Fact A: Let s1,s2 € R such that . Then ‘ H*(R?) . H*2(R?) C H**(R?)|, provided

o < min(sy, S2, 81 + $2 — 1), if s1 21,89 #1, and s1 + s9 > 0,
0= . . . .
min(sy, s2,81 + s2 — 1 —¢), with ¢ > 0 arbitrary, otherwise.

(Special case of [1, Theorem 8.3.1]: Let s1,s2 € R, s1+s2 > 0, then H*' (R"™)- H*2(R™) C H*°(R"),
provided

< min(s1, s2, 51 + s2 — n/2), if 51 #n/2,82 #n/2, and s1 + s2 > 0,
s
0= min(s1, s2,81 + s2 —n/2 —¢), with € > 0 arbitrary, otherwise.

The proof also shows that the following estimate holds Vw; € H*/ (R™):
l[ws - w2l gso < Cs1,52,50,m) [will oo lwall ez -

Therefore we obtain continuity of the multiplication H®' x H®? — H® T

Corollary: (i) s1 > s2 >n/2 = H*'-H* C H®?. (ii)o >n/2 = H?(R") is an algebra.)

Fact B: 3F € C*>(R) with F(0) = 0, such that

1
Tw) = % + F(Cl($)>7 where F o c1 € HT‘+1(R2) .

(To find F, simply set F(y) := —y/(co(co +y)) when y > —co/2 and extend it to a smooth function
on R. Since r > 0 and H'™"(R?) C L>(R?), we obtain Foc¢; € H™ ' (R?) from [1, Theorem 8.5.1].)

Fact C: For any v € L?(R?) the following equation holds in .#/(R?):

(C1) ‘Av = div (cgradv) = A(cv) — div (v grad ¢) ‘

Proof is part of & [Blackboard discussion 1] .

(Under the stronger assumption v € H"(R?) we have in addition
(C2) Av =gradc- gradv + cAv

in .#’(R?). (The meaning of the products on the right-hand side is as follows: since Av € H"™',
Fact A applies and yields cAv € H"™!; furthermore, grad ¢ and gradv both lie in H", so that a
repeated application of Fact A shows that their euclidean inner product belongs to Hmin(r’%*l).))
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9TCompare this with the dimension-independent statement [2, Proposition 5.2], which describes a duality-type

continuous multiplication map W{:C’q X Wllo’f — WIIZ’CT, where k = min(l,m) and % = % + % under the conditions

lLm€Z,l+m>0,1<pg<oo, L+ <L



