnA	j2�2 dV� "0 ZR3 r2njrn+1A 	j2�2 dV + C��2 ZR3 r2n�2jrnA	j2�2 dV+ C sup(t;r) �ZS2 r4j	j2�2 d!�ZR3 r2n�2jrnA	j2�2 dV:(4.14)By (4.10), (4.13) and (4.14), we get Proposition 4.5.Set An := 12@rr � n+ 2r @r + (n+ 2)(n + 3)r2 ;for n � 0.Proposition 4.6. If (A;�) satis�es Condition 4.3, then, we have12@t ZS2 r4j	j2�2 d! �A0 ZS2 r4j	j2�2 d! � C��2 Zsupp� r2j	j2 d!:17



Proof. For the sake of simplicity, sethn := rn+2jrnA	j;gn := ZS2 h2n�2 d! = ZS2 r2n+4jrnA	j2�2 d!:Since �j	j = r�2@rrh0 � 4r�3@rh0 + 6r�4h0 + r�4�S2h0;by (3.6), we have@th0 � @rrh0 � 4r@rh0 + 6h0 + r�2�S2h0 + Ch0j	j:(4.15)Multiplying (4.15) by h0�2 and then integrating over S2, we obtain12@tg0 �A0g0 + ZS2 �j@rh0j2 + r�2j@!h0j2� �2 d!� 2r�2 ZS2 j@!h0j jh0j j@!�j j�j d! + C ZS2 h20j	j d!:(4.16)On the other hand, we haveZS2 h20j	j�2 d! = ZS2 r4j	j3�2 d!� C1 �ZS2 r2j	j�2 d!��ZS2 r�2(r4j@!	j2�2) d! + ��2 ZS2 r2j	j2�2 d!� :(4.17)Combining (4.16) with (4.17), we set12@tg0 �A0g0 + ZS2 �j@rh0j2 + r�2j@!h0j2� �2 d!� 12 ZS2 r�2j@!h0j2�2 d! + 2 ZS2 r2j	j2j@!�j2 d!+ C1 �ZS2 r2j	j�2 d!��ZS2 r�2j@!h0j2�2 d! + ��2 ZS2 r2j	j2�2 d!� :If sup(t;r) ZS2 r2j	j �2 d! < 12C1then we have 12@tg0 �A0g0 � C��2 Zsupp� r2j	j2 d!;which implies Proposition 4.6. 18



Proposition 4.7. For n � 1, we have12@t ZS2 r2n+4jrnA	j2�2 d! �An ZS2 r2n+4jrnA	j2�2 d!� C��2 ZS2 r2n+2jrnA	j2�2 d! + C sup(t;r) �ZS2 r4j	j2�2 d!� ZS2 r2n+2jrnA	j2�2 d!+ C n�1Xi=1 sup(t;r) �ZS2 r2i+4jriA	j2�2 d!�� �ZS2 r2(i+1)+2jri+1A 	j2�2 d! + ��2 ZS2 r2i+2jriA	j2�2 d!� ;where constants C are depending only on n.Proof. By a similar calculation in the proof of Proposition 4.6, we have@thn � @rrhn � 2(n + 2)r @rhn + (n+ 2)(n+ 3)r2 hn + r�2�S2hn+ Chnj	j+ C n�1Xi=1 rn+2jriA	j jrn�iA 	j:(4.18)Multiplying (4.18) by hn�2 and then integrating over S2, we obtain12@tgn �Angn + ZS2 �j@rhnj2 + r�2j@!hnj2� �2 d!� 2r�2 ZS2 j@!hnj jhnj j@!�j j�j d! + C ZS2 h2nj	j d!+ C n�1Xi=0 rn+2 ZS2 jriA	j jrn�iA 	j �2 d!:(4.19)By the Sobolev and the H�older inequalities, we haveZS2 h2nj	j �2 d! = ZS2 r2(n+2)jrnA	j2j	j �2 d!� " ZS2 r2n+4r�2j@!jrn+1A 	jj2� d! + C��2 ZS2 r2n+2jrnA	j2�2 d!+ C sup(t;r) �ZS2 r4j	j2�2 d!� ZS2 r2n+2jrnA	j2�2 d!� " ZS2 r�2j@!hnj2� d! + C��2 ZS2 r�2h2n�2 d!+ C sup(t;r) �ZS2 h20�2 d!�ZS2 r�2h2n�2 d!;(4.20) 19



