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1 Complex numbers and functions

1.1 Complex numbers

The quadratic equation 22 + 1 = 0 has the two formal solutions z1,2 = £v/—1, and
Euler! writes in 1777 : ” formulam /—1 littera i in posterum designabo.”

Definition 1.1. We consider C := R? as a vector space over R, with multiplication
inC: (a,b) €C, a,beR, (¢,d) €C, ¢,d e R
(a,b)(c,d) = (ac — bd, bc + ad)

In this way C becomes a commutative field with zero element (0,0) and unit element
(1,0); for (a,b) # (0,0), we have

—b
e (P
(a,) (a2+b27a2+b2>

For (a,b) € C, we also write a + b, this means that (a,0) corresponds to the real
number a and (0,1) to the imaginary unit 1.

The multiplication law from above stems from the formal multiplication
(a+ib)(c+ id) = ac — bd + i(bc + ad).
For z = (z,y), we will write
z=(z,y) = (x,0) + (0,1)(y,0) = z + iy,

where x = Rz is called real part of z and y = 3z imaginary part of z.
For z = (x,y) = « + iy € C, the complex number

T=(ay) =iy
is called complex conjugate of z, and we have the following rules : z,w € C :

z+w) =z+w, ZW=2W, 2= 2.

We define |z|2 = 2% , |2 is the absolute value of z. We have |z| = y/22 + 32, for
z =x + 1y, and |z| = |Z|. In addiltion

1 1
Rz = §(z+2), Sz = 2—i(z—2),

1 Euler, Leonhard (1707-1783)
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|2w| = [2||w], |2+ w| < |z] + |w], [|2] = [w]] < [z = w].

POLAR REPRESENTATION.

Let z =z 44y # 0. we set x = rcosf and y = rsinf, where r = |z| is the absolute
value of z and @ = arg z the argument of z. We have z = r(cos @ + isin ) = re*,
which will become clear after introducing the complex exponential function, see
section 1.10. Since cosf = cos(f + 2kw) and sin @ = sin(0 + 2kw), for k € Z, there
are infinitely many values of 6 corresponding to a single z. The principal argument
Arg z of z is to be taken —7 < Argz < m, in this way the polar representation of z

becomes uniquely determined.

EXAMPLES. (a) z =24 2i, r = |2| =2V2, Argz = T;
(b) z=2—2i, r:|z|:2\/§, Argz:_%,

PRODUCT OF COMPLEX NUMBERS.
Let z = r(cos@ +isinf) und w = s(cos ¢ + isin ¢). Then

zw = rs[(cos 0 cos ¢ — sin O sin @) + i(cos O sin ¢ + sin 6 cos ¢)]

= rs(cos(d + ¢) + isin(0 + ¢)),

where we used the addition rules for the cosine and sine function. Hence one has
to multiply the absolute values and to add the angles. Concerning the principal
argument one has to be careful in this connection as the following example shows:
let z = —1 and w = ¢. Then Arg(—1) = 7 and Arg (i) = 7/2, but Arg((—1)i) =
Arg (—i) = —7/2 # Arg (—1) + Arg (i).

DE MOIVRE’S FORMULA.
Let n € N. Then

2" = r™(cosnf + isinnh) = r"e?,

which follows by induction.
ROOTS OF COMPLEX NUMBERS.
Let n € N, 2 # 0, z = r(cosf + isin#). Using de Moivre’s formula we get an n-th

root of z by
27 = V" (cosO/n + isinf/n).

As z = r(cos(0 + 2km) + isin(0 + 2km)), for k € Z, the expressions
/7 (cos((0 + 2km)/n) + isin((0 + 2k)/n))

are also n-th roots of z.
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There are n different n-th roots of 2z, with arguments

0 0+2r  0+2(n—1)r

RIEMANN SPHERE AND STEREOGRAPHIC PROJECTION.

Let S? = {(x1,72,23) € R : 22 + 23 + 2% = 1} be the unit sphere in R3 with
N = (0,0,1) as north pole on S2. In this context, S? is also called Riemann sphere.
2 We consider C as the equator plane of S2. A point z € C is associated with the
intersection point P of S? with the ray joining the north pole with z € C. In this
way we obtain a homeomorphism ¢ between S? \ {N} and C, given by

(1,22, 23) = (z1 +iz2),

1-— I3
with the inverse

1

72m,2x,x2+:p2—1.
:c§+:c§+1( R

¢y +ixg) =

ONE-POINT COMPACTIFICATION.

By continuous continuation of ¢ to the whole of S2 we obtain a topological homeo-
morphism between the compact space S? and the so-called extended plane (one-point
compactification of C) C:

$(N) =00, ¢7}(00) := N ,¢(5%) =T.

1.2 Some topological concepts

We explain some topological concepts and basic results, which will be important

later on.

Definition 1.2. Let (2,)7%; be a sequence in C. zq is called accumulation point of
the sequence , if for each € > 0 the ball K((z9) = {z : |z — 20| < €} contains infinitely
many members of the sequence. zq is called limit of the sequence , if for each € > 0
there exists ne > 0 such that

|2n — 20| < €, ¥Yn > ne.

2 Riemann, Georg Friedrich Bernhard (1826-1866)
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The sequence (zp,)52; is called Cauchy sequence 3, if for each € > 0 there exists
ne > 0, such that
|2n — 2m| < €, Yn,m > ne.

Each Cauchy sequence has a limit, C is complete.

Definition 1.3. Leti G C C. G is open, if for each z € G there exists ¢ > 0, such
that K.(z) C G. A set U is a neighborhood of the set M, if there exists an open set
V such that M c V Cc U. A C C is called closed , if C\ A is open.

The union of arbitrarily many open sets is open; the intersection of finitely many
open sets is open; the union of finitely many closed sets is closed; the intersection of
arbitrarily many closed sets is closed.
Let M C C be an arbitrary set in C.

M° = U{U :U C M, U open}

is called interior of M; M® is an open set, it is the largest open set which is contained
in M.

M := A:AD M, A closed
M

is called closure of M; M is a closed set, it is the smallest closed set which contains
M.

The set M := M \ M° is called boundary of M. .

Let M C C be an arbitrary set in C. A subset U C M is called relatively open in
M, if there is an open set O in C such that U = O N M.

A set X C C is called connected , if X = X; UXy with X1NXo=X1NXy =0
implies that one of the two sets X7, X2 is empty. An open connected subset G C C
is called a domain in C domains are also pathwise connected , any two points can
be joined by a continuous curve in G.

If X C Cand z € X, we denote by E, the largest connected set in X containing
the point z. The set F, is called connected component of x.

A domain G in the complex plane is called simply connected if its complement with
respect to the extended plane, C \ G, is connected.

Leti N C M C C. We say that N is dense in M, if N D M.

Let N € M C C. We say that N is discrete in M, if for each z € M there exists
a neighborhood U (an open disc with center z), such that U N N contains at most
finitely many elements of N.

3 Cauchy, Augustin Louis (1789-1857)
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A subset K C C is called compact , if each open covering of K has a finite subcover-
ing. K is compact in C if aad only if K is closed and bounded in C (i.e. there exists
C > 0 such that |z| < C, Vz € K).

Let M C C be a subset of C. U is relatively compact in M (we write U CC M), if
U C M and U is compact.

Definition 1.4. Let G C C and f : G — C a function. we separate f(z) in its real
and imaginary part: f(z) = u(z) +iv(z) = Rf(2) +iSf(z), where u,v : C — R are
real-valued functions. The set {(z,w) : f(2) = w, z € G} C C? is called graph of f.
The sets {z : Rf(z) = const.} ,{z : Sf(z) = const.} ,{z : |f(z)| = const.} are the
level lines of f.

EXAMPLES: a) f(z) = 22, Rf(2) = 22 —y?, Sf(2) = 2xy. The level lines are circles
and hyperbolas.
b) f(z) = az, a € C, a # 0. This is a rotation-dilation. We write a = o + i3, then
we have

az = ax — By +i(Bx + ay).

If one considers f as a mapping from R? to R?, one obtains

AR ax — By _ ([« AN :(a2+62)1/2 Cf)S’y —siny) [z 7
Y Bx + ay 5« Y siny  cos7y Y
where
B « o B
Tz gz T @2y gy
Definition 1.5. Let O C C be an open subset of C, and let f : O — C be a
function. f is called continuous at zg € O, if for each € > 0 there exists § > 0, such

that
|f(2) — f(20)| <€ for |z—zp| <.

f is called continuous on a set M, if f is continuous in each point of M.

f is continuous in zp if and only if for each sequence (2y,)5% with lim,_,o 25, = 2o
we have limy, o0 f(2n) = f(limy, 00 2n) = f(20)-

If f and g are continuous, then f + g, f.g, %(g # 0) are continuous.

f is continuous, if and only if ®f und I f are continuous.

If f is continuous, then |f]| is continuous.

If f is continuous on a compact set K, then

sup |f(2)| = max |f(2)| = [f(z1)] , for some z € K,
zEK zeEK

Zlg£|f(z)| = znél}%'f(z)' =|f(z2)|, for some z3 € K.
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If, in addition, f # 0 on K, then there exists 6 > 0 such that

If(2)] =6, Vz € K.

1.3 Holomorphic functions

Definition 1.6. Let U C C be an open set and f : U — C a function. f is called
complex differentiable at zg € U, if there exists a function A : U — C, which is
continuous at zg, such that

f(2) = f(z0) + (2 — 20)A(2), z € U.

f is called holomorphic on U, if f is complex differentiable at each point of U, we
write f € H(U).

f is holomorphic at zg € U, if there exists an open neighborhood Uy of zg, such that
f is holomorphic on Uj.

Remark. If f is complex differentiable at zg, we have

M =A(2); lim M = A(20) = f'(20).
zZ— 20 zZ—r20 zZ— 20

The following theorem has the same proof as in the real case.

Theorem 1.7. Let f and g be complex differentiable at zo. Then f+ g and f - g are
complex differentiable at zg. In addition, A\f is complex differentiable at zg, where
A € C, and the following rules are valid:

49 =F+d, QN =X, (f-9)=f-9+f7.

If g(20) # 0, then
(f)': fg—f4g
g g* '

Let wo = f(z0) and let h be complex differentiable at wo. Then
(ho £)(z0) = B (f(20))f'(20) (chain rule).

We will need some results about holomorphic functions derived from the Cauchy
Theorem to show an inverse function theorem for holomorphic functions.

Theorem 1.8. Suppose f is holomorphic on a domain G, 29 € G, and f'(z) # 0.
Then there exists an open neighborhood U of zy with U C G such that f is injective
on U, the image V = f(U) of U is open, and the inverse function

fLv—vu
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is holomorphic on V' and satisfies

(Y (f(2) =1/f(2), z€U.

