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REDUCTION OF THE HERMITIAN-EINSTEIN EQUATIONON K�AHLERIAN FIBER BUNDLESSteven B. Bradlow1 , James F. Glazebrook2andFranz W. Kamber3 4Abstract. The technique of dimensional reduction of an integrable system usually requires sym-metry arising from a group action. In this paper we study a situation in which a dimensionalreduction can be achieved despite the absence of any such global symmetry. We consider certainholmorphic vector bundles over a Kahler manifold which is itself the total space of a �ber bundleover a Kahler manifold. We establish an equivalence between invariant solutions to the Hermitian{Einstein equations on such bundles, and general solutions to a coupled system of equations de�nedon holomorphic bundles over the base Kahler manifold. The latter equations are the Coupled VortexEquations. Our results thus generalize the dimensional reduction results of Garc�ia{Prada, whichapply when the �ber bundle is a product and the �ber is the complex projective line.
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Table of Contents1. Introduction2. Generalized at �ber bundles and Riemannian foliations3. Equivariant and homogeneous bundles4. The Borel{Leray spectral sequence5. Kunneth formulas in Hodge cohomology6. Projective �ber bundles7. Holomorphic extensions and their parametrization8. Reduction to the coupled vortex equations9. Reduction to the coupled vortex equations : The projective case10. A priori estimates for solutions and stability11. Appendix : Obstructions for projectively at holomorphic bundles1. IntroductionTechniques involving dimensional reduction are important in many areas of mathematicalphysics when one is looking at solutions to partial di�erential equations which are invariantunder a group of symmetries. The term `dimensional reduction' then refers to the fact that theinvariant solutions to the original equation can be interpreted as ordinary solutions to a relatedset of equations on the (lower dimensional) orbit space of the group action. The latter in theirown right can be the equations of an equally important physical system and correspondencesbetween these two systems involve exploiting a whole range of mathematical ideas (examplesrelating to monopole and soliton type equations can be found e.g. in [37]).The vortex equations were �rst studied (over R2) by Ginsburg and Landau [19] in the studyof superconductivity and their mathematical framework was later developed in the book of Ja�eand Taubes [28]. Taubes in [44] showed that a reduction of the anti{self{dual equations onR2 � S2 led to the vortex equations on R2 and by analogous means, Witten [51], on takingH2 �S2, obtained the vortex equations on the hyperbolic plane H2 . The holomorphic geometryof these equations over a compact K�ahler manifold X along with their corresponding modulispaces was studied by the �rst author in [6] [7] [8] [10]. Garc�ia{Prada in [17] [18] showedthat the coupled vortex equations over X could in fact be obtained as a dimensional reductionof the Hermitian{Einstein equations over X � CP1, and in e�ect generalized the cases studiedin [44] and [51]. When dimC X = 2, the abelian vortex equations are known to be equivalentto the Seiberg{Witten equations [43] [50] [10].In [11] we generalized the Garc�ia{Prada technique of dimensional reduction from the caseX � CP1 to a projectively at CP1{bundle over X . In this paper, we consider a generalizationfrom the �ber CP1 to the case of a �ber F which is a compact symmetric K�ahler manifold. Thuswe consider holomorphic K�ahlerian �ber bundles F ! M ! X , where M is taken to have aat structure. The holomorphic vector bundles on M that we study are the analogues of theSU(2){equivariant bundles considered in [17] [18] . We show that such bundles correspondto holomorphic objects on X . These objects are holomorphic triples consisting of a pair ofholomorphic bundles together with a holomorphic bundle map between them. Our main result(Theorem 8.9) establishes an equivalence between special solutions to the Hermitian{Einsteinequations on the bundles over M and general solutions to the Coupled Vortex Equations onthe corresponding triples on X . It is in this sense that our main result can be viewed as adimensional reduction result.An outline of the paper is as follows. As apparent in [11] , an essential di�erence from [18] isthat the SU(2){orbits appearing there are generalized to the leaves of a foliation by the �bersF as above. So in x 2 , we establish some concepts from the theory of Riemannian folia-tions, in particular a general structure theorem for vector bundles over generalized at bundles2



and the notion of extendability to M of bundles and forms de�ned over F ; here the atstructure on M plays a crucial role. Although foliation methods are motivationally important(cf. [20]), the eventual reduction procedure is achieved by making substantial modi�cations tothe holomorphic{geometric approach of [18].In x 3 we present a short discussion of equivariant and homogeneous bundles. In x 4 weestablish a generalization of the Borel{Leray spectral sequence (as given in [27]) for non{trivialcoe�cient bundles on the �ber, that in x 5 leads to a Kunneth formula in Hodge cohomology(with non{trivial coe�cients). In x 6 we turn to an important class of examples namely, holo-morphic projective bundles CPl ,! M ! X . Quite naturally it is the most geometricallyrealizable case. It is necessary to look at the essential topological aspects and make note of thedi�erences between the GL(l + 1) and PGL(l + 1) cases. Then we adapt the main results ofx 5 to establish necessary vanishing theorems which are needed later.Having recalled the notion of the Ext functor, we proceed in x 7 to apply the main resultsof x 5 and x 6 to obtain an essential parametrization of certain holomorphic extensions overM by basic sections. In x 8 we start by formulating some results which yield base and �berdegree invariants of the various bundles de�ned on X and F respectively. In the latter case,the extension of objects to M involves subtle technical work which is incumbent upon the atstructure and justi�es certain calibration conditions on the �ber. In x 8 we establish the mainresult of the paper which proves that the classes of holomorphic vector bundles onM described inx 7 , when endowed with a Hermitian{Einstein metric connection, reduce to the Coupled Vortexequations on X , and conversely. We also establish a number of formulas relating the parametersof the vortex equations to the slopes of the various bundles featuring in the construction.The important example of the CPl{�bration reappears in x 9 where the necessary hypothesesneeded in the main result of x 8 are automatically satis�ed. Following this we state explicitformulas for computing the �berwise invariants. In x 10 we introduce the notion of holomorphictriples and the relationship with solutions of the Coupled Vortex equations. With regards tothese, we establish a priori estimates for solutions and stability. We conclude with an appendixwhich accounts for the topological details needed in completing our description of the geometricstructure of projectively at bundles over X .Part of this work was done while the last named author was a visitor at several institutions.It is a pleasure to gratefully acknowledge the hospitality and �nancial support of the Institute ofMathematics at Aarhus University, Denmark; the Erwin Schr�odinger International Intitute forMathematical Physics in Vienna, Austria; the Institute of Mathematics at Tôhoku Universityand the Kawai Foundation in Sendai, the Institutes of Mathematics at Hokkaido University inSapporo, Ryukoku and Ritsumeikan University in Kyoto, and the Department of Mathematicsand Computer Science at the University of Kagoshima, Japan. We also thank the referee forhelpful comments.2. Generalized flat fiber bundles and Riemannian foliationsLetM be a compact oriented Riemannian manifold and let F be an oriented foliation onM .Denoting by TF the tangent bundle along the leaves of F and by Q the normal bundle, we havethe exact sequence 0! TF �! TM �! Q! 0 :The metric gM onM gives the identi�cation TF? �= Q and gM = gTF+gQ . The foliation (M;F)is said to be Riemannian if gQ is F{holonomy invariant ; speci�cally, for all Z 2 C1(TF),the Lie invariance condition LZgQ = 0 is satis�ed. Henceforth we assume that (M;F) is aRiemannian foliation (for further details see e.g. [39]). The type of Riemannian �brationswhich we will consider are seen as particular cases. An important class of examples is providedby the following general construction which will be implemented in the following sections.3



Example 2.1. Let X be a compact Riemannian manifold with fundamental group � = �1(X)and universal covering eX, F a compact Riemannian manifold and � a representation� : �! Di�0(F ) ;into the orientation{preserving di�eomorphisms of F . We consider the action of  2 � on eX�Fgiven by (~x; f) = (~x � �1; �()f) :LetM be the quotient of eX�F by this action. There are two foliations which can be consideredon the generalized at bundle [29]F ,!M = eX �� F ��! X : (2.1)(1) the foliation (M;F�) by the �bers of � ;(2) the foliation (M;F�) by the holonomy covers eX .For a bundle{like metric gM onM of the form ��gX +gT (�) , the �bration � is a Riemanniansubmersion and hence (M;F�) is a Riemannian foliation such that the transverse metric gQ(F�) =��gX . It is well{known (e.g. [30]) that this is equivalent to (M;F�) being totally geodesic. If� : � ! Iso(F ) is a representation into the isometries of F , then a bundle{like metric gMon M is induced by the product metric ��gX + p�gF on eX � F via the natural projectionp : eX � F ! F . In this case, the foliation (M;F�) is also Riemannian and consequently(M;F�) is totally geodesic.Let G be a connected Lie group and  : P ! M a principal G-bundle. We say that P isfoliated if P has a foliation eF obtained by a choice of horizontal lifting of F (cf. [29] [16]).Speci�cally, for tangent vector �elds Z 2 C1(TF), there is a lift eZ 2 C1(T eF) such that:(1) eZ is G{invariant and hence  {projectable, that is,  � ~Z = Z and Rg� ~Z = ~Z for allg 2 G ;(2) [Z; Y ]� = [ ~Z; ~Y ] for all Z; Y 2 C1(TF) .Thus for each p 2 P , the di�erential  � : TpP ! T (p)M maps the tangent space Tp eFisomorphically onto the tangent space T (p)F and the action of G on P permutes the leaves ofeF . The de�nition carries over in the usual way to any vector bundle E ! M associated withP .Associated to F is its holonomy groupoid GF [49], whereby a vector bundle E ! M is saidto be GF{equivariant if there is an action of GF on the �bers of E via holonomy transport.Conversely, a foliated bundle E ! M is naturally a G�{equivariant bundle with respect to thefundamental groupoid G� ! GF of homotopy classes of paths along the leaves of F . For furtherdetails see [13] [49] .Recall that p : eX � F ! F is the natural projection. Then if V is a �{equivariant vectorbundle over F , we obtain an extension eV of V to M byeV = p�V=� �= eX �� V �! M = eX �� F ; (2.2)with the restriction property eV jF = V : (2.3)Next, we state a structure theorem for GF{equivariant bundles on a generalized at bundleM . 4



