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1. Introduction

Mathematicians eventually try to solve a problem in the best possible way,
e.g. considering a geometrically intrinsic solution, the best computational algorithm
or the most general answer. Frequently motivated by the searching of beauty, [18],
the required solution have to be the “simplest” one, i.e. it has to use the mini-
mal amount of conventional constructions and data other than the given ones from
which the problem must depend on. At a first sight, a non-trivial possible math-
ematical formalization of the idea of simplest solution should involve information
theory (see e.g. [23] and references therein) or mathematical logic.

In this paper, using only a minimal amount of category theory, we see a com-
mon informal interpretation of universal solution as the simplest way to solve a
given problem. It is well-known that universal constructions appears everywhere in
mathematics, [19], and hence this interpretation justifies why this happens. We list
several examples justifying this interpretation, in particular for spaces of generalized
functions (GF) both in linear and nonlinear frameworks.

We will see that a universal solution not only candidates itself as the simplest
way to solve a given problem, but its universal property is able to highlight what
are the data of the problem and the conventional choices in any other possible
construction. Frequently, this paves the way for generalizations, and it always
directly yields an axiomatic characterization of these universal solutions. In the
point of view of several mathematicians, universal properties are so important that
they take them as the right starting point: “it is not important how you solve this
problem (and we see that a possible solution exists); the key point is that you have
a universal solution, which is unique up to isomorphisms”.

Concerning spaces of GF, we clearly consider Schwartz’s distributions as “the
simplest way to have derivatives of continuous functions” (see [24]) and hence the
corresponding not-well known universal property (see also [22]), see Sec. 3. Follow-
ing the algebraic construction of Sebastiao e Silva ([25]) of distributions of finite
order, we see how to obtain a similar universal construction for arbitrary manifold-
valued distributions defined in another manifold or in infinite dimensional spaces
such as C∞(Rn,Rd). Any other solution of the same problem will reasonably satisfy
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the same minimal and meaningful universal property, and hence it will be isomor-
phic to our solution, see Sec. 3.0.1.

Among nonlinear settings for GF extending Schwartz’s distributions, Colom-
beau’s special algebra (see e.g. [2, 3, 4, 6]) is frequently perceived as the simplest
one. We actually prove that it is the most simple quotient algebra one can con-
sider, see Sec. 4. We will also consider the recent generalized smooth functions (see
[12, 13] and references therein) because it is even more general than Colombeau’s
algebras, but with several improved properties such as more general domains, the
closure with respect to composition, a better integration theory and Hadamard’s
well-posedness for every PDE, see Sec. 5. As a secondary result, we hence have an
axiomatic description up to isomorphisms of Colombeau’s special algebra and of
generalized smooth functions. In particular, the ring of Colombeau’s generalized
numbers reveals to be the simplest quotient ring containing the infinite numbers
[ε−q]∼, q ∈ N, and where every zero-net [xε]∼ = 0 is generated by an infinitesimal
function: limε→0+ xε = 0 (see Sec. 4.3; see also [27] for another axiomatic descrip-
tion in the framework of nonstandard analysis and where the latter property does
not hold).

In the following, we will use the conventions:

• universal = terminal = limit = projective: the unique arrows arrives to the
universal object.
• co-universal = initial = co-limit = injective: the unique arrows starts from

the universal object.

The paper is self-contained, in the sense that it requires only the notions of category,
functor, natural transformation and Schwartz’s distributions.
We start by introducing the notion of universal solution using a simple and non-
abstract language.

2. General definition of (co-) universal property

We start by defining in general terms what a universal property is. We will use
only basic notions of category theory, and will give a definition near to the common
use of universal properties.

Definition 1. Let C be a category. P(C) and Q(f,A,B) are two properties of A,
B, C and f , where A, B, C are objects of C and f is an arrow of C. Assume that:

Q(f,A,B), Q(g,B,C) ⇒ Q(g ◦ f,A,C), (2.1)

Q(1A, A,A). (2.2)

Then we say that C is a universal solution of P with respect to Q if

(i) P(C),
(ii) ∀D ∈ C : P(D) ⇒ ∃!ϕ : D −→ C : Q(ϕ,D,C).

Similarly, we say that C is a co-universal solution of P with respect to Q if

(iii) P(C),
(iv) ∀D ∈ C : P(D) ⇒ ∃!ϕ : C −→ D : Q(ϕ,C,D).

The proof of the following theorem trivially generalizes the classical proofs con-
cerning the uniqueness of universal objects up to isomorphisms:

Theorem 2. Suppose that C1 and C2 are two (co-)universal solutions of P with
respect to Q. Then C1 is isomorphic to C2 in C.
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Proof. Since C1 is a universal solution of P and Q, using (ii) Def. 1 for D =
C2, there exist a unique ϕ1 : C2 −→ C1 such that the property Q(ϕ1, C2, C1)
holds. In a similar way, there exist a unique ϕ2 such that ϕ2 : C1 −→ C2 so we
have Q(ϕ2, C1, C2) . By assumption (2.1) on Q, the property Q(ϕ2 ◦ ϕ1, C2, C2)
holds. Using again Def. 1.(ii) with D = C2, we get that only one arrow ϕ satisfies
Q(ϕ,C2, C2). Since Q(1C2

, C2, C2) also holds by (2.2), then ϕ2 ◦ ϕ1 = 1C2
. In a

similar way, we have ϕ1 ◦ ϕ2 = 1C1 , which proves the theorem. �

Starting from the properties P and Q, we can define a new category C(P,Q).
Its objects are the objects of the category C that verify the property P and its
arrows are the arrows f of the category C for which Q(f, C,D) holds where C,
D ∈C(P,Q), i.e.:

• C ∈ C(P,Q) :⇐⇒ P(C),

• D ϕ−→ C in C(P,Q):⇐⇒ Q(ϕ,D,C), D
ϕ−→ C in C,

• ψ ◦ ϕ in C(P,Q) :⇐⇒ ψ ◦ ϕ in C.

Then, we have that C is a universal solution of P, Q if and only if C is terminal
in C(P,Q) (i.e. for all D ∈ C(P,Q) there exists one and only one ϕ : D −→ C
in C(P,Q)), and C is a co-universal solution of P, Q if and only if C is initial in
C(P,Q) (i.e. for all D ∈ C(P,Q) there exists one and only one ϕ : C −→ D in
C(P,Q)).

As we mentioned above, a (co-)universal solution is considered as the (co-)simplest
or (co-)most natural solution of that problem. Even considering only the following
elementary examples, we can start to justify this interpretation:

Example 3.

(i) Let’s consider the problem to put a topology on a set X ∈ Set. The category
C in this example is the category of all the topologies on X viewed as a poset,
i.e. “⊆” is the unique arrow of C, and we write τ ⊆ σ if the topology τ is
coarser than the topology σ. The properties P and Q are defined as follow.

P(τ) :⇐⇒ τ is a topology on X,

Q(i, τ, σ) :⇐⇒ i =⊆, τ ⊆ σ.

The trivial topology ({∅} , X) is the co-universal solution of the property P
with respect to the property Q and the discrete topology is the universal
solution. Clearly, these also appear as trivial solutions; on the other hand,
note that they are also the simplest/non-conventional solutions starting from
the unique data X ∈ Set and with respect to the problem “define a topology
on X”: any other solution would necessarily introduce (in the case of the
trivial topology) or delete (in the case of the discrete topology) something
which is not related to the problem or the data itself. This example also
shows that the notion of simplest solution can be implemented in two ways:
from “below” (co-universal) or from “above” (universal).

(ii) Let R be a ring and let x 6∈ R. What would be the smallest/simplest ring
containing both x and R? Any ring that contains x and R must contains
also sums of terms of the form r · xn for any integer n and any element
r ∈ R. Intuitively, the simplest solution is therefore R[x]. The co-universal
property can be highlighted as follow: Let S ∈ Ring, then we can consider the
property P(S, s) whenever x ∈ S and s : R −→ S is a ring homomorphism,
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and the property Q(f, (S, s) , (L, l)) if S
f−→ L in Ring and f ◦ s = l. R[x]

is the co-universal solution of P and Q, i.e. the simplest way to extend the
ring R by adding a new element x /∈ R. Clearly, we have P(R[x], i), where
i : R −→ R[x] is the inclusion. Let S ∈ Ring, and let s : R −→ S be a
ring homomorphism, i.e. P(S, s) holds, then the unique ϕ : R[x] −→ S of
Def. 1.(ii) is given by ϕ

(∑
i rix

i
)

=
∑
i s(ri)x

i.
(iii) Let (X, d) be a non-complete metric space. Then it can be completed in the

following way (For more details and proofs, see ); Let C(X) be the collection
of all Cauchy sequences of X and let ∼ be an equivalence relation defined on
C(X) by

(xn)n ∼ (yn)n ⇐⇒ lim
n→∞

d(xn, yn) = 0.

