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An Hadamard maximum principlefor biharmonic operatorsH�akan Hedenmalm, Stefan Jakobsson, Sergei Shimorinat Lund University1 IntroductionThe laplacian. Let � be the Laplace operator in Rn (n = 1; 2; 3; : : :). We say thata real-valued function u is harmonic on an open subset of Rn if �u = 0 there, andsubharmonic if �u � 0. A domain in Rn is an open and connected set. The classicalmaximumprinciple for subharmonic functions can be given the following formulation. LetD be a bounded domain in Rn, and u a function continuous on the closure of D. We thenhave the implication 0 � �ujD and uj@D � 0 =) ujD � 0: (MP:�)Moreover, unless ujD = 0, the conclusion can be sharpened to ujD < 0.The bilaplacian. It is natural to try to extend the maximum principle to higher orderelliptic operators: let us focus on the simplest example, the bilaplacian �2. In the sameway that physically, the laplacian corresponds to a membrane, the bilaplacian correspondsto a plate (there is also a connection with creeping 
ow). In view of the nature ofthe boundary data for the Dirichlet problem, the maximum principle we are looking fornecessarily will involve two inequalities along the boundary of the subdomain D, one forthe functions, and another for the normal derivatives. We �rst need some notation. Areal-valued function u on a domain 
 is biharmonic provided that �2u = 0 there, andsub-biharmonic if �2u � 0 (one should think of � as a negative operator, which is thereason why the inequality is switched as compared with the de�nition of subharmonicfunctions). In the following we shall restrict our attention to the case of the plane R2,which is identi�ed with C , the complex plane. Around 1900, it was known { more or less{ that a variant of a maximum principle can be formulated for circular disks. Let D bea circular disk and u a C1-smooth function on the closure of D. The maximum principlereads �2ujD � 0; uj@D � 0; and @u@n ���@D � 0 =) ujD � 0; (MP:�2)where the normal derivative is calculated in the interior direction. Actually, unless ujD =0, we have ujD < 0. Let �D denote the Green function for the Dirichlet problem associatedwith �2 on D: for �xed � 2 D, the function �D(�; �) vanishes along with its normalderivative on @D, and �2�D(�; �) equals the unit point mass at �. The above maximumprinciple (MP:�2) then expresses the following three basic facts:0 < �D(z; �); (z; �) 2 D �D; (1.1)0 < �z�D(z; �); (z; �) 2 @D �D; (1.2)and @@n(z) �z �D(z; �) < 0; (z; �) 2 @D �D: (1.3)1



These properties are easily veri�ed by computation. In fact, with the normalizations usedhere, the Green function � = �D for the unit disk D = fz 2 C : jzj < 1g is expressed by�(z; �) = jz � �j2 log ���� z � �1� z�� ����2 + (1� jzj2)(1� j�j2); (z; �) 2 D � D :It should be mentioned that a local analysis of the behavior near the boundary showsthat (1.2) is an immediate consequence of (1.1), at least if we replace the sign \<" with\�". The connection between (MP:�2) and (1.1){(1.3) is apparent from the symmetryof �D together with Green's formula:u(z) = ZD �D(z; �)�2u(�) d�(�) + 12 Z@D ����D(z; �) @u@n (�)� @@n(�)���D(z; �)u(�)� d�(�); z 2 D; (1.4)where d� is area measure, normalized by the factor ��1, and d� is one-dimensionalLebesgue measure, normalized by the factor (2�)�1.Notation: Throughout the paper, the word positive is normally given the weakest pos-sible sense. So, for instance, a function f is positive if 0 � f holds pointwise, and if wewish to express that 0 < f holds everywhere, we say that the function is strictly positive.However, when we deal with individual real numbers x, we adhere to the usual standardand say that x is positive if 0 < x. Unless explicitly stated otherwise, normal derivativesare calculated in the interior direction. Moreover, we have normalized the laplacian �acting over the plane: it is the operator�z = 14 � @2@x2 + @2@y2�; z = x+ iy 2 C :The plan of Hadamard. Jacques Hadamard, in his treatise on plaques �elastiquesencastr�ees ([14], pp. 515{641), suggests the possibility of a maximum principle of thetype (MP:�2) for more general subdomains D. In fact, he writes: \Du moins, cetteproposition, comme l'in�egalit�e �BA > 0, parâ�t incontestable pour tout contour convexe".That is, the Green function for �2 should be positive for a much larger collection ofdomains than the disks, including all convex regions with smooth boundary. This was,however, later shown not to be the case, by Du�n, L�wner, and Garabedian. In fact, itfollows from Paul Garabedian's work [11] that (1.1){(1.2) both fail when D is an ellipse,provided that the ratio of the major axis to the minor axis exceeds a certain criticalvalue �0 � 1:5933. Further calculations along Garabedian's lines show that (1.3) failsmuch sooner, namely when that ratio exceeds another critical value, �1 � 1:1713. Theconclusion we can draw from this is that within the family of ellipses, we cannot deviatevery far from circles and keep the maximum principle (MP:�2). The Almansi formula,which expresses each biharmonic function locally as f + jzj2g, where f; g are harmonic,suggests that circles are special for �2. This intuitive feeling is further corroborated byCharles L�wner's work [31], where it is shown that the only coordinate transformations(suitably modi�ed) preserving the biharmonic functions are of M�bius type.Conformal transformations and weights. Let us see how the biharmonic operatortransforms under analytic coordinate changes. For a smooth function u in some domainin the plane, and a holomorphic mapping �,�j�0j�2�(u � �) = j�0j2 (�2u) � �;2



wherever the expressions make sense. This suggests switching from the bilaplacian tothe more general operators �j�0j�2�. In fact, we shall consider operators of the form�!�1�, where ! is a logarithmically subharmonic weight function { this amounts tothe squared Laplace-Beltrami operator on a general hyperbolic Riemannian manifold (seebelow). The term logarithmically subharmonic means that ! takes values in the interval[0;+1[, and that log! is subharmonic. These operators �!�1� form a conformallyinvariant class, because if ! is logarithmically subharmonic, then so is ! �� j�0j2. A real-valued function u is said to be sub-!-biharmonic if �!�1�u � 0, and !-biharmonic if�!�1�u = 0. We �x a bounded simply connected domain 
 in C { our universe fromnow on { and suppose ! is de�ned and logarithmically subharmonic there. Let D bea precompact subdomain of 
. The problem of determining when we have a maximumprinciple like (MP:�2) generalizes to the question of determining for which subdomainsD we have a maximum principle�!�1�ujD � 0; uj@D � 0; and @u@n ���@D � 0 =) ujD � 0; (MP:�!�1�)whereby u is assumed smooth on the closure of D, and the boundary @D is smooth as well(C1-smoothness is appropriate here). The experience with �2 suggests that we shouldlook for the appropriate analogue of the circular disks. We �rst turn to some geometricaspects. Endow the domain 
 with the Riemannian metric ds!(z) =p!(z) jdzj, that is,ds!(z)2 = !(z) �dx2 + dy2�; z = x+ iy 2 
:The induced area measure is ! d�. The property of ! that0 � �log!(z); z 2 
;means that the Riemannian manifold obtained is hyperbolic, in the sense of having nega-tive Gaussian curvature. The distribution � = � log! is identi�ed with a positive Borelmeasure on 
, which in fact is independent of the particular choice of coordinates forthe hyperbolic manifold, and represents the local distribution of negative curvature. TheLaplace-Beltrami operator on the manifold is given by4 = 1!(z) �:The weighted biharmonic operator �!�1� then corresponds to the bi-laplace-beltramian42. The energy integral associated with �!�1� on the subdomain D is expressed byE!(u) = ZD j4u(z)j2 !(z) d�(z) = ZD j�u(z)j2 d�(z)!(z) :The !-biharmonic functions minimize this energy under given Dirichlet boundary data.A circular disk D centered at z0 with radius r is uniquely determined by the meanvalue property ZD h(z) d�(z) = r2h(z0);with h ranging over all bounded harmonic functions on D, as was proved by BernardEpstein [43]. A precompact subdomain D of the �xed \universal" domain 
 is said to bean !-disk { centered at z0 2 D with \radius" r, 0 < r < +1 { provided thatZD h(z)!(z) d�(z) = r2h(z0);3



holds for all bounded harmonic functions h on D. In the case of a constant weight,we recover the circular disks. The !-disks turn out to be uniquely determined by theparameters z0 and r, just like the circles, and they are simply connected. They are theresult of a physical process, a Hele-Shaw 
ow on the hyperbolic manifold (see below).We feel that the maximum principle (MP:�!�1�) holds for !-disks D. The proof ofthis statement, however, remains to be found. Nevertheless, we have found the weakerprinciple�!�1�ujD � 0; uj@D = 0; and @u@n ���@D � 0 =) ujD � 0; (MP0:�!�1�)with u smooth on D. As we pull the coordinates back to the unit disk, we require of theweight ! to have D as an !-disk for z0 = 0 and r = 1: we say that ! is reproducing forthe origin provided that ZDh(z)!(z) d�(z) = h(0) (1.5)holds for all bounded harmonic functions h on D . The Green function for the Dirichletproblem associated with the weighted biharmonic operator �!�1� on the unit disk D isdenoted by �!. The main result { equivalent to (MP0:�!�1�) { is the following.THEOREM 1.1 Suppose ! is a logarithmically subharmonic weight on D which repro-duces for the origin. Then 0 � �!jD�D.The statement of the theorem is false if we keep the reproducing property but scrapthe logarithmic subharmonicity: there are simple radial weights that provide counterex-amples. Also, if we instead drop the reproducing property and keep the logarithmicsubharmonicity, the result is false, as is apparent from Garabedian's work on ellipses [11].The weighted Hele-Shaw 
ow. Suppose the bounded simply connected universaldomain 
 has as boundary a C1-smooth Jordan curve, and that the logarithmicallysubharmonic weight ! is C1-smooth and strictly positive on 
, and real analytic in theinterior 
. We recall that a precompact subdomain D is said to be an !-disk with centerz0 and radius r provided that z0 2 D andr2h(z0) = ZD h(z)!(z) d�(z); (1.6)holds for all bounded harmonic functions h on D. It is natural to ask for existenceand uniqueness of such generalized disks D. It turns out that we have uniqueness andexistence in a certain interval 0 < r < �(z0), and non-existence for larger r simplybecause thenD necessarily expands beyond the boundary @
 (the latter statement slightlyexaggerates what we actually prove). This suggests writing D = D(z0; r;!) to indicatethe determining parameters. For 0 < r < �(z0), D(z0; r;!) is simply connected, and theboundary is a real analytic Jordan curve; moreover, D(z0; r;!) grows with the parameterr. We prove the above statements as follows. We �rst assume that D has the additionalproperty that r2u(z0) � ZD u(z)!(z) d�(z) (1.7)holds for all bounded subharmonic functions u on D, which allows us to interpret theproblem of �ndingD in terms of an obstacle problem for the laplacian, which has a unique4



solution (compare with [12]). We call subdomains D satisfying (1.7) weighted Hele-Shaw
ow domains, because it is possible to interpret them as arising from a Hele-Shaw 
ow onthe hyperbolic manifold 
 with Riemannian metric ds!. The usual Hele-Shaw 
ow (with! = 1, and r2 replaced by a time parameter t) models how the free boundary evolvesbetween an incompressible viscous Newtonian 
uid and vacuum, which occupy the spacebetween two parallel, narrowly separated in�nitely extended surfaces, as 
uid is injectedat a constant rate at the source point z0. We �rst prove that the weighted Hele-Shaw
ow domains are simply connected and have boundaries that are real analytic Jordancurves. The proof is based on Makoto Sakai's fundamental work on the regularity of freeboundaries [42], which guarantees that the topological situation is fairly uncomplicated.The positivity of the biharmonic Green function on the unit disk comes in at a crucialpoint in the argument. It remains to see why any subdomainD with (1.6) necessarily has(1.7). This is achieved by a simple argument due to Sakai and re�ned by Gustafsson [13].Sketch of the proof. A few words should be said about the proof of the main result,the positivity of the Green function �!, given that ! is logarithmically subharmonic andreproduces for the origin. It is important to note that since �!�1��!(�; �) is a unit pointmass at �, it follows that�z�(z; �) = !(z)�G(z; �) +H!(z; �)�; (z; �) 2 D � D ;where G(z; �) = log ���� z � �1� z�� ����2is the Green function for the laplacian, and the function H!(z; �) is harmonic in z. Weshall call the kernel functionH! the harmonic compensator, because it solves the balayageproblem ZD �G(z; �) +H!(z; �)�h(z)!(z) d�(z) = 0; � 2 D ;for all bounded harmonic functions h on D . If the Green function �! is positive, then alocal analysis near the boundary shows that �z�!(z; �) is positive onT�D, and using theharmonicity of H! in the �rst variable, it follows that H! is positive throughout D � D .It is much less obvious that if the harmonic compensator is positive for a certain familyof weight functions of the same type as !, then we can go the other way around andobtain the positivity of �!. This is done with the help of a variational technique due toHadamard (see [14, 20]), along domains given by the weighted Hele-Shaw 
ow D(r), for0 < r � 1, which starts at z0 = 0 and ends with D(1) = D .The harmonic compensator is related to the reproducing kernel function Q! for thespace HP2(D ; !) obtained as the closure of the harmonic polynomials with respect to thenorm of L2(D ; !), kfk! = �ZD jf(z)j2!(z) d�(z)� 12 :More precisely, ��H!(z; �) = �!(�)Q!(z; �):If the harmonic compensator is positive, then a local study of the behavior near T�Treveals that Q!jT2n�(T) � 0, where �(T) = f(z; z) : z 2 Tg denotes the diagonal. We areled to search for some kind of reverse implication. We �rst study the reproducing kernelfunction K! for the space P 2(D ; !) which is obtained as the closure of the (holomorphic)polynomials with respect to the norm of L2(D ; !). It is shown that Q! = 2ReK! � 1, sothat the information obtained for K! can be readily converted to information about Q!.5



This identity re
ects the fact that under the reproducing condition on !, the analyticpolynomials and the antiananlytic polynomials vanishing at the origin are perpendicularto each other in the Hilbert space HP2(D ; !). We obtain a representation formula for K! ,K!(z; �) = 1� z��L!(z; �)(1� z��)2 ; (z; �) 2 D � D ;whereby L! is the reproducing kernel for some Hilbert space of analytic functions on D ,which we suggest to call the de�ciency space for P 2(D ; !). Using this representation, we�nd that that Q! is negative on T2 n �(T), and in fact thatQ!(z; �) � �� 1!(z) + 1!(�)� 1jz � �j2 ; (z; �) 2T�Tn �(T); (1.8)and just as previously this allows us to go backwards, to obtain the positivity of theharmonic compensator, by means of a variational technique along the weighted Hele-Shaw 
ow. We use the Hadamard variational method for the laplacian to write the Greenfunction G as a negative integral of a product of two Poisson kernels for the 
ow domainsD(r) over r, 0 < r < 1. Noting that H!(�; �) is the orthogonal harmonic projection(with respect to the weight) of the function �G(�; �), we �nd that it su�ces to showthat the harmonic projection of a positive harmonic function on a 
ow region D(r), with0 < r < 1, extended to vanish on D nD(r), is positive throughout D . This is preciselywhat the estimate (1.8) permits us to do.Connection with the Bergman spaces. For 0 < p < +1, the Bergman space Ap(D )consists of all holomorphic functions f : D ! C with bounded normkfkAp = �ZD jf(z)jpd�(z)� 1p < +1;and there is a corresponding collections of inner functions: a function ' 2 Ap(D ) is innerin Ap(D ) if ZDh(z) j'(z)jpd�(z) = h(0);for all bounded harmonic functions h on D . These inner functions have been studiedrather extensively in recent years, primarily because of their use for the factorization offunctions with respect to zeros and their relevance for operator theory (see, exempli gra-tia, Hedenmalm [16], Duren, Khavinson, Shapiro, Sundberg [6, 7], and Aleman, Richter,Sundberg [2]; one should compare with the more classical A�1 theory of Korenblum[29]). They are analogous to the classical inner functions (Blaschke products, singularinner functions, and products of the two) which play a vital rôle in the function theoryof the Hardy spaces Hp(D ), for 0 < p < +1; we recall that a holomorphic functionf : D ! C is in Hp(D ) ifkfkHp = sup0<r<1�ZTjf(r�)jpd�(�)� 1p < +1:For an inner function ' in Ap(D ), j'jp is logarithmically subharmonic and reproduces forthe origin, so by our main theorem, the Green function �j'jp for the weighted biharmonicoperator �j'j�p� is positive. As we apply this result to the Bergman spaces Ap(D ), wearrive at the following. Given a zero sequence A in D for the space Ap(D ), let MA bethe subspace of all functions in Ap(D ) that vanish at all points of A, with multiplicities6



as prescribed by the sequence. Subspaces of the type MA are referred to as zero-setsubspaces. Let 'A be the function that maximizes j'(0)j, given that ' vanishes on Aand has norm 1 (this does not de�ne 'A uniquely, because we can always multiply bya unimodular constant, but this is the only obstruction; if A contains the origin, weneed to maximize the �rst non-vanishing derivative at the origin). The function 'A isan inner function in Ap(D ), and it has no extraneous zeros; in fact, it generates MAas an invariant subspace [2] (see below for a de�nition of the term invariant subspace).Duren, Khavinson, Shapiro, and Sundberg coined the term canonical zero divisors forthese functions 'A. For two zero sequences A and B, such that A is contained in B, itfollows from the main theorem thatk'AfkAp � k'BfkAp ; (1.9)for all holomorphic functions f on D . This means that the canonical zero divisors aremonotonic with respect to Korenblum domination along the lattice of zero-set subspaces:following Boris Korenblum [30], we say that given two function F and G in Ap(D ), Gdominates F , written F � G, providedkFqkAp � kGqkApholds for all polynomials q. The relation 'A � 'B for A � B was conjectured byHedenmalm in [20, 21] as well as in Problem 12.13 in the Havin-Nikolski problem book[15]. A consequence of this result is the following. We say that a closed subspace Mof Ap(D ) is invariant provided that Sf 2 M whenever f 2 M , where S is the shiftoperator: Sf(z) = zf(z). A particularly simple collection are the zero-set subspaces, asdescribed above. These have the property that they have index 1 (with the exceptionof the trivial invariant subspace f0g), meaning that the dimension of M=SM is 1. If aninvariant subspace M with index 1 contains a zero-set subspace, thenM itself is a zero-setsubspace.It is interesting to note that in the Dirichlet space, the domination relation betweenthe corresponding functions 'A; 'B is reversed [1, 39].Higher dimensions. We wish to point out that the above results have been obtainedin dimension n = 2 only. It is not clear what the appropriate generalization to higherdimensional Rn, for n = 3; 4; 5; : : :, should look like. A serious obstacle is that we donot have the artillery of conformal mappings any more. These problems deserve furtherinvestigation.2 Bergman spaces and kernel functionsLet 
 be a bounded domain in the complex plane C (a domain is a connected open set).For an area summable function ! : 
 ! [0;+1[ which is positive on a set of positivearea-measure (we call ! a weight), we let L2(
; !) be the Hilbert space of complex-valuedBorel measurable functions on 
 which are square summable with respect to the measure!d�: the norm is expressed bykfk! = �Z
 jf j2! d�� 12 ; f 2 L2(
; !):As a Hilbert space, L2(
; !) is equipped with an inner producthf; gi! = Z
 f �g ! d�; f; g 2 L2(
; !):7



