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Lewy yields: no PLT for smooth PDE

Lewy (1957) and Mizohata (1962) showed that a general Picard-Lindelof
theorem (PLT) for normal PDE

{a;’y(t,x) = F [£.%,029) i<t (01¥) 51 <a] -

. . _ (CP)
dy(to,x) =yd(x) j=0,...,d -1,
is not possible.
Paolo Giordano (UniVienna) PLT for smooth PDE ISAAC 2021

2/17



Lewy yields: no PLT for smooth PDE

Lewy (1957) and Mizohata (1962) showed that a general Picard-Lindelof
theorem (PLT) for normal PDE

. (CP)

Oy (t.x) = F [£.%,(03Y)jajer+ (0¥))y1<a)
Ay (to,x) = yh(x) j=0,...,d - 1,

is not possible.

E.g. Mizohata proved the existence of smooth F € C*°(IR?, C) such that
Ory + itdyy = F(t,x) has no solution y € C*°(V,C) in any open V C R2.
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Lewy yields: no PLT for smooth PDE

Lewy (1957) and Mizohata (1962) showed that a general Picard-Lindelof
theorem (PLT) for normal PDE

. (CP)

Oy (t.x) = F [£.%,(03Y)jajer+ (0¥))y1<a)
Ay (to,x) = yh(x) j=0,...,d - 1,

is not possible.

E.g. Mizohata proved the existence of smooth F € C*°(IR?, C) such that
Ory + itdyy = F(t,x) has no solution y € C*°(V,C) in any open V C R2.

Do we have a contraction with PDE? E.g. for 0;y = ¢ - Oxy, we have:

t t t
/ c-axuds—/ c-Oyxvds / c-Ox(u—v)ds
0 0 0

<a-elli-10x(u=v)lli < - lelli- [lu= vl

<

]

1
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Loss of derivatives (in the Ekeland sense)

Graded Fréchet space: (F, (|| — ||i);ey) Hausdorff, complete TVS, topology
defined by seminorms | — ||; < || — |li+1 Vi € N
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Loss of derivatives (in the Ekeland sense)

Graded Fréchet space: (F, (|| — ||i);ey) Hausdorff, complete TVS, topology
defined by seminorms | — ||; < || — |li+1 Vi € N

Definition

Let (F, (|l = [[1);en) Fréchet space, X a closed subset of F, yo € X, L € N. We
say that P : X — X is a contraction with L loss of derivatives (LOD) starting
from yq if P is continuous and

@ For all i, n € N there exist «; , € R5 such that
1P (y0) = P" (30)]|; < @i 1P (¥0) = yollis s

@ For all i € N the following Weissinger condition holds:

+o00
> ainIP(y0) = Yollipns < +00- (W)
n=0
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Loss of derivatives (in the Ekeland sense)

Graded Fréchet space: (F, (|| — ||i);ey) Hausdorff, complete TVS, topology
defined by seminorms | — ||; < || — |li+1 Vi € N

Definition

Let (F, (|l = [[1);en) Fréchet space, X a closed subset of F, yo € X, L € N. We
say that P : X — X is a contraction with L loss of derivatives (LOD) starting
from yq if P is continuous and

@ For all i, n € N there exist «; , € R5 such that
1P (y0) = P" (30)]|; < @i 1P (¥0) = yollis s

@ For all i € N the following Weissinger condition holds:

+o00
> ainIP(y0) = Yollipns < +00- (W)
n=0

v

Suff. cond. for (1): [P"(u) = P"(V)|; < ajnllu—vllj, Vi,neNVu,veX
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Banach with loss of derivatives

Theorem

If P is a contraction with L LOD from yy, then (P"(y0)),cy is @ Cauchy

sequence, hence'y := lim,_, 1~ P"(yo) is a fixed point of P. Moreover, for
all i, n € N we have that

Iy — P" (yo)ll; < Z%IIP (¥0) = Yoll4. -
j=n
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Banach with loss of derivatives

Theorem

If P is a contraction with L LOD from yy, then (P"(y0)),cy is @ Cauchy

sequence, hence'y := lim,_, 1~ P"(yo) is a fixed point of P. Moreover, for
all i, n € N we have that

Iy — P" (yo)ll; < Z%IIP (¥0) = Yoll4. -
j=n

The proof is essentially “the usual one”. Thereby, the key ideas are:

@ for PDE having a fixed point depends on the initial condition yy and
on the LOD L
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Banach with loss of derivatives