and n�1Xi=1 ZS2 rn+2jriA	j jrn�iA 	jhn�2 d!= n�1Xi=1 ZS2 r2n+4jriA	j jrn�iA 	j jrnA	j �2 d!� C n�1Xi=1 ��ZS2 r2i+4jriA	j2�2 d!���ZS2 r2i+4jri+1A 	j2�2 d! + ��2 ZS2 r2i+2jriA	j2�2 d!��+ C ZS2 r2n+2jrnA	j2�2 d!= C n�1Xi=1 �ZS2 h2i �2 d!��ZS2 r�2h2i+1�2 d! + ��2 ZS2 r�2h2i �2 d!�+ C ZS2 r�2h2n�2 d!:(4.21)
From (4.19), (4.20) and (4.21), we obtain12@tgn �Angn � C��2 ZS2 r�2h2n�2 d!+ C sup(t;r) �ZS2 h20�2 d!��ZS2 r�2h2n�2 d!�+ C n�1Xi=1 sup(t;r) �ZS2 h2i �2 d!��ZS2 r�2h2i+1�2 d! + ��2 ZS2 r�2h2i�2 d!� ;which yields the desired result.In the following, we impose the following assumption on the initial value:jrnAFA(0; x)j+ jrnAdA�(0; x)j � Cjxj�n�2; for all n 2 N [ f0g;(4.22) (A(0);�(0)) 2 C;(4.23) j1 � j�(0; r; !)j2j � Cr�1:(4.24)We remark that these assumptions are equivalent to (1.4), (1.5) and (1.6), respec-tively. 20



Proposition 4.8. Let (A(t);�(t)) be a smooth solution of ( 1.2) with the initial value(A(0);�(0)). Assume that (A(0);�(0)) satis�es ( 4.22) and ( 4.23). If (A;�) satis�esCondition 4.3, then, for any n � 0,sup(t;r) ZB�=2(!0) r2n+4jrnA	j2 d!is �nite.Proof. First we show that sup(t;r) ZS2 r4j	j2�2 d! � C:(4.25)By Proposition 4.6, g0(t; r) = ZS2 r4j	j2�2 d!satis�es 12@tg0 �A0g0 � C��2 ZS2 r2j	j2 d!:(4.26)We verify the assumption of Proposition 2.1 for (4.26). Since j	(0)j � Cr�2, we haveg0(0; r) = ZS2 r4j	(0)j2�2 d! � C vol(S2):(4.27)By Proposition 3.1, we haveZ 10 ZS2 r2j	j2 d!dr = ZR3 j	j2 dV � E(0):Since k	(t)kL1 � C, we havekg0(t)kL1(";R) = Z R" ZS2 r4j	j2�2 d!dr � CR5:Applying (4.26) to Proposition 2.1, we have (4.25).On the other hand, by Proposition 4.6 and Proposition 4.7, we haveZR3 j	(t)j2�2 dV + C Z t0 ZR3 jrA	j2�2 dV dt � E(0) + Ct;(4.28)ZR3 r2jrA	(t)j2�2 dV + C Z t0 ZR3 r2jr2A	j2�2 dV dt � C Z t0 ZR3 jrA	j2�2 dV dt+ C sup(t;r) �ZS2 r4j	j2�2 d!�Z t0 ZR3 jrA	j2�2 dV dt+ ZR3 r2jrA	(0)j2�2 dV:(4.29) 21