Bergman spaces: the general setting. Let S be a complex-linear vector space whoseelements are continuous functions on 
, with the property that the elements of S aresquare summable on 
 with respect to the measure ! d�. Since elements of L2(
; !) arereally equivalence classes of functions on 
, two functions being identi�ed if they coincideexcept on a null set with respect to ! d�, we cannot be certain that it is possible toidentify S with a linear subspace of L2(
; !). This is however the case if ! is a BergmanS-weight function on 
, which requires that for all f 2 S,jf(z)j � C(K) kfk! ; z 2 K;where K is an arbitrary compact subset of 
, and C(K) is some positive constant whichdepends on K. Under this assumption, we may form the completion of S with respect tothe norm k � k!, which we denote by S2(
; !). The space S2(
; !) consists of continuousfunctions on 
, and we can regard it as a closed subspace of L2(
; !). Clearly, it getseasier for ! to be a Bergman S-weight function if the generating space S gets smaller. If! is a Bergman S-weight function, then the point evaluation functionals at points of 
are continuous. The representation theorem for bounded linear functionals on a Hilbertspace then shows that to each � 2 
, there is a unique element KS! (�; �; 
) in S2(
; !),such that f(�) = hf;KS! (�; �; 
)i!; f 2 R2(
; !):The function KS! (z; �; 
), with (z; �) 2 
 � 
, is called the Bergman S-kernel functionfor the weight ! on 
. The space S2(
; !) is separable because L2(
; !) is, and hence ithas a countable orthonormal basis '1; '2; '3; : : : . One shows that the Bergman S-kernelfunction has the representationKS! (z; �) = 1Xn=1'n(z) �'n(�); (z; �) 2 
�
;whence it follows that the complex conjugate of KS! (z; �) equals KS! (�; z).Analytic Bergman spaces. Let P denote the algebra of polynomials. Then the el-ements of P are square summable on 
 with respect to the measure ! d�, given theassumptions on ! and 
. We may then use S = P in the above setting: we speak of! as a Bergman polynomial weight function when it is a Bergman S-weight, we writeP 2(
; !) for the space S2(
; !), and call it the polynomial Bergman space for the weight!, and �nally, we call the associated reproducing kernel function KS! = KP! the Bergmanpolynomial kernel for the weight !. The functions in P 2(
; !) are holomorphic on 
,and if 
 is multiply connected, they extend holomorphically across the interior holes (thisfollows from the maximum principle).Let R(
) denote the algebra of rational functions (ratios of polynomials) with poleso� the closure of 
. We may then use S = R(
) in the above setting. So, if ! is anR(
)-weight, we express this in words as being a Bergman rational weight function on 
,and we write R2(
; !) for the space S2(
; !), which we call the rational Bergman spacefor the weight ! on 
. The reproducing kernel function KS! (z; �; 
) is written in symbolsas KR! (z; �; 
), and we call it the Bergman rational kernel for the weight ! on 
.Another choice of spanning space S is the following. Let S consist of all holomorphicfunctions on 
 which are square integrable with respect to the measure ! d�. Withthis setting, we say that ! is a Bergman weight function on 
 if it is a Bergman S-weight. Given that ! has this property, the space S2(
; !) equals S (we shall denote itby A2(
; !)), and we call it the Bergman space with weight ! on 
. The reproducing8



kernel function KS! (z; �; 
) is written in symbols as KA! (z; �; 
), and called the Bergmankernel for the weight ! on 
.For a Bergman weight ! on 
, P 2(
; !) equals the closure of the polynomials inA2(
; !), and R2(
; !) equals the closure of the rational functions in R(
).When we consider the constant weight !(z) � 1, we drop the indication of the weight,and speak of the polynomial Bergman space P 2(
), the rational Bergman space R2(
),and the Bergman space A2(
). On the unit disk D , all three spaces coincide: P 2(D ) =R2(D ) = A2(D ).For ! to be a Bergman weight on 
, what is essentially required is that ! does notvanish too much near the boundary @
. If the weight ! is logarithmically subharmonic,this is not a problem.LEMMA 2.1 If ! is logarithmically subharmonic on 
, it is a Bergman weight on 
.Proof. Take an interior point z0 2 
, and let r, 0 < r < +1, be so small that thedisk D (z0 ; r) = fz 2 C : jz � z0j < rg is precompact in 
. For a holomorphic function fon 
, the function jf j2! is subharmonic, and therefore, by the sub-mean value property,jf(z0)j2!(z0) � 1r2 ZD(z0;r) jf(z)j2!(z) d�(z) � r�2kfk2! ;so that jf(z0)j2 � 1r2!(z0) kfk2!:Taking logarithms, we obtainlog jf(z0)j � log kfk!r + 12 log 1!(z0) : (2.1)The left hand side is subharmonic, so that we can get the estimatelog jf(z0)j � log kfk!r + 12r Z@D(z0;r) log 1!(z) d�(z): (2.2)and since log! is subharmonic, it is integrable on compact circles in 
 such as @D (z0 ; r).Introducing the Poisson kernel in these calculations allows us to get a uniform estimateon compact subsets, which does it.Harmonic Bergman spaces. So far we only considered Bergman spaces of holomorphicfunctions. We also need Bergman spaces of harmonic functions.If we let S equal the space HP of harmonic polynomials, which are functions of thetype p + �q, where p and q are polynomials, we get the concept of Bergman harmonicpolynomial weight on 
, by setting it equal to Bergman S-weight. The correspondingspace S2(
; !) is written HP2(
; !), and we call it the harmonic polynomial Bergmanspace with weight ! on 
. The functions in HP2(
; !) are harmonic on 
, and if 
 ismultiply connected, they extend harmonically across the interior holes. The reproducingkernel function KS! is written QP! , and called the harmonic polynomial Bergman kernelwith weight ! on 
.If we instead let S equal the space HR(
) of harmonic rational functions of the typeh = r+�s, where r; s are in R(
), we get the concept of Bergman harmonic rational weighton 
. The associated space S2(
; !) is written HR2(
; !), and we call it the harmonic9



rational Bergman space with weight ! on 
. The reproducing kernel function KS! iswritten QR! , and called the harmonic rational Bergman kernel with weight ! on 
.The largest choice of spanning space S among the harmonic functions is the following.Let S consist of all harmonic functions on 
 which are square integrable with respectto the measure ! d�. With this setting, we say that ! is a Bergman harmonic weightfunction on 
 if it is a Bergman S-weight. The space S2(
; !) then equals S (we shalldenote it by HL2(
; !)), and we call it the harmonic Bergman space with weight ! on
. The reproducing kernel function KS! (z; �; 
) is written in symbols as QH! (z; �; 
), andcalled the harmonic Bergman kernel for the weight ! on 
.Logarithmically subharmonic reproducing weights on the unit disk. We nowspecialize to the domain 
 = D , the unit disk, and discontinue indicating the domainin the expressions for kernel functions for the remainder of this section. Let ! be alogarithmically subharmonic area summable weight ! on D , which is reproducing for theorigin, in the sense of the introduction:h(0) = ZDh(z)!(z) d�(z)holds for all bounded harmonic functions h on D .The following assertion is known, but we do not have a reference. The �rst result ofthis type can be found in [16].LEMMA 2.2 For the above class of weights !, we have the following growth control:!(z) � (1� jzj2)�1; z 2 D :Proof. To see that this estimate is valid, one can proceed as follows. As in [16], oneobtains the Carleson measure type conditionZD jf j2! d� � kfkH2 ; f 2 H2(D ):Consider for � 2 D the M�bius automorphism of the disk��(z) = � � z1� z�� ; z 2 D ;and note that the above inequality becomesZD jf � �� j2! � �� j�0�j2 d� � kfkH2 ; f 2 H2(D ):By choosing f(z) = (1� j�j2) 121� z�� ;we obtain from the sub-mean value property that(1� j�j2)!(�) � (1� j�j2) ZD ! � ��(z) j�0�(z)j2j1� ��(z)�� j2 d�(z) � 1;from which the assertion is immediate. 10



PROPOSITION 2.3 Under the above assumptions on !, HP2(D ; !) is a Hilbert spaceof harmonic functions on D , with locally uniformly bounded point evaluations. Denote byP 20 (D ; !) the subspace of P 2(D ; !) consisting of those functions that vanish at the origin,and by �P 20 (D ; !) its image under complex conjugation. Then the harmonic space splitsHP2(D ; !) = P 2(D ; !) � �P 20 (D ; !);the two subspaces on the right hand side being orthogonal. As a consequence, the kernelfunction for HP2(D ; !) has the formQP! (z; �) = 2ReKP! (z; �)� 1; (z; �) 2 D2 :Proof. Let p; q be polynomials. If q(0) = 0, then by the reproducing property of !,hp; �qi! = ZD p(z) q(z)!(z) d�(z) = 0;and hence P 2(D ; !) and �P 20 (D ; !) are perpendicular with respect to the inner productof HP2(D ; !). Each harmonic polynomial can be written in the form p + �q. By thePythagorean theorem, kp+ �qk2! = kpk2! + kqk2!:If we take a Cauchy sequence of harmonic polynomials pj + �qj (with qj(0) = 0) withrespect to the norm k � k!, then by the above, pj is a Cauchy sequence in P 2(D ; !), andqj a Cauchy sequence in P 20 (D ; !). But then there are elements f 2 P 2(D ; !) and g inP 20 (D ; !), holomorphic in the disk D , such that pj ! f and qj ! g. The limit functionh = f + �g is then harmonic in D , and we havekhk2! = kf + �gk2! = kfk2! + kgk2!:The local boundedness of point evaluations now follows from Lemma 2.1.The reproducing kernel for P 2(D ; !) is KP! , and for �P 20 (D ; !) it is �KP! � 1. It followsfrom the above direct sum decomposition that Q! is the sum of these two kernels.3 Green functions for weighted biharmonic operatorsSmooth weights. Let 
 be a �nitely connected bounded domain in C with C1-smoothboundary, by which we mean that locally, the boundary is given as the zero level curveof a C1-smooth real-valued function with non-vanishing gradient. Also, let � be strictlypositive and C1-smooth on the closure 
. We then de�ne the Green function �� for thebiharmonic operator ���1� in the following way. For �xed � 2 
, it solves the boundaryvalue problem �z�(z)�1�z��(z; �) = �� (z); z 2 
;��(�; �)j@
 = 0;@@n ��(�; �)��@
 = 0;where the normal derivative is taken in the interior direction. The symbol �� denotes aunit point mass at the point � 2 D . The laplacian � has the factorization�z = @2@z@�z ;11



where (z = x+ iy) @@z = 12 � @@x � i @@y� ; @@�z = 12 � @@x + i @@y� ;are the usual Wirtinger derivatives. We shall also use the space-saving notation @z and�@z for these operators. Locally summable functions f on 
 are to be interpreted asdistributions by the dual actionh'; fi = Z
 '(z) f(z) d�(z);where ' is a test function, that is, a compactly supported C1-smooth function on 
.With these normalization settings, the Green function for 
 = D and � = 1 is�(z; �) = jz � �j2 log ���� z � �1� z�� ����2 + (1� jzj2)(1 � j�j2):The weighted biharmonic operators ���1� and the associated Green functions seemto have been considered for the �rst time by Paul Garabedian [11]. When we apply alaplacian to ��, we should get the weight � times the Green function G for the laplacianplus a harmonic function, that is,�z��(z; �) = �(z) �G(z; �) +H�(z; �)�; (z; �) 2 
�
; (3.1)where H�(z; �) is harmonic in the z variable. Let � be a C2 function on the closure of
, Applying Green's formula, we see that the zero Dirichlet boundary conditions on ��translate into the requirement thatZ
�z��(z; �)�(z) d�(z) = Z
 ��(z; �)�z�(z) d�(z):By applying this identity to � = h, where h is harmonic, we obtainZ
 h(z) �G(z; �) +H�(z; �)��(z) d�(z) = 0; (3.2)and by an approximation argument we have this for all bounded harmonic functions hon 
. This is the balayage problem mentioned in the introduction. Since the boundedfunctions are dense in HL2(
; �), the closed subspace of L2(
; �) consisting of functionsharmonic on 
, it follows that H�(�; �) equals the orthogonal projection of the function�G(�; �) to HL2(
; �) in the space L2(
; �). We shall call the kernel H� the harmoniccompensator. We write this as H! = �Q� �G, or written out more explicitly,H�(z; �) = � Z
Q�(z; �)G(�; �)�(�) d�(�); (3.3)where Q� = QH� is the reproducing kernel for the space HL2(
; �). Here, we think of akernel T (z; �) as having an operator T associated to it in the fashionTf(z) = Z
 T (z; �) f(�) d�(�);whenever the integral converges. In principle, the operator also determines the kernel, forwe obtain the kernel by applying the operator to a unit point mass at an interior point(or by applying it to functions approximating the unit point mass, and taking the limit).12



Because of the boundary conditions, the Green function can be recovered through theformula ��(z; �) = Z
G(z; �) �G(�; �) +H�(�; �)��(�) d�(�): (3.4)The operators Q� and G are self-adjoint, so that taking adjoints, we have the identityH�� = ���Q�. We note that the kernel for the operator H�� is H��(z; �) = H�(�; z).The function H�(z; �) then solves Poisson's equation with data ��(�)Q�(�; z). The kernelH�(z; �) is harmonic in the z variable, and for z 2 @
, it solves the boundary valueproblem (compare with [20]; @n is a condensed notation for the interior normal derivative)�� �(�)�1��H�(z; �) = 0; � 2 
;H�(z; �) = 0; � 2 @
;@n(�)H�(z; �) = 2 �z(�); � 2 @
:Smoothness properties of kernels. As above, let 
 be �nitely connected with C1-smooth boundary, and the weight � be C1-smooth on 
, and strictly positive there. Fora subset E of the complex plane C , let �(E) = f(z; z) 2 C 2 : z 2 Eg be the correspondingdiagonal set. In particular, we shall be concerned with the diagonal �(
), the interiordiagonal �(
), and the boundary diagonal �(@
). Then, by an elliptic regularity theoremof Louis Nirenberg [34], which says that we have C1-smooth solutions locally if the dataare that smooth, the kernels G and �� are C1-smooth on (
�
) n �(
). It follows thatthe kernels H� and Q� are C1-smooth on (
�
) n �(@
).Let us for the moment replace C1-smoothness with C!-smoothness { real analyticity{ everywhere above (so that the boundary @
 is real analytic, and the weight � is realanalytic on 
). Another elliptic regularity theorem, this time due to Morrey and Nirenberg[32], then states that locally, solutions are C!-smooth if the data have that degree ofregularity. We apply it to our Green functions, to get that the kernels G and �� areC!-smooth on (
� 
) n �(
), and that as before, it follows that the kernels H� and Q�are C!-smooth on (
� 
) n �(@
).If we instead consider the complex elliptic second order operator �@z ��1@z, we have thesame regularity theory. The associated Green function G� (with zero Dirichlet boundarydata) was considered by Garabedian in [11]. He obtained the identity@z �@� G�(z; �) = �(z)�(�)K�(z; �); (z; �) 2 
2 n �(
);which carries over the regularity of G� to the reproducing kernel K�. Here, K� stands forKR� or KA� , which are the same because R2(
; �) = A2(
; �) under the given regularityassumptions. To spell these out: � is assumed C1-smooth and strictly positive on 
, and@
 is assumed C1-smooth, too. The regularity of G� shows that K� is C1-smooth on(
�
)n�(@
). This also applies to the real analytic situation: if � is assumed C!-smoothand strictly positive on 
, and @
 is C!-smooth as well, it follows that the kernel K� isC!-smooth on (
� 
) n �(@
). This latter fact was mentioned and used in [6].Some consequences of the positivity of ��. Let us assume 
 and � are as above, andthat we know that �� is positive on 
�
. For �xed � 2 
, the function ��(�; �) vanishestogether with its normal derivative along @
, so for it to be positive in the interior itmust have a positive second normal derivative, that is, 0 � ��(�; �) on @
. By (3.1),this means that H�(�; �) is positive on @
, so by harmonicity, we even get that H�(�; �)is positive on 
. By a similar type of argument applied to the second coordinate, we seethat the harmonic kernel function Q�(z; �) is negative for (z; �) 2 (@
�@
)n�(@
). This13



consequence was observed by Garabedian [11], and in fact, it was how he disproved theconjecture that the biharmonic Green function is positive for all ellipses. We use it fora di�erent purpose: we need to know what properties to look for in the harmonic kernelfunction Q� to be able to prove that we have a positive Green function ��.More general weights. What if the weight is less smooth than assumed previously?For instance, let us say that we merely know that � is summable on 
. It is fairly clearthat some additional requirement is needed to be able to de�ne the biharmonic Greenfunction ��, in view of the formulas (3.1) and (3.3), which suggests that existence of�� entails that some type of harmonic Bergman space then becomes well-de�ned for theweight �. In the setting considered thus far, the spaces HL2(
; �) and HR2(
; �) coincide,and hence the reproducing kernels QH� and QR� , as well. There is a need to make a choicehere, and we decide to choose the harmonic rational Bergman space HR2(
; �) and itsreproducing kernel QR� . In other words, for Bergman harmonic rational weights � on 
,we take (3.3) as the de�nition of the harmonic compensator H�, with Q! = QR� , and then(3.4) is used to de�ne the weighted biharmonic Green function ��. We formalize this ina de�nition.DEFINITION 3.1 Let � be a Bergman harmonic rational weight on 
, and let G = G
stand for the Green function for the laplacian � on 
. The harmonic compensator is thefunction H�(z; �) = � Z
QR� (z; �)G(�; �)�(�) d�(�);and the weighted biharmonic Green function is given by��(z; �) = Z
G(z; �) �G(�; �) +H�(�; �)��(�) d�(�):4 The smoothing of weightsHere we show how to obtain the following approximation result.THEOREM 4.1 Let ! be logarithmically subharmonic weight on D which is reproducingfor the origin. Then, for each ", 0 < " < +1, there is another logarithmically subhar-monic reproducing weight e! which is real analytic on the closed disk D and strictly positivethere, such that ZD ��!(z) � e!(z)�� d�(z) < ":The local smoothing of weights. Let aut (D ) denote the automorphism group of D ,which consists of all conformal mappings of D onto itself. If we let � be an element ofaut (D ), then we can �nd �; � 2 Tand r 2 [0; 1[ such that� = R� � �r �R�; (4.1)where R�(z) = �z and R�(z) = �z are rotations, and�r(z) = r � z1� rz14



is a kind of re
exion. This decomposition is unique for r 6= 0, and for r = 0, the mapping� is a rotation, and only the product �� can be determined. For complex � 2 D , set��(z) = � � z1� ��z ;which decomposes into �� = R� � �r �R��;provided that � = r�, with 0 � r < 1 and � 2 T. So we can write a general � 2 aut (D )as � = R� ���, with � 2 Tand � 2 D . In this decomposition, both � and � are uniquelydetermined. We can then identify aut (D ) with the set T� D , which can be visualized asa subset of R4. Thinking of R4 as a subset of the complex four-dimensional space C 4 , wecan de�ne real analytic functions on T� D as those that extend holomorphically to someopen subset of C 4 containing T� D . We can also think of another complex structure:T� D � C 3 , viewing Tas a subset of C , and D as a subset of R2 � C 2 . This complexstructure also gives rise to a class of real analytic functions. Fortunately, the two di�erentcomplex structures induce the same class of real analytic functions.There is a left and right invariant Haar measure on aut (D ), which in terms of therepresentation (4.1) takes the formd� = 2rdr(1� r2)2 d�(�) d�(�);and in terms of the representation � = R� � ��, with (�; �) 2T� D , it becomesd� = d�(�)(1� j�j2)2 d�(�):Let � : aut (D ) !]0;+1[ be a real analytic function of the product form�(�) = �1(�)�2(�); � = R� � ��;where �2(�) = (1� j�j2)NN � 1 ; � 2 D ; (4.2)for some integer N = 2; 3; 4; : : : , which has integralZD�2(�) d�(�)(1� j�j2)2 = 1;and �1 :T!]0;+1[ is some real analytic function with integralZT�1(�) d�(�) = 1:For instance, we can take �1(�) = 1� %2j1 + %�j2 ; � 2T; (4.3)for some real parameter % with 0 < % < 1. We shall now see thatZ aut (D)�(�)h � ��1(0) d� = h(0) (4.4)15