For the proof see 2.36.
EXAMPLES: a) f(z) =2", neN.

no_ 2n z—20) (2" 4 2 2 4 22D TR 0
f'(z0) = lim £ 72 im ( 0)( 0 tr tH )
zZ—20 2 — 20 Z—Z0 Z— 20
-1
=nz}
b) f(z) =z.
First we take the limit z — 2o parallel to the real axis: z —zp =h € R, h = 0
Z— Z h
0 _ 2 _ 1;
Z— 20 h

and now parallel to the imaginary axis: z — z9 =ih, he R, h =0

?—Zo_—ih_ 1
z—z9 ih

Hence f(z) = z is nowhere complex differentiable.

1.4 The Cauchy—Riemann equations

Here we explain the relationship between real and complex differentiable functions,
which is expressed by the Cauchy—Riemann equations.

Definition 1.9. Let U C C be open and g : U — R. g is real differentiable at
zo € U, if there exist functions Ay, As : U — R, continuous at zg, such that

9(2) = g(20) + (z — 20)A1(2) + (v — yo0)A2(2), (1.1)

where z = z 4+ iy and zg = zg + iyo.

We have that Aj(zp) = %(zo) = ¢ (20), which is the partial derivative with respect
to x, and Aa(zp) = g—g(zo) = gy(20) is the partial derivative with respect to y. In
order to see this we first choose z = z + iy, then (1.1) implies
Ar(z) = 9(2) — 9(=0)
Xr — X0

and putting z — z(, we obtain the assertion about the partial derivative with respect
tox. Choosing z = xg + 1y we get the assertion about the partial derivative with
respect to y.

In addition we have that each real differentiable function at zg is also continuous
at zg.
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Example 1.10. Let z = = + iy and

= falls z £ 0
u(z) = { 7|
0 falls z = 0.

Then u fails to be continuous at z = 0, since

1/n? 1

nl;rréou(l/n, 1/n) = lim =3 # u(0,0) = 0.

n—o0 2/77,2
But the partial derivatives exist and u,(0,0) = uy(0,0) = 0, since

u(h,0) — u(0,0)

=0.
h

u2(0,0) = lim

Using the mean value theorem from real analysis one can show the following
result: if u, and w, are continuous at zp, then w is real differentiable at z.

Now we take a function f being complex differentiable at at zy. For h € R both of

the limits .
lim J(zo+h) = f(20) and lim f(zo0 + Z’?) — f(20)
h—0 h h—0 ih

exist and are equal. Splitting f into real and imaginary part f(z) = u(z,y)+iv(z,y)
we obtain

f/(ZO) — lim u(xo + h»yo) — u(xoayo) +i lim U('IO + h‘vyo) — U('Toayo)
h—0 h h—0 h

— lim u(xo,yo + h) — u(zo,Yo) 4 lim v(xo, yo + h) - U(l‘o,yo).
h—0 ih h—0 ih

This implies that ug(20) + vz (z0) = 1/i(uy(20) + ivy(20)) and, again after taking
real and imaginary parts,

uz(20) = vy(20)

v (20) = —uy(20).
This system of two partial differential equations for the functions u and v is called

the Cauchy-Riemann diifferential equations.
Hence we have now shown the following

Theorem 1.11. Let f be complex differentiable at zg and split the function into real
and imaginary parts f = u +iv. Then

uz(20) = vy(20)

vz (20) = —uy(20).

In addition
f'(20) = ua(20) + vz (20) = vy(20) — tuy(20).
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Now we consider complex-valued functions.

Definition 1.12. Now let f : U — C be a complex-valued function We say that f
is real differentiable at zg, if there are functions A1, Ay : U — C, being continuous
at zg such that

f(2) = f20) + (. — 20) A1 (2) + (y — yo)A2(2), 2 € U.
We have again

Ba(an) = (o) = folia) und - Aaao) = B (20) = fy(a0)

Lemma 1.13. The following assertions are equivalent:
(1) f:U — C is real differentiable at zo;
(2) real and imaginary part of f = u+ v are real differentiable at zp;
(8) there exist functions A1, A : U — C being continuous at zo such that

f(z) = f(z0) + (2 — 20) A1(2) + (2 — 20) ~ A2(2),
where
Ar(z0) = 5(fal20) = ify(20)) and Aa(z0) = 5(Ja(z0) + iy 20))
Proof. For f =u + iv we have:

f(2) = f(z0) + (x — 20)A1(2) + (y — yo) A2(2)
= u(20) + (z — 20)RA1(2) + (y — yo)RA2(2)
+i[v(20) + (2 — 20)SAL(2) + (¥ — y0)FA2(2)].

This shows that (1) and (2)are equivalent and that
fa(20) = ug(20) + vz (20) and fy(20) = uy(z0) + tvy(20).
an easy computation shows that
f(z) = f20) + (# — 20)A1(2) + (¥ — y0)D2(2)
= F(z0) +[(@ — 70) + iy — 90)] 5 (A1(2) ~ 1222 (=)
+ [~ w0) — iy — )] (81 (2) + idra(2))
= f(20) + (2 — 20)A1(2) + (2 — 20)” A2(2),

where 1 1
Ai(z) = E(Al(z) —iAg(z)) and As(z) = E(Al(z) + iAy(2)).
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The expressions for the functions A; and As lead to the following

Definition 1.14. The Wirtinger—derivatives ¢ are defined by

of _1(of 5\ of _1(a5 _of
0z 2\0x 9y/)’ 0z 2\0x Oy

Theorem 1.15. The function f : U — C satisfies the Cauchy— Riemann differen-
tial equations at zg € U if and only if %(zo) =0.

Proof. Splitting f into real and imaginary part one obtains

of _ 1 (af 4 8f> _ 1 [ug + vg + i(uy + tvy)]

0z 2 \ox Z@y 2
1 .
= i[um—vy—l—z(vx—i—uy)].
Hence 5
a—ézO@uwzvy y, Uy = —Vg.

O

Remark. The advantage of this concept is that the system of partial differential
equations

uz(20) = vy(20)

v (20) = —uy(20).

can be written in one equation, namely

Theorem 1.16. Let f: U — C and 29 € U.
f is complex differentiable at zo if and only if f is real differentiable at zy and

%(zo) = 0. In this case we have f'(z9) = %(20).

Proof. First suppose that f(z) = f(z0) + (z — 20) A(z), where A is continuous at zo.
We set A1 = A, Ay = 0. Then f(z) = f(z0) + (# — 20)A1(2) and, by Lemma 1.13,
we have that f is real differentiable. Since A2 = 0, the Cauchy—Riemann differential
equations are satisfied.

For the other direction, let f be real differentiable at zg. Then, by 1.13, there
exist functions A; and As, being continuous at zg, such that

f(2) = f(20) + (2 — 20)A1(2) + (2 — 20)” A2(2),

4 Wirtinger, Wilhelm (1865-1945)
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and, by assumption,we have Aa(2p) = %(2’0) =0. Let

As(-20)" g
A(z) = { fiir 2 # 20

0 fiir z = 2.
Since As is continuous at zg and As(z9) = 0 and %‘ = 1, we have
lim,_,,, A(z) = 0. Hence A is continuous at zo.
Now let A = A; + A. Then A is continuous at zo and
f(2) = f(20) + (2 — 20)A1(2) + (2 — 20)~ A2(2)
As(2)(z — 2z9)~
= 1)+ (o= 20 [ (o) + 22E =
zZ— 20
= f(20) + (2 — 20)(A1(2) + A(2))
= f(20) + (z = 20) A().
Hence f is complex differentiable at zg. O

The assumptions about differentiability can considerably be weakened:

Theorem 1.17 (Looman—Menchoff). Let f = uw+iv : U — C. Suppose that all
partial derivatives g, uy, vz, vy exist and satisfy the Cauchy-Riemann differential
equations on U. Then f is complex differentiable on U.

For a proof see for instance (? ).

EXAMPLES
(1) f =u+iv, u(x,y) = 22 — y?, v(x,y) = 2zy. f is real differentiable on C and
since u, = 2z, uy = —2y, v, = 2y, vy = 2z, the Cauchy-Riemann differential
equations are satisfied. Hence f is complex differentiable on C and holomorphic on
C. We have

f(z) =22 = 2% — y? + 2ixy.

(2) f = u+iv, ulz,y) = 2 — 3zy?, v(x,y) = 322y — y>. Also in this case, the
Cauchy—Riemann differential equations are satiafied and f is holomorphic on C; we
have f(z) = 2.

3)f =u+iv, u(z,y) = e®cosy, v(x,y) = e*siny. The Cauchy—Riemann differen-
tial equations are satisfied and f is holomorphic on C. Later on (see section 1.8.) we
will see that f is the complex exponential function. We have

f(z) = € = e = % (cosy + isiny).

(4) f = u+iv, u(z,y) = 2392, v(z,y) = 2?y3. f is real differentiable on C and
uy = 322y?, v, = 32%y%, uy = 223y, v, = 2xy3. It follows that the Cauchy-
Riemann differential equations are satisfied if and only if (22 +72)zy = 0. These are
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exactly the points on the coordinate axes. Hence f is complex differentiable there
but not holomorphic.

In the following we explain some formulas of the so-called Wirtinger calculus.

Remark. (1)We consider complex-valued functions which can be expressed by the

complex conjugate variables z and zZ. Computing the Wirtinger derivatives Baz and

% of such functions one can take z and Zz as independent variables.
EXAMPLEL. f(2) = |z|? = 27, gz =z, % = 2. f is complex differentiable at

z =0, but fails to be holomorphic in z = 0.

(2) a% , % are C—linear operators, i.e. for real differentiable functions f,g: U — C
and for ¢,d € C we have

f(f+dg) ﬂ—i—da %(cf—i—dg): ?—l—daz.

3)

o (9f\ 9 of Of\\_1(d of of
2 \0:) "oz \2\0z oy 1%*@ o oy

9]

4\ 0x2  0x0y  Oyox  Oy?
(o
<0x2+8y>

The differential operator A is called Laplace operator®.

(4) Let f, : U —> C real differentiable functions. The equation

of

0z
is called the inhomogeneous Cauchy—Riemann differential equation . It corresponds
to the system of the two partial differential equations

1/2(uy —vy) = R, 1/2(uy + vz) = Se.

5 Laplace, Pierre Simon (1749-1827)
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1.5 A geometric interpretation of the complex derivative

Definition 1.18. Let U C C and let f : U — C be real differentiable on U. We can
consider f as a mapping from a subset of R? to R2, if we separate f into real and
imaginary part: f(z) = u(z,y) + iv(x,y).

Iy = Up Uy

= UgVy — UyVs.

Vg Uy
Jy is the Jacobi determinant. 6 of f.

