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DIRICHLET AND NEUMANN EIGENVALUEPROBLEMS ON DOMAINS IN EUCLIDEAN SPACESbyA. LaptevAbstract. We obtain here some inequalities for the eigenvalues of Dirichlet andNeumann value problems for general classes of operators (or system of operators)acting in L2(
) (or L2(
; Cm )), 
 � Rd, d > 1.1. Introduction1. Let 
 be an open domain in Rd, d > 1, and 0 < �1 < �2 6 : : : be theeigenvalues of the Dirichlet boundary problem for the Laplace operator ��D in 
.Denote by j
j the Lebesgue measure of the domain 
 and by Lcld = vd (2�)�d =2�d��d=2=�(1 + d=2), where vd is the volume of the unit ball in Rd. Li and Yau[LY] proved that the eigenvalues �k satisfy the following inequality(1.1) �k > dd+ 2(Lcld j
j)�2=d k 2d ; 8k 2 N:The constant Lcld , the so called \classical constant", appears in the Weyl asymptoticformula for the counting function of eigenvalues. The proof of (1.1) is based on asharp inequality concerning the sum of the �rst eigenvalues(1.2) kXj=1 �j > dd+ 2(Lcld j
j)�2=d k d+2d ; 8k 2 N:The constant in the right hand side of (1.2) cannot be improved because it coincideswith the asymptotical constant for the sum in the left hand side of (1.2) as k!1.An opposite inequality can be obtained for the eigenvalues of the Neumannboundary problem. Let 0 = �1 < �2 6 : : : be the eigenvalues of the NeumannLaplacian ��N in a bounded domain 
 with piecewise smooth boundary. Byadapting the approach of Li and Yau to this problem, Kr�oger [K1] proved theupper estimate(1.3) �k+1 6 �d+ 2d �2=d(Lcld j
j)�2=d k d+2d ; 8k 2 N:1991 Mathematics Subject Classi�cation. 35P15, 35P20.Supported by the Swedish Natural Sciences Research Council, Grant M-AA/MA 09364-320.Typeset by AMS-TEX1



2 BY A. LAPTEVThe key inequality here was the upper estimate for the sum of the �rst eigenvalues�j 's kXk=1�k 6 dd+ 2(Lcld j
j)�2=d k d+2d ; 8k 2 N:In this paper we show that the inequalities (1.1) and (1.3) are corollaries ofgeneral (sharp) trace inequalities for convex functions of operators. In particular,(1.1) and (1.3) can be extended to the Dirichlet and Neumann boundary problemsfor various classes of (systems) di�erential and pseudodi�erential operators withconstant coe�cients (for example (��)�, � > 0, operator of classical elasticity,etc). This approach can be also easily extended to operators acting on functionswith values in a Hilbert space. We shall not consider this case here only because itrequires many additional notations and assumptions.Notice that the inequality �k > Cd j
j�2=d k�2=d with a constant Cd < d=(d +2) (Lcld )�2=d was proved for bounded domains in [BS] and [C] and later for arbitrarydomains in [R1,2], [M] and [Lb1] (see also [L]).G. P�olya conjectured in [P] that (1.1) should hold without the multiplier d=(d+2). He proved this conjecture for \tiling" domains 
 � R2, i.e. copies of 
 �llthe plane without gaps. In Subsection 2.3 we notice that Theorem 2.1 allows us tojustify this conjecture for domains 
 = 
1 � 
2 � Rd1 �Rd2, d1 + d2 = d, d1 > 2,d2 > 1, as long as the Dirichlet Laplacian in L2(
1) satis�es the P�olya conjectureand 
2 is an arbitrary domain whose d2 - Lebesgue measure is �nite (see Theorem2.8 and Corollary 2.9).In [LP] the method of [LY] was applied to the Dirichlet boundary problem for(systems of) di�erential operators of a higher order. The method presented here,however, allows us to obtain the same constants for di�erential operators and betterconstants than in [LP] for systems of di�erential operators (see Corollary 2.9 andRemark 2.10).In Section 4 we obtain some more inequalities on the eigenvalues of ��D and,in particular, we give an upper bound for the eigenvalues �k, assuming only thatthe spectrum of ��D in L2(
) is discrete.In what follows we shall be dealing with di�erent classes of vector functions onRd with values in Cm , R+ = (0;+1), D = �i@=@x. By '� we denote the followingconvex function '�(t) = (�� t)+ = � �� t; t < �;0; t > �:Assuming that a selfadjoint operator B > 0 has a discrete spectrum accumulatingat in�nity, we denote by N(�;B) its counting function of the spectrumN(�;B) = #fk : �k < �g:If A is an m�m complex matrix, then A� is its adjoint matrix.Acknowledgements. I am grateful to T. Ho�man-Ostenhof for inviting me to theInternational Erwin Schr�odinger Institute in Vienna in April 1997, where some ofthe ideas of this paper were conceived. I would also like to express my gratitudeto O. Safronov and M. Solomyak for useful discussions which improved the text ofthe paper.



