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ABSTRACT. We prove that Picard-Lindeldf iterations for an arbitrary smooth
normal Cauchy problem for PDE converge if we assume a suitable Weissinger-
like sufficient condition. This condition includes both a large class of non-
Gevrey PDE or initial conditions, and more classical real analytic functions.
The proof is based on a Banach fixed point theorem for contractions with loss
of derivatives. From the latter, we also prove an inverse function theorem
for locally Lipschitz maps with loss of derivatives in arbitrary graded Fréchet
spaces, not necessarily of tame type or with smoothing operators.

1. INTRODUCTION

Starting from the work of H. Lewy [21], it is clear that a general Picard-Lindel6f-
Cauchy-Lipschitz theorem (PLT) for Cauchy problems of the form:

@dy(t,z):F tax7(agat’yy)|a\§L y

) v<p (1.1)
8gy(t0ax) = ij(x) .7 = 07' .. 7d_ 1a
is not possible (see also e.g. [5] and references therein for the more general problem

of solvability of partial differential operators). In (1.1), we consider y, yo;, F' as
arbitrary (R™-valued) smooth functions, (¢,2) € T xS CRxR? a € N° v € N, p,
L € N, d € Ny, and we assume that p < d. In this paper, we show the convergence
of Picard-Lindelof iterations of the general problem (1.1) under a suitable sufficient
condition depending both on the initial conditions yo; and the function F. We
also prove that this condition includes non-trivial cases where F' could be non-
Gevrey, and a large class of smooth non-Gevrey initial conditions yp;. These cases
are not covered by the Ovsjannikov-Nirenberg-Nishida extension of the Cauchy-

Kowalewsky theorem, see [28, 26, 29, 27], where only continuity in the variable ¢,
but analyticity in z, are assumed.
According to [7, 8], one of the main problems in trying to solve (1.1) using Picard-

Lindelof iterations is that the corresponding fixed point integral operator P has L €
N loss of derivatives, i.c. satisfies || P"*1 (yo) — P (yo)Hk < akn [P (Y0) — vollpsnr
for all k, n € N (here we are using the notion of “loss of derivatives” as in [25, 7, §],
and not as e.g. in [30, 18, 19]; see Def. 4 below for a formal definition). For
this reason, in Sec. 3, we first generalize the Banach fixed point theorem (BFPT)
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to contractions with loss of derivatives, and we will see that the aforementioned
sufficient condition corresponds to a Weissinger-like assumption, [39]. In Sec. 4, we
hence apply this BFPT to prove an inverse function theorem in arbitrary graded
Fréchet spaces (not necessarily of tame type or with smoothing operators, like
in Nash-Moser theorem, see [25, 15]) and for locally Lipschitz maps with loss of
derivatives (non necessarily differentiable maps, like in Ekeland inverse function
theorem, see [7]). In Sec. 5, this BFPT with loss of derivatives is used to prove a
PLT for normal PDE. In Sec. 6, we apply this PLT to a family of PDE including
both a non-Gevrey F or non-Gevrey initial conditions. Finally, in Sec. 7, we present
a preliminary study of the notion of contraction with loss of derivatives.

In the following, we say that the Cauchy problem (1.1) is in normal form to
specify that the highest derivative in ¢ (called normal variable) can be isolated on
the left hand side of the PDE (some authors call this problem in Kowalewskyan
form).

Ify: X — R™, then y" : X — R is the h = 1,...,m component of 3, and
in N={0,1,2,...} we always include zero. Therefore, the notations (939;y) (t,z)
used in (1.1) include cases where some a; = 0, j = 1,...,s, or v = 0. Finally,
C*(X,R™) denotes the set of all the C* functions f : X — R™, whereas C*(X) :=
C*(X,R).

2. MAIN RESULTS PRESENTED IN THE PAPER

The problem (1.1) is always considered in the domain [ty — a,tg + b] x S =:
T xS € R for a, b € Rog and for F € C® (TxSme'LJRm), Yo €

C®(S,R™), j = 0,...,d — 1, where L := Card{(a,v) € N* x N¢, | |a| < L} and
p < d — 1 denotes the maximum order of derivatives 9;y(t,z) € R™ appear-
ing on the right hand side of (1.1). For PDE, the starting point of the Picard-

Lindeldf iterations is the function ig(t,z) := Z?;é %]Jifz)(t —t9)7. These iterations
are defined in Bg(ip) := {u € CPCX(T x S,R™) | |[u —ig|x < 7% Vk € N}, where
CPCS® is the space of functions which are of class CP in ¢ and smooth in z (see
Def. 9 for the precise definition) and with the related supremum norm |y|/x :=
Maxi<p<m ﬁl}l&)}i Max(; 2)eTx s ‘83yh(t7x) ; the radii rp € Rsg U {+o0} and R :=

B1<p

(7k)ren. We use the simplified notation G(t,z,y) := F |t,z, (030]Y)|a<L (t,2)|.
v<p
Like in the case of ODE, we finally need a locally Lipschitz condition on F: we

say that G is is Lipschitz on Bg(io) with loss of derivatives (LOD) L and Lipschitz
factors Ay € CO(T x S) if
|8§Gh(t,ax,u) - 8§Gh(t,m,v)| < Ag(t,z)- max max |8§‘8?(ul - vl)(t,x)|
I=1,...,m |a|<k+L
v<p
for all u,v € Br(ip), |v| <k and (t,z) € T x S.
The Picard-Lindel6f-Cauchy-Lipschitz theorem for PDE can be stated as follows:

Theorem 1. In the previous notations, assume that S is dense in S. Define
P : Br(ig) = CPC® (T x S,R™) by

t ED)

Py)(t, z) :=io(t,z) + / dsg 9. G(s1,x,y) ds;.

to to
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Assume that G is Lipschitz on Br(ig) with loss of derivatives L and Lipschitz
factors Ay, € CO(T x S), and for all (t,x) € T x S, alln € N and all j = 1,...,d,
set

Ay oi=1,

t S2
j l
/to de . /to Ak(sl,x) . OrglaSXdAk—i_L’n(th) d81 5 (2.1)

Aierl(t,x) =
Agp = max Aim(to + max(a, b), z).
0£5d

Finally, assume that the following conditions are fulfilled for all k € N:
(i) P"(ig) € Bg(ip) for all n € N;

“+oo
(it) Z]\k,n P (io) = dollg gy < Fo00.

n=0
Then, there exists a smooth solution y € Br(ig) N C>®(T x S,R™) of the problem

ofy(t,x) = F [t (asazyna.g} ,
) y<p
8gy(t0ax) = yO](x) .7 = 07"'7d_ 1a

given by y = limy, 4 oo P™ (ig) in (CPC3° (T x S,R™), (|[=ll.) en)» which satisfies

(2.2)

—+oo
Vkym e N ly =P (io)l, < D Run - I1P (o) = dolljnz

n=m

The proof, like in the case of ODE, is based on a Banach fixed point theorem
for contractions with LOD (see Def. 4 and Thm. 6).

We immediately recognize that the main assumptions of this result are (i) and
(ii), e.g. because we have to avoid the possibility that r, — 0 and hence the ball
Br(io) = {io}. We therefore show that these conditions are satisfied for the follow-
ing class of examples:

Ofy(t,z) = p(t) - 040] y(t, ) + q(t, x), (2.3)

where y(t,z) € R™, p € N°, |yl = L > 0,0 < v < d, p € C°(T,R™ ™) is
an arbitrary smooth function, and ¢ is a smooth function with uniformly bounded
derivatives in x:

3Q e RooVv e N°V(t,z) € T x S: |0%q(t, )| < Q. (2.4)
We have the following results:

Theorem 2. If the initial conditions yo;, j = 0,...,7 — 1, are arbitrary smooth
functions, whereas yo; for j =,...,d —1 are analytic or they satisfy

190 it (ni1yL ~ (RL)7 ™ 05 >0 Vj=n,...,d—1Vk €N

where d > ;L (therefore, yo; is not an analytic function, but it is Gevrey of class
s > 0;), then there exists a smooth solution of (2.3) in Br(ig) for T sufficiently
small and oll x € S. We note that, if the function p is non-Gevrey, then any
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solution such that O*9]'y # 0 cannot be of Gevrey class. Moreover, if we set

/de / f(s1) dsi

p(t) - (t—to)’ ™"

t) =
) i=La[p(t) - 0] prj—y (1))
)=
)=

(
fj—y et (t
no(t,x
Nht1(t, @

Hj—~,0

q(t,z)
Iy [p(t) - 050 nu(t, )],

the solution y is given by the formula:

y—1 yo(x) . +o00 d—1 8h“y0~(
y(t,z) = L (t—to)uzzﬁﬁij 15— (t +Z77htx (2.5)
= I == =)

In particular, if the functions p and q are constant, then

y—1 +oo d—1 (t . to)h(d_,y)+j_,y

y(t, o) = Zyoi( (t — to)’ +Zza yOJ "“[h(d_w+]._w(j—ﬂr)!+q.

j=0 '7 h=0j=v

<.