Remark. If f is complex differentiable, then the Cauchy—Riemann differential equa-
tions are valid: u; = vy , uy = —v,. Hence

Jr = u2 + v2.
By 1.11 we have f’ = u, + iv,, which implies that |f/|? = u2 + v2 and
Jr =11
Definition 1.19. Let f : U — C be complex differentiable at zg € U. Then

po S Go o+ R) = F(z0) = hf'(20) _

0.
h—0 h

Let
(Tf(20))(h) := f'(20)h , h €C.
(T'f(z0)) : C — C is called the tangential map of f at the point zp. It is a C-linear
map.
Remark. If f is only real differentiable at zg, then we have by 1.13
f(z) = f20) + (2 — 20)A1(2) + (2 — 20)~ A2(2).
Take for h = z — zp and set

(TF o) (k) = 2 (colh+ L (zo)h
This mapping (T'f(z0)) : C — C is in general only R-linear.
It is easy to show that f is complex differentiable at zg if and only if (T'f(2¢)) :
C — C is C-linear.

Definition 1.20. Let 7 : C — C be a bijective R-linear map. For z = = + iy and
w=u+ i let (z,w) = R(2W) = zu + yv the euklidean scalar product of the vector
space C = R? over R.

T is an angle preserving map, if

|z||w{T z, Tw) = |Tz||Tw|{z,w) Vz,w € C.

6 Jacobi, Carl Gustav (1804-1851)
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Remark. If ¢ is angle between z and w, then

(z, w)

cosp = [w

| I

hence the upper assumption means that the angle between 7z and Tw coincides
with the original angle.

Definition 1.21. Let f : U — C be real differentiable on U.

f is angle preserving at zo € U, if the tangential map (T'f(z9)) : C — C is
angle preserving.

f is called angle preserving on U, if f angle preserving at each point of U.

Theorem 1.22. Let f : U — C be a holomorphic function on U and suppose that
1'(z) £0, Yz € U. Then f is angle preserving on U.

Proof. By 1.19 we have (T f(2))(h) = f'(z)h. We have to show that

IR[[EI(Tf(2))(h), (Tf(2))(k)) = [(Tf(2))(WI(Tf(2))(K)|(h, k) , Vh,k € C.

The left hand side is equal to

[BIEI(F (2)h, f/(2)k) = [BIIKIR(f ()R f'(2)k) = [BIKILF (2) PR (hE),
and the right hand side
[ ()Rl f' (2)kIR(hE) = |f'(2)[? R k| R(RE).
O

Let 7 : [a,b) — U C C be a curve in C (see Chapter 2, section 1). We split into
real- and imaginary part

ts y(t) = o) +iy(t) , t € [a,b].

~ is differentiablezierbar in s € (a,b), if the derivatives 2’(s) and y’(s) exist. We set
V() = 2'(s) + iy ().
Let z = (s) and suppose that 7/(s) # 0. The map

tsz+9(s)t, teR

the tangent to the curve v in z = (s).
If f: U — C is a holomorphic function, we can consider the image curve:

forvy:lab] — C.
We have

t= f(v(1) = u(z(t),y(1)) +iv(z(t),y(1)) , 7(t) = z = z(t) + iy (?).
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Using the chain rule we obtain

(f 0 1)(8) = ua(2)2'(s) +uy(2)y'(s) + i[va(2)2"(s) + vy (2)y' (5)]
= 1/2[us(2) + ive(2) — i(uy(2) +ivy(2)](2'(s) + 7/ (s))
+1/2[uz(2) + ive(2) +iuy (2) + ivy ()2 (s) — it/ (s))

=) i) + 2
— (TF(:))(+'(s)) (nach 1.19).

If (f o)'(s) # 0, Then the image curve has the tangent

(2)(2(s) —iy'(s)) (nach 1.14)

t f(2) + (Fo)(s)t=Ff(2) +(Tf(2)(Y(s))t, tER

in the point f(z).

Now let 1 and 75 be two curves through the point z. The angle between the two
curves in the point z is given by the angle between the corresponding tangents in
this point. The direction vectors of the tangents are ] (s) and v4(s). Hence the angle
between the two curves in the point z is given by <t(7(s), v5(s)). The angle between
the image curves in the point Punkt f(2) is <((Tf(2))(v1(s)), (Tf(2))(74(s))). We
suppose that f is holomorphic in z and f/(z) # 0. Then, by 1.22, we get

A(s),72(s)) = (T f(2)) (1 (), (TF(2))(12(5)))-

EXAMPLE: f(2) = 22, f'(2) =22, f'(2) #0, Vz € C* = C\ {0}. Then we have
f = u+iv with u(z,y) = 2 — y? and v(z,y) = 2zy. The parallels to the y—Achse
with equation = a are mapped by f to the parabolas v? = 4a?(a? — u) with the
common focus (0,0). The parallels to the z—Achse with equation y = b are mapped
by f to the parabolas v2 = 4b%(b? + u) with common focus (0,0). This follows by
using the above formulas for v and v, plugging in the equations for the parallels and
finally eliminating = and y. The angles between the curves (90°) are preserved by
the map f.

1.6 Uniform convergence

The concept of uniform convergence will play an important role in the investigation
of power series and limits of sequences of holomorphic functions.

Definition 1.23. Let f,, : U — C be a sequence of functions and A C U. (f)5 ;4
converges uniformly on A to a function f, if for € > 0 there exists ne € N, such that

|fn(2) — f(2)| <€, Vn>n.and Vz € A.
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A series 220:1 fn converges uniformly on A, if the sequence of its partial sums
N .
(anl fn) converges uniformly on A.

We write |f|a :=sup,eq |f(2)]-

Theorem 1.24. Let f, : U — C be a sequence of functions. The following asser-
tions are equivalent:

(1) (fn)n converges uniformly on A C U;

(2) (fn)n is a Cauchy sequence on A, i.e. Ve >0 In. € N, such that

[fn, — fmla <€ ,Vm,n > ne.

Proof. (1) = (2): If (f,) — f converges uniformly on A, then

o= Fmla S |fa = Fla+1f = fula < S+ 5 =,

for n and m large enough.
(2) = (1): Vz € A we have

[fr(2) = fin(2)| < |fn = fmla <€, Vn,m > n..

For a fixed z € A, the sequence (fn(z)), is a Cauchy sequence in C. Since C is
complete, there exists the limit of this sequence:

lim f,(2) = f(2)

n—oo

(pointwise convergence). For an arbitrary z € A, we choose mg = m(z), such that
|fm(2) — f(2)| <€, Ym > mg. Then

1fn(2) = F()| < |fn(2) = fm(2)] + [fm(2) = f(2)] <e+e

Yn > ne , Vm > mg and for arbitrary z € A. O

Theorem 1.25. Zzozl fn converges uniformly on A, if and only if for each € > 0
there exists n. € N, such that

|[fm+1(2) + -+ fa(2)] <€

for allm > m > n¢ and for all z € A.

Proof. Since
Frn1(2) + o+ fu2) =D ful2) = > fil2),
k=1

everything follows from Theorem 1.24. O
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Theorem 1.26 ( WeierstraB majorant criterion). 7 Let f, : U — C be a sequence of

functions with
sup |fn(2) = |fnla < My , My >0.

Suppose that Z 1 My < oco. Then the series Z _1 fn converges uniformly on A.

Proof. Let € > 0. There exists ne with

n

Yo on@ls Y eI Y Mi<e

k=m+1 k=m-+1 k=m-+1

Vn >m > n. and Vz € A; now we can apply Theorem 1.25 O

EXAMPLES. 1) fn(z) = 2", n € N. f,, — 0 converges uniformly on each compact
subset of D = {z : |2| < 1}. If K C D is a compact subset of D, then there exists
0<r<1with K C D,(0)={z:|z| <r}, and we have

|[fn(z)] =12"<r"* =0, Vze K.

2) > 2" = 1 with uniform convergence on all compact subsets of D. Let

K be as above in example 1, then

Z <Z|Z"|<ZT‘“<OO,

n=0 n=0
Vz € K, and We can apply Theorem 1.26.
3) ZZO 0 n, converges uniformly on all compact subsets of C. If K is a compact

subset in C, then there exits N € N with K C Dy(0). We assume to know the
Taylor series expansion of the real exponential function and obtain

oo oo oo

D B S e B N
n! n! n!

n=0 n=0 n=0

Vz € K. Now we apply again Theorem 1.26.

1.7 Power series

Definition 1.27. Let zp € C be a fixed point and a,, € C for n € Ny = NU{0}. The

expression
oo
E Z - ZO

7 Weierstra$, Karl Theodor Wilhelm (1815-1897)
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is called formal power series at zg with coefficients a,.
For two formal power series

o0 o0
P = Zan(z—zo)" and Q= an(z—zo)"
n=0 n=0

we define the sum

P+ Q = Z(an + bn)(z - ZO)n’

n=0

and the product
oo

P-Q= Z en(z — 20)™, where ¢, = agbp, + a1bp—1+ -+ an—1b1 + anbo
n=0

the last expression is also called the Cauchy product.

Theorem 1.28. If s, M > 0 are two constants with the property that
lan|s™ < M , Vn € Ny,

then the power series ZZOZO an(z —20)™ converges uniformly and absolutely on each
compact subset of Ds(z0) = {2z : |z — 20| < s}.

Proof. If K is a compact subset of Dg(zg), then there exists a positive r < s with
K C Dy(z0). Set ¢ =r/s < 1. Then we have

n
sup lan(z —20)"| < sup |an(z — 20)"| < |ap|r™ = |an\snr—n < Mq",
z€K 2€D,(20) s

since ZZOZO Mq™ < oo, the assertion follows from Theorem 1.26 O

Remark. If |ay|s™ < M , ¥n € Ng, then the sequence (|a,|r™), converges to 0 for
each positive r < s.

Definition 1.29. Let Y~ an(z — 20)" be a power series and
R :=sup{t > 0: (Jap|t"), is a bounded sequence}.

R is called radius of convergence of the power series > an(z — 20)™.

Theorem 1.30. Let ) an(z — 20)" be a power series with radius of convergence
R. Then:

(1) 307 g an(z — 20)™ is uniformly convergent on each compact subset of Dg(z0).
(2) >0 g an(z — 20)" fails to be convergent in C\ Dg(z0).
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Proof. (1) If R = 0, the assertion is trivial. If R > 0, then we have for an arbitrary
positive s < R that the sequence (|a,|s™); is bounded. By Theorem 1.28, the power
series Y ° an(z — 20)™ converges uniformly on each compact subset of Dg(z0),
and as s was an arbitrary positive number < R, the first assertion of the Theorem
follows.

(2) If |z — 20| > R, then the sequence (|ay| |z — 20|™)n is unbounded and the
power series Y~ an(z — 29)" fails to be convergent. O

In the following theorem we show that the radius of convergence can be computed
in terms of the coefficients of the power series.

Theorem 1.31 (Cauchy-Hadamard). & Let 377 an(z — 20)™ be a power series with
radius of convergence R. Then:

~1
R= (limsup|an1/”> (1/0=00 1/oc0=0).

n—oo

Proof. Let L = (limsup,_,. [a,|/") " . We show that L = R.

Let € > 0 be an arbitrary positive number. For almost all n € N we have:
lan|'/™ < 1/(L—¢). Hence |a,|(L—e)™ < 1,which implies that the sequence (|a,|(L—
€)™)nis bounded. So we have L —e < R and L < R, as € was arbitrary. Now suppose
that L < oco. In order to show that R < L, it suffices to prove that

R<s,Vs>L.