DIRICHLET AND NEUMANN EIGENVALUE PROBLEMS 32. Dirichlet boundary value problem1. Let 
 be an open measurable subset in Rd. We shall deal with various classesof functions with values in Cm , m 2 N. The norm and the scalar product in Cm isdenoted by k � k and (�; �) respectively. LetL2(
; Cm) = nu : Z
 ku(x)k2 dx <1o:The class of smooth vector valued function with compact support C10 (
; Cm ) �L2(
; Cm ) is dense in L2(
; Cm ).Let A(�) be a complexm�mmatrix function, � 2 Rd. We assume, for simplicity,that there is { 2 R+ and a constant C such that(2.1) 0 6 kA(�)k 6 Cj�j{; � 2 Rd:Let û be the Fourier transform of the vector function u 2 L2(Rd; Cm ). Weintroduce a sesqui-linear form B
 de�ned on the vector functions from the classC10 (
; Cm )(2.2) B
[u; v] = (2�)�d ZRd (A(�)û(�); A(�)v̂(�)) d�= (2�)�d ZRd (B(�)û(�); v̂(�)) d�; u; v 2 C10 (
; Cm );where B(�) = A�(�)A(�). The completion of the class C10 (
; C n) with respect tothe quadratic form B
[u; u] + kuk2,  > 0, de�nes a Hilbert space H[B
] �L2(
; Cm ). >From (2.1) it follows that the Sobolev space H{0 (
; Cm ) is a subspaceof H [B
]. The closed quadratic form B
 de�ned on H [B
], gives a selfadjointpseudodi�erntial operator which we denote by BD.If 
 = Rd, then the above construction leads to a closed quadratic form BRd .The selfadjoint operator de�ned by BRd is denoted by B. Both operators BD andB can be considered as the Friedrichs extension of the pseudodi�erntial operatorB0(D)u(x) = (2�)�d ZRd ei(x�y)�B(�)u(y) dyd�de�ned on the intersection C10 (Rd; Cm )\L2(
; Cm ) and C10 (Rd; Cm ) respectively.We naturally identify the extention BD with Dirichlet boundary value problem forB in 
.The next statement deals with a trace type inequality which is a partial case ofthe Berezin-Lieb inequality (see [Bz1,2], [Lb2], [S] and for its generalizations [LS]).We include the proof of this statement for the sake of completeness.Theorem 2.1. Let 
 � Rd be an open set of �nite measure, j
j <1 and let thespectrum of the operator BD consist of eigenvalues 0 6 �1 6 �2 6 : : : such that�k !1, as k!1. Assume that for some � > 0(2.3) ZRd Tr'�(B(�)) d� <1:



4 BY A. LAPTEVThen the following inequality holds(2.4) Tr'�(BD) =Xk (� � �k)+ 6 (2�)�dj
jZRd Tr(� � (B(�))+ d�= (2�)�dj
jZRd Tr'�(B(�)) d�:Proof. Let !1; !2; : : : be the orthonormal basis in L2(
; Cm ) consisting of the eigen-functions of the operator BD whose corresponding eigenvalues are 0 6 �1 6 �2 6: : : and let I be the unit matrix in Cm . ThenXk (� � �k)+ =Xk ��I � �B
[!k; !k]��+=Xk �(2�)�d ZRd �(�I �B(�)) !̂k (�); !̂k(�)� d��+6 (2�)�dXk ZRd �(�I �B(�)) !̂k(�); !̂k(�)�+ d�:Denote by f�j(�)gmj=1 and f�j(�)gmj=1 the eigenvalues and the eigenvectors of thematrix B(�). The right hand side of the last inequality can be rewritten as(2�)�d mXj=1Xk ZRd (� � �j(�))+j(!̂k(�); �j (�))j2 d�= (2�)�d mXj=1Xk ZRd (� � �j(�))+��� Z
�ei(x;�)�j(�); !k(x)� dx���2 d�= (2�)�d mXj=1 ZRd (�� �j(�))+kei(�;�)�j(�)k2L2(
;Cm ) d�= (2�)�d j
j mXj=1 ZRd (�� �j(�))+ d� = (2�)�d j
j ZRd Tr (�I �B(�))+ d�:The proof is complete. �Remark. The proof of Theorem 2.1 remains almost the same if instead of Cm weconsider an in�nite dimensional Hilbert H.De�nition 2.2. We say that B(�) is a positively homogeneous symbol of degree �,� > 0, if there exists a family of unitary in Cm matrix-function U(�; �), such thatB(��) = ��U�(�; �)B(�)U(�; �); � > 0:If B(�) is now a homogeneous symbol, thenTr'�(B(�)) = �Tr'1���1B(�)�= �Tr'1�U(��1=�; �)B(��1=��)U�(��1=�; �)� = �Tr'1�B(��1=��)�:If we integrate both sides of the last equality with respect to � and change thevariables ��1=�� ! �, then we derive the following statement:



DIRICHLET AND NEUMANN EIGENVALUE PROBLEMS 5Corollary 2.3. Let B(�) be a positively homogeneous symbol of degree �. Thenunder the conditions of Theorem 2.1 we obtain(2.5) Xk (� � �k)+ 6 �1+ d� (2�)�d j
j ZRd Tr'1(B(�)) d�; � > 0:Remark 2.4. The constant in the right hand side of (2.5) is the best possible sinceit appears in the corresponding asymptotic formula for Pk(�� �k)+, as �!1.2. We use the results of Subsection 2.1 in order to deduce an upper estimate forthe counting function of the spectrum of the operator BD.Theorem 2.5. Let 
 � Rd be an open set of �nite measure, j
j <1 and B(�) bea positively homogeneous symbol of degree �. Then(2.6) N(�;BD) 6 � d� (2�)�d j
j d� �1 + �d�1+ d� ZRd Tr'1(B(�)) d�:Proof. ObviouslyN(� � �;BD) 6 1� Z 10 (� � �)+ dN(�;BD) = 1�Xk (� � �k)+; � > � > 0:Therefore Corollary 2.3 impliesN(� � �;BD) 6 �1+d=�� (2�)�d j
j ZRd Tr'1(B(�)) d�:Choose � = (1 + � )� and � = ��. Then(2.7) N(�;BD) 6 �d=� (1 + � )1+d=�� (2�)�d j
j ZRd Tr'1(B(�)) d�:The minimum value of (1+ � )1+d=���1 is reached at � = �=d. By substituting thisvalue in (2.7) we obtain (2.6). �Let m = 1 and B(�) = j�j�. Then the operator BD coincides with the operatorof Dirichlet boundary problem for (���=2). In this case(2�)�d d� �1 + �d�1+ d� ZRd Tr'1(B(�)) d� = Lcld �1 + �d� d� :and we obtainCorollary 2.6. Let 
 � Rd be an open set of �nite measure, j
j <1. Then(2.8) N(�; (���=2)D) 6 �d=� Lcld �1 + �d� d� j
j:Remark 2.7. If � = 2, then (2.8) is equivalent to the inequality (1.1) proved by Liand Yau in [LY].



6 BY A. LAPTEV3. We show here that in some special cases Theorem 2.1 implies the P�olya conjec-ture.Theorem 2.8. Let 
 = 
1 � 
2 � Rd1 �Rd2, where d1 + d2 = d, d1 > 2, d2 > 1.Suppose that the operator of the Dirichlet boundary problem in L2(
1) satis�esthe P�olya conjecture and 
2 is an arbitrary domain whose d2-Lebesgue measure is�nite. Then N(�;��D) 6 �d=2 Lcld j
j; � > 0;or equivalently, �k > (Lcld j
j)�2=d k 2d ; k 2 N:Proof. Let ��Dj be the Dirichlet Laplacian in 
j , j = 1; 2. Since 
 = 
1�
2, theeigenvalues of ��D in 
 are equal to�lk = �l + �k; l; k 2 N;where �l and �k are the eigenvalues of ��D1 and ��D2 respectively. Our assump-tions on ��D1 imply N(�;��D1 ) 6 �d1=2 Lcld1 j
1j:Therefore(2.9) N(�;��D) = #f(l; k) 2 N � N : �l + �k < �g= #f(l; k) 2 N � N : �l < (� � �k)+g 6 Lcld1 j
1jXk (�� �k)d1=2:Let us �rst assume that d1 = 2. Then by applying (2.5) to ��D2 we �ndN(�;��D) 6 �1+d2=2 Lcl2 j
1j (2�)�d2 j
2jZRd2 (1� j�j2)+d�= �1+d2=2 Lcl2 Lcld2 2(d2 + 2) j
1j j
2j = �d=2 Lcld j
j:Let B(p; q) = Z 10 �p�1(1� �)q�1 d� = �(p)�(q)�(p + q)be the Beta function. If d1 > 2, then using the same arguments we �nd(2.10) Xk (� � �k)d1=2+ = B(d1=2� 1; 2)�1 Xk:�>�k Z 10 �d1=2�2(� � �k � �)+ d�6 B(d1=2� 1; 2)�1Xk Z 10 �d1=2�2(�� � � �k)+ d�6 B(d1=2� 1; 2)�1j
2j 2d2 + 2 Lcld2 Z 10 �d1=2�2(�� �)d2=2+1+ d�= �d j
2j 2d2 + 2 Lcld2 B(d1=2� 1; 2)�1 B(d1=2� 1; d2=2 + 2):Collecting together all the constants in (2.9) and (2.10) we complete the proof. �



DIRICHLET AND NEUMANN EIGENVALUE PROBLEMS 7Corollary 2.9. Under the conditions of Theorem 2.8 if 
1 � R2 is a tiling domain,then the P�olya conjecture holds true.4. Let us consider the eigenvalue problem for the equations of classical elasticity(2.11) �a�uj � (a + b) @@xj (r � u) = �uj ;(2.12) uj���@
 = 0; j = 1; 2; 3; x 2 
 � R3;where a and b denote the Lame constants, a; b > 0 and u = (u1; u2; u3) is the elasticdisplacement vector. In this case B(�) is equal to the matrixB(�) = (a + b) �0@ aa+b j�j2 + �21 �1�2 �1�3�2�1 aa+b j�j2 + �22 �2�3�3�1 �3�2 aa+bj�j2 + �231A ; � 2 R3:Its eigenvalues are�1 = aj�j2; �2 = aj�j2; and �3 = (2a + b)j�j2:Thus we obtain ZR3 Tr'1(B(�)) d� = 8�15�a3=2 + (2a + b)3=2�:Applying Theorem 2.5 with � = 2 we deriveCorollary 2.10. Let 
 � Rd be an open set of �nite measure, j
j <1. If BD isthe operator of classical elasticity (2.11), (2.12), thenN(�;BD) 6 �3=2(2�2)�153=23�5=2�a3=2 + (2a + b)3=2� j
j;or equivalently(2.13) �k > 3a5 � 32 + (2 + b=a)�3=2 �2=3 � �2�2kj
j �2=3:Remark 2.11. Formula (2.13) is an improvement of the inequality (1.19) obtainedin [LP]. This became possible because the right hand side in (2.6) involves thetrace Tr'1(B(�)) rather than m � maxj=1;:::;m �j(B(�)), where �j(B(�)) are theeigenvalues of the matrix B(�).



8 BY A. LAPTEV3. Neumann boundary value problem1. Let us consider a di�erential operatorA(D)u(x) =X�6lA�D�u(x); u 2 C1(�
; Cm );where 
 � Rd is an open set and the coe�tients A� arem�m-matrices independentof x 2 
. Let us introduce a quadratic formB�
[u; u] = Z
 kA(D)uk2 dx; u 2 C1(�
; Cm );where �
 is the closure of the set 
. This form is semibounded from below. Weassume that the form B�
 is closable. Then B�
 de�nes a semibounded selfadjointoperator in L2(
; Cm ) which we denote by BN . The symbol of this operator isB(�) := A�(�)A(�). The operator BN can be naturally considered as an operatorof the Neumann boundary problem in the domain 
 for the di�erential operatorwhose symbol is equal to B(�).Let us assume that the spectrum of this operator is discrete, consists of 0 = �1 6�2 6 �3 6 : : : , and �k !1, as k!1.We put aside the problem of the existence of the closure of the form B�
 andthe discreteness of the spectrum of BN . For example, in the scalar case whenB(�) = j�j2l the discreteness of the spectrum of this operator is equivalent to thecompactness of the embeddingH l(
)! L2(
). The latter requires some restrictiveassumption on 
. The precise conditions of the compactness of this embedding aregiven in [Mz].Therem 3.1. Let j
j <1,(3.1) ZRd Tr'�(B(�)) d� <1for some � > 0 and assume that the spectrum of the operator BN is discrete,�k !1 as k !1. Then(3.2) Xk (�� �k)+ > (2�)�d j
j ZRd Tr'�(B(�)) d�:Proof. Let !k, be the orthonormal basis of eigenfunctions of the operatorBN whoserespective eigenvalues are �k, k = 1; 2; : : : . Denotee�(x) = � exp(ix�); as x 2 
;0; as x 62 
;