Theorem 2.2. For M = eX �� F as in Example 2:1 , the equivariant vector bundles aredescribed as follows.(1) There is a one to one correspondence between vector bundles W over X and GF�{equivariant vector bundles on M , given by W ! ��W .(2) There is a one to one correspondence between �{equivariant vector bundles V over Fand GF�{equivariant vector bundles on M , given by V ! eV = p�V=�, where eV is theextension of V to M in (2:2) .Proof. The foliation (M;F�) is a �bration and the holonomy groupoid GF� is given by the�ber product M �X M pr1����! Mpr2??y ??y�M �����! X ; (2.4)which records the fact that F� has trivial holonomy. The statement in (1) then follows imme-diately from the de�nition of GF{equivariance.Essentially the same argument applies in the case of the foliation F� . Here, the globalholonomy is given by the image of � under � in Di�0(F ) and one requires equivariance withrespect to � . �Remark 2.3. This result plays the role of the structure theorem in [18] (Proposition 3.1).One of our main observations is that the dimensional reduction procedure of [17] [18] can begeneralized to the case where the (smooth) bundles over M are direct sums with summands ofthe form ��W 
C eV . For instance, in going from bundles over X � CP1 to bundles over a atCP1{bundle over X , one replaces the SU(2){action on X � CP1 by the `double foliation' of theCP1{bundle with respect to the foliations F� and F� . The analogues of the SU(2){equivariantbundles on X � CP1 are then the `doubly GF{equivariant' bundles on M . By Theorem 2.2 ,these are of the indicated form.We de�ne the extension of a �{equivariant V {valued form ' on F to a eV {valued form ~' bythe formula ~' = p�'=� ; (2.5)noting that p�' is �{equivariant under the diagonal action of � on eX �� V . Letq : eX � F �!M = eX �� Fbe the quotient map under � . Then ~' and ' are related byq� ~' = p�' : (2.6)For a Riemannian foliation (M;F) , the basic forms with coe�cients in a foliated vectorbundle E are de�ned by
�b(M;F ;E) = f� 2 
�(M;E) j ieZ� = 0 ; LeZ� = 0 ; Z 2 C1(M;TF)g : (2.7)In degree 0, only the latter condition applies and the basic sections are also called invariant.We remark that for a Riemannian �ber bundleF ,!M ��! X ;the basic forms relative to F� are given by pull{backs from the base space X . In fact, there isa canonical isomorphism �� : 
�(X;W ) �=�! 
�b(M;F�; ��W ) ; (2.8)where TF� is given by the tangent bundle T (�) along the �bers of � . This fact explains ofcourse the origin of the terminology (cf. [29] [39]).5



We also note that in the at case (2.1) , the basic forms relative to the transverse foliationF� are exactly given by the extensions ~' of �{equivariant V {valued forms ' on F as describedin (2.5) . 3. Equivariant and homogeneous bundlesIn this and the following sections we consider a holomorphic �brationF ,!M ��! X ; (3.1)of compact complex analytic manifolds. We refer to [27] (Appendix Two by A. Borel) for thedetails of some of the following constructions. The structure group of this �bration is a complexLie group G acting on F via a holomorphic map  : G� F ! F . Let gij : Uij = Ui \ Uj ! Gbe the transition functions de�ning the �bration where U = fUig is a suitable covering of X .If F is K�ahler, the induced representation  ̂ : G! GLfHp;q(F )g is constant on the connectedcomponents of G, that is,  ̂ factors through �0(G) . The composition  ̂ �gij de�nes then locallyconstant transition functions for the associated vector bundlesHp;q(F ) = [x2XHp;q(Fx) ;and H�@(F ) =Mp;q Hp;q(F ) ;both of which are therefore at holomorphic vector bundles on X .If P ! X is the holomorphic G{principal bundle determined by the cocycle fgijg, the �berbundle (3.1) is associated to P by the formulaM �= P �G F ��! X : (3.2)To a G{equivariant holomorphic vector bundle V p! F , we may associate a holomorphic vectorbundle eV !M , called the canonical extension of V to M , byeV = P �G V id�p�! M = P �G F : (3.3)The assignment V ! eV is evidently an additive exact functor, compatible with tensor prod-ucts, and eV satis�es the restriction property (2.3) .Remark 3.1. On the topological level, the above construction determines a natural homo-morphism of rings �P : KG(F ) �! K(P �G F ) ;which for F = pt specializes to the well{known homomorphism�P : R(G) �! K(X) :The Hodge cohomology with coe�cients in V , de�ned byH�@(F;V) =Mp;q Hp;q(F;V) ;Hp;q(F;V) = Hq(F;
p(F;V)) ;6



is computed by the Dolbeault �@{complex (cf. [27])Ap;�(F;V) = V 
C �p;�C (T �(F )
R C ) :Here 
p(F;V) = V 
C �p;0C (T �(F )
R C ) is the holomorphic bundle of (p; 0){forms with coe�-cients V .Even if F is K�ahler, the induced representationsGe �! GL(Hp;q(F;V)) ; (3.4)are no longer trivial in general. We will always assume that they are holomorphic and hencede�ne a holomorphic associated bundle of �ber cohomology groupsH�@(F;V) = P �G H�@(F;V) �! X : (3.5)Suppose in particular that the above holomorphic �bration has the structure of a generalizedat bundle F ,!M = eX �� F ��! X ; (3.6)where � : �! G � Hol(F ) is taken to be a representation into the holomorphic di�eomorphismsof F . This is equivalent to saying that the transition functions fgijg are locally constant. Thusthe principal bundle P is at as well, namely given by P = eX �� G . In this case, the bundleeV is given by formula (2.2) . The bundle of �ber cohomology groups (3.5) is a at holomorphicvector bundle over X with respect to the representation ~� : � ! G ! GLfH�@(F;V)g. Thebundle H�@(F;V) may then be regarded as a system of local coe�cients, whose associated sheafof locally constant sections will be denoted by H�@(F;V) .For a holomorphic vector bundle W ! X , we denote by W the locally free holomorphic sheafof OX{modules associated to W and mutatis mutandis for the other spaces involved.Example 3.2. Homogeneous bundles :Let F = G=H �= U=K be a compact symmetric Hermitian manifold, whereG = Hol(F )e ; U = HolIso(F )e ; K = U \H :Much is known about these symmetric spaces and we refer to [26] Ch. VIII, [34] for details. Inparticular, F is simply connected, G and H are connected complex Lie groups with G semisimpleand H parabolic. U and K are connected compact Lie groups; U is semisimple and K is thecentralizer of a torus. Further, any K{invariant Hermitian metric on F is K�ahler.The equivariant holomorphic vector bundles on G=H are now homogeneous [4] [47] , that is,they are given by representations (�; V�) of H :� 7! V� = G�H V� ;inducing an isomorphism R(H) �= KG(G=H) :The canonical extension eV� is then of the formeV� �= P �H V� !M = P=H :For (�0; V�0) 2 R(G), the associated bundleeV�0 = P �G V�0 ! X ;7



is a holomorphic vector bundle over X and eVi��0 and eV�0 are related byeVi��0 �= ��eV�0 ; (3.7)under the restriction map i� : R(G)! R(H). In the at case, eV�0 ! X is at and so is thereforeeVi��0 !M by (3.7) .We further have the Frobenius formulaH�@(F;Vi��0
�) �= V�0 
C H�@(F;V�) ; (3.8)as G{modules and hence H�@(F;Vi��0
�) �= eV�0 
C H�@(F;V�) ; (3.9)for (�; V�) 2 R(H) . The same is true if the pair of complex groups (G;H) is replaced by thecorresponding compact pair (U;K) .Relative to the Cartan sequence0! h! g! m = g=h! 0 ;respectively the Cartan decomposition u = k�m ; (3.10)and the complex adjoint representation �0 : H ! GL(m; C ), the Dolbeault complex Ap;�(F;V�)is associated to the representationV� 
C �p;�C (m�C ); mC = m
R C : (3.11)Since U is compact, semisimple and the di�erential �@ is U{invariant, the decomposition of theDolbeault complex according to irreducible representations of U must preserve cohomology. TheU{invariant forms are given byAp;q(F;V�)U �= (V� 
C �p;qC (m�C ))K ; (3.12)and we have therefore in particularHp;q(F;V�)U �= Hq(Ap;�(F;V�)U) �= Hq((V� 
C �p;�C (m�C ))K) : (3.13)For � = 1, the Hodge cohomology H�@(F ) is invariant under U and the total di�erential d on�p;qC (m�C )K vanishes since [m;m] � k . Hence we have (cf. [22] IV)Hp;q(F ) �= Ap:q(F )U �= �p;qC (m�C )K : (3.14)These formulas are very useful for explicit computations.According to Bott's generalization of the Borel{Weil theorem [4] ,H0;�(F;V�) is an irreducibleU{module, if the induced highest weight of an irreducible representation (� ; V�) 2 R(K) is non{singular. The degree of the non-vanishing cohomology group is given by the index of the inducedhighest weight of � . If the induced highest weight of � is singular, then H0;�(F;V�) = 0 .8



4. The Borel{Leray spectral sequenceUsing the concept of extension of equivariant bundles, we give here a generalization of Borel'sTheorem 2.1, p. 204 in [27] , to non-trivial coe�cient bundles on the �ber.Theorem 4.1. Let F ,! M ! X be a holomorphic �ber bundle of compact complex analyticmanifolds. Let W be a holomorphic vector bundle on X and V be a holomorphic G{equivariantvector bundle on F . Then there exists a spectral sequence (Er; dr); (r � 0), with the followingproperties:(1) Er is 4{graded by the base degree, the �ber degree and the complex type. Let p;qEs;tr bethe subspace of elements of Er of type (p; q), base degree s and �ber degree t . We havep;qEs;tr = 0 if p+ q 6= s+ t, or if one of p; q; s; t is < 0 . The di�erential dr maps p;qEs;trinto p;q+1Es+r;t�r+1r .(2) The spectral sequence converges to H�@(M;��W 
 eV) . For all p; q � 0, we havep;qEs;t1 �= Grs Hp;q(M;��W 
C eV) ;for a suitable �ltration of Hp;q(M;��W 
C eV) .(3) For p+ q = s + t ; we havep;qEs;t2 �=Xi�0H i;s�i(X;W
C Hp�i;q�s+i(F;V)) :(4) If the �bration is a generalized at bundle (3:6), the bundle H�@(F;V) is a at holomorphicvector bundle and we have for p+ q = s+ t ;p;qEs;t2 �=Xi�0H i;s�i(X;W 
C Hp�i;q�s+i(F;V)) :The conclusion also holds if H�@(F;V) is a trivial Ge{module, the at structure beinginduced by the connecting homomorphism @� : � = �1(X)! �0(G) .(5) If W = 1X and V = 1F are trivial of rank 1, then (Er; dr) is multiplicative and theisomorphisms of (2) and (3) are compatible with products.(6) If the �ber F is K�ahler, H�@(F ) is a trivial Ge{module.Proof. For our applications in x 5 to x 8 , it will be crucial to recognize the Borel spectralsequence as a special type of Leray spectral sequence. We therefore outline here an alternativeproof to the one in [27] (Appendix 2) which allows non{trivial coe�cients on the �ber. We willrefer to this spectral sequence as the Borel{Leray spectral sequence.First, we recall the Leray spectral sequence (cf. e.g. [23] [24]): For any (coherent) sheaf Fof OM{modules, there exists a convergent spectral sequenceEs;t2 = Hs(X;Rt��(F ))) Hs+t(M;F ) : (4.1)We claim that for a suitable choice of F , (4.1) coincides with the Borel spectral sequence ofTheorem 4.1 .Next, we need the projection formula for pull{backs [25] :Rt��(��W 
OM F ) = W 
OX Rt��(F ) ; t � 0 : (4.2)Third, the tangent bundle of the �ber F is obviously a G{bundle and so is the holomorphicbundle of forms �p;0C (T �(F )
R C ) of type (p; 0) . >From (3.3) it follows that we may extend thebundle V 
C �p;0C (T �(F )
R C ) to M and we will denote by 
pM=X(eV) = eV 
OM e
pF the locally9