Let L < s < oo. then s~' < L~! = limsup,,_, . |an|"/™, hence there exists an
infinite subset M C N such that

s < am|Y™ | Ym e M.

This implies |am,|s™ > 1, Vm € M and (|ay|s™), fails to be a null-sequence.
Therefore we must have s > R, because s < R would imply that (Ja,|s"), is a
null-sequence (see the remark from above).

If L = 0o, then we get L = R from the first step of the proof. O

EXAMPLES.

(a) 3500 jn"z", |an|Y™ =nand R=0.
(b) Y0 52", lan|'/" =1 and R = 1.
(¢) 2% 22 an|V/" =1/n and R = cc.
(

53

n=0 nn>

d) ZZO:O %, for this example we use the following

8 Hadamard, Jacques Solomon (1865-1963)
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Theorem 1.32. Let > an(z — 20)" be a power series with radius of convergence
R, and suppose that a,, # 0 for almost all n. Then

.. a .
lim inf " | < R<lim sup .
n—00 | p+41 n—oo |An+1
If the limit lim,_, o ‘aiil exists, then
a
R = lim n
n—o0 | Ap+41
n |
EXAMPLE. Y Z:, aon- = (”le)‘ =n+1and R = oo.

Proof. Let S = liminf,,_ ) du ‘ If S=0, we have S < R. If § > 0, it suffices to

an41 |°
show that s < R for each 0 < s < S. Since S is a liminf, there exists [ € N such that

Qnp

>s, Vn > L.
Ap+1

Hence |an|s™ > |any1]| , Vn > 1. Let A = |a;|s'. Then the last inequality implies
that
Jars]s™ < agls ™ = Jagls' = A,

iterating this argument one obtains
lasm|s't™ < A ¥m e N.

Hence the sequence (|ay|s™), is bounded. Now we get from the defintion of the
radius of convergence that s < R.
do_| If T = oo, we have R < T. If T < oo, it

An+41

remains to show that t > R for each t > T. We get again an [ € N with

Now let T' = limsup,, .,

an

<t, Vn>1.

Ap+1

This implies that |a, 1| > |an|t™" , ¥n > 1. One can choose [ such that B = |a;|t! >
0. Then
lag1 |t > |t~ = |a|t! = B,

and by iteration |a,, [t't™ > B , ¥m € N. Hence the sequence (|ay,|t"), fails to
be a null-sequence. Therefore we have ¢t > R. O
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1.8 Line integrals

Here we take up the complex integral calculus. We describe the basic properties of
line integrals and its relationship to complex primitives for holomorphic functions.

Definition 1.33. Let 7 : [a,b] — U C C be a continuous map. We call v a curve
in C. We use 7 to denote the map and ~* for the set v* = {~(t) : ¢ € [a,b]}. y(a) is
called initial point and v(b) end point of the curve. [a,b] is the parameter interval.
If v(a) = ~(b), then v is called a closed curve.

Let a =50 <851 <82 <---<8p=>0and 'y|[sj717sj] for j = 1,...,n continuously
differentiable (we will also say a C! function). A piecewise continuously differentiable
v is called a path.

Let f: U — C be a continuous function and = : [a,b] — U a path in U.

1 Sit1l

JECCE /b ) dt—z [ 6@ oa
/

is the line integral of f along .

Remark 1.34. (a) Let ¢ : [a1,b;] — [a,b] be a bijective C! function such that
¢’ > 0 everywhere on [a1,b1], let v : [a,b] — U and 71 :=vo ¢ : [a1,b1] — U be
paths in U. Since we supposed that ¢’ > 0, we have p(a1) = a und p(b1) = b, which
means that the orientation in v and ; coincides.
For each continuous function f: U — C we have

/f dz—/f% YL (t) i = /f (D)) (ol0)) ¢ (1) dt
- / FOEN @) ds= [ £z
a ¥

where we substituted s = p(t) , ds = ¢'(t)dt.
We say that the curves v and  are equivalent. The line integrals are independent
of the parametrization.

(b) Let v1 : [a,b] — U and 72 : [b,c] — U be paths in U with ~;1(b) = v2(b). We
define a new path 7 : [a,c] — U by ’y|[a7b] = 7y and ’y|[b7c] = 2 (composition of
paths).
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/f(z)dz:/f(z)dz—i—/f(z)dz
Y Y1 Y2

(c) Let v : [0,1] — U be a path. We define the inverse path v; to v by v1(t) :=
v(1 —t¢), t€]0,1]. Then v* = ~F and

[ = [ e
20 ¥

This follows by the substitution 1 —¢ = s, dt = —ds in the integral

1 0
Jf(z O/f (1 =) (= (1—1) 1/f 7' (s))(~1)ds
1
- 0/ foE (s == [ 1)

Y

Then we have

We write 41 = v~ L.

(d) Let 7 : [a,b] — U be a path and f : U — C a continuous function. The length
L() of the path ~ is given by

b

Ly) = / (8] .

a

‘We have

[ 2] < L) max ),

which is shown by the following estimate:

b b
[ ] =| [ saon @i < [1f6@] 1 Old< Lo nxfe).
¥ a e

Example 1.35. (1) Let a € C, r > 0 and ~(t) = a + r(cost + isint), ¢ € [0,27]
the positively oriented circle with center a and radius r (once passed through). Let
f: U — C be a continuous function and suppose that D,.(a) C U.

27
/f(z)dz:r/f(a+r(cost+isint))(—sint+icost)dt.
0
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Special cases : a =0, r =1, f(z) =

27
/zdz:i/(0052t+isin2t)dt:0;
v 0
fle)=z2
2m 2m
/Zdz:i/(0052t+sin2t)dt:i/dt:2m';
bl 0 0
fz)=1/z:
27
Edz: Mdtz?wi.
z cost +1sint
¥ 0
for arbitrary a € Cand r > 0:
2 2m
d —sint 41 t 1
G S +,ZC,OS dt =ir [ —dt = 2mi.
z—a a+r(cost+isint) —a r
¥ 0 0

(2) Let a,b € C, a # b. The path v(t) = a+ (b —a)t , ¢t € [0,1] describes the
straight line segment [a, b] joining the points @ and b, f : U — C, where v* C U.

1
/f dz_b—ao/f a+ (b—a)t)dt.

Ifa=-1,b=1and f(z) =
1
/zdz:Z/ —1+2t)d 2(—t+t2)|;:
v 0

If 1 is the positively oriented semicircle between —1 and 1, then

2

/zdz:i/(cos?t—l—isin?t)dtzo.

Y1 ™

Taking the function f(z) = z we see that the line integral does not depend on the
way between —1 and 1. But for f(z) =Z we have

1
/Zdz:Q/ —1+2t)dt =0,
0

Y
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and
27T
/Zdz = i/(c082t+ sin?t) dt = in.
Y1 ™

(3) Let a,b,c € C and A = A(a, b, c) be the triangle with vertices a, b, ¢, with the
orientation: a - b — ¢ — a.

/f dz—/fz)dz—i—/f dz+/f
[a,b] [e,a]

If A" = A(a,c,b) is the triangle with the orientation a — ¢ — b — a, then

/f dz—/f der/f dz+/f

AN’ la,c] [e,b]

[c[ £(2) dzf/f dz[a/b]f
/f

1.9 Primitive functions

In the following we state an analogue to the fundamental theorem of calculus and
show that the second statement of the fundamental theorem holds for holomorphic
functions on convex domains.

Definition 1.36. Let U C Cbe an open set and f : U — C a continuous function.
f has a primitive function on U, if there exists a holomorphic function F on U such
that F' = f on U. F is called a primitive function for f.

Remark. If U C C is a connected set and f : U — C has two primitive functions
Fy und Fy on U, then we have F} = Fy + C, where C is a constant. This follows
from F{ —F,=f— f=0.

Theorem 1.37. Suppose that the continuous function f : U — C has a primitive
function F' on U. Let 29,21 € U and v an arbitrary path in U from zy to z1. Then

/f(z) dz = F(z1) — F(z0)-
v
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Proof. Let v : [a,b] — U,a=ty<t; <---<t, =band~yaC! map on [ty_1,1t]
for k=1,...n. Then

f oo

~

Dy @t =3 / () (1) dt

kltkl

X

tr
/ (v(¥))
/ (Fon)(®)dt =Y [F((t)) = F(y(ts-1))]

= F(Z1) - F(Z())

Corollary 1.38. Suppose that the continuous function f : U — C has a primitive
on U, then

for each closed path ~ in U.

Remark. If F € H(U) and F’ is continuous (later we will see that we do not need

/ F'(2)dz =0,

~

the last assumption), then

for each closed path v in U.

St
n+1 as

Example 1.39. (a) The function f(z) =2" , n€Z, n# —1 has F(z) =
primitive on C for n > 0 and on C* for n < —1. We have

1
/ 2" dz = n+l(z?+1—zg+l), /z”dzzO,

[20,21] v

for n # —1 and for each closed path vy with 0¢~*.

The complex polynomial p(z) = > 1_, ar 2" has Sreo k+1zk+

as primitive.

(b) For the function f(z) = Z, the line integral fv f(2)dz depends not only on the
initial and endpoint of the path (see Example (2) in 1.35), hence, by 1.37, f has no
primitive on any open subset of C.

(c) If v(t) = cost +isint , t € [0,27], then

d
& 271,
z
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by 1.38, the function f(z) = % has no primitive on C*.
Now we will prove the converse of Corollary 1.38.

Theorem 1.40. Let G C C be a domain (open and connected) and f : G — C a
continuous function. Suppose that for each closed path v in G we have

/f(z) dz =

Then f has a primitive on G.

Proof. Fix a € G fix. For an arbitrary z € G, we choose a path 7, in G from a to z

9= [ Hou
J

We will show that F/(z9) = f(z0) for an arbitrary zp € G.
If z is sufficiently close to zg, then [z, 2] C G and the path ~, which is composed by

and we set

Y205 |20, %] and 'yz_l, is a closed path in G. Hence, by assumption, we have

0—/f ) = /f >dc+/f<<d< /f

[z0,%]

This implies

F() - Flao) = [ 0)dc - /f(CdC—/f

[20,2]

f(z0 +t(z — 20))(2 — 20) dt = (2 — 20)A(2),

O\H 2

where A(z fo (20 +t(z — 20))dt , A(z0) = f(20). Hence

_ F(2) = F(20)
z—2z0

In order to show F'(z9) = f(20), it suffices to prove that A is continuous at z. For
this aim we estimate

[A(2) — Aleo)| < mase 120+ £z = 20)) = fCz0).

Since f is continuous at zg, we get now the same for A. Hence F' is a primitive of f

on G.
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We remark that the definition of the function F' does not depend on the choice of
the path .. If 7, is a different path from a to z, then .7, ! is a closed path in G

/f(<>d<—/f(<> /f ¢)dc =0
Yz Y=

V=V="

/ £ d¢ = / £ d.
Y=

Y=

and hence
which implies that

O

If we assume something more about the domain G, we can considerably weaken the
assumptions in Theorem 1.40.