DIRICHLET AND NEUMANN EIGENVALUE PROBLEMS 9and introduce the orthonormal basis f�j(�)gmj=1 consisting of the eigenvectors ofthe matrix B(�). Then(3.3) Xk (� � �k)+ = Tr'�(BN ) =Xk '�(�k)Z
 k!k(x)k2 dx= (2�)�dXk '�(�k)ZRd k!̂k(�)k2 d�= (2�)�dXk mXj=1 '�(�k)ZRd j(!̂k(�); �j (�))j2 d�:Let E� , � 2 R, be the spectral projection of the selfadjoint operator BN . We cannow rewrite (3.3) asTr'�(BN )= ZRd Xk '�(�k) mXj=1 Z
 Z
�!k(x); �j (�)e�(x)���j(�)e�(y); !k(y)� dy dx d�= mXj=1 ZRd Z 10 '�(�) (dE�e��j(�); e��j(�)) d�:Since j
j�1 Z 10 (dE�e��j ; e��j) = 1; 8� 2 Rd; j = 1; 2; : : : ;m;then by using the Jensen inequality we obtainTr'�(BN ) > j
j ZRd mXj=1 '�� 1j
j Z 10 � (dE�e��j(�); e��j(�))� d�:Notice thatZ 10 � (dE�e��j ; e��j) = B�
[e��j(�); e��j(�)]= Z
 kA(D)e��j(�)k2 dx = j
j kA(�)�j (�)k2 = j
j (B(�) �j (�); �j(�)):Since �j(�) are the eigenvectors of the matrix-function B(�), we havemXj=1 '�� 1j
j Z 10 � (dE�e��j(�); e��j(�))� = Tr'�(B(�)):This leads to (3.2) and completes the proof. �2. Apply now the inequality (3.2) to the counting function of the spectrum of theoperator BN .



10 BY A. LAPTEVTheorem 3.2. Let 
 � Rd be an open set of �nite measure, j
j < 1 and B(�)be a positively homogeneous symbol of degree 2l. Then under the assumptions ofTheorem 3.1 we have(3.4) N(�;BN ) > � d2l (2�)�d j
jZRd Tr'1(B(�)) d�; � > 0:Proof. Since the �rst eigenvalue of the operator BN is equal to zero we obtain thatN(�;BN ) > 1�Xk (� � �k)+; � > 0:Theorem 3.1 and the homogeneity of the matrix B(�) lead us toN(�;BN ) > 1� (2�)�d j
j ZRd Tr'�(B(�)) d�= �d=2l(2�)�d j
j ZRd Tr'1(B(�)):�Let m = 1 and B(�) = j�j2l, l 2 N. Then the operator BN coincides with theoperator of the Neumann boundary problem for (��l). In this case(2�)�d ZRd '1(B(�)) d� = Lcld 2l(d+ 2l) :and (3.3) impliesCorollary 3.3. Let 
 � Rd be an open set of �nite measure, j
j <1. Then(3.5) N(�; (��l)N ) > �d=2lLcld 2ld+ 2l j
j:Remark 3.4. If l = 1, then (3.5) is equivalent to the inequality (1.3) proved in [K1].4. More eigenvalue estimates for the Dirichlet LaplacianLet BD = ��D in L2(
), 
 � Rd and let us assume that the spectrum of thisoperator is discrete. Let !1; !2; : : : be the orthonormal basis of eigenfunctions ofthe operator BD whose respective eigenvalues are 0 < �1 < �2 6 : : : . Denote(4.1) e! = supx2
 j!1(x)j:Using the argument similar to those we used in Section 3 we can prove the followingstatement.