Since jrA	(0)j2 � Cr�6, we getZR3 r2jrA	(0)j2�2 dV � Zjxj�1 jrA	(0)j2 + C Z 11 r�2 dr � C:Combining (4.28) with (4.29), we havesupt ZR3 j	(t)j2�2 dV � C;supt ZR3 r2jrA	(t)j2�2 dV � C;Z t0 ZR3 jrA	(t)j2�2 dV dt � C;Z t0 ZR3 r2jr2A	(t)j2�2 dV dt � C:(4.30)Here, we assume that sup(t;r) ZS2 r2m+4jrmA	(t)j2�2 d! � C;(4.31) supt ZR3 r2mjrmA	(t)j2�2 dV � C;(4.32) Z t0 ZR3 r2mjrm+1A 	(t)j2�2 dV dt � C;(4.33)for all m � n� 1. By Proposition 4.7,gn(t; r) = ZS2 r2n+4jrnA	j2�2 d!satis�es 12@tgn �Angn � C(1 + ��2) ZS2 r2n+2jrnA	j2�2 d!+ C n�1Xi=1 sup(t;r) �ZS2 r2i+4jriA	j2�2 d!�� �ZS2 r2(i+1)+2jri+1A 	j2�2 d! + ��2 ZS2 r2jriA	j2�2 d!� :By (4.31), we have 12@tgn �Angn � C nXi=1 ZS2 r2i+2jriA	j2�2 d!:(4.34) 22



Since jrnA	(0)j � Cr�(n+2), krnA	(t)kL1 � C, we getjgn(0; r)j � ZS2 r2n+4jrnA	(0)j2 d! � C vol(S2);kgn(t)kL1(";R) = Z R" ZS2 r2n+4jrnA	(t)j2�2 d!dr � CR2n+5:By (4.32), we haveZ 10 ZS2 r2i+2jriA	j2�2 d!dr = ZR3 r2ijriA	j2�2 dV � C:Applying (4.34) to Proposition 2.1, we have (4.31) for m = n.Moreover, by Proposition 4.5, we haveZR3 r2njrnA	(t)j2�2 dV + C Z t0 ZR3 r2njrn+1A 	j2�2 dV dt� C nXi=1 Z t0 ZR3 r2i�2jriA	j2�2 dV dt+ ZR3 r2njrnA	(0)j2�2 dV:(4.35)Since jrnA	(0)j � Cr�n�2, we haveZR3 r2njrnA	(0)j2�2 dV � Zjxj�1 jrnA	(0)j2 dV + C Z 11 r2n+2�2n�4 dr � C:(4.36)Combining (4.35) with (4.36), we get (4.32) and (4.33). This completes the proof bythe induction.Theorem 4.9. Let (A(t);�(t)) be a smooth solution of ( 1.2) with the initial value(A(0);�(0)). Assume that (A(0);�(0)) satis�es ( 4.22) and ( 4.23). If (A;�) satis�esCondition 4.3, then, for any n � 0,sup(t;r)!2B�=2(!0) rn+2jrnA	(t; r; !)j � C:Proof. By Proposition 4.8, for any n � 0,rn+2rnA	 2 L2(B�=2(!0)); for (t; r) 2 (0; T )� (0;1):In particular, we havernr2A!rn�2A 	 2 L2(B�=2(!0)); for (t; r) 2 (0; T )� (0;1):Using, for any g-valued form 
, j@!j
j j � jrA!
j, we getrn@2!jrn�2A 	j 2 L2(B�=2(!0)); for (t; r) 2 (0; T )� (0;1):23



Note that W n;2(B�=2(!0)) � W n�2;1(B�=2(!0)) for all n � 2, we havernrn�2A 	 2 C0((0;1)�B�=2(!0)); for t 2 (0; T ):5. Existence of Gauge TransformationsIn this section, we show the existence of an exponential gauge for a smooth solution(A(t);�(t)) of (1.2).Theorem 5.1. Let (A(t);�(t)) be a smooth solution of ( 1.2) with the initial value(A(0);�(0)). Assume that (A(0);�(0)) satis�es ( 4.22), ( 4.23) and ( 4.24). If (A;�)satis�es Condition 4.3 then we havesup(t;r;!) j1� j�(t; r; !)j2j � Cr�1;(5.1) sup(t;r)!2B�=2(!0) jFA(t; r; !)j � Cr�2;(5.2) sup(t;r)!2B�=2(!0) jdA�(t; r; !)j � Cr�2:(5.3)Proof. By Theorem 4.9, we recallsup(t;r)!2B�=2(!0) j	(t; r; !)j � Cr�2:(5.4)By the de�nition of 	, (5.2) and (5.3) follows from (5.4).From (5.3) we have jdA�(t; r; !)j2 � Cr�4. Combining (5.3) with Proposition 3.4,we get (5.1).Theorem 5.2. Under the same assumptions of Theorem 5.1, if (A;�) satis�es Con-dition 4.3, for all !0 2 S2, then there exists a gauge transformation g(t; r; !) suchthat ~A := g�A satis�es ~Ar = 3Xi=1 xi ~Ai = 0:By Theorem 5.1, we can apply the result of Ja�e-Taubes [5, p. 37], (cf. [11]) andobtain Theorem 5.2. However we remark that such a g is not unique. Those twotransformations g1 and g2 di�er only by a radially constant gauge transformation h(@h@r = 0). 24