for all bounded harmonic functions h on D . For � = R� � ��, we have ��1 = �� �R��, sothat ��1(0) = �. It follows that the left hand side of (4.4) assumes the formZT�D�1(�) �2(�)h(�) d�(�) d�(�)(1� j�j2)2= ZT�1(�) d�(�) ZD (1� j�j2)N�2N � 1 h(�) d�(�) = h(0);for all bounded harmonic functions h on D , as claimed, if we use the mean value property.We shall use the function � to regularize !: consider the function!�(z) = Z aut (D)�(�)! � �(z) j�0(z)j2d�: (4.5)It is strictly positive on D , because with the given choice of the smoothing function �,the only way for !� to vanish at a point z 2 D would be that ! � �(z) = 0 for almost all� in aut (D ), which never happens, given the assumptions on !. Just as !, the function!� is logarithmically subharmonic, because each individual function ! � � j�0j2 occurringin the integral is, and because the logarithmically subharmonic functions form a cone. Itis representing as well, as a computation shows:ZDh(z)!�(z) d�(z) = Z aut (D)�(�) ZDh(z)! � �(z) j�0(z)j2d�(z) d�= Z aut (D)�(�) ZDh � ��1(z)!(z) d�(z) d� = Z aut (D)�(�)h � ��1(0) d� = h(0);for all bounded harmonic functions h on D , where we use (4.4). A shift of variables yieldsthe alternative representation!�(z) = (1� jzj2)�2 Z aut (D)�(� � �z)! � �(0) j�0(0)j2d�:This is a mean of the various functions �(� � �z), taken over the variable �, becauseZ aut (D)! � �(0) j�0(0)j2d� = ZT�D!(��) (1 � j�j2)2 d�(�) d�(�)(1� j�j2)2= ZT�D!(��) d�(�) d�(�) = ZT!(0) d�(�) = 1:We want !� to approximate ! in L1(D ) norm, and to be real analytic on D . The �rst aimis reached by letting � have most of its mass concentrated near the unit element of thegroup aut (D ), which in the coordinates � = R� � �� corresponds to � = 0 and � = �1.That means that the parameter N should be very large for the function �2 given by (4.2)to be concentrated near 0 in D , and that the function �1 given by (4.3) should have mostof its mass near the point �1 on the unit circle, which happens if the parameter % is closeto 1. It is helpful to know that the contribution of remote elements � to the integral (4.5)de�ning !� is small: here we can use the a priori bound in Lemma 2.2 on ! and the factthat the function �2(�) drops o� quickly as � approaches T. To deal with the secondaim, we proceed as follows. For � = R� � ��,� � �z = R�
 � ��z(�); with 
 = ��(z)�z(�) = ��z � 11� ��z ; (4.6)16



so that �(� � �z) = �1(�
) �2(�z(�)); � = R� � ��:We shall need the following: the functions �(� � �z), considered as functions of z 2 D ,should extend holomorphically to a neighborhood U of D � R2 in C 2 , and be uniformlybounded there. We shall do this locally around an arbitrary point z0 2 D . A calculationshows that �2(�z(�)) = 1N � 1 (1� jzj2)N (1� j�j2)Nj1� ��zj2N :Real analytic functions on D are functions of the type F (z; �z), where F is a holomorphicfunction of two variables in a neighborhood of the anti-diagonal f(z; �z) : z 2 Dg. Aholomorphic extension of �2(�z(�)) is supplied by the formulaF (z; z�) = 1N � 1 (1 � zz�)N (1� j�j2)N(1� ��z)N (1� �z�)N ;which is bounded uniformly in � 2 D provided that z is close to z0 and z� is close to �z0.Let �1 denote not only the real analytic function on Tbut also its bounded holomorphicextension to a neighborhood of T; with �1 given by (4.3), the extension is�1(�) = 1� %2(1 + %�)(1 + %=�) ; � 2 C n f�%;�%�1g:A holomorphic extension of G(z; �z) = �1(�
), where 
 is given by (4.6), is then given byG(z; z�) = �1�� �z� � 11� ��z � ;which is also uniformly bounded in � 2 D provided that z is close to z0 and z� is close to�z0. It follows that with the above choice of �, !� approximates ! in the L1(D ) norm, isreproducing, logarithmically subharmonic, and real analytic on D .The e�ect of dilatation. We wish to approximate a given weight ! on D , which islogarithmically subharmonic and reproducing, by a positive weight which is real analyticon the closed disk D , and has the same properties. >From the previous section we knowthat we can achieve real analyticity in the interior D . We can therefore assume from thestart that ! is real analytic and positive on D .For r, 0 < r < 1, let !r(z) = !(rz) be the associated dilatation of !. We shall seethat !r is subrepresenting, that is, that for all positive bounded harmonic functions h onD , we have ZDh(z)!r(z) d�(z) � h(0): (4.7)Let P (z; �) denote the Poisson kernelP (z; �) = 1� jzj2j1� z��j2 ; (z; �) 2 D �T;and consider, for � 2 D , the functionZTP (�; �)!(�z) d�(�); z 2 D :17



As a function of �, this function is harmonic and equals !(�z) for � 2T. As the function!(�z) is subharmonic in the variable �, it follows that!(�z) � ZTP (�; �)!(�z) d�(�); (z; �) 2 D � D :We specialize to � = r, 0 < r < 1:!r(z) � ZTP (r; �)!(�z) d�(�); z 2 D :By the reproducing property of !, we get for all positive bounded harmonic functions hon D thatZDh(z)!r(z) d�(z) � ZT�Dh(z)P (r; �)!(�z) d�(z) d�(�)= ZTP (r; �) ZDh(z)!(�z) d�(z) d�(�) = ZTP (r; �)h(0) d�(�) = h(0); (4.8)as asserted above.Completing subrepresenting weights. We now complete the subrepresenting weight!r by adding a suitable small term which makes the sum representing. We consider �rstthe harmonic functionP �[!r](z) = ZDP (z; �)!r(�) d�(�); z 2 D ;where we have extended the Poisson kernel to the interior:P (z; �) = 1� jz�j2j1� z�� j2 ; (z; �) 2 D � D :The function P �[!r] extends harmonically to a neighborhood of the closed unit disk. Oneway to see this is to realize that P �[!r]jTis the outward normal derivative of the functionG[!r](z) = ZDG(z; �)!r(�) d�(�); z 2 D ;which solves the problem �G[!r] = !r with boundary data G[!r]jT= 0. Here, G(�; �)denotes the Green function for the laplacian � on D . By a classical theorem of Painlev�e,the real analyticity of the data !r forces the real analyticity of the solution G[!r], alsoon the boundary (see also [32]). The assertion that P �[!r] is real analytic and henceharmonic on D is immediate. By the subrepresenting property (4.7) of !r , 0 < P �[!r] � 1throughout D , and hence we have 0 � P �[!r] � 1 also on T. Let � be a real parameterwith 0 < � < 1, and consider the function H(z) = 1 � � P �[!r](z), which is harmonic,bounded above by 1, and positive, in a neighborhood of D . Let %, 1 < % < +1, be soclose to 1 that H is harmonic on the dilated disk %D . Then the functionF (z) = ZT(1 � %�2)2j1� %�1z��j4 H(%�) d�(�); z 2 %D ; (4.9)is real analytic in %D and F is positive there. Moreover, F is logarithmically subharmonic,and for z 2 D ,P �[F ](z) = ZDP (z; �)F (�) d�(�) = ZDP (z; �) ZT(1� %�2)2j1� %�1� ��j4 H(%�) d�(�) d�(�)= ZTZDP (z; �) (1 � %�2)2j1� %�1� ��j4 d�(�)H(%�) d�(�) = ZTP (%�1z; �)H(%�) d�(�) = H(z):18



It follows that the weight e!(z) = � !r(z) + F (z); z 2 D ;is logarithmically subharmonic, strictly positive, and real analytic on some neighborhoodof D . It also has P �[e!] = 1, which is another way of expressing that e! is reproducing:ZDh(z) e!(z) d�(z) = h(0);�rst for all bounded and positive harmonic functions h, then in a second step, for allbounded harmonic functions h on D .We now look at the L1(D ) norm proximity to the original weight !. If the parameterr, 0 < r < 1, is close to 1, the dilate !r is close to !. Also, if � is close to 1, the function� !r still approximates ! well. But this means that � P �[!r](0) is close to 1, and as theL1(D ) norm of F equals the di�erence 1�P �[!r](0), the modi�ed weight e! approximates! well in L1(D ).5 The approximation of Green functionsLet ! be logarithmically subharmonic on the unit disk D and reproducing (for the origin).We wish to show that the biharmonic Green function �! for the fourth order ellipticoperator �!�1� with vanishing Dirichlet data is positive. By Theorem 4.1, ! can beapproximated in the L1(D ) norm by a weight e! which in addition to being logarithmicallysubharmonic and reproducing is real analytic and strictly positive on D . We need to showthat the corresponding Green functions �! and �e! are appropriately close. Throughoutthis section, we write K! for the reproducing kernel in the space P 2(D ; !), droppingthe superscript P . We observe that K! = KR! , because the rational functions in R(D )(the space of rational functions with poles o� D ) are easily approximated uniformly bypolynomials on D . Similarly, we drop the superscripts P and R for the harmonic Bergmankernel, and write Q!.We shall need the following basic estimate of the kernel K!, obtained by Hedenmalmin [23].THEOREM 5.1 Let ! be logarithmically subharmonic weight which is reproducing forthe origin. Then jK!(z; �)j � 2j1� z�� j2 ; (z; �) 2 D � D :THEOREM 5.2 Let ! and !n, for n = 1; 2; 3; : : : , be logarithmically subharmonicweights which reproduce for the origin. If !n ! ! in the norm of L1(D ) as n ! +1,then �!n(z; �)! �!(z; �) pointwise in D � D as n! +1.Proof. Let � denote a weight of the same general type as ! and !n, and recall thatby the reproducing property of �, we have the following identity of reproducing kernelfunctions (see Proposition 2.3):Q�(z; �) = 2ReK�(z; �)� 1; (z; �) 2 D � D : (5.1)19



We have the identity��(z; �) = ZDG(�; z)G(�; �)�(�) d�(�)� ZD�DQ�(�; �)G(�; z)G(�; �)�(�)�(�) d�(�)d�(�); (z; �) 2 D � D : (5.2)Let F�(�; �) be the minimum norm solution in L2(D ; �) to �F�(�; �) = �� :F�(z; �) = G(z; �)� ZDQ�(z; �)G(�; �)�(�) d�(�); (z; �) 2 D � D :The formula for �� then simpli�es:��(z; �) = ZDG(z; �)F�(�; �)�(�) d�(�); (z; �) 2 D � D : (5.3)By Theorem 5.1 and (5.1), we have the estimatejQ�(z; �)j � 1 + 4j1� z��j2 ; (z; �) 2 D � D ;so that in view of the weight growth control in Lemma 2.2, a calculation yields��F�(z; �) �G(z; �)�� � C(�); (z; �) 2 D � D ; (5.4)for some constant C(�) depending continuously on � 2 D , but independent of the partic-ular weight �. We shall now show that F!n(�; �) ! F!(�; �) in an appropriate norm. Byminimality, we have thatkF!(�; �)k! � kF!n(�; �)k!; kF!n(�; �)k!n � kF!(�; �)k!n :In fact, a calculation shows thatZD ��F!(z; �) � F!n(z; �)��2!(z) d�(z) = ZD �jF!n(z; �)j2 � jF!(z; �)j2�!(z) d�(z); (5.5)because the function F!(�; �) is perpendicular to the harmonic functions in L2(D ; !). Aswe interchange the weights, we also have thatZD ��F!(z; �) � F!n(z; �)��2!n(z) d�(z) = ZD �jF!(z; �)j2 � jF!n(z; �)j2�!n(z) d�(z):(5.6)We add (5.5) and (5.6) together, to getZD ��F!(z; �)� F!n(z; �)��2�!(z) + !n(z)� d�(z)= ZD �jF!(z; �)j2 � jF!n(z; �)j2��!n(z) � !(z)� d�(z):By the uniform estimate (5.4) and the L1(D ) convergence !n ! !, it follows that for�xed � 2 D , ZD ��F!(z; �)� F!n(z; �)��2!(z) d�(z)! 0 as n! +1;20



or in other words, F!n(�; �)! F!(�; �) in the norm of L2(D ; !). By (5.3),�!(z; �) � �!n(z; �) = ZDG(z; �) �F!(�; �)� F!n(�; �)�!(�) d�(�)+ ZDG(z; �)F!n(�; �) �!(�) � !n(�)� d�(�); (z; �) 2 D � D :so that the desired result follows from the uniform estimate (5.4) on F!n(�; �), the L1(D )convergence !n ! !, and the growth estimate on the weights in Lemma 2.2.6 Bergman kernels: structural propertiesThe general theory of reproducing kernels. In the general theory of reproduc-ing kernel functions (see Saitoh's book [40]), introduced and studied by Mercer, Moore,Aronszajn, Kre��n, and Schwartz, a complex-valued function K of two variables, say (x; y),de�ned on some product set E � E, is said to be a reproducing kernel if for any �nitesubset fx1; x2; : : : ; xNg of E, we have that the matrix�K(xj ; xk)	Nj;k=1is positive de�nite, in other words, that0 � NXj;k=1K(xj ; xk)wj �wkholds for all sequences fwjgNj=1 2 CN . In particular, such a kernel has 0 � K(x; x),K(x; y) = K(y; x), and jK(x; y)j � K(x; x) 12K(y; y) 12 ; (6.1)for all x and y in E. The above de�nition does not refer to any Hilbert space of functionswith bounded point evaluations, which was the way we de�ned the reproducing kernelsfor the Bergman spaces back in Section 2. It turns out that if we have a Hilbert spaceof functions with bounded point evaluations, then its reproducing kernel function has theabove positive de�niteness property, and that if on the other hand, we have a reproducingkernel function as above, there exists a unique Hilbert space for which it reproduces thepoint evaluation functionals, by a theorem ascribed to Moore and Aronszajn [40]. Forinstance, if we take a subspace S with the properties assumed in Section 2, and writedown an orthonormal basis f'jg1j=1 for S2(
; !), then by the formula for the kernel interms of the basis,0 � 1Xl=1 ��� NXj=1'l(zj)wj���2 = 1Xl=1 NXj;k=1'l(zj) �'l(zk)wj �wk = NXj;k=1KS(zj ; zk)wj �wk:The following general result is of some interest; it is known, but we do not have areference. An in�nite matrix fA(j; k)g1j;k=0 is said to be positive de�nite if each �nitesubmatrix fA(j; k)gN�1j;k=0 is positive de�nite, that is, for any �nite sequence of pointsf�jgN�1j=0 2 CN , we have that 0 � N�1Xj;k=1A(j; k)�j ��k:21



PROPOSITION 6.1 Let K be a function with a convergent power series expansion onthe bidisk D2 , K(z; �) = 1Xj;k=0 bK(j; k) zj ��k; (z; �) 2 D � D :Then K is a reproducing kernel on D � D if and only if the in�nite matrix f bK(j; k)g1j;k=0is positive de�nite.Proof. Let fwjgNj=1 2 CN be arbitrary, and put�m = NXj=1wj zmj ; (6.2)where fzjgNj=1 is a given sequence of points in D . Then a change of the order of summationshows thatNXj;k=1K(zj ; zk)wj �wk = 1Xm;n=0 bK(m;n) NXj;k=1wj �wk zmj �znk = 1Xm;n=0 bK(m;n)�j ��k:One implication is immediate: if f bK(m;n)g1m;n=0 is positive de�nite, then K is a repro-ducing kernel. We turn to the reverse implication. Given a sequence f�mgNm=1 2 CN , wewould like to �nd points z1; : : : ; zN in D and a sequence fwjgNj=1 2 CN such that (6.2)holds for m = 0; 1; 2; : : : ; N , because then the reverse implication also follows from theabove identity. This can easily be accomplished by choosing the points equidistantly ona concentric circle of radius r, 0 < r < 1,zj = r e2�ij=N ; j = 1; 2; : : : ; N;because then we can use Fourier analysis on �nite commutative groups to �nd expressionsfor wj in terms of the �m's so as to have the desired relation between these two �nitesequences.Reproducing kernels for weighted Bergman spaces. In the rest of the section, weshall be concerned with weights ! : D ! [0;+1[ which are area-summable on D and meetthe following two conditions:� ! is logarithmically subharmonic on D , and� ! is reproducing for the origin.Note that since we are looking at the unit disk, the spaces P 2(D ; !) and R2(D ; !)coincide, and hence their kernels do as well: KR! = KP! . This is the analytic kernel thatwe wish to study in detail. To simplify the notation, we shall write K! for it.The following structure result is a well known consequence of the fact that the shiftoperator Sf(z) = z f(z) is contractive on P 2(D ; !) (see Saitoh [40], p. 135).THEOREM 6.2 The function J!(z; �) = (1� z��)K!(z; �) is the reproducing kernel fora Hilbert space of holomorphic functions on D .The similar-looking structure result below is key to our further investigations.THEOREM 6.3 The function L! de�ned by the equalityK!(z; �) = 1� z��L!(z; �)(1� z��)2is the reproducing kernel for a Hilbert space of holomorphic functions on D .22



We postpone the proof a little. First, we need the following important property of theshift operator S, Sf(z) = zf(z), acting on P 2(D ; !).PROPOSITION 6.4 For any two functions f; g 2 P 2(D ; !), we have the inequalitykSf + gk2! � 2�kfk2! + kSgk2!�:Proof. It is enough to obtain the inequality when f and g are polynomials. Let us�rst assume the weight ! is ! is C1-smooth up to the boundary. For any � 2 C n f0g,we have that0 � �z���g(z) � ��1z3f(z)��2!(z)� = �z�jg(z)j2 !(z)�� 2Re����1�z�g(z)�z3 �f(z)!(z)��+ j�j�2�z�jz3f(z)j2 !(z)�; (6.3)for z 2 D , where the �rst inequality holds because the product of a logarithmicallysubharmonic function and the modulus-squared of a holomorphic function is again loga-rithmically subharmonic, and in particular, subharmonic. Substituting � = z2 in (6.3),we obtain0 � �z�jg(z)j2 !(z)� � 2Re��z�2�z�g(z)�z3 �f (z)!(z)��+ jzj�4�z�jz3f(z)j2 !(z)�: (6.4)We note that none of the three terms on the right hand side has the slightest singularityat the origin, even though it may seem so to the inexperienced eye. By Green's formula,ZD(1� jzj2)2�z�jg(z)j2 !(z)� d�(z) = ZD �4jzj2 � 2� jg(z)j2 !(z) d�(z): (6.5)A slightly more sophisticated exercise involving Green's formula shows that if D (0; ")stands for a small circular disk about the origin of radius ", thenZDnD(0;")(1 � jzj2)2 ��z�2�z�g(z)�z3 �f (z)!(z)�� d�(z)= ZDnD(0;")�z��z�2(1� jzj2)2� �g(z)�z3 �f (z)!(z)� d�(z)+ 2 Z@D(0;")�(1� jzj2)2 �z�2 @n(z)�g(z)�z3 �f (z)!(z)�� @n(z)�(1� jzj2)2 �z�2� g(z)�z3 �f (z)!(z)� d�(z)= ZDnD(0;") �z g(z) �f (z)!(z) d�(z) +O("); (6.6)as "! 0, where the normal derivative is taken inward with respect to the disk D (0; ").
23



We apply Green's formula a third time, and obtainZDnD(0;")(1 � jzj2)2 �jzj�4�z�jz3f(z)j2 !(z)�� d�(z)= ZDnD(0;")�z�jzj�4(1� jzj2)2� jz3f(z)j2 !(z) d�(z)+ 2 Z@D(0;")�(1� jzj2)2 jzj�4 @n(z)�jz3f(z)j2 !(z)�� jz3f(z)j2 !(z) @n(z)�(1� jzj2)2 jzj�4�� d�(z)= ZDnD(0;") �4� 2 jzj2� jf(z)j2 !(z) d�(z) +O("); (6.7)as "! 0. Putting the terms (6.5){(6.7) together, using (6.4), we arrive in the limit "! 0at0 � ZD �4 jzj2� 2� jg(z)j2!(z) d�(z)� 2Re ZD �z g(z) �f (z)!(z) d�(z) + ZD �4� 2jzj2� jf(z)j2!(z) d�(z); (6.8)which expresses in expanded form the inequality we are looking for. We now turn to theexplanation of why we can assume ! to be C1-smooth. >From the previous section, weknow that we can approximate ! in the L1(D )-norm with weights of the same type butwith a much higher degree of smoothness (C! on D , in fact). And since we only needto check the above inequality (6.8) for �xed polynomials f; g at a time, the assertion isimmediate.In addition to the forward shift S, we shall need the backward shift T , as de�ned byTf(z) = f(z) � f(0)z ; z 2 D ;which we think of as acting on P 2(D ; !). The composed operator TS is the identity, andST is given by STf(z) = f(z) � f(0). The forward shift S is a contraction on P 2(D ; !),and so is ST , because of the reproducing property of the weight !, which leads to thenorm identity kfk2! = kf � f(0)k2! + jf(0)j2; f 2 P 2(D ; !):The variant of Proposition 6.4 which we shall actually use is the following.COROLLARY 6.5 For any two functions f; g 2 P 2(D ; !), we have the inequalitykSf + Tgk2! � 2�kfk2! + kgk2!�:We are now ready to prove Theorem 6.3.Proof. Solving for L!, we �nd thatL!(z; �) = 1z�� �1� (1� z��)2K!(z; �)� = 1�K!(z; �)z�� + 2K!(z; �)� z�� K!(z; �): (6.9)24