free OM{module of its holomorphic sections (this corresponds of course to relative forms on thetangent bundle along the �ber). Thus the graded sheaf of modules F � = 
�M(��W 
C eV) canbe written as a bigraded sheafF � = 
�M(��W 
C eV)�= ��
�X(W)
OM 
�M=X(eV) : (4.3)The derived direct image Rt��(eV) of eV may be computed as the sheafH t(F;V) of holomorphicsections in the bundle H0;t�@ (F;V) of �ber cohomologies [4]. Applied to the relative cotangentcomplex 
�M=X(eV) this yieldsRt��(
�M=X(eV)) �=H t(F;
�F (V)) �=H �;t�@ (F;V) : (4.4)Thus we have, using (4.2) and (4.3)Rt��(F �) �= 
�X(W)
OX H t(F;
�F (V)) �= 
�X(W 
C H�;t(F;V)) : (4.5)We observe that the total cohomology in the Borel{Leray spectral sequence in Theorem 4.1 (2)is given by the cohomology of M with coe�cients F � above, that isHp;q(M;��W 
C eV) = Hp(M;
qM(��W 
C eV)) ; (4.6)while the E2{term in (4.1) , using (4.5) , is seen to coincide with the E2{term of the Borel{Lerayspectral sequence in Theorem 4.1 (3). In fact, we haveHs(X;Rt��(F �)) �= Hs(X;
�X(W)
OX H t(F;
�F (V)))�= H�;s(X;W
C H�;t(F;V)) : (4.7)The equivalence of the two spectral sequences follows from a well{known argument in sheaftheory, using �ne resolutions to compute derived functors [21] . The Leray spectral sequence isassociated to the composition of left exact functors [24]�(M;F ) = �(X; ��F ) ;while Borel's proof makes use of a Dolbeault{type resolution of the bigraded sheaf F � of OMmodules in (4.3) , namely the 4{graded sheaf complexM a;b;c;d(W ;V) = A (��W)
AM A (eV)
AM ��A a;bX 
AM A c;dM=X�= ��W 
OM eV 
OM ��A a;bX 
AM A c;dM=X�= ��A a;bX (W)
AM A c;dM=X(eV) : (4.8)Here A a;bM=X = fA a;bF denotes the sheaf of smooth germs on M of �berwise (a; b){forms, that is(a; b){forms along the tangent bundle of the �bers. Hence, applying �� to (4.8) , we have��M a;b;c;d(W ;V) = A a;bX (W)
AX ��A c;dM=X(eV) : (4.9)It is then apparent that the �@{di�erentials de�ned in loc. cit. extend by linearity to the casewith coe�cients V and produce the required resolution.The E2{term (4.7) is now computed byHs(X;Rt��(F �)) �= Hs�@X�(X;A �;�X (W 
C Ht�@F (��A �;�M=X(eV)))) ;while the total cohomology (4.6) is computed byHp;q(M;��W 
C eV) = Hq�@ �(M;M p;�) :Part (4) of the theorem follows by a standard argument about local systems of coe�cients,since H�@(F;V) is holomorphically at. �10



5. Kunneth formulas in Hodge cohomologyLet F be a compact complex manifold. The Hodge to DeRham spectral sequenceHp;q(F ) = Hp@ (Hq(F;
�(F )))) Hp+qDR (F; C ) ;associated to the Dolbeault double complex A�;�(F ), has E1{term given by the Hodge groupsHq(F;
p(F )) and the di�erential d1 is given by the di�erential @ on the sheaf complex 
�F ofholomorphic forms. If (F; !F ) is a K�ahler manifold, this spectral sequence degenerates at theE1{term.Theorem 5.1. [48] For a K�ahler manifold F , there is a multiplicative isomorphismH��@(F ) �= H�DR(F; C ) : (5.1)Thus the homotopy invariance of DeRham cohomology implies that Ge acts trivially onH�@(F ) . We also recall Deligne's theorem on the degenerescence of the Borel{Leray spectralsequence.Theorem 5.2. [14] If the total space M and the base space X in the �ber bundle (3:1) arecompact K�ahler manifolds (hence the �ber F is K�ahler); W = 1X and V = 1F ; then theBorel{Leray spectral sequence degenerates at the E2{term and we haveE2 �= E1 ;that is, there is a multiplicative isomorphismGr� H�;��@ (M) �= H�;��@ (X;H�;��@ (F )) : (5.2)For connected G there are therefore module isomorphisms over X , that is, additive Kunnethformulas: H�;��@ (M) �= H�;��@ (X)
C H�;��@ (F ) ;and H�DR(M; C ) �= H�DR(X; C) 
C H�DR(F; C ) :Via the Chern character, this gives a Kunneth formula for rational K{theory as wellK�(M)Q �= K�(X)Q 
Q K�(F )Q :We state now the main result of this section, using Theorem 4.1 to obtain a Kunneth typeformula for Hodge cohomology with non{trivial coe�cients. This formula is crucial in ourdiscussion of holomorphic extensions in x 7 .Theorem 5.3. Fix 0 � p0 � l and assume there exists an integer m ; p0 < m � 2l so thatHu;v(F;V) = Hv(F;
u(F;V)) = 0 ; for 0 � u+ v < m ; 0 � u � p0 : (5.3)For 0 � p � p0 , the Borel{Leray spectral sequence has the following properties:(1) p;qEs;t2 = 0, for p+ q < s+m .(2) The total cohomology Hp;q(M;��W 
C eV) vanishes for p+ q < m .(3) For p+ q = m, there is a canonical isomorphismHp;q(M;��W 
C eV) �= p;qE0;m2 �= H0(X;W
C Hp;q(F;V)) :(4) For (�0; V�0) 2 R(G) , we have in the homogeneous caseHp;q(M;��W 
C eVi��0) �= Hp;q(M;��(W 
C V�0))�= H0(X; (W
C V�0)
C Hp;q(F )) :(5) If Hp;q(F;V) is a trivial G{module, or if F ! M ! X is at and the �{action trivial,the holomorphic vector bundle Hp;q(F;V) is trivial :Hp;q(M;��W 
C eV) �= H0(X;W)
C Hp;q(F;V) :11



Proof. First, we observe that the condition p + q < s + m is equivalent to t < m, sincenon{zero terms occur only for p + q = s + t . Part (1) follows from the assumption (5.3) andTheorem 4.1 (3). In fact, the total �ber degrees in the formula for the E2{terms satisfy u+ v =(p� i) + (q � s + i) = p + q � s = t < m and u = p � i � p � p0 . Thus we have p;qEs;t2 = 0,for p + q < m; s � 0 or p + q = m; s > 0 . Part (2) follows immediately from this andthe expression for the total cohomology in Theorem 4.1 (2). For p + q = m, we have furtherp;qE0;m2 = H0(X;W 
C Hp;q(F;V)) . Since the spectral sequence has no non-zero terms fort < m; p < p0, the assertion in part (3) follows from a standard argument, e.g. the 5{term exactsequence for p+ q = m,0! p;qEm;02 ! Hp;q(M;��W 
C eV)! p;qE0;m2 dm+1�! p;q+1Em+1;02 ! Hp;q+1(M;��W 
C eV) :Observing that the base terms are zero by part (1), we conclude that the edge homomorphismHp;q(M;��W 
C eV)! p;qE0;m2is an isomorphism. Part (4) follows from (3.7) , the Frobenius formula (3.9) and Theorem 5.1 .Part (5) follows from Theorem 4.1 (4). In fact, under our assumption, the coe�cient bundleHp;q(F;V) is holomorphically trivial. �Corollary 5.4. Suppose G is connected, semisimple andH0(F;V) = 0 ; dimC H0;1(F;V) = 1 :Then H0(M;��W 
C eV) = 0 , the bundle of �ber cohomologies H0;1(F;V) is a holomorphicallytrivial line bundle and we haveH0;1(M;��W 
C eV) �= H0(X;W
C H0;1(F;V)) �= H0(X;W)
C H0;1(F;V) �= H0(X;W) ;for any holomorphic vector bundle W on X .Proof. We only need to observe that G, being connected and semisimple, has no non{trivial1{dimensional representation. �6. Projective fiber bundlesWe now consider the case where M is the total space of a (holomorphic) projective bundleover the compact K�ahler manifold X with structure group G = PGL(l+ 1; C) :CPl ,!M = P �PGL CPl ��! X : (6.1)The linear and projective groups are related by the commutative diagram1 1 1??y ??y ??y1 ����! Zl+1 �����! SL(l+ 1) j0����! PSL(l+ 1) ����! 1??y ??yi0 ??y�=1 ����! C� �����! GL(l + 1) j����! PGL(l + 1) ����! 1??y(�)l+1 ??ydetC� =����! C� (6.2)12



Let E ! X be a holomorphic vector bundle of rank l + 1 . The projectivisation P(E) givesrise to a holomorphic projective bundleCPl ,! P(E) ��! X : (6.3)If PE = F (E) denotes the holomorphic frame bundle of E, then the PGL(l + 1; C ){principalbundle is given by P = j�(PE) andP(E)�= PE �GL CPl �= P �PGL CPl :The topology of projective bundles is essentially derived from the commutative diagram ofgroups (6.2) at the level of classifying spaces. There are obstructions for the linearization(respectively the unimodular linearization) of a projective �ber bundle. For convenience, wediscuss these topics in an Appendix (x 11 ).Here we mention only the following facts. If E is projectively at, that isCPl ,!M �= eX ��̂ CPl ��! X ; (6.4)with holonomy �̂ : � ! PGL(l + 1; C ) , it follows from Chern{Weil theory (cf. [34]) that theChern classes of E are determined by the �rst Chern class c1(E), namelyck(E) = �l + 1k � fc1(E)l+ 1 gk ;ct(E) = f1 + t c1(E)l + 1 gl+1 : (6.5)For k = 2, we obtain therefore the strong Bogomolov relationc2(E) = l2(l+ 1) c1(E)2 : (6.6)At this point, we recall the Hitchin{Kobayashi correspondence [34] for a holomorphic vectorbundle E ! X over a compact K�ahler manifold (X;!X) . We de�ne the normalized degree ofE ! X relative to !X by the formuladegX(E) = 1(n� 1)! Vol(X) ZX c1(E)^ !n�1X= 1n! Vol(X) ZX �X c1(E) !nX ;= 1Vol(X) ZX �X c1(E) dvolX ; (6.7)where �X is contraction against the K�ahler form !X and the volume element dvolX is taken tobe dvolX = !nXn! :The slope of E is de�ned to be �E = degX(E)rank(E) :(E; h)! X is a Hermitian{Einstein bundle if� �XFh = 2� � IE ; (6.8)where Fh is the curvature of type (1; 1) of the unitary, integrable connection (Chern connection)determined by the Hermitian metric h .The above de�nition of the degree has the advantage that the Hermitian{Einstein constant �is given by the slope �E . In fact, we have the Chern{Weil formula c1(E) = �2� [TrFh] and henceZX �Xc1(E) � !nX = �2� ZX �X TrFh � !nX = � rank(E) n! Vol(X) ;which implies � = �E . 13



