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Foliations with Transversal QuaternionicStructuresbyPaolo Piccinni and Izu VaismanABSTRACT. We consider manifolds equipped with a foliation F of codimen-sion 4q, and an almost quaternionic structure Q on the transversal bundle of F .After discussing conditions of projectability and integrability of Q, we study thetransversal twistor space ZF which, by de�nition, consists of the Q-compatiblealmost complex structures. We show that ZF can be endowed with a liftedfoliation bF and two natural almost complex structures J1, J2 on the transversalbundle of bF . We establish the conditions which ensure the projectability of J1and J2, and the integrability of J1 (J2 is never integrable).1 PreliminariesWe recall the basic de�nitions of quaternionic geometry e.g., [3, 20]. Thegeneral framework is the C1 category.An almost hypercomplex structure on a 4q-dimensional di�erentiable man-ifold N4q is an ordered triple H = (I1; I2; I3) of almost complex structuressatisfying the quaternionic identities I� � I� = I for (�; �; ) = (1; 2; 3) andcyclic permutations. If the structures I1; I2; I3 are integrable, H is said to bea hypercomplex structure.�1991 Mathematics Subject Classi�cation 53 C 12, 53 C 25.Key words and phrases: Foliation,Quaternionic Structure, Twistor Space.Acknowledgements. This paper was started while the second author visited the Istitutodi Matematica, Universit�a di Roma 1, under the auspices of the CNR, Italy. He is ex-pressing here his thanks to the hosts. The �rst author acknowledges support by MURSTof Italy and support and hospitality by the Erwin Schr�odinger Institute for MathematicalPhysics in Vienna. 1



If H = (I1; I2; I3) is an almost hypercomplex structure, any triple (J1; J2;J3) obtained from (I1; I2; I3) by multiplying by a matrix of SO(3) is againan almost hypercomplex structure. Moreover, there exists a set of compati-ble almost complex structures associated with a given almost hypercomplexstructure namely, the set of all J = a1I1 + a2I2 + a3I3 where a1; a2; a3 arefunctions satisfying a21 + a22 + a23 = 1.An almost quaternionic structure on the manifold N4q is a rank 3 vec-tor subbundle Q of the endomorphism bundle End(TN) locally spanned byalmost hypercomplex structures H = (I1; I2; I3) which are related by SO(3)-matrices on the intersections of trivializing open sets. A quaternionic struc-ture on the manifold N4q is an almost quaternionic structure such that thereexists a torsionless connection r of TN which, when extended to the vectorbundle End(TN), preserves the subbundle Q i.e., rQ � Q. The existenceof the Q-preserving torsionless connection r is not equivalent with the inte-grability of Q as a G-structure. The existence of a at torsionless connectionwhich preserves Q implies that Q can be obtained from local quaternioniccoordinates on N . If an almost quaternionic structure Q is �xed on N4q, thelocal bases (I1; I2; I3) which span the vector bundleQ are also called local com-patible almost hypercomplex structures, and any local J = a1I1 + a2I2 + a3I3with a21+ a22+ a23 = 1 is called a local Q-compatible almost complex structure.A Riemannian metric g on a (almost) hypercomplex manifold (N;H) is(almost) hyperhermitian, respectively (almost) hyperk�ahler, if it is (almost)Hermitian, respectively, (almost) K�ahlerian, with respect to all the structuresI�, � = 1; 2; 3, of H. (Then, g also is compatible with any H-compatiblestructure J .) Similarly, on an almost quaternionic manifold (N;Q), the met-ric g is quaternion Hermitian if it is Hermitian with respect to the local bases(I�) of Q, and it is quaternion K�ahler if it is quaternion Hermitian and Q isparallel (i.e., rQ � Q) with respect to the Levi-Civita connection r of g.(In both cases, the property says nothing about the integrability of the struc-tures I�.) The terms are also used for manifolds endowed with the respectivestructures. Of course, a hyperk�ahler manifold necessarily is hypercomplex,and a quaternion K�ahler manifold necessarily is quaternionic.The twistor space ZN of an almost quaternionic manifold (N;Q) is de-�ned as the manifold of the Q-compatible almost complex structures of thetangent spaces of N .Thus, ZN is an S2-bundle associated with the vectorbundleQ, whereQ has the metric which makes the local basesH = (I1; I2; I3)orthonormal bases [3, 20]. 2



Now, let us consider a C1 manifoldMp+4q, equipped with a p-dimensionalfoliation F . Denote by L = TF the tangent bundle of F , and by �F =TM=L its transversal vector bundle of rank 4q. We will often identify thetransversal bundle �F with a complementary distribution E of L i.e., a split-ting of the exact sequence0! L = TF �! TM ��! �F ! 0:Almost hypercomplex and almost quaternionic structures can be de�nedsimilarly on vector bundles of rank 4q. Accordingly, they will be reductionsof the structure group of the bundle to G, where the group G = GL(q;H)for the almost hypercomplex structures andG = GL(q;H) � Sp(1) = GL(q;H)� Sp(1)�Idfor the almost quaternionic structures (H is the algebra of the quaternions).Furthermore, almost hyperhermitian and quaternion Hermitian structurescorrespond to the structure groups Sp(q) and Sp(q) � Sp(1), respectively.We will consider structures of these types on the transversal bundle �F ofa foliation F , and refer to them as transversal almost hypercomplex, transver-sal almost quaternionic, etc. structures of the foliation F . (Such structuressporadically appeared in the literature e.g., [12].)In what follows, we use Bott connections [4] D : �TM � ��F ! ��F : ABott connection is a connection on the transversal bundle �F which extendsthe partial connection �D: �L � ��F ! ��F given by(1:1) �DY s = �� [Y;Xs];where Y is a tangent vector �eld of the leaves of the foliation F , and Xsis any vector �eld on M such that ��Xs = s, s 2 ��F . (� always denotesspaces of global cross sections of vector bundles.) Notice that an identi�cation�F � E, where TM = E � L, implies the replacement of (1.1) by(1:10) �DY X = �[Y;X]; X 2 �E;� being the projection � : TM ! E.A Riemannian metric g splits TM = TF � T ?F , and we will take E =T?F � �F . Then, in particular, �D can be extended to a Bott connection D,3



by de�ningDX = ��rX (X 2 �E), wherer is the Levi-Civita connection ofg. For Riemannian foliations, this Bott connectionD is the unique torsionlessmetric connection of the normal bundle T?F � �F [11].1.1 De�nition. (a) A transversal almost hypercomplex structure H =(I1; I2; I3) of F is projectable if the partial connection �D preserves the struc-tures I�, i. e. �D I� = 0, � = 1; 2; 3.(b) A transversal almost quaternionic structure Q � End(�F) is projectableif �D preserves Q: �D Q � Q.The projectability condition of Q can be formulated in terms of localbases H = (I1; I2; I3). Namely, Q is projectable i�, for any choice of a localbasis H = (I1; I2; I3), there exist local 1-forms �; �;  such that:(1:2) �D I1 = �I2 + �I3; �D I2 = ��I1 + I3; �D I3 = ��I1 � I2:As a matter of fact, if equations of the type (1.2) hold for some choice of Hsimilar equations hold for any choice of H.If J 2 �End(�F) we may also see it as a cross section of EndE, and forY 2 �TF , s 2 ��F we have(1:3) ( �DY J)s = �DY Js� J �DY s = ��[Y; JXs]� J��[Y;Xs]for any Xs 2 �TM such that s = ��Xs. A cross section s is projectable if sprojects to a tangent vector �eld of any local space of slices of the foliation F[11]. From (1.3), it follows that J is projectable i� Js is projectable whenevers is projectable. Therefore, projectability in the sense of De�nition 1.1 (a)means that we have a structure which is the lift of almost hypercomplexstructures of the local slice spaces. The same is true in the case of De�nition1.1 (b) (see Proposition 3.1 later on).Accordingly, we will give1.2 De�nition. A projectable, transversal, almost hypercomplex or almostquaternionic structure of a foliation F is integrable if the projected structuresof the local slice spaces are hypercomplex or quaternionic, respectively.If integrability holds, the word almost will be omitted.4