By the reproducing property of the weight !, we have thatK!(z; 0) = K!(0; �) = 1; (z; �) 2 D � D ; (6.10)so that by some well-known division properties of holomorphic function on the bidisk D2 ,the function L!(z; ��) is holomorphic on D2 . As a consequence of Theorem 5.1, the kernelz�� L!(z; �) = 1� (1� z��)2K!(z; �); (z; �) 2 D � D ;is bounded in modulus by 3, so that by the maximumprinciple for holomorphic functionsof two complex variables, jL!(z; �)j � 3; (z; �) 2 D � D : (6.11)We shall see later that the bound 3 may be replaced by 1, which is best possible.We wish to prove that L! is a reproducing kernel. In other words, we should showthat for any �nite subset fz1; z2; : : : ; zNg of D , it is the case that0 � NXj;k=1L!(zj ; zk)wj �wk (6.12)holds for all sequences fwjgNj=1 2 CN . By exploiting the reproducing property of thekernel K!, we have thatL!(zj ; zk) = ZD�DL!(z; �)K!(zj ; z)K!(�; zk)!(z)!(�) d�(z) d�(�);where the integral is absolutely convergent because of estimate (6.11) and the bound onK! from Theorem 5.1. If we let f be the H1(D ) function { H1(D ) is the algebra ofbounded holomorphic functions on D { given by the formulaf(z) = NXj=1 �wjK!(z; zj); z 2 D ;we see that (6.12) is equivalent to having0 � ZD�DL!(z; �) �f (z) f(�)!(z)!(�) d�(z) d�(�): (6.13)We shall obtain (6.13) for all f 2 H1(D ). The forward and backward shift operators Sand T , acting on P 2(D ; !), have adjoints S�! and T �! , where the subscript indicates thatthe adjoint is taken with respect to the inner product of P 2(D ; !):hSf; gi! = hf; S�!gi! ; hTf; gi! = hf; T �!gi! ; for f; g 2 P 2(D ; !):We have from (6.9) and (6.10) that for f 2 H1(D ),ZDL!(z; �) f(�)!(�) d�(�)= �1z hf; TK!(�; z)i! + 2 hf;K!(�; z)i! � z hf; SK!(�; z)i!= �1z hT �!f;K!(�; z)i! + 2 hf;K!(�; z)i! � z hS�!f;K!(�; z)i!= �T �!f(z)z + 2 f(z) � z S�!f(z); z 2 D ;25



so that since T �!f(0) = 0 { due to the reproducing property of ! { we can condense theabove toZDL!(z; �) f(�)!(�) d�(�) = �TT �!f(z) + 2 f(z) � S S�!f(z); z 2 D :Integrating also with respect to the z variable, we arrive atZD�DL!(z; �) �f(z) f(�)!(z)!(�) d�(z) d�(�)= �hTT �!f; fi! + 2 hf; fi! � hS S�!f; fi! = �kT �!fk2! + 2 kfk2! � kS�!fk2!;which shows that what we in fact need to know is that0 � 2� TT �! � S S�!; (6.14)where the inequality is interpreted in the sense of operator theory (meaning that theoperator on the right hand side is self-adjoint and that its spectrum is contained in theinterval [0;+1[). Let P 2(D ; !)�P 2(D ; !) be the orthogonal sum of the two spaces, withelements (f; g), f; g 2 P 2(D ; !), and the inner producth(f1; g1); (f2; g2)i!;! = hf1; f2i! + hg1; g2i!:We consider the operator R : P 2(D ; !) � P 2(D ; !) ! P 2(D ; !) given byR(f; g) = 2�12 �Sf + Tg);and note that if R�! : P 2(D ; !) ! P 2(D ; !) � P 2(D ; !) is the adjoint de�ned byhR(f; g); hi! = h(f; g); R�!hi!;!; f; g; h 2 P 2(D ; !);then we have R�!(h) = 2� 12 (S�!h; T �!h). It immediately follows thatRR�! f = 12 �SS�!f + TT �!f�; f 2 P 2(D ; !);so that the assertion (6.14) can be written as RR�! � 1. This, however, is ful�lled preciselywhen R�! is a contraction. By Corollary 6.5, the operator R is a contraction, which impliesthat R�! is a contraction as well. The proof is complete.COROLLARY 6.6 Let the kernel L! be as in Theorem 6.3. ThenjL!(z; �)j < 1; (z; �) 2 D2 :Proof. The identityK!(z; z) = 1� jzj2L!(z; z)(1� jzj2)2 ; z 2 D ;together with the observations that 0 � K!(z; z) and 0 � L!(z; z) shows that 0 �L!(z; z) � 1, because the function L!(z; z) is subharmonic on D . In fact, unless L!(z; z)equals the constant 1 identically on D , we have a strict inequality: L!(z; z) < 1. And ifL!(z; z) � 1, then L!(z; �) � 1 too, because a kernel function is determined by its values26



along the diagonal. But if L!(z; �) � 1, then the kernel K! must be the Hardy kernel(associated with the space H2(D )), which cannot be, because H2(D ) is not of the typeP 2(D ; !). We conclude that jL!(z; �)j < 1, because after all, L!(z; z) is the norm-squaredof the point evaluation functional at z 2 D in the Hilbert space of holomorphic functionsthat can be associated with L!.We have achieved an improvement on the estimate of Theorem 5.1.COROLLARY 6.7 The reproducing kernel K! can be estimated as follows:jK!(z; �)j � 1 + jz�jj1� z�� j2 ; (z; �) 2 D2 :Proof. This is immediate from Corollary 6.6.The kernel L! has the following boundary behavior.THEOREM 6.8 Suppose our weight ! is continuous on D , in which case 1 � !jT. Thenthe diagonal function L!(z; z) has a continuous extension to D , and the boundary valuesare L!(z; z) = 1� 1!(z) ; z 2T:Proof. For � 2 D , let F� be the functionF�(z) = 1� j�j2(1� ��z)2 ; z 2 D ;which has norm 1 in P 2(D ). We �x a point � 2 T. As � approaches � from the interior,F� tends to 0 uniformly o� every �xed neighborhood of the point �, and consequently,the measure jF�j2d� tends to the unit point mass at �. We apply this observation tointegration against the weight !, and obtainZD jF�(z)j2 !(z) d�(z)! !(�) as �! �:On the other hand, we have the estimate1(1� j�j2)2 = jF�(�)j2 � K!(�; �) ZD jF�(z)j2 !(z) d�(z);so that1!(�) � lim inf�!� (1� j�j2)2K!(�; �) = lim inf�!� �1� j�j2L!(�; �)� = 1� lim sup�!� L!(�; �);which leads to half of the desired assertion,lim sup�!� L!(�; �) � 1� 1!(�) ; � 2T:27



For the other half, we use another collection of functions. For � 2 D , let G� be thefunction G�(z) = K!(�; �)� 12K!(z; �); z 2 D ;which has norm 1 in P 2(D ; !). By the estimate of the kernel function of Theorem 5.1,and the well-known fact that K!(�; �) ! +1 as j�j ! 1 (this quantity represents thenorm-squared of the point evaluation functional, and the space P 2(D ; !) contains theHardy space H2(D )), the function G� tends to 0 uniformly o� a �xed neighborhood ofthe point � as � approaches � 2 T. In particular, the measure jG�j2 ! d� converges to apoint mass at � as �! �. Using the properties of the Bergman kernel for P 2(D ), we havethe estimateK!(�; �) = jG�(�)j2 = ��� ZD(1� ��z)�2G�(z) d�(z)���2 � (1� j�j2)�2 ZD jG�(z)j2 d�(z);whereby in the limit, ZD jG�(z)j2 d�(z)! 1!(�) as �! �:It follows that1� lim inf�!� L!(�; �) = lim sup�!� �1� j�j2L!(�; �)�= lim sup�!� (1� j�j2)2K!(�; �) � 1� 1!(�) ;and consequently, 1� 1!(�) � lim inf�!� L!(�; �); � 2T:This provides an alternative demonstration of the inequality 1 � !jT, as is seen by ob-serving that a reproducing kernel is positive along the diagonal.REMARK 6.9 Let � be the biharmonic Green function for D ,�(z; �) = jz � �j2 log ���� z � �1� z�� ����2 + (1� jzj2)(1� j�j2); (z; �) 2 D � D :The { by now classical { factorization-type identity found in [7] for weights ! that repro-duce for the origin readsZD jf(z)j2!(z) d�(z) = ZD jf(z)j2 d�(z)+ ZD�D�(z; �) jf 0(z)j2�!(�) d�(z) d�(�); f 2 H2(D );and in view of the fact that 0 < �(z; �) on D � D , and the logarithmic subharmonicity of! which leads to 0 � �!, we see thatZD jf(z)j2 d�(z) � ZD jf(z)j2!(z) d�(z); f 2 H2(D ):Suppose that ! extends to a continuous function on D . Then, by choosing the analyticfunction f such that jf j2d� approximates a point mass at a point on the boundary T, wesee that 1 � !(z) on T. 28



The function L! is bounded and sesqui-holomorphic on D2 { meaning that the func-tion L!(z; ��) is a holomorphic function of two variables there { and hence it possessesradial boundary values almost everywhere on the torus T2, with respect to the usual areameasure there. It follows that the kernels K! and Q!, too, have radial boundary valuesalmost everywhere on T2: for K! , we can use the formula de�ning L! in Theorem 6.3,and for Q!, there is the identity of Proposition 2.3:Q!(z; �) = 2ReK!(z; �)� 1; (z; �) 2 D2 : (6.15)The following result will be used later on in the proof of the positivity of the weightedbiharmonic Green function �!. For this reason, we specify explicitly all the requirementson the weight !.COROLLARY 6.10 Let ! be a logarithmically subharmonic reproducing weight on D ,which is continuous on D . We then have the inequality (almost everywhere)Q!(z; �) � �� 1!(z) + 1!(�)� 1jz � �j2 ; (z; �) 2T�Tn �(T):Proof. Since the kernel L! is reproducing for some space, we havejL!(z; �)j � L!(z; z) 12 L!(�; �) 12 ; z; � 2 D ;and in view of Theorem 6.8 and the geometric-arithmetic mean value inequality, we obtain,almost everywhere,jL!(z; �)j � �1� 1!(z)� 12�1� 1!(�)�12 � 1� 12 � 1!(z) + 1!(�)�; (z; �) 2 T2:(6.16)We write the equation for K! in terms of L! asK!(z; �) = 1� z�� L!(z; �)(1� z��)2 = 11� z�� + z��(1� z��)2 � z��(1� z��)2 L!(z; �); (z; �) 2 D2 ;where we notice the appearance of the K�be function�(z) = z(1� z)2 ; z 2 D ;which maps D onto the slit domain Cn] �1;�14 ]. It has the boundary values�(z) = � 1j1� zj2 ; z 2Tn f1g;so that on T2 n �(T),K! equals (almost everywhere)K!(z; �) = 11� z�� � 1jz � �j2 � 1jz � �j2 L!(z; �); (z; �) 2T2 n �(T):The �rst term on the right hand side has real part 12 . From the identity (6.15), the aboverepresentation formula, and (6.16), we see that (almost everywhere)Q!(z; �) = � 2jz � �j2 � 2jz � �j2 Re L!(z; �) � � 2jz � �j2 + 2jz � �j2 jL!(z; �)j= �� 1!(z) + 1!(�)� 1jz � �j2 ; (z; �) 2 T2 n �(T);as asserted. 29



REMARK 6.11 (a) Proposition 6.4 only uses the logarithmic subharmonicity of !, notthe reproducing property.(b) In the proof of Theorem 6.3, we appeal to Theorem 5.1 mainly for reasons of conve-nience of exposition. The use of it can be avoided entirely, and then one has a di�erentproof of Theorem 5.1 from [23].(c) It is possible to interpret the assertion of Therem 6.8 as a statement about the asymp-totical behavior of the matrix f bK!(j; k)g1j;k=0:For large indices, the increments of this matrix in the direction of the diagonal (but notnecessarily on the diagonal) are asymptotically given in terms of the Fourier coe�cientsof the reciprocal weight !�1jT.(d) If we assume more regularity of !, say C1-smoothness on D , then the kernels K! andQ! are also much smoother, in fact, C1-smooth on D � D n �(T), so that the assertion ofCorollary 6.10 is valid everywhere on T2 n �(T).(e) Suppose ! is is C1-smooth on D and real analytic near T. It is a natural problemto ask under what additional assumptions the kernel L! becomes sesqui-holomorphic onD � D . We recall that sesqui-holomorphic means that the function is holomorphic inthe �rst variable, and anti-holomorphic in the second. One shows that unless � log! = 0alongT, the kernel K! necessarily develops a logarithmic singularity which prohibits suchsmoothness of L!. An example of this phenomenon is !(z) = 34 (1 + jzj4), with kernelK!(z; �) = 23 � 1(1� z��)2 + 11� z�� � z�� + log(1� z��)(z��)2 � :7 The weighted Hele-Shaw 
owLet 
 be a �nitely connected bounded domain in C with C1-smooth boundary, and �x apoint z0 2 
. Without loss of generality, we can take z0 = 0. Let ! : 
!]0;+1[ extendto a C1 -smooth function on 
, which is strictly positive there: 0 < !(z) for all z 2 
.The Sobolev space W 2(
) consists of all functions in L2(
) whose distributional partialderivatives up to order 2 are also in L2(
). By the Sobolev-Morrey imbedding theorem,the functions in W 2(
) are in C0;�(
), the space of H�older continuous functions on 
,for each exponent �, 0 < � < 1.Hele-Shaw 
ow: the weak solution formulation. For positive r, we wish to �ndopen precompact subset D(r) of 
, with 0 2 D(r), such that the reproducing propertyr2h(0) = ZD(r) h(z)!(z) d�(z) (7.1)holds for all h 2 W 2(
) which are harmonic on D(r). We also require the momentinequality to hold, that is, r2u(0) � ZD(r) u(z)!(z) d�(z); (7.2)for all u 2W 2(
) that are subharmonic on D(r). In this general setting, there may existseveral solutions D(r) to (7.1), but only one of them (up to sets with zero area) also has(7.2). The reason is that under (7.2), the set D(r) can be obtained as the non-coincidenceset for an obstacle problem (see below). The condition (7.1) requires r�2 ! 1D(r) d� to bea reproducing measure for 0, and the condition (7.2) requires it to be a Jensen measurefor 0. Note that (7.2) actually contains the condition of (7.1), because for harmonic u we30



may apply the inequality to both u and �u. The property (7.1) is a weighted quadratureidentity, and (7.2) requires D(r) to be a weighted subharmonic quadrature domain [41],[43].Let G = G
 be the Green function for the laplacian on 
, as usual. We then form thepotential functionUr(z) = G�! 1D(r) � r2�0�(z) = ZD(r) G(z; �)!(�) d�(�)� r2G(z; 0); z 2 
;and observe that by (7.1), Ur(z) = 0 o� the closure ofD(r) in 
. The requirement of (7.1)that the function G(z; �) should be in W 2(
) is not ful�lled, though, but we easily modifyit near the singularity { safely away from D(r) { so that it is. As a matter of fact, nomatter how complicated the open set D(r) is, the function ! 1D(r) is bounded and Borelmeasurable in 
, which by results from singular integral theory leads to the smoothnessinformation that away from the origin in 
, Ur is in the Sobolev space W 2;p of functionswhose distributional partial derivatives up to order 2 are in Lp (with respect to areameasure), for each �nite p, 1 < p < +1. By the Sobolev-Morrey imbedding theorem,Ur is then of smoothness class C1;�, for each �, 0 < � < 1, away from 0 in 
. Weuse standard notation here: a function is in C1;� if it is continuously di�erentiable (C1-smooth), and the �rst order partial derivatives are H�older continuous with exponent �. Itis actually the case that Ur is in the Sobolev space W 2;1 away from the origin in 
, andhence of smoothness class C1;1, again away from the origin on 
 (see below). For pointsz 2 D(r), we can approximate the Green function G(z; �) by W 2-smooth subharmonicfunctions, and in the limit we have that 0 � Ur(z), by (7.2). For test functions � on 
(test functions are C1-smooth and have compact support), Green's formula has it thatZD(r) �(z)!(z) d�(z) � r2�(0) = Z
�Ur(z)�(z) d�(z) = Z
Ur(z)��(z) d�(z); (7.3)where the middle integral is to be interpreted in the sense of distribution theory. As Uritself has compact support, we can extend the above equality to the class of � in C1(
),and then an approximation argument shows that we can take an arbirary � 2 W 2(
).The inequality (7.2) states that the left hand side of (7.3) is � 0 whenever 0 � �� onD(r). In particular, we can take � 2W 2(
) which solves �� = �1
nD(r), and getZ
nD(r) Ur(z) d�(z) = 0; (7.4)which sharpens the above conclusion that Ur vanishes o� the interior of the closure ofD(r): Ur = 0 almost surely on 
 nD(r). We shall now see that 0 < Ur(z) almost surelyon D(r). Let E be the subset of D(r) where Ur(z) = 0, and suppose for the moment thatE has positive area measure: 0 < �(E). Then, since Ur is in W 2;1 away from the origin,all the partial derivatives of Ur of degree less than or equal to 2 vanish (almost surely)on E ([28] p. 53). In particular, �Ur = 0 almost surely on E, which contradicts that�Ur = ! 1D(r) � r2�0, as the weight ! was assumed strictly positive. This permits us tomake the following choice of the set D(r):D(r) = �z 2 
 : 0 < Ur(z)	: (7.5)So far, we assumed that the open set D(r) was known, and de�ned the potential Ur interms of it. However, it is actually more natural to �rst get the function Ur from anobstacle problem, and then obtain the set D(r) from the above relation.31