Definition 1.41. The domain G C C is convex, if whenever two points zg, z1 belong
to G, then the straight line segment [z0, 21] joining the two points is contianed in G.

Theorem 1.42. Let G be a conver domain in C and f : G — C a continuous
function. Suppose that for each triangle A C G

8{ £(2)dz = 0.

Then f has a primitive on G.

Proof. Fix a € G and let
o= [ 1o,
[a,2]

for z € G. By assumption, the straight line segment [a, z] C G. If 29 € G, then the
triangle A with vertices a, z, zg is contained in G and hence

0—/f(édé—/f dC+/f dc—/f

[@,20] [20,2] la,z]

Now we can continue as in the proof of Theorem 1.40. O

Remark. If GG is not convex, the assertions of Theorem 1.42 are true at least in each
convex neighborhood U, C G of an arbitrary point z € G.
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In the following we study the interchange of limit processes where uniform limits of
sequences of functions and line integrals are involved.

Theorem 1.43. Letiv be a path in C and (fn)n be a sequence of continuous functions
on vy*. Suppose that the sequence (fn)n converges uniformly on v* to a function f.
Then

n—oo

lim fn(z)dz:/nlinéofn(z)dz:/f(z)dz.
¥

ol ol

Proof. By 1.34 (d) we have

zey

/ ful2) dz - / f(2)de| = / (fu(2) — £(2)) dz| < L(7) max [fu(2) — £,

which implies the assertion. O

Remark. If the series ZZOZO fn of continuous functions f, converges uniformly on

!(go fn(z)> dz :n;o’y/fn(z)dz.

Theorem 1.44. Let P(z) = > 7 (an(z — 20)™ be a power series with radius of
convergence R > 0. Then P is holomorphic on Dg(zo) and

~v*, then

P'(2) = Z nan(z — 2)" L.
n=1

(we can interchange summation and differentiation)

Proof. First we show the following assertion. Let R’ be the radius of convergence of
the power series Q(z) = Y oo | nan(z — z0)"~'. Then R’ > R.
Without loss of generality we can assume that zg = 0. The power series ZZO:O nz"
has radius of convergence 1, i.e. Vp € [0,1) the sequence (np™), is bounded. Now we
have |an 2| < M , VYn € N (M > 0), for an arbitrary z; € Dg(0), in addition we
have n

M

22|’

P n
2 lan 2| <n
z1

22

21

_1| _n
|22]

[nanzy

22

for 0 < |2z2| < |z1]. Since < 1, the sequence (|nanzgfl\)n is bounded. As

|z2] < |z1] < R were chosen arbitrarily, we get from the definition of the radius of
convergence 1.29 that R’ > R.
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Now let 4 be an arbitrary closed path in Dg/(0). We will show that @ has P as a
primitive on Dp/(0) :

/Q(z) dz = / <Z nanz"_1> dz = Z nan/z"_l dz =0,
5 5 n=1 n=1 5

here we interchanged integration and summation (see 1.43) and used Example
1.39(a). By Theorem 1.40, this implies that there exists a primitive of @ on Dg/(0).
A primitive of @ is

/Q d(—/(Zna " 1) ¢ = Znan/C" Ld¢

[0,2] [0,2]

oo
—E nan E anz"™,

n=1 n=1

where we used again 1.43 and Example 1.39 (a). Hence also

o0
P(z) =ao + Z an 2"
n=1

is a primitive of @ auf Dg/(0). We have also seen that P converges on Dg/(0), hence
R' =R. O

Remark. We can apply 1.44 for P’ to see that P’ is holomorphic on Dg(2). Iterating
this argument we obtain the existence of derivatives of P of arbitrary order and the
formula

o0

P (2 Z (n—=1)...(n—k+Dan(z—2)"% |, an=

pn) (20)

n!

1.10 Elementary functions

Here we define the complex elementary functions by its power series and derive the
most important properties including a definition of 7 and a proof of the Eulerian

identity 2™ = 1.

Definition 1.45. We define the complex exponential function by the power series

oo
expz=e*=) > OZ—,.
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The series converges uniformly on all compact subsets of C. By Theorem 1.44 we

have
n! (n—1)! n! ’
n=1 n=1 n=0

also (e*)’ = €.

Theorem 1.46. For z,w € C we have eV = eZe®.

Proof. Let f(z) = e”?e*t%. Then
fl(z) = —e Ze*TY e %e* T =0, Vz € C.

[ is holomorphic in C, and since f/ = ug + vy = vy — tuy = 0, we obtain uy = u, =
vy = vy = 0. Hence f = const., and

e Fe* T = £(0) = v,
setting w = 0, we get e ?e? = €0 = 1. This implies
(e*)"t =e7% and e* TV = ¢%e?.
O

Remark. We know from the lat proof that e~%e* = €% =1 for all z € C. Hence the
exponential function has no zeroes.

Next we define the complex sine and cosine function again by power series.

Definition 1.47.

. _ - (_1)n 2n+1 _ - (_l)n 2n
San—ZmZ , COSZ—Z (Qn)|Z s
n=0 n=0

the series converge uniformly on all compact subsets of C.

Using the power series it is easy to show the following formulas

cosz+isinz = e** | cos(—z) =cosz , sin(—z) = —sin z,
1 iz —iz : 1 iz —iz
cosz:f(e +e ),smz:—_(e —e€ ),
2 2
. 7 ’ .
(sinz)’ =cosz, (cosz)' = —sinz.
For z = z 4 iy we have by 1.46

e® ="t = %W = % (cosy + isiny),
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since

|e¥|? = ey = (cosy + isiny)(cosy — isiny) = eWe W =1,
we get [e?| = 1 and cos? y + sin? y = 1 for all y € R. In addition

Re? = e®cosy , Je* =ePsiny , |e*]| = [e®(cosy + isiny)| = ¥ = *?,
since | cosy + isiny| = 1.
The expression
e = e*(cosy +isiny)

can be interpreted as polar representation of the exponential function, and we have

arge® = Sz.

Next we will determine the zeroes of the sine and cosine function.

First we claim that there are positive real numbers z such that cosx = 0. Suppose
that this is not true. Then, since cos0 = 1, we have cosz > 0 for each z > 0. Hence
we have for the derivative sin’ x = cosz > 0 and the function sin would be strictly
increasing. As sin0 = 0, we would have sinx > 0 for x > 0. This would imply that
for0< o1 < xo:

T2
(xg —x1)sinz < /sintdt:cosacl —cosxg < 2.

Z1

Since we have sinx > 0, the last inequality gives a contradiction if x5 is sufficiently
large.
The zero set of the continuous function cos is closed and cos 0 # 0, hence there exists
a smallest positive number xy with cosxg = 0.
We define the number 7 by

T = 2xg.

Then cos(m/2) = 0 and since cos? x + sin? x = 1 this implies sin(7/2) = £1. As

cosz > 0 in (0,7/2), the function sin is increasing in (0,7/2). Hence sin(7/2) = 1.
This implies

T,

exp(§ i

) =i.
By 1.46, we get
exp(mi) = —1 , exp(2mi) = 1.

In this way we get that all real zeroes of the function cos are of the form {(2k+1)7/2 :
k € Z} and all real zeroes of the function sin are of the form {k7 : k € Z}.

Suppose that cosz = 0. Set z = x + iy and recall that 2 cos z = e + e~%%. It follows
that e2** + 1 = 0, which implies e 2¥ cos 2z = —1, e~ 2Ysin 2z = 0. Hence cosz = 0
implies that z must be real and cos has no other zeroes. Also sin has no other zeroes.
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Remark. (a) The mapping ¢ : t — e is a homomorphism between the additive
group (R, +) and the multiplicative group S' = {z € C: |z| = 1}, since we have

p(t1 +t2) = p(t1)p(t2) , t1,t2 € R.

(b) The mapping 1 : z +— €7 is a homomorphism between the additive group (C, +)
and the multiplicative group (C* = C\ {0},.) :

P(z1 + 2z2) = Y(21)Y(22) , V21,29 € C.

¥ is surjective : let w € C*, each z = x + iy with = log|w| and y = argw is the
preimage of w, since we have e* = e%e¥ = eloglwlgiargw — |4|eiar8w  where the
last expression corresponds to the polar representation of w.

¢ fails to be injective. Keryy = {z : ¥(2) = 1} = {2nik : k € Z} = 2wiZ, since
1=¢e* =e"(cosy + isiny) implies x = 0 and y = 27k , k € Z.

The exponential function is periodic with period 27i, i.e. exp(z + 27mi) = exp(z).
(c) Each strip {z € C: a < Oz < a+ 27}, a € R, is mapped onto C* by the
exponential function. This follows from (b).

In the following we introduce some other elementary functions related to the expo-
nential function.

Definition 1.48. .
sin z

‘We have

Definition 1.49.
1 _ . 1 _
cosh z = §(ez +e %) ,sinhz = i(ez —e 7).
We have

) ) 1. , . ...
cosh z = cosiz , sinhz = —siniz , cosz = coshiz , sinz = - sinhiz.
i i

Now we investigate the inverse functions of the elementary functions introduced
above.
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Definition 1.50. For each z € C* there are infinitely many w € C with e¥ = z.
Each of these values w is called a logarithm of z.
Each logarithm has the form

w = log |z| + iarg z.

Two logarithms of z differ by an entire multiple of 2.
Let C- =C\{z € C:32=0, Rz <0} be the slit plane. For each z € C~ we have
a unique representation of z = |z[e!? with —7 < ¢ < 7. We define

Logz :=log|z| +ip , 2 € C™

as the principal branch of the logarithm.
ExXAMPLE Logi = im/2

Theorem 1.51. Let Gy = {z € C: —1 < Sz < 7w}. Then the exponential function
exp : Go — C~ is holomorphic and bijective, the inverse function is the principal
branch of the logarithm, it is a map from C~ onto Go, which is also holomorphic
and bijective.

Proof. For z = x +iy € Gy we observe that w = e* = e%e*5% belongs to the domain
of the principal branch of the logarithm, since |w| = ¢* > 0 and argw = Sz. Then
we have

Log(expz) =x + 1Sz =z + iy = 2.
If w e C7, then

exp(Logw) = exp(log |w| + i argw) = |w|e*8* = w.

Hence exp and Log are inverse functions to each other, hence both of them are
bijective.

Since (exp z)’ = expz # 0,Vz € C, it follows from the differentiation rule for inverse
functions (see 1.8) that the principal branch of the logarithm Log is holomorphic on
C—, and we have

1
(Logw) = — , weC.
w
O

Remark. One has to be careful when using the functional equation which is valid
for the real logarithm. The following lines show that one must stay in the domain
of the branch of the logarithm when using the functional equation:

log(—1) =log(i-4) =logi + logi = iw/2 + in/2 = im,
but
0=logl=1log((—1)(—1)) = log(—1) + log(—1) = 2log(—1) = log(—1) = 0.
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Definition 1.52. Let z € C~ and a € C. We define
z% = exp(aLogz).