2 ExamplesWe begin by an example of a foliation with a transversal almost hyper-complex structure. Let F be a transversally holomorphic foliation of realcodimension 2q on a manifold Np+2q. This means that, on N , there are localcoordinates (yu; za; �za), where (yu) are real coordinates, and (za) are complexcoordinates with holomorphic transition functions, such that F is de�ned byza = const:; �za = const: Furthermore, assume that g is a bundle-like Rie-mannian metric on N , which is F -transversally K�ahler i.e.,(2:1) g = ga�b(z; �z)dza 
 d�zb + g�ab(z; �z)d�za 
 dzb + � � � ;where the �rst two terms de�ne a K�ahler metric in the coordinates (z), andthe remaining (unexplicited) terms contain dyu. (In this paper, we use theEinstein summation convention.)Now, consider the manifoldM de�ned by the total space of the conormalbundle of the foliation F i.e., the annihilator of the tangent bundle TF . If Eis the g-orthogonal bundle of F , thenM = E�. OnM , there exists a naturallift F� of F such that the leaves of F� are covering spaces of the leaves ofF . Moreover, the local slice spaces of F� are cotangent bundles of K�ahlermanifolds. It is not di�cult to construct an almost hypercomplex structureon such a cotangent bundle. If we do this on the local slice spaces, theobtained structures glue up to a projectable almost hypercomplex structuretransversal to F�. The construction of the almost hypercomplex structureof the cotangent bundle of a K�ahler manifold was described in [23]. For thereader's convenience, we present here the previously mentioned transversalstructure of F� directly.As in [21, 22], let(2:2) �u = dyu + tuadza + �tuad�zabe a basis of the annihilator of E. Then, 8� 2 E� we have(2:3) � = �adza + ��ad�za;(yu; za; �za; �a; ��a) are local coordinates on M , and the system of equationsza = const:; �za = const:; �a = const:; ��a = const:5



de�nes the foliation F�. Obviously, F� is again a transversally holomorphicfoliation, and we will denote by I1 the corresponding transversal complexstructure. That is, I1 is a complex structure on the transversal bundle �F�which, in turn, may be identi�ed with the complementary bundle S of TF�given by the equations �u = 0 on M = E�. As usual, we may identify (S; I1)with the holomorphic part S1;0 of S 
R C.Then, S also has a canonical symplectic structure namely, if seen on M ,(2.3) is a 1-form which may be viewed as the F�-transversal Liouville form�, and �d� is the mentioned symplectic structure. When transferred to S1;0,these structures go to � = �adza and ! = dza ^ d�a, respectively.Furthermore, the Levi-Civita connection of the transversal K�ahlerian partof g yields a connection on E with a corresponding horizontal distributionH on E� given by [23](2:4) d�a � �cab�cdzb = 0; d��a � ��cab��cd�zb = 0;where the coe�cients � are the Christo�el symbols. The equations (2.4)completed by �u = 0 de�ne the horizontal partHS of the bundle S. Of course,S is tangent to the �bers of E� i.e., it contains the vertical distribution, sayV, of this bundle. As a matter of fact, we have S = HS � V.Now, continuing with the identi�cation (S; I1) � S1;0, we see that a newcomplex structure I2 of S can be obtained by asking(2:5) I2=HS = ]! � [g; I22 = �Id;where the musical isomorphisms are de�ned as in Riemannian geometry andthe bar denotes complex conjugation (of course, only the transversal part ofg is used).Finally, the same computations as in [23] show that (I1; I2; I3 := I1 � I2)is an almost hypercomplex structure on the vector bundle S, and this is theannounced exampleNow, we will describe two classes of examples of foliations with pro-jectable, transversal quaternionic structure, which come from 3-Sasakian andquaternion Hermitian-Weyl geometry, respectively (cf. [5, 6, 17, 18]).A triple (�1, �2, �3) of orthonormal Killing vector �elds on a (4q + 3)-dimensional Riemannian manifold (S; g) is said to de�ne a 3-Sasakian struc-ture if their brackets satisfy the identities[��; ��] = 2�6



((�; �; ) = (1; 2; 3) and cyclic permutations), and, furthermore, the dual1-forms �� = [g�� satisfy the equations(2:6) (rY��)Z = ��(Z)Y � g(Y;Z)��(� = 1; 2; 3) where r is the Levi-Civita connection of g, and �� = r�� 2End(TS).A manifold (S; g) with a 3-Sasakian structure is a 3-Sasakian manifold,and the vector �elds �1; �2; �3 span a foliation V of S. Furthermore, V isinvariant by the endomorphisms ��, and it has the orthogonal distributionE de�ned by �1 = 0; �2 = 0; �3 = 0. Therefore, E also is ��-invariant.Following Proposition 1.2.4 of [5], one has(��)2 = �I + �� 
 ��;and (I1 = ��1=E; I2 = ��2=E; I3 = ��3=E) is an almost hypercomplexstructure on the distribution E = T?F .Now, we will check that, although not every I1; I2; I3 is projectable, thevector bundle Q spanned by these structures is projectable (see also [5, 6])hence, the foliation V has a projectable, transversal quaternionic structure.Let X be a projectable cross section of E i.e., [��;X] 2 �TV for � =1; 2; 3. Then( �D�� ��)X = �[��;��X] = �(r��(��X) �r��X��)= �((r����)X + ��(r��X)� �� � ��X)(2:6)= �f��(rX�� + [��;X])� �� � ��Xg= (�� � �� � �� � ��)X = 2(1 � ���)�X;where if � 6= � then (�; �; ) is a cyclic permutations of (1; 2; 3). The lastequality holds because the structures I� satisfy the quaternionic identities.We recall that compact 3-Sasakian manifolds S4q+3 where the foliationV has all the leaves compact project onto a compact positive quaternionK�ahler orbifold N4q, and the leaves of V are homogeneous 3-dimensionalspherical space forms. In the case of a regular foliation V, the leaf spaceN4q is a positive quaternion K�ahler manifold. Thus, the simplest exampleof a foliation with projectable transversal quaternionic structure is the Hopf7



�bration S4q+3 ! HP q. An example of a 3-Sasakian manifold where V is notregular, but still all the leaves are compact, is the following. Consider theaction of Z3 on the sphere S7 = f(h0; h1) 2 H2 = h0�h0+h1�h1 = 1 g generatedby (h0; h1) 7! (e 2�i3 h0; e 4�i3 h1). This action preserves the 3-Sasakian structureof S7, therefore, the quotient Z3nS7 is a 3-Sasakian manifold, and its foliationV admits a projectable transversal quaternion K�ahler structure. In fact thisstructure projects to the orbifold Z3nHP 1 de�ned by the induced action ofZ3. We refer the reader to [5, 6] for all these facts.As a matter of fact, the projection on a quaternion K�ahler manifold alwaysholds locally (cf. [5], Theorem 2.3.4). This shows that the transversal almostquaternionic structure of the foliation V of an arbitrary 3-Sasakian manifoldalways is an integrable i.e., a quaternionic, structure.A second class of examples of foliations with a projectable transversalquaternionic structure is that of the locally conformal quaternion K�ahlermanifolds M4q+4. This means that M is endowed with an almost quater-nionic structure Q and a metric g, which is Hermitian with respect to thelocal compatible almost complex structures of Q, and such that, over someopen neighborhoods fUig which cover M (M = [iUi), g is conformally re-lated to local quaternion K�ahler metrics:gjUi = efig0i;where g0i is quaternion K�ahler on Ui and fi 2 C1(Ui).Such a structure de�nes the so called Lee 1-form !, where !jUi = dfi. !appears as a factor in the exterior di�erential d� = 2! ^ � of the K�ahler4-form � = P3�=1
� ^
�, where 
� are the K�ahler forms of the local bases(I�) (� = 1; 2; 3) of Q. In the compact case and if g is not globally conformalquaternion K�ahler, a result of P. Gauduchon yields a metric in the conformalclass of g such that its Lee form ! is parallel with respect to the Levi-Civitaconnection of the new metric [7, 17]. With this choice and the normalizationj!j = 1, the Lee vector �eld � := ]g!, and the local vector �elds �� = I��de�ne a 4-dimensional foliation V (cf. [17], Proposition 1.7) whose orthogonalbundle E has a quaternionic structure QE induced by the structure Q of M(again, see [17]).Moreover, the Lie derivative formulas of Proposition 1.7 of [17] allow foran easy veri�cation of the fact that�D� (QE) � QE; �D�� (QE) � QE;8