Note that, even if these assumptions on the initial conditions yo; are not covered by
the Ovsjannikov-Nirenberg-Nishida extension of the Cauchy-Kowalewsky theorem,
unfortunately in (2.3) we do not have dependence of the function p on the variable
x or the unknown y.

3. A BANACH FIXED POINT THEOREM WITH LOSS OF DERIVATIVES

The idea to extend the classical Banach fixed point theorem to sequentially
complete subsets X of Hausdorfl locally convex linear spaces (E, (| — |)aea) dates
back to [3]. Here, a contraction is a map P : X — X satisfying

Va € Adk, € [0,1)Va,y € X : |P(z) — P(y)|, < kalT — Yla-

The notion of contraction has also been extended to uniform spaces ([33, 34]) and
to condensing maps on Hausdorff locally convex linear spaces via the notion of
measure of non-compactness (see e.g. [2] and references therein). See also [1] for a
recent survey, and [10, 37, 6, 38] for updated references framed in locally convex
linear spaces.

In the present section, we want to prove a Banach fixed point theorem for con-
tractions with loss of derivatives in graded Fréchet spaces. In this paper, by a
graded Fréchet space (F,(|| — |lk)yey) We mean a Hausdorff, complete topological
vector space whose topology is defined by an increasing sequence of seminorms:
| =[x < |l = [|lke1 for all k € N. We denote by B¥(z) := {y € X | |z — yllx < r}
the ball of radius r € R+ defined by the k-norm.

A first trivial and well known result we will use is the following:

Lemma 3. Let (F,7) be a topological space, P : X — F be a continuous function
defined in X C F, and assume that there is yo € X such that P™(yo) € X for
alln € N and 3 lim, 1 o P*(yo) € X. Then lim, o P"(yo) is a fixed point of
P. In particular, this applies if F is a Fréchet space and (P™(yo)),cy 95 @ Cauchy
sequence of points of X, where X C F is a Cauchy complete subspace.
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Proof. The usual proof works: 7 := lim, . P"(yo) € X exists by assumption,
and since P : X — F is continuous we have
P =P( lim P" = lim P""(yo) =7. 0
®) (n;gloo (yo)) Jm P (yo) =
In particular, this general Lem. 3 applies to contractions with loss of derivatives

in Fréchet spaces: A key idea in defining this notion is that it has to depend on the
starting point yg of the iterations:

Definition 4. Let (F, (|| — [[k)yen) be a Fréchet space, X be a closed subset of
F,yo € X and L € N. We say that P is a contraction with L loss of derivatives
starting from yo (and we simply write P € C (X, L, yp)) if the following conditions
are fulfilled:

(i) P:X — F is continuous;

(i) P™(yo) € X for all n € N;

(iii) For all k, n € N there exist ax, € Rs¢ such that

[P (yo) = P (o) ||, < et [1P (40) = W0l (3.1)

(iv) For all k € N, the following Weissinger condition holds:

“+o0
>~ [1PW0) = ol 1z, < +oo. (W)
n=0

Note that if we actually have only one norm || — || = || — ||o and L = 0 (ODE case),

then (W) reduces to the classical Weissinger condition, [39].

We first note that condition (3.1) trivially holds for n = 0 by taking oy o = 1. On
the other hand, thinking at (W), we are clearly interested only at the asymptotic
behavior of ay, as n — +o0o. Secondly, Def. 4 is weaker than the usual definition
of contraction because of the following first three remarks:

(i)  We will see only in Sec. 6 that condition Def. 4(i) is not a simple generalization
of the usual stronger P : X — X, but is essential for the choice of the radii
in the PL. Thm. 14.

(ii)  Both conditions (3.1) and (W) depend on the initial point yo € X. In contrast
to the classical BFPT, this underscores, in an abstract setting, that for PDE
the property to have a contraction with loss of derivatives depends on the
initial condition yy € X. Moreover, in this paper we are solely interested
in existence results for fixed points of contractions with loss of derivatives;
uniqueness results would require conditions closer to the classical BFPT (see
e.g. Lemma 5).

(iii) Since we want to take n — 400, a condition such as Def. 4(iii) intuitively
implies that we have to consider all the derivatives controlled by || — || for
all £k € N. It is for this reason that in the present work we deal only with
smooth solutions of (1.1).

(iv) We have a loss L > 0 of derivatives. If L = 0, Def. 4 actually tells us that,
for all k£ € N, there exists N, € N such that ZZEON)C arn < 1. If we consider
only n > Ny, the following Lem. 5 states that we essentially have the classical
notion of contraction.

More classically, contraction property (3.1) is implied by one of the following
stronger conditions:
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Lemma 5. Let X, yo and L be as in Def. 4. Then, the following sufficient condi-
tions hold:

(i) If P: X — F satisfies the property
Vk,n € N3y, € RyoVu,v € X @ ||P" (u) — P" (v)],, < agon |Jlu — v||k+nL, (3.2)

then condition Def. /(iii) holds for all yo € X with the same contraction

constants a,,. Moreover, P : X — F is continuous.
(i) If (3.2) holds only for n =1 with ay = oy, then condztzon Def. 4(iii) holds
for all yg € X with contraction constants &g, = H 0 Ot j -

Moreover, if L = 0 and y1, y2 are fized points of P, then ||ly1 — y2|lx = 0 for all
k € N. In particular, if at least one of || — ||k is a norm, this entails that y1 = yo.

Proof. (i): In fact, (3.2) yields

[P (yo) = P™ (yo) ||, = I1P™ (P (y0)) = P" (y0) e < ko 1P (40) = Yollpsn. -

Taking n = 1 in (3.2), we have |P(u) — P(v)|lx < ag,1l|lu — v||k+r and hence
P (Bk (w) N X) C B¥(P(u)) N X, so that P is continuous.

r/og 1
(ii): If (3.2) holds only for n = 1, then we can prove the claim by induction on
n. For n = 0 the conclusion is trivial since aiy = 1. For the inductive step, we

have

12" 2 (o) — P (yo) |

IP(P™* (yo)) = P(P" (y0)) I

< [P (yo) — P (o) llw+r
n—1

< ag H Wt L5 L[| P(Y0) = Yollk+L+nL
=0

= Hak+jL 1P (vo) _y0||k+(n+1)Lc
j=0

Finally, if P(y1) = i, then [[P"(y1) — P"(y2)l[x = [[y1 — g2/l < arnllyr —y2llx <
lly1 — 2|l because the convergence Z::) Qg < +oo implies ag, < 1 for some
n € N. Thereby, |[y1 — y2||x = 0, which entails y; = 2 if |||, is a norm. O

In Thm. 13 and in the proof of Thm. 14, we will see that for the normal smooth
Cauchy problem (1.1), the corresponding fixed point integral operator P always sat-
isfies the stronger condition (3.2). Therefore, in all these cases the real dependence
on yo actually lies in conditions (W) and (ii).

Even in the simple case of the transport equation 0;y = ¢ - d,y, where ¢, y €
C*>*([0,a] x S), S € R, we can recognize the appearance of a loss of derivative L = 1
due to the occurrence of the term O,y on the right hand side of the PDE. In fact,
set P(u)(t,z) := yo(z) + fo - Ozu(s,x) ds for a fixed yp € C*(S) and for any
u € C>(]0, a] x S). Con31der1ng on C*([0,a] x S) the family of norms

[l - max |07 00u(t, x)|,
\Oé|+|5\<k(t z)€[0,a]x S
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we would like to argue in the following way (where, for simplicity, we consider only
the case n = 1 in property (3.2)):
<

[ P(u) — P()lx = /OC-az(u—v) ds )

<a- el [10x(u=v)llx <a-lleflx - lu— vl (3.3)

The problem in this deduction is that the first inequality is generally false for these
norms: if k£ > 0 then any derivative 0; deletes the integration, so that the factor a
(which is important to get a local solution) cannot appear in (3.3) (see Sec. 5.1 for
more details). We will fix this problem by taking another family of norms which,
anyway, respect the same basic ideas (see Def. 9), and where the estimates (3.3)
hold.