Theorem

If P is a contraction with L LOD from yy, then (P"(y0)),cy is @ Cauchy

sequence, hence'y := lim,_, 1~ P"(yo) is a fixed point of P. Moreover, for
all i, n € N we have that

Iy — P" (yo)ll; < Z%IIP (¥0) = Yoll4. -
j=n

The proof is essentially “the usual one”. Thereby, the key ideas are:

@ for PDE having a fixed point depends on the initial condition yy and
on the LOD L

@ We must have a suff. cond. for the convergence of Picard iterations
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A (left) inverse function theorem

Theorem

Let (.7-', (= ||,,,)m6N) be a graded Fréchet space, f : F — F be continuous, y, € F,
ri € Rso and L € N. Set F(x) := x — f(x) and
B (yo, (r:)i) :={y € F | lly — »olli < ri Vi € N}. Assume that for all i, n € N:

Jain € Roo : [[F™(30) = F"(0)]], < ctin | F(30) = yoll s
+o0
> ain- [F(0)lient < +o0
n=0

Then
Ix € B(yo, (ri)i) : f(x) = yo.

In particular, if at xo € F instead of (1), we assume the stronger

Ja € [0,1)Vu,v € B(xo,(r);) Vie N3a; < a: [[F(u) = F(v)||; < ailju—v||

(1)

(2)

i+L>
then for s; := ritr (1 — ), we have
Vy € B(f(Xo), (S,'),') dx € B(Xo, (I’,‘),’) : f(X) =y
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Norms of integral functions: problem

If |lylli = |5|<Irn?éh<d MaX(¢,x)c[0,a]x S ‘Oﬁy”(t,x)’, the inequality
BeNi+s

Hfot f(s, —)dsHl_ < « - ||f]|i doesn't hold, but we need it...
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Norms of integral functions: problem

fllylli = |5|<Imz£1><<h<d MaXx(t x)e[0,a] xS ‘Oﬁyh(t,x)’, the inequality
BeNits

Hfot f(s, —)dsH_ < « - ||f]|i doesn't hold, but we need it...
1
Reduction to 1st order: y!:=y, YTl :=9,/, j=1,...,d —1, our
normal problem is equivalent to
8. Y(t,x)=F [t,x, Y2, ..., ve, (a;wl)MSJ ,
Y(to,X) = YQ(X),

where Y(t,x) := (y(t,x),. ..,yd(t x)), Yo(x) := (W(x), ..-7y5’_1(><))
and Fj .=yt forj=1,...,d-1, F?:=F {t x,y% ..y, (33y1)|a|§1_}
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Spaces of separately regular functions

Let T x S € RS, The space C%> (T x S,RY) contains functions y which are
called separately C%> regulari.e.:

Q@y: TxS—R

Q vxeS: y(—,x)eC(T,RY

Q Vie T: y(t,—) €C>=(5,RY).
This space is endowed with the norms ||—||

i € N, defined by

i

;o 8. ,h ks o 1+s _
iyl 12i?%(d(t,xr;]§%(xs’a y (t,x)|, Ng™*:={BeN"* |8 =0}.
[BI<i
IBGN{}’-FS
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Spaces of separately regular functions

Let T x S € R'*S. The space C% (T xS, ]Rd) contains functions y which are
called separately C%> regulari.e.:

Q@ )y : TxS—R?
Q vxeS: y(—,x)eC(T,RY
Q Vie T: y(t,—) €C>=(5,RY).

This space is endowed with the norms ||—||;, i € N, defined by
;= ma max |0%y"(t,x)|, Nits:= {8 e N*** =0}.
Iyllei= max  max [6°%7(e,x)], Ng™* = {8 | 1 =0}
|BI<i
66N(1)+s

(€O (T x S,RY) ,(II=Il;);en) is @ graded Fréchet space
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Norms of integral functions: solution

Lemma

Let a, b€ Rso, K:=[to—a,tg+ b x S=T x S € RS,
f € CO°(K,R9), and assume that for every i € N, we have
M; € C°(K,R) such that

VBENISVYA=1,... d¥(t,x)eK: |B|<i = ]aﬁf”(t,x)( < M;(t, x).

Set

(¢, x) = /t M;(s, x) ds

to

V(t,x) € K.