for any Bott connection D of E.Therefore, V is a foliation with a projectable transversal almost quater-nionic structure. Moreover, it follows from the proof of Theorem 5.1 of [17]that this transversal structure is, in fact, integrable.It is easy to give examples where the foliation V is not a �bration overan orbifold. The simplest examples of locally conformal hyperk�ahler (hence,implicitly, quaternion K�ahler) manifolds are quotients (H2 � f0g)=Z, whereZ is an in�nite cyclic group which preserves the metric g = (h0�h0+h1�h1)�1g0,conformal to the standard at metric g0. If we take Z generated by (h0; h1) 7!(2h0; 2ep2�ih1), we get a foliation V with non compact leaves. Thus, noorbifold structure is obtained on the leaf space. However, the transversalquaternionic structure of the foliation V de�ned above is still projectable.(See [17] for more explanations.)3 ProjectabilityIn this section we continue to use the notation of Section 1, and we discussthe notion of projectability of a transversal almost quaternionic structureQ � End(�F) introduced by De�nition 1.1.3.1 Proposition. The almost quaternionic structure Q � End(�F) is pro-jectable i� Q has local compatible, projectable, almost hypercomplex struc-tures (J�) (� = 1; 2; 3).Proof. Since local systems (I1; I2; I3), (J1; J2; J3) of Q-compatible almosthypercomplex structures are SO(3)-related, it follows that if �D J� = 0 then�D I� are given by expressions of the type (1.2), i. e. Q is projectable.Conversely, since �D is a at partial connection [4, 11], the condition �D Q �Q insures that �D induces a at partial connection on the vector bundleQ. Accordingly, frames J1; J2; J3 which are parallel with respect to �D (i.e.,�D J� = 0) can be constructed. Namely, if V is a local transversal submanifoldof F , we �x J� along V then, translate them parallely along the local slicesof F , with respect to an arbitrary Bott connection. Q.e.d.If a decomposition TM = E � L is chosen, �F is isomorphic with thesubundle E of TM , and the following tensorial projectability criterion of an9



almost complex structure J of E (i. e., �D J = 0) holds. Let ~J be theendomorphism of TM de�ned by(3:1) ~J(X) = ( JX; for X 2 �E;0; for X 2 �L;and consider the Nijenhuis tensor(3:2) N ~J (X1;X2) = [ ~JX1; ~JX2]� ~J[ ~JX1;X2]� ~J [X1; ~JX2] + ~J2[X1;X2];where X1;X2 2 � TM . Then the almost complex structure J is projectablei� N ~J j�L��TM � 0:This is easily checked, by using the fact that N ~J is a tensor. Indeed,consider the vector �elds Y 2 �L;X 2 �TM , extensions of Yp 2 TpF andXp 2 TpM (p 2 M); generality is not a�ected if we assume X projectable,which, hereafter, we will denote by X 2 �prTM , and which means that8Y 2 �L, [Y;X] 2 �L. Then,(3:3) N ~J(Yp;Xp) = N ~J (Y;X)=p = �f ~J([Y; ~JX]� ~J[Y;X])g=p= �J�[Y; ~JX]p = �J( �DY J)�X=p:Hence, N ~J (Y;X) = 0 if and only if ( �DY J)X = 0 , as stated.From (3.3), we also notice that, 8Y 2 �L;8X 2 �E, N ~J(Y;X) takesvalues in E.It follows that an almost hypercomplex structure H = (I1; I2; I3) on E ��F is projectable i� one has N~I�(Y;X) = 0 for Y 2 �L;X 2 �TM , � =1; 2; 3.This assertion can be rephrased by using a unique tensor T ~H : TM �TM ! TM de�ned as follows. Recall that for an almost hypercomplexstructure H = (I1; I2; I3) on a manifoldM4q, a structure tensor is de�ned by(3:4) TH = 16 3X�=1NI� ;the torsion of the Obata connection on M ([1], pp. 239-241). In our case,the almost hypercomplex structure H = (I1; I2; I3) is only de�ned on a com-plementary distribution E of the tangent bundle L of the 4q-codimensional10



foliation F . But, we may take the triple ~H = (~I1; ~I2; ~I3) de�ned as in (3.1),and de�ne the structure tensor(3:5) T ~H = 16 3X�=1N~I� :The following formula, where Y 2 �L;X 2 �TM , and � = 1; 2; 3, is aconsequence of (3.5)(3:6) N~I�(Y;X) = 32fT ~H(Y;X) + ~I�T ~H(Y; ~I�X)g:It follows:3.2 Proposition. The almost hypercomplex structure H = (I1; I2; I3) de-�ned on the transversal bundle �F of the foliation F of Mp+4q is projectablei� T ~HjTF�TM is zero.Using the tensor (3.5), we can also show another interesting fact namely,3.3 Proposition. If the foliation F has a projectable, transversal, almosthypercomplex structureH, there exists a projectable connection of �F whichpreserves the structure H.Proof. We recall that a Bott connection r of �F is projectable if rX1X2is projectable 8X1;X2 2 �prE. The stated result will be proven by writingdown analogs of connections de�ned by Oproiu and Obata. First, let usde�ne a Bott connection rH i.e., rHY = �DY given by (1.10) (Y 2 �L), byadding the equation [16, 1](3:7) rHX1X2 = 112� X(�;�;)�~I�[I�X1; IX2] + ~I�[I�X2; IX1]�+16 �X� �~I�[I�X1;X2] + ~I�[I�X2;X1]�+ 12�[X1;X2];where X1;X2 2 �E, P(�;�;) denotes the sum over the cyclic permutationsof (1; 2; 3), and � : TM ! E is the natural projection. rH is a projectableconnection of �F . It does not preserve H but, if we correct (3.7) by de�ning[13, 1](3:8) DHX1X2 = rHX1X2 + 12�T ~H(X1;X2); X1;X2 2 �E;11



we get a connection as required by the proposition. The projectability of theadditional term of (3.8) follows from (3.2) since, if J of (3.2) is projectablethen 8X1;X2 2 �prE, N ~J(X1;X2) has a projectable transversal part. Q.e.d.The connection DH of (3.8) will be called the Bott-Obata connection, andfor its torsion we getTDH(X1;X2) := DHX1X2 �DHX2X1 � �[X1;X2] = �T ~H(X1;X2);8X1;X2 2 �E.Proposition 3.3 shows that, generally, there are obstructions to the exis-tence of a projectable, transversal, hypercomplex structure of a foliation F .One such obstruction is, of course, the Atiyah class of F , since the Atiyahclass is the obstruction to the existence of a projectable, transversal connec-tion [11]. Sometimes, it is also possible to detect secondary characteristicclasses.Let F be a foliation of codimension 4q onMp+4q, which has a projectable,transversal almost complex structure I1. Then there exist Bott connectionsr which preserve I1. Indeed, for any Bott connection rY I1 = 0 for allY 2 �L, and the existence of r with rXI1 = 0 for all X 2 �E follows inthe same way as the existence of, say, an almost complex connection on analmost complex manifold. Moreover, if we also choose a Riemannian metricg on M such that g=E is I1-Hermitian, we can get r as above which alsosatis�es rX(g=E) = 0, 8X 2 �E.Accordingly, as in the classical Bott vanishing theorem [4], we have:Chern2k(E; I1) = 0 if k > 4q;where Chern2k denotes elements of cohomological degree 2k in the ring gen-erated by the real Chern classes. More exactly the representative di�erentialforms of these classes in terms of the curvature forms of r vanish.Now, assume that I1 can be completed by I2, I3 to a (not necessarilyprojectable) transversal almost hypercomplex structure, with an almost hy-perhermitian metric g. Then, the odd dimensional Chern classes c2h+1(E; I1)vanish, since their representative di�erential forms in terms of the curva-ture of an almost hyperhermitian (not necessarily Bott) connection D areC2h+1(D) = 0 (cf. [10], vol. II, p. 304).Thus, if 2h+ 1 > 4q, and if the connections r;D are as above, we haveC2h+1(r)� C2h+1(D) = d(�(h)(r;D)) = 0;12