The Hitchin{Kobayashi correspondence (cf. [34] ) may then be stated as follows.Let E ! X be a holomorphic vector bundle over the compact K�ahler manifold (X;!X) .Then the following conditions are equivalent:(1) E is polystable, that is E =Mj Ej ;where the Ej are stable (relative to !X) holomorphic bundles of equal slope �Ej = �E ;(2) E admits a solution of the Hermitian{Einstein equation� �XFh = 2� �E IE :Together with the Bogomolov relation below (for n = dimC (X) � 2), (2) is furtherequivalent to :(3) E is projectively at, that is P(E) is at with holonomy �̂ : �! PU(l + 1) .The existence theorem (1) ) (2) is due to Donaldson [15] and Uhlenbeck{Yau [45] . IfE is projectively at, E is obviously Hermitian{Einstein and the equation (6.6) implies theBogomolov relation ZX(l c1(E)2 � 2(l+ 1) c2(E))^ !n�2X = 0 : (6.9)This latter relation is su�cient to prove (2) ) (3). In fact, if (2) holds, then (3) is equivalentto (6.9) (cf. [36] ).Example 6.1. The case of rank(E) = 2 :P(E) has a at PU(2){structure exactly in one of the following two cases.(1) E is stable and RX(c1(E)2 � 4c2(E))^ !n�2X = 0 ;(2) E = L1 � L2, with c1(L1) = c1(L2) and hence RX(c1(L1)� c1(L2))2 ^ !n�2X = 0 : For aproof of (2), see [11] .On the projectivized bundle P(E), we have the tautological line bundle H�E ! M which isde�ned by H�E = f(l; v) 2M �X E j v 2 lg � ��E : (6.10)We follow the common notation and denote the powers H kE by OM (k), for k 2 Z. Similarly,we denote Hk = H kE jCP l on CPl by O(k) .>From the de�nition (6.10) and the multiplicativity of the extension (3.3) , we obtain directlythe following Lemma.Lemma 6.2. The tautological bundle H�E on M = P(E) is the canonical extension of theGL(l+ 1; C ){equivariant tautological bundle H� on CPl and we have for any k 2Z:OM(k) �= eO(k) : (6.11)The exact Euler sequence0! 
1M=X �! (��E�)(�1) �! OM ! 0 ; (6.12)derived from (6.10) , is the canonical extension of the GL(l + 1; C ){equivariant exact sequence0! 
1(CPl) �! V�0 (�1) �! O ! 0 ; (6.13)where V0 = CPl � C l+1 is the GL(l + 1; C ){equivariant bundle with the standard action ofGL(l+ 1; C ) . 14



The relative canonical bundle KM=X of P(E) is computed from the determinant bundleof (6.12) . Setting L = detE = �l+1E, we have (cf. [25])KM=X = 
lM=X �= ��(�l+1E�)
C OM (�l� 1) �= ��L� 
C OM (�l� 1) : (6.14)Equivalently, KM=X may be computed as the extension of the PGL(l+1; C ){equivariant canon-ical bundle KCPl = 
l(CPl) �= (detV0)� 
C O(�l � 1) ; (6.15)obtained from the Euler sequence (6.13) on CPl.It follows from the projection formula and (6.14) thatL = ��(K�M=X(�l� 1)) : (6.16)The multiplicative structure of the cohomology ring of M is determined by the Leray{Hirschtheorem (cf. [5] [23] [31]) :H�(P(E);Z)�= H�(X;Z) [t] = f l+1Xj=0 cj(E)tl+1�jg ; (6.17)where t corresponds to the �rst Chern class c1(HE) of the tautological bundle HE . In otherwords, H�(P(E);Z) is generated as an H�(X;Z){algebra by c1(HE) subject to the de�ningequation l+1Xj=0 ��cj(E) c1(HE)l+1�j = 0 :This shows that the Chern classes cj(E) measure how the ring structure of H�(P(E)) deviatesfrom that of the product H�(X � CPl) .If X is a compact K�ahler manifold and E holomorphic, there is an analogous result for Hodgecohomology. The Chern class t = c1(HE) is of type (1; 1) and the classes cj(E) of type (j; j).We obtain then from (5.1) and (6.5) corresponding multiplicative Kunneth formulas for Hodgecohomology.Theorem 6.3. Let E ! X be a holomorphic vector bundle over a compact K�ahler manifoldX. (1) There is a multiplicative isomorphismH�;��@ (P(E))�= H�;��@ (X) [t] = f l+1Xj=0 cj(E) tl+1�jg ; (6.18)(2) If E is projectively at, there is a multiplicative isomorphismH�;��@ (P(E))�= H�;��@ (X) [t] = f(t+ c1(E)l + 1 )l+1g ; (6.19)(3) If E is topologically at, there is a multiplicative isomorphismH�;��@ (P(E))�= H�;��@ (X)
C H�;��@ (CPl) :Thus forM = P(E), we have a more precise form of Deligne's Theorem 5.2 on the degenerescenceof the Borel{Leray spectral sequence. If E is at, we have indeed a multiplicative Kunnethformula for the Hodge cohomology of such a twisted product.15



We now apply the degeneracy results of the previous section to the case of a projective �berbunde (6.1) . The PGL{equivariant holomorphic line bundles on CPl are the powers of thecanonical bundle KCPl and the relative canonical bundle KM=X is given by the PSL{extensionKM=X = eKCPl . The line bundle O(�l � 1) and its powers carry a canonical PSL{structureisomorphic to that on KCPl and we haveKM=X �= O(�l � 1)�PSL : (6.20)Proposition 6.4. The vanishing conditions (5:3) are satis�ed and H0;m(CPl;V) is a trivialPGL(l+ 1; C){module of rank 1, for V = 
m(CPl) ; p0 = 0 < m � l :H0;m(M;��W 
C 
mM=X) �= H0(X;W
C H0;m(CPl;
m(CPl))) �= H0(X;W) :Proof. This follows from Corollary 5.4 , since Hp;q(CPl) = Hq(CPl;
p(CPl)) �= C for p = qand zero otherwise. �In the linear case (6.3) , Theorem 5.3 and the Bott formulas for Hp;q(CPl;O(k)) (cf. [41],[25]III, x8) yield the following result.Proposition 6.5. The vanishing conditions (5:3) are satis�ed for V = O(k) ; 0 � p0 � l ; m =p0 + l and p0 � l� 1 � k < 0 . Hence we have for 0 � p � p0 ; p+ q � p0 + l :Hp;q(M;��W 
C OM (k)) �= H0(X;W
C Hp;q(CPl;O(k))) :In addition, we have:(1) H 0;l(CPl;O(k)) = Rl��(OM(k)) �= L 
OX ��(OM(�k � l � 1))� ; and henceH0;l(M;��W 
C OM(k)) �= H0(X; (W
C L)
C ��(OM(�k � l � 1))�) :(2) In particular, for V = O(�l � 1) , H0;l(CPl;O(�l � 1)) �= L is the determinant bundleL = detE andH0;l(M;��W 
C OM (�l� 1)) �= H0(X;W 
C L) :(3) If E is unimodular, we haveH0;l(M;��W 
C OM(�l � 1)) �= H0(X;W)
C C �= H0(X;W) :Proof. We need to check the vanishing conditions (5.3) , that isHu;v(CPl;O(k)) = 0 ; for 0 � u+ v < m = p0 + l ; 0 � u � p0 :It follows from the Bott formulas that Hu;v(O(k)) = 0 for v < l and k < 0 . For v = l , we haveu � p0�1 < l and the Bott formulas imply that Hu;l(O(k)) = 0 for k � p0� l�1 � u� l . �We also note that we have the formulaRl��(KM=X) =H 0;l(CPl;KCP l ) =H l;l(CPl) �= OX ; (6.21)with the last isomorphism being induced by the volume form � = !l, where ! is the K�ahlerform of CPl. Using (6.14) and (6.21) we may reformulate Proposition 6.5 (2) as follows:H0;l(M;��W 
C OM(�l � 1)) �= H0;l(M;��(W 
C L)
C (��L� 
C OM (�l� 1)))�= H0;l(M;��(W 
C L)
C KM=X)�= H0(X; (W
C L)
C H0;l(CPl;KCP l ))�= H0(X; (W
C L)
C Hl;l(CPl))�= H0(X;W
C L) ; (6.22)with the last isomorphism again being induced by the �ber volume � .The above observation allows us to construct an explicit inverse to the edge isomorphism inProposition 6.5 (2) . 16



Proposition 6.6.(1) The �ber volume form � is PSL(l+1){invariant and extends to a closed form ~� of (�ber)type (l; l) on M .(2) The inverse of the edge isomorphism in Corollary 6:5 (2) is induced by the assigment� 7! ��, where �� = ��� 
 ~� ; (6.23)for � 2 H0(X;W
C L) .Proof. The K�ahler form ! is harmonic and hence PU(l+1){invariant. Its canonical extension~! is of �ber type (1; 1) and further extends to a closed form onM , which we also denote by ~! . Infact, we may take for ~! the �rst Chern form of the holomorphic line bundle HE = OM (1), usinga suitable connection (compare (6.17) ). The form ~� = ~!l, evidently restricts to a generator ofH l;l(CPl) �= C on each �ber and one checks easily that (6.23) de�nes an inverse to the aboveedge isomorphism, provided the volume form � is normalized, that is RCPl � = 1 . �7. Holomorphic extensions and their parametrizationWe begin with a at holomorphic bundle (3.6)F ,!M = eX �� F ��! X ;and consider a type of holomorphic bundle over M on which a dimensional reduction of theHermitian{Einstein equations will be possible. Recall that in the case where M = X � CP1,the appropriate class of bundles consists of those with specially chosen SU(2){equivarianceproperties (cf. [18]). In the present, more general setting, we generalize the SU(2){equivarianceby the requirement of compatibility with the two foliations of M . In particular, we considerholomorphic bundles E !M , having the following properties :(1) E is a holomorphic extension of E2 by E1 ;(2) their smooth structure is that of a direct sum E1�E2, where Ei is a tensor product of twobundles with one factor being foliated with respect to F� , and the other being foliatedwith respect to F� .Let Wi ! X and Vi ! F , i = 1; 2, be holomorphic vector bundles, where the Vi are G{equivariant and thus extend to the bundles eVi onM . Then we set Ei = ��Wi
C eVi ; and observethat by Theorem 2.2, the holomorphic bundles Ei satisfy the second of the above requirements.For the remainder of this section we will be concerned with the �rst requirement, namely thenature of the holomorphic extension. Except for one Lemma, the atness condition is not neededin this section and it will be su�cient to have a complex �ber bundle as in (3.1) , respectivelya projective bundle as in (6.1) .Recall from [25] III, x6, that in terms of the corresponding locally free sheaves of OM{moduleson M , an extension of E2 by E1 is a short exact sequence0 �! E1 �! E �! E2 �! 0 ; (7.1)over M . In view of the properties of the functor `Ext' [25] III, x6, such holomorphic extensionsare parametrized by classes inExt1OM (E2; E1) �= Ext1OM (OM ; E1 
OM E �2 )�= Ext1OM (OM ;H omOM (E2; E1))�= H0;1(M;HomC (E2; E1)) : (7.2)For the bundles Ei = ��Wi 
C eVi as above, we have thenExt1OM (E2; E1) �= H0;1(M;��W 
C eV) ; (7.3)where W = HomC (W2;W1) and V = HomC (V2;V1) .17