Def. 4 has been tuned to allow the proof of the following result, whose proof is
surprisingly simple:

Theorem 6 (BFPT with loss of derivatives). In the assumptions of Def. 4, if
P e C(X,L,yo), then (P"(y0)),cy 5 a Cauchy sequence, and hence
y:= lim P"(yo) € X

n—-4o0o
is a fized point of P. Moreover, for all k, n € N we have that

400
17— P" (yo)lly < Zakj 1P (y0) = Yoll g1 -

Jj=n

Proof. 1f we prove that (P™(yo)),,cy is a Cauchy sequence, the claim follows from
Lem. 3. Let m, n, k € N with m > n. Then

IP™ (y0) = P™ (yo) I, < [|P™ (o) = P™ " (wo)||, + -+ [|P"" (wo) = P" (w0) ]|,
<em—1 1P (¥0) = Yollksm-1yr T+ n 1P (0) = Yolljpnr

m—1
= iy 1P (y0) = wollgrjr. - (3.4)
j=n

We conclude using (W) of Def. 4. The final claim holds by taking m — +oo in
(3.4) as ¥ = limy,— 100 P (y0)- O

Clearly, the chain of inequalities in (3.4) could be stopped in several different ways.
For example, as ||P (y0) = yolly1;z < 1P (¥0) = Yolljt (m—1)z We can continue ar-

riving at a final term of the form [|P (yo) — yoll 4 (m—1)z - Z;;OZ agj. Actually, this

would lead us to consider a limit of the form limy, m—s 400 Pm - ¢n, Which never exists
n<m
if p,, — 400 and ¢, = a™, because we can take n — 400 depending on p,,. On

the contrary, in condition (W) the summation index n links the two factors in the
series; looking at Lem. 5 and next Thm. 13, we can also say that condition (W)
links the right hand side F' and the initial conditions yo; of the Cauchy problem
(1.1). This link is important because without setting growing conditions on the
derivatives of yo;, in general the problem (1.1) has no solution (see Sec. 6, where
we prove condition (W) for a class of problems, with non-Gevrey solutions, which
are not covered by the Ovsjannikov-Nirenberg-Nishida extension of the Cauchy-
Kowalewsky theorem). On the other hand, it is clear that the proof of previous
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Thm. 6 is quite standard, and this underscores that the key step lies in Def. 4 of
contraction with loss of derivatives L starting from yg.

4. SOLUTIONS OF EQUATIONS

In this Section, we want to use the Banach fixed point Thm. 6 with loss of
derivatives to solve equations of the form F(u) = v in arbitrary graded Fréchet
spaces. We can also inscribe this problem as the proof of local surjection in inverse
function theorems. In order to facilitate the comparison with other local surjection
theorems, only in this section we use notations similar to those of [7, &].

In the following, given a sequence R = (71),cy, ' € Rso U {400}, £ €N, and a
point ug in a graded Fréchet space F, we set

B (up) := {u € X | ||u—up||s+¢ < Rsye Vs € N}. (4.1)

In particular, if £ = 0, we simply use the notation Br(ug) := B£"(up). Note that
B} (up) is closed in F as it is the intersection of closed sets. Moreover, Bp(uq)
trivially generalizes the space usually used in the proof of the PLT for ODE, where
we only have r, = ry < +oo. We also note that we can have Br(uo) = {ug} if
rr — 07: This underscores that a key point in these results is exactly the choice of
radii 7, so that 7, 4 07; we will see in Thm. 21 that this is possible in a non trivial
class of examples. The first trivial consequence of Thm. 6 reformulates F(u) = v
as a fixed point of the map P(u) := u — F(u) + v:

Corollary 7. Let (F,(|| = ||x)ren) be a graded Fréchet space. Let X be a closed
subset of F, F : X — F be a continuous map, v € F and L € N. Set P(u) :=
u— F(u) + v and assume that for all k, n € N, we have

P"(up) € X, (4.2)

Jakn € Rug: HP"+1 (ug) — P™ (uo)Hk < agp || P (ug) — u0||k+nL , (4.3)
+oo

Z k- || P (uo) — uOHk—i—nL < 400, (4.4)
n=0

then, there exists u € X such that F(u) = v.

In spite of its triviality, we will see in Sec. 6 that this result allows us to solve PDE
with the same scope of the next PL Thm. 14 (which, on the other hand, already
includes in its proof the verification of property (4.3)). Moreover, let us now note
that in Cor. 7 we do not require differentiability of f let alone the existence of some
inverse of its differential df(u).

Generalizing the derivation of the inverse function theorem from the classical
BFPT in Banach spaces (see e.g. [16, 4, 20]), we obtain the following theorem,
where we can think D(ug) = DF(ug) (in the case where F is differentiable) and
L(up) a right inverse of DF (ug).

Theorem 8. Let (X, (|| = &) en)s (Y, (| = |k)pen) be graded Fréchet spaces, ug €
X, and R := (Ry)ren, T := (Tk)ken be sequences of strictly positive or infinite real
numbers. Let F : Br(ug) — Y be a map, D(ug) : X — Y and L(ug) : Y — X
be linear maps depending only on ug. Assume that:

(i) | L(uo)F(u+h) — L(uo)F(u) = hllx < au - [|hlljsm for allk € N, u € Br(uo),

h € X such that u+ h € Bgr(ug), where ay, >0 and m € N;
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(i) L(ug) is a right inverse of D(ug), i.e. D(ug)L(up)k =k for all k € Y;

(iii) | D(uo)hlr < ak-||h||kta for allk € N and all h € X, where ar, > 0 and d € N;

(i) || L(uo)k|lx < br - (1 + ||uol|lk+e)|klkye for all k € N and all k € ), where
b >0 and £ € N;

Riim(l—a
(v)  Rigm < Rkl and Tyio < W for all k € N;
n—

(vi) Z:B i=0 Qktjm | L(uo)[F'(u0) — v]|[ktnm < +o0 for all k € N and all
v € BEY(F(up)).

Then, the following properties hold:

(a) |F(uo + h) = F(uo)lx < ag (artdllbllktasm + |hllk+a) for all k € N and all
h € X such that ug + h € Br(ug), and therefore F is continuous;

(b) |F(uo+h)— F(uo)|kte > m (Ir]lx — cwl|hllktm) for all k € N and
all h € X such that ug + h € Br(ug);

(c) If both F' and L(ug) are continuous, then

Vo € BF* (F (u)) 3u € Bg (ug) : F(u) = v.
(d) For all u € Br(ug) and all v € Y, if F(u) = v, then for all k € N we must
have

l[u — uollx — akllu — uol[k+m
br - (1 + [luol[k+e)
[v = F(uo)lk < ak (aptalle — vollktdtm + lu = wollk+a) -

< v — F(uo)|rte

In other words, if at least one of these inequalities does not hold, then the
equation F(u) = v does not have a solution u in Br(ug).

Note that we do not require that the spaces X, ) are tame or admit smoothing
operators like in the Nash-Moser theorem, see [15]; in principle, we also do not
require that F' is differentiable as in Ekeland inverse function theorem [7]. Moreover,
its proof is a generalization of [16], so that it includes the inverse function theorem
for Lipschitz maps in Banach spaces if m =d =¢ =0 and r, = rg for all k € N.

Proof. (a): From (ii), (iii) and linearity of D(ug), for & € N we can write
[F(uo + h) = F(uo)|k = |D(uo)L(uo) F'(uo + h) — D(uo)L(uo)F (uo)|x
< ak||L(u0)F(u0 + h) — L(UO)F(
— k1L (o) Futo + h) — L(uo) FY(

< ak (akgallh|[k+dsm + [|Pllksa) ,

o) ||k+a
uo) — h+ hlkta

where we used (i). Considering that [|A[lx+4 < ||hl[k+dtm, from this property we
have that F : Br(ug) — Y is continuous.
(b): Once again from (i) and k € N, we get

17llk < [|L(uo) F(uo + h) — L(uo) F'(uo) — [k + || L(uo) F'(uo + h) — L(uo) F'(uo)]|x
< o[l hllktm + bk - (1+ [luollk0)[F'(uo + h) — Fuo) ke
because of (iv) and the linearity of L(ug).

(c): Properties (iv) and (a) imply the continuity of the map P,(u) = u —
L(ug) [F(u) —v], P, : Br(up) — X, for any fixed v € Y. We now prove that
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P, : Br(uo) — Br(uo) if v € BF*(F(ug)). Take u € Bg(up) and k € N, then

[P (u) = wollk = llu— L(uo) [F(u) = v] = uoll
= llu = uo = L(uo) [F(u) — F(uo) + F(uo) — v} [|x

= |Ju —uo — L(uo) [F(u) — F(uo)] — L(uo) [F(ug) — v] ||«

< |lu —ug — L(uo) [F'(u) — F(uo)] [|x + [[L(uo) F(uo) — L(uo)v|lx

< agllu = uollk+m + bk - (1 + [[uollk+e) [ F'(wo) — vlkte (4.5)

< agp - Rigpm + bi - (1+ [Juol|i4e) - bjkaﬁhwﬁé:jz) = Rpym < Ry,
(4.6)

where in (4.5) we used (i) with h = u — ug, and (iv) with k = F(up) — v; in (4.6)
Rk+m(1—ak)

B b+ (1+[luollk+e) *

For all u, & € Br(ug), property (i) yields

we used |F(ug) — vlkte < Thte <

1Py (w) = Po (@) [ = [ L(uo) F (@) = L(uo) F(u) = (@—u) | < ok [[u—l[x1m Vk(e N)-

4.7

Therefore, Lem. 5(ii) implies that the map P, has contraction constants &g, :=

H?:_Ol Okt jm With loss of derivatives m. Assumption (vi) is exactly Weissinger

condition for this map, and hence the BFPT with loss of derivatives Thm. 6 proves
claim (c).

(d): These inequalities are resp. (b) and (a) with h := u — ug; O

Even if the previous statement allows us to take ry = +o00, it is now Weissinger
condition (vi) that forces to take v near F(ug): the factor ||P,(uo) — uollgtnm =
|L(uwo) [F(wo) — v] || k+-nm is small if v is near F'(ug); note also that (vi) is implied
by the stronger condition Z;Z% QpnThant < 00 because P, : Br(ug) — Br(ug).
On the other hand, assumption (vi) is in principle compatible with growing term
| Py (1) — 1o || k-tnm @s k+nm — 400, even if the Lipschitz factors ag,, must keep the
series convergent. Note also that the assumption Tj1, > 0 and (v) imply aj < 1.