where �(h) are the Bott comparison forms [4], and we get cohomology classes[�(h)(r;D)] 2 H4h+1(M;R) (h � 2q)which are well de�ned and independent of the choice of the connectionsr;D.These precisely are the secondary classes that we mentioned. They are ob-structions to the existence of a projectable almost hyperhermitian transver-sal structure with the given almost complex component I1 since, if sucha structure exists, we may use equal connections D = r, in which case�(h)(r;D) = 0.Next, assume that Q � End E is a transversal almost quaternionic struc-ture of a foliation F . In order to get a tensorial criterion for the projectabilityof Q, we look at the extension ~Q � End(TM) of Q de�ned by extending eachS 2 Q to ~S 2 EndTM by ~S=L = 0. Recall that the structure tensor TQ ofan almost quaternionic structure Q of a manifoldM4q is de�ned by(3:9) TQ(X1;X2) = TH(X1;X2) + 3X�=1[(��X1 )I�X2 � (��X2 )I�X1];where X1;X2 2 �TM , H = (I1; I2; I3) is any local basis of Q, and��X = 14q � 2 tr [(I� TH)(X;�)]; X 2 �TM(cf. [1], p. 244). Both TH and TQ are invariant by a change of the localbasis H since such a change is via an SO(3)-matrix and the sums on � whichenter in the expressions of TH; TQ behave like scalar products in R3.In our situation, Q is de�ned only on the complementary distribution Eof L = TF , and a suitable extension T ~Q of TQ (i.e., T ~Q(X1;X2) is given by(3.9) with TH replaced by �T ~H, if X1;X2 2 �E) will result from3.4 Proposition. The transversal almost quaternionic structure Q of thefoliation F on Mp+4q is projectable i� there exists a local basis H of Q suchthat(3:10) T ~H(Y;X) = 3X�=1��(Y )~I�X (Y 2 �L; X 2 �TM)for some leafwise 1-forms �� on M . 13



Proof. If (3.10) holds, then, 8X 2 �E; 8Y 2 �L, (3.3) and (3.6) yield�I�( �DY I�)X = N~I�(Y;X) = 32fT ~H(Y;X) + ~I�T ~H(Y; ~I�X)g == 32( 3X�=1��(Y ) I�X + I� 3X�=1��(Y ) I�(I�X))(�; � = 1; 2; 3), whence(3:11) ( �DY I�)X = 32 3X�=1��(Y )(I� I�X � I� I�X):Since the structures I� satisfy the quaternionic identities, (3.11) shows thatQ is a projectable structure (compare with (1.2)).Conversely, if Q is projectable then, 8Y 2 �L; 8X 2 �prE, (1.2) and(3.3) imply N~I1(Y;X) = ��(Y )I3X + �(Y )I2X;and similarly: N~I2(Y;X) = ��(Y )I3X � (Y )I1X;N~I3(Y;X) = �(Y )I2X � (Y )I1X:Accordingly, (3.5) yieldsT ~H(Y;X) = �13[(Y )I1 � �(Y )I2 + �(Y )I3]X;which is (3.10) for X 2 �E. For X 2 �L, (3.10) is just 0 = 0. Q.e.d.Moreover, by taking into account that tr I� = 0, we get�(Y ) = 34q tr fI3T ~H(Y;�)g; �(Y ) = � 34q tr fI2T ~H(Y;�)g;(Y ) = 34q tr fI1T ~H(Y;�)g;where the missing argument is in �E.Therefore, the coe�cients of (3.10) must be �; �; , and we have to de�nethe extension of TQ by asking T ~Q(Y1; Y2) = 0 for Y1; Y2 2 �L, and(3:12) T ~Q(Y;X) = T ~H(Y;X) + 3X�=1 ��(Y )I�X;14



for Y 2 �L;X 2 �E, where(3:13) ��(Y ) = (1=4q)tr [(I� T ~H)(Y;�)]:This T ~Q is independent of the choice of the local basis H for the same reasonTQ was.Accordingly, we see that Proposition 3.4 is equivalent to3.5 Proposition. The almost quaternionic structure Q, transversal to thefoliation F of Mp+4q, is projectable i� T ~QjTF�TM vanishes.Formula (3.11) gives a geometric meaning to the 1-forms �� of (3.13) inthe case of a projectable structure Q. Namely, they are local connectionforms of �D restricted to Q. In particular, if the triple (I1; I2; I3) consists ofprojectable structures, one has �� = 0.It is also interesting to notice that T ~Q(X1;X2) (X1;X2 2 �E) can berelated with the torsion of some well chosen Bott connections. First, all theQ-preserving Bott connections on E are given by(3:14) rQX1X2 = ( �[X1;X2]; for X1 2 �L;rOpX1X2 for X1 2 �E;where rOp denotes the connection de�ned by Oproiu's formula ([15], p. 295)(3:15) rOpX1X2 = rX1X2 + 3X�=1f14(rX1I�)I� + 12��(X1)I�gX2+14fAX1X2 �X� I�AX1(I�X2)g (X1;X2 2 �E):In (3.15) r is an arbitrary Bott connection on E, H = (I1; I2; I3) is a localcompatible almost hypercomplex structure, AX1 is an arbitrary endomor-phism of E, and �� (� = 1; 2; 3) are arbitrary 1-forms on M .Now, let us �x a connection 1r among those given by (3.14), (3.15). Fol-lowing [1], p. 244, 1r has an associated Bott-Oproiu connection(3:16) Op 1rX= 1rX + 3X�=1('� + 13' � I�)(X)I� � 14(AX � 3X�=1 I�AXI�);15



where'�(X) = 14q � 2 tr(I�TX); ' = 3X�=1'��I�; AX = TX+13 3X�=1TI�X�I�; X 2 �M;T being the torsion of 1r, and TX the endomorphism of E obtained by �xingthe �rst argument of the torsion as X.Then, the same computations as in [1] show that the tensor T ~Q and thetorsion of the Bott-Oproiu connections are related by the formulaTOp 1r(X1;X2) = �T ~Q(X1;X2); X1;X2 2 �E;which is the result we wanted to mention.Finally, let us also note that, as a consequence of (3.9), ifQ is a projectablestructure, �T ~Q is a projectable tensor �eld.4 IntegrabilityConsider an almost hypercomplex structure H = (I1; I2; I3), respectively analmost quaternionic structureQ transversal to a foliation F of codimension 4qon a manifoldMp+4q. By De�nition 1.2, the integrability of H and Q includesprojectability. It is natural to ask whether integrability can be recognizedby means of the structure tensors T ~H and T ~Q, de�ned by formulas (3.5) and(3.9).4.1 Proposition. H, respectively Q, is integrable i� its structure tensorT ~H , respectively T ~Q, takes values in the tangent bundle L = TF .Proof. If H (respectively Q)is projectable, as seen in Section 3, � � T ~H(respectively � � T ~Q) projects to the local slice spaces, and, clearly, theprojection is the torsion tensor of the corresponding almost hypercomplex(quaternionic) structures of these slice spaces. Accordingly, the statementfollows by De�nition 1.2 and by the fact that TH = 0 (respectively TQ = 0)is the integrability condition for H (respectively Q) on manifolds. Q.e.d.Now, we will discuss another aspect concerning transversal quaternionic(i.e., integrable, almost quaternionic) structures Q of a foliation. The inte-grability of Q is equivalent to the existence of an open coveringM = [a2AUa16