We set X∗ := C(X)/ ∼ and set d∗([(xn)], [(yn)n]) = limn→∞ d(xn, yn). In-
deed, (X∗, d∗) is a complete metric space. Moreover, there exists an isometry
ϕ : X −→ X∗ such that ϕ(X) is dense in X∗. The triple (X∗, d∗, ϕ) is
co-universal in the following sense: a triple (Y, δ, ψ) is such that (Y, δ) is a
complete metric space and ψ : X −→ Y is an isometry, then there exists a
unique map ι : X∗ −→ Y such that the following diagram commutes

X∗

ι
!!

Xϕ
oo

ψ

��
Y

ι is defined in the following way: Let x∗ ∈ X∗. Since ϕ(X) is dense in
X∗, then there exists a sequence (xn)n of X such that (ϕ(xn))n converges
to x∗. The sequence (ϕ(xn))n is a Cauchy sequence and since ϕ and ψ
are isometries, the sequence (ψ(xn))n is also a Cauchy sequence in Y which
converges because Y is complete. Thus we can set ι(x∗) = limn→∞(ψ(xn))
and since ϕ and ψ are isometries then the ι is well defined, i.e. it does not
depend on the sequence (xn)n.

(iv)

We can underscore that in all these universal solutions there are no conventional
choices and they are the most natural solutions: any other solution would appear
as less natural.

2.1. Preliminary notions: presheaf and sheaf. For the sake of completeness,
in this section we briefly recall the notions of presheaf and sheaf, because they are
used in our universal characterization of spaces of GF.

In the following, we denote by Set, the category of sets and functions, by ModR
the category of R modules over the ring R, so thatVectK := ModK is the category
of vector spaces over a given field K, OR∞ is the category of open sets of any dimen-
sion and smooth functions, Ring is the category of rings and ring-homomorphisms.
If T = (|T|, τ) is a topological space, we use the same symbol to also denote the
category induced by its open sets as a preorder, i.e. the category of open sets A ∈ τ

of the given topology and only one arrow “⊆”, i.e. we write A
⊆−−−→ B in T if

A ⊆ B. We finally recall that for any category C, we can define its opposite Cop

by reversing its arrows. That is, ob (Cop) := ob(C) and Cop(A,B) := C(B,A),
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i.e. f ∈ Cop(A,B) if and only if B
f−−−→ A holds in the original category C. For

example, we write f ∈ (OR∞)op(A,B) if f is a smooth function from B ⊆ Rb into
A ⊆ Ra, and Top(A,B) is non empty if and only if B ⊆ A.

Definition 4.

(i) Let R be a ring. A presheaf P of ModR is a functor P : Top −→ModR. We
denote by P (U) ∈ModR the evaluation on U ∈ Top and by PU,V := P (U ≤
V ) : P (U) −→ P (V ) the evaluation on arrows (usually called restrictions
from U to V ).

(ii) If (Uj)j∈J is a covering in T of U ∈ Top, then we say that (fj)j∈J is a
compatible family related to P if and only if
(i) ∀j ∈ J : fj ∈ P (Uj).
(ii) ∀j, h ∈ J : PUj ,Uj∩Uh(fj) = PUh,Uh∩Uj (fh).

(iii) Moreover, we say that P : Top −→ ModR is a sheaf if it’s a presheaf that
satisfies the following conditions. For any U ∈ Top, for any covering (Uj)j∈J
of U in T and for any compatible family (fj)j∈J related to P we have
(i) f, g ∈ P (U). Then ∀j ∈ J : PU,Uj (f) = PU,Uj (g) =⇒ f = g. (This is

called locality condition; if P satisfy only this condition, it’s called a
separated presheaf or a monopresheaf).

(ii) ∃f ∈ P (U) such that ∀j ∈ J : PU,Uj (f) = fj . (This called gluing
condition).

Remark 5.

(i) (i), (ii) imply that ∃!f ∈ P (U) : ∀j ∈ J : PUUj (f) = fj .
(ii) In the last definition, instead of ModR ,we could have written any category

whatsoever and the definition would still work.In reality, we will be working
only with presheaves and sheaves of ModR. Hence, the definition above is
largely sufficient.

3. Universal property of Schwartz distributions

In this section, we want to show a co-universal property of the space of Schwartz’s
distributions. More precisely, exactly as stated in [24], we will show that the space
D′ of Schwartz distributions is the most natural space in which we can take deriva-
tives of continuous functions preserving derivatives of continuously differentiable
functions.

In what follows, C0 and C1 denote the sheaves of continuous functions and con-
tinuously differentiable functions defined on open subsets of Rn and valued in R.

The notations C1
� � ι //

∂i

// C0 , i = 1, . . . , n, are used to denote the inclusion and

the partial derivatives of continuously differentiable functions.
Schwartz’s solution leads to the following objects:

(i) D′ is the sheaf of real valued distributions on Rn.

(ii) C0 λ−−−→ D′ is the inclusion of the space of continuous functions into the
space of distributions. The map λ is a sheaf morphism, i.e. it is a natural
transformation λU : C0(U) −→ D′(U) for all U ∈ Op(Rn) and for all V ∈
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Op(Rn) with V ⊆ U the following diagram commutes

C0(U)

C0U,V
��

λU // D′(U)

D′
U,V

��

C0(V )
λV

// D′(V )

(iii) D′ Di−−−−→ D′, for i = 1, . . . , n, are the partial derivatives of distributions.
Once again, each Di is a sheaf morphism because DiU : D′(U) −→ D′(U) for
all U ∈ Op(Rn) and since they commutes with restrictions of distributions:
DiV (D′UV (T )) = Di(T |V ) = D′UV (DiU (T )) = Di(T )|V if V ∈ Op(Rn), V ⊆
U .

(iv) Di ◦Dj = Dj ◦Di for all i, j = 1, . . . , n.

Theorem 6. (D′, λ, (Di)i) is a co-universal solution of the problem P(H, j, (δi)i)
given by :

(i) H : (Rn)
op −→ VectR is a sheaf of real vector spaces.

(ii) j : C0 −→ H is a sheaf morphism.
(iii) δi : H −→ H, i = 1, . . . , n, are compatible with partial derivatives of C1

functions: δi ◦ j ◦ ι = j ◦ ∂i, i.e. the following diagram of sheaves morphisms
commutes for all i = 1, . . . , n:

C1 �
� ι //

∂i   

C0
j // H

δi

��
C0

j // H

(iv) δi ◦ δj = δj ◦ δi for all i, j = 1, . . . , n.

The problem is solvable with respect to the property Q(ψ,H, j, (δi)i, H, j, (δi)i) given
by

ψ : H −→ H, ψ ◦ j = j, ψ ◦ δi = δi ◦ ψ ∀i = 1, . . . , n,

i.e. when the following diagrams of sheaves morphisms commute

H

ψ

��

δi // H

ψ

��

H
δi

// H

C0
j //

j

  

H

ψ

��

H

Therefore, if (D′, λ, (Di)i) is another solution of (i)-(iv) then

∃!ψ : D′ −→ D′ : λ = ψ ◦ λ, ψ ◦Di = Di ◦ ψ ∀i = 1, . . . , n.