5. A PICARD-LINDELOF THEOREM FOR PDE
In the following, considering the Cauchy problem (1.1), we always set and assume
L := Card{(a,7) € N* x N, | |a| < L}
a, bERsg, [to—ato+b] xS =Tx8SeR"™ (5.1)
Fec® (T X S x Rm'f,R’”)
yoj € C(S,R™) Vj=0,...,d—1,

where p < d—1 denotes the maximum order of derivatives 9, y(t,z) € R™ appearing
on the right hand side of (1.1).

5.1. Supremum norms of integral functions. We have already mentioned that
the first inequality in (3.3) is generally wrong. Let us construct a counter ex-
ample for the space of one variable functions C*°([0,a]) with the norms |ju|| :=
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max p< |u™(t)|. Take e.g. a = 1 and consider the straight line y = 1. Then

t€(0,a]
=) t
/ y|| = max | max /1,max 1] =1
0 1 tE[O,%] 0 tefo 72]
and
[lyllx = max nax [1], max [0] | =1,
t€[0,3] t€[0,3]
therefore

(=) 1
/ 1 =1>a-|ylh==.
0 2
1
It is not hard to prove that, actually, || fo(f) yllk > a- ||ly|lx for all k> 1.

This remark allows us to understand, once again, why in the classical proof of
the smooth PLT we consider only the space C°([0, a]) of continuous functions with
the supremum norm || — [|o: in fact, even if we aim to get a smooth solution y (so
that we would have to control all its derivatives), the normal form of the equation
recursively yields the smoothness of y starting from a continuous solution of the
corresponding integral problem.

Similarly, we can argue for normal PDE: considering the corresponding integral
problem

y(t, z) = io(t, x) / dsq .4 / F |:81, , (0207 y)|a‘<L dsq, (5.2)
d—

Z

7=0

t—m) (5.3)

we only need that the function y is of class C? in ¢t and smooth in z: smoothness
in ¢ recursively follows from (5.2), and we only have to control all its derivatives in
2. This motivates the introduction of a space with this kind of functions.

5.2. Spaces of separately regular functions. As we mentioned above, instead
of considering functions which are jointly regular in both variables (¢, x), we need
to consider separate degree of regularity in each variable.

Definition 9.

(i) If X C R™isan arbitrary subset and ¢ € NU{oo}, we say that f € C/(X,R™)
if for each x € X there exists an open neighborhood z € U C R™ and a
function F' € C?(U,R™) such that Flynx = flunx-

(i) Let T x S € R, Set

Nllfs = {6 e N5 | 3 < p}, (5.4)
and denote by CY'C° (T x S,R™) the set of continuous functions y € CO(T" x
S,R™) such that
VB e N 39% € CUT x S,R™).

The functions in C;C° (T x S,R™) are called separately CYCS° regular. This
space is endowed with the countable family of norms ||—||,, ¥ € N, defined
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by
‘= ma a a Pyt (t,x)|. 5.5
lolle := max max mex [0%"(t )] (5.5)
BeEN,T®

In problem (1.1), we could also consider a reduction to first order: setting y! := v,
Yyt =0, j=1,...,p, problem (1.1) is equivalent to

E)tY(t, {E) = F t,I, 8;‘}”“ al<L|
B e (5.6)
Y(to, 33‘) = YQ(Z‘),

where, as usual, we mean 92Y 7! = 92y 7+ (¢ x), and
Y(t,2) = (y'(t2),....y" ' (t,2))
Yo(@) := (0(x),- .95 " (2))

F? [t,x,(ua”)mg] =F {tﬂﬁv (uaﬁ)lalgL:|

v<p 7<p

Fj |:t, x, (u(l,’y)a|<L:| = yj+1
v<p
for j =1,...,p. In the corresponding integral problem (5.2), we could assume d = 1
and hence we only need that the function y is of class C)C°. On the one hand,
this would simplify our next statements. However, we would obtain a PLT with
assumptions that are clear only for d = 1, and to prove from this a corresponding
result for d > 1 is not so easy. For this reason, we prefer to directly proceed with
the generic problem (5.2) without implementing a reduction to first order.

Lemma 10. In the notations of Def. 9, (CFC° (T x S,R™), (|| =) ren) is @ graded
Fréchet space.

Proof. The only non trivial property to check is that the topology induced by the
family of norms (||—||,),cy is Cauchy complete. Let (yn), oy be a Cauchy sequence
in (CICe (T x S,R™), (”*”k)keN)’ so that for k = 0, the sequence (yy),,cy con-
verges uniformly. Let y : T x S — R™ be the continuous function defined by

y(t,z) := nBIEoo yn(t,x) V(t,z) €T x S. (5.7)

For all 8 € NJ**, we have [|0%y; — 0°ynllo < |yt — ynlln and hence (aﬂyn)neN
is a uniformly convergent Cauchy sequence in C° (T x S,R™) that converges to
%y € C° (T x S,R™). This shows that y € C/'C°(T x S,R™). It remains to prove
that y,, — y with respect to the norms defined in (5.5). For k = 0, we simply recall
that the limit in (5.7) is actually a uniform limit. For & > 0, we note that for all
B e Nzl,“‘s with |8] < k, the sequence (8Byn)n€N converges uniformly in 7" x S to

0%y. O

Exactly because we have 81 < p < din (5.4), we can now have the desired estimate
in considering the norm of an integral function:

Lemma 11. Let f € CPC(T x S,R™) and, for every k € N, let My, € C°(T x S)
be such that

|0 " (t, )| < My(t, ) (5.8)
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forall (t,z) e T xS, h=1,...,m, and all v € N° such that |v| < k. Set

t ED)
/ ds; 1. / My, (s1,2) ds;
to to

Then, with respect to the norms in the space CYC° defined as in (5.5), we have

My;(t, x) :== V(t,z) e T x SVj=1,...,d.

(=) 52 _
(i) / dsg 4. f(s1,—) ds1|| < max My;(to + max(a,b),z).
to to k oﬁigd

In particular, if My = ||f||x:

(=) s2
(i1) /t dsg .9. f(s1,—) ds1|| < max(a,b)- | f]|x-

to k

Proof. (i): Clearly, the notation ft((:) dsg .4. tsjf(sl, —) ds; denotes the function

t

<(t7x)€T><S»—> dsg . 4. f(s1,2) dsleR’”) e CPC(T x S,R™)

to to

(actually, this is a CZC°-function, but in the statement we are considering the
norms || — || of the space C/C;°). For some 8 € Ny** with |3 < k, and some
h=1,...,m, we have

But 81 < p < d, and hence, setting v := (B2,..., ), the operator 9° = 8;8?1
deletes 8y integrals in (5.9); set 7:= d — 81 > 0. Differentiation under the integral
sign yields

(=) s2
/ dsd d / f(Sl, —) d81
to to k

t S2
/ ds; . 7. Y f(s1,x) dsy
to

(=) 52
/ dsy . 4. f(s1,—) dsy
to

to

k
t So
= 85/d . hsy,2) dsi|. (5.9
caeis|? ), A5t ), Tlenm) ds (59)

- max
(t,x)eTxS t
_rt s2 ,
< ma sen(t — tg)’ ds- 7. Pl sy, z)| ds
i (t@)ef])"(xs g ( 0) / J /to ’ :cf ( 1 )‘ 1

to
t S
< a 5 t—ta) ds- 7. M ’ d
_(t,gleq}‘{xssgn( 0) o 57 /tg k(s1,2) dsi

= ma My(t,x
(t,w)e%(xs kj(’ )

< max My, (to + max(a, b), z).
Oi?gd
Note that if ¢ > tg, then ¢y < s; < t; if t < ¢y, then t < s; < tp, and in both

cases sgn(t —to) = sgn(s; — to). Similarly, we can proceed for the other integration
variables sg.
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(ii): Condition (5.8) holds if My = ||f||x, and we have

(t —to)’ .