(A is an arbitrary set) such that one has local, torsionless, projectable con-nections Da of E=Ua which preserve Q=Ua. These connections can be gluedtogether by means of a partition of unity. The resulting global connectionis then a torsionless, Q-preserving, Bott connection but, generally, it is notprojectable. As a matter of fact, we already have explicit expressions of suchconnections namely, the Bott-Oproiu connection of any Q-preserving Bottconnection has a vanishing torsion because of Proposition 4.1. We write thisresult as4.2 Proposition. If the foliation F admits a transversal quaternionic struc-ture Q, then F admits a Q-preserving, torsionless, Bott connection D on itstransversal bundle.On the other hand, from the system of local connections Da above, wecan build a �Cech 1-cocycle, as follows. The di�erences(4:1) � ab(X;Y ) = DaXY �DbXY (X;Y 2 �E; a; b 2 A)are projectable cross sections of the foliated vector bundle Hom(E �E;E),where � denotes the symmetrized tensor product. Symmetry comes fromthe fact that the connections Da have no torsion. Furthermore, if we denote(4:2) � abX = DaX �DbX ; X 2 �TM;we obtain (EndE)-valued 1-forms � ab 2 �1(Ua\Ub; EndE), and � abX (Q) � Q.Let us denote by EndQE � EndE the subbundle of Q-preserving endo-morphisms, and notice the injections of vector bundlesi : Hom(E � E;E)! Hom(TM 
 TM;E);j : �1(M;EndE)! Hom(TM 
 TM;E);where i extends a tensor de�ned on arguments in E to one with argumentsin TM by giving it the value 0 if an argument is in L, andj(�)(X1;X2) := �(X1)�X2; X1;X2 2 �TM:The integrability of Q implies that the (EndE)-valued 1-forms � de�nedby (4.2) are projectable cross sections of the vector bundle j�1(i(Hom(E �E;E)) over Ua \ Ub: Thus, the forms � ab may be seen as a 1-cocycle with17



values in the sheaf S of germs of projectable cross sections of the vectorbundle j�1(i(Hom(E �E;E)) on M . Of course, S is a subsheaf of germs ofprojectable (EndE)-valued 1-forms on M .Correspondingly, we have a cohomology class [� ]S 2 H1(M;S) associatedwith the structure Q, which we call the integrability class of Q.The integrability class can be handled as follows. The splitting TM =E�L yields a natural bigrading, called F -type, of the spaces of vector �eldsand di�erential forms (our convention is to write the E-degree �rst), and adecomposition of the exterior di�erential(4:3) d = d0(1;0) + d00(0;1) + @(2;�1);where the indices denote the type of the operators, and d00 is di�erentiationalong the leaves of F [21, 22]. Following the de Rham type Theorem 4 of[22], p.217, [� ]S is the d00-cohomology class of a (1; 0)-form with values inj�1(i(Hom(E � E;E)). Namely, put(4:4) � ab = � a � � b;where � a 2 �1;0(Ua; EndE) \ �(j�1(i(Hom(E � E;E))=Ua):Then, since � ab are projectable forms, the local forms d00� a glue up to a globald00-closed form T , and this is the required representative form of [� ]S.4.3 Proposition. Let Q be a transversal quaternionic structure of the foli-ation F . Then, a torsionless, projectable, transversal connection of F whichpreserves Q exists i� [� ]S = 0 i.e., i� T is d00-exact.Proof. [� ] = 0 i� one can get relations (4.4) where the local forms � a; � b areprojectable. If this happens, the operator(4:5) D = Da � � a (a 2 A)yield a global projectable connection on E which preserves Q. Conversely, ifD exists, � a = Da �D are projectable, and satisfy (4.4). Q.e.d.Notice that the (possibly non projectable) connection D of (4.5) existsfor any integrable structure Q. From (4.5) and the projectability of Da itfollows that T is the (1; 1)-part of the curvature form of D hence, T alsorepresents the Atiyah class of F [11]. This proves18



4.4 Proposition. The Atiyah class of a transversally quaternionic foliationbelongs to ��(H1(M;S)), where � is the inclusion of S into the sheaf of germsof projectable 1-forms with values in EndE.In view of the above results, the following terminology is natural. A pro-jectable, almost quaternionic transversal structure of a foliation will be calledsemi-integrable if it is preserved by a global, torsionless Bott connection, andit will be called strongly integrable if it is preserved by a global, torsionless,projectable, Bott connection.5 The transversal twistor space of (F ; Q)Let F be a foliation of codimension 4q on the manifoldMp+4q, endowed witha projectable almost quaternionic structure Q with local bases (I1; I2; I3) onthe transversal bundle �F = TM=TF , and let TM = E � L (L = TF) be achosen splitting, allowing us to transfer structures between �F and E.Similarly to the case of quaternionic manifolds, we de�ne the transversaltwistor space of F by:(5:1) ZF = fJ 2 Q; J = �1I1 + �2I2 + �3I3; �21 + �22 + �23 = 1g;i.e., ZF is the sphere bundle associated with the Euclidean vector bundle Q,where the metric of Q is that which makes the compatible almost hypercom-plex structures (I1; I2; I3) orthonormal bases.The quaternionic structureQ reduces the structure group of E toGl(q;H)�Sp(1), and there exists a corresponding principal bundle � : B(E;Q)!M ofquaternionic frames (bases). A frame b 2 B(E;Q) may be identi�ed with anisomorphism B : (R4q; Io1; Io2 ; Io3)! E, where the left hand side is equivalentto the left quaternionic space Hq, such that:(5:2) B�1 �H �B = H0 �A; H = ( I 1I2I3) ; H0 = ( I o1Io2Io3) :In (5.2), H is an arbitrary almost hypercomplex local basis of Q seen as a linematrix,H0 is the canonical basis ofHq seen as a line matrix, the composition� is for each element of the line, dot is matrix multiplication, and A 2 SO(3).Accordingly, we may see a quaternionic frame as(5:3) b = (bi; bi0 = I1bi; bi� = I2bi; bi0� = I3bi)qi=119



where (bi) is the image by B of the canonical basis of Hq over H.From formula (5.2) we see that the structure group of the principal bundleB(E;Q) appears as(5:4) Gl(q;H)�Sp(1) � f� 2 Aut(R4q)= ��1�H0�� = H0 �A; A 2 SO(3)g;and the corresponding Lie algebra gl(q;H)� sp(1) is isomorphic to(5:5) f� 2 End(R4q)= H0 � �� � �H0 = H0 � �; � 2 so(3)g;(cf. [19], p. 595).For further use, we notice that the dual coframe of b is of the form(5:6) � = (�i; �i0 = ��i � I1; �i� = ��i � I2; �i0� = ��i � I3)qi=1where �i(bj) = �ij.Then, b provides the complex frame (bi; bi�) of (E; I1) with the dualcoframe (�i; �i�). As a complex vector bundle, (E; I1) is isomorphic to theholomorphic part of E
C, and it is well known that the corresponding basisof this holomorphic part is(5:7) ci = I+1 bi; ci� = I+1 bi�where:(5:8) I+1 = 12(Id�p�1I1):The dual complex cobasis is:(5:9) i = �i +p�1�i0; i� = �i� +p�1�i0�:5.1 Proposition. B(E;Q) is a foliated principal bundle over (M;F).Proof. A foliated structure on a principal bundle is a maximal local trivial-ization atlas with projectable transition functions e.g., [11, 25]. Consider reallocal bases of E which have projectable transition functions. Then, there ex-ists local bases of E over H which consist of some of the vectors of the givenbases, and their images by the operators (I1; I2; I3) which span Q. Clearly,if we choose a projectable triple (I1; I2; I3) (which is possible because of the20



