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1. Let W = (Wt)t≥0 be a standard one-dimensional Brownian motion and σ, µ ∈ R.
Prove that

St = S0 exp

(
σWt + (µ− 1

2
σ2)t

)
, t ≥ 0

is the unique solution of

dSt = Stµdt+ StσdWt, t ≥ 0,

with deterministic initial condition S0 > 0.

Hint: For uniqueness, let S̃ denote another solution of the SDE and apply the

two-dimensional Itô-formula to the process Xt = S̃t

St
for t ≥ 0.

2. Consider a discrete-time model with finite time horizon T defined on a filtered
probability space (Ω,F , (Fn)n∈{0,...,T},P) with stock price process S and bank
account B whose initial value satisfies B0 = 1. A strategy φ = (φ(0), φ(1)), that
is, a predictable process1 taking values in R2 is called self-financing if, for every
n ∈ {1, . . . , T}, the value of the portfolio given by

Vn(φ) : = φ(0)
n Bn + φ(1)

n Sn

satisfies

Vn(φ) = V0(φ) +
n∑

j=1

φ
(0)
j (Bj −Bj−1) +

n∑
j=1

φ
(1)
j (Sj − Sj−1).

a) Prove that a strategy φ is self-financing if and only if

φ(0)
n Bn + φ(1)

n Sn = φ
(0)
n+1Bn + φ

(1)
n+1Sn

for all n ∈ {0, . . . , T − 1}. Give a verbal interpretation of this property.

1In the discrete time setting, this simply means that φn is Fn−1-measurable for all n ∈
{1, . . . , T}.

Please turn over!



b) Show that for any R-valued predictable process φ(1) and any F0-measurable
random variable V0, there exists a unique real-valued predictable process
φ(0) such that the strategy φ = (φ(0), φ(1)) is self-financing with V0(φ) = V0.

3. Let W be a one-dimensional Brownian motion defined on a probability space
(Ω,F ,P) and let h be a Borel measurable function h : R → R. Fix T > 0 and
let t ∈ [0, T ] and x ∈ R. Assume that EP [|h(WT )||Wt = x] < ∞ for all t and x
and define the function

u(x, t) := EP
[
e−r(T−t)h(WT )|Wt = x

]
,

Prove that u(t, x) satisfies the following PDE

−∂u(x, t)

∂t
=

1

2

∂2u(x, t)

∂x2
− ru(x, t), (x, t) ∈ R× [0, T )

with terminal condition u(x, T ) = h(x) for x ∈ R.
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