Myt @) = || fllx 7

Thereby, max,es My, (to + max(a, b), z) = max(a, b)|| f|x- O
j<d

To solve problem (1.1) or, equivalently, the integral problem (5.2), let us intro-
duce the following simplified notation

G(taxy y) =F tha (8gazy)|a|§L (t,l‘):| € Rm7 (510)
Y<p
for all (t,x) € T x S and all y € C/C°(T x S,R™). Explicitly note that the

smooth function G(t,x,y) is given by composition of F' |t,z, (2%7)|q <1 | with the
<p
derivatives (099]y) (z,t) = z*7 € R™ that actually appear in (1.1). On the
contrary, when we use the variables G(t,,z), we mean that z = (2%7)4 <1 €
v<p
Rm-L.
We now introduce the following definition of Lipschitz map:

Definition 12. Let B C CY'C° (T x S,R™). We say that amap G: T x S x B —
R™ is Lipschitz on B with loss of derivatives (LOD) L and Lipschitz factors (Ag) ey
if
(1) VyEB: G(_a_ay)ectpca:oc (TXS,R”L);
(i) Ap €C%T x S) for all k € N;
(iii) fkeN, veNs |[v|<k h=1,....m,u,v€EB,(t,x) €T x S, then
|8;’Gh(t,a:,u) — 6;’Gh(t,x,v)| < Ak(t,z)- max max |8§8§(ul - vl)(t,x)’ .
I=1,..,m |a|<k+L
v<p

(5.11)
We simply say that G is Lipschitz on B with LOD L if the previous conditions (ii)
and (iii) hold for some (Ax);cp-

Note that if B = Br(zq) but r,, — 07, then B = {x(} and (5.11) is trivial: Once
again, this underscore that a key problem is the choice of the radii 7, 4 07. In the
next theorem, we prove that if G is defined by (5.10) and all the radii r, < 400,
then G is always Lipschitz with respect to constant factors (Ay),cy in the space
Bpr(ip) C CPC (T x S,R™) defined in (4.1) and with loss of derivatives L given, as
n (1.1), by the maximum order of derivatives in x that appears in our PDE. The
space Bg(ig) is suitable for the proof of the PLT if we are also able to prove that
for these finite radii the Picard iterates P"(ig) € Bgr(ip). On the other hand, in
Sec. 6 we will show examples of PDE with constant Lipschitz factors Ay but where
we are free to also take rp < +o00. In other words, the following result is only a
sufficient condition.

Theorem 13. Let ri € Ryg for all k € N. Set R := (rx)ken, io as in (5.3) and
Bgr(io) as in (4.1), i.e:

Brlio) := {u € CPC(T x S,R™) | |lu— do|y < i Vk € N}. (5.12)

Then the function G defined in (5.10) is Lipschitz in Br(ig) with loss of derivatives
L and constant Lipschitz factors.
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Proof. We only have to prove condition (iii) of Def. 12, so that we consider k € N,
aeN v <k, h=1,...,m,u, v € Bg(ig), (t,z) € T x S. Note that

VG (t,z,u) = 8" {Fh {t, x, (agagu)|a|§L] } . (5.13)
Y<p
We first prove the case |v| = 0. Since u € Br(io), we have ||u—io||p+p < 7r+p and

hence 090 u(t,z) € B 020710(S)) =: Coay € Ujaj<r Coa,y =: Co € R™ for
Y<p

all || < L and v < p because rp4, < +oo. Similarly, 939] v(t,z) € Cy. Thereby,

using (5.13), we have

TL+p (

lagGh(t,x,u) — 8ZGh(t,x,v)| < HF||1 _max |max |02 oy (u! — vh)(t, z)| <
Y<p
< HF||1 _max . max 10207 (u' — ') (t, )],

m |a|<k+L
Y<p

where the norm || F||; is taken on T x S x CmL € RP, D := dim(dom(F)) =
14 s+mL. We firstly set Ag(v) := ||F||1, and now consider the case |v| > 0.
From Faa di Bruno’s formula

Pty = S OF [t z, (98] u)|a|<L] By, [(agagu(t,x))w], (5.14)

1<n|<v|

where B, 5((2uy)u~) are Bell’s like polynomials such that |u| < |v|+ |a| < k+ L for
all p. For simplicity, set

O"E" (t,x,u) := ONF" [t, x, (ﬁg‘ﬁgu)mSL} (5.15)
<p
Quu(t,z,u) == B, [(agagu(t, x))w] : (5.16)

so that we can estimate
‘QZGh(t,x,u) - 8;Gh(t,x,v)‘ =

= OMFM(t,u) - Quu(t,x,u) — Y OTFM(t 2, 0) - Quu(t,z,v)| <
n

n n
< Z@"F”(t,az,u) “Quu(t,z,u) — Z@"Fh(t,amu) CQuu(t,z,v)| +
n n
+ Zath(tax7u) ~Qm,(t,x,v)—23th(t,x,v) 'Qnu(taxyv) :
n n

For some L, > 0 depending on @,,, the first summand yields

|3"Fh(t,x,u)| : |Qnu(tvmvu) - Qm/(tvxvv)‘ <

Ll
<||F|lk - Loy L pax | max, |0Lo7 (u! —v')(t, )|
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The second summand gives
|07 F (¢, 2,u) — TF(t,2,0)| - |Quu (t, 2,0)] <

< ||F . aqY(,l _ .l t . N
S Il - max | max (050 (uf —o')(t,2)] - N,

where N 1= max,|<|,|<k MAX (¢ )T x Sx CE, |Qnu(t, z,v)| and, as we did above,

v € Bp(ig) yields some Cf, € R™ such that 938]v(t, z) € Cf, for all & € N® such
that || < k+ L. We finally obtain

|(9;Gh(t,:177u) - agGh(t’va” < Z (”F”k © max LHV + ||FHk+1 ! Nk> '

In|<I|v|<k
1<[n|<|v|

aaY (1 l
. 00 — t .
l:r{lfl.?,(m \a?é%x-k[ | x 7t (u v )( ’x)|

Setting
Ap(v) = > <||F||k - max Ly, + ||F k41 -Nk.>
[nI<lv|<k
1<n|<|v]
Ay := max Ak(y),
lvI<k
we get the conclusion. (Il

5.3. The Picard-Lindel6f theorem for smooth normal PDE. A natural meth-
od to solve PDE is to transform it into an infinite-dimensional ODE and then apply
a PLT, see e.g. [31]. On the other hand, our approach can be considered simpler
because we do not transform partial derivatives into ordinary ones in infinite di-
mensional spaces.

We can now state our main local existence result for smooth normal systems of
PDE (recall the general assumptions (5.1)).

Theorem 14. Let Ay € CO(T x S), i, € Rog U {+o00} for all k € N, and assume
that S is dense in S. Define R := (r}.)ren, Br(io) as in (5.12), and P : Br(ig) —
CPC (T x §,R™) by

t ED)
P(y)(t,z) :=io(t,x) +/ dsg . 4. / G(s1,x,y) ds;.
to to

Assume that G is Lipschitz on Br(ig) with loss of derivatives L and Lipschitz
factors (Ap) ey, and for all (t,x) € T x S, alln € N and all j =1,...,d, set

A?c,o =1,
. t ) S2 ;
At 2) = / ds; .71. / Ak (s1,2) 'oglfgidAk'*'L’"(Sl’x) dsq|, (5.17)
to to =
Apn = max Ay, (to + max(a, b), x).
0<j<d

Finally, assume that the following conditions are fulfilled for all k € N:
(i) P"(ig) € Bg(ip) for all n € N;

—+oo
(ii) > Ak 1P (i0) = iollpypp < +00-

n=0
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Then, there erists a smooth solution y € Br(ig) NC>®(T x S,R™) of the problem

Of(t.0) = F |62, (0507 W)osce|
. v<p
agy(t(]ax) = ij(x) J=0,...,d—1,
given by y = limy, 4 oo P™ (ig) in (CPC3° (T x S,R™), (|[=ll.) en) which satisfies
too
Vk,meN: |ly—P™ (iO)Hk < Z Ak - ||P (i) — iO”k-mL'

n=m

In particular, if My, € CO(T x S), we set

/ ds; .7 / My (s1,z) dsy
0
and we also assume

(i) |0 G(t,z,u)| < My(t,x) for all u € Bgr(ip), (t,z) € T x S and all v € N?
such that |v| < k;

(iv) max M, (to + max(a,b), z) < ry;
0<;j<d

Then P : Bgr(ip) — Bg(io) and hence (i) always holds.

(5.18)

MthI

)

Proof. We prove that P actually satisfies the stronger contraction property (3.2)
with contraction constants Ag,. We firstly show, by induction on n € N, that for
each k € N, u, v € Br(io), (t,z) e TxS,h=1,...,m,and § € N},“ with || <k,

we have

07 [P"(w)" = P"(0)"] (t:0)] < fJu = vlcons. - max AL, (t,2). (5.19)

For n = 0, (5.19) reduces to |9°(u" — v")(t,z)| < |lu — v|[x - maxo<j<a Ai,o(t’ x)
which holds because || < k and Ai,o = 1. To prove the inductive step, we consider

S2

t
|86 [P (w) — PP (v)h] (t,z)| < ’35 {/ dsg 4. G" (51,2, P"(u)) ds;
to to

_/tt dsy 4. /t G (51,2, P"(0) dsl}’: (1) (5.20)

Since § € Nll,“, we can write 0° = 8;8{31, where v := (Bs,...,8s) and ;1 < p < d.

