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Blatt 1
Free groups

(1) Basing only on the “universal” definition of a free group, prove its unique-
ness.
(2) An action of a group G on a set X is a homomorphism G — Sym(X).

Prove the following Ping-pong Lemma.

Let G be a group acting on a set X. Suppose there exist disjoint nonempty
subsets AT, A=, BT, B~ C X, and two elements a, b of G with the following
properties:

a) ATUA-UBTUB™ C X;
b)a(X —A7)C AT, a} (X —AT)C A~;
b) b(X —B~)C Bt b"{(X - BT)C B™.

Then (a,b) < G is a free subgroup generated by a and b.
(3) Prove that the fundamental group of any graph is free.
(4) Show that the fundamental group of any surface with boundary is free.

(5) Show that a group is free (possibly on an infinite set) iff it acts freely by
graph automorphisms on a tree.

(6) Show that any subgroup of a free group is free.

(7) Show that the subgroup of GLs(R) generated by two matrices: <

O =
=
~~

and ( l1) (1) )’ with |al, [b] > 2, is free.

(8) For aring R, let R[[z]] = R|[[z1, 2, ...,zk]] be a ring of formal power series
in 2;’s. Prove that the subgroup of R][[x]] generated by all elements of type
1+ z; is free.