Proof. The Key idea of the proof is to use the local structure of distributions to
define ψ on distributions of finite order. Since any distribution is locally of finite
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order, ψ can be defined locally on any distribution. After that, we use the sheaf
property to extend ψ to any distribution. The proof is divided into 6 steps:

(i) Definition of ψ for distributions of finite order: Let T ∈ E ′(Ω) be a distri-
bution of finite order and Ω is an arbitrary open set. The local structure
theorem of distributions of finite order states that

∃k ∈ N∃fα ∈ C0(Ω), |α| ≤ k : T =
∑
|α|≤k

Dα ◦ λ(fα) (3.1)

In this case we can set

ψ(T ) =
∑
|α|≤k

D
α ◦ λ(fα). (3.2)

The right hand side of 3.2 is well defined as an element of D′. If ∃k′ ∈ N∃gα ∈
C0(Ω), |α| ≤ k′ : T =

∑
|α|≤k′ D

α ◦ λ(gα) then∑
|α|≤k

D
α ◦ λ(fα) =

∑
|α|≤k′

D
α ◦ λ(gα). (3.3)

In order to prove 3.3 we set α̃ = (max(k, k′)i) and D−1
i the (left) inverse of

Di. Thus we have

T =
∑
|α|≤k

Dα ◦ λ(fα) =
∑
|α|≤k

Dα̃ ◦Dα−α̃λ(fα)

= Dα̃
∑
|α|≤k

Dα−α̃λ(fα) := Dα̃ ◦ λ(f̂)

where f̂ is a continuous function. Similarly, we have

T = Dα̃ ◦ λ(ĝ)

and ĝ is a continuous function. From the last two equations we have Dα̃ ◦
λ(f̂ − ĝ) = 0. It follow that∑

|α|≤k

D
α ◦ λ(fα) = D

α̃ ◦ λ(f̂)

= D
α̃ ◦ λ(ĝ) +D

α̃ ◦ λ(f̂ − ĝ)

=
∑
|α|≤k′

D
α ◦ λ(gα) + ψ

(
Dα̃ ◦ λ(f̂ − ĝ)

)
=
∑
|α|≤k′

D
α ◦ λ(gα)

which proves 3.3. Note that 3.2 implies that

ψ ◦ λ(f) = λ(f),∀f ∈ C0 and ∀i : ψ ◦Di(T ) = Di ◦ ψ(T )∀T∈ E ′. (3.4)

(ii) Definition of ψ locally for any T ∈ D′(Ω): Let K b Ω. The local structure
theorem of distributions asserts that T |K ∈ E ′(Ω). Thus we can define ψ(T |K)
as in the first step as follow

ψ(T |K) =
∑
|α|≤k

D
α ◦ λ(fα|K) (3.5)

where k ∈ N and ∀|α| ≤ k : fα ∈ C0(Ω).



8 DJAMEL EDDINE KEBICHE AND PAOLO GIORDANO

(iii) For T ∈ D′(Ω), we simply consider

B(T ) := {V ⊆ Ω|T |V ∈ E ′(Ω)}.

Since D
α ◦λ is a sheaf-morphism, then ψ(T |V )V ∈B(T ) is a compatible family,

i.e ψ(T |V )|U∩V = ψ(T |U )|V ∩U for all U, V ∈ B(T ). Using the sheaf property

of D′ we set

ψ(T ) = D′-gluing
[
ψ(T |V )V ∈B(T )

]
. (3.6)

(iv) Proving that ψ is a sheaf-morphism onD′: SinceD
α◦λ is a sheaf-morphism, ψ

is a sheaf-morphism on distribution of finite order. Let A, A′ be two open sets
such that A ⊆ A′ and T ∈ D′(A′). We should prove that ψ(T )|A = ψ(T |A).
Using the last step We have

ψ(T |A) = D′-gluing
[
ψ((T |A)|V )|V ∈B(T )

]
= D′-gluing

[
(ψ((T )|V )|A)V ∈B(T )

]
= ψ(T )|A.

(v) Proving that for i = 1, 2...,the equality ψ ◦Di(T ) = Di ◦ ψ(T ) holds for any
T ∈ D′: We have, using the last two step

ψ(Di(T )) = D′-gluing
[
ψ(DiT |V )V ∈B(T )

]
= D′-gluing

[
Di ◦ ψ(T |V )V ∈B(T )

]
= D′-gluing

[
(Di ◦ ψ(T )|V )V ∈B(T )

]
= Di ◦ ψ(T ).

(vi) Uniqueness of ψ: Suppose that there exist two sheaf-morphisms ψ1 and ψ2

that verify the theorem. It follows that ψ1 ◦ λ = λ = ψ2 ◦ λ. We have also
ψj ◦Di = Di ◦ ψj for j = 1, 2. It yields

ψ1 ◦Dα ◦ λ(f) = D
α ◦ ψ1 ◦ λ(f) = D

α ◦ ψ2 ◦ λ(f) = ψ2 ◦Dα ◦ λ(f) (3.7)

which implies that ψ1 and ψ2 are equal on distribution of finite order. Assume
that for some T ∈ D′(Ω) and for some V ⊂ Ω we have

ψ1(T )|V 6= ψ2(T )|V .
Without loss of generality we can assume that T |V ∈ E ′(Ω) otherwise we can
find V ′ ⊆ V such that T |V ′ ∈ E ′(Ω). Since both ψ1, ψ2 are sheaf-morphisms,
it follows that

ψ1(T |V ) = ψ2(T |V )

which contradict 3.7. It follow that ψ1(T ) = ψ2(T ). Hence, the sheaf-
morphism ψ is unique.

�

Remark 7.

(i) Similarly we can prove that D′(Ω) where Ω is any open set, satisfies a similar
co-universal property. The proof is identically the same.

(ii) If we suppose only that H : (OR∞)
op −→ VectR is a presheaf of R-vector

spaces in the lats theorem, then the co-universal solution would be (D′(F ), λ, (Di)i),
where D′F is the space of distributions of finite order. The local structure
theorem for distribution states that every distribution of finite order is a fi-
nite sum of derivative of continuous functions. Thus, the presheaf-morphism
ψ in this case is given by 3.2.
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(iii) Let Gs be a Colombeau AG algebras with some fixed gauge (see definition
below), ι the embedding of continuous functions into Gs using convolution
with Colombeau mollifier, and (Di)i are the derivatives of Colombeau gen-
eralized functions. Note that we have P(Gs, ι,D). (Reference) Thus if we
take (D, λ, (Di)i) = (Gs, ι, (Di)i), then theorem 6 ensures the existence of a
unique embedding of the space of Schwartz distributions into the space of
Colombeau AG algebras. The same can be said for the space of generalized
functions where the property P(GC∞, ι,D) is proved in [reference: theorem
25 of Topos 1].

3.0.1. Application: manifold-valued distributions. As we have mentioned in the last
proof, the theorem on local structure of distributions states that any distribution
is locally a derivative of continuous functions, i.e. ∀T ∈ D′(Ω),∀V b Ω : T |V ∈
E ′(Ω). In a certain sense, this theorem states that T is obtained by gluing together
distributions of finite order. Therefor we would like to proceed as follows

(i) Define ∂αV f := [(α, f)]∼ using the ideas of Sebastião e Silva.
(ii) Obtain from (i) the separated presheaf P of distributions of finite order.
(iii) Consider the simplest sheaf P associated to P . Elements T ∈ P (U) will be

called distributions on U .
(iv) Prove that P satisfies a universal property.

Let T ∈ D′(U) and consider

B := {V ∈ Op(Rn)|T |V ∈ E ′(V )} := B(T ). (3.8)

Then the local structure of distributions implies that B(T ) is a covering of U and
T is obtained by gluing the family (T |V )V ∈B of E ′. This family is maximal one, in
the sense that if S ∈ E ′(W ), W ∈ Op(Rn), and

S|W∩V = (T |V ) |W∩V = T |W∩V ∀V ∈ B (3.9)

then gluing together (T |W∩V )V ∈B , we get T |W and hence S = T |W . Since S ∈ E ′,
W ∈ B. Hence, every distribution of finite order S that locally belongs to the
family (T |V )V ∈B (i.e it satisfies 3.8) is actually already an elements of this family.
The distribution T can be identified with the maximal family (T |V )V ∈B of distri-
bution of finite order. In fact gluing together the compatible family (T |V )V ∈B we
return back to T ; in other words

D′(U) ' {(T |V )V ∈B |T ∈ D′(U)}. (3.10)

where T 7−→ (T |V )V ∈B and (T |V )V ∈B
gluing7−→ T . Note that if (Uj)j∈J is another

covering of U , we similarly have

D′(U) ' {(T |Uj )j∈J |T ∈ D′(U)}

but we expect that 3.10 is the simplest (because it’s maximal) way to associate to
T ∈ D′(U) a compatible family of finite order distributions.

Actually, this is a general and universal way to associate a sheaf to a separated
presheaf.

Definition 8. Let U , W ∈ Top, B is a covering of U , S ∈ P (W ), (TV )V ∈B a
compatible family related to P . Then we say that S ∈W (TV )V ∈B and we say “S
locally belongs to (TV )V ∈B on W” if and only if

∀V ∈ B : PW,W∩V (S) = PV,W∩V (TV ).
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Moreover, we say that (TV )V ∈B is a maximal family on U if and only if

(i) (TV )V ∈B is a compatible family
(ii) ∀W ∈ Top∀S ∈ P (W ) : S ∈W (TV )V ∈B =⇒W ∈ B,S = TW .