Proposition 7.1. Suppose that G is connected, semisimple andH0(F;V) = 0 ; dimC H0;1(F;V) = 1 :Then H0;1(F;V) is holomorphically trivial andExt1OM (E2; E1) �= H0;1(M;��W 
C eV) �= H0(X;W)
C H0;1(F;V) �= H0(X;W) ; (7.4)for any holomorphic vector bundle W on X.This follows directly from Corollary 5.4 .In x 8 it will be important to have an explicit realization of the isomorphism in Proposition 7.1 .Lemma 7.2. Suppose that the �ber bundle (3:1) is at with holonomy � : � ! U , with U �HolIso(F )e connected, compact semisimple, and that the U{equivariant holomorphic vector bun-dle V satis�es the conditions in Proposition 7:1 .Then the following hold:(1) H0;1(F;V) �= C is generated by an invariant, �@{closed (0; 1){form � 2 A0;1(F;V)U .(2) � extends to a �@{closed (0; 1){form ~� 2 A0;1(M; eV) .(3) [~�] is a generator of H0;1(M; eV), that is H0;1(M; eV) �= C .(4) There is a one{one{correspondence between holomorphic sections � 2 H0(X;W) andclasses [��] 2 H0;1(M;��W 
C eV), given by�� = ��� 
 ~� :Proof. Since H0;1(F;V) is a trivial U{module, we have from (3.13)H0;1(F;V) �= H1�@(A0;�(F;V)U)) :This implies (1). If p : eX � F ! F denotes the projection, the form p�� is �@{closed and�{invariant by construction. Thus it de�nes ~� = (p��)=� on M , satisfying �@~� = �@(p��)=� =(�@p��)=� = 0 . >From Proposition 7.1 it follows that ~� has the remaining required properties(2) to (4). �We remark that Proposition 7.1 and Lemma 7.2 apply in particular to the situation in Propo-sition 6.4 for m = l = 1 .In the linear case CPl ,! P(E) ��! X ;we consider line bundles Vi = O(ki) with k1 � k2 = � l � 1, satisfying V = HomC (V2;V1) =O(�l � 1) . By Corollary 6.5 (2), the coe�cient bundle H0;l(CP1;O(�l� 1)) is given byH0;l(CPl;O(�l� 1)) = Rl��(OM(�l � 1)) �= detE = L : (7.5)The induced representationGL(l+ 1; C ) �! GLfH0;l(CPl;O(�l� 1))g ; (7.6)is therefore the determinant representation. Thus for l = 1, we have the following characterisa-tion of extensions by basic sections. 18



Proposition 7.3. For l = 1 and Ei = ��Wi 
C OM (ki), k1 � k2 = �2, we haveExt1OM (E2; E1) �= H0;1(M;��W 
C OM(�2))�= H0(X;W
C H0;1(CP1;O(�2))�= H0(X;W
C L) : (7.7)Proof. This follows from Proposition 6.5 (2), compare also [35] x2 . �Recalling (6.14) , we may rephrase Proposition 6.6 in the case l = 1, in order to obtain anexplicit parametrization of the extension classes in (7.7) .Lemma 7.4. Let � 2 A0;1(CP1;KCP1 ) �= A1;1(CP1) be a PSL{invariant, closed form generatingH0;1(CP1;KCP1 ) �= H1;1(CP1) �= C ;e.g. we may take � corresponding to the K�ahler form ! of CP1.There is a one{one{correspondence between holomorphic sections � 2 H0(X;W 
C L) andclasses [�] 2 H0;1(M;��W 
C OM(�2)) , given by�� = ��� 
 ~� :If E is holomorphically at and � acts via SL(2; C), or more generally, if L = detE isholomorphically trivial, the formulas in Proposition 7.3 and Lemma 7.4 simplify accordingly. Inparticular, the generator � de�nes then a class in H0;1(CP1;O(�2)) .8. Reduction to the coupled vortex equationsIn this section we will establish the main result on the reduction of the Hermitian{Einsteinequation on the total space M to the Coupled Vortex equations on the base manifold X .First we construct a family of K�ahler metrics on the total space M of the at �ber bun-dle (3.6) . We wish to combine K�ahler metrics on X and F to de�ne a 1{parameterfamily ofK�ahler metrics onM . To this end, we now assume that the base manifold (X;!X) and the �ber(F; !F ) come equipped with K�ahler structures.Proposition 8.1. Let X and F be K�ahler manifolds and letF ,!M = eX �� F ��! Xbe a generalized at bundle with holonomy � : � ! U � HolIso(F ), where U is a connectedcompact subgroup of the group of holomorphic isometries of F . Let !X and !F denote therespective K�ahler (1; 1){forms on X and on F . Then for a (constant) parameter � > 0, thereexists a family of K�ahler metrics de�ned on M with corresponding weighted K�ahler forms!� = ��!X + � ~!F ; (8.1)where ~!F = (p�!F )=� is the extension of the invariant K�ahler form !F to M .Proof. Let gX and gF denote the K�ahler metrics on X and the �ber F . The product metric��gX + p�gF on eX � F via the natural projection p : eX � F ! F , de�nes a K�ahler metricon eX � F . The same applies on introducing the constant parameter � �berwise. Since �is a representation into the holomorphic isometries of F , the metric gF is �{invariant. Hence��gX+�p�gF descends toM = eX��F , thus de�ning a K�ahler metric onM having the requiredK�ahler form. �19



Remark 8.2. In the last result, the at structure of M was crucial. For more general �berbundles, such a combination of gX and gF may not de�ne a K�ahler structure onM (see e.g. [12]).With respect to (8.1) , the de�nition of the normalized degree in (6.7) for a holomorphicvector bundle E on M , takes the formdeg�(E) = deg�(det E) = 1(m� 1)! Vol�(M) ZM c1(E) ^ !m�1�= 1m! Vol�(M) ZM �� c1(E) !m�= 1Vol�(M) ZM �� c1(E) dvol� ; (8.2)where dimC X = n ; dimC F = l ; m = n + l and �� denotes contraction against the K�ahlerform !� . The binomial expansion of !� in (8.1) givesdvol� = !n+l�(n+ l)! = ��!nXn! ^ ~!lFl! �l ; (8.3)and !n+l�1�(n+ l � 1)! = ��!nXn! ^ ~!l�1F(l� 1)! �l�1 + ��!n�1X(n� 1)! ^ ~!lFl! �l : (8.4)Using formula (8.3) , the proof of the following Lemma is essentially the same as in [11] ,Lemma 4.9.Lemma 8.3. For a complex smooth function f on X, we haveZM ��(f) dvol� = ZX f dvolX � Vol(F ) �l :In particular, for f = 1 : Vol�(M) = Vol(X) Vol(F ) �l :The following formulas for pull-backs and extensions will be needed in the proof of the maintheorem. We will make use of the de�ning equation for the `Lambda'{operator on any K�ahlermanifold (X;!X) (compare (8.2) )�X'
 !nX = n ' ^ !n�1X : (8.5)Lemma 8.4. Let W ! X be a complex vector bundle and ' a (1; 1){form with values in W.Then ����(') = ��(�X') :Proof. Note that the atness of the �ber bundle is not required here. The Lemma is provedby direct calculation, using (8.4) and (8.5) :����'
 dvol� = ��' ^ !n+l�1�(n+ l � 1)!= 1n! (l� 1)! ��('^ !nX) ^ ~!l�1F �l�1 + 1(n� 1)! l! ��(' ^ !n�1X ) ^ ~!lF �l= 1n! l! ��(�X'
 !nX) ^ ~!lF �l= 1n! l! ���X'
 (��!nX ^ ~!lF ) �l= ���X'
 dvol� : �20



Proposition 8.5. Let W ! X be a holomorphic vector bundle. Thendeg�(��W) = degX(W) ;and so deg�(��W) is a base invariant.Proof. This follows from (8.2) , Lemma 8.3 and Lemma 8.4 for ' = c1(W) :deg�(��W) = 1Vol�(M) ZM ����c1(W) dvol�= 1Vol�(M) ZM ���Xc1(W) dvol�= 1Vol(X) ZX �Xc1(W) dvolX= degX(W) : �Lemma 8.6. Let the at �ber bundle (3:6) be given as in Proposition 8:1 and let V ! Fbe an U{equivariant complex vector bundle. For an equivariant (1; 1){form ' with values in Vwith extension ~' = (p�')=�, we have�� ~' = 1� (�F ')� :Proof. The atness of the the �ber bundle is essential here, as we make use of the extension~' of ' described in (2.5) . The Lemma is proved by direct calculation, using (8.4) and (8.5) :�� ~'
 dvol� = ~' ^ !n+l�1�(n+ l� 1)!= 1n! (l� 1)! ��!nX ^ ( ~' ^ ~!l�1F ) �l�1 + 1(n� 1)! l! ��!n�1X ^ ( ~'^ ~!lF ) �l= 1n! (l� 1)! ��!nX ^ (' ^ !l�1F )� �l�1 + 1(n� 1)! l! ��!n�1X ^ ('^ !lF )� �l= 1� n! l! ��!nX ^ (�F'
 !lF )� �l= 1� n! l! (�F ')� 
 (��!nX ^ ~!lF ) �l= (�F ')�� 
 dvol� : �Proposition 8.7. Suppose that U � HolIso(F ) acts transitively on F and let V ! F be anU{equivariant holomorphic vector bundle. Thendeg�(eV) = 1� degF (V) ;and so deg�(eV) is a �ber invariant for the at structure on M ! X .Proof. We represent c1(V) by a closed U{invariant (1; 1){form � on F . Then using the atstructure onM , we have c1(eV) = [~�], where ~� is the extension of � and ~�^ ~!lF = (�^!F l)� = 0 .21



