SPECTRAL DEFORMATIONS OF JACOBI OPERATORS

GERALD TESCHL

ABSTRACT. We extend recent work concerning isospectral deformations for
one-dimensional Schrédinger operators to the case of Jacobi operators. We
provide a complete spectral characterization of a new method that constructs
isospectral deformations of a given Jacobi operator (Hu)(n) = a(n)u(n+1) +
a(n — 1)u(n — 1) — b(n)u(n). Our technique is connected to Dirichlet data,
that is, the spectrum of the operator H7? on £2(—o0,m0) @ £2(ng,00) with
a Dirichlet boundary condition at ng. The transformation moves a single
eigenvalue of Hy? and perhaps flips which side of no the eigenvalue lives. On
the remainder of the spectrum the transformation is realized by a unitary
operator.

1. INTRODUCTION

Spectral deformations of Jacobi operators have proven useful in various appli-
cations such as inverse spectral theory and construction of solutions for the Toda
and Kac van Moerbeke hierarchy [3], [8], [TI1], [I5]. In [I0] a powerful new spectral
deformation method was introduced for Schrédinger operators. The aim of the
present paper is to develop an analogous tool for Jacobi operators.

One approach to spectral deformations is to factor a given Jacobi operator

(1.1) (Hu)(n) = a(n)u(n+1) + a(n — Du(n — 1) — b(n)u(n),
u € D(H) C ¢*(Z), into a product of first order difference operators
(1.2) H=A"A, +)\ oc[-1,1].

Interchanging the order of A% and A, produces a second operator H, = A, A% + A
whose spectral properties are closely related to those of H. In fact, depending on
the parameter o, one gets operators which are either isospectral to H or have the
additional eigenvalue A [4], [§] (see also [L1]).

Clearly, the special form of implies that H — A > 0 and hence this single
commutation method can only be applied to insert eigenvalues below the spectrum
of H. However, ignoring this fact and performing two (suitable) commutation steps
produces meaningful operators H,, v > 0 (all intermediate operators are ill-defined
unless A is below the spectrum of H). The operators H, are isospectral to H except
for the additional eigenvalue A (for details see [§]).

The idea of our new method is to perform two single commutation steps as before
(with possibly ill-defined intermediate operators), but now using different choices
for the parameter A in the first respectively second step. The investigation of the
resulting transformed operator will be the task of this paper.
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In order to further explain these ideas we need to introduce additional notation.
The Dirichlet operator Hpo is obtained by restricting H to the subset of sequences
u € (%(Z) which satisfy u(no) =0 (see . ) below). It can be viewed as a rank one
resolvent perturbation (at infinite coupling) of H implying that in each spectral
gap (Eo, E1) of H there can be at most one eigenvalue po of Hyo. However, note
that special care has to be taken since the resolvents of H and Hy¢ live in different
Hilbert spaces (cf. [6], [7] Appendix, or [13] for details). Since H;° decomposes into
a direct sum H° = H>, & H°, (with respect to the decomposition ¢?(Z) =
0% (—o00,mg) @ Ez(no, 00)) there is a sign g associated with each pg such that ug €

o(Hg? ,,) (o(.) denoting the spectrum of an operator).

ago,Nn

Let (%?0, E1) be a spectral gap of H, jig € o(HgY . ) N (Eo, £1) and pick (u,0) €
(Eo, E1) x {#}. Then our transformation will send H to an operator H(, ) in such
a way that H, H(, ») are unitarily equivalent and the Dirichlet datum (0, 0o) will
be shifted to (u, o), whereas all other Dirichlet eigenvalues remain unchanged. We
will hence refer to this transformation as the Dirichlet deformation method.