projectability of Q) the corresponding H-bases will also have projectabletransition functions. Q.e.d.Now, from formulas (5.3) and (5.6) it follows thatI1 = qXi=1(bi0 
 �i � bi 
 �i0 � bi� 
 �i0� + bi0� 
 �i�);(5:10) I2 = qXi=1(bi� 
 �i � bi0� 
 �i0 � bi 
 �i� + bi0 
 �i0�);I3 = qXi=1(bi0� 
 �i + bi� 
 �i0 � bi0 
 �i� � bi 
 �i0�);and these formulas de�ne a projection:(5:11) �Q : B(E;Q)! B(Q);where B(Q) is the SO(3) principal bundle of the positive orthonormal basesof Q.Furthermore, we may also consider the projection(5:12) �Z : B(Q)! ZFde�ned by �Z(I1; I2; I3) = I1.Clearly, �Q is a principal �bration with structure group GL(q;H), �Zis a principal circle bundle, and �M : ZF ! M is an associated bundle ofB(Q)!M with group SO(3), and �ber SO(3)=SO(2) = S2.Furthermore, as a consequence of Proposition 5.1 we have5.2 Corollary. There exists a lift eF of F to B(E;Q), and �Z � �Q maps~F onto a foliation bF of the twistor space ZF . The leaves of ~F and bF arecovering spaces of the leaves of F .Proof. A slice of ~F through b 2 B(E;Q) appears as the result of thetranslation of b along a slice of F through �(b) 2M by the linear holonomyof F . And, a slice of bF is the result of the projection of the previous slice of~F by �Z � �Q [11]. Q.e.d.In what follows we will derive local tangent cobases of the manifold ZF .We begin by looking at the (GL(p;R) � (GL(q;H)�Sp(1)))- principal bundleB(M;Q), consisting of all the tangent bases ofM which are of the form (a; b),21



a being a frame of L, and b a frame of the form (5.3) in E. The mapping(a; b)! b is a GL(p;R)-principal �bration�B : B(M;Q)! B(E;Q):On B(M;Q), there exists the canonical 1-form [10] which, in our case,has the scalar components, say(5:13) �u; �i; �i0; �i�; �i0�;where u = 1; :::; p; i = 1; :::; q, and the forms � are as in formula (5.6). Fromthe known condition [10]:(5:14) R�g  �� ! = g�1 �  �� ! ;where �; � are the columns with the entries de�ned by (5.13), and g 2GL(p;R) � (GL(q;H) � Sp(1)), it easily follows that the pullbacks of theforms � by local cross sections of �B are global 1-forms on B(E;Q) (thetransversal canonical 1-form, see [11]), while the pullbacks of �u yield somelocal 1-forms. In this paper, the pulling back sections will not be writtenexplicitly. Overall, we get p + 4q independent horizontal (i.e., vanishing onthe �bers) 1-forms on B(E;Q)Formula (5.14) implies that for any g 2 GL(q;H) � Sp(1), and for thecorresponding right translation of the principal bundle B(E;Q), one has(5:15) R�g� = g�1 � �:In particular, if g 2 GL(q;H), theH-version of formula (5.15) yields righttranslation formulas of (�i), (�i0), (�i�), (�i0�) separately. Accordingly, if theforms � are pulled back by local cross sections of �Q, one gets local 1-formson B(Q) such that each of the four sets of forms above has transition relationsof its own i.e., the annihilator of each set is invariant. These pullbacks, andthose of (�u) yield p+4q independent horizontal [10] local 1-forms on B(Q).Then, the same forms will be pulled back to ZF by local cross sections of�Z. Since the composition �Z ��Q has right translations which only preservethe complex structure I1, the 1-forms obtained in the end on ZF have righttranslation equations which only preserve the annihilator of the sets fi; i�g,f�i; �i�g, de�ned by formula (5.9). 22



Finally, after we make a choice of E, the column of the forms �u also hasan invariant annihilator.The continuation of the building of nice cobases on ZF is by �xing aQ-preserving Bott connection D de�ned by a 1-form $ with values in theLie algebra (5.5) on B(E;Q). Then, $ induces an so(3)-valued connectionform ! on B(Q) by means of the relation:(5:16) H0 �$ �$ �H0 = H0 � !:Of course, both $ and ! vanish on the leaves of the lifted foliations of F toB(E;Q) and B(Q), respectively. Since we see ZF as a quotient of B(Q), itis the form ! which will be of interest.The 1-forms �; �; ! provide local tangent cobases on B(Q), and if we lookat the symmetric decomposition(5:17) so(3) = so(2) +m; ! = �+  ;where(5:18) ! = 0B@ 0 a b�a 0 c�b �c 0 1CA ; � = 0B@ 0 0 00 0 c0 �c 0 1CA ;  = 0B@ 0 a b�a 0 0�b 0 0 1CA ;we see that  is a horizontal form on the principal �bration B(Q) ! ZF .Thus:5.3 Proposition. The pullbacks of the local 1-forms�u; �i; �i0; �i�; �i0�; a; bto ZF by local cross sections of �Z are local tangent cobases of the manifoldZF . Except for �u, all these forms are of the bF -type (1; 0) and the systemof equations �u = 0 is invariant, and it de�nes a complementary subbundlebE of bL = T bF in the tangent bundle TZF . Moreover, the following systemof equations also are invariant by the transition functions of these cobases,and de�ne subbundles of TZF 
R C:(C1) �u = 0; i = 0; i� = 0; � := a+p�1 b = 0;(C2) �u = 0; i = 0; i� = 0; �� = 0:23



Proof. The only thing which has not yet been proven is the invariance ofthe equation � = 0. For this, we recall the formula [10](5:19) R�! = �1!  2 SO(3):In particular, if  = 0B@ 1 0 00 cos� sin�0 � sin� cos� 1CA 2 SO(2);we get R�(a; b) = (a cos �� b sin �; a sin�+ b cos �)hence,(5:20) R�� = �(cos �+p�1 sin�):Q.e.d.The last part of Proposition 5.3 means that we have5.4 Theorem. The normal bundle � bF � bE is equipped with two almostcomplex structures J1, J2 which have C1, C2, respectively, as bundles of anti-holomorphic vectors.6 Projectability conditions on ZFIn this section we �nd the conditions which ensure that the almost complexstructures J1, J2 are bF-projectable structures. It was proven in [25] that theprojectability conditions are d00A� = 0 (mod. A�) where A� = 0 are theequations of C1 and C2, except for �u = 0, respectively, and d00 is the bF -leafwise di�erential as �xed by the complementary subbundle bE (see (4.3)).From the de�nition of the canonical form [10, 11], and if we use projectablelocal bases (I1; I2; I3) of Q, it follows that, on ZF , the forms � of (5.13) andthe corresponding  of (5.9), are bF -projectable. Hence, d00i = 0, d00i� = 0,which agrees with the above mentioned projectability condition.As a matter of fact, we can write down explicit formulas for the di�eren-tials di; di�, and we do so since the formulas will also be needed later on.24