The chain rule 1.7 shows that

(%) = az"L.

EXAMPLES. 1¢ = exp(aLogl) =¢’ =1, Va € C.

The function z — 2'/2 = exp(1/2Logz) for z € C~ is the principal branch of the
complex root function.

In addition we have

i* = exp(iLogi) = exp(i®7/2) = exp(—7/2) = 0, 208...

and

V2
2

Also here one has to be careful when using arithmetic rules like

Vi =i'? = exp(1/2Logi) = exp(im /4) = ~= (1 4 i).

I

(2)f = 20
which is to be understood as an equality of sets. Otherwise it can lead to absurd

conclusions: let z # 0 and set z = e for a certain € C; let § = «/2mi. Then
z=e% =28 = (e2™)F =18 = 1.

1.11 Exercises

1) Determine the real and imaginary part and the absolute value of

2 (1+i>5’ (1“\/3)4.

1-3¢ 1—1 1—3

2) Determine all complex numbers z, for which z = 22.

3) Show that for |z| =7 >0:

Rz =

N | =
/~
w
+
w3
~
29
G
I
| =
A~
w
|
w |
~_

4) Prove the identity

|21 + 22 + |21 — 22)” = 2(|21]? + |22]?),
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and explain its geometric meaning.

5) Determine the absolute value and the principal argument of

34+ 2 4 4
9.718 — 3.0104, %, 3 (cos g +isin ;) .

6) Let zo = \_/gfz Compute z123.
7) Compute all eighth roots of 256(cos80° + i sin 80°).

8) Determine all real numbers z and y, for which the following equations hold:
(i) 2(z +iy) = (= +1y)?,
(i) 12 — (2 — iy)| = = + iy,

(i) 2% = .

9) Give a geometric description of the sets of all points determined by the following
relations:

(i) |z — 2+ 3i| < 5,

(ii) Sz > Rz,

(ili) [z —i| + |z = 1] =2,

(iv) Rz = |z — 2|.

10) Let |w| < 1. Show:

jiw <1, for |z| <1,
wz — 1

and
z—w
— ‘:1, for |z| = 1.
wz — 1

11) Let f(z) = U(r,0) + iV (r,0), where z = r(cosf + isinf). Let f be complex
differentiable in zg # 0. Show that in zy we have

oU 10V ov 19U

o rog a0

o raf
These are the Cauchy—Riemann differential equations in polar coordinates.

12) Let f(z) = u(z,y) + iv(x,y) and suppose that f satisfies the Cauchy—Riemann
differential equations in an open set G C C. Let G the set in C obtained by reflection
of G on the real axis, i.e. (z,y) € G, if (x, —y) € G. Define a function g on G by

9(2) = f(z), z€G.
Show that g satisfies the Cauchy-Riemann differential equations in G.

13) Suppose that the function f satisfies the Cauchy—Riemann differential equations
for |z| < R. Define g by

9(z) = f(R?/zZ), |z| > R.
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Show that g satisfies the Cauchy-Riemann differential equations for |z| > R. (Use
polar coordinates!)

14) Let a,b,c € R. For x,y € R and 2z = x + iy set P(z) = ax? + 2bxy + cy?.
Find a necessary and sufficient condition for the existence of a holomorphic function

f € H(C) such that R(f) = P.

15) Suppose that f is holomorphic in C holomorph and real-valued. Show that f is
constant.

16) Let f(z) = |2|* + (32)2. Compute : f, and fs.

17) Let f be a real differentiable function. Prove :

of _9f o1 _9f
9z 0z 9z 0z
18) Let f be a real-valued, real differentiable function. Show

of _of
8z 0z’

19) Prove the following chain rules:

oo s) 0005 | 0407
0z Oow 0z 0w oz’

Ogof) _ 09 0f | 09 0F
0z ow oz  Ow oz’

20) Let ¢ be a differentiable function of the real variable ¢. Show that :
dfop) _0fdp  0fdp
dt 0z dt 0z dt’
21) Let
1
f(z) = 3 (z+z> , zeC\{0}.

Show that f is angle preserving on C\ {—1,0,1}. Determine the images under f of
the circles |z| =7 < 1 and of the rays z = ¢t,0 < t < 1,|c¢| = 1 and use these image
curves in order to check the angle preservation of f.

22) Let

1
@) = T

Show that the sequence (f,) converges to 1 uniformly on each compact subset of

,a #0.

the open unit disc D1(0) and that (f,) converges to 0 uniformly on each compact
subset of C\ D,(0), for r > 1.
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23) Show that the series

; (1 —2m7)(1 — 2n+l)

converges to z(1 — z)~2 uniformly on each compact subset of D;(0) and that it
converges to (1 — z)~2 uniformly on each compact subset of C\ D1(0).

24) Where is the series

uniformly convergent?

25) Let Ry and Rs be the radii of convergence of the power series

o o0
g anz” and E bp2".
n=0 n=0

Show that the radius of convergence R of

o0

E anbnz"

n=0

satisfies R > Ry Rp; the radius of convergence R’ of
Zbi 2" by #0, neNg

satisfies R" < Ry /Ra; and the radius of convergence Ry of

oo

Z(anbo + ap_1b1 + -+ aobn)z"
n=0

satisfies Rg > min(Ry, Ra).

26) Determine the radius of convergence of the following power series

oo 00 oo
Z(*l)n(2’+l)n, Z(*l)TLQnZQnJF% anl/Zzn7
n=0 n=0 n=1

IS SR ot 1

n=0 n=1
oo o0 o0
227,”‘2271,7 Z logn n Z n+an)z

n=0

(2n)! 2n i n-1,3" i [ n? }n o
n! ’ ’ (n+1)(n+2) ’

n=0 n=1 n=1
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27) Suppose that

o

fz) = Z anz"

n=0

has radius of convergence R > 0. Prove that

27
1 , =
o / [Fre®)Pdo =) fanr®", 0<r <R
™
0 n=0

Suppose that f is also bounded on Dg(0), i.e.
|f(2)| < M,z € Dg(0),

for some constant M > 0. Show that in this case

oo
Z |an|2R2n S M2.

n=0
Let r < R and M(r) = supg<g<ar |f(re’)|. Prove that

lan| <r "M(r), n € Np.

28) Compute the following line integrals:

/Edz7 /Edz, /zdz,
71 72 3
d
/—Z, /Edz7
z
Y4 5

39

where 41 is the polygon from (1,0) to (0,0) and then to (0, 1), and 72 is the polygon

from (0,0) to (1,1). v is the square with vertices (0,0), (1,0), (

1,1),(0,1) passed

through once in positive direction, 74 is the unit circle |z| = 1 passed through once

in positive direction, and ~s is a quater of a circle with vertices (0,0), (2,0), (0,2)

passed through once in positive direction.

29)Let Log denote the principal branch of the complex logarithm. Determine, for

which z,w € C one has
Log(zw) = Log z + Log w.

30) Let z # 0. Determine «, § € C such that

(zo‘)ﬁ = 2P,

31) Show that the complex sine function sin maps the strip

{z=a+iy: —7/2<x<7/2,y e R}



40 —— 1 Complex numbers and functions

bijectively onto the region G obtained from the plane by deleting the two intervals
(—o0, —1] and [1,00). Determine the inverse function of sin on G in terms of the
principal branch of the complex logarithm.

32) Determine the real and imaginary part of tan z and cot z.

33) Show that for z = x 4 iy one has

sin? z + sinh? y sinh? z + sin? y

and |tanhz|> =

|tan z| =

cos? z + sinh? y sinh? z + cos? y

34) Compute the sum of the geometric series

n
§ ek'LH
k=0

conclude from the result the sums of

n

Z sin k6 and % + z": cos k6.

k=1 k=1



2 Cauchy’s theorem and Cauchy’s formula

2.1 Winding numbers

The boundary of a domain in C may be unusually complicated. A natural assumption
is that the boundary consists of one or several closed curves. For this purpose the
Jordan curve theorem will be relevant. We recall some topological concepts.

Remark. Let U C C be an open set, p,q € U. We say p is equivalent to g (p ~ q),
if there exists a curve in U joining p with ¢. It is easily seen that ~ defines an
equivalence relation, the associated equivalence classes are the connected components
of U. For p € U let U, denote the equivalence class containing p. U, is the largest
connected subset of U containing p.

Theorem 2.1 (Jordan curve theorem). * Let v : [a,b] — C be a closed Jordan curve
in C, i.e. y(a) = v(b) , but y(s) # v(t) for any s,t € (a,b),s # t. Then the open
set C\ v* has two connected components, a bounded one and an unbounded one.
The bounded component is called the interior of 7, the unbounded one is called the
exterior of «v. The bounded one is simply connected and v* is the boundary of each
of the components.

The proof is lengthy and difficult, see (1).
The next result leads to the concept of the winding number.

Theorem 2.2. Let v be a closed path and let @ = C\ v*. Let

1 d
Ind,(2) == %/ g—cz
5

Then Ind., is an integer-valued function on 2, this means Ind~(Q) C Z, and Ind,
=0

, 2z €.

is constant on each connected component of Q, in addition, Ind,(z) for each z
belonging to the unbounded connected component of ).

Indy(2) is called the winding number of v with respect to z.

Remark. The set v* is compact, hence there exists a disc D such that v* C D. The
set C\ D is connected and is therefore contained in a connected component of €.
Hence () has exactly one unbounded connected component.

In order to prove the theorem from above we need the following

1 Jordan, Camille (1838-1921)
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Lemma 2.3. Let ¢, : [a,b] — C be two curves in C. Let Q C C be an open subset
of C such that QN ¢* = 0. Let

b
f(z):/ Y g seq.

o(t) — 2

Then f is a holomorphic function on €.

Remark. Later on we will prove another general result on a holomorpphic parameter
integral, see 2.39.

Proof. We consider an arbitrary w € ). then there exists r > 0 such that D, (w) C Q.
we will show that

where the sum is uniformly convergent on each compact subset of D,.(w). Then, by
1.44, then the function f is holomorphic on D,(w) and as w € §2 was an arbitrary
point, we conclude that f is holomorphic on 2.

For this aim we take 2z € D,./(w) and observe that the denominator in the integral
can be written as

1 1 o(t) —w 1 1

o) =z o) —w ) —w—(z—w) o) —w 1-

o0

e 2 (¢ft>_ —ww)n B

0

(- w)
2 (6(t) —w)m+t”

n=0

since |4(t) — w| > r, Vt € [a,b] and QN ¢* = ), the last sum converges uniformly
for all ¢ € [a,b].