The operator 851 deletes B integrals in (5.20); set 7:= d — 1 > 0, and take 9%
inside the integrals to get

t S2
(1") < sgn(t— to)j/ dsy .. / |8;’Gh(51,m,P”(u)) - 8;’Gh(317x,P"(v))| ds;
to to
=:(2").
Since G is Lipschitz on Bg(ig) with factors (Ax),cy, we get

t S2
(2%) < sgn(t — to)j/ dsy . 7. / Ag(s1, )
to to
e max (0207 [P ()! = P(0)] (s1.2)] day = (3°).
v<p
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Using inductive hypothesis (5.19) (with k + L instead of k and (v, «) instead of 3)

S2

t
(3%) < sgn(t— tO)J/ dsy 7. Ag(s1,2) - ||lu — V||g+L4nL
to to

- max A s ds
0<i<d kaLn(51,@) dsy

= |lu = vllksnrnyr -

- max A s1,x) dsy
0<i<d kern(s1,2)

= ”u - U”k+ (n+1)L ~ Aj]; n+1(t x)

< lu— U”k+ (n+1)L ° ma’é(dAk n+1(t7x)’

which proves our claim.

Finally, we prove (3.2): for some 3 € Nzl)"’s, |8 < k, some h =1,...,m and some
(t,x) € T x S, from (5.19) we have

[P (u) = P" ()|l = [0° [P ()" = P™(v)"] (t,2)] <
<l = vllksnt -Ogljagdf\in(t, z) <
< lw—vllksnr - Akn-

Thisishows the claim on P with contraction constants Ag,. The conclusion with
y € Bg(ip) hence follows from Weissinger condition (ii) and Thm. 6. It only remains
to prove that actually y is smooth. Since y is a fixed point of P, we have

S2

y(t,x) = io(t, x)—i—/ dsg . ¢ G(s1,x,y) ds; (5.21)

to

=io(t,x) + /dsd / F[sl, , (0% aty)‘a|<L(81,x) dsy.

7<p
But y € CYC(T x S,R™) and hence (930, y)|a‘<L € C%(T x S,R™). By induction

(5.21) proves that y is smooth at interior pomts of T x .S and hence also at boundary
points by continuity of derivatives on Tx8S.

In particular, if we assume both (iii) and (iv), we can prove that P : Br(ig) —
Bpg(ip) using Lem. 11. In fact, for any u € Bg(ip) and k € N, from (iii) and (iv)

we have
/ G 81 ,—, U d81
O

< magc My (to + max(a,b),z) < ry.
05524

1P (u) = ioll, =

k

O

Note that, on the contrary with respect to the more classical conditions (iii) and
(iv) (inherited from the classical PLT for ODE) depending both on the choice of
upper bounds M}, and radii rg, assumption (i) depends only on the radii ;. In
Sec. 6, we will see that requirement (i) leads us to the correct choice of these radii
Tk (one more time, depending on the initial conditions ry = rg(ig)).
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If the radii rp < 400, we can also consider as bounds M}, of (iii) and (iv) the
minimal constant functions. This is considered in the following result, which allows
us to understand that to have a local solution using the latter part of the PLT, we
have to avoid that g7 — 0:

Corollary 15. Let A, € CO(T x S), 1 € Rsg for all k € N. Assume that S is
dense in S and G is Lipschitz on Br(ig) with loss of derivatives L and Lipschitz
factors (Ap) ey, define Agy as in (5.17) and

Ck =T x S x U Brk+L+p (6;:/6?20(7—‘ X S))

|[v|<E+L
v<p

My := max max|0yG(t,x,z)|
(t,2,2)€Ck |v|<k

Finally, assume that the following conditions are fulfilled:

(i) max(a,b) < infren 5f-;

(i) 3020 A - || P (i) — ol yspy, < o0 for all k € N.

Then, there exists a smooth solution y € Br(ig)NC>(T x S,R™) of problem (5.18).

Proof. Note explicitly that Cy € R+ because 414, < +00. As we proved in
Thm. 13, for all u € Br(i), all |v| < k+ L and all v < p, we have

1070] u(t, z) = 070 io(t, x)| < llu —iolljyj+y < llu—dollktLop < ThtLtp,
and hence 0Y9] u(t,z) € Ck. Thereby, condition Thm. 14(iii) holds for the chosen

constant M, (see also Rem. 16 just below). Therefore, My;(t,z) = (tfji,")?Mk and

max zes My (to +max(a,b), ) = max(a,b) - My < 7, for all k € N by (i). We can
0<j<d
finally apply Thm. 14. O

Remark 16. To avoid misunderstandings, we explicitly note that the simplified

notation 0¥ G(t, z, z) denotes the function obtained by the following process:

(i)  Consider and arbitrary u € Bpg(ig), and the derivative 0% (G(¢,x,u)) (t,z)
given by (5.14);

(ii)  In the formula (5.14) obtained after the computation of this derivative, substi-
tute the variables zo, = (8;‘8?u)|a‘<§L and 2, = (949/ u(t,r)),,., to obtain
0YG(t,x, z), where the variable z rzﬁiesents all the zo and 2.

For example, for the PDE 9y = a(t) - 9L0]'y, we calculate the derivatives as

OvG(t,x,u) = a(t) - 0%TL0]u(t, ), and here substituting z for oY FL9] u(t, z) we

get OVG(t,r, z) = a(t)-z. For the PDE 0y = (858;@)2, we have e.g. 9, G(t,z,u) =

20L0] u(t, z)OLT10] u(t, x), and 0, G(t,z, 20, 21) = 22021

On the contrary with respect to the Cauchy-Kowalewsky theorem, in the PL
Thm. 14, it would appear that we do not need to assume d > L. However, this
clearly cannot hold in general, and in Sec. 6 we show that such type of assumption is
implicitly contained in the convergence request of Weissinger condition Thm. 14(ii).
A first partial confirmation going in this direction, can be glimpsed by computing
the iteration P™(ig)(t,z) in case of simple linear PDE, and then taking n — +o0:

Example 17. From the Picard-Lindeldf iterations, we can also obtain the following
formulas (where a € Ro; see Thm. 2 for an independent statement including all
the following particular cases), we have:
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(i) 1ty =a- 0%y, then y(t,x) = 3,125 LU0 gntt (¢ — o),

(11) If ato = a'agya then y(t7 gj) Z+00 3 Yoo () an+1( )271+Z+00 y01(a:) n+1(t_

@n)! Gnrr @

t)2
(iii) If Oyy = a - Opy, then y(t,z) = Z+°° Oz Solon'® (@) gn+1. (t—1to)™;
(iv) Tf 0Py = a- 0,0zy, then y(t,z) = yoo(x) + Y=g ZLeH D ant1(t — 1g)™;

(v)  Tf02y = a-0,y, then y(t, ) = 312 Zevoole) ymv1(y ! 0)2n 30 Qo Elan+i (-

(2n)' 2n+1

t0)2n+1.

The ideas of the proof of Thm. 14 are a simple generalization of the classical
proof for ODE, only adapted to contractions with LOD and a countable family of

norms. Indeed, for L = 0 and || — ||x = || — ||o the proof reduces to the classical
proof for ODE and assumptions (iii), (iv), (ii) reduce to the usual ones for the PLT
for ODE with Weissinger condition, see e.g. [35]. On the other hand, the compact

set S € R® (with S dense in S) is completely arbitrary: we can hence say that our
deduction proves that, with respect to the PLT, PDE can be simply treated as ODE
depending on a parameter x € S.

If the Lipschitz factors Ay € R and the upper bounds M}, € R are constant (the
proof of Thm. 13 and Cor. 15 show that this is not a loss of generality), then

_ t—told
Mk](t7$) = M ‘]'0|,
i n—1
X t7t0|’nd+]
Ay, (t ) = = fo[" 2 Apsjr
n\"? -\ gL
(nd + j)! o

n—1

- max a, b nd
Apn = H AgjL.

Thereby, Weissinger condition Thm. 14(ii) becomes

+oo n—1
max(a, b .
Z (())”P(’Lo) ZO||k+nL H Ak:-i—jL < +00 Vk € N. (5.22)
n=0 nd §=0
For ODE, we have L =0 and || — ||z = || — |0, and (5.22) reduces to

, R ,, max(a, b)"?
IP(io) = iollo > Af ERCT 00,
n=0 '

which always holds.
Remark 18.

(i)  We believe it is worth mentioning that in a non-Archimedean setting such as
that of generalized smooth functions theory and Robinson-Colombeau ring
"R, seee.g. [12, 13, 22, 14], we can repeat the proof of the PLT with exactly the
same formal steps (but with the ring "R instead of the field R). In addition, we
can take S = [—¢,]® D R®, where ¢ is an infinite number (this kind of sets be-
have as compact sets for generalized smooth functions, see [11]). In this way,
we get a global solution in x € S (but clearly, we need initial conditions on
S, or equivalently boundary conditions that hold for all 2 € R). Moreover, in
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the setting of the non-Archimedean ring p]li, the generalized number (equiva-
lence class in the quotient ring “R) dp := [p.] € "R is an infinitesimal number
since p. — 0 as e — 07 (and hence dp~@ = [p7“] is an infinite number for
all @ € N5g). Since in every Cauchy complete non-Archimedean ring a series
converges if and only if the general term tends to zero (see e.g. [17]), condition
(5.22) is equivalent to limy,_, 1« %HP(@'O) — 4ol ktnL H;:& Ay =0.
Assuming that for some ) € N>g and some g € N, we have

n—1
IP(io) = iollksnr [ ] Artsic

=0

max(a,b) < dp?,

dp 9, (5.23)

IN

nd n

then %”P(io)_iOHkJrnL H;L;Ol Ak;Jer < dp_Q-% — 0asn — 4o0.
Thereby, since for ordinary smooth functions the left hand side of (5.23)
is finite, we have that any ordinary smooth normal Cauchy problem (even
Lewy-Mizohata examples) always has a solution in an infinitesimal inter-
val (set rp = 1 in Cor. 15 and note that we can reformulate Cor. 15(i) as
max(a,b)My, < r, = 1 for all k& € N, which always holds if max(a,b) is
infinitesimal; see [14] for greater details).