Hele-Shaw 
ow: the obstacle problem model. For 0 < r < +1, let Vr be thefunctionVr(z) = G�r2�0 � !�(z) = r2G(z; 0)� Z
G(z; �)!(�) d�(�); z 2 
;which is superharmonic on 
 n f0g, vanishes on @
, and has a negative logarithmicsingularity at 0. We let bVr denote the least superharmonic majorant to Vr on 
. Theconnection with the Hele-Shaw 
ow is the following identity:bVr(z) = Vr(z) + Ur(z); z 2 
: (7.6)This follows from the treatment of the subject in Bj�orn Gustafsson's paper [12], wherea similar obstacle problem was shown to be equivalent to the Hele-Shaw 
ow; thatGustafsson's obstacle problem is equivalent to the above follows from the treatment inKinderlehrer-Stampacchia [28]; see also [5]. We refer to the paper [27] for a rather ex-tensive list of references on the problem set: Hele-Shaw 
ow, quadrature domains, andobstacle problems.For a set E of complex numbers, we write E b 
 to indicate that E is a precompactsubset of 
.The obstacle problem makes sense for all values of the parameter r, 0 < r < +1,allowing us to obtain the function Ur from the formula (7.6). The domains D(r) asgiven by (7.5) are then well-de�ned for all r. We classify them as Hele-Shaw domainswhen D(r) b 
, and as generalized Hele-Shaw domains when D(r) is too big for this tohappen. A physical interpretation of the generalized Hele-Shaw 
ow is that the liquid isallowed to stack up on the boundary @D(r) \ @
.The space C1;1(
) consists of all continuously di�erentiable functions on 
, whose �rstorder partial derivatives are Lipschitz continuous. It coincides with the Sobolev spaceW 2;1(
) of functions in L1(
) whose partial derivatives (taken in the distributionalsense) of order less than or equal to 2 are also in L1(
). The functions in the latter spacemay need to be rede�ned on a set of zero area measure to �t into the �rst-mentionedspace.PROPOSITION 7.1 Fix an r, 0 < r < +1. Then the superharmonic envelope func-tion bVr is in C1;1(
). It assumes the value bVr = 0 on @
.Proof. It follows from the results of Chapters 2 and 4 in Kinderlehrer-Stampacchia[28] that bVr is in W 2;p(
), for each p, 1 < p < +1; we could also use Gustafsson'sargument in [12] to this end. To get the stronger result with p = +1, we instead appealto the results of Chapter 1 in Avner Friedman's book [10], or to the paper [5] by Ca�arelliand Kinderlehrer. Perhaps a word should be said about why bVr vanishes on @
. Thefunction G[�!] is a superharmonic majorant to Vr, and it vanishes on @
. The functionbVr is sandwiched between Vr and G[�!], which both vanish on @
, and hence bVr j@
 = 0.PROPOSITION 7.2 Fix an r, 0 < r < +1. Then the setD(r) = �z 2 
 : Vr(z) < bVr(z)	is an open and connected subset of 
. Moreover, bVr is harmonic on D(r).Proof. The function bVr � Vr is continuous, and hence the set D(r) where it isstrictly positive is open. By the Perron process, bVr is harmonic on D(r). For, if it32



were not harmonic on some small circular disk in D(r), we can replace it on the disk bythe harmonic function with the same boundary values on the small circle, and obtain afunction that is smaller (by the maximum principle), and still superharmonic on 
. Thisnew function remains a majorant to Vr if the disk is small enough, in violation of thede�nition of bVr as the smallest superharmonic majorant to Vr. We turn to the assertionthat D(r) is connected. It is clear that the origin is an interior point of D(r), becauseVr(z) tends to �1 as z tends to 0. If D(r) is indeed disconnected, then we can �nd aconnectivity component { call it D1(t) { which does not contain the origin. As the originis an interior point of D(r), the connected open set D1(r) is comfortably at a distancefrom it. Moreover, we have that @D1(r) � 
 nD(r), because if a sequence of points ofD1(r) have a limit point in D(r), well, then all point su�ciently near the limit point arein D1(r) as well, making the point interior for D1(r). On D1(r), bVr is harmonic, andon @D1(r), it equals the function Vr. As Vr is superharmonic on D1(r) (after all, it issuperharmonic on 
nf0g), we obtain from the maximumprinciple that bVr � Vr onD1(r),in clear violation of the de�nition of the set D(r).PROPOSITION 7.3 Fix an r, 0 < r < +1. We then have that �Ur = ! 1D(r) � r2�0on 
, in the sense of distributions.Proof. On D(r), bVr is harmonic, and hence �Ur = �(bVr � Vr) = ��Vr = ! � r2�0there. On 
nD(r), bVr and Vr coincide, and hence their �rst and second order derivativescoincide almost everywhere there, in view of [28], p. 53, and the regularity result that bVris in W 2;1(
) (Proposition 7.1). In particular, �Ur = 0 almost everywhere on 
 nD(r).The following proposition makes the relationship between the obstacle problem andthe Hele-Shaw 
ow explicit. For a set E of complex numbers, we write E b 
 to indicatethat E is a precompact subset of 
.PROPOSITION 7.4 Fix an r, 0 < r < +1. Then the following assertions are valid.(a) Suppose D(r) is the non-coincidence set from the obstacle problem with obstacle Vr,as in Proposition 7.2, and that D(r) b 
. Then the mean value and sub-mean valueproperties (7.1) and (7.2) hold for D(r).(b) Suppose, on the other hand, that D(r) is an open precompact subset of 
 with 0 2 D(r)for which (7.1) and (7.2) hold. Then, up to a set of zero area measure, D(r) equals thenon-coincidence set from the obstacle problem with obstacle Vr .Proof. The second assertion, (b), was discussed thoroughly in the introduction ofthis subsection.We turn to part (a). The function Ur = bVr�Vr has support set D(r), which is compactin 
, and Proposition 7.3 tells us what its laplacian is. We apply Green's formula to testfunctions as in (7.3), and obtainZD(r) �(z)!(z) d�(z) � r2�(0) = Z
�Ur(z)�(z) d�(z) = Z
Ur(z)��(z) d�(z);�rst for functions � that are C1-smooth on 
, and then, by approximation, we get it forall � 2 W 2(
). As we apply this identity to harmonic and subharmonic � on D(r), theproperties (7.1) and (7.2) follow.PROPOSITION 7.5 For r, 0 < r < +1, the function Ur = bVr �Vr increases with theparameter r. Moreover, if the weight ! is increased, Ur decreases, for �xed r. When Ur33



increases, the 
ow domain D(r; !) = fz 2 
 : 0 < Ur(z)g also increases. In particular,D(r; !) increases with increasing r, and decreases with increasing weight !.Proof. Let r; r0 be related as follows: 0 < r < r0 < +1. We check that Vr � Vr0is superharmonic, so that the function bVr0 � Vr0 + Vr is superharmonic, too. The latterfunction also majorizes Vr , and hence bVr � bVr0 � Vr0 + Vr. It follows that Ur increaseswith r.A similar argument shows that Ur decreases as the weight ! increases. The detailsare as follows. Let !0 be a bigger weight than !: ! � !0 on 
, and let V 0r be the potentialassociated with !0: V 0r = G[r2�0�!0]. The function V 0r�Vr is then superharmonic, because�(V 0r � Vr) = ! � !0 � 0. It follows that the function bVr � Vr + V 0r is superharmonic,too, and it clearly majorizes V 0r . It is immediate that bV 0r � bVr � Vr + V 0r , which leads toU 0r � Ur (obvious notation), as asserted.In the introduction, we claimed that the Hele-Shaw 
ow was well-de�ned for all param-eter values of r with 0 < r < �(0), where 0 < �(0) < +1. The critical radius parameter�(0) is �nite because our con�ning domain 
 is bounded (apply the reproducing property(7.1) to the constant function h = 1). We still need to see that 0 < �(0), as we de�ne�(0) to be the in�mum of all r with D(r) \ @
 6= ;. With this de�nition, D(r) b 
 forall r with 0 < r < �(0), so that D(r) arises from the Hele-Shaw 
ow for these parametervalues. The domains D(r) increase with r, so we just need to check that that D(r) isprecompact in 
 at least for one value of r, 0 < r < +1. This is accomplished by thefollowing proposition. We need some notation: for a point w 2 C and a positive realparameter %, we let D (w; %) = �z 2 C : jz �wj < %	denote the open circular disk of radius % about w.PROPOSITION 7.6 Let m be the minimum value of ! on 
, and M the maximumvalue. If r, 0 < r < +1, is so small that the circular disk D (0; r=pm) is contained in 
,then D(r) is sandwiched as follows: D (0; r=pM ) � D(r) � D (0; r=pm).Proof. This follows from Proposition 7.5, by comparing the weight ! with theconstant weights m and M , for which the Hele-Shaw 
ow consists of circular disks about0. It is of interest to see how the choice of underlying domain 
 a�ects the Hele-Shaw
ow domains D(r).PROPOSITION 7.7 Fix an r, 0 < r < +1. Let 
0 be an open subset of 
, containingthe origin. Let bV 0r denote the least superharmonic majorant to Vr j
0 on 
0, and putD0(r) = fz 2 
0 : Vr(z) < bV 0r (z)g. Then we have in general bV 0r � bVrj
0 , and D0(r) �D(r) \
0. Conversely, we have the following:(a) if D(r) � 
0, then bV 0r = bVr j
0 and D0(r) = D(r), and(b) if D0(r) b 
0, then bV 0r = bVrj
0 and D0(r) = D(r).Proof. The assertions that bV 0r � bVr j
0 and D0(r) � D(r)\
0 are self-evident in viewof the de�nitions of these objects in terms least superharmonic majorants. We turn tothe assertion (a), that we have the equalities bV 0r = bVrj
0 and D0(r) = D(r) provided thatD(r) � 
0. Given that D(r) � 
0, we construct a function eVr on 
 by setting it equal tobV 0r on D(r), and Vr on 
 nD(r). It is clear that eVr � bVr on 
. The function eVr equals bV 0ron 
0, and is therefore superharmonic there; on 
nD(r) it is also superharmonic, because34



Vr is, at least away from 0. We wish to show that eVr is superharmonic throughout 
.It is well known that a function is superharmonic on 
 if we have the appropriate meanvalue inequality on su�ciently small circles about each point of 
. We just need to checkthis for points z1 2 (
 n
0) \D(r) � @D(r). Let ", 0 < ", be so small that D (z1 ; ") b 
,and calculate, using the superharmonicity of bVr,1" Z@D(z1;") eVr(z) d�(z) � 1" Z@D(z1;") bVr(z) d�(z) � bVr(z1):Since z1 2 @D(r), we have bVr(z1) = Vr(z1), whence eVr(z1) = bVr(z1), and the mean valueproperty has been established. The minimality of bVr now forces the equality eVr = bVr .The assertion D0(r) = D(r) is immediate.The assertion (b) is proved in an analogous fashion.Less smooth obstacles. Suppose for the moment that the weight ! is not as smooth asbefore, say that we only know it is in Lp(
) for some p, 1 < p < +1, and that 0 � ! holdsthroughout 
. Let us see what conclusions remain from the previous subsection. Clearly,we can still form the potential function Vr , which is of Sobolev class W 2;p away from theorigin in 
, and the superharmonic envelope function bVr can also be formed, and it is,by the same arguments from Kinderlehrer-Stampacchia [28], in W 2;p(
). The Sobolev-Morrey imbedding theorem shows that W 2;p(
) � C0;�(
), for some �, 0 < � < 1 (infact, for 1 < p < 2, we can take � = 2(p� 1)=p). This means that the de�ning functionUr = bVr � Vr for the sets D(r) is continuous on 
 n f0g, and hence that the sets D(r) areopen, for all r, 0 < r < +1. Propositions 7.2, 7.3, 7.5, and 7.7 hold without changes. If !is bounded away from 0 locally around the origin, the comparison argument of Proposition7.6 shows that D(r) b 
 for su�ciently small positive r. Proposition 7.4 remains valid,modulo the following modi�cation: in part (b), we need to replace \zero area measure"with \zero mass with respect to the measure ! d�". If we assume that 0 < ! holdsarea-almost everywhere on 
, then Proposition 7.4 remains valid as it stands.Continuity properties of the weighted Hele-Shaw 
ow. We keep the originalcontext, where 
 is a �nitely connected bounded domain in C with C1-smooth boundary,and ! is a C1-smooth strictly positive weight on 
. The sets D(r) are obtained fromthe obstacle problem, which is equivalent to the Hele-Shaw 
ow, as demonstrated inProposition 7.4. The following continuity property of the weighted Hele-Shaw 
ow isbasic to our investigations.PROPOSITION 7.8 Fix an r, 0 < r < �(0). To each given ", 0 < ", there exists a� = �("), 0 < � < �(0) � r, such that if r0 is con�ned to the interval r < r0 < r + �, wehave the inclusionD(r0) � D(r) + D (0; ") = �z + � : z 2 D(r); � 2 D (0; ")	:Proof. For the proof, we shall use a positive " which is somewhat smaller thanthe one appearing in the formulation of the proposition; precisely how much smaller willbe made evident later. Let D"(r) = D(r) + D (0; ") and D2"(r) = D(r) + D (0; 2") bethe correspondingly fattened domains (both are open and connected), and suppose " isso small that D2"(r) b 
. Moreover, let $" stand for harmonic measure (supported onthe boundary) for the domain D"(r) with respect to the interior point 0. Then, if u35



is a subharmonic function on D2"(r), which is continuous on D2"(r), we have from thesub-mean value property of harmonic measure thatu(0) � Z@D"(r) u(z) d$"(z): (7.7)Let  " be a real-valued C1-smooth function on C , subject to the following restrictions:�  " is radial:  "(z) =  "(jzj),� 0 �  " throughout C ,� 0 <  "(z) holds if and only if z 2 D (0; "), and� RC  "(z) d�(z) = 1.We use the function  " to mollify the harmonic measure $",�"(z) =  " �$"(z) = Z@D"(r)  "(z � �) d$"(�); z 2 C ;producing a positive C1-smooth function with support contained in D2"(r) nD(r). Letu 2W 2(
) be subharmonic on D2"(r); by Sobolev's imbedding theorem, u is continuouson 
. From the sub-mean value property for circles and the radial symmetry of themolli�er  ", we have thatu(�) � ZD(0;")u(� + z) (z) d�(z) = Z
 u(z) (z � �) d�(z); � 2 D"(r);whence it follows thatZ@D"(r) u(�) d$"(�) � Z@D"(r) Z
 u(z) (z � �) d�(z) d$"(�) = Z
 u(z) �"(z) d�(z):As we combine this with (7.7), we arrive atu(0) � Z
 u(z) �"(z) d�(z): (7.8)Note that the molli�er  " can be assumed to be bounded by supC  " � 2 "�2, which leadsto the same behavior for �": supC �" � 2 "�2. The weight ! is bounded away from 0 on
, and so the function �(") = supz2C �"(z)!(z)has the asymptotics �(") = O("�2) as "! 0. The weight!"(z) = !(z) 1D(r)(z) + �(")�1 �"(z) + !(z) 1
nD2"(r)(z); z 2 
;is smaller than !, and in view of (7.8) and the moment inequality property (7.2) of D(r),�r2 + �(")�1�u(0) � ZD2"(r) u(z)!"(z) d�(z);for all u 2 W 2(
) that are subharmonic on D2"(r). This is a moment inequality forthe weight !", which shows that for the 
ow associated with that weight, D2"(r) is theHele-Shaw domain { up to sets of zero mass for !" d� { for the radial parameter valuepr2 + �(")�1. In any case, up to sets of zero area, we have thatD�pr2 + �(")�1; !"� � D2"(r):36
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Figure 7.1: A 
ow domain D(r) with three contact points.By the comparison principle (Proposition 7.5) { applicable to the less regular weight !"by the remarks of the previous subsection { we have, up to sets of zero area, the inclusionD�pr2 + �(")�1� = D�pr2 + �(")�1; !� � D�pr2 + �(")�1; !"� � D2"(r):This may not be an actual inclusion, and the reason is that a part of the boundaryof D2"(r) of zero area might be contained in the set on the left hand side. However,D2"(r) b D"0(r) whenever 2" < "0. The assertion, with "0 in place of ", is now immediate.It is a consequence of Proposition 7.8 that the reason why the 
ow stops at theparameter value r = �(0) is that then, the boundary @D(r) hits the outer boundary @
.We also need to know that the 
ow moves at a positive speed, at least in a situation withfairly regular boundary.PROPOSITION 7.9 Fix an r, 0 < r < �(0), and suppose that the 
ow domain D(r) issimply connected with C2-smooth boundary, with the exception of �nitely many so-calledcontact points. Near each contact point, we assume the boundary consists of two C2-smooth curves tangent to each other at the point, and that D(r) is what remains whenwe cut out the thin two-sided wedge located between the two curves. To each given �,0 < � < �(0) � r, there exists an " = "(�), 0 < ", such that { up to sets of zero area { wehave the inclusion D"(r) � D(r + �);where D"(r) = D(r) + D (0; ").The geometric situation is illustrated in Figure 7.1.37



Proof. For " with 0 < ", note that we can actually writeD"(r) = D(r) + D (0; ");and suppose " is so small that D"(r) b 
. Let $ denote the harmonic measure on @D(r)corresponding to the domainD(r) and the interior point 0. The C2-smoothness of @D(r)(although somewhat degenerate at the contact points) entails that $ is comparable tonormalized arc length measure �, in symbols $ � �j@D(r), in the sense that there existreal constants A and B, 0 < A < B < +1, such thatA�j@D(r) � $ � B �j@D(r):To see this, we can use the conformal invariance of harmonic measure, and the Kellogg-Warschawski theorem on conformal maps ([36], p. 49). Let  " be the function  "(z) ="�2 ("�1z), where  (z) = 12 (1� jzj2)� 12 1D(z); z 2 C :The function  " is positive and supported on D (0; "), and it has L1(C )-norm 1; it willserve as a molli�er for our purposes. It should be observed that it is also in Lp(C ) for1 < p < 2. We form the convolution�"(z) =  " �$(z) = Z@D(r) "(z � �) d$(�); z 2 C ;and, as we shall see later, the molli�er  " is tailored in such a way that the function �" isbounded away from 0 on the open subset @D(r) + D (0; ") of 
, which constitutes a sortof \snake" around @D(r); the function �" vanishes o� the snake. To be more precise, wehave that there exist two real constants A and B (not the same as above), independentof ", with 0 < A < B < +1, such thatA" � �"(z) � B" ; z 2 @D(r) + D (0; "): (7.9)For the moment we shall assume that the above estimate is valid, and indicate how toproceed to obtain the desired assertion. We consider the function�(") = inf��"(z)!(z) : z 2 D"(r) nD(r)� ;and observe thatD"(r)nD(r) is contained in the snake @D(r)+D (0; "), so that by estimate(7.9) and the fact that 0 < inf
 !, this function has the asymptotics �(") = O("�1) as"! 0. The weight!"(z) = !(z) 1D(r)(z) + �(")�1 �"(z) + !(z) 1
nD"(r)(z); z 2 
;is then larger than !. As in the proof of Proposition 7.8, we have a moment inequalityfor �", u(0) � Z
 u(z) �"(z) d�(z);valid for all functions u 2 W 2(
) that are subharmonic on D"(r). In view of the factthat �" vanishes o� the snake @D(r) + D (0; "), and hence o� D"(r), it follows from themoment inequality (7.2) for D(r) that�r2 + �(")�1�u(0) � ZD"(r) u(z)!"(z) d�(z)38



holds, for all u 2 W 2(
) that are subharmonic on D"(r). This is a moment inequalityfor the weight !", which shows that for the 
ow associated with that weight, D"(r) is theHele-Shaw domain { up to sets of zero area { for the radial parameter valuepr2 + �(")�1.By the comparison principle (Proposition 7.5) { applicable to the less regular weight !"by the remarks of the previous subsection { we have, up to sets of zero area, the inclusionD"(r) = D�pr2 + �(")�1; !"� � D�pr2 + �(")�1; !� = D�pr2 + �(")�1�:The assertion of the proposition is immediate from this.We turn to the technical work of verifying the estimate (7.9). Since $ � �j@D(r), itsu�ces to obtain the estimate (7.9) with �" in place of �", where�"(z) =  " � �j@D(r)(z) = Z@D(r)  "(z � �) d�(�); z 2 C :Let 
(z; r; ") be the curve f� 2 C : z + "� 2 @D(r)g, which is a magni�ed and translatedversion of the boundary @D(r). A change of variables yields the identity�"(z) = 12" ZD\
(z;r;") d�(�)(1� j�j2) 12 ; z 2 C ;with the usual agreement that the integral over the empty set is 0. The requirement thatz 2 D(r) + D (0; ") is equivalent to having D \ 
(z; r; ") 6= ;, so that we need to show thatA � ZD\
(z;r;") d�(�)(1� j�j2) 12 � B (7.10)holds for some positive constants A, B, whenever the integration is over a non-emptyset. The set D \ 
(z; r; ") then consists of �nitely many curve segments, each of whichenters at some point of T and exits at another. We need only be concerned with verysmall ", in which case the curve segments of D \ 
(z; r; ") are pretty much straight lines,being blow-ups of C2-smooth curves. As a matter of fact, unless we are blowing up near acontact point, there is only one curve, and near a contact point, we have two, so \�nitelymany" can be replaced by \one or two". If there are two curves, it is enough to obtainan estimate (7.10) for each of them, so it is enough to treat the case of a single curvesegment. The curvature of the curve segment 
] = D \ 
(z; r; ") is uniformly of the sizeO(") as " ! 0. We recall that if we parametrize D \ 
(z; r; ") by � = 
(t), where truns over a bounded open interval I of R, in such a way that the parametrization is atconstant speed 1, j _
(t)j � 1, then the curvature is expressed by j�
(t)j (we use dots toindicate di�erentiation with respect to t). We �x the parameter interval I =]t0; t1[� Rby requiring that t0 < 0 < t1 and that 
(0) = mint2I j
(t)j (there is only one point on 
]of minimal distance to 0, at least for small "). We calculated2dt2 �j
(t)j2� = 2 j _
(t)j2 + 2Re �
(t)�
(t) = 2 + 2Re �
(t)�
(t); t 2]t0; t1[;where the right hand side is 2 +O(") as "! 0. Hence, for small ",32 � d2dt2 �j
(t)j2� � 52 ; t 2]t0; t1[:The �rst derivative of j
(t)j2 vanishes for t = 0, so that an integration of the previousestimate yields 32 t � ddt �j
(t)j2� � 52 t; t 2 [0; t1[;39