The separateness of P is used in the following result, that allows us to consider
the maximal family generated by a given compatible family. The idea is to consider
all the section S ∈ P (W ) of the presheaf that locally belongs to the given family.

Theorem 9. Let B be a covering of U ∈ Top and let (TV )V ∈B be a compatible
family. Set

R := {W ∈ Top|∃S ∈ P (W ) : S ∈W (TV )V ∈B} (3.11)

then, we have

(i) ∀W ∈ R∃!S ∈ P (W ) : S ∈W (TV )V ∈B . We denote by SW this unique S.
(ii) ∀V ∈ B : V ∈ R, SV = TV .
(iii) (SV )V ∈R is a maximal family on U .

We’ll use the notation max[(TV )V ∈B ] = (SV )V ∈R.
We can now define the sheaf P on objects:

Definition 10. If U ∈ Top, we set (TV )V ∈B ∈ P (U) if and only if

(i) B is a covering of U
(ii) (TV )V ∈B is a maximal family on U .

To eventually get an R-Mod (case of real-valued distribution), we also have to
define module operations:

Definition 11. Let U ∈ Top, r ∈ R and let (TV )V ∈B , (SW )W∈C ∈ P (U). Then

(i) (TV )V ∈B + (SW )W∈C := max[(TA + SA)A∈B∩C ]
(ii) r · (TV )V ∈B := max[(r · TV )V ∈B ].

Using these operations, it’s possible to prove that (P (U),+, ·) ∈ModR.
We still use the symbol P (U) to denote this R-module. We finally define P on

arrows.

Definition 12. Let U , V ∈ Top, V ⊆ U . Then

(i) E := {W ∩ V |W ∈ C} where C is a covering of U .
(ii) PUV : (TW )W∈C ∈ P (U) 7−→ (PW,V ∩W (TW ))W∈E ∈ P (V ).

The link between P and P is given by the following natural transformation

ηU : T ∈ P (U) :7−→ max
[
(PUV (T ))V ∈Op(U)

]
∈ P (U)

where Op(U) is the induced topology on U .
With these definitions, we have the following universal property:

Theorem 13. If P : Top −→ R-Mod is separated then

(i) P : Top −→ R-Mod is a sheaf
(ii) η : P −→ P is a natural transformation
(iii) (P , η) is co-universal among all (P , η) that satisfy (i), (ii).

Example 14. [The idea of Sebastião e Silva] Let r, s ∈ N, J is an open set of R
and f , g ∈ C0(J) two real-valued continuous functions on J . The space Ck(J) is
the space of k times continuously differentiable functions on J . For every (r, f) ∈
N×C0(J), we denote by Fr the map that belongs to Cr(J) and verifies DrFr = f .
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Let (s, g) ∈ N×C0(J). We write (r, f) ∼ (s, g) (intuitively Drf = Dsg in the sense
of distributions) if setting m = max(r, s) we have Fm−r −Gm−s ∈ Rm−1[x], i.e. is
a polynomial of degree less or equal to m− 1.

We check now that ∼ is an equivalent relation; The Reflexivity and the symmetry
are easy to check and we will prove only the transitivity. Let (r, f), (s, g) (t, h) ∈
N × C0(J) such that (r, f) ∼ (s, g) and (s, g) ∼ (t, h). Setting m = max(r, s) and
m′ = max(s, t) then we have

(r, f) ∼ (s, g) =⇒ Fm−r −Gm−s ∈ Rm−1[x]

and
(s, g) ∼ (t, h) =⇒ Gm′−s −Hm′−t ∈ Rm′−1[x].

Setting now n = max(m,m′) then

Fm−r −Gm−s ∈ Rm−1[x] =⇒ Fn−r −Gn−s ∈ Rn−1[x],

and
Gm′−s −Hm′−t ∈ Rm′−1[x] =⇒ Gn−s −Hn−t ∈ Rn−1[x].

It follows that Fn−s −Hn−t ∈ Rn−1[x] which implies that (r, f) ∼ (t, h).
We consider now P (J) := (N × C0(J))/ ∼ and the equivalence class of (r, f) ∈

N× C0(J) will be denoted by [(r, f)].
The space P (J) can be equipped by a structure of an R-module. For [(r, f)],

[(s, g)] ∈ P (J), we define the sum [(r, f)] + [(s, g)] in the following way:

[(r, f)] + [(s, g)] = [(max(r, s), Fm−r)] + [(max(r, s), Gm−s)]

= [(max(r, s), Fm−r +Gm−s)].

The multiplication by scalar l ∈ R is given by l × [(r, f)] = [(r, lf)].
We define now the restriction operator: If V is another open set of R such

that V ⊆ J then the restriction PJV : P (J) −→ P (V ) from J to V is given by
PJV ([(r, f)] = [(r, C0

JV (f))] where C0
JV : C0(J) −→ C0(V ) is the restriction on V

of continuous function on J . Note that PJV does not depend on r. This is because
the derivative is a morphism of presheaf. More precisely, let (s, g) ∈ N × C0(J)
be such that [(r, f)] = [(s, g)] and we will prove that [(r, C0

JV (f))] = [(s, C0
JV (g))].

The equality [(r, f)] = [(s, g)] implies that Fm−r−Gm−s ∈ R[x]. In the other hand,
one can check that

Dm−rC0
JV (Fm−r) = C0

JVD
m−rFm−r = C0

JV (f) and Dm−sC0
JV (Gm−s) = C0

JV (g).

Then

Fm−r −Gm−s ∈ R[x] =⇒ C0
JV (Fm−r)− C0

JV (Gm−s) ∈ R[x]

=⇒ [(r, C0
JV (f))] = [(s, C0

JV (g))].

It follows that P : Op(R) −→ R-Mod is a natural transformation.
We claim now that P (J) is separated. Indeed, let (Ui)i be a covering of J and

let T = [(r, f)], S = [(s, g)] ∈ P (J) be such that PJUi(T ) = PJUi(S) for every i,
which implies that [(r, C0

JUi
(f)] = [(s, C0

JUi
(g))] for every i. Then C0

JUi
(Fm−r) −

C0
JUi

(Gm−s) ∈ Rm−1[x]∀i. Thus Fm−r−Gm−s ∈ Rm−1[x] which implies that T = S
and thus P (J) is separated.

According to theorem 13, we can obtain a sheaf P (J) from the separated presheaf
P (J). Elements of P (J) are elements of the form (TV )V ∈B = [(rV , f |V )]V ∈B where
B is a covering of J and (TV )V is a maximal family on J .
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If we consider the triple (P , λ,D) where λ : C0 −→ P is a sheaf-morphism
defined for every f ∈ C0 by λ(f) = η([(0, f)]) ∈ P and D : P −→ P defined by
D ◦ η([(r, f)]) = ηU ([r + 1, f)]). If we denote by ι : C1 −→ C0 then we can easily
check that for every f ∈ C1 we have

D ◦ λ ◦ ι(f) = D ◦ η([(0, f)]) = η([(1, f)]) = η([(0, ∂f)]) = λ ◦ ∂f

which proves thatD is compatible with the derivative of C1 functions. Therefore, by
theorem 6 there exists a unique sheaf morphism ψ : D′ −→ P such that λ = ψ ◦ λ
and D ◦ ψ = ψ ◦D.

In the other hand, we consider the natural transformation η : P −→ D′ de-
fined as follow: Let (rV , f |V )V ∈B ∈ P (U) where B is a covering of U . We set
η ((rV , f |V )V ∈B) := D′-gluing ((DrV f |V )V ∈B). Thus the couple (D′, η) satisfies
(i)-(ii)of theorem 13 and since (η, P ) is co-universal, then there exists ψ : P −→ D′
a sheaf morphism. Therefore, D′ and P are isomorphic.

The first generalization of this idea is hence with respect to the domain and the
co-domain.

Let (E, || · ||) be a normed space over R and let U be an open set. Recall that a
continuous map f : U −→ E is said to be Fréchet differentiable at x ∈ U if there
exists a continuous linear map dxf : E −→ E, dxf : h −→ dxf(h) such that

lim
||h||→0

||f(x+ h)− f(x)− dxf(h)||
||h||

= 0.

The operator dxf when it exists, is unique and it’s called the Fréchet derivative of
f at x. Note that if E is an algebra and f : E −→ E, f(x) = xn then it is easy to
check that dxf = nxn−1.