The required di�erentials are given by the torsion-structure equations of $,which may be written on M and, then, lifted to B(E;Q) or ZF .Let us start with a local basis (I1; I2; I3) of Q where the induced connec-tion ! has the equations(6:1) DI1 = aI2+ bI3; DI2 = �aI1+ cI3; DI3 = �bI1 � cI2:This basis can be used to de�ne the frames of (5.3) whence, we see that thelocal equations of $ can be written as(6:2) Dbi = 0$ji bj+ 1$ji bj0+ 2$ji bj�+ 3$ji bj0�;Dbi0 = � 1$ji bj+ 0$ji bj0 � ( 3$ji �a�ji )bj� + ( 2$ji +b�ji )bj0�;Dbi� = � 2$ji bj + ( 3$ji �a�ji )bj0+ 0$ji bj� � ( 1$ji �c�ji )bj0�;Dbi0� = � 3$ji bj � ( 2$ji +b�ji )bj0 + ( 1$ji �c�ji )bj�+ 0$ji bj0�:Corresponding to these connection equations, there are classical torsionstructure equations which provide the di�erentials d�i; d�i0; d�i�; d�i0� [10,25], and these equations give us the required formulas(6:3) di = h ^ ( 0$ih +p�1 1$ih)� h� ^ ( 2$ih �p�1 3$ih)+p�12 (� ^ �i� + �� ^ i�) + i � TD;(6:4) di� = h ^ ( 2$ih +p�1 3$ih) + h� ^ ( 0$ih �p�1 1$ih)+p�12 � ^ (i � �i) �p�1c ^ i� + i� � TD;where TD is the torsion of the connection $.Since TD vanishes if one of its arguments is in L, we again see that di,di� do not contain terms in �u. This is another way to justify the equalitiesd00i = 0, d00i� = 0 i.e., the fact that the forms i; i� are bF -projectable1-forms.Now, we must also compute d�. First, the structure equations of ! on Qare:(6:5) d! + ! ^ ! = 
;25



where, say, 
 = 0B@ 0 A B�A 0 C�B �C 0 1CAis the curvature matrix of !. The entries of 
 are de�ned by(6:6) da = b ^ c+A; db = �a ^ c+ B; dc = a ^ b+ C;whence,(6:7) d� = �p�1� ^ c+ (A+p�1B):The 2-forms A, B are related to the curvature operator RD of D. Wecould obtain this relation by di�erentiating (5.16), but we prefer to proceedas follows. If � 2 �End E is seen as a 0-form with values in End E, and if wedenote byD the covariant exterior di�erential associated with the connection$ of E, it is easy to get (cf. [9], Section 11.15)(6:8) D2�(X1;X2) = [RD(X1;X2);�] := RD(X1;X2)�����RD(X1;X2):By applying this formula to I1; I2; I3 and using (6.1) we get(6:9) AI2 + BI3 = [RD; I1];�AI1 + CI3 = [RD; I2];�BI1� CI2 = [RD; I3]In order to solve equations (6.9), we use the canonical Euclidean metric< ; >Q of the SO(3)-vector bundle Q, while identifying the Lie algebraso(3) with the Euclidean space R3. Then, < ; >Q corresponds to the scalarproduct, and composition of endomorphisms, elements of Q, to the vectorproduct of vectors of R3. The solutions are(6:10) A = < I2; [RD; I1] >Q;B = < I3; [RD; I1] >Q= � < I2; I1 � [RD; I1] >Q;C = < I3; [RD; I2] >Q :Accordingly, (6.7) becomes(6:11) d� = �p�1� ^ c+ < I2; [RD; I1] +p�1[RD; I1] � I1 >Q :26



Now, the projectability conditions left are(6:12) d00� = 0 (mod: i; i�; �) for J1;d00� = 0 (mod �i; �i�; �) for J2:With (6.7), the meaning of the projectability conditions (6.12) is(6:13) (A+p�1B)(ci; Y ) = 0; (A+p�1B)(ci�; Y ) = 0; for J1;(6:14) (A+p�1B)(�ci; Y ) = 0; (A+p�1B)(�ci�; Y ) = 0; for J2;correspondingly, where (ci; ci�) were de�ned in (5.7), and Y 2 �L.Since for any vector X 2 �E, I+1 X can play the role of ci for one frame,and of ci� for another frame, and I�1 X := I+1 X can play the role of (�ci; �ci�),respectively, the projectability conditions become(6:15) (A+p�1B)(X �p�1I1X;Y ) = 0;(6:16) (A+p�1B)(X +p�1I1X;Y ) = 0;for J1 and J2, respectively, and where X 2 �E, Y 2 �L.If the real and imaginary parts are separated, this means(6:17) < I2; [RD(X;Y ); I1] + [RD(I1X;Y ); I1] � I1 >= 0;< I2; [RD(I1X;Y ); I1]� [RD(X;Y ); I1] � I1 >= 0;for J1, and(6:18) < I2; [RD(X;Y ); I1]� [RD(I1X;Y ); I1] � I1 >= 0;< I2; [RD(I1X;Y ); I1] + [RD(X;Y ); I1] � I1 >= 0;for J2.Now, if the basis (I1; I2; I3) of Q is changed to (I1;�I3; I2), the sameconditions will hold for I3 instead of I2, which means that we have to replacethe projectability conditions of J1 by[RD(X;Y ); I1] + [RD(I1X;Y ); I1] � I1 = �I1;(6:19) [RD(I1X;Y ); I1]� [RD(X;Y ); I1] � I1 = �I1;27



and those of J2 by[RD(X;Y ); I1]� [RD(I1X;Y ); I1] � I1 = �0I1;(6:20) [RD(I1X;Y ); I1] + [RD(X;Y ); I1] � I1 = � 0I1;where, in fact, I1 is any S 2 Q, S2 = �Id. Furthermore, if we take thetrace in (6.19), (6.20), we get � = � = �0 = � 0 = 0: Then, in both (6.19)and (6.20), the second relation is the �rst composed by I1. Therefore, theprojectability conditions reduce to[RD(X;Y ); S] + [RD(SX; Y ); S] � S = 0; for J1;(6:21) [RD(X;Y ); S]� [RD(SX; Y ); S] � S = 0; for J2:Since these conditions are tensorial, it su�ces to write them for a pro-jectable cross section S of Q, and a projectable vector �eld X. UsingRD(X;Y ) = [DX;DY ]�D[X;Y ]we get(6:22) DY (DXS)� SDY (DSXS) = 0; for J1;DY (DXS) + SDY (DSXS) = 0; for J2:These formulas give us the �nal form of the projectability conditions:6.1 Theorem. (a) the structure J1 is projectable i� 8X 2 �prE and forany projectable cross section S of Q the endomorphism DXS � SDSXS isprojectable.(b) the structure J2 is projectable i� 8X 2 �prE and for any projectablecross section S of Q the endomorphism DXS + SDSXS is projectable.(c) J1 and J2 are both projectable i� the connection induced by D in Q isprojectable.7 Integrability conditions on ZFNow, let us assume that we are in the case where J1, J2 are both projectable,and study the integrability of these structures.28



In this case, and if we use projectable local bases (I1; I2; I3) of the pro-jectable, transversal, almost quaternionic structure Q, i; i� and � are eF -projectable (see (6.3), (6.4) and Theorem 6.1 (c)), and it remains to ask that,for arguments in E, one had(7:1) di = 0; di� = 0; d� = 0 (mod: i; i�; �)for J1, and(7:2) di = 0; di� = 0; d�� = 0 (mod: i; i�; ��)for J2.From (6.4), we see that (7.2) never holds. Thus, J2 is never integrable,and we do not have to worry about it anymore.Furthermore, (6.3) and (6.4) yield a torsion integrability condition of J1namely,(7:3) i � TD = 0; i� � TD = 0 (mod:i; i�):The forms (7.3) are the holomorphic components of TD, i. e., of I+1 �TD, and(7.3) means that I+1 � TD must vanish on arguments of the formI�1 X; I�1 I2X = 12(I2X +p�1I3X):If we assume q � 2, independent arguments I�1 X1; I�1 X2 exist, and thetorsion integrability condition reduces to(7:4) I+1 (TD(I�1 X1; I�1 X2)) = 0;8I1 2 Q, 8X1;X2 2 �E. The explicit form of (7.4) is(7:5) TD(X1 +p�1I1X1;X2 +p�1I1X2)�p�1I1TD(X1 +p�1I1X1;X2 +p�1I1X2) = 0;where, in fact, I1 is any S 2 Q, S2 = �Id. Then, after we separate the realand imaginary part of (7.5), we get the integrability conditions(7:6) TD(X1;X2)� TD(SX1; SX2) + STD(SX1;X2) + STD(X1; SX2) = 0;(7:7) TD(SX1;X2) + TD(X1; SX2) � STD(X1;X2) + STD(SX1; SX2) = 0:Since (7.7) is the result of composing (7.6) by S at the left, we get29