(i) Lewy-Mizohata examples imply that Weissinger condition in these cases does
not hold. Moreover, since the non-existence of a solution does not depend
on the initial condition g, [21, 24], and taking a = —1, b = 1, we necessarily
must have

“+oo n—1
1
n=0 " j=0

for all Lipschitz factors (A;) en (that always exist because of Thm. 13) (note
that d = 1 = L, m = 2 for both counter-examples). Condition (5.24) strongly
recall the non-analytic nature of F' in these cases.

6. EXAMPLES

The main aim of this section is to show at least one example of normal PDE
(1.1) where either the right hand side F' or one of the initial conditions yg; are not
functions of Gevrey class.

The class of examples we are going to consider is

Ofy(t,x) = p(t) - 0L} y(t,x) + q(t, o), (6.1)

where y(t,z) € R™, p € N°, |yl = L > 0,0 < v < d, p € C(T,R™™) is
an arbitrary smooth function, and ¢ is a smooth function with uniformly bounded
derivatives in x:

IQ € R0V e N°V(t,z) € T x S: |04q(t, )| < Q. (6.2)

Note that if p is not of Gevrey class, and 949,y is not zero, then also y cannot
be of Gevrey class. Clearly, wave, heat and Laplace equations are particular cases
of (6.1). Explicitly note that also Mizohata’s counterexample [24] 9yt = t0,y* +
qt(t,x), O? = —td,y* + ¢?(t,x) is exactly of the form (6.1), but ¢ = (¢',¢?) is
not analytic, so it does not satisfy condition (6.2). On the other hand, in Lewy’s
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counterexample the coefficient p = p(¢, x1,x2) also depends on x and the term g is
again not analytic.

We want to directly apply the first part of the PL Thm. 14, i.e. to check properties
(i) and (ii). We start focusing on the latter, and arriving at estimates that are
independent from the radii rg.

Estimate of Lipschitz constants Ay. For arbitrary radii R = (rk)ken and all u,
v € Br(ip) and all v € N®, with |v| < k, we have:

|0YG(t, z,u) — 0L G(t,z,v)| < |Ipllo - max |8(’ (t,x) — Ogv(t,z)|.

loe| <k+
We can hence consider Ay := ||p||o, so that setting T' := max(a, b), we get
B Tnd n—-1 Tnd
Ain = —= | | Ak+ie = —=|Ipll5- 6.3
k (nd)' i k+jL (nd)' HpHO ( )

Estimate of the terms ||P(io) — io||gtnr- We have

Pig)(t,x) —io(t,z) = / dsg . 9. /S2 [p(s1) - 080 io(s1,2) + q(s1,2)] dsy

to to
d—1
. Otyos(x) ., . ) .
o1 in(sr,w) = 3 ) s 1) (1)t
j=v J:
d-1

For B € N* |B| <k +nL, B; := (Ba,...,[Bs), we thus have

8N+ﬂm t 52 h
65 [P(Zo)(t,l') - Z yO / dsd diﬁil / p(sl) . (81 - to)J_’y d81+

»:’Y to to

t S2
/ dsdd._.ﬂ.l/ Prq(sy,x) ds;.
to to

d—1 .y
HMitPayn;(x)|  TI—rHd=h
% [P(ip)(t, ) —ig(t, 2)]| < |x J -
07 [P o) (¢, ) — o )HfHP”o; e
Td—p

(d— Bt

Therefore, taking for simplicity T < 1:

Using assumption (6.2):

=

+Q

Hyo 6+t
|Pio) = iollk-nz < lIPllo Zij Q. (6.4)
= (—y+ad)!
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Weissinger condition. Based on (6.3) and (6.4), we can easily estimate Weissinger
condition as

+oo _
> Mg - [[Pio) = dollksnr <
n=0
+§ Tnd H I HZ H?JOJHk+(n+1)L +Z
— (nd)!""° — 7 +d)!
n=0
=: 51+ 5.
Since the latter series Sy is convergent we focus on the first one:
51 = Ipllo 3 (F4plo)" 3 Wslloene 1 65
2 2 mdl Gyt
In this series, the only potentially problematic terms are the fractions Hyo’”&%
as n — oo for j = v,...,d — 1, because the remaining part surely yields a
convergent series for T sufficiently small. This also yields that all the possible
initial conditions yo; for j = 0,...,7 — 1 can be freely chosen (see also Example

17(iv)).

Estimate of radii r;. As we highlighted several times above, a key problem in
using this type of results is the choice of the radii 7. If f = f(t) is a function of ¢,
for simplicity we first set

s2

Llf@)= [ dsate [0 s

to to
For j > v and h € N, we set

pj—y,0(t) == p(t) - (t = t0)’ ™"
Hj—yht1(t) == La [p(t) - t/‘a 4h(t)]
770(t71'> ( )

M1 (t, @) = Lo [p(t) - 050, (t, )] -

By induction on n € N, we can then prove that

d—1 yoj(x n d=1 gn ”yo;
x)zz 4! (t—to) +ZZ [ Hi=vh +Z77ht33 6.6)
j=0 h=0j=vy
Thereby, we get in this way a possible definition of the radii r; as
400 d—1 400
122G — il < 3 3 P e Y i = kN (6)
h=0j=v h=0

Using assumption (6.2), the latter series converges because
T (h+1)(d—7)
[(h+1)(d ="
In the former series, for h > 1 we have instead

Fh(d—~)+3
15 —.nlli < PN -

[CEli

el < IplG - @
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so that
+oo d—1 h d-—1
ZOOZ ||903||k+hL s lle < Z [plloT* Hy0g\|k+hLT”
Johdll = (d—)! 2 (G—)!
h=1j=~ h=0 J=v

If this series converges (and this mainly depends on the growing of ||yo;||k+nz), we
can hence have r, < +00, otherwise we simply take rp = +o0o. For a non trivial
term ||yo;||k+nr, (6.7) also shows that ry /4 07.

A case of exponentially growing initial conditions. If all the functions yo;, j =
v,...,d— 1, satisfy for some some C; € Ry

ol ninyr < CFFDE Wi =, d—1Vk €N, (6.8)

then the series (6.5) converges and we have

Theorem 19. If the initial conditions yo; satisfy (6.8), whereas yo; for j =
0,...,7 — 1 are arbitrary smooth functions, then there exists a smooth solution
of (6.1) in Bgr(io) for T sufficiently small and all x € S. In this case, we do not
have constraints on d, L.

The case of analytic initial conditions. If all the yo;, j = ,...,d — 1, are analytic
functions, then for some C; € Ry, we have

okt manyz < CET T (k4 (n+ 1LY Wj=4,...,d—1VkeN.

Using Stirling’s approximation, we have (k + (n + 1)L)! ~ (nL)**£(nL)! and hence
the following

Theorem 20. If d > L, then there exists a smooth solution of (6.1) in Br(io)
with analytic initial conditions yoj if j =,...,d — 1 and arbitrary smooth yo; if
j=0,...,v—1, for T sufficiently small and all x € S.

Note explicitly that already this theorem yields more general results with respect to
the classical Cauchy-Kowalewsky theorem because both the matrix coefficient p(t)
in (6.1) and the initial conditions yo; for j =0,...,7 — 1 can be arbitrary smooth
functions.

A case of Gevrey initial conditions and non-Gevrey solution. Now, let us assume
that our initial conditions which are not analytic satisfy
||yoj||k+(n+1)L ~ (”L)anLvaj >0 Vj=v,...,d=1VkeN. (6.9)

Note that each function yo; satistying (6.9) cannot be an analytic function, but it
is Gevrey of class s > o;. We have

(nd)! V2mnd \ d (nd)n@=o,0)°

We therefore have the following

Theorem 21. If the initial conditions yo;, j =0,...,7 — 1, are arbitrary smooth
functions, whereas yo; for j =7,...,d—1 are analytic or they satisfy (6.9), and if
in the latter case we have d > oL, then there exists a smooth solution of (6.1) in
Br(ig) for T sufficiently small and all x € S. We recall that, if the function p is
non-Geuvrey, then any solution such that 049,y # 0 cannot be of Geuvrey class.



BEYOND CAUCHY-KOWALEWSKY: A PICARD-LINDELOF THEOREM FOR SMOOTH PDR5

Taking n — 400 in (6.6), we also obtain the following generalization of Example
17:

Corollary 22. In the assumptions of each one of Thm. 19, 20, 21, the solution y
of Picard-Lindeldf iterations is given by the formula:

+oo0 d—1

v—1
Yo; () 3 yo
> ij (t — to)’ +ZZ ] 15—y (t +Znhtx (6.10)

h=0 j=v !