Then, we have
(1) Hft(o_) f(s, —)dsHi < maxxes I\_/I;(to + max(a, b), x).

|

ft(o_) f(s,—) dSHi < max(a, b) - [|{];.
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Lipschitz maps with LOD

Introduce the useful notation
G(tx,y) = F [t.x,y2(E:X), -y (6,0, (0Y(6,%) 0 <, | €RE (G)

for all (t,x) € T x S and all y € C%*°(T x S,RY).
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Lipschitz maps with LOD

Introduce the useful notation
G(tx,y) = F [t.x,y2(E:X), -y (6,0, (0Y(6,%) 0 <, | €RE (G)

for all (t,x) € T x S and all y € C%*°(T x S,RY).

Definition

Let K:=TxSERM, LeN, Y CC» (T x S,R). We say that
G: K x Y — R%is Lipschitz on Y with loss of derivatives (LOD) L and Lipschitz
factors (Aj);cy if

Q@ vVyeY: G(—,—,y) €CO(K,RY

@ A €CUK,R) forallieN

Q@ IficN BeN™, |B|<i,h=1,...,d,u, vEY, (tx) €K, then

laﬂGh(t,x, u) — 9°G(t, x, v)| < Ai(t,x) - max |80‘(u k)(t,x)|

|a\<l+L
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Smooth normal PDE are always Lipschitz

Theorem
Let) #K:=TxSeER™S, LeN, [:= Card{acN°||a| <L},
FecC™® (K x RI(d-1) » Rd'L,Rd), yo € C*(S,R%), ri € Ryq for all
i € N. Set
Y= {yec® (KR |lly—yoli <ri¥ieN} (V)
Then
@ Y is closed in (CO’OO (T X S,Rd> ,(H—Hi)ieN);

@ The function G is Lipschitz in Y with loss of derivatives L for some
constant (N;);cn-
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Picard-Lindelof theorem for smooth normal PDE 12

Theorem (PLT, assumptions )

Let T = [to —a, ty + b], S e R, Yo € C™ (S,Rs), M;, N\; € CO(T X 5), ri € Ryg
for all i € N.

v
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Picard-Lindelof theorem for smooth normal PDE 12

Theorem (PLT, assumptions )

Let T = [to —a, ty + b], S e R, Yo € C™ (S,Rs), M;, N\; € CO(T X 5), ri € Ryg
for all i € N. Define Y as in (Y), G as in (G),

v
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Picard-Lindelof theorem for smooth normal PDE 12

Theorem (PLT, assumptions )

Let T = [to —a, ty + b], S e R, Yo € C™ (S,Rs), M;, N\; € CO(T X 5), ri € Ryg
for all i € N. Define Y asin (Y), G asin (G) ,and P: Y — C%> (T x S,R?)
by P(y) = yo + [, G(s,x,y)ds.

v
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Picard-Lindelof theorem for smooth normal PDE 12

Theorem (PLT, assumptions )

Let T = [to —a, ty + b], S e R, Yo € C™ (S,Rs), M;, N\; € CO(T X 5), ri € Ryg
for all i € N. Define Y asin (Y), G asin (G) ,and P: Y — C%> (T x S,R?)

by P(y) ==y + ftz G(s,x,y)ds. Assume G is Lipschitz on Y with LOD L and
Lipschitz factors (A;);cy-

v
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Picard-Lindelof theorem for smooth normal PDE 12

Theorem (PLT, assumptions )
Let T = [to —a, ty + b], S e Re, Yo € C*> (S,Rs), M;, N; € CO(T X 5), ri € Ryg
for all i € N. Define Y asin (Y), G asin (G) ,and P: Y — C%> (T x S,R?)

by P(y) ==y + ftz G(s,x,y)ds. Assume G is Lipschitz on Y with LOD L and
Lipschitz factors (\;);cy. Define

t
Noi=1, Ayt i= [ M(six) - Nals ) ds

to

t
Nin = max A n(to + max(a, b), x) M;(t,x) :== / M;(s, x) ds.
S to
Finally, assume:
Q |0°G(t,x,u)| < Mi(t,x)Vue Y,i€N, (t,x) e T xS, B €Ny,
Q max,cs I\_ﬂ;(to + max(a, b),x) < r; forall i € N
© X725 Ain - 1P (¥0) = Yolljpr < +o0

Bl<i

v

Paolo Giordano (UniVienna) PLT for smooth PDE ISAAC 2021 11/17



Picard-Lindelof theorem for smooth normal PDE 2,2

Theorem (PLT, conclusions )