As anticipated, this transformation is realized by two single commutations; us-
ing ug, (o, ), U—s(p,.) in the first, second factorization of H, respectively. Here
ut(z,.), z € C\o(H) denote weak (i.e., formal) solutions of Hu = zu being square
summable near f-oo, respectively. By [8] the operator Hy, ) is associated with the
sequences

(13) A(p,0) (’I’L) — \/W(,u G) m(/(,u) ,0) (n + 1) 7
n
_ (")Uoo (M07 n)u_q(p,n + 1)
(1.4) bpuoy(n) = o ,
where
(15) W(M’U) ('fl) — Wn (UUO (MO)v U—U(:u)) ,

B = fo
W(.,..) denotes the (modified) Wronskian and (9 f)(n) = f(n)— f(n—1). Clearly,
H,,0) is only well-defined if W, ,y(n + 1)W(, ,)(n) > 0; but this is ensured by
[14], Theorem 4.6.
In the special case, where a, b are periodic (cf. [I2]), these ideas have been used in
[8] to give the discrete analogue of the FIT-formula derived in [5] for the isospectral
torus of periodic Schrédinger operators.

2. PRELIMINARY DEFINITIONS

Throughout this paper we denote by £(I) = ¢(M,N), I ={n € Z|M < n < N},
M,N € Z U {xoo} the set of complex-valued sequences {u(n)},ec; and by ¢7(I),
1 < p < oo the sequences u € £(I) such that |u|P is summable over I. The scalar
product in the Hilbert space £2(I) will be denoted by

(2.1) (w,v) =Y u(n)v(n), u,ve ().
nel

We will be concerned with operators on ¢*(Z) associated with the difference
expression

(2.2) (7f)(n) = a(n)f(n+1) +a(n = 1) f(n = 1) + b(n) f(n),
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where a,b € ¢(Z) satisfy

Hypothesis H.2.1. Suppose
(2.3) a(n) € R\{0}, b(n)eR, neZ.

If 7 is limit point (I.p.) at both oo (cf., e.g., [I], [2]), then 7 gives rise to a
unique self-adjoint operator H when defined maximally. Otherwise, we need to fix
a boundary condition at each endpoint where 7 is limit circle (l.c.) (cf., e.g., [,
[2]). Throughout this paper we denote by u4(z,.), z € C, nontrivial solutions of
Tu = zu which satisfy the boundary condition at oo (if any) with u (2, .) € ¢3(Z),
respectively. Here (% (Z) denotes the sequences in ¢(Z) being ¢? near +oo. The
solution w4 (z,.) might not exist for z € R (cf. [14], Lemma A.1), but if it exists it
is unique up to a constant multiple.

Picking a fixed zy € C\R we can characterize H by

H: D(H) — 2(2)
A
where the domain of H is explicitly given by

(2.5) D(H) = {f € 2(Z)| 7f € L3(Z), lim,,_ s oo Wy (us(20), f) =0,
limy,— — oo Wy (u—(29), f) = 0}

(2.4)

and
(2.6) Walf,9) = a(m) (F()g(n +1) = f(n+ 1)g(n))

denotes the (modified) Wronskian. The boundary condition at +oo imposes no
additional restriction on f if 7 is [.p. at 00 and can hence be omitted in this case.

Next, denote by P, the orthogonal projection onto the one-dimensional subspace
spanned by §,, in ¢2(Z), where 6,,(n) is 1 for n = ng and 0 else. The Dirichlet
operator is now defined by

(2.7) HY = (11— P, )H(1—- P,,)
in the Hilbert space (1 — Po )?(Z) = {f € (*(Z)|(6n,,f) = 0}. Clearly, H:®
decomposes into a direct sum Hp> = H>, @ HP?, ~with respect to the decom-

position (?(Z) = (*(—o0,ng) & £*(ng,00) and we have oess(H) = 0ess(H) =
Oess(H,,)) Ubess(H,, )-

Without restriction we will only consider the case ng = 0 and abbreviate HY, =
H to simplify notation. This enables us to formulate our basic hypothesis.

Hypothesis H.2.2. (i). Let (Ey, E1) be a spectral gap of H, that is, (Ep, E1) N
CT(H) = {EQ,El}.

(i1). Suppose o € 04(Hy,) N [Eo, Er].

(i11). Let (p,0) € [Fo, F1] x {£} and p € (Ey, E1) or p € o4(H).

Here o4(H) denotes the discrete spectrum (i.e., o4(H) = 04(H)\0ess(H)).