with an analogous estimate in the remaining interval ]t0; 0]. At the right endpoint t1, thecurve intersects the unit circle, and we have j
(t1)j = 1. Another integration startingfrom t1 gives as result that34 (t21 � t2) � 1� j
(t)j2 � 54 (t21 � t2); t 2 [0; t1]:We have an analogous estimate on the remaining interval [t0; 0]. SinceZ t10 dt(t21 � t2) 12 = Z 0t0 dt(t20 � t2) 12 = Z 10 dt(1� t2) 12 = 12�;it follows that the integral expressionZ
] d�(�)(1� j�j2) 12 = Z t1t0 dt(1� j
(t)j2) 12is kept between 2�=p5 and 2�=p3, which does it.The local existence of a Schwarz function. We now suppose in addition to theprevious context that the weight ! is real analytic on 
. This will allow us to show thatthe boundary @D(r) is much better behaved than if we kept the C1-smoothness. Tobe more precise, we shall establish the local existence of a Schwarz function: for eachpoint z1 2 
 \ @D(r), there is an open neighborhood N (z1) and a continuous functionS : N (z1) \ D(r) ! C which is holomorphic on N (z1) \ D(r), such that S(z) = �z onN (z1) \ @D(r). The function S is the local Schwarz function. The weight !, being realanalytic, has a convergent power series expansion near z1:!(z) = 1Xm;n=0 b!(m;n) (z � z1)m(�z � �z1)n:Let W (z) = 1Xm;n=0 b!(m;n)(m+ 1)(n+ 1) (z � z1)m+1(�z � �z1)n+1for z near z1, and observe that �W (z) = !(z) there. By Proposition 7.1, the function@zUr(z) is of regularity class C0;1 away from 0 on 
, in particular on N (z1), provided thegiven neighborhood is small. Let R be the functionR(z) = �z1 + 1!(z1) @z�W (z) � Ur(z)�;which is well de�ned near z1 and of regularity class C0;1 there. The �@ derivative of R is,in view of Proposition 7.3,�@zR(z) = 1!(z1) �@z@z�W (z) � Ur(z)� = 1!(z1) �z�W (z)� Ur(z)� = !(z)!(z1) 1
nD(r)(z);for z near z1. In particular, if N (z1) is a small neighborhood of z1, the function Ris holomorphic on D(r) \ N (z1). The function Ur vanishes on 
 nD(r), and as 0 is thelowest value of this function in C1;1 (away from the origin), the gradient rUr must vanish40



at all interior points, that is, on the set 
nD(r). It follows that @zUr(z) = 0 on 
nD(r),so thatR(z) = �z1 + 1!(z1) @zW (z) = �z1 + 1!(z1) 1Xm;n=0 b!(m;n)n+ 1 (z � z1)m(�z � �z1)n+1= �z1 + �z � �z1 + O(jz � z1j2) = �z +O(jz � z1j2); (7.11)where O(jz�z1j2) stands for a real analytic function of the given magnitude. Let us writeT (z; �z) for the real analytic function near z1 expressed by the right hand side of (7.11),with notation that emphasizes the separate dependence of z and �z; we think of T as aholomorphic function of two complex variables near (z1; �z1) 2 C 2 . We recapture what weknow about the function R: for some small neighborhood N (z1) of z1 2 
 \ @D(r), wehave that R is Lipschitz continuous there; moreover, on N (z1) \D(r), R is holomorphic,and on N (z1)nD(r), R(z) = T (z; �z) = �z+O(jz�z1j2). By the implicit function theorem,if N (z1) is small, there exists a Lipschitz continuous function S on N (z1) such thatR(z) = T (z; S(z)), which is then holomorphic on N (z1) \D(r). This is the sought-afterSchwarz function. The criterion that allows us to invoke the implicit function theorem isthat �@zT (z1; �z1) = 1 6= 0.In his Acta paper [42], Makoto Sakai mentions that the above construction of a Schwarzfunction is possible. We have merely �lled in the details.Sakai's work on the regularity of boundaries with a Schwarz function. Sakaishows in [42] that in view of the previous subsection, we have a classi�cation of the pointsof @D(r) \
. There are:� isolated points,� regular boundary points, where nearby @D(r) is a real analytic curve, and D(r) issituated on one side of the curve,� interior regular boundary points, where nearby @D(r) is an in�nite (closed) subset of areal analytic curve, and D(r) is on both sides of the curve,� regular contact points, where nearby @D(r) consists of two real analytic curves, tangentto each other at the point, and D(r) is the complement of the thin wedgelike set betweenthe curves,� cusp points, where nearby @D(r) is the image of a real analytic curve under a seconddegree polynomialmapping, which is such that it produces a cusp at the point in question;the set D(r) is located to the one side of the cusp, with the cusp pointing inward towardD(r).We shall apply this to the case D(r) b 
. Then @D(r) � 
, and Sakai's classi�cationapplies to all boundary points. It is certainly possible for D(r) to be multiply connected,but the holes have to be pretty well-behaved. In fact, there may be at most �nitely manyholes with nonempty interior, and the rest of the holes are of the types �nitely many(subsets of) interior real analytic arcs, and �nitely many isolated points (the ones notaccounted for already). See Figure 7.2 for an illustration of what D(r) may look like.Logarithmically subharmonic weights. Assume in addition to the previous setting{ with @
 C1-smooth and ! strictly positive and C1-smooth on 
 and real analytic on
 { that 
 is simply connected and ! logarithmically subharmonic. We shall show thatthen whenever D(r) b 
, then D(r) is simply connected and has a boundary that is areal analytic Jordan curve.The following lemma will prove instrumental.LEMMA 7.10 Let Y be a C1-smooth real-valued function on D nf0g, with a logarithmicsingularity at the origin, such that �2Y = ��0 � � on D , where � 2 C1(D ) has 0 � �41



�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������

�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������
�������������������������������������������������������������������������������

Figure 7.2: A generic 
ow domain D(r) according to Sakaion D . Suppose that Y jT= 0, and that@@n Y � 0 on T;where the normal derivative is in the interior direction. ThenY (z) � log jzj2 + 1� jzj2 < 0; z 2 D :Proof. We use the biharmonic Green function�(z; �) = jz � �j2 log ���� z � �1� z�� ����2 + (1� jzj2)(1� j�j2); (z; �) 2 D2 ;and the associated harmonic compensator functionH(z; �) = (1� j�j2) 1� jz�j2j1� z�� j2 ; (z; �) 2 D � D ;to represent the function Y :Y (z) = ZD�(z; �)�2Y (�) d�(�) + 12 ZTH(�; z) @nY (�) d�(�);where we condensed the notation for the normal derivative, and think of the integrationin the sense of distributions. As the harmonic compensator is positive, the expression onthe right hand side only gets larger if we drop the second term:Y (z) � ZD�(z; �) ���0(�) � �(�)� d�(�)= ���(z; 0)� ZD�(z; �)�(�) d�(�) � ���(z; 0) = log jzj2 + 1� jzj2;42
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Figure 7.3: The mapped 
ow domain Bwhere we have also used the fact that � is positive. The proof is complete.Logarithmically subharmonic weights: ruling out holes and cusps. We nowassume 
 to be simply connected, and �x an r, 0 < r < �(0). Then D(r) b 
, andSakai's classi�cation applies to all boundary points of D(r). Let bD(r) stand for thesimply connected domain obtained from D(r) by adding all the interior holes, both theones with nontrivial interior and the ones that are parts of arcs as well as the isolatedpoints. Then the boundary @ bD(r) is a closed real analytic curve, with the exception of�nitely many contact and cusp points. Let � : D ! bD(r) be the Riemann mapping whichsends 0 onto 0, the \center" of the generalized disk D(r) (it is unique up to rotations ofD ). By the regularity of the boundary, � extends analytically to a neighborhood of D ,with the cusp points corresponding to simple zeros of �0. We then consider the domainB = ��1(D(r)), and note that D n B is a compact subset of D . In general, B may looklike what is illustrated by Figure 7.3. We shall prove that B = D . Introducing the weight� = r�2 ! � � j�0j2, which is logarithmically subharmonic on D , we obtain from (7.1) thath(0) = ZB h(z) �(z) d�(z); (7.12)for all harmonic functions on B of the form h = g ��, with g 2W 2(
) harmonic on D(r).We also have the corresponding inequality for subharmonic functions. The new weight� is real analytic on D , with zeros at the �nitely many points of Tcorresponding to thecusps; elsewhere, it is strictly positive.We can interpret the domain B as appearing from an obstacle problem. After all, thefunction Vr � � has a least superharmonic majorant on D , and one checks that bVr � � isthat majorant (by Proposition 7.7, with 
0 = bD(r), we have that on bD(r), bVr is the leastsuperharmonic majorant to Vr ; the conformal invariance of the operation of taking the43



least superharmonic majorant then proves the claim). We calculate that�(Vr � �)(z) = �Vr(�(z)) j�0(z)j2 = r2�0(z) � ! � �(z) j�0(z)j2; z 2 D ;so that if we de�neW (z) = G[�0 � �](z) = log jzj2 � ZDG(z; �) �(�) d�(�); z 2 D ;where G refers to the Green potential operator and kernel function for the disk D ,G(z; �) = GD(z; �) = log ���� z � �1� z�� ����2 ;we obtainW = r�2 Vr ��� r�2P [Vr ��jT], where in general, P [f ] expresses the harmonicextension to D via the Poisson integral formula of the function f given on the boundaryT. Let cW stand for the least superharmonic majorant to W on D ; by the above, cW =r�2 bVr � �� r�2 P [Vr � �jT].For 1 � t < +1, letWt(z) = G[t �0 � �](z) = t log jzj2 � ZDG(z; �) �(�) d�(�); z 2 D ;and let cWt be its least superharmonic majorant on D . We are interested in the open setsB(t) = �z 2 D : Wt(z) < cWt(z)	:By Proposition 7.2, the set B(t) is connected for each t, and by Proposition 7.5, it increaseswith t. The left end point t = 1 corresponds to dropping the parameter: W1 = W andB(1) = B. The function Wt vanishes on the unit circle T. If Wt(z) � 0 throughout D ,then the least superharmonic majorant is trivially cWt(z) � 0. In this case, we also have@nWt(z) � 0 on T (interior normal derivative). Lemma 7.10 provides a converse to thisstatement: since �2Wt = t��0 ���, and � is subharmonic, we obtain from @nWtjT� 0that Wt(z) � t � log jzj2 + 1� jzj2� < 0; z 2 D ; (7.13)it follows that B(t) = D in this case. In other words,� supDWt � 0 if and only if supT@nWt � 0, and� if supT@nWt � 0, then Wt < 0 on D , and B(t) = D .If supT@nWt � 0 holds for t = 1, then we are done, for then B = B(1) = D . So, let ussuppose instead that 0 < supT@nW1. The formula de�ning Wt yields@nWt(z) = �2(t � 1) + @nW1(z); z 2T;and since @nW1 is in C1(T) and real-valued, there exists a critical value t = t1, 1 < t1 <+1, such that 0 < supT@nWt for 1 � t < t1 and supT@nWt � 0 for t1 � t < +1; infact, t1 = 1 + 12 supT@nWt.The set D nB(t) is called the coincidence set for the obstacle problem, and each point ofD where the smallest concave majorant of Wt touches the graph of the function de�nitelybelongs to this set. In particular, any point of D where Wt attains its maximum is inD n B(t). Since we know that D n B b D from Sakai's classi�cation, and D n B(t) getssmaller as t increases, it follows that any such maximum point is in the compact D n B.For each t with 1 � t < t1, the function Wt attains a positive maximum on D . Let us say44



that the maximum is attained at the interior point z(t), which then must belong to D nB.We choose a sequence �j, j = 1; 2; 3; : : :, with 1 < �j < t1, and limit �j ! t1 as j ! +1.The points zj = z(�j) are in D nB, and a subsequence of them tends to a point z1 2 D nB(by compactness). We have that 0 < W�j (zj), so that in the limit 0 � Wt1(z1). But fort = t1, (7.13) holds, which does not permit such a point z1 to exist. So, something mustbe wrong, and that something is the assumption that B was not all of D .So we now know that B = D , and hence that D(r) is simply connected. We shallnow demonstrate that the boundary of D(r) fails to have cusp points. We also know that(7.12) holds for all h of the form h = g � �, with g 2 W 2(
) harmonic on D(r). If h isa C1-smooth function on D , holomorphic on D , with the property that it is totally 
at(meaning that all derivatives of �nite order vanish) at the �nitely many points ofTwhichare mapped onto cusp or contact points under �, then h is of the above form g � �, witha holomorphic g. The identity (7.12) is preserved under closure with respect to the normof L1(D ), and since the above-mentioned class of h is dense in the Bergman space A1(D ),we have (7.12) for all h 2 A1(D ). Taking complex conjugates in (7.12), and forming sums,another approximation process yields that (7.12) holds for all h in the harmonic Bergmanspace HL1(D ). In other words, � is a reproducing weight for the origin. It follows fromRemark 6.9 that 1 � �jT, and, in particular, that � has no zeros on T. Consequently, thesimply connected region D(r) = bD(r) cannot have any cusps.Logarithmically subharmonic weights: ruling out contact points. We turn to theproblem of showing that for logarithmically subharmonic weights !, we do not even havecontact points in Sakai's classi�cation of the boundaries @D(r) arising from the weightedHele-Shaw 
ow.We continue to work within the set-up of the previous subsection, where we were ableto rule out the possibility of holes in the Hele-Shaw domain D(r) for 0 < r < �(0). Fixan r with 0 < r < �(0), and note that by the results of the previous subsection, D(r)is simply connected and the boundary @D(r) consists of a real analytic curve, with thepossible exception of �nitely many regular contact points, where locally, the boundary isthe union of two real analytic curves tangential to each other at the point, and D(r) issituated on both sides of the thin wedge de�ned by the two curves. We refer to Figure 7.1for an illustration of the situation. We claim that even for slightly larger r0, r < r0 < �(0),the set D(r0) will have merged at all the contact points, and that therefore, D(r0) cannotbe simply connected anymore. But D(r0) has to be simply connected just as D(r), againby the results of the previous subsection, which makes it impossible for the set D(r) tohave contact points to begin with. We turn to the claim. According to Proposition 7.8,the 
ow domainD(r0) is just a little bigger than D(r) for r0 close to r, and the only placewhere topological changes are possible is in small neighborhoods of the set of contactpoints. On the other hand, by Proposition 7.9, D(r0) does indeed contain a whole littleneighborhood of each contact point, at least up to sets of zero area measure. But in viewof the known regular nature of the boundary of D(r0), we can remove the proviso. Itremains to show that if the set of contact points for D(r) is non-empty, the domainD(r0)now has to possess holes. Let us study an outer contact point, where to the one side, wehave the unbounded component of C n D(r), and, to the other, a bounded one. As thecontact point fuses, at least part of the bounded component remains, and it now is a hole,because there is no longer a path to the unbounded component. The existence of holes inD(r0) is immediate.In conclusion, we have obtained the following theorem.THEOREM 7.11 Let 
 be a bounded domain in C , with C1-smooth boundary, andlet ! be a C1-smooth strictly positive weight function on 
. Let the domains D(r) bede�ned in terms of least superharmonic majorants, for 0 < r < +1. Then there is a45



number �(0), 0 < �(0) < +1, such that D(r) b 
 for all r, 0 < r < �(0), and such thatthis fails for all r, �(0) � r < +1. The domains D(r) increase continuously with r for0 < r < �(0), and as r ! �(0), a portion of @D(r) approches @
. If in addition 
 issimply connected, and ! is real analytic and logarithmically subharmonic on 
, then foreach r, 0 < r < �(0), the domain D(r) is simply connected, and its boundary @D(r) is areal analytic Jordan curve.Hele-Shaw 
ow domains and !-disks. Fix an r, 0 < r < �(0), and for convenienceof notation, drop for the remainder of this subsection the indication of r: we write U andD in place of Ur and D(r). Suppose D� is a precompact subdomain of 
 containing theorigin, such that the reproducing propertyr2 h(z0) = ZD� h(z)!(z) d�(z)holds for all bounded harmonic functions h on D�. We need to show that D� = D,where we allow the two sets to di�er by an area-null set. We proceed as in [13], recallingthat D is simply connected and has smooth boundary. We shall prove that after a slightregularization of D�, @D� � D, which leads to the conclusion that D� � D. From theobservation that D� and D both have ! d�-area r2, the desired equality D� = D readilyfollows. We form the potential functionU�(z) = ZD� G(z; �)!(�) d�(�) � r2G(z; 0); z 2 
;and observe that it is of class C1;� away from 0, for each �, 0 < � < 1. In contrast withthe function U , U� may attain negative values. The function U� vanishes on 
 nD�. Tore�ne this conclusion, we can run the analogue of the argument surrounding (7.3) with a� such that �� equals the sign of U� on 
 n D� (the sign function takes on the values1;�1; 0) and vanishes on D�. The conclusion is that U� = 0 area-almost everywhere on
 n D�. As a consequence, rU� = 0 holds area-almost everywhere on 
 n D�. The setwhere at least one of U� and rU� di�ers from 0 is an open subset of the closure of D�,and if we include it in D�, we have at most increased D� by an area-null set. So let usdo that, and notice that D� still is connected and precompact. The di�erence functionU� � U is subharmonic on D�; in fact,� �U�(z)� U (z)� = !(z) �1D�(z) � 1D(z)�; z 2 
;holds in the sense of distributions. It is negative on the boundary, for U� vanishes there:U�(z) � U (z) = �U (z) � 0; z 2 @D�:By the maximumprinciple, therefore, U��U � 0 on D�. In particular, U� � 0 onD� nD.We also know that U� = 0 on 
 nD�. Suppose we can �nd a point z1 2 @D� nD. ThenU�(z1) = 0 and U� � 0 in some small neighborhood N (z1) of z1. The function U� issubharmonic on 
 n f0g, in particular on N (z1), and hence, by the maximum principle,U� = 0 on N (z1). But then �U� = 0 on N (z1) as well, which does not square with thede�nition of U�, according to which �U� = ! 1D� � r2�0. The contradiction obtainedshows that @D� � D. The argument is complete.Classical Hele-Shaw 
ow. We still need to understand analytically how fast the simplyconnected domains D(r) grow with the parameter r. Let r; r0 be related as follows:0 < r0 < r < �(0). Then D(r0) � D(r) b 
, and according to (7.1), we haveh(0) = 1r2 � (r0)2 ZD(r)nD(r0) h(z)!(z) d�(z);46



�rst for all harmonic functions h on D(r) with extensions to W 2(
), and after an approx-imation argument, using the structure of D(r) obtained in Theorem 7.11, for all boundedharmonic functions h on D(r). As r0 ! r, the area of the di�erence set D(r)nD(r0) tendsto zero, and we expect the measure1r2 � (r0)2 1D(r)nD(r0)(z)!(z) d�(z) (7.14)to converge in the weak-star topology of measures to a probability measure $r supportedon @D(r) with the reproducing propertyh(0) = Z@D(r) h(z) d$r(z);for all bounded harmonic functions h onD(r). Luckily, there is only one measure with thisproperty, namely harmonic measure. More precisely, $r must be the harmonic measurefor the point 0 with respect to the domain D(r). Let us make the simplifying assumptionthat D(r) is simply connected, so that there exists a Riemann map �r : D ! D(r) taking0 to 0. By the invariance of harmonic measure, d$r(�r(z)) is the harmonic measure forthe origin with respect to the unit disk, which is known to coincide with d�(z), normalizedarc length measure on T. It follows from the above considerations that for r0 close to r,D(r) should be a simply connected domain, too, such that D n ��1r (D(r0)) is an annularband of variable width { with outer boundary T{ the width at a given point � 2 Tbeinggiven by (r� r0) %r(�) + o(r� r0), where the second term expresses a small error, and thelocal width function %r(�) is expressed by%r(�) = r!(�r(�)) j�0r(�)j2 ; � 2 T:The classical Hele-Shaw problem { the terminology is from Richardson [38] { involveshaving the constant weight !(z) � 1, as it corresponds to having constant distance in thenarrow channel between the two con�ning plates in the physical model. As such it wastreated by Vinogradov and Kufarev [49]. The method is to use the formulas for conformalmappings of nearly circular domains, as described in Nehari's book ([33], pp. 263{265),which, by the way, relies on Hadamard's variational formula for the Green function for thelaplacian [14]. One obtains the integro-di�erential equation (this involves deciding moreprecisely which conformal mapping �r we want, because the condition that �r(0) = 0only speci�es �r uniquely up to rotation of D )d�rdr (z) = rz �0r(z) ZT� + z� � z d�(�)!(�r(�)) j�0r(�)j2 ; z 2 D : (7.15)Some terminology: a map � : E ! F , where E and F are closed subsets of C , is saidto be conformal if �(E) = F and � extends to a conformal map from a neighborhood ofE onto a neighborhood of F . If we prefer not to mention the set F , we simply say that� is conformal on E.Vinogradov and Kufarev [49] obtained the result below in a special case (when theweight ! is the square of the modulus of the derivative of a conformal mapping on D ). Themore modern approach, due to Reissig and von Wolfersdorfer [37], appeals to the Nishida-Nirenberg nonlinear Cauchy-Kovalevskaya theorem, and it is more easily modi�ed to leadthe statement below.THEOREM 7.12 Suppose that the weight ! is de�ned and strictly positive in a neig-borhood of the closed unit disk D , and that it is C1-smooth on D , and real analytic47



on a neighborhood of T. Let us take as initial function for r = 1 the identity mapping�1(z) = z. Then there exists a small interval I(") =]1 � "; 1 + "[, with 0 < ", such thatthe following is true. There is a solution �r of (7.15) for r 2 I("), with the property thatthe mapping (r; z) 7! �r(z) extends to a holomorphic function of two complex variableson a neighborhood of I(")�D . Moreover, for r 2 I("), the mappings �r are all conformalfrom D onto D(r), where D(r) is a simply connected domain D(r) whose boundary is areal analytic Jordan curve. For each pair of parameter values r; r0 2 I("), with r < r0, wehave that D(r) b D(r0). Finally, if ! has the reproducing property on the unit diskh(0) = ZDh(z)!(z) d�(z);for all bounded harmonic functions h on D , then it also has the analogous reproducingproperty on D(r), for r 2 I("):r2h(0) = ZD(r) h(z)!(z) d�(z);for all bounded harmonic functions h on D(r).It should be pointed out that in the context of the above theorem, the measure (7.14)does converge to the harmonicmeasure$r in the weak-star topology of the Borel measureson 
.Proof. We indicate the modi�cations needed for the approach of [37]. Let H+ denotethe Herglotz transform,H+[f ](z) = ZT� + z� � z f(�) d�(�); z 2 D ;where f is assumed to be in L1(T).Let �, 0 < � < 1, be so close to 1 that near the unit circle T, ! is of the form!(z) = !](z; �z), where !] is a holomorphic function of two variables on the productdomain obtained from two annuli,�D (0; ��1 ) n D (0; �)� � �D (0; ��1 ) n D (0; �)�:Now let f be de�ned and holomorphic on a neighborhood of D , and assume it iszero-free. We can then let F be the primitive of its reciprocal,F (z) = Z z0 d�f(�) ; z 2 D ;and note that the composition !�F makes sense on D as long as F maps D into D (0; ��1),which is expected to be the case provided f does not deviate far from the constant function1. Let T be the non-linear operatorT[f ](z) = H+� jf j2! � F �(z); z 2 D ;and put L[f ](z) = z f 0(z)T[f ](z)� f(z) ddz �z T[f ](z)�; z 2 D :48