Then, there exists a smooth solution y € Y NC=(T x S,RY) of the problem

{8ty(t7 x)=F [t,x,yz, oy (3§“y1)|a‘§L] :
y(thX) = YO(X)7
given by y = limn_, 4 P" (y0) in (C%*° (T x S,RY) ,(||—||i)i€N), which satisfies

+oo

ViimeN: |y — P"(y)ll; < Z/_\i,n “[IP (¥0) = Yolljjnt -

n—m
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Corollary of PLT

Corollary

Set M; := ||F||;, where the norm is taken in C; := Ulai<isr Brirt (9230(T x S)).
Finally, assume that the following conditions are fulfilled:

I
b) < inf —
0 < max(a, b) < inf 7

+oo
Y Ain - 1P (¥0) = Yolljynr < +00
n=0

Then, there exists a smooth solution y € Y NC*®([ty — a, to + b] x S,RY)

v
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Study of Weissinger condition

@ Every smooth PDE is always Lipschitz w.r.t. constants (I';);eny (Thm. Lip.)

Paolo Giordano (UniVienna) PLT for smooth PDE ISAAC 2021 14 /17



Study of Weissinger condition

© Every smooth PDE is always Lipschitz w.r.t. constants (I';);eny (Thm. Lip.)
@ Condition (W) for the reduced problem is equivalent to

400 n—1

Z H rI+I<L HP(lc) ic||i+nL < 400

n=0 k=0

where o := max(a, b) and i.(t, x) := 27;01 @(t — to)/, for the initial
problem (CP).
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where o := max(a, b) and i.(t, x) := 27;01 y‘J’j(!X)(t — to)/, for the initial

problem (CP). Lewy, Mizohata do not satisfy this condition
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Study of Weissinger condition

© Every smooth PDE is always Lipschitz w.r.t. constants (I';);eny (Thm. Lip.)
@ Condition (W) for the reduced problem is equivalent to

400 n—1

Z H rI+I<L HP(lc) ic||i+nL < 400

n=0 k=0

where o := max(a, b) and i.(t, x) := 27;01 y‘J’j(!X)(t — to)/, for the initial

problem (CP). Lewy, Mizohata do not satisfy this condition
© |If both F and yq are analytical, thgzn
Z;é Civke - [|P(ic) = icllixne < CFE - (i 4 nL)! and we can prove that (W)
always holds.
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Study of Weissinger condition

© Every smooth PDE is always Lipschitz w.r.t. constants (I';);eny (Thm. Lip.)
@ Condition (W) for the reduced problem is equivalent to

400 n—1

Z H rI+I<L HP(lc) ic||i+nL < 400

n=0 k=0

where o := max(a, b) and i.(t, x) := 27;01 y‘J’j(]X)(t — to)/, for the initial

problem (CP). Lewy, Mizohata do not satisfy this condition
© |If both F and yq are analytical, thgzn
Z;é Civke - [|P(ic) = icllixne < CFE - (i 4 nL)! and we can prove that (W)
always holds.

@ More generally if Hz;é Civke - ||PUic) = icllizne < Cn™*1t for n — 400, then
(W) holds
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Study of Weissinger condition

© Every smooth PDE is always Lipschitz w.r.t. constants (I';);eny (Thm. Lip.)
@ Condition (W) for the reduced problem is equivalent to

400 n—1

Z H rI+I<L HP(lc) ic||i+nL < 400

n=0 k=0

where o := max(a, b) and i.(t, x) := 27;01 y‘J’j(]X)(t — to)/, for the initial

problem (CP). Lewy, Mizohata do not satisfy this condition

© |If both F and yq are analytical, thgzn

Z;é Civke - [|P(ic) = icllixne < CFE - (i 4 nL)! and we can prove that (W)

always holds.

@ More generally if Hz;é Civke - ||PUic) = icllizne < Cn™*1t for n — 400, then
(W) holds

@ If F and yy satisfy Hz;é Civkt - |P(ic) = ic|liznL ~ n™*"t for n — 400 (by
Borel's lemma such F, yp always exist), then F, yp are smooth but not
analytic
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What we get more with generalized smooth functions

© In the non-Archimedean setting of generalized smooth functions
(GSF2Colombeau; closure w.r.t. composition, GF defined also on
infinitesimal or infinite domains, good integration theory...) we can repeat
the proof of the PLT

Paolo Giordano (UniVienna) PLT for smooth PDE ISAAC 2021 15 /17



What we get more with generalized smooth functions

© In the non-Archimedean setting of generalized smooth functions
(GSF2Colombeau; closure w.r.t. composition, GF defined also on
infinitesimal or infinite domains, good integration theory...) we can repeat
the proof of the PLT B