Remark 2.3. Clearly, if po is an eigenvalue of two of the operators H H_, Hy,
then it is also one of the third. Hence if o € 0q(Hyo)\oa(H—s,) then po € (Eg, E1)
and if po € 0q(Hy)Nog(H_y,) then pg € {Eo, E1}. (The choice of g in the latter
case is irrelevant). Condition (i) thus says that po = Eo 1 is only allowed if Eg1
is a discrete eigenvalue of H. Similar in (iii) for p.
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Our next objective is to define the operator H(, ) of the Introduction. Since
H9,00) = H, we will assume (u, o) # (p0,00) without restriction.

Due to our assumption (HJ2.2) we can find solutions us, (o, .), t—o(u,.) (cf.
[14], Lemma A.1) and define

Wy, (uao (o) u—o (1))

— y M 7/: Ho
H—Ho
2.8 Wi (n) = 3
(2.8) () (1) > ttoy (o, m)?,  (1,0) = (0, —00)
m=aopoQ
where " = —>>_ ... The motivation for the case (y,0) = (po,—00)

follows from (assuming u_, (@, m) holomorphic w.r.t. )

tim Wnltoo (o), ey (1) lm > gy (110, M)ty (11, m)

— — —
H— o H = Ko pomo

n

(2.9) = > e (o, m).

m=o0co

From the proof of [14], Theorem 4.6 we infer

Lemma 2.4. Suppose (H, then
(2.10) W(Myg) (n + 1)W(“’U) (n) >0, n€EZ.
Thus the sequences
Wi o Wi, o(n+1)
(211) a(mg)(n) — (1, ) (M ) ,
o) (n)?
qu(NOv )u U(Mﬂ n + 1)
Win,o)(n)
are both well-defined and we can consider the associated difference expression
(2.13)  (T(u,oyw)(n) = a(u,o)(M)u(n 4 1) + au,qe) (0 — Du(n — 1) + b,y (n)u(n).

The next lemma collects some basic properties which follow either from [8], Section 3
(choosing N = 2) or can be verified directly.

(2.12) buoy(n) =

Lemma 2.5. Let

W0y (M)u(z,1) = =t (11, 1) Wa (o (Ho), u(2))
\/W(u,a) (77, - 1)W(u,a)(n) ’

where u(z) solves Tu = zu for z € C\{po}. Then we have

(2.15) T,o) (Au,oyu) (2,1) = 2(A(u,0u)(2,1)

and

(2.14)  (Apnu)(z,n) =

1 U_g(f,m) 5" W, (e, (Mo%u(z))\g‘

(2.16) [(Aguoyw)(z,n)[* = Ju(z,n)|* +

2 — p]? ugy (110, 1) Wipi,0) (1)
Moreover, the sequences
u_q(p1,1m)
(2.17) Uy (n) = ,
" VWio) (0 = 1) W10 (1)
(2.18) uu(n) = Ugy (110, 1)

\/W(#,U) (n - 1)W(;L,t7) (n)
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Satisfy T(u,o)U = Hol, T(u,o)u = pu respectively. Note also

(219) U (110,0) = 0, (0) = 0

and

(2.20) Uy (N)uy(n) = 0° #
Wipo) (1)

In addition, let u(z),a(z) satisfy Tu = zu, then

W (u—q (1), u(2))

(2.21) W(Mg)m(uuo, A(M)g)u(z)) = W( )(n)
(2.22) Wipoym (s Agpoyu(2)) = ;_— :O Wn(;‘;(o (u;)()V’l;L(Z))
Wi (Aguoyu(2), Aguy(2)) = —— /fo W (u(2),a(2))
poi W), ulz)Wa i (o), (2))
(223) * (Z - ,UO)(Z? - ,UO) W(u,o) (n) ’
where
(2.24) Wino)n (U, ) = a(y,0)(n) (u(n)v(n +1)—u(n+ 1)v(n))

Having these preliminaries out of the way, we will now define operators asso-
ciated with 7, ,) by introducing suitable boundary conditions (since 7, ) is not
necessarily I.p. at +00). We single out the following three situations, which are the
only ones where the spectra of H and H(, , are closely related.