Hence
e owpr = wn
f(z)=a/ [ZO (W)w)n+1]w(t)dt:;a/(¢(t)w)n+1w(t)dt
b
o0 ’L/Jt . [e’e] .
:,;)[/ (¢(t>—(3}>n+1 ) (o= =) enle— )™
where
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Now the series
o0

F) =) enlz —w)"

n=0

converges uniformly for z in an arbitrary compact subset of D, (w), because we can

[e%S) [eS)
S lenl [ —w)" €Y 0,
n=0 n=0

for some p < 1. |

estimate

Proof of Theorem 2.2. Since

b
1 1
I — . - e
nd. ( =5 / — = o /78) ds , ,
vy

we have Ind,(z) € Z & ®(b) = 1, where
p !
D(t) = exp /L(S)ds ,
V(s) — 2

i€Z<:>e =1,
211

and we used the fact that

see 1.47. Now we compute the logarithmic derivative of ®(¢) :

¥ _ A0
(1) A0 -2

excluding the finitely many points a = sp < s1 < -+ < 8, = b, where v possibly

fails to be differentiable. In addition we have

O'(t)(y(t) — 2) — 2()'(t) =0,

hence ,
( o(t) ) _ 2000 —2) — ') _
= 5 =
V() — = (v(t) = 2)
except for finitely many points. On the other hand, the function
D
t— 7@)
V(t) — 2

is continuous on [a, b], which follows from the fundamental theorem of calculus, hence
it must be constant on [a,b]. As ®(a) = e = 1, it follows that
1 ®(a) o(t)

’Y(a)*zzv(a)—z:fy(t),z ’ te[avb]
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and
B(t) = V(t) — =
~(a) =z
Since 7 is a closed path, we have vy(a) = v(b), and hence ®(b) = 1, and Ind,(z) € Z.
By Lemma 2.3, the function

, t € la,b].

b
1 /
z+—Indy(2) = / ﬂ& ds

2mi (s)—z
a
is holomorphic on 2. Since the image of connected sets under continuous maps is
again connected, we obtain that the function Ind, is constant on the connected
components of €2.

From
b

Ind, (z) = %/%ds

we conclude that |Ind, (2)| < 1, if || is sufficiently large. Hence Ind, () = 0 on the
unbounded connected component of 2. O

In the following we explain why Ind, (z) is called a winding number. For this purpose

let
t

A(t) = / % ds.

Then A(b) = 2mi Ind,(z) and hence IA(b) = 27 Ind,(z). Using the same notation
as in the proof from above we get

V() — =

exp(A1)) = B(1) = 5

and arg ®(b) = SA(b) = 27 Ind,(z). Now we set z = 0. We have arg ®(a) = 0 and

arg B(t) = arg (1) — arg(a).

This means, if ¢ runs through the interval [a, b], the expression Ind,(0) counts how
many times v turns around z = 0.

For a circle we get
Theorem 2.4. Let v(t) = re?™ +a , t €[0,1] , a € C. Then

1 —al <
Ind, (=) — { for |z —a|l <r

0 for |z —al >r.
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Proof. From example (1) in 1.35 we know that
1 a¢ 1
omi ) (—a
¥

Now we can apply 2.2 to finish the proof. O

2.2 The Theorem of Cauchy—Goursat and Cauchy’s Formula

The following result was first formulated by C. Goursat in full generality with a
small gap in its proof (see ()), which was closed by A. Pringsheim one year later
(()). Pringsheim’s proof, which uses the method of shrinking triangles, became the
classical one, still usual nowadays. Later on, we will prove a more general result,
which is derived from Stokes’ Theorem from real analysis (see section ). The Theorem
of Cauchy—Goursat and Cauchy’s Formula yield powerful methods for the study of

holomorphic functions, having no similar counterpart in real analysis.

Theorem 2.5. Let Q C C be an open subset and fix a point p € Q. Let f : Q — C
be a continuous function and suppose that f € H(Q\{p}). Let A be an open triangle

with A C Q. Then
/ f(z)dz=0.
OA

Proof. (by A. Pringsheim)
First we suppose that p ¢ A.
We divide A into 4 area equal triangles A1, Ao, Az, Ay as in the figure from below.

Ay

Az
Ay Ay
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Then

4

/f(z)dz = Z / f(z)dz| < 4121]&%(4 / f(z)dz].
A I=lgA, A,

The paths in the interior of the large triangle cancel each other out.

We denote the tringle where the maximum is attained by A() and repeat the pro-

cedure from above for the triangle A1) instead of A obtaining a triangle A(?) and

SO OIL.

In this way we get a sequence of triangles A D A 5 A 5 . and after n steps

the inequality

Zf(z)dz <4q" / f(2)dz|.

A(n)
Let L(OA(™)) be the circumference of 9A(™). Then we have

LOOAM) = 27T L(OAD) = ... = 27" L(DA).

Next we show that there exists a uniquely determined point zg € ﬂzo:l A

n) n e N. Since A is compact,

For this aim we choose a sequence (2, ), with z, € Al
there exists a limit point zg € A of the sequnce (2, )n, in addition, 2y also belongs
to A™) m e N, which follows from the fact that the sequence (Zn)pZma1 C Alm)
Hence we have zp € ﬂf;l A 25 is uniquely determined, since L(BA(”)) — 0 as
n — oo.

The function f is complex differentiable in zg. Hence, by 1.6, we can write

f(2) = f(20) + (2 = 20)(f'(20) + B(2)),

wherei B is continuous in zg and B(zg) = 0. The function z — f(z0)+ (z —20) /" (20)
has a primitive (by formal integration), hence, by Corollary 1.38,

(f(20) + (2 — 20)f'(20))dz =0 Vm € N.
PINGD

Now we have

/ F(2)dz

A (m) A(m)

L(OA™))]? B(z)],
[L( )] Zergg§m)| (2)]

/ (2 = 20)B(z) dz| < L(OA™) Lhax Iz = zol |B(2)]

IN

where we estimated |z — 2| , z € 9A(™) by the circumference L(OA(™)).
From this we get for the original integral

[ 1G] <am @ mPLEA? max 1B = LEATP max B,
A
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As B is continuous in zp and B(zg) = 0, the expression max,cgyam) |B(2)| tends to

8{ F(2)dz = 0.

If p is a corner point of A, for instance p = a, then we divide A as in the figure from

0 as m — oo, and hence

below

a=p x b

[= ] +[+-

oA d{az,y}

For the integral we obtain

where we only have to handle the first summand, because the other integrals do not
contain the point p and are therefore 0 by the first step of the proof. For the first
summand we can approach x and y arbitrarily close to a, by which

f(z)dz—0
oHa,z,y}

as f is continuous.
If p lies in the interior of A, we can use the following decomposition of the triangle

a b

to reduce everyting to the second step of the proof. O
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Corollary 2.6. Let 2 a convex open subset of C, p € Q and let f : Q — C be a
continuous function with f € H(Q\ {p}). Then f has a primitive on Q and

/ f()dz =0,
)

for each closed path v in Q.

Proof. By 2.5, we have
/f(z) dz=0
0A

for each triangle A in Q. Now, by 1.42, there exists a primitive of f on  and finally,

by 1.38.
/f(z) dz=10
p

for each closed path in ). O

Definition 2.7. An open subset M C C is called a starshaped domain, if there exists
a point z; € M (called a centre), such that for each z € M the straight line segment
[21, 2] joining the points z; and z is contained in M.

EXAMPLES.
(a) The figure from below shows a starshaped domain with centre z;.

(b) C~ : here the centre is to be chosen on the positive semi axis.

Theorem 2.8. Let G be a starshaped domain, let ¢ be a centre for G and f € H(G).
Then f has a primitive on G and

/ f(2)dz =0,

for each closed path v in G.
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Proof. Theorem 1.42 is also valid for starshaped domains as is easily seen. Hence we
can use the same proof as in 2.6. |

ExaMPLE. We consider C~ with 1 as centre, we write z = re’® € C~, and take the
closed path ~, as shown in the figure from below

Y

By 2.8, we have
=0.

as a primitive for z — 1/z on C~. Then

r 1) .
d¢ dt iret .
[ [
1 0

(1,2]

AR S—
~I&

In addition, we can define z — | [1,2]

In this way we have found the principal branch of the logarithm.

In the following we study integral representations of holomorphic functions. Cauchy’s
formula is the prototype of an integral representation. It will allow us to estimate
the size of the holomorphic function involved, to show that all derivatives of holo-
morphic functions are again holomorphic and to obtain power series expansions of
holomorphic functions.

Theorem 2.9 ( Cauchy's formula). Let Q be a convex domain in C, let v be a closed
path in Q, and let z € Q, z & v*. Suppose that f € H(Y). Then

f(z) Tnd, (2) = % %dg.
vy
Proof. Let
Q) - f(2) Cn

flz)  ¢==
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Then g is continuous on Q and g € H(Q2\ {z}). Hence g satisfies the assumptions of
2.6. So we have

1
o [ acrdc=o,
J

Finally we get

L [fQ—f) . 1 [ f©) 1 ¢
Tm/ (—z dC—Q—m/Cide—f(z)%/Ciz—O.
¥

Y Y

O

We mention an important special case. Let v(t) = 2 + re®t | t € [0,27] , f €
H(Dr(z)) , R>r. Then Ind,(z) =1 and

1 [ £(Q)
i | o= %
Y

f(z) =

In addition, we obtain the important estimate

1 f(Q 1 f(Q)

= — < — =

1) = 5= | [ 2L ae] < o 2 | 2| — e 700
¥
Plugging in for the line integral we obtain
( ) 2m ( 't) 27
SR A CO R (A i P it
f(z)= 57 /C—Z d¢ = 27773/ s ire't dt = . f(z+re')dt,
el 0 0

which is the mean value property of holomorphic functions.

ExaMpPLES. Using Cauchy’s formula we compute the following line integral:

z

1= [ eyt

Y

() G = D3(0) , f(2) = —fie—gy » [ €H(G) , (1) =5 , t€[0,2n]: T =0,
by 2.6 ‘

(b) G = Dll/ﬁ(o) ) f(Z) = 672 . [ € H(G) ) fY(t) = SGT y te [07277} : by 2.9, we
have

Hence I = —2mie.
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(¢) G=Dy(0), f(z)= fGHG),'y(t):Seit, E[O 27] : by 2.9 we have

I =

Theorem 2.10 (Taylor series expansion). 2 Let Q@ C C be an open set and let a €
Q, R >0 be such that Dpg(a) C Q. Suppose that [ € H(QX). Then

o

1) =3 an(z - o),

n=0

where the sum converges uniformly on all compact subsets of Dr(a) and

fM(a)

n!

ap = , n=0,1,2,...,

an are the Taylor coefficients of f in the expansion around the point a.

Proof. Let v(t) = a+re* , r < R, t € [0,27]. Then Ind,(2) =1, Vz € D,(a)
(see 2.4). By 2.9, we have

2m
0[SO f IO,
- 2mi C—zdc_Qm'O/ v(t) — 2 dt, vz € Dr(a).