7.1 Proposition. If q � 2, the torsion integrability condition of J1 is (7.6)8S 2 Q, S2 = �Id, and 8X1;X2 2 �E. In particular, this condition holds ifTD = 0.Furthermore, we also have a curvature integrability condition which fol-lows from (6.7) namely, that on arguments in E one had(7:8) A+p�1B = 0 (mod: i; i�):If q � 2, all we have to ask is that, for all X1;X2 2 �E, the followingrelation holds:(7:9) (A+p�1B)(X1 +p�1I1X1;X2 +p�1I1X2) = 0:The imaginary part of (7.9) is equivalent to its real part by the transformationX1 7! I1X1. Therefore, the only remaining curvature integrability conditionis(7:10) A(X1;X2)�A(I1X1; I1X2)� B(I1X1;X2)�B(X1; I1X2) = 0:Here A and B are given by (6.10), which transforms (7.10) into(7:11) < I2; [RD(X1;X2); I1]� [RD(I1X1; I1X2); I1]+I1 � [RD(I1X1;X2); I1] + I1 � [RD(X1; I1X2); I1] >Q= 0:Now, note that condition (7.11) must be imposed for any basis (I1; I2; I3)of Q hence, if (I1; I2; I3) 7! (I1;�I3; I2), we get the same relation (7.11) forI3 instead of I2. It follows that the second factor of the scalar product (7.11)must be of the form �I1. Then, by taking the trace as we did in (6.19),(6.20), we get � = 0. Moreover, we may take any S 2 Q, S2 = �Id as I1.Therefore, we have obtained7.2 Theorem. The curvature integrability condition of J1 is:(7:12) [RD(X1;X2); S]� [RD(SX1; SX2); S]+S � [RD(SX1;X2); S] + S � [RD(X1; SX2); S] = 0:8S 2 Q and 8X1;X2 2 �E. 30



7.3 Remark. Lemma 14.74 of [3] tells us that, if TD = 0, (7.12) holds.In particular, if Q is strongly integrable (see Section 4), and if D is a Q-preserving, projectable, torsionless connection, J1 is integrable.For q = 1, since we have only one independent vector c1, which can beobtained from an arbitrary X, the torsion integrability condition is(7:13) I+1 (TD(I�1 X; I2X +p�1I3X)) = 0;where the real and imaginary parts are equivalent by X 7! I1X. Hence,(7.13) reduces to(7:14) TD(X; I2X)� TD(I1X; I3X) + I1TD(X; I3X) + I1TD(I1X; I2X) = 0;which has to hold for any basis (I1; I2; I3) of Q.Furthermore, for q = 1, the curvature integrability condition is(7:15) (A+p�1B)(I�1 X; I2X +p�1I3X) = 0:and, if we separate the real and imaginary parts, we get(7:16) A(X; I2X)�A(I1X; I3X)� B(I1X; I2X) � B(X; I3X) = 0;A(I1X; I2X) +A(X; I3X) + B(X; I2X)� B(I1X; I3X) = 0:Now, if (I1; I2; I3) 7! (I1;�I3; I2), then (A;B) 7! (�B;A), and the �rstrelation (7.16) becomes the second. Hence the only remaining condition is(7:17) < I2; [RD(X; I2X); I1]� [RD(I1X; I3X); I1]+I1 � [RD(I1X; I2X); I1] + I1 � [RD(X; I3X); I1] >Q= 0;for all the local, hypercomplex bases of Q.If we write equation (7.17) for (I1;�I3; I2), replacing the �rst factor I2by I3 � I1 and using < � � ;� >Q=< �;  �� >Q, the result is again (7.17),where the �rst factor is replaced by I3. Hence, the second factor of the scalarproduct is proportional to I1, and using the trace as we already did, thissecond factor must be zero. Therefore, the curvature integrability conditionbecomes(7:18) [RD(X; I2X); I1]� [RD(I1X; I3X); I1]+I1 � [RD(I1X; I2X); I1] + I1 � [RD(X; I3X); I1] = 0;31



for any orthonormal basis of Q and 8X 2 �E.The case q = 1 is that of a four-dimensional conformal structure. Hence,the obtained conditions must be equivalent with those of classical twistortheory.Coming back to the torsion integrability condition of J1, we will noticethe following interesting fact7.4 Proposition. Two Q-preserving Bott connections$;$0 de�ne the samestructure J1 on Z(F) i� their torsions di�er by a term which satis�es thetorsion integrability condition.Proof. From the de�nition of J1, it follows that $;$0 de�ne the samestructure J1 i� the (horizontal) di�erence form of the connections induced inQ satis�es(7:19) �0 � � = 0 (mod:i; i�)By subtracting the corresponding structure equations (6.3), (6.4) of thetwo connection forms $;$0, we get(7:20) h ^Aih � h� ^ Bih + p�12 [(��0 � ��) ^ i� + (�0 � �) ^ �i�]+i � (TD0 � TD) = 0;(7:21) �h ^ C ih � h� ^ Sih + p�12 (�0 � �) ^ (i � �i)�p�1(c0 � c) ^ i�+i� � (TD0 � TD) = 0;where A;B;C; S are the entries of the di�erence forms of the connections,and D;D0 are the corresponding covariant derivatives. Hence, �0 � � maybe calculated by applying i(I�1 X), with X 2 �E to (7.20), (7.21), and theresult contains only i; i� i� (TD0 � TD) satisfy (7.4), if q � 2, and (7.13), ifq = 1. Q.e.d.7.5 Corollary. Any two connections which satisfy the torsion integrabilitycondition de�ne the same structure J1.It is also possible to �nd the condition for two connections $;$0 as inProposition 7.4 to de�ne the same pair of structures (J1; J2). Namely,32



7.6 Proposition. Under the hypotheses of Proposition 7.4, the connections$;$0 de�ne the same structures J1; J2 i� one of the following equivalentconditions is satis�ed:(a) $ and $0 induce the same connection in the vector bundle Q;(b) 8S 2 Q with S2 = �Id, one has equal commutants [S;$] = [S;$0];(c) 8S 2 Q with S2 = �Id, one has equal traces tr(S$) = tr(S$0).Proof. Now, we ask condition (7.19) and also(7:22) �0 � � = 0 (mod:�i; �i�);which expresses the fact that the two connections de�ne the same structureJ2. Together, (7.19) and (7.22) yield �0 � � = 0, which exactly is condition(a).Furthermore, let us look at the relation (5.16) between the connectionform $ and the connection form ! of the connection induced in Q. With thenotation (5.18), and like for (6.10), we obtain(7:23) a =< I2; [I1;$] >Q; b =< I3; [I1;$]Q > :If t := $0�$, and in view of condition (a), we will have (J1; J2) = (J 01; J 02)i�(7:24) < I2; [I1; t] >Q= 0; < I3; [I1; t] >Q= 0:This implies [I1; t] = �I1, and the trace yields � = 0, which exactly iscondition (b).Finally, we will obtain condition (c) by using the following straightforwardsolutions of (5.16):(7:25) a Id = 12fI3$ +$I3 + I2$I1 � I1$I2g;b Id = �12fI2$ +$I2 � I3$I1 + I1$I3g;c Id = 12fI1$ +$I1 � I2$I3 + I3$I2g:By taking the traces in (7.25), we get(7:26) a = 12q tr (I3$); b = � 12q tr (I2$); c = 12q tr (I1$):Obviously, this proves that (c) is equivalent to (a). Q.e.d.33
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