Let w € {£} and

lim W, (uy, f) = 0if 7, ) is l.c. at woo

(2.25)  BC,(f) = { n—woo

0 if 7,0y is L.p. at woo
where u,, is chosen according to one of the following cases:

Case I: 7 is l.p. at woo. Choose u, = Uy OF Uy = Uy,-
Case II: 7 is [l.c. at woo.
(1). If w =0 = 0y choose u,, = u,.
(ii). If —w = 0 = g¢ choose u, = u,.
(iii). If 0 = —0p and p € 0q(H) choose u,, = .
(iv). If 0 = —0¢ and po € oq(H) choose u, = u,,.
(Note that in Case II (iii) and (iv) are the same if (i, 0) = (10, —00).)
Using this boundary conditions we define

H ’D(H(H’U)) — 52(Z)
f = T(u,a)f

where the domain of H(, ) is explicitly given by
(227) Q(H(,u,cr)) = {f € KQ(Z”T(#’U)J" € 62(2)7 Bcf(f) = BC+(f) = O}

As always, there is no boundary condition at woo in ([2.27)) if 7(,, ) is I.p. at woo, w €
+}. Furthermore, H denote the corresponding Dirichlet half-line operators

{ ) (p,0),£ 1% g 1%

with respect to the base point ng = 0.

(2.26) o)

)
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3. HALF-LINE OPERATORS

In this section we will give a complete spectral characterization of the half-
line operators H(, »)+. In addition, this will provide all necessary results for the
investigation of H(, o).

To begin with we compute the Weyl m-functions

U:i:(za 1)
a(0)ux(z,0)

We recall that m4 (z) are equivalently given by

£ W) )

a(0) n—xoo Wy (s(2), f)

where ¢(z,n), s(z,n) form a fundamental system for 7 (i.e., (1 — 2)c(z) = (7 —
2)s(z) =0, s(2,0) = ¢(2,1) =0, and s(z,1) = ¢(2,0) = 1) and [ is arbitrary if 7
is l.p. at +oo respectively solves (7 — A)f = 0, A € R, and satisfies the boundary
condition at oo if 7 is l.c. at 200 (cf. [§], Appendix B).

(3.1) i (z) = F

(3.2) M (z) =

Theorem 3.1. Let m4(z2), M(y,0),+(2) denote the Weyl m-functions of H, H, )
respectively. Then we have

- 1 Z— o . V(p,0)
3.3 Mp.o).+(2) = ( m+ (2 :';7’)7
(33) o) = g (T a0 7 12
where

—o(u = po)m—o (1), p# o
— ooUs ,o0l
(3.4) T =) I (0) = (0, —o0)
néoy

Proof. We first note that

Z — Ko ’Y( ,0)
(35) Clu,o) (Z,Tl) = H(A(MU)C)(Zvn) - Ziﬁa(o) (A(u70)3)(za n),
(36) S(u,0) (Zv TL) = vV 1+ V(o) (A(,u,a) 8) (Zv TL)

constructed from the fundamental system ¢(z,n), s(z,n) for 7 form a fundamental
system for 7, ) corresponding to the same initial conditions. Furthermore, note

W) (1) W) (0)
(3.7) MACILIASY 1+ V(o) )\ 1.
W) (0) Wips,o) (—1)
Now the result follows upon evaluating
- +1 . W) n(Cuo)(2),uw)
(38) m(u,a),i(z) — (p,0) (u,0)

——— lim .
A(p,0) (0) n—zoo W(u,U),n(S(u,d) (2), uw)

Using ([2.21)) one obtains for u,, = u,(n), uu, (1), Ve = Ugy (o, 1), Uy (o, 1) TESPEC-
tively (according to Case I or IT above)

— 1 (Z — Ho :l:]‘ lim Wn(c(z)7vw) :F 7(“)0))
L+ V(o) N 2 = p a(0) n—itoo Wi (s(2),00) 2 —p

the claim follows. O

(3.9) M(p,0),+(2)

Observe that even if there seems to be some freedom in the choice of the boundary
condition BC,, at first sight, Theorem shows that different choices give rise to
the same operator H(, ) (since 1, »,+(2) determine H(, , uniquely). This fact
will be used in the proof of Lemma As a second consequence we note
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Corollary 3.2. The sequences
(3.10) Up,o),2(2,1) = (Auoyus)(2,m), 2 € C\{k, 1o},

are square summable near £0o and satisfy the boundary condition of H, ) + at
+oo (if any). Moreover, the same is true for

n

(311) u(u,a),—a(,u7n) = W(H,U)(n)uuo(n)_uu(n) Z u,a(u,m)27
m=—oco

(3~12) u(u,U)ﬂo(ﬂOvn) = W(u,a)(n)uu(n)_uuo(n) Z UUo(NOam)27
m=aopoo

and

(313) u(/t,a),o(/u'vn) = u#(n)7 :Ufgo'd(H)v

(314) u(u,a),fo'o (/”'07”) = Uy, (’I’L), Ho ¢ Ud(H)'