By U{invariance, �F� is constant. The result follows from (8.2) and Lemma 8.6 by setting' = � : deg�(eV) = 1Vol�(M) ZM ��c1(eV) dvol�= 1Vol�(M) ZM �� ~� dvol�= 1� Vol�(M) ZM (�F�)� dvol�= �F�� :Finally, we observe that degF (V) = 1(l� 1)! Vol(F ) ZF � ^ !l�1F= 1Vol(F ) ZF �F� dvolF= �F� : �8.8 Calibration conditions on the �ber.We assume now that F = U=K is a compact irreducible symmetric Hermitian space, equippedwith its unique (up to homothety) invariant K�ahler structure. Further, we are given homoge-neous holomorphic bundles V�i = U �K V�i ! F = U=K associated to complex representations(�i; V�i) 2 R(K) as in Example 3.2 . In order to establish the main result below, we need toimpose a number of conditions for the data on the �ber.(1) The representations (�i; V�i) 2 R(K) are irreducible.By [34] VI, Prop. 6.2, the V�i ! F are irreducible U{equivariant Hermitian{Einsteinbundles and therefore stable (cf. [33] [42] [46]).(2) �� = ��1 � ��2 < 0 .It follows that and V K� = HomK(V�2 ; V�1) = 0 andH0(F;V�) = H0(F;HomC (V�2 ;V�1)) = 0 :(3) dimC H0;1(F;V�) = 1 .Since U is simple, H0;1(F;V�) is a trivial U{module and we have by (3.13)H0;1(F;V�) �= H1�@(A0;�(F;V�)U) �= C :Hence Proposition 7.1 and Lemma 7.2 apply.Observe that degF (V�i) and hence ��i = �V�i are computable in terms of the weights of therepresentations (�i; V�i) 2 R(K) by the methods of [3].The following theorem is the main result of this paper.Theorem 8.9. Let F ,! M = eX �� F �! X be a at holomorphic �ber bundle of compactK�ahler manifolds where the �ber F = U=K is a compact irreducible symmetric K�ahler manifoldas above. 22



Suppose that the homogeneous holomorphic bundles V�i on F satisfy the conditions in 8:8and let ki be the U{equivariant solution of the Hermitian{Einstein equation on V�i .Consider the proper holomorphic extensionE� : 0 �! E1 �! E �! E2 �! 0 ;as in (7:4) , where Ei = ��Wi
C eV�i , and E� corresponds to � 2 H0(X;W) = HomC (W2;W1)for holomorphic vector bundles Wi on X .Let h = h1 � h2, where the Hermitian metrichi = h0i 
 ~kion Ei is de�ned by an invariant (basic) Hermitian metric h0i on ��Wi and the extension ~ki ofthe U{equivariant Hermitian{Einstein metric ki on V�i . Let Fh be the curvature of the Chernconnection determined by h and �� the contraction against the K�ahler form !� = ��!X+� ~!F .For � > 0, let � = �E(�) = deg�(E)rank(E) ;and de�ne the vortex parameters �i by�i = �i(�) = �E(�)� ��i� :Then the following statements are equivalent :(1) There exist Hermitian metrics of the form h on the extension bundle E which satisfy theHermitian{Einstein equation � ��Fh = 2� � IE ;relative to (M;!�) .(2) There exist Hermitian metrics hi on Wi which satisfy the coupled �{Vortex equations :� �XFh1 + 1� � � �� = 2� �1 IW1 ;� �XFh2 � 1� �� � � = 2� �2 IW2 ; (8.6)where the adjoint in �� is taken with respect to the metrics h1 and h2 .There is a one{to{one correspondence between solutions in (1) and (2), given by the assign-ment hi 7! h0i = ��hi .Proof. First, we observe that the assignment hi 7! h0i = ��hi realizes the isomorphismbetween Hermitian metrics hi onWi and invariant Hermitian metrics h0i on ��Wi . This followsfrom (2.8) . Without loss of generality, we may therefore assume that h0i is of the form h0i = ��hi .We continue by analyzing the Hermitian{Einstein condition on the holomorphic vector bundleE on M as in [18] x3; compare also [11] . The main part of the proof relies substantially on thetechnical results established in this section and the previous section.Relative to a smooth decomposition E = E1 � E2, the unitary integrable connection bA on(E ;h) can be expressed in the form bA = � A1 ���� A2� ; (8.7)23



where A1; A2 are the metric connections of (E1;h1) and (E2;h2) respectively, and� 2 A0;1(M;HomC (E2; E1))is the representative of the extension class in Ext1OM (E2; E1) as in (7.2) . A routine calculation(cf. e.g. [34]) shows that the curvature of bA has the formFh = F bA = �Fh1 � � ^ �� D0��D00�� Fh2 � �� ^ � � ; (8.8)where D : A1(M;HomC (E1; E2))! A2(M;HomC (E1; E2)) is constructed from A1 and A2 in thestandard way.Now if we take(1) Ai to be the integrable unitary connection on (Wi; hi) , and(2) ~Ai to be the Hermitian{Einstein metric connection on (~V�i ; ~ki) ,then Ai = ��Ai 
 1+ 1
 ~Ai : (8.9)The corresponding curvature form of type (1; 1) can be expressed asFhi = ��Fhi 
eI�i +eIi 
 F~ki ; (8.10)where eIi = ��IWi and eI�i = IeV�i .Under the assumptions 8.8 (2) and (3), Proposition 7.1 gives the required parametrization ofExt1OM (E2; E1) �= H0;1(M;��W 
C eV�) �= H0(X;W)
C H0;1(F;V�) �= H0(X;W) :The one{to{one correspondence in Lemma 7.2 states that � is of the form � = �� = ��� 
 ~� ;where ~� 2 A0;1(M; ~V�) is the extension of the invariant, �@{closed (0; 1){form � 2 A0;1(F;V�)Ugenerating H0;1(F;V�) �= C .The following Lemma implements the results which are necessary to carry out the reductionprocess to the coupled vortex equations.Lemma 8.10. With ~� and � as above, we have(1) ��D0� = 0 ;(2) ��D00�� = 0 ;(3) ��F��hi = ���XFhi ;(4) ��F~ki = 1� (�FFki)� ;(5) ��(~� ^ ~��) = 1� �F (� ^ ��)� = �� eI�1 and ��(~�� ^ ~�) = 1� �F (�� ^ �)� = � �� eI�2 ; fora suitable calibration of �, independent of �.Proof. (1) and (2) follow essentially by the arguments in [18] and [11]. We observe that�FD0� 2 A0(F;V�)U �= V�K must vanish as a consequence of assumption 8.8 (2). (3) follows fromLemma 8.4 by taking ' = Fhi and noting that F��hi = ��Fhi . (4) follows from Lemma 8.6 bytaking ' = Fki and noting that F~ki = eFki .To prove (5), we �rst apply Lemma 8.6 to the (1; 1){form ' = � ^ ��, to obtain��(~� ^ ~��) = 1� �F (� ^ ��)� :In terms of the Cartan decomposition (3.10) and formula (3.12) , we haveA0;1(F;V�)U �= HomK(m�C ; V�) ;24



where mC = m
R C . Thus we see that, as an U{equivariant form, Tr �F (� ^ ��) is realized bythe commutative diagramHomK(m�C ; V�)
C HomK(m+C ; V �� ) ^����! (�1;1C (m�C )
C EndC (V�1))K �����! EndK(V�1)??y�= ??yTr �=??yTrHomK(m+�C ; V�)
C HomK(m+C ; V �� ) Tr �^����! �1;1C (m�C )K �����! C (8.11)As (�1; V�1) 2 R(K) is irreducible by assumption 8.8 (1), it is simple by Schur's lemma. Thuswe have EndK(V�1) �= C and the (normalized) trace Tr is an isomorphism. Consequently, theinvariant endomorphism �F (� ^ ��) 2 EndU(V�1) �= EndK(V�1) ;must be a constant multiple of the identity.In terms of the K�ahler structure, the pointwise norm of � is given by 1� Tr �F (� ^ ��). Hencewe have ��(~� ^ ~��) = 1� (�F (� ^ ��))� = c �� eI�1 ; c > 0 :Since the generator � is determined up to a complex constant � 2 C� and�F (�� ^ (��)�) = j � j2 �F (� ^ ��) ;we may calibrate � by � and � by ��1, with j � j2 = c�1 to have the desired property. Thesecond equation is proved likewise. �By 8.8 (1), the bundles V�i ! F = U=K have U{equivariant Hermitian{Einstein metrics ki,unique up to a positive constant. For the extension ~ki of ki to eV�i !M , we obtain the followingresult from Proposition 8.7 and Lemma 8.10 (4).Proposition 8.11. The holomorphic bundles eV�i !M have Hermitian{Einstein structures� ��F~ki = 2� ~��ieI�i ; (8.12)with constant given by ~��i = �eV�i = ��i� : (8.13)We may now complete the proof of the main theorem as follows.We use Lemma 8.10 to compute �� of the following forms :� ^ �� = ��(� � ��)
 (~� ^ ~��) 2 A1;1(M; EndC (��W1)
C EndC (eV�1)) ;and �� ^ � = ��(�� � �)
 (~�� ^ ~�) 2 A1;1(M; EndC (��W2)
C EndC (eV�2)) :Thus we get �� ��(� ^ ��) = �� ��(� � ��)
 ��(~� ^ ~��) = 1� ��(� � ��)
eI�1 :Similarly, using Tr(�� ^ �0) = �Tr(�0 ^ ��) and the irreducibility of (�2; V�2), we get� ��(�� ^ �) = 1� ��(�� � �)
eI�2 :25



Substituting the previous formulas into (8.8) , and using (8.10) , (8.12) and Lemma 8.10 , wesee that the Hermitian{Einstein condition on h on (M;!�) is now equivalent to� ��(� �XFh1 + 1� ��� + 2�~��1IW1)
eI�1 00 ��(� �XFh2 � 1� ���+ 2�~��2IW2)
eI�2 �= 2���IE1 00 IE2 �= 2��� eI1 
eI�1 00 eI2 
eI�2 �and hence equivalent to the system of equations on X :� �XFh1 + 1� � � �� + 2�(~��1 � �) IW1 = 0 ;� �XFh2 � 1� �� � � + 2�(~��2 � �) IW2 = 0 : �The vortex parameters �i(�) are not independent. Recall that they are given by�i = �i(�) = �E(�)� 1� ��i :The following Lemma is immediate from the de�nition.Lemma 8.12. �1(�)� �2(�) = � 1� (��1 � ��2) = � ��� : (8.14)In the following, we use the additivity of the degree under holomorphic extensionsdeg�(E) = deg�(E1) + deg�(E2) ;and the additivity of the slope under tensor products�E
CF = �E + �F :Lemma 8.13. Set si = rank(V�i) and ri = rank(Wi) . Thenr1s1�1(�) + r2s2�2(�) = s1 degX(W1) + s2 degX(W2)= r1s1 �W1 + r2s2 �W2= (r1s1 + r2s2) �s1W1�s2W2 : (8.15)Proof. Observe that deg�(Ei) = si deg�(��Wi) + ri deg�(~V�i) :Since rank(E) = s1r1 + s2r2, it follows thatr1s1�1 + r2s2�2 = deg�(E)� (r1 deg�(~V�1) + r2 deg�(~V�2))= (deg�(E1)� r1 deg�(~V�1)) + (deg�(E2)� r2 deg�(~V�2))= s1 deg�(��W1) + s2 deg�(��W2)= s1 degX(W1) + s2 degX(W2) : �As an immediate consequence of (8.14) and (8.15) , we obtain explicit formulas for �i(�) and�E(�) : �1(�) = �s1W1�s2W2 � r2s2r1s1 + r2s2 � ��� ; (8.16)�2(�) = �s1W1�s2W2 + r1s1r1s1 + r2s2 � ��� ; (8.17)�E(�) = �s1W1�s2W2 + 1� �r1V�1�r2V�2 : (8.18)26