The evolution equation (7.15) for the Hele-Shaw 
ow can be expressed in terms of thefunction  r(z) = 1�0r(z) ; z 2 D ;using that Z z0 d� r(�) = Z z0 �0r(�) d� = �r(z);and it leads to the initial value problemddr  r = rL[ r];  1 = 1: (7.16)We shall see that the function  r is characterized uniquely by this equation. The non-linear Cauchy-Kovalevskaya theorem due to Nishida-Nirenberg involves setting up a Ba-nach scale of spaces, and we make the same choice as Reissig and von Wolfersdorfer: thespaces Xt, for 0 � t � 1; here, Xt consists of all functions holomorphic and continuousup to the boundary on the disk D (0; �t), with �t = (1� t)�0 + t�1, for some �xed values�0; �1, 1 < �0 < �1 < +1, close to 1. We use the uniform norm on D (0; �t) as norm onXt. Suppose f is close to the constant function 1 in the norm of Xt: kf � 1kXt < � forsome small �, 0 < � < 1. It follows that the function F is close to the coordinate functionz, because they coincide at the origin, and their derivatives are close:


 1f � 1


Xt < � (1 � �)�1:In particular, if � is small, and �1 is close to 1, the image of the annulus D (0; �t) n Dunder F is contained inside the other annulus D (0; ��1 ) n D (0; �), so that !](F (z); �F(z�))is holomorphic and continuous up to the boundary as a function of z in D (0; �t) n D .Here, for z 2 C , we use the notation z� = �z�1 for the point re
ected in the unit circle T.Changing the path of integration, as permitted by Cauchy's formula, we writeT[f ](z) = 12�i Z@D(0;�t) � + z� � z f(�) �f (��)!](F (z); �F(z�)) d�� ; z 2 D (0; �t):This provides an analytic extension of T[f ] to D (0; �t) given that f 2 Xt is su�cientlyclose to the constant function 1. As in [37], the non-linear operator T satis�eskTfkXt � K; andkTf � TgkXt � L kf � gkXt ;for some positive constants K, L, whenever f and g belong to the ball ff 2 Xt : kf �1kXt < �g, provided � is small. And as in the Reissig-von Wolfersdorfer paper [37], theseproperties of the operator T imply that the operator rL satis�es all the requirements ofthe abstract non-linear Cauchy-Kovalevskaya theorem, due mainly to Nishida-Nirenberg.It follows that the initial value problem (7.16) has a unique C1 solution with values alongthe Banach scale, on an interval around 1. The proof of Nishida's theorem [35] is based onthe well-known Picard iterative process from the theory of ordinary di�erential equations.Taking into account the simple real analytic dependence on the parameter r in the initialvalue problem (7.16), and the real analyticity of the L[f ] with respect to f , as an operatoracting on the given scale of Banach algebras Xt, an analysis of the Picard scheme showsthat the solution is real analytic in r near 1, with values in the Banach scale. This is anexistence statement, so we can take the values in a �xed space, namely the largest spacein the scale: X0. 49



We turn to the further properties of �r. For r close to 1, the function �0r is close tothe constant 1 uniformly on a �xed neighborhood of D , and hence �r is univalent on D .We could also have used the lemma on p. 187 of [49], which in addition guarantees thatD(r) b D(r0) for r < r0. For r close to 1, the mapping �r maps D onto D(r), whichdi�ers from D by an annular band of variable width, where the width at a point � 2Tisgiven by the expression (r � 1) %(�) + o(r � 1);the little ordo being taken as r! 1. The width function %(�) is obtained as follows:%(�) = Re��� ddr �r(�)���r=1� = 1!(�) ; � 2T:Consequently, for a function h harmonic on D ,ddr ZD(r) h(z)!(z) d�(z)���r=1 = 2h(0);and after having applied an appropriate conformal transformation, we get the correspond-ing statement for general r, near 1:ddr ZD(r) h(z)!(z) d�(z) = 2r h(0):Integrating this equality with respect to r, we arrive atr2 h(0) = ZD(r) h(z)!(z) d�(z);for h harmonic on a neighborhood of D and r close to 1. An approximation argumentextends this identity to all bounded harmonic h on D(r). The proof is complete.Since the reproducing property (7.1) alone determines the Hele-Shaw 
ow domains forlogarithmically subharmonic !, we have the following theorem.THEOREM 7.13 In the context of Theorem 7.11, with 
 simply connected and thelogarithmically subharmonic weight ! strictly positive and real analytic on 
, there is acontinuous sequence of conformal maps �r : D ! D(r), for 0 < r < �(0), which dependsin a real analytic fashion on the parameter r. Each �r extends to a conformal mappingfrom a neighborhood of D onto a neighborhood of D(r). To a given r0, 0 < r0 < �(0),there is a small open interval I(r0) around it such that all the functions �r extend asconformal maps to one and the same neighborhood of D for r 2 I(r0). The conformalmaps �r satisfy the evolution equation (7.15).8 Hadamard's variational formulaAs before, we let 
 be a simply connected bounded domain in C with C1-smooth bound-ary. Moreover, ! is a real analytic weight function on 
 with a C1 extension to 
, whichis strictly positive there, and we suppose that log! is subharmonic on 
. By the previoussection on the weighted Hele-Shaw 
ow, we have, given a point z0 2 
, a real analyticcontinuous sequence of simply connected domainsD(r), indexed by r, 0 < r < �(z0), gen-eralized disks of \radius" r about z0, whose boundaries are real analytic Jordan curves,determined by the reproducing property (7.1), with the origin 0 replaced by z0.50



The variational formula for the weighted biharmonic Green function. Let �!;rbe the Green function for the weighted biharmonic operator �!�1� on D(r):�z !(z)�1�z�!;r(z; �) = ��(z); z 2 D(r);�!;r(z; �) = 0; z 2 @D(r);@n(z)�!;r(z; �) = 0; z 2 @D(r):It is intuitively clear that the Green function �!;r varies continuously with the parameterr; in fact, this can be made rigorous, for instance with the methods of Section 5. We shallderive a variational formula, originally found by Hadamard in 1908, which describes thedevelopment quantitatively. We follow the pattern from Hedenmalm's 1994 paper [20].By the elliptic regularity theorem of Morrey-Nirenberg [32] (for details, see Section 3),the Green function �!;r extends real analytically to a neighborhood of the set D(r) �D(r) n �(D(r)). In particular, for �xed � 2 D(r), �!;r solves the di�erential equation�!�1��!;r(�; �) = �� on a neighborhood of D(r) n f�g. We consider two parametervalues r; r0 with 0 < r < r0 < �(z0), and note that by (3.4) and (3.2), with obviousnotations (for instance, Gr is the Green function for � on D(r)),�!;r(z; �) = ZD(r) �Gr(�; z) +H!;r(�; z)� �Gr0 (�; �) +H!;r0(�; �)�!(�) d�(�);for (z; �) 2 D(r) �D(r), and for (z; �) 2 D(r0)�D(r0), we have�!;r0 (z; �) = ZD(r0) �Gr(�; z) +H!;r(�; z)� �Gr0(�; �) +H!;r0(�; �)�!(�) d�(�):As r < r0, we have the inclusion D(r) � D(r0), so that forming the di�erence of the aboverelations, we obtain�!;r0 (z; �)� �!;r(z; �)= ZD(r0)nD(r) �Gr(�; z) +H!;r(�; z)� �Gr0 (�; �) +H!;r0(�; �)�!(�) d�(�); (8.1)whereby (z; �) 2 D(r) �D(r), but, if r0 is su�ciently close to r, so that we can use theelliptic regularity, we can take (z; �) 2 D(r0)�D(r0). From the subsection on the classicalHele-Shaw 
ow in Section 7, we know that as r0 ! r, the measure1(r0)2 � r2 1D(r0)nD(r)(z)!(z) d�(z)converges (in the weak-star topology) to the harmonic measure $r for the point z0 in thedomain D(r), which is supported on @D(r). Dividing both sides of (8.1) by r0 � r, andtaking the limit as r0 ! r, we �nd that since the Green function Gr vanishes when oneof the variables is on the boundary @D(r),ddr �!;r(z; �) = 2r Z@D(r)H!;r(�; z)H!;r(�; �) d$r(�): (8.2)Some further explanation is needed here. We need to know a priori that the kernels �!;r ,H!;r, and Gr depend fairly smoothly on the parameter r. It is convenient to use theconformal map �r : D ! D(r) to pull back the situation to the unit disk. We then havethe identity �!r (z; �) = �!;r(�r(z); �r(�)); (z; �) 2 D � D ;51



whereby !r = ! � �r j�0rj2, and the left hand side expresses the Green function on theunit disk for the weighted biharmonic operator �!�1r �. By Theorems 7.12 and 7.13,the weight !r(z) is real analytic (and strictly positive) in the coordinates (z; r) on aneighborhood of D�]0; �(z0)[. The Green function Gr is easily expressed in terms of theGreen function G = GD for the laplacian on the unit disk,G(z; �) = Gr(�r(z); �r(�)); (z; �) 2 D � D ;and this identity gives us fairly complete regularity information for Gr. As far as �!r isconcerned, we can turn to the proof of the elliptic regularity theorem of Morrey-Nirenberg[32], which gives us more quantitative information concerning the domain of convergencefor the power series used to represent the real anaytic functions. It can be shown thatthe kernel �!r (z; �) is real analytic in the coordinates (z; �; r) on a neighborhood of theproduct set �D 2 n �(D )��]0; �(z0)[;which then leads to the analogous information that H!r (z; �) is real analytic in the coor-dinates (z; �; r) on a neighborhood of the slightly bigger set�D 2 n �(T)��]0; �(z0)[;This justi�es the limit process leading up to (8.2).We want to turn the di�erential equation (8.2) into an integral equation. Note thatwhen one of the variables z; � is on the boundary @D(r), and the other is in the interiorD(r), the Green function for �!�1� vanishes: �!;r(z; �) = 0. As we integrate (8.2) withrespect to r, the following formula emerges:�!;r(z; �) = Z rmaxfR(z);R(�)g Z@D(%)H!;%(�; z)H!;%(�; �) d$%(�) 2% d%; (8.3)for (z; �) 2 D(r) � D(r). Here, R(z) stands for the parameter value of % for which theboundary of D(%) reaches the point z:R(z) = inf �% : z 2 D(%)	:We know from Section 3 that if the Green function �!;r is positive on D(r)�D(r), thenthe corresponding harmonic compensator H!;r is positive on @D(r) � D(r), and sincethe latter is harmonic in the �rst variable, it is then positive throughout D(r) � D(r).Hadamard's variational formula (8.3) provides a kind of converse to the �rst implication:if all the harmonic compensators for the subdomains D(%), 0 < % < r, are positive, thenthe Green function �!;r is positive.The variational formula for the Green function for the laplacian. We turn toHadamard's better-known variational formula for Gr ([33], p. 46), which has importantapplications to the theory of conformal mappings. Let Pr be given byPr(z; �) = �12 @n(�)Gr(z; �); (z; �) 2 D(r)� @D(r);the normal derivative being taken with respect to the boundary @D(r) in the interiordirection. This function then serves as a Poisson kernel on D(r). For instance, we havethe identity d$r(z) = Pr(z0; z) d�(z); z 2 @D(r):52



The variational formula states thatddr Gr(z; �) = �2r Z@D(r)Pr(z; �)Pr(�; �) d$r(�)!(�) ; (z; �) 2 D(r) �D(r);and in integral form, it becomesGr(z; �) = � Z rmaxfR(z);R(�)g Z@D(%)P%(z; �)P%(�; �) d$%(�)!(�) 2% d%; (8.4)for (z; �) 2 D(r) �D(r). We may combine this with equation (3.3), to getH!;r(�; z) = ZD(r) Z rmaxfR(z);R(�)g Z@D(%)Q!;r(�; �)� P%(z; �)P%(�; �) d$%(�)!(�) 2% d%!(�) d�(�);which transforms toH!;r(�; z) = Z rR(z) Z@D(%) ZD(%)Q!;r(�; �)P%(�; �)!(�) d�(�)� P%(z; �) d$%(�)!(�) 2% d%; (z; �) 2 D(r) �D(r): (8.5)9 Positivity of the weighted biharmonic Green func-tionWe continue the presentation from the previous section on Hadamard's variational for-mula. We recapture: 
 is a simply connected bounded domain in C with C1-smoothboundary, and the weight ! is real analytic on 
 and has a C1 extension to 
, whichis strictly positive there; we also suppose that log! is subharmonic on 
. The domainsD(r), indexed by r, 0 < r < �(z0), are the generalized \disks" about a �xed point z0 2 
of radius r arising from the weighted Hele-Shaw 
ow, and these constitute a real analyticcontinuous sequence of simply connected domains, whose boundaries are real analyticJordan curves. It is a consequence of formula (8.5) that if we can prove that0 � ZD(%) Q!;r(�; �)P%(�; �)!(�) d�(�); (�; �) 2 @D(%) �D(r); (9.1)whenever 0 < % < r < �(z0), then the harmonic compensator H!;r is positive on D(r) �D(r). In the above integral, the function Q!(�; �) is harmonic on D(r), and in particular,bounded there, and the Poisson kernel P (�; �) is area summable on D(%). We concludethat the integral in (9.1) makes sense.We shall obtain the following result, which is equivalent to (9.1).THEOREM 9.1 Fix %; r such that 0 < % < r < �(z0). Let h be a positive harmonicfunction on D(%), and de�nehr(z) = ZD(%) Q!;r(z; �)h(�)!(�) d�(�); z 2 D(r):Then hr is positive on D(r). 53



Proof. It su�ces to obtain the result under the proviso that h is harmonic andstrictly positive on D(%). Since Q!;r(z0; �) = r�2 (this is a consequence of the reproducingproperty of the 
ow domain D(r)), the value of the function hr at the center point z0 ishr(z0) = 1r2 ZD(%) h(�)!(�) d�(�) = %2r2 h(z0);which is positive. We split the proof into three parts.Part 1: continuity of hr in r. The function hr is the orthogonal projection of h 1D(%){ interpreted to vanish on D(r) n D(%) { onto the harmonic subspace HL2(D(r); !) inL2(D(r); !). From the smoothness of the harmonic compensator H!;r in the r variablealluded to above, and the corresponding fact for the weighted harmonic Bergman kernelQ!;r as deduced from the identityQ!;r(z; �) = �!(z)�1��H!;r(z; �);it is immediate that hr(z) is real analytic in the coordinates (z; r) on (a neighborhood of)the set �(z; r) : z 2 D(r); r 2]%; �(z0)[	 [ �(z; r) : z 2 D(r); r 2 [%; �(z0)[	:We need to investigate the continuity of hr(z) near the left end-point r = %. By thereproducing property of the 
ow domains with respect to the weight, we have thatZD(%)Q!;r(z; �)!(�) d�(�) = %2Q!;r(z; z0) = %2r2 ; z 2 D(r);and hencehr(z)� r2%2 h(z) = ZD(%)Q!;r(z; �) �h(�)� h(z)�!(�) d�(�); z 2 D(r); (9.2)provided r is so close to % that h is de�ned as a harmonic function on D(r). We have thath(�) � h(z) = O(jz � �j) for z; � in some �xed neighborhood of D(%), so that part of thesingularity of the kernel Q!;r is neutralized by the appearance of this factor on the righthand side of (9.2). As before, let �r : D ! D(r) be the Riemann map taking 0 onto z0,and let !r stand for the pulled-back weight on the unit disk,!r(z) = r�2! � �r(z) j�0r(z)j2;which is reproducing for the origin as well as logarithmically subharmonic. >From theconformal invariance of the reproducing property of the weighted harmonic Bergmankernel, the following identity can be deduced:r2Q!;r��r(z); �r(�)� = Q!r(z; �) = 2ReK!r (z; �) � 1; (z; �) 2 D � D : (9.3)We apply Theorem 5.1 to K!r , and obtain as a result thatr2 ��Q!;r��r(z); �r(�)��� = ��Q!r(z; �)�� � 1 + 4j1� z��j2 ; (z; �) 2 D � D : (9.4)We rewrite (9.2) in terms of the variable �, �r(�) = �, and gethr � �r(z) � r2%2 h � �r(z)= r2 Z��1r (D(%))Q!;r��r(z); �r(�)� �h(�r(�)) � h(�r(z))�!r(�) d�(�); z 2 D ;54



where ��1r (D(%)) � D . Given the estimates mentioned previously, it is easily deducedfrom this identity that hr � �r ! h � �% uniformly on D as r! %. In particular, since weassume h to be strictly positive on D(%), it follows that hr ��r is uniformly (in r) strictlypositive on D for r in some short interval ]%; %+ �], with 0 < �.Part 2: the derivative of hr � �r. The derivative of the composition hr � �r withrespect to the parameter r is, by the chain rule,ddr hr � �r(z) = @hr@r � �r(z) + 2Re �@hr@z � �r(z) d�rdr (z)� ; (9.5)where the partial derivatives with respect to r and z correspond to thinking of the functionhr as a function of two variables: hr(z) = h(z; r). The derivative of �r with respect to ris supplied by formula (7.15), which simpli�es tod�rdr (z) = zr �0r(z) ZT� + z� � z d�(�)!r(�) = zr �0r(z) H+ � 1!r � (z); z 2 D ; (9.6)where the symbol H+ stands for the Herglotz transform. We would like to �nd a wayto express the partial derivative @rhr. Let r0, % < r0 < r be so close to r that hr0extends harmonically and boundedly to D(r). Then, from the reproducing property ofthe weighted harmonic Bergman kernel, we havehr0 (z) = ZD(r)Q!;r(z; �)hr0(�)!(�) d�(�); z 2 D(r): (9.7)On the other hand, again by the reproducing property,ZD(r0)Q!;r(z; �)Q!;r0(�; �)!(�) d�(�) = Q!;r(z; �); (z; �) 2 D(r) �D(r0);so thatZD(r0)Q!;r(z; �)hr0(�)!(�) d�(�)= ZD(r0)Q!;r(z; �) ZD(%) Q!;r0(�; �)h(�)!(�) d�(�)!(�) d�(�)= ZD(%)Q!;r(z; �)h(�)!(�) d�(�) = hr(z); z 2 D(r): (9.8)Forming the di�erence between (9.7) and (9.8), we obtainhr(z)� hr0(z) = � ZD(r)nD(r0)Q!;r(z; �)hr0 (�)!(�) d�(�); z 2 D(r): (9.9)In view of the observation made following Theorem 7.12, to the e�ect that the measure1r2 � (r0)2 1D(r)nD(r0)(z)!(z) d�(z)converges weak-star to the harmonic measure $r on the boundary for domain D(r) withrespect to the interior point z0 as r0 ! r, it follows from (9.9) that@hr@r (z) = �2r Z@D(r)Q!;r(z; �)hr(�) d$r(�); z 2 D(r):55