DIRICHLET AND NEUMANN EIGENVALUE PROBLEMS 11Theorem 4.1. Let the spectrum of the operator ��D in L2(
) be discrete. Thenfor any � > 0 we have(4.2) Tr'�(��D) =Xk (� � �k)+ > (� � �1)1+d=2+ Lcld 2d+ 2 e!�2:Proof. The functions ��(x) := !1e�i(x;�); � 2 Rd;belong to the domain of the operator ��D. ObviouslyTr'�(��D) =Xk '�(�k)Z j!kj2 dx > e!�2Xk '�(�k)Z j!1 !kj2 dx= (2�)�de!�2 Xk '�(�k)Z ��� Z !k��(x) dx���2 d�:If the spectral projection of the operator ��D is denoted by E� , then the lastexpression can be rewritten asTr'�(��D) > (2�)�de!�2 ZRd Z 10 '�(�)(dE� ��; ��) d�:Clearly Z 10 (dE� �� ; ��) = k��k2L2(
) = k!1k2L2(
) = 1;and by using the Jensen inequality we obtain(4.3) Tr'�(��D) > (2�)�de!�2 Z '��Z 10 � (dEn ��; ��)� d�:A simple calculation gives(4.4) Z 10 � (dEn ��; ��) = ZRd jr��j2 dx = (j�j2 + �1):Combining (4.4) in (4.3) we arrive atTr'�(��D) > (2�)�d e!�2 ZRd '�(j�j2 + �1) d� = (�� �1)1+d=2+ Lcld 2d+ 2e!�2:The theorem is proved. �In particular, if � = �2 in (4.2), then we obtain the following upper estimate forthe di�erence of the two �rst eigenvalues for the Dirichlet Laplacian.



12 BY A. LAPTEVCorollary 4.2. Under the conditions of Theorem 4.1 we have�2 � �1 6 �Lcld 2d+ 2��2=d e!4=d:Remark 4.3. Some other upper estimates on �2 � �1 were studied in [PPW] and[SWYY] (see also [SY]).If � > �1, then N(�;��D) > 1�� �1 Tr'�(��D)and by using (4.2) we deriveCorollary 4.4. If the conditions of Theorem 4.1 are satis�ed, then for any � > �1we obtain N(�;��D) > (� � �1)d=2 Lcld 2d+ 2 e!�2:References[Bz1] F.A. Berezin, Convex functions of operators, Mat.sb. 88 (1972), 268{276. (Russian)[Bz2] F.A. Berezin, Covariant and contravariant symbols of operators; English transl., Math.USSR Izvestija 6 (1972), 1117{1151.[BS] M. Sh. Birman and M. Z. Solomyak, The principal term of the spectral asymptoticsformula for \non-smooth" elliptic problems, (in Russian) Funk. Analis i Ego Pril. 4(1970), 1{13; English transl. in Functional Anal. Appl. 4 (1970), 265{275.[C] Z. Ciesielski, On the spectrum of the Laplace operator, Comment. Math. Prace Mat. 14(1970), 41{50.[K1] P. Kr�oger, Upper bounds for the Newmann Eigenvalues on a bounded domains in Eu-clidean space, J. Funct. Anal. 106 (1992), 353{357.[K2] P. Kr�oger, Estimates for sums of eigenvalues of the Laplacian, J. Funct. Anal. 126(1994), 217{227.[L] A. Laptev, On inequalities for the bound states of Schr�odinger operators, OperatorTheory: Advances and Applicatons, vol. 78, Birkh�auser Verlag Basel/Switzerland, 1995,pp. 221{225.[LS] A. Laptev and Yu. Safarov, A generalization of the Berezin-Lieb inequality, Amer.Math.Soc. Transl (2) 175 (1996), 69{79.[Lb1] E.H. Lieb, The number of bound states of one-body Schr�odinger operators and the Weylproblem, Proc. Sym. Pure Math. 36 (1980), 241{252.[Lb2] E. H. Lieb, The classical limit of quantum spin systems, Comm. Math. Phys. 31 (1973),327{340.[LP] H.A. Levine and M.H. Protter, Unrestricted lower bounds for eigenvaluess for classesof elliptic equations and systems of equations with applications to problem in elasticity,Math. Mech. in the Appl. Sci. 7 (1985), 210{222.[LY] P. Li and S.T. Yau, On the Schr�odinger equation and the eigenvalue problem,Comm.Math.Phys. 88 (1983), 309{318.[M] G. Metivier, Valeurs propres de probl�emes aux limites elliptiques irr�eguliers, Bull. Soc.Math. France, Mem. 51-52 (1977), 125{229.[Mz] V. Maz'ya, Sobolev Spases, Springer-Verlag, Berlin Heidelberg New York Tokio, 1985.[PPW] L.E. Payne, G. P�olya and H.F. Weinberger, On the ratio of consecutive eigenvalues,Journal of Math. and Physics 35 (1956), 289{298.
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