6. Connections at InfinityThroughout of this section, we assume that connections A satisfy the exponentialgauge conditions. Take the orthonormal basis fdr; r sin �d�; rd�g on the cotangentspace R3. In polar coordinate, we can represent the condition A as A(r; �; �) =Ardr+A�(r sin �d�)+A�(rd�). Since we take the exponential gauge, we may assumeAr = 0. F (r; �; �) = F��(R;�; �)(r sin �d�) ^ (rd�)+ Fr�(R;�; �)dr ^ (rd�) + Fr�(R;�; �)dr ^ (r sin �d�);dA� = (dA�)rdr + (dA�)�(rd�) + (dA�)�(r sin �)d�:Set AR(�; �) := A(R;�; �) and �R(�; �) = �(R;�; �). So, we getFAR(�; �) = F��(R;�; �)(R sin �d�) ^ (Rd�);dAR�R = (dA�)R = (dA�)�(Rd�) + (dA�)�(R sin �)d�:Therefore this impliesjFAr(�; �)j = jF��(r; �; �)(r sin �d�) ^ (rd�)j � r2jF��(r; �; �)j;jFAr(�; �)� F (r; �; �)j = jFr�(r; �; �)dr ^ (rd�) � Fr�(r; �; �)dr ^ (r sin �d�)j� rjF (r; �; �)j;j(dA�)r(�; �)j = j(dA�)�(rd�) + (dA�)�(r sin �)d�j � rjdA�(r; �; �)j;Thus, we haveProposition 6.1. Under the gauge condition Ar = PxiAi = 0, we havejFAr(�; �)j � r2jF (r; �; �)j � r2j	(r; �; �)j;j(dA�)r(�; �)j � rjdA�(r; �; �)j = rj � dA�(r; �; �)j � rj	(r; �; �)j:Using Proposition 6.1, we haveTheorem 6.2. Let ( ~A(t);�(t)) be a smooth solution of ( 1.2) with the initial value( ~A(0);�(0)). Assume that ( ~A(0);�(0)) satis�es ( 4.22), ( 4.23) and ( 4.24). More-over, we assume that there exists gauge transformations g(t; r; !) such that A := g� ~Asatis�es Ar = 0. Then there exists a universal constant "1 > 0 such that ifsup(t;r) ZB� (!0) r2j	(t; r; !)j d! < "1;then there exist a smooth su(2)-valued function �1 on B�=2(!0) and a connection A1over B�=2(!0) such that �r ! �1;Ar ! A1;in C1(B�=2(!0)). 25



Proof. Using the polar coordinate (r; !) in R3, we write A = Ardr +A!d!. By theassumption Ar = 0, it is easy to show thatFr! = @rA! � @!Ar + [Ar; A!] = @rA!:(See Uhlenbeck [11]). Thus, we obtain@@r (rA!(x)) = A! + rFr!(x):(6.1)Integrating (6.1) over (r1; r2), we havejr2A!(r2; !)� r1A!(r1; !)j = �����Z r2r1 @@� (�A!(�; !)) d� ������ Z r2r1 � jFr!(�; !)j d� + Z r2r1 jA!(�; !)j d�:(6.2)Using Ar = 0, we have jA!(� )j � ��1jA(� )j � jF (� )j� jFr!(� )j � jF (� )j;(6.3)and rA!(r; !) = (Ar)!(!):(6.4)Combining (6.2) (6.3), (6.4) and the �niteness of the energy, we obtainjAr2(!)�Ar1(!)j � C Z r2r1 jF (�; !)j d� � C �Z r2r1 ��2 d��1=2�Z r2r1 � 2jF (�; !)j2 d��1=2 � C � 1r1 � 1r2�1=2 :Thus, the sequence fAr(!)g is a Cauchy sequence.In general, we have @n!@r(rA!) = @n!A! + @n!(rFr!);which yields jrn+12 @n!A(r2; !)� rn+11 @n!A(r1; !)jC � Z r2r1 �n+1j@nF j d�:(6.5)The right hand side of (6.5) is bounded from above in terms ofsupr1<r<r2 j� i+1@iAj; and Z r2r1 � 2j+2jrjAFAj2 d�;26