If 1w or po € o4(H) one has to replace the last formulas by

n

(315) U(p,o),0 (,U'v ’I”L) = W(p,,o) (n)uuo (Tl) - U’M(n) Z u—o(ﬂa m)27
"
(3.16) U(p,0),—00 (po,n) = W(u,o) (n)uu(n) = Upyg (n) Z Uoq (NOam)Zv

m=—o00co

respectively.

Proof. Follows immediately form

cx(2) z—uo(%,a)(w) -

(3.17) U(M,g)vi(z, n) = + m(u,a),:t<z)5(u,a) (2, n)>

1+ Vo) 2 — K a(u,o)(o)
if
c(z,n)  _
(3.18) ug(z,n) = cy (z)( F g (z)s(z,n))
a(0)
If z = p, po one can assume u4(2z) holomorphic with respect to z near p, po ([14],
Theorem A.1) and consider limits (compare [14], Theorem A.3). O

Next we are interested in the pole structure of 1, o) +(2) near z = u, po. A
straightforward investigation of (3.3 (invoking the Herglotz property of /i, ,+(2))
shows

Corollary 3.3. We have

. —2+0(—p)', w=o
_ 2—p
(319) m(u,a),w(z) { O(Z _ M)Oa

where

) we{i}7

w=—

(1= po) (Mg (1) +m—(n), 1 # po
(3200 =9 D w0y 2 (0, o)

Sl u—(pn)? 2 ug(pm)?’
Moreover, v, = 0 if p € oq(H)\{po} and v, > 0 else. If p # po, then
(3.21) (00,4 (2) = O(z = po)°

and note 7, = a(0) (1 — 10) G (11,0,0)~".
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Using the previous corollary plus weak convergence of 7~ 1Im(m (X + ig))d\ to
the corresponding spectral measure dpy(\) as € | 0 implies

Lemma 3.4. Let dp+(\) and dp(, »),+()) be the respective spectral measures of
mx(2) and M, o) +(2). Then we have

N 1 A—po Y dON—p), o=+
.22) d, A) = dp+ (A " ’
322) 2O = s (o) +{ =)

where Y.y, Y, are defined in , and dO© is the unit point measure con-

centrated at 0.

Let Pi(uo), Plu,0),+(1) denote the orthogonal projections onto the subspaces
spanned by g, (fto, ), u,(.) in £2(£N) respectively. Then the above results clearly
imply

Theorem 3.5. The operators (1—Px(po))H+ and (1-P, 5y + (1)) H(p,0),+ are uni-
tarily equivalent. Moreover, we have p & 0(H(,,0),—») and po & o(H, o),+)\ {1}
Ifué Jd(H> or (/La U) = (/LOa 70—0)7 then p € U(H(u,o),a) and thus

oc==

(5.23) oH1) = (otiN ) { B 7=%

Otherwise, that is, if p € oq(H)\{po}, then p & 0(Hu.0),0) and thus

(3.24) 0(Huo),+) = o(He)\{1o}

In essence, Theorem says that, as long as u € o4(H)\{po}, the Dirichlet
datum (ug,00) is rendered into (u, o), whereas everything else remains unchanged.
If € oq(H)\{1o}, that is, if we are trying to move pg to an eigenvalue, then g is
removed. This latter case reflects the fact that we cannot move p( to an eigenvalue
E without moving the Dirichlet eigenvalue on the other side of F to E at the same
time.

We end this section with a few additions.