Shifting the coordinates back to the unit disk, we obtain, keeping in mind (9.3),@hr@r � �r(z) = �2r ZTQ!r(z; �)hr � �r(�) d�(�); z 2 D : (9.10)By the Poisson integral formula for harmonic functions in D , we have the representationhr � �r(z) = ZT1� jzj2j1� z��j2 hr � �r(�) d�(�); z 2 D ;which after an application of one of the two Wirtinger di�erential operators leads to�0r(z) @hr@z � �r(z) = ZT ��(1� z��)2 hr � �r(�) d�(�); z 2 D : (9.11)In view of (9.6), (9.10), and (9.11),the identity (9.5) becomesddr hr � �r(z) =2r ZT�Re �H+ � 1!r � (z) z��(1� z��)2�� Q!r(z; �)� hr � �r(�) d�(�); z 2 D :(9.12)As in the proof of Corollary 6.10, we notice the appearance of the K�be function. Supposefor the moment that for some value of the parameter r, % < r < �(z0), the real analyticfunction hr � �rjTvanishes along with its (tangential) derivative at some point z1 2T. Then hr � �r(z) = O(jz � z1j2) as z approaches z1 along T, which counterbalancesthe singularities of the K�be function and the weighted harmonic Bergman kernel, asestimated by (9.4), at least when z 2 D approaches the boundary point z1 radially.Taking into account the well-known boundary behavior of the K�be function, we obtainin the limit that (the real part of the Herglotz transform is the Poisson integral, withwell-known boundary values)ddr hr � �r(z1) = �2r ZT� 1!r(z1) 1j� � z1j2 +Q!r (z1; �)� hr � �r(�) d�(�): (9.13)If, in addition, 0 � hr ��r on D , well, then, by invoking Corollary 6.10, which states thatQ!r (z1; �) � �� 1!r(z1) + 1!r(�)� 1j� � z1j2 ; � 2Tn fz1g;we can assert that0 < 2r ZT 1!r(�) 1j� � z1j2 hr � �r(�) d�(�) � ddr hr � �r(z1): (9.14)The leftmost inequality holds because hr � �r cannot vanish identically { after all, weknow that 0 < hr(z0) = hr � �r(0).Part 3: the �nishing argument. Consider the functionh(r) = min�hr(z) : z 2 D(r)	 = min�hr � �r(z) : z 2 D 	; % < r < �(z0);which, by the results of Part 1, extends continuously to the interval [%; �(z0)[, and ispositive at the left end-point: 0 < h(%). We shall demonstrate that 0 < h(r) holds forall r 2 [%; �(z0)[, which is actually slightly stronger than what is needed. We argue by56



contradiction, and assume h(r) � 0 for some r 2]%; �(z0)[. Forming the in�mum overall such r, we �nd a parameter value r1 2]%; �(z0)[ with h(r1) = 0, such that 0 < h(r)holds for all r 2 [%; r1[. By the maximum principle, this means that there exists a pointz1 2T, such that hr1 � �r1(z1) = 0, and that 0 � hr1 � �r1 elsewhere on D . The point z1is precisely of the type considered in Part 2, so that by (9.14),0 < ddr hr � �r(z1)��r=r1 :We immediately see that hr � �r(z1) < 0 for r, % < r < r1, su�ciently close to r1, andhence h(r) < 0 for such r. This contradicts the minimality of r1, and completes the proof.>From the previous section on Hadamard's variational formula, we then have thefollowing corollary.COROLLARY 9.2 Fix r with 0 < r < �(z0). Then both H!;r and �!;r are positive onD(r) �D(r).In the corollary, we need in fact not the entire assumption that ! is logarithmicallysubharmonic throughout 
: it can be weakened to requiring log! to be subharmonic onD(r). This leads immediately to the following result, where ! is a weight on the unitdisk.COROLLARY 9.3 Suppose ! is a logarithmically subharmonic and reproducing (forthe origin) weight on D , real analytic on D , and strictly positive on D as well. Then theweighted biharmonic Green function �! is positive on D � D .In view of the sections on approximation of weights and Green functions, (Sections4 and 5, and more to the point, Theorems 4.1) and 5.2), we can remove the regularityassumptions in the above corollary.COROLLARY 9.4 Suppose ! is a logarithmically subharmonic and reproducing (forthe origin) weight on D . Then the weighted biharmonic Green function �! is positive onD � D .The above corollary was obtained earlier by Shimorin [48] in the special case of a radialweight; see also Hedenmalm [20, 22].10 Applications to the Bergman spacesApplications to the Bergman spaces Ap(D ). The study of the kernel function in thecontext of the Bergman spaces was initiated by Stefan Bergman [4]. However, in the �rstcouple of attempts toward a factorization theory for the Bergman spaces { by CharlesHorowitz [25], [26], and Boris Korenblum [29] { it played a subordinate rôle, if used atall. The kernel function later reappeared in the work of Hedenmalm [16]. Given a zerosequence A for the Hilbert Bergman space A2(D ) on the unit disk (which for simplicityavoids the origin), he considered the invariant subspace MA of all functions in A2(D ) thatvanish on A (counting multiplicities), and formed the function'A(z) = KA(0; 0)�12 KA(z; 0); z 2 D ;where KA denotes the reproducing kernel forMA. The function 'A has norm 1 in A2(D ),and has largest value in modulus at the origin among all functions in the closed unit ball of57



MA; for this reason, such functions are sometimes called extremal functions. Hedenmalmshowed that 'A is an expansive multiplier, that is,kfkA2 � k'AfkA2 ; f 2 A2(D ):For in�nite zero sequences A, it may happen that the right hand side attains the value+1. Furthermore, the function 'A has no extraneous zeros in D , and it is a contractivedivisor, kf='AkA2 � kfkA2 ; f 2MA:In [6], [7], the quartet Duren-Khavinson-Shapiro-Sundberg generalized Hedenmalm's re-sults to the Bergman spaces Ap(D ), 0 < p < +1. In the context of A2(D ), the main ideais to write the kernel function KA in the formKA(z; �) = bA(z) bA(�)KjbAj2(z; �); (z; �) 2 D � D ;where bA is the Blaschke product for A, assuming the sequence A meets the Blaschkecondition. For general p, 0 < p < +1, we then set'A(z) = KjbAjp (0; 0)�1p bA(z)KjbAjp(z; 0) 2p ; z 2 D ;where as it happens, the weighted Bergman kernel function fails to have zeros, so thatit is all right to take fractional powers of it. These functions 'A can be de�ned for allzero sequences, not just the for ones that satisfy the Blaschke condition, and have factor-ization properties analogous to what was the case for p = 2. An important observationis that the weight j'Ajp is a logarithmically subharmonic and reproducing for the origin.Multiplication by 'A is an isometry P p(D ; j'A jp) ! Ap(D ) (evident notation), so thatthe question whether for two zero sequences A and B,k'AfkAp � k'BfkApholds for all polynomials f , becomes a matter of whether the injection mappingP p(D ; j'B jp)! P p(D ; j'A jp)is a contraction.We have the following theorem.THEOREM 10.1 Let A and B be two zero sequences for Ap(D ), such that A is containedin B. Then k'AfkAp � k'BfkAp ; f 2 Ap(D ):Proof. For �nite sequences A and B, the functions 'A and 'B are holomorphic in aneighborhood of D , and we consider the function �B;A which solves the boundary valueproblem ��B;A(z) = j'B(z)jp � j'A(z)jp; z 2 D ;�B;A(z) = 0; z 2T:>From an application of Green's formula, as in [16], [6], [7], we see that the fact that theright hand side { the function j'Bjp�j'Ajp { annihilates the harmonic functions in L2(D )translates to the additional boundary data@n(z) �B;A(z) = 0; z 2T:58



Dividing the di�erential equation by j'A(z)j2, and then afterward applying another lapla-cian, we �nd that it solves� 1j'A(z)jp ��B;A(z) = � ����'B(z)'A(z) ����p ; z 2 D ;which is positive on D . In view of the given boundary data, we may write the function�B;A as an integral in terms of the weighted biharmonic Green function �j'Ajp :�B;A(z) = ZD�j'Ajp (z; �)�� ����'B(�)'A(�) ����p d�(�); z 2 D ;which is then positive. The importance of the potential function �B;A comes from thefact that Green's formula yields the identityk'BfkpAp � k'AfkpAp = ZD�B;A(z)�zjf(z)jp d�(z); z 2 D ;for polynomials f , which yields the desired inequality in this case, because we can ap-proximate functions in Ap(D ) by polynomials, and because the functions 'A and 'B arebounded on D . Setting g = 'Bf , we conclude that


'A'B g


Ap � kgkAp ; (10.1)for all g 2 Ap(D ) that vanish on B. Now let A and B be arbitrary zero sequences, andform �nite subsequences A0 � A and B0 � B, with A0 � B0. Then the above inequalityholds with A and B replaced by A0 and B0, respectively, and we apply it to g vanishingon B. Letting A0 grow up to A, and B0 up to B, 'A0 ! 'A and 'B0 ! 'B in Ap(D ),and Fatou's lemma delivers the above inequality for arbitrary A and B, which implies theassertion of the theorem.COROLLARY 10.2 (p = 2) Let A be and B be two zero sequences for A2(D ), andsuppose that B nA consists of a single point � 2 D . Then the quotient '� = 'B='A is abounded holomorphic function on D , and it only vanishes at the point � in D . Moreover,if b� is the Blaschke factor corresponding to the point B n A, then 1 � j'�=b�j holdsthroughout D . In particular, '�(D ) covers the whole disk D .Proof. The function '� is given by the formula'�(z) = �1�Kj'Aj2(�; �)�1�� 12 �1� Kj'Aj2(z; �)Kj'Aj2(�; �)� ; z 2 D ;which, in view of Theorem 5.1, shows that '� is bounded on D , at least for � 2 D nf0g. Acloser analysis of what happens as �! 0 reveals that it is bounded also for � = 0. Usinga peaking function argument as in [16], we obtain 1 � j'�=b�j on D , as a consequence ofTheorem 10.1, at least for �nite sequences A. Approximating general zero sequences by�nite ones, the assertion follows for general A.The following answers a question raised by Korenblum.COROLLARY 10.3 Let B be a zero sequence for Ap(D ) and M an invariant subspacein Ap(D ). Suppose M has index 1, that is, the dimension of the quotient space M=SM is1, where S is the operator of multiplication by z. Then if MB �M , the subspace M is ofthe form M =MA, for some smaller zero sequence A.59



Proof. We follow the scheme from Hedenmalm [18]. Let A be the sequence ofcommon zeros (counting multiplicities) of the functions in M . We are to show thatM = MA. According to Theorem 5.2 and Proposition 5.4 of Aleman-Richter-Sundberg[2], it su�ces to obtain that 'A 2M , because 'A generates MA as an invariant subspace.From the assumption MB � M , we have that 'B 2 M . Then, because M has index 1,we may divide out super
uous zeros in 'B , one by one, and remain in M . So, if q is apolynomial whose zeros constitute a �nite subset of B nA, the function 'B=q is also inM .Let A0 be a �nite subsequence of A, and B0 one of B, with A0 � B0. Then the function'B0='A0 can be factored as an invertible element of H1(D ) times a polynomial q withzeros at B0 nA0, and hence 'A0;B0;B = 'A0'B0 'B 2M:Meanwhile, by (10.1), 


'A0'B0 'B


Ap � k'BkAp = 1:The function 'A0;B0 ;B tends to 'A as A0 grows to A and B0 grows to B, and the limitelement 'A has norm 1, so that nothing is lost in Fatou's lemma. This means that 'A0;B0;Btends to 'A in norm, and the conclusion 'A 2M follows. The proof is complete.Applications to weighted Bergman spaces. The main theorem enables us to developa factorization theory for the spaces P 2(D ; !), where the weight ! is assumed to belogarithmically subharmonic and reproducing for the origin. We say that a function' 2 P 2(D ; !) is a P 2(D ; !)-inner function provided that the weight j'j2! is reproducingfor the origin.THEOREM 10.4 Assume ! is logarithmically subharmonic and reproducing for theorigin. Let ' 2 P 2(D ; !) be a P 2(D ; !)-inner function. Then kfk! � k'fk! for allpolynomials f . In fact, we have the norm identityk'fk2! = kfk2! + ZD�D�!(z; �) j'0(z)j2jf 0(�)j2 d�(z) d�(�); f 2 P 2(D ; j'j2!):Proof. The proof is really in the same vein as that of, for instance, Theorem10.1. A slightly di�erent approach is needed, though, because of the lack of smoothnessassumption on the weight, in which case De�nition 3.1 is used to de�ne the Green function�!. The calculations are analogous to the ones used in [19] (see also [2]), and thereforeomitted.A variant of the above runs as follows.THEOREM 10.5 Assume that ! and !0 are two logarithmically subharmonic weightswhich are reproducing for the origin. Suppose that in addition, both are C1-smooth on D ,and that the quotient !0=! is subharmonic. Then kfk! � kfk!0 holds for all f 2 A2(D ).We remark that because of the regularity assumptions on ! and !0, the spaces P 2(D ; !)and P 2(D ; !0) coincide with A2(D ) in the above theorem.By the general theory of reproducing kernel functions, as found in Saitoh's book [40],Theorem 10.5 leads to the following conclusion.COROLLARY 10.6 Under the assumptions of Theorem 10.5, the di�erence K! �K!0is a reproducing kernel on D � D . In other words,L!0 (z; �)� L!(z; �)(1� z��)2is a reproducing kernel on D � D . 60



11 Directions for further researchThe main result of this paper, the positivity of the weighted biharmonic Green function �!for logarithmically subharmonic reproducing weights !, was conjectured by Hedenmalmin 1992. Partial results in this direction were found by Hedenmalm [17], [20], [22], [21],by Sergei Shimorin [44], [45], [46], [48], and by Miroslav Engli�s [8], [9]. As a matter offact, the variational technique used in [22] was an inspiration for this work, although thecontext is di�erent.It appears likely that the strong maximum principle suggested in the introductionshould be true. We formulate this as a conjecture. The normal derivative is as always inthe interior direction.CONJECTURE 11.1 Let ! be a logarithmically subharmonic reproducing weight on D ,which is C1-smooth on D . Let u and v be two C1-smooth real-valued functions on D ,and suppose that u is sub-!-biharmonic and v is !-biharmonic on D . We then have themaximum principle ujT� vjT and @u@n ���T� @v@n ���T=) ujD � vjD:In terms of the Green function �!, what is required is that@@n(z) 1!(z) �z�!(z; �) = �2P (z; �) + @@n(z) H!(z; �) � 0; (z; �) 2 T� D :In the special case !(z) � 1, an explicit calculation yields@@n(z) �z�(z; �) = �2 (1� j�j2) � 1j1� z��j2 + Re z��(1� z��)2� < 0; (z; �) 2T� D :In [47], Shimorin showed that one-point zero divisors are univalent functions { just likethe individual Blaschke factors { in the weighted spaces P 2(D ; !), where ! is radial andlogarithmically subharmonic. He also showed that, modulo some regularity, a univalentone-point zero divisor is automatically an expansive multiplier; see also [3]. We believethat the following is true.CONJECTURE 11.2 Let ! be a logarithmically subharmonic reproducing weight on D .Then, for each � 2 D n f0g, the one-point zero divisor in P 2(D ; !),'�(z) = �1�K!(�; �)�1�� 12 �1� K!(z; �)K!(�; �)� ; z 2 D ;is univalent and maps D onto a star-shaped domain. Moreover, j'�(z)j < 3 holds for allz 2 D .In fact, in a conversation with Peter Duren, it became clear that if the extendedmaximum principle holds, as formulated in Conjecture 11.1, then each one-point zerodivisor '� is univalent and maps D onto a star-shaped domain, which by Corollary 10.2contains D . Assuming this for the moment, the geometry of the \corona" ��(D )nD shouldcontain information about how close the space P 2(D ; !) is to the limit case H2(D ). Wewish to point out that the focus on one-point zero divisors is not as special at it may seem:each zero-divisor can be written as a product of one-point zero divisors, where each factor61



is a divisor with respect to a weight that is the original weight times the modulus-squaredof product of the previous factors.We turn to the connection between Conjectures 11.1 and 11.2. We can write j'�j2 asan integral, j'�(z)j2 = 1 + ZD �G(z; �) +H!(z; �)� j'0�(�)j2 d�(�); z 2 D ;and assuming that Conjecture 11.1 holds, we obtain that on the unit circle T, j'�j2increases in the outward normal direction. Then, assuming that ! is real analytic nearT, an application of the Cauchy-Riemann equations to the locally de�ned function log'�shows that the argument of '�(ei�) increases with �. The case of more general weights isobtained by approximation.A way to reach more detailed information about �! is to try to dissect the kernelfunction K! further than we did back in Section 6. We should like to obtain furtherstructural information about the kernel L! .In view of Corollary 10.6, one may ask the question whether the di�erence L!0 � L!is also a reproducing kernel on D � D , under the assumptions of Theorem 10.5. It turnsout that it is not so, even if we replace the subharmonicity of !0=! with logarithmicsubharmonicity.Example. If L!0 �L! were a reproducing kernel function for all logarithmically subhar-monic reproducing weights !; !0 with !0=! logarithmically subharmonic, subject to thecondition that both weights are C1-smooth on D , then it would also be so, by a dilationargument, for the radial weights!(z) = !�(z) = (1 � �) (1� jzj2)��; z 2 D ;and !0(z) = !�(z) = (1� �) (1 � jzj2)��; z 2 D ;which are less regular near the boundary, where the parameters �; � range over 0 < � <� < 1. The corresponding Bergman kernels are well-known, and we only write down theformula for �: K!�(z; �) = (1� z��)�2+�; (z; �) 2 D � D :We calculate that along the diagonal,L!� (z; z) � L!�(z; z) = (1� jzj2)� � (1� jzj2)�jzj2 ; z 2 D ;which is positive, but fails to be subharmonic, which is necessary for it to be the restrictionto the diagonal of a reproducing kernel function.The above example, however, leaves open the possibility that at least one of theexpressions L!0 (z; �)� L!(z; �)1� z�� ; (z; �) 2 D � D ;and L!0 (z; �)� L!(z; �)1� z��L!(z; �) ; (z; �) 2 D � D ;might be a reproducing kernel. We note that if the second one is a reproducing kernel,then so is the �rst one, because it can be written as a product of the second one and thereproducing kernel J! of Theorem 6.2. 62



Creeping 
ow. The slow motion of a viscous incompressible 
uid (with small Reynoldsnumber), squeezed in between two parallel walls of constant in�nitesimal width, is knownas creeping 
ow. The motion of the 
uid is governed by a real-valued potential function	, which satis�es the biharmonic equation �2	 = 0; the velocity of the 
uid is given bythe expression �@	@y ;�@	@x� ;which constitutes a vector perpendicular to the gradient r	. Consequently, the levelcurves of 	 are the 
ow lines of the creeping 
ow. Let the potential function 	 equalthe biharmonic Green function �
(�; �), for a �xed � 2 
, where 
 is a bounded planardomain 
 with smooth boundary. The corresponding 
ow then involves a torque appliedat �, and friction at the boundary @
, so that the velocity vanishes there. There appearsa main swirl (vortex) centered at a point near �, and it is of interest to know whetherthere are any other smaller swirls (eddies) located further away from �. Apparently,this is the same as asking whether the Green function �
(�; �) has more than one localextreme point in 
. Let us consider the weighted biharmonic Green function �! for alogarithmically subharmonic reproducing weight ! on the unit disk D . We may think ofit as corresponding to a weighted creeping 
ow. By our main theorem, the function �!is positive. This suggests that for �xed � 2 D , the 
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