In particular, if the functions p and q are constant, then

- Food-1 h(d—v)+j—
?JOJ(m o 1907 Pt (t —to) .
= L (t —t)? + J—7)+taq
— ! hz;]; [A(d =)+ fv]'( )!

Let y(t,x;€) be the solution defined by (6.10) corresponding to initial conditions
yoj(z;€), where e € (—1,1). If we can exchange lim._,o and Z::S, e.g. if the
sequence of derivatives ((’“)f;“yoj (x;a))heN pointwise converges in a dominated way
as h — 400, i.e. forallheN, z € S, j=0,...,d—1, and e € (—1,1) we have

3 lim Oty (x;€) = O yo;(w;0)

|00 y0; (w3 )| < gn(a;e)
+oo

Zgh(x;f;‘) < +o0,
h=0

then lim. o y(t, x;€) = y(t, x;0).

Note that our estimates above of the Weissinger condition and the radii r, allow
us also to state that conditions (4.4) and (4.2) of Cor. 7 hold. Moreover, the proof
of PL Thm. 14 shows that also (4.3) holds. Therefore, to solve (6.1) in the space
X = Bgr(ig) we can also apply Cor. 7, as we stated above in Sec. 4.

We close this section by noting that for the PDE

Ofy(t,x) = y(t,x) - dy(t,x) (6.11)

with |p| = L, we can use ideas similar to those of Thm. 13 to show that setting

ék+L = U 8?10(T X S) e R™
la|<k+L

lio(T x S|kt := d(Crtr,0)
Ag = 2" (rgr + [lio(T % S) k) s

then (6.11) has (Ak) ken as Lipschitz constants with L loss of derivatives. Thereby,

- nd . .
Agn, = (Tld),2" HJ 0 (rk+jL + [Jio(T x S)||k+,r). However, in the case L = 1 and

yo; satisfying (6.9) with o; = 1, we get Ay, = (Td),Q"H( 1), where H(n —
1) = H;:()l 49 is the hyperfactorial function. Since H(n) = O(n""/2), Weissinger
condition never holds. This clearly left open the possibility of better estimates of
different Lipschitz factors.



BEYOND CAUCHY-KOWALEWSKY: A PICARD-LINDELOF THEOREM FOR SMOOTH PDE6

7. SOME REMARKS ABOUT THE LOSS OF DERIVATIVES CONDITION

As we discussed in the previous sections, Def. 4 of contraction with LOD is at
the core of our version of the BFPT, i.e. Thm. 6. We start this section with a
discussion of this notion of contraction.

Definition 23. We call minimal loss for P from yy the quantity
Lp(yo) =min{LeN|PeC(X,L,yo)}-

Lemma 24. Let (F, (|| — |lx)pen) be a Fréchet space, X be a closed subset of F),
Yo € X and P : X — X be a continuous map. Assume that ||—||, (hence, ||—||,
for every k € N) is a norm. If there exists N € Nvg such that PN (yo) is a fized
point of P, then P € C(X,0,yp), i.e. P is a contraction with 0 loss of derivatives
starting from yyg.

Proof. Let N be the smallest number such that PV (y) is a fixed point of P.

If N =1, P(yo) = yo hence ||P"! (yo) — P" (yO)Hk = 0 for every k, n € N, so
our claim follows just by setting each oy, :=0

If N> 1, ||[P(y0) — vollo # 0 since ||—||, is a norm, therefore || P (y0) — yol|, # 0
for every k € N, as the norms ||—||,, are increasing. For every k, n € N set

[|[ P+ (wo)—P" (wo) |
Ay, = ”P(yo)l—yo\lkJrnL

L ifn < N;
’ ’ (7.1)

ST ET T OtherWiSe.
2| P(yo)—vollgynr’

With this choice, Def. 4((iii)) and Def. 4((iv)) are easily verified because vy, || P(yo)—

Yollktnz = 72 = 1P (yo) — P"(wo)llx = llyo — wollx if » > N, hence P €
C(X,Ovyo)‘ 0

The following is a rather surprising fact that holds, e.g., in CYC® (T x S,R™).

Theorem 25. Let (F, (|| — |[k)pen) be a Fréchet space, let X be a closed subset of
F,letyo € X and let P : X — X. Assume that ||—||, (hence, |—||, for every
k € N) is a norm. The following properties are equivalent:

(i)  There exists L € N such that P € C (X, L,yo);
(i) P is continuous and for all k € N

3 1P o) = P )], < W)

(iii) P e C(X,0,0).

Proof. (i)=(ii): If there exist k, N € N such that ||PNT! (yo) — PV (yo ||k =0,
then PV (yo) is a fixed point of P as ||—||, is a norm. But then, for every
m > N and for every k € N we have HPm‘H (yo) — P™ (yo Hk = 0, and hence

Yo 0||P”Jr1 (yo) — P (yO)Hk = ij;ol ’P"H (yo) — P™ (yo Hk < 4o00. Other-
wise, ||P(yo) — Yollk4nr # 0 for every k, N € N, hence by Def. 4(iii) we get

that o, > HIDHII(I;Oy)o)yOMiy:sz € R- o which, substituted in Def. 4(iv) gives (W’).
= 0, then

(ii)=-(iii): If there exist k, N € N such that HPN+1 (yo) — PN (
PY (yo) is a fixed point of P as ||—||, is a norm, and we conclude by Lemma 24.
Otherwise, in particular ||P (yo) — yol,, # 0 for every k € N. For every k, N € N,
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we set ar. = ||Pn+1(yo)*P"(yo)||k
kn = TP (o) —vollkpnr

holds as, by construction

. Then Def. 4(iii) holds trivially, and Def. 4(iv)

> awnllP (o) = ol = D 1P (o) — P" (wo)|,, < +oo
n=0

n=0

by assumption.
(iii)=-(i): This is trivial. O

In particular, this result shows that, if || — || are norms, Lp (yo) = 0 whenever
P e C(X,L,yo) for some L. Note that, in general, this does not entail the unique-
ness of the fixed point of P, since such uniqueness would require a much stronger
condition on P than Def. 4(iii) or condition (W’), see e.g. Lem. 5.

We also note that condition (W’) implies that (P™ (yo)),,cy is @ Cauchy sequence
as we did in (3.4), and this, together with the continuity of P, yields that 7 :=
lim,, 40 P™ (yo) is a fixed point of P by Lem. 3.

On the other hand, the previous Thm. 25 does not imply that we can take L = 0
in the PLT Thm. 14, because the assumption that the right hand side G of the PDE
is Lipschitz on Br(yo) with loss of derivatives L = 0 in general is not satisfied. In
other words: The natural loss of derivatives L > 0 corresponds to the maximum
order of derivatives in x appearing in the PDE (1.1), and the natural Lipschitz
constants oy, are derived in the proof of Thm. 14, e.g. using the Lipschitz factors
(Ak)pey for the right hand side of the PDE derived from Thm. 13. Using these
natural constants, Weissinger condition (ii) is easier to estimate than condition
(W’) or the use of (7.1).

8. CONCLUSIONS

Starting from the classical Kowalewsky counter-example for the heat equation
or Hadamard’s results on the Cauchy problem for the Laplace equation, one can
think that a PDE links in a given relation dyy and 9,y and hence it necessarily
forces the solution, in general, in a space of functions whose derivatives growth in
a restricted way, these constraints being related to the PDE itself. This implies
that the initial conditions cannot be freely chosen but must be taken into another
constrained space. We could say that we do not have to find a suitable space of
generalized solutions for our PDE, but conditions stating when it has a solution or
not; only at the philosophical level, this is similar to the point of view of nonlinear
differential Galois theory, see e.g. [23], or the formal theory of differential equations,
see e.g. [32].

The PLT we proved in this paper goes exactly in this direction, by showing that
the existence of a solution (by Picard-Lindel6f iterations) depends on the initial
conditions we start with: Def. 4 of contraction with loss of derivatives, the closure
with respect to iterations (ii), Weissinger condition (W), the definition of the radii
(6.6), all go in this direction. Examples considered in Sec. 6 show a first link
between the syntax of the PDE (in the term (nd)!) and the order of growth of the
derivatives of the initial conditions [|yo;|[x+nz. On the other hand, exactly as up
to fourth order algebraic equations are solvable in radicals, if the order d = 1 the
method of characteristics allows one to solve a large class of PDE for any initial
condition.
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It is now natural to ask for a generalization to more singular normal (nonlinear)
PDE, e.g. where the right hand side F' or some of the initial conditions yo; are some
kind of generalized functions. In order to get this generalization by following the
ideas of the present work, we would need a space of generalized functions which
is closed with respect to composition and with a complete topology generated by
norms; this space must clearly be non-trivial, e.g. containing all Sobolev-Schwartz
distributions. In our opinion, this target can be fully accomplished in a beautiful
and simple setting by considering the Grothendieck topos of non-Archimedean gen-
eralized smooth function, see e.g. [13, 22, 14]. We plan to realize this goal in future
works.
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