9. Reduction to the coupled vortex equations: The projective caseIn this section we take F = CPl and recall from (6.4) the at projective bundleCPl ,!M �= eX ��̂ CPl ��! X ;with structure group U = HolIso(CPl) �= PU(l+ 1) �= U(l+ 1)=U(1) and K = U(l) .Theorem 9.1. Theorem 8:9 holds for �1 = 1 and V� = 
1(CPl) .Remark 9.2. The case l = 1, �1 = 1 and V� �= KCP1 was established in [11], Theorem 5.1. Inthis case, we could normalize � so that � ^ �� = � !F and �F (� ^ ��) = � .Theorem 9.1 is actually a special case of a more general result.Theorem 9.3. Let F ,! M = eX �� F �! X be a at holomorphic �ber bundle of compactK�ahler manifolds where the �ber F = U=K is a compact, irreducible symmetric K�ahler manifold.Then Theorem 8:9 holds for �1 = 1, V�2 = T 1;0(F ) and V� = V��2 = 
1(F ) .Proof. We have to verify the conditions 8.8 (1) to (3). Referring to (8.11) , we note thatT 1;0(F ) is associated to the irreducible K{representation �0 : K ! U(m+C ) and therefore(1) is satis�ed. By a result of Matsushima [38], the invariant Hermitian metric k on T (F ) isK�ahler{Einstein, that is (cf. [2] Ch. XI)� = � TrFk = s2l !F ; or c1(T 1;0(F )) = �2� [TrFk ] = s4�l [!F ] ;where s > 0 is the (constant) scalar curvature of F . Therefore deg(T 1;0(F )) = s4� > 0,deg(
1F ) < 0 and (2) is satis�ed. (3) follows from (3.14) and H0;1(F;
1(F )) �= H1;1(F ) �=�1;1C (m�C )K �= C . In this case, we may use diagram (8.11) and the fact that V� = m+�C , to choosethe generator � as the canonical isomorphism � : m�C �= m+�C determined by the invariantHermitian metric k on m . The identities�2� !F (�+1 ; ��2 ) = k(�1; �2) = h�+1 ; �(��2 )i ;for �i 2 m and �� = 12 (� � � J�), may be reformulated asTr (� ^ ��) = 2�l !F ;and therefore Tr �(� ^ ��) = � Tr(� ^ ��) = 2� . This gives an explicit veri�cation of part (5)of Lemma 8.10 . �Corollary 9.4. deg�(
1M=X) = deg�(
lM=X) = deg�(KM=X) = � s4� � < 0 :Proof. This follows from the above formula for c1(T 1;0(F )) and Proposition 8.7 . �In the following Lemmas we compute the corresponding degree invariants for F = CPl .Proposition 9.5. On M = eX ��̂ CPl we have the projective invariant on Mdeg�(
1M=X) = deg�(
lM=X) = deg�(KM=X) = � l+ 1� :27



Proof. Recall from (6.20) thatKM=X �= eKCP l �= O(�l � 1)�PSL :The result follows from Proposition 8.7 , noting that, relative to the Fubini{Study metric onCPl, we have s = 4�(l+ 1) (cf. [2] loc. cit.) and therefore deg (KCPl ) = �(l + 1) . �To consider linear invariants of M = P(E) for E projectively at, we sete = deg�(��E) = degX(E) = degX(L); L = det(E) :Proposition 9.6. On M = P(E) we have linear invariants, for k 2Z, given bydeg�(OM(k)) = k ( 1� � el+ 1 ) :Proof. Recall from (6.14) thatOM (�l � 1) �= ��L 
C KM=X ;from which we obtaindeg�(OM(�l � 1)) = deg�(��L) + deg�(KM=X) = e� l + 1� = �(l + 1) ( 1� � el + 1 ) :Using deg�(OM(k)) = k deg�(OM(1)) , for k 2Z, the result follows. �Remark 9.7. Note that for e 6= 0, the GL(l + 1; C ){equivariant tautological bundle OM (1) isnot associated to the projective at structure of M = P(E) and Proposition 8.7 does not apply.Finally we determine the condition under which the K�ahler form !� onM satis�es the Hodgecondition, that is [!�] = c1(L), for some holomorphic line bundle L !M , provided the same istrue for (X;!X), that is [!X ] = c1(LX) .The problem here is that the extension ~!F does not necessarily represent an integral coho-mology class, even if !F does. Using (3.14) , we represent all cohomology classes on CPl byPU(l + 1){invariant forms. If !0 is the K�ahler form representing the canonical generator inH1;1(CPl;Z)�=Z, the Fubini{Study metric is determined by !F = l !0 (cf. [2] loc. cit.). Thenthe integral class c1(K�CP l ) of type (1; 1) is represented by � = (l+ 1) !0 = l+1l !F . As KCP l isPU{equivariant, we may use the argument in the proof of Proposition 8.7 to see that the Chernclass c1(K�M=X) of the dual relative canonical bundle K�M=X = eK�CP l is represented by the form~� = l+1l ~!F . This shows in particular that ~!F represents a rational class. For any positiveinteger k we have thenc1(��LX 
C (K�M=X)k) = [��!X ] + k [~�] = [��!X ] + k l + 1l [~!F ] :Comparison with (8.1) shows that we have proved the following result.Theorem 9.8. On M = eX ��̂ CPl, the K�ahler form !�k = ��!X + �k ~!F satis�es the Hodgecondition [!�k ] = c1(Lk) for Lk = ��LX 
C (K�M=X)k and �k = k l+1l , for any k 2 Z+. Inparticular, the at projective �ber space (M;!�k) is algebraic.By the same argument it follows that for any rational � 2 Q+, there exists a smallest positiveinteger k� such that k� !� satis�es the Hodge condition. We also note that the above argumentholds in particular if M = P(E)! X , for E projectively at.28



10. A priori estimates for solutions and stabilitySo far, the parameter � appears as a �berwise scaling parameter for the K�ahler form !� on thetotal space M and solutions of the Hermitian{Einstein equation are with respect to this K�ahlerstructure. On the other hand, � appears in the coupled vortex equations via the parameters�i(�) . We will see that the existence of solutions implies strong a priori restrictions on the rangeof �, respectively �i .We return now to the general case where F = U=K is a compact symmetric K�ahler manifoldand to the context of x 8 . There we considered holomorphic extensions of the typeE� : 0 �! E1 �! E �! E2 �! 0 ;with Ei = ��Wi 
C eV�i , �i 2 R(K) . De�ne the de�ciency of the extension E� by��i(�) = �E(�)� �Ei(�) :The vortex parameters are then given by�i(�) = �Wi +��i(�) : (10.1)In terms of the de�ciencies, the coupled vortex equations (8.6) can now be written as� �XFh1 � 2� �W1 IW1 = 2� ��1(�) IW1 � 1� � � �� ;� �XFh2 � 2� �W2 IW2 = 2� ��2(�) IW2 + 1� �� � � : (10.2)A straightforward calculation, using (8.14) and (8.15) , shows that��1(�) = � r2s2r1s1 + r2s2 � (�W + ��� ) ; (10.3)and ��2(�) = + r1s1r1s1 + r2s2 � (�W + ��� ) : (10.4)The data for the vortex equation are encoded in the fundamental notion from [9] :De�nition 10.1. A holomorphic triple T = (W1;W2; �) is given by two holomorphic vectorbundles Wi ! X and a holomorphic homomorphism � : W2 ! W1, that is � 2 H0(X;W),where W = HomC (W2;W1) .Now if the holomorphic triple T admits a solution of the vortex equations for a given value of�, the corresponding Hermitian{Einstein equation on E ! M relative to !� , admits a solutionas described in Theorem 8:9 . The Hitchin{Kobayashi correspondence implies that E mustbe (poly{) stable, that is ��1(�) > 0 and ��2(�) < 0 in the stable case. In the degenerate,polystable case, where the extension E� is split and hence � = 0, we have ��1(�) = ��2(�) = 0 .Therefore we must have �W + ��� � 0 ;with a strict inequality in the stable case. We will see that �W � 0 in the presence of solutionsfor a non{degenerate triple T and therefore0 � � �W < ��� : (10.5)Thus the bundle V� must have negative degree, which is consistent with our assumption (2)in 8.8 . 29



Theorem 10.2. If the Hermitian{Einstein equation on E ! M relative to !� admits an in-variant solution as in Theorem 8:9 , the corresponding solution of the coupled �{vortex equationsfor the holomorphic triple T = (W1;W2; �) satis�es the L2{formulas for � :(1) 12� � jj � jj2 = �1(�)� �W1 = ��1(�) ;(2) 12� � jj �� jj2 = �W2 � �2(�) = ���2(�) :Proof. Taking RX Tr of the �rst vortex equation and dividing by 2�r1Vol(X) gives12� � jj � jj2 = �1(�)� �W1 :Here the normalized L2{norm jj � jj2 is de�ned byjj � jj2 = 1r1Vol(X) ZX Tr(� � ��) dvolX ;where �� is taken with respect to the metrics hi onWi . This establishes (1). The other equalityis proved in the same way, using the second vortex equation. �In order to simplify formulas, we assume now that s1 = s2 , where si = rank(V�i) .Theorem 10.3. Stable case (��1 > 0) :If the Hermitian{Einstein equation on E !M relative to !� admits an invariant solution asin Theorem 8:9 , the corresponding solution of the coupled �{vortex equations for the holomor-phic triple T = (W1;W2; �) satis�es the following a priori estimates.(1) �W1 < �1(�) ; �2(�) < �W2 ;(2) (�1 � �2)(�) = � ��� > �W = �W1 � �W2 � 0 :In the case of unequal rank (r1 6= r2) :(3) �1(�) � �W1 + r2j r1 � r2 j �W ;�W2 � r1j r1 � r2 j �W � �2(�) ;and hence �W = �W1 � �W2 > 0 ;(4) 0 < �1 � � < �0 = � ���W ;where �1 = � ���W � f 1 + r1 + r2j r1 � r2 j g�1 ;30