for i = 0; � � � ; n� 1, j = 0; � � � ; n. Therefore, by (4.32), we havej@nAr2 � @nAr1j � Cn � 1r1 � 1r2�1=2 ; for all n 2 N:Hence, there exists A1 such that Ar ! A1 in C1-topology.Similarly, we obtain the convergence of �r. (cf. [1, pp. 2491-2492], [5, II. 4]).Obviously, A1 and �1 are smooth with respect to t.7. Proof of Main TheoremLet (A(t);�(t)) be a smooth solution of (1.2) with the initial value (A(0);�(0)).Assume that that (A(0);�(0)) satis�es (4.22), (4.23) and (4.24). We furthermoreassume that sup(t;r) ZB� (!0) r2j	(t; r; !)j d! < "1:By Theorem 5.1, for any n � 0, we have (5.1), (5.2) and (5.3). By Theorem 5.2,there exists gauge transformations g(t; r; !) such that ~A(t; r; !) := g(t; r; !)�A(t; r; !)satis�es ~Ar = 3Xi=1 xi ~Ai = 0:Hence, by Theorem 6.2, there exists a smooth su(2)-valued function �1 on B�=2(!0)and a connection A1 over B�=2(!0) such that�r ! �1;~Ar ! A1;in C1(B�=2(!0)).Let us summerize the above arguments, if the initial value (A(0);�(0)) satis�esjrnAFA(0; x)j+ jrnAdA�(0; x)j � Cjxj�n�2; for all n 2 N [ f0g;(A(0);�(0)) 2 Cand if sup(t;r) ZB� (!0) r2j	(t; r; !)j d! < "1 for any !0 2 S2;then the solution (A(t);�(t)) is extendable on (0; T ]. Hence we get the main theorem.If A1 exists, by Proposition 6.1, then we havej(dA�)rj � rj	j � Cr�1:Therefore, we have dA1�1 = 0. Recall that j�1j = 1. Then the connection A1(t; !)is reduced to the U(1)-bundle over S2. 27



8. The Prasad-Sommerfield MonopoleWe show that the Prasad-Sommer�eld monopole satis�es the condition (1.4), (1.5)and (1.6) in Section 1.The Prasad-Sommer�eld monopole has the monopole number N = �1:8>>><>>>:�(x) = �� 1tanh r � 1r�~n � ~e;A(x) = � 1sinh r � 1r� (~n� ~e) � d~x:(8.1)where r = jxj, ~n = ~x=r, ej = i2�j, �j are Pauli matrices.It is easy to see that j1� j�(x)j j = 1r � 2e�2r +O(e�3r);which shows (1.6), (cf. [5, IV.1, pp. 104-105]).) Remark that the energy of themonopole (8.1) is equal to 4�, and we get (1.5).Let us show (1.4) for n = 0. Since FA = dA+ [A;A], and we have by (1.16) in [5,IV.1, p. 105] jFA(x)j � Cr�2;jdA�(x)j � Cr�2;jA(x)j � Cr�1:(8.2)For general n, we havejrnAFAj � j@nrFAj+ C n�1Xi=0 j@irAj j@n�i�1r Aj � Cr�n�2:For jrnAdA�j, we havejrnAdA�j � j@nr dA�j+ C n�1Xi=0 j@irAj j@n�i�1r dA�j � Cr�n�2:This show that the Prasad-Sommer�eld monopole (8.1) satis�es (1.4), (1.5) and (1.6).References1. S. Dostoglou, On the asymptotics of �nite energy solutions of the Yang-Mills-Higgs equations,J. Math. Phys. 31 (1990), 2490{2496.2. D. Groisser, Integrality of the monopole number in SU (2) Yang-Mills-Higgs gauge theory onR3, Commun. Math. Phys. 93 (1984), 367{378.3. A. Hassel, The Yang-Mills-Higgs heat 
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