Let’s now generalize the construction of Sebastião e Silva on an open set U of
a Banach space E. In the case of continuous functions on an open set of Rd, the
functions Fr always exists since every continuous function has a primitive. In the
case of C(U), we don’t know if this property holds. So, instead of C(U) we will
work on D(U) the subspace of C(U) such that if f ∈ D(U) then for every r ∈ N,
there exists Fr ∈ Cr(U) ∩D(U) such that drFr = f .

Given r, s ∈ N and f, g ∈ D(U). We write (r, f) ∼ (s, g) if setting m = max(r, s)
we have Fm−r − Gm−s ∈ Em−1[x]. We set P (U) := (N × D(U))/ ∼. Indeed,
(P (U),+,×) is an R-module where the sum and the product are defined exactly
as in the previous case. We have also that P is a separated presheaf of R-Mod
over the topological space E where the restriction PUV : P (V ) −→ P (V ), (V ⊆ U)
is given by PUV [(r, f)] = [(r,DUV (f)] where DUV : D(U) −→ D(V ) is restriction
operator, i.e. DUV (f) = f |V and the separateness property can be proved exactly
as in the previous case.

According to theorem 13, for every open set U of E, we can obtain a sheaf P (U)
from P (U).

We can repeat the same construction as above and change the derivative operator
by an arbitrary operator. Let’s fix the idea: Let R be a ring and let E be an R-
module. Let T : E −→ E be a R-linear operator. For an open set U ⊆ E, D(U)
is a space that has the following property: f ∈ D(U) if and only if ∀n ∈ N there
exists Fn : U −→ E such that TnFn = f and if f = 0 then Fn = 0 for every n.

Let now (r, f), (s, g) ∈ N×D(U). Similarly, we write (r, f) ∼ (s, g) (intuitively
T rf = T sg) if and only if Fm−r = Gm−s where m = max(r, s). We consider now
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P (U) := (N×D(U)) / ∼. The equivalence class of (r, f) will be denoted by [r, f ].
We can equip P (U) by a structure of a module where for every [r, f ], [s, g] ∈ P (U)
and for every l ∈ R we set

[r, f ] + [s, g] = [m,Fm−r] + [m,Gm−s] = [m,Fm−r +Gm−s]

and

l × [r, f ] = [r, lf ].

Thus (P (U),+,×) is a R-module. Assume now that for every r ∈ N and for every
f ∈ D(U), we have

T r(Fr|V ) = T rFr|V .
Then (P (U),+,×) is a separated presheaf. Theorem 13 implies that we can obtain
a sheaf P (U) from P (U).

Now we generalize the idea to a Banach manifold. We start with some basic
definitions.

[from wikipedia: Slightly reformulated] Similarly to a n-dimensional manifold
in which any point has an neighborhood homeomorphic to an open set of Rn, a
Banach manifold is a manifold modeled on Banach space. Thus it is a topological
space in which each point has a neighborhood homeomorphic to an open set in
a Banach space. Banach manifolds are one possibility of extending manifolds to
infinite dimensions.

A further generalization is to Fréchet manifolds, replacing Banach spaces by
Fréchet spaces. On the other hand, a Hilbert manifold is a special case of a Banach
manifold in which the manifold is locally modeled on Hilbert spaces.

Given two Banach spaces E and F and r ∈ N≥1. The space lin(Er, F ) will
denote the space of linear maps from Er into F .

Definition 15. Let X be a set. An atlas of class Cr, r ∈ N ∪ {∞}, on X is a
collection of pairs called charts (Ui, ϕi), i ∈ I, such that

(i) each Ui is a subset of X and the union of Ui is the whole of X;
(ii) each ϕi is a bijection from Ui to an open set ϕi(Ui) of some Banach space

Ei, and for any indices i and j, ϕi(Ui ∩ Uj) is open of Ei;
(iii) The crossover map

ϕj ◦ ϕ−1
i : ϕi(Ui ∩ Uj) −→ ϕj(Ui ∩ Uj)

is an r-times continuously differentiable function for every i, j ∈ I; that is,
the rth Fréchet derivative

dr(ϕj ◦ ϕ−1
i ) : ϕi(Ui ∩ Uj) −→ Lin(Eri , Ej)

exists and it’s continuous with respect to the Ei-norm topology on subsets of
Ei and the operator norm topology on lin(Eri , Fj).

If all the Banach spaces Ei are equal to the same space E, the atlas is called an
E-atlas. X is then called a Cr E-manifold

Indeed, (on can show that) there exists a unique topology on X such that each
Ui is open and each ϕi is a homeomorphism. For the sequel, we assume that this
topology is Hausdorff.

Definition 16. Let E and F be two Banach spaces and let M be a C∞E-manifold
and let N be a C∞ F -manifold. A map f : M −→ N is said to be in Cr(M,N)
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if and only if for every ϕi of the atlas {ϕi, Ui}i of M , for every ψj of the atlas
{ψj , Vj}j of N the map

ψj ◦ f ◦ ϕ−1
i : ϕi(Ui) −→ ψj(Vj)

is in Cr(E,F ) with respect to E-norm topology and the F -norm topology.

[I will finish this later] Let M be a C∞ E-manifold and let U be an open set of

M . Let A = {ϕi, Vi} be an atlas of M . We denote by Ũ the open set of E given by

Ũ := ∪iϕi(Vi ∩ U).

In the following remarks I will state some difficulties to apply the idea of Sebasito

Remark. I start by recalling how do we obtain a distribution on an open set U
of a manifold M of finite dimension. Assume that, ϕ : U −→ V ⊂ Rn is a dif-
feomorphism of class C∞. Let f ∈ D′(V ) and let (fn)n ∈ C0(V ) be a sequence
of continuous functions that converges to f (in the sense of distribution. Then
ϕ∗f = limϕ∗fn where ϕ∗fn = fn ◦ϕ which is well defined (as a distribution on U)
and the limit exists in the sens of D′(U).

In our case we define distributions using the sheafification of a separated presheaf.
So if we assume that M is C∞ E-manifold, U is an open set of M and ϕ : U −→
V ⊂ E is a diffeomorphism of class C∞. We denote by P (V ) the separated presheaf
as defined above. So, an element f ∈ P (V ) is a compatible family [(r, f)].

The first problem is how define the pullback of a class [(r, f)] by ϕ. If r = 0 then
we can set

ϕ∗[(0, f)] = [(0, f ◦ ϕ)].

If for example r = 1 and f ∈ C1(V ) then (1, f) refers to the continuous functions
d1f and ϕ∗(r, f) = (drf) ◦ ϕ ad this is different from (1, f ◦ ϕ).

4. Colombeau AG algebras

4.1. Co-universal property as quotient of moderate nets. The first idea to
find a co-universal property for Colombeau AG algebras is to formulate the classical
co-universal property of every quotient, only at a “higher level”, i.e. talking of
functors of R-algebras and natural transformations instead of algebras and their
morphisms. In the following, any net ρ = (ρε)ε ∈ RI>0 such that ρε −→ 0 as

ε −→ 0+ will be called a gauge and the set Ag(ρ−1) := {(ρ−aε )ε ∈ R(0,1] | a ∈ R>0}
will be called the asymptotic gauge generated by ρ.

Definition 17. Let Ω be an open set of any dimension. The Colombeau AG alge-
bras is defined by the quotient Gs(AG(ρ−1),Ω) := EM (AG(ρ−1),Ω)/N (AG(ρ−1),Ω)
where

EM (AG(ρ−1),Ω) :=

{
(uε) ∈ C∞I(Ω)|∀K b Ω∀α∃N ∈ N : sup

x∈K
|∂αuε(x)| = O

(
ρ−Nε

)}

N (AG(ρ−1),Ω) :=

{
(uε) ∈ C∞I(Ω)|∀K b Ω∀α∀N ∈ N : sup

x∈K
|∂αuε(x)| = O

(
ρNε
)}

.

The equivalence class of (uε)ε ∈M(Ω) in Gs(AG(ρ−1),Ω) is denoted by [uε]ρ.

Definition 18. Let I = (0, 1]. We denote by ColI the category of Colombeau and
we write (G, π) ∈ ColI if
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(i) G : (OR∞)
op −→ ALGR is a functor, where ALGR denote the category of

R-Algebras
(ii) π : EM (AG(ρ−1),−) −→ G is a natural transformation such thatN (AG(ρ−1),Ω) ⊆

Ker(πΩ), ∀Ω ∈ OR∞.