Remark 3.6. (i). For f € {(N) set

Wi.o(n
(N0 = [ s )
(3.25) = U—gq, (,0) (M5 T2) Xn: Uqo (R0, 5) f(5),
j=1
(A5 D) = [P D g
7 (o) (1)
(3.26) —u_g(p,n) i U (,0) (11, ) f(5)-
j=1
Then we have A(M)U))+A@{U)7+ = 141(_H17(7),JrA(M’U)Hr = Ty and

1
(3.27) o)t = Apo) 4T+ A o) 4
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Similarly, for f € {(—N) set

(Apo).-N) = (7 f(n)

1
(328) - u—oo,(u,a)(,u/()a n) Z Uo (/J’Ovj)f(])7

(329) - Ufa(/ia TL) Z Ug,(p,0) (M7j)f(j)

j=n+1

Then we have A(H’g)’,A(;’U),_ = A(:}’U))_A(M’g),, = ly—n) and

(330) T(M#T)a— = A(H7U)7_T_A(_1

Hy0),—"

(ii). Note that the case (u,0) = (po, —00) corresponds to the double commutation
method with v = oo (cf. [8], Section 4). Furthermore, the operators A, ,) + are
unitary when restricted to proper subspaces of £2(£N) in this case.

(iii). Due to the factor L2 in front of M), +(2), all norming constants (i.e.,
the negative residues at each pole of M, +(2)) are altered.

(iv). Clearly our transformation preserves reflectionless properties.

4. FULL-LINE OPERATORS

Having the results of the previous section at our disposal we can now easily
deduce all spectral properties of the operator H, ,). We recall the Weyl M-matrix

B ' ) 1 0 1
M(z) = (46, (H - 2) 5@)(}9@——2&(”) Lo
) g i (2) =i (2)
(4'1) = =N = % a(0)® 2a(0) )
Me(2) F () \ PG Gy (2)

associated with H. Then Theorem [3.1] yields

Theorem 4.1. Given H, H(, ;) the respective Weyl M-matrices M(z), M, o) (2)
are related by

1 z—
4.2 M, & z) = My o(2),
(4.2) (11,0),0,0(%) R e 0,0(2)
1 V(o)
4.3 M, = — (M, —=a(0)M,
(43)  Muoyoa®) = g —(Moa() + S5 a0)Mas(2).
2 — Mo V(p,0)
o _ My 1 (2) — 2299 40y M,
(1.0).1,1(2) — 1,1(2) Z—Moa() 0,1(2)
2

m _ o) 02
( . ) + (Z_MO)(Z_M)Q( ) O,O(Z)'

Moreover, M, ») ;k(2,m,n), j,k € {0,1} are holomorphic near z = pu, jio.

o

Given the connection between M(z) and M, ,)(z) we can compute the corre-
sponding Herglotz matrix measure of M, ,)(z) as in Lemma
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Lemma 4.2. The matriz measures dp,dp(, ») corresponding to M(z), M, »)(2)
are related by

1 A—u
45 dpiuoy00(X) = dpo.o(N),
(4.5) P (11,6),0,0(A) (L Vo)) A — pio £0,0(A)
_ 1 V(p,0)
(16)  dpuoroa) = o (dma) + T2 a0)dpno (V).
)\_ Y Nea
Ao ia ) = T o) = 25T a(0)dpo ()
7(2u ) 2
4.7 + = a(0)2dpo.o(N).
- o) O el
FEquivalently
1
dp(u.y (A — X
wo = e )
Z—p z—p
(48) o 0 oy [ T {0100 )
a(0)Y(u,o) 2 — Mo 0 Z— o

This finally leads to our main theorem

Theorem 4.3. Let H,H, , be defined as in , respectively. Denote
by P(uo), P(u) the orthogonal projections corresponding to the spaces spanned by

Ugy (105 )5 U—g(pt,.) in L2(Z) respectively. Then (1 — P(ug) — P(p))H and H,,
are unitarily equivalent. In particular, H and H, ) are unitarily equivalent if

ts po & oa(H).

Remark 4.4. By inspection, Dirichlet deformations produce the commuting dia-

gram
/ (p1,01) \

(1o, 00) (2, 02)

for (pj,05), 0 < j <2 according to (H.