@ We can consider S = [—k, k]* D R* if k € "R is an infinite number

(e.g. pe =¢)
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What we get more with generalized smooth functions

© In the non-Archimedean setting of generalized smooth functions
(GSF2Colombeau; closure w.r.t. composition, GF defined also on
infinitesimal or infinite domains, good integration theory...) we can repeat

the proof of the PLT B
@ We can consider S = [—k, k]* D R* if k € "R is an infinite number

(e pe =¢)
© Condition (W) is equivalent to limp— o0 [[f_g skt - ey I1P(ic) = icllisnL = 0.
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What we get more with generalized smooth functions

© In the non-Archimedean setting of generalized smooth functions
(GSF2Colombeau; closure w.r.t. composition, GF defined also on
infinitesimal or infinite domains, good integration theory...) we can repeat
the proof of the PLT

@ We can consider S = [k, k|* D R® if k € “R is an infinite number
(e pe =¢)
© Condition (W) is equivalent to limy_ ;o0 Hk o Tikt - 25 - [|P(ic) — icli+n = 0.

Therefore, if we assume (dp = [p.] € "R)

n—1 n

dN e NVneN: Hr,+kL -
Pt (nd)!
FreRsp: a<dp'

then (W) holds: Every smooth PDE has always a solution in an infinitesimal
interval

Pic) — iclignL < dp
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What we get more with generalized smooth functions

© In the non-Archimedean setting of generalized smooth functions
(GSF2Colombeau; closure w.r.t. composition, GF defined also on
infinitesimal or infinite domains, good integration theory...) we can repeat
the proof of the PLT

@ We can consider S = [k, k|* D R® if k € “R is an infinite number
(e.g. pe =¢)
© Condition (W) is equivalent to limy_ ;o0 Hk o Fivkt - 7557 - |P(ic) = iclivn = 0.
Therefore, if we assume (dp = [p.] € "R)
n—1 al
INENVneN: J]Tiu- nd)l AIP(ic) = icllignr < dp™N
k=0

FreRsp: a<dp'

then (W) holds: Every smooth PDE has always a solution in an infinitesimal
interval

© For GSF, we can also prove uniqueness and continuous dependence on initial
condition in an infinitesimal neighborhood
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What we get more with generalized smooth functions

© In the non-Archimedean setting of generalized smooth functions
(GSF2Colombeau; closure w.r.t. composition, GF defined also on
infinitesimal or infinite domains, good integration theory...) we can repeat
the proof of the PLT

@ We can consider S = [k, k|* D R® if k € “R is an infinite number
(e.g. pe =¢)
© Condition (W) is equivalent to limy_ ;o0 Hk o Fivkt - 7557 - |P(ic) = iclivn = 0.
Therefore, if we assume (dp = [p.] € "R)
n—1 al
INENVneN: J]Tiu- nd)l AIP(ic) = icllignr < dp™N
k=0

FreRsp: a<dp'

then (W) holds: Every smooth PDE has always a solution in an infinitesimal
interval

© For GSF, we can also prove uniqueness and continuous dependence on initial
condition in an infinitesimal neighborhood

© These results cannot be improved because of Lewy, Mizohata, De Giorgj,

Colombini, Spagnolo...
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Some differences between ODE and PDE

@ PDE are related to contractions with LOD, whereas L = 0 for ODE

@ In the PLT for smooth normal PDE, existence depends on the initial
condition yp

© In the proof of the PLT, we simply treated PDE as ODE depending
on a parameter x € S

@ For GSF, every smooth normal Cauchy problem is well-posed, but in
an infinitesimal interval

© In general, the latter result cannot be improved, not even for smooth
Cauchy problems
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Some differences between ODE and PDE

@ PDE are related to contractions with LOD, whereas L = 0 for ODE

@ In the PLT for smooth normal PDE, existence depends on the initial
condition yp

© In the proof of the PLT, we simply treated PDE as ODE depending
on a parameter x € S

@ For GSF, every smooth normal Cauchy problem is well-posed, but in
an infinitesimal interval

© In general, the latter result cannot be improved, not even for smooth
Cauchy problems

This is still a work in progress: comments are welcome!
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Contacts and references

References:
www.mat.univie.ac.at/"giordap7/
Contact:
paolo.giordano@univie.ac.at

Thank you for your attention!
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