Moreover, we write (G, π)
τ−→ (F, α) in ColI if and only if the following diagram

commutes

EM (AG(ρ−1),−)
α //

π

��

F

G

τ

88

Theorem 19. For every (G, π) ∈ ColI , there exist a unique τ : (Gs(AG(ρ−1),−), [−]ρ) −→
(G, π) in ColI , i.e. (Gs(AG(ρ−1),−), [−]ρ) is co-universal in ColI .

Proof. We should find τ such that the following diagram commutes

EM (AG(ρ−1),−)
π //

[−]ρ

��

G

Gs(AG(ρ−1),−)

τ

99

The only way τ can be defined is by setting τΩ([uε]ρ) = πΩ((uε)),∀Ω ∈ OR∞. In
order to prove that τΩ is well defined, i.e. it doesn’t depend on the representative
(uε) of [uε]ρ, take two moderate nets (uε)ε and (vε)ε such that [uε]ρ = [vε]ρ, then we
have τΩ([uε]ρ) = πΩ((uε)) = πΩ((vε+(uε−vε))) = πΩ((vε))+πΩ((uε−vε)) because
for every Ω, πΩ is an algebra-homomorphism. Since we have N (AG(ρ−1),Ω) ⊆
Ker(πΩ), we have τΩ([uε]ρ) = πΩ((uε)) = πΩ((vε)) = τΩ([vε]ρ). �

This simple co-universal property highlights the following data:

4.2. Co-universal properties as quotient algebras. We want to show another
co-universal property of Colombeau AG algebras by completing the idea that a
Colombeau algebra is a quotient of C∞(−)I , and we are forced to consider moderate
and negligible nets because...

Definition 20. . We say that (G, π) is a quotient algebra of C∞(−)I , and we write
(G, π) ∈ QAlg(C∞I), if

(i) G : (OR∞)
op −→ ALGR is a functor

(ii) π : M −→ G is a natural transformation such that C∞(Ω)I ⊇ M(Ω) and
πΩ : M(Ω) −→ G(Ω) is an epimorphism of R-algebras for all Ω ∈ OR∞.

Let’s discover the properties we need. Since for every Ω ∈ OR∞, πΩ is an algebra
homomorphism, then we have for any (uε)ε, (vε)ε ∈M(Ω) and for any r ∈ R

(i) πΩ(uε) + πΩ(vε) = πΩ(uε + vε)
(ii) πΩ(uε) · πΩ(vε) = πΩ(uε · vε)
(iii) r · πΩ(uε) = πΩ(r · uε).
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Moreover, the condition “πΩ is an epimorphism” means that for every g ∈ G(Ω),
there exist (uε)ε ∈M(Ω) such that πΩ(uε) = g. This implies

G(Ω) 'M(Ω)/Ker(πΩ) in ALGR.

The isomorphic associates to any class [uε] ∈M(Ω)/Ker(πΩ), the element πΩ(uε).
In order to prove the injectivity, suppose that for (uε)ε,(vε)ε ∈ M(Ω), we have
πΩ(uε) = πΩ(vε). Using properties (i) and (ii) we obtain πΩ(uε − vε) = 0, which
implies that [uε] = [vε].

Why we are forced to consider moderate nets? Let (zε)ε ∈ M(Ω) be such that
πΩ(zε) = 0 and consider Jε ∈ M(Ω) ∩ RI such that limε−→0+ |Jε| = +∞, then we
have

πΩ(zε) · πΩ(Jε) = 0 · πΩ(Jε) = πΩ(zε · Jε). (4.1)

Let’s assume that: If (wε)ε ∈ M(Ω) such that πΩ(wε) = 0, then for every
K b Ω and for every multi-index α we have supx∈K |∂αwε(x)| := pK,α(wε) −→ 0 as
ε −→ 0+. We say then that every zero-net in (G, π) is a potential infinitesimal (with
respect to pK,α). Equation 4.1 implies that for every K b Ω and multi-index α we
have pK,α(zε ·Jε) = pK,α(zε) · |Jε| −→ 0 which implies that ∀0ε : pK,α(zε) ≤ |Jε|−1.
Set

Infinite(M(Ω)) :=

{
(|Jε|) | (Jε) ∈M(Ω) ∩ RI , lim

ε−→0+
|Jε| = +∞

}
. (4.2)

We have two possibilities:

(i) M(Ω) contains all the infinite nets. This implies that ∀K b Ω and for all
multi-index α we have pK,α(zε) = 0 for every ε small. In this case, the
quotient must be trivial and this situation corresponds to the Schmieden-
Laugwitz-Egorov model.

(ii) M(Ω) doesn’t contain all the infinite nets.

The following theorem shows that if a non empty subalgebra of RI is bounded by
a gauge then it has a maximal gauge.

Theorem 21. Let R ⊆ RI be a subring such that inf(R), the set of all the infinite
nets of R, is non empty. Assume that there exist a gauge σ such that Infinite(R) ≤
AG(σ−1). Then there exist a gauge ρ such that ρ−1 ∈ R and inf(R) ≤ AG(ρ−1).
We say that R has a maximal asymptotic gauge.

By Infinite(R) ≤ Ag(σ−1) we mean that for every (vε) ∈ Infinite(R), there exist
a ∈ R>0 such that ∀0ε : vε ≤ σ−aε .

Proof. If σ−1 ∈ R, then we have nothing to do. We suppose now that σ−1 6∈s R .
First, note that

∀m ∈ R, ∀k ∈ R>0, ∀a ∈ R>0 :AG(ρ−1) = AG(kρ−1) = AG((ρ−1+m)−1) = AG(ρ−a).
(4.3)

The inclusions AG(ρ−1) ⊆ AG(kρ−1) ⊆ AG((ρ−1 + m)−1)) ⊆ AG(ρ−a) are a
consequence of

∀0ε : ρ−1
ε ≤ (ρ−1

ε +m)2 ≤ (kρε)
−3 ≤ (ρε)

−4a,

whereas the opposite inclusions follow from

∀0ε : ρ−aε ≤ (kρε)
−a−1 ≤ (ρ−1

ε +m)a+2 ≤ (ρε)
−a−3.
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4.3 leads us to consider the infinite nets ρ−1, (kρ)−1, ρ−1 + m, ρ−a as the same
“object” in inf(R). To do so, we define the equivalence relation ∼ on RI by

x := (xε) ∼ (yε) =: y ⇐⇒ AG(x) = AG(y).

We denote by K = inf(R)/ ∼ . K is non empty ordered set. We claim that is
inductive. Indeed, let Q = {AG(ρ−1

i )}i ⊂ K be totally ordered subset. Assume

that AG(ρ−1
i ) ≤ AG(ρ−1

j ) when i ≤ j. Using 4.3 we can assume that

∀i, j if i ≤ j then ∀0ε : ρ−1
iε ≤ ρ

−1
jε .

Indeed, for i ≤ j, the inequality AG(ρ−1
i ) ≤ AG(ρ−1

j ) implies the existence of

a > 0 such that ∀0ε : ρ−1
iε ≤ (ρajε)

−1 and from 4.3 we have AG(ρ−1
j ) ≤ AG(ρ−aj ).

Therefore we have

∃η ∈ (0, 1]∀ε ∈ (0, η]∀i, j ∈ J, i ≤ j =⇒ ρ−1
iε ≤ ρ

−1
jε ≤ σ

−1
ε .

Thus, for every ε small, the sequence (ρ−1
iε )i∈J is increasing and bounded, hence it

converge. Setting ρ−1 = [ρ−1
ε ] = [supjρ

−1
jε ] ∈ R. We may therefore apply Zorn’s

lemma, and so we have a maximal asymptotic gauge Ag(ρ−1) in K and thus in
Inf(R). �

Definition 22. Let (G, π), (H, η) ∈ QAlg(C∞(−)I) and assume that π and η
have the same domain M(Ω) which is a subalgebra of C∞(−)I . Then a morphism
of quotient algebras is given by :

j : Ker(πΩ)←↩ Ker(ηΩ), ∀Ω ∈ OR∞. (4.4)

Theorem 23. Quotient algebras of C∞(−)I and their morphisms form a category.

Proof. QAlg(C∞(−)I) and its morphisms is an ordered set. Therefore it’s a cate-
gory. �

Therefore, a co-universal quotient algebra has the largest kernel.