In the case of equal rank (r = r1 = r2) :(5) degX(W1) � degX(W2), hence�W = �W1 � �W2 � 0 :If � is an isomorphism, then the Wi are polystable bundles.(6) 0 < � < �0 = � ���W ; �0 =1 ; for �W = 0 ;(7) ��1(�) = � ��2(�) = � 12 (�W + ��� ) > 0 :Thus there is a gap of length �W � 0 between �1 and �2 :�2(�) < �W2 � �W1 < �1(�) :Proof. Statement (1) follows from Theorem 10.2 . (2) follows from (8.14) , (1) and (3), (5)below. (3) follows from [9] , Proposition 3.18. (4) follows from (1) and (3). (5) follows from [9] ,Corollary 3.20 and Lemma 4.6 . (6) and (7) follow from (10.3) and (10.4) . �Theorem 10.4. For the degenerate, polystable case (��1 = 0), we have :(1) � = 0 ; E = E1 � E2 ; �E = �E1 = �E2 :(2) We have �i = �Wi and the vortex equations degenerate to the uncoupled Hermitian{Einstein equations on each Wi :(3) If the bundles Wi are polystable, the Hermitian{Einstein equation on E !M relative to!� admits an invariant solution as in Theorem 8:9 exactly for�W > 0 ; � = �0 = � ���W :Proof. This follows immediately from Theorem 10.2 and formulas (10.2) , (10.3) . �11. Appendix : Obstructions for projectively flat holomorphic bundlesThe topology of projective bundles is derived from the commutative diagram of groups (6.2) .At the level of classifying spaces this gives rise to the following diagram.H�(BSU(l+ 1);Q) Bj�0 �����= H�(BPSU(l + 1);Q)x??Bi�0 x??�=H�(BU(l + 1);Q) Bj� ���� H�(BPU(l + 1);Q)x??�= x??�=Q[c1; : : : ; cl+1] Bj� ���� Q[�c2; : : : ; �cl+1] (11.1)Here we choose the rational generators �ck; k � 2 so that they correspond to the ordinary Chernclasses of SU (l+ 1), that is Bj�0 (�ck) = ck and of course we have Bi�0(ck) = ck; Bi�0(c1) = 0 .31



The image of Bj� consists of those rational characteristic classes of complex vector bundlesE which are projective invariants. Computing on the maximal tori, we obtain the formulasBj�(�ck) = ck + �l+ 1k � (1� k) f �c1l + 1gk + k�1X�=2 �l+ 1� �k � � � c� f �c1l+ 1gk�� ; (11.2)and ck = �l+ 1k � f c1l + 1gk + Bj�(�ck) + k�1X�=2 �l+ 1� �k � � � Bj�(�c�) f c1l + 1gk�� : (11.3)If E is projectively at, that isCPl ,! P(E)�= eX ��̂ CPl ��! X ;with holonomy �̂ : � ! PGL(l + 1; C ), it follows from Chern{Weil theory (cf. [34]) that theprojective classes �ck(P ) = 0 and therefore from (11.3)ck(E) = �l + 1k � fc1(E)l+ 1 gk ;ct(E) = f1 + t c1(E)l + 1 gl+1 :Consider a (holomorphic) projective bundle over the compact K�ahler manifold X with struc-ture group G = PGL(l + 1; C ) :CPl ,!M = P �PGL CPl ��! X :In order to simplify the exposition, we assume now that H2(X;Z) is torsionfree, and thatX ' B�; in which case H�(�; A) �= H�(X;A) for any coe�cient group A .The obstruction for the linearization of a projective �ber bundle is given by an elementoGL(P ) 2 H2(X;O�X) . For oGL(P ) = 0, that is M = P(E), the vector bundle E is determinedup to E 
C M, where M is a holomorphic line bundle on X . The relative obstruction forM = P(E) with E unimodular, that is L = det(E) holomorphically trivial, is given by oSL(P ) =r c1(L) 2 H2(X;Zl+1) . In fact, oSL(P ) = 0 means that the determinant bundle is of the formL =Ml+1 and thus P(E)�= P(E
C M�), with E 
C M� unimodular.A similar discussion applies if (6.1) is at, that isCPl ,!M �= eX ��̂ CPl ��! X ;with holonomy �̂ : �! PGL(l+ 1; C) . In this case the relative obstruction forM = P(E) withE holomorphically at is given byoGL(�̂) 2 ker(H2(�; C� )! H2(X;O�X)) ;and the relative obstruction for unimodular atness of E is given byoSL(�̂) 2 ker(H2(�;Zl+1)! H2(X;Zl+1)) :The obstruction oGL(P ) = 0, that is M = P(E), if and only ifoSL(P ) = r c1(L) ; L = det(E) ;32



where E is determined up to E 
C M, for holomorphic line bundles M on X . If oGL(P ) = 0,then oSL(P ) = 0 if and only if c1(L) is divisible by l + 1 :The obstruction oGL(�̂) = 0, that isM = P(E) with E at, if and only if E
CM is unimodular(at), for someM2 Pic0(X) .These four obstructions are related by the commutative diagramH2(�; C� ) ����! H2(X;O�X)x??i� x??i�H2(�;Zl+1) �=����! H2(X;Zl+1) : (11.4)Thus we have the following relations :oGL(P ) = i� oSL(P ) ;oGL(P )l+1 = 0 ;oGL(�̂) = i� oSL(�̂) ; i� injective ;oGL(�̂)l+1 = 0 ;oGL(�̂) = oSL(�̂) = oSL(P ) :The above obstructions are de�ned by the `exact' sequences associated to diagram (6.2), usingthe classi�cation of (at) holomorphic principal bundlesH1(X;O�X) ������! �H1(X;OX(GL)) j�����! �H1(X;OX(PGL)) oGL����! H2(X;O�X)x?? x?? x?? x??H1(�; C� ) ������! H1(�;GL) j�����! H1(�;PGL) oGL����! H2(�; C� ) (11.5)H1(X;Zl+1) ������! �H1(X;OX(SL)) j0�����! �H1(X;OX(PSL)) oSL����! H2(X;Zl+1)x??�= x?? x?? x??�=H1(�;Zl+1) ������! H1(�; SL) j0�����! H1(�;PSL) oSL����! H2(�;Zl+1) (11.6)as well as the classi�cation of holomorphic line bundles0! Pic0(X) = H1(X;OX)=��H1(X;Z)! H1(X;O�X) c1�! H1;1(X;Z)! 0 : (11.7)Combining the exact diagramsZl+1x??0 ����! Z �����! C exp����! C� ����! 0x??l+1 x??l+1 x??(�)l+10 ����! Z �����! C exp����! C� ����! 0x??iZl+133



Zl+1x??0 ����! Z �����! OX exp����! O�X ����! 0x??l+1 x??l+1 x??(�)l+10 ����! Z �����! OX exp����! O�X ����! 0x??iZl+1via their corresponding exact cohomology sequences, one obtains the following commutativediagram with exact columns :x?? x?? x??H2(�; C� ) ����! H2(X;O�X) ����! H3(X;Z)x??(�)l+1� x??(�)l+1� x??l+1H2(�; C� ) ����! H2(X;O�X) ����! H3(X;Z)x??i� x??i� x??�H2(�;Zl+1) �=����! H2(X;Zl+1) =����! H2(X;Zl+1)x??�=0 x??� x??rH1(�; C� ) ����! H1(X;O�X) c1����! H2(X;Z)x??(�)l+1� x??(�)l+1� x??l+1H1(�; C� ) ����! H1(X;O�X) c1����! H2(X;Z)x??i� x??i� x??�=0H1(�;Zl+1) �=����! H1(X;Zl+1) =����! H1(X;Zl+1)x?? x?? x??
(11.8)

The listed properties of the obstructions are obtained by diagram chasing in (11.5) to (11.8) .Example 11.1. Ruled surfaces :Consider a ruled surface, that is a at projective �ber bundleCP1 ,!M = eX ��̂ CP1 ��! X ;with holonomy �̂ : � ! PGL(2; C ), where X is a Riemann surface of genus g > 1 . Observethat X ' B� and �=[�;�] =Z2g . In this case, diagram (11.8) has the form
34



Zl+1 ����! 0x??= x??Zl+1 =����! Zl+1 =����! Zl+1x??0 x??� x??r(C� )2g ����! H1(X;O�X) c1����! Zx??(�)l+1� x??(�)l+1� x??l+1(C� )2g ����! H1(X;O�X) c1����! Zx??i� x??i� x??�=0(Zl+1)2g =����! (Zl+1)2g =����! (Zl+1)2g (11.9)The obstruction oGL(P ) for linearity vanishes, since H2(X;O�X) �= H3(X;Z) = 0 . ThusM = P(E) is given by a projectively at holomorphic vector bundle E of rank 2 . The remainingobstructions are all identical. They are given byoSL(P ) = oSL(�̂) = r c1(det E) 2 H2(X;Z2) �=Z2 ;and can be identi�ed with the Stiefel{Whitney class w2(P ) . Thus we know that the ruledsurface M = eX ��̂ CP1 is always linear, that is M = P(E) , for a (not necessarily unique)projectively at holomorphic vector bundle E of rank 2 .The following properties are then equivalent:(1) E is of degree 0, that is c1(E) = 0 or det(E) 2 Pic0(X) ;(2) det(E) is trivial as a smooth complex line bundle ;(3) E
C M is unimodular, that is det(E
C M) = det(E)
C M2 is holomorphically trivial,for some line bundle M 2 Pic0(X) ;(4) E 
C M is a at holomorphic bundle with holonomy � : � ! SL(2; C), for some linebundle M2 Pic0(X) ;(5) E is a at holomorphic bundle with holonomy � : �! GL(2; C ) ;(6) E admits a holomorphic connection.In fact, the equivalence of (1) to (5) follows from x 9 and the diagrams above. The equivalenceof (5) and (6) follows from the vanishing condition for the Atiyah obstruction [1] :a(E) = [
1;1r ] 2 H1;1(X; EndC (E)) ;since the curvature of a connection r of type (1; 0) is given by 
1;1r , 
2;0r being automaticallyzero.We note that this remains valid for at projective bundles over X with �ber CPl; l > 1 .Moreover, the at holomorphic bundles with (irreducible) isometric holonomy � : �! SU(2) ,correspond by the theorem of Narasimhan{Seshadri [40] to the semi{stable (stable) holomorphicbundles of degree 0 and rank 2 . References[1] Atiyah, M.F.: Complex analytic connections in �bre bundles. Trans. Amer. Math. Soc.,85 (1957), 181{207.[2] Besse, A.L.: Einstein manifolds. Springer Verlag, Berlin{Heidelberg{New York 1987.35
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