Remark 4.5. We have seen in Theorem[3.5 that the Dirichlet deformation method
cannot create a situation where a discrete eigenvalue Ey of H is rendered into a
Dirichlet eigenvalue (i.e., moving ug to the eigenvalue Ey). However, one can
use the following three-step procedure to generate a prescribed degeneracy at an
eigenvalue Ey of H:

(i). Use the Dirichlet deformation method to move u to a discrete eigenvalue
Ey of H. (This removes both the discrete eigenvalue Ey of H and the (Dirichlet)
eigenvalue p of H_ @ Hy ).

(#i) As a consequence of step (i), there is now another eigenvalue i of H_®H in
the resulting larger spectral gap of H. Mowve [i to Ey using the Dirichlet deformation
method.

(iii) Use the double commutation method to insert an eigenvalue of H at Ey.
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Finally, use the double commutation method at the beginning of this remark to
change og into any allowed value.

Theorem 4.4 of |8] then shows that the resulting operator is unitarily equivalent
to the original operator H, and Theorem 5.4 of [8] then proves that the remaining
Dirichlet eigenvalues remain invariant.

Next, we provide two limit point results. The first, although trivial from a
technical point of view, nevertheless will apply in a great variety of situations.

Lemma 4.6. Given H,H(, ,), let w € {} and suppose that one of the following
conditions (1)—(2) holds.

(1) Uess(Hw) 7& @
(2). 0(Hy) = 04(Hy) = {Buntnen with 3,1+ B2 )7t = 0.

Then, both T and 7, ») are l.p. at woo.

Proof. A simple consequence of the fact that 7 [.c. at woo implies that the resolvent
of H,, is Hilbert—Schmidt. O

Our second limit point result is more tailored toward the Dirichlet deformation
method .

Lemma 4.7. Assume that po, pu € (Eo, E1) and 0 = 0¢. Then 7(,, ) is in the limit
point (resp., l.c.) case at woo if and only if T is l.p (resp., l.c.) at woo, w € {£}.

Proof. Tt suffices to consider p # i . Assume that 7 is [.p at woo and suppose the
contrary for 7, o), that is, suppose 7(, ») is l.c. at woo. The fact that both choices
Uy, = Uy and U, = Uy, in yield equivalent boundary condition (since they
yield the same operator) implies

(4.9) lim W, (uu,,u,) = 0.

n—woo

In other words, u,,, u, both satisfy the boundary condition BC,,(u,,) = BC,(u,) =
0 at woo. If —w = og we infer that u € o(H, ) = o(H) since BC_,,(u,) = 0 by
Corollary But this contradicts p € (Eg, F1). Similarly, if w = 0y we infer that
po € 0(H, o)) = o(H) since BC_,(uy,) = 0 by Corollary But this contradicts
o € (Eo, E1). By symmetry in 7 and 7, 4, the proof is complete. O

Remark 4.8. If 0 = —oq then the Dirichlet deformation method does not nec-
essarily preserve the l.p. property. By Remark [[4) it suffices to consider the case
w = po. Take an operator H being l.c. at cooo and such that oess(H-s) # 0.
Then 7(u,0) is L.p. at oo since u, ¢ (*(oN) (by ) and l.p. at —oo0 since
css (i) -20) # 0.

Finally, we briefly comment on how to iterate Dirichlet deformation method (see
[8], Section 3). Suppose

(4.10) (Eoj, Erj),  (po,j,00,5), (1y,05) € [Eoj, B ] x {£}
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satisfy (HJ2.2)) for each j = 1,..., N, N € N. Then the Dirichlet deformation result

after N steps, denoted by H,, 5.),....(un,on)> 1S associated with the sequences

Ay ,01) s (unso) (1) = Va(n = N)a(n + N)
" VCn-~NUi,. N)Cr-n12(Ui, . .N)
Con-n+1(U1,...N) ’
Dy_ni1(Us,.. N)
Crn-n+1(U1,..N)’

where (U1, n) = (toq, (110,1); Uey (141)5 - - - s Ugy x (H0,N ), Uoy (1)) and Cp, D,, are
given by

(4.11)

b(u1,01),~.’(uzv,01\r)(n) = b(n) — 9" a(n)

(4.12) C’n(uh . ,UN) = det{ui(n +j— 1)}1§i,j§N7
win+j—1), j<N

4.1 D = . .

“13) n(tt, o) det{ wi(n+N),  J=N [,y
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