Remark 24. Given (G, π), (H, η) ∈ QAlg(C∞(−)I). We can give a more general
definition of morphism of quotient by assuming that π and η have a two different
domains. A morphism of quotient algebras (i, j) is given by :

i : Inf(M1(Ω)) ↪→ Inf(M2(Ω)), j : Ker(πΩ)←↩ Ker(ηΩ), ∀Ω ∈ OR∞.

where M1(Ω),M2(Ω) are two different subalgebras of C∞(−)I and we have G '
M1(Ω)/ker(πΩ) and H ' M2(Ω)/ker(ηΩ). In this case, a co-universal quotient
algebra has the smallest class of infinities and the largest kernel. But for any given
subalgebra M(Ω) we can always find another subalgebra that have a smaller class
of infinities. Thus, the co-universal quotient algebra could (does) not exist.

Theorem 25. Let M(Ω) ⊆ C∞(−)I be a subalgebra. Assume that

(i) Infinite(M(Ω)∩RI) is non-empty and bounded by an asymptotic gauge Ag(σ−1)
(ii) ∀(uε) ∈M(Ω),∀K b Ω,∀α : pK,α(uε) ∈M(Ω) ∩ RI

(iii) Let (uε) ∈ C∞(−)I . If ∀K b Ω,∀α, there exist (vε) ∈ Infinite(M(Ω) ∩ RI)
such that ∀0ε : pK,α(uε) ≤ vε, then (uε) ∈M(Ω)

(iv) If (uε) ∈M(Ω) ∩ RI , then ∃(vε) ∈ Infinite(M(Ω) ∩ RI), ∀0ε : uε ≤ vε.
Then there exists a gauge ρ such that

M(Ω) = EM (Ag(ρ−1),Ω). (4.5)
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Proof. First, note that we have

M(Ω) = EM (Infinite(M(Ω) ∩ RI),Ω).

In fact, assumptions (ii) and (iv) imply that ∀(uε) ∈ M(Ω),∀K b Ω,∀α,∃(vε) ∈
Infinite(M(Ω) ∩ RI) such that ∀0ε : pK,α(uε) ≤ vε. It follows that M(Ω) ⊆
EM (Infinite(M(Ω) ∩ RI),Ω). The opposite inclusion is given by assumption (iii).
Since M(Ω) is a subalgebra and M(Ω)∩RI is non-empty and bounded by an asymp-
totic gauge Ag(σ−1), theorem 21 applied for R = M(Ω)∩RI ensures the existence
of a gauge ρ such that ρ−1 ∈M(Ω)∩RI and Infinite(M(Ω)∩RI) ≤ Ag(ρ−1). This
gives EM (inf(M(Ω) ∩ RI),Ω) = EM (Ag(ρ−1),Ω) and thus we have 4.5. �

Theorem 26. Let M(Ω) = EM (Ag(ρ−1),Ω). Then (Gs(AG(ρ−1),Ω), [−]ρ) is co-
universal among all the quotient differential algebras of M(Ω) such that every zero-
net is a potential infinitesimal.

By “differential” we mean the existence of a suitable operators (Di)i verifying
for all i, Di : G −→ G and Di ◦ π = π ◦ ∂i where (∂i)i are the usual partial
derivatives.

Proof. It’s clear that (Gs(AG(ρ−1),Ω), [−]ρ) is a quotient differential algebras where
Dα[uε]ρ = [∂αuε]ρ for every (uε) ∈ M(Ω). The fact that every zero-net is a
potential infinitesimal follows directly from the definition of N (AG(ρ−1),Ω). We
claim now that [−]ρ has the largest kernel. Indeed, let (G, π) be another quotient
differential algebra of M(Ω) such that every zero-net is a potential infinitesimal and
suppose that Ker(π)\Ker[−]ρ 6= ∅. Thus

∃(uε) ∈M(Ω),∃K b Ω,∃α,∃n ∈ N,∃L ⊆0 I, ∀ε ∈ L : pK,α(uε) > ρnε and π(uε) = 0.
(4.6)

Inequality 4.6 implies

∀ε ∈ L∃xε ∈ K : ρ−nε |∂α(uε(xε))| > 1 =⇒ ρ−nε |eL(ε)∂α(uε(xε))| > eL(ε)

π is a sheaf morphism because it’s a natural transformation between two sheaves
and it’s an order-preserving map because M(Ω) and G(Ω) are partially ordered sets
(See Ashfaque 4.6.2). Thus it follows from the last inequality that

π(ρ−nε |eL(ε)∂αuε(xε)|) = |π(ρ−nε eL(ε)∂αuε(xε)))| ≥ π(eL(ε)). (4.7)

Since (G, π) is a quotient differential algebra, there exist (δi)i such that for every
i, δi : G −→ G and δi ◦ π = π ◦ ∂i. This property together with 4.7 implies

|δαπ(ρ−nε eL(ε)uε(xε)| ≥ π(eL(ε)) (4.8)

which implies that π(eL(ε)) = 0 because π(uε) = 0. This is a contradiction because
eL(ε) is not a potential infinitesimal. So we have Ker(π) ⊆ Ker[−]ρ which proves
the theorem. �

4.3. A particular case: co-universal property of Colombeau generalized
numbers.

Definition 27. The Robinson-Colombeau ring of generalized numbers is defined

by ρR̃ = Rρ/ ∼ρ where

(i) Rρ ⊂ RI and (xε)ε ∈ Rρ ⇐⇒ (xε)ε ∈ RI |∃n ∈ N : xε = O(ρ−nε ) as ε −→ 0+.
Rρ is called the set of ρ-moderate nets.

(ii) (xε)ε ∼ρ (yε)ε ⇐⇒ (xε)ε, (yε)ε ∈ Rρ and ∀n : xε−yε = O(ρ−nε ) as ε −→ 0+.
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[xε]ρ denote the equivalence class of (xε)ε ∈ Rρ in ρR̃. The ring of Robinson-
Colombeau of generalized numbers can be seen as a subset of the Colombeau AG
algebra.

Theorem 28. Let ρ be a gauge. Then

ρR̃ =

{
[uε]ρ ∈ Gs(AG(ρ−1),R) :

d

dx
[uε]ρ = 0

}
. (4.9)

Proof. ⇒: This is trivial: Let c = [cε] ∈ ρR̃ and take uε(x) = cε. We have immedi-
ately d

dx [uε(x)]ρ =
[
d
dxcε

]
ρ

= [0]ρ = 0.

⇐: Let [uε]ρ ∈ Gs(AG(ρ−1),R) : d
dx [uε(x)]ρ = 0 =

[
d
dxuε(x)

]
ρ
. It follows

∀ε : d
dxuε(x) = zε where (zε)ε is negligible net of Rρ. By taking the primitive

we obtain ∀ε : uε(x) = cε + zεx which implies that [uε(x)]ρ = [cε]ρ ∈ ρR̃ because
[uε]ρ ∈ Gs(AG(ρ−1),R). �

The Robinson-Colombeau ring of generalized numbers verify a co-universal prop-
erty similar to the one verified by Gs.
Definition 29. We say that (G, π) is a quotient ring of RI , and we write (G, π) ∈
QRing(RI), if

(i) G : RI −→ RingR is a functor
(ii) π : R −→ G is natural transformation such that RI ⊇ R and π : R −→ G is

an epimorphism of rings.

Let (H, η) ∈ QRing(RI) such that π and η have the same domain R. Then a
morphism of quotient ring j : (G, π) −→ (H, η) is given by

j : Ker(π)←↩ Ker(η). (4.10)

Similarly to the quotient algebra’s case, a co-universal quotient ring of some fixed
subring has the largest kernel.

Remark 30. If π and η have two different domain R1 and R2, then a morphism of
quotient ring is a couple (i, j): (G, π) −→ (H, η) given by

i : inf(R1) ↪→ inf(R2), j : Ker(π)←↩ Ker(η).

In this case, a co-universal quotient ring has the smallest class of infinities and the
largest kernel. Since the smallest class of infinities does not exist because, by taking
the logarithmic we obtain a smaller class of infinities, the co-universal quotient ring
do not exists in this case.

Theorem 31. R ⊆ RI a non-empty subring. Assume that

(i) Infinite(R) ≤ Ag(σ−1) where σ−1does not necessary belong to R.
(ii) Let (xε)ε ∈ RI . If there exist (vε)ε ∈ Infinite(R) such that ∀0ε : |uε| ≤ vε,

then (uε)ε ∈ R,
(iii) If (xε)ε ∈ R, then ∃(vε)ε ∈ inf(R), ∀0ε : |xε| ≤ vε.
Then R = Rρ.

The proof is similar to the proof of theorem 26

The co-universal property of ρR̃ is given in the following theorem.

Theorem 32. Let ρ be a gauge and suppose that R = Rρ. Then ρR̃ is co-universal
among all the quotient ring (G, π) such that every zero-net is a potential infinites-
imal.
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The proof is identical to the proof of theorem 25.

Remark 33. Let σ be another gauge such that ρ ≤ σ. Note that Ker([−]ρ) ⊆
Ker([−]σ). The quotient ring (Rρ/ ∼σ, [−]σ) does not have the property that
every zero-net of (Rρ/ ∼σ, [−]σ) is a potential infinitesimal. Indeed, take (xε)ε ∈
Ker([−]σ)/Ker([−]ρ). Then

∃L ⊆0 I, ∃n ∈ N>0,∀ε ∈ L : ρnε < |xε| and ∀m ∈ N,∀0ε : |xε| ≤ σmε .
It follows that

∀m ∈ N,∀ε0 ∈ L : ρnε < σmε . (4.11)

This implies that [ρnε eL(ε)]σ = 0. Since dρ−n ∈ Rρ/ ∼σ we have [eL(ε)]σ =
[ρ−nε eL(ε)]σ × [ρnε eL(ε)]σ = [0]. Therefore, eL is a zero-net but it is not a potential
infinitesimal.

5. Co-universal property of spaces of generalized smooth functions

Introduction to GSF and their main differences w.r.t. CGF
In this section we would like to formalize the idea that generalized smooth func-

tions are the simplest way to have a class of arbitrarily differentiable functions on

subsets of ρR̃n defined by nets of ordinary smooth function.
The next definition is Def 3.1 of “Generalized Analytic Functions on Generalized.

Hans Vernaeve”

Definition 34. Let A ⊆ ρR̃d. We define ρGC∞(A) = ẼM (A)/Ñ (A),

ẼM (A) :=
{

(uε)ε ∈ C∞(Rd)I : ∀α ∈ Nd,∀[xε] ∈ A,∃N ∈ N, ∂αuε(x) = O(ρ−Nε )
}

Ñ (A) :=
{

(uε)ε ∈ C∞(Rd)I : ∀α ∈ Nd,∀[xε] ∈ A,∀N ∈ N, ∂αuε(x) = O(ρNε )
}
.

Here ∀[xε] ∈ A means: for each representative (xε)ε of an element of A. Since

EM (A) is a differential algebra (for the ε-wise operations) and Ñ (A) is a differential

ideal of ẼM (A), ρGC∞(A) is a differential algebra. [This remark is from the paper
Generalized Analytic Functions on Generalized. Hans Vernaeve]

Here also, [uε]ρ denotes the equivalence class of (uε)ε ∈ ẼM (A) in ρGC∞(A).

Definition 35. We denote by GSF the category of generalized smooth functions.
We write (G, π, (Di)i) ∈ GSF if

(i) G : P(ρR̃∞)op −→ ALGρR̃ is a functor, where P(ρR̃∞) is the category of

subsets of ρR̃d for any d, and the inclusions.
(ii) π : ẼM (A) −→ G is a natural transformation such that Ñ (A) ⊆ Ker(πA),

∀A ∈ P(ρR̃∞).
(iii) (Di)i : G −→ G is compatible with the usual partial derivatives (∂i)i, i.e.

Di ◦ π = π ◦ ∂i, ∀i.
Moreover, we write (G, π, (Di)i)

τ−→ (F, λ, (δi)i) in GSF if and only if the following
diagrams commute for all i

ẼM

π

��

λ // F

G

τ

>>
, G

Di //

τ

��

G

τ

��
F

δi

// F

. (5.1)
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Theorem 36. For every (F, λ, (δi)i) ∈ GSF, there exist a unique τ : (ρGC∞, [−]ρ, (Di)i) −→
(F, λ, (δi)i) in GSF i.e. (ρGC∞, [−]ρ, (Di)i) is co-universal in GSF.

Proof. For every [uε]ρ ∈ ρGC∞, set τ([uε]ρ) = λ(uε). We claim that τ doesn’t de-
pend on the representative (uε)ε of [uε]ρ. Indeed, let (vε)ε be another representative
of [uε]ρ. Since λ(−) is an algebra-morphism (because it’s a natural transformation

between two algebras) and Ñ (−) ⊆ Ker
(
λ(−)

)
, we have

τ([uε]ρ) = λ(uε) = λ(vε) + λ(uε − vε) = τ([vε]ρ). (5.2)

Therefor the first diagram of 5.1 commutes for (ρGC∞, [−]ρ, (Di)) instead of (G, π, (Di)i).
By assumption, (Di)i and (δi)i are compatible with (∂i)i. Then for all [uε]ρ ∈ ρGC∞
and for all i we have

τ ◦Di[uε]ρ = τ([∂iuε]ρ) = λ(∂iuε) = δi ◦ λ(uε) = δi ◦ τ([uε]ρ) (5.3)

which proves the commutative property of the second diagram of 5.1 for (ρGC∞, [−]ρ, (Di))
instead of (G, π, (Di)i). �

We prove now the second co-universal property of ρGC∞ as a quotient algebra.
As in the case of Colombeau AG algebra and the case of Robinson-Colombeau
ring of generalized numbers, infinite nets should be fixed, otherwise a co-universal
solution would not exists.

Definition 37. We say that (G, π) is a quotient algebra of ẼM , and we write

(G, π) ∈ QAlg(ẼM ), if

(i) G : P(ρR̃∞)op −→ ALGR is a functor

(ii) π : ẼM −→ G is natural transformation such that πA : ẼM (A) −→ G(A) is

an epimorphism of ρR̃-algebras for all A ∈ P(ρR̃∞).

Let (F, λ) be another element of QAlg(ẼM ). Then a morphism of quotient algebra
j : (G, π) −→ (F, λ, ) is given by

j : Ker(π)←↩ Ker(λ).

Theorem 38. (ρGC∞, [−]ρ) is co-universal among all the quotient differential al-

gebras of ẼM such that every zero-net is a potential infinitesimal.

In this new framework, “every zero-net is a potential infinitesimal” means that
if πA(uε) = 0, then ∀[xε] ∈ A,uε(xε) −→ 0 as ε −→ 0+.

Proof. The fact that (ρGC∞, [−]ρ) is a quotient algebra such that every zero-net is
a potential infinitesimal follows directly from the definition of ρGC∞. Let (F, λ) be
another quotient algebra such that every zero-net is a potential infinitesimal and
suppose that ker(λ)/ker([−]ρ) 6= ∅. Thus

∃(uε) ∈ ẼM∃[xε] ∈ A,∃n ∈ N,∀ε ∈ L ⊆0 I : ρ−nε |uε(xε)| > 1 and λ(uε(xε)) = 0.
(5.4)

Applying λ we obtain

0 = ρ−nε |λ(uε(xε))| ≥L λ(1) ≥L 0

because λ is an order-preserving map. This implies that 1eL ∈ Ker(λ) which leads
to a contradiction because 1eL is not a potential infinitesimal. �
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6. Conclusions

References

[1] Borceux, F., Handbook of Categorical Algebra 3. Category of sheaves. Encyclopedia of Math-

ematics and its applications. Cambridge University Press, 1994.

[2] Colombeau, J.F., New generalized functions and multiplication of distributions. North-
Holland, Amsterdam, 1984.

[3] Colombeau, J.F., Elementary introduction to new generalized functions. North-Holland, Am-

sterdam, 1985.
[4] Colombeau, J.F., Multiplication of distributions - A tool in mathematics, numerical engi-

neering and theoretical Physics. Springer-Verlag, Berlin Heidelberg, 1992.

[5] Cutland, N., Kessler, C., Kopp, E., Ross, D. On Cauchy’s notion of infinitesimal. British J.
Philos. Sci., 39(3):375-378, 1988.

[6] Grosser, M., Kunzinger, M., Oberguggenberger, M., Steinbauer, R., Geometric theory of
generalized functions, Kluwer, Dordrecht, 2001.

[7] Oberguggenberger, M., Multiplication of Distributions and Applications to Partial Differen-

tial Equations. Vol. 259. Pitman Research Notes in Mathematics. Harlow, U.K.: Longman,
1992.

[8] Delcroix, A., Topology and functoriality in (C, E,P)-algebras. Application to singular differ-

ential problems. J. Math. Anal. Appl. 359 (2009) 394–403.
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