As in the proof of 2.3 we expand the last integral into a power series

F(2) =) an(z—a)",
n=0
where
I S A CTC) S O NS S B {(9)
"o GO o T o | T
Y

and the series converges uniformly on all compact subsets of D,.(a). Since r was an
arbitrary number such that » < R, we obtain the same assertion for Dg(a).
By 1.44, we obtain the formula for the Taylor coefficients. O

The proof of the last theorem contains the following important results:

Theorem 2.11. If f € H(Q), then f") € H(Q) , ¥n € N, f has complex derivatives
of arbitrary order.

2 Taylor, Brook (1685-1731)
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Theorem 2.12. Under the same assumptions as in 2.10 and for y(t) = a+re't | r <
R, t €10,27], we have

f(n)(a) = 1/7( Q) d¢, neN.

2mi ¢ —a)ntl
2t

We are now able to prove the converse of Cauchy’s theorem.

Theorem 2.13 (Morera’s theorem). 3 Let G be an open set in C and let f : G — C
be continuous on G. Suppose that

lf(z)dz:o

for all solid triangles A in G. Then f € H(G).

Proof. Let V' C G be an arbitrary convex subset of G. By 1.42, there exists a
primitive F of f on V, we have that F' € H(V') and by 2.11, also that F' = f € H(V).
Since V was an arbitrary convex subset of G, we conclude that f € H(G). O

2.3 Important consequences of Cauchy’s theorem

In the following we study the zero sets of holomorphic functions. Also in this context
there is no analogue in the theory of real differentiable functions.

Theorem 2.14. Let Q C C be a domain and f € H(Q). We define the zero set of f
by

2(f) = {a € 2 fa) = 0.
Then Z(f) = Q or Z(f) is a discreet subset of Q (i.e. Z(f) has no limit point in ().

In the second case, for each a € Z(f) there exists a uniquely determined integer
mq € N such that

f(z) = (z—a)"g(2),

where g € H(Q) and g(a) # 0.
We say that a is a zero of order mq of f.
In addition the zero set Z(f) is at most countably infinite.

3 Morera, Giacinto (1856-1909)
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Proof. Let A the set of all limit points of Z(f) in Q. Since f is continuous, we have
AC ().

Fix a € Z(f). fix. There exists r > 0, such that D,(a) C Q. By 2.10, we can expand
f into a Taylor series

oo

f(z)= Zan(z —a)" , z€ Dy(a).
n=0
Now we can distinguish between two cases.
1.) All Taylor coefficients a,, = 0, which implies that f = 0 in D, (a). Hence D, (a) C
A, i.e. a is an interior point of A.
2.) There exists a minimal m € N with a,, # 0. Now we define a function g by

) z=a)T"f(z) for z € Q\ {a}
9(2) =

am for z = a.

Then we have f(z) = (z —a)™g(z), for all z € Q\ {a} und g € H(2\ {a}). But as
f(2) =>0" gan(z —a)™ in Dy(a), we get

oo
g(z) = Z ptm(z —a)" ,z € Dy(a).

n=0
Hence g € H(D,(a)) and, by the definition of g, we obtain g € H (). Since g(a) =
am # 0 and since ¢ is continuous, there exists an open neighborhood U of a such
that g(z) # 0 for all z € U, which implies that f(z) # 0, for all z € U \ {a} . Now
we have shown that a is an isolated point in Z(f), i.e. there exists a neighborhood
U of a, containing no other point of Z(f).
In summary, we can state the following: if a € A, then all a,, = 0, because otherwise
a would be an isolated point ( by 2.); so, by 1., we have D,.(a) C A and A is an open
set. But A is the set of all limit points of Z(f) and is therefore also closed in €,
and the set B = Q\ A is open.We have 2 = AU B, which is a union of two disjoint
open sets. We assumed that € is connected, hence Q@ = A or A = 0. If A = Qwe
have f =0 on Q; if A =0 we get that Z(f) is discreet in . In this case, there are
at most finitely many points of Z(f) in each compact subset of €2, otherwise a limit
point of Z(f) would belong to this compact subset and A # (). We can write 2 as a
countable union of compact subsets of € :

Q= JDn0)nQm)",

n=1

where
D/ = {7z € Q1 dist(2,0Q) > 1/n},

hence Z(f) is at most countably infinite. O
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The following results are easy but important consequences, which are also referred
to as the identity principles.

Theorem 2.15. Let Q be a domain in C, let f,g € H(?) and suppose that f = g on
a subset M of Q, which has a limit point in M. Then f = g on the whole of ).

Proof. Let ¢ = f — g. Then ¢(z) = 0 for all z € M and 2.14 iimplies that ¢(z) =0
on the whole of €. O

Remark. If f = g on a non-empty open subset of 2, then f = g on the whole of Q.
If Q is not connected, we cannot draw this conclusion: let 2 = D1 (0) U D1(3) and

_ 1, z¢ Dl(O)
fz) = {o, 2 € Dy(3).

Then f € H(S), f = 0 on the open subset D1(3) of Q, but f is not identically zero
on €.

Corollary 2.16. Let G be a domain in C, let f € H(G) and suppose that () (a) =
0, n=0,1,2,..., for somea € G. Then f =0 on G.

Proof. Let r > 0 be such that D, (a) C G. Then, by 2.10 , f can be expanded into
a Taylor series

n:

® £(m)(g
f =Y LW gy
n=0

for z € D,(a). Since f(™(a) =0, n=0,1,2,..., we have f = 0 on D,(a). Now 2.15
implies that f =0 on G. O

Remark. The above result is false for C°°— functions on R. Let

e_l/””z, z€eR, z#0
flx) =
0, z=0.

It follows that f € C®°(R) and f((0) =0, n=0,1,2,..., but f is not identically

zero on R.

Definition 2.17. Let U C Cbeopen and f € H(U). We say that f has a holomorphic
logarithm on U, if there exists a function g € H(U) such that f = exp(g) on U.

We say that f has a holomorphic m-the root on U, if there exists a function ¢ € H(U)
such that ¢ = f on U.
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Remark. If exp(g) = f, then f # 0 on U. In addition we have ' = ¢’ exp(g) = ¢'f.
Hence ¢’ = f’/f. This expression is called the logarithmic derivative of f.

Theorem 2.18. Let G be a domain in C, and f € H(G) with f # 0 on G. Then the
following assertions are equivalent:

(1) f has a holomorphic logarithm on G;

(2) f'/f has a primitive on G.

Proof. Suppose (1). Then we have ¢’ = f'/f. Hence f’/f has a primitive on G.
Now suppose that (2) holds. Let F' € H(G) a primitive of f'/f on G. Set h =
fexp(—F). Then

B = fexp(—F) — fF exp(—F) = f'exp(—F) — % exp(—F) =0.

Since h € H(G) and I/ = 0 on G, it follows that h is constant on G, i.e. f = aexp(F)
for some @ € C, a # 0. Now there exists b € C with e’ = a. We define ¢ = F + b,
and observe that ¢ € H(G) and

exp(¢) = exp(F +b) = aexp(F) = f.

O

Theorem 2.19. Let G be a star-shaped domain in C, let f € H(G) , f # 0 on G.
Then f has a holomorphic logarithm and a holomorphic m-th root on G.

Proof. By 2.18, it suffices to show that f’/f has a primitive on G. Now we use 2.8
. if ¢ is a centre for G, then

_ [ ') o) —
g(z%/ Pldc+n, g0

[e,2]

is a primitive of f'/f on G and we have exp(g) = f.
q = exp(g/m) is the desired holomorphic m—th root. O

2.4 Isolated singularities

Definition 2.20. Let 2 C C be an open set and a € 2. We say that a function
f € H(2\ {a}) has an isolated singularity at a. If one can define f at a such that
f € H(R2), we say that a is a removable singularity of f..
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Theorem 2.21. Let f € H(Q2\ {a}) and denote by Di.(a) ={z:0 < |z—a| < r} the
punctured disk. Suppose that there exists a constant M > 0 such that |f(z)] < M
for all z € Dl.(a). Then f has a removable singularity at a.

Proof. Let
I (R O N AN
0, z = a.
We claim that h € H(Q). For this aim we compute
- 2
B (a) = tim M =M oy GO G o,
z—a zZ—a z—a zZ—a z—a

where we used that f is bounded on D..(a). By 2.10, we can expand h into a Taylor
series in Dy (a).
o0
Z (z—a)" , z€ Dy(a).
n=0
Now we define f(a) = az. Since h(z) = (z — a)%f(2) in D,(a) we get

o0

=Y anga(z —a)"

where the series converges in D,(a). Hence f € H(D,(a)), and also that f € H(£).
U

We can now characterize all possible isolated singularities of holomorphic functions.

Theorem 2.22. Let Q C C be an open set, let a € Q, and f € H(Q\ {a}). We
distinguish between three possible cases:

(a) f has a removable singularity at a;

(b) there exist c1,...,cm € C, m €N | ¢, #0, such that

m o
2) — K
CR e
has a removable singularity at a; in this case a is called a pole of order m of f;
m
kgl (z—a)

is called main part of f;

(c) for all v > 0 with D,(a) C Q, the image f(D,(a)) is dense in C, i.e. for all
w € C and for all e > 0 there exists z € D).(a) such that |f(z) —w| < € equivalently:
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for all w € C there exists a sequence (zp)n in C with lim, oo 2, = a, such that
limy, 0o f(2n) = w; in this case, a is called an essential singularity of f.

Remark. The assertion from (c) is known as the Casorati-Weierstra Theorem * .

Proof. We will show that cases (a) or (b) are valid, if (c) fails.
Suppose that (c) fails: then there exist 7 > 0 and ¢ > 0 and there exists some w € C
such that

f(z) = w| >4,
for all z € D}.(a).
Set 1
9(z) = O —w z € Dy(a).

Then g € H(D,.(a)) and
1
9(2)l < 5, ¥z € Do),

hence g is bounded on D..(a), so g has a removable singularity at a, see 2.21 .
Now we have two cases:

1.) g(a) # 0 : then there exist 0 < s < r and there exists p > 0 with |g(z)| > p, for
all z € Dg(a). Hence

1 1
() = \g() +w‘ <2t lul,

for all z € D/(a), which means that f is bounded on D/(a). By 2.21, f has a
removable singularity at a.

2.) g has a zero of order m , m € N at a. (see 2.14). Therefore
9(2) = (2 —a)"q1(z) , Vz € Dr(a),

where g1 € H(Dy(a)) and g¢1(a) # 0. Since
1 my (s
Q(Z)Zmz(Z—a) 91(2)

on Dl (a), we even have that g1(z) # 0 V z € Dy(a). Now we set h = 1/g;.Then
h € H(Dy(a)) and
f(z) mw = (2 —a)"™n(2),

for all z € D/.(a).

4 Casorati, Felice (1835-1890)
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We expand h into a Taylor series on D,.(a)

h(z) = bu(z—a)",
n=0

where by = h(a) # 0. Setting ¢, = by— , k =1,...,m, we have ¢, = by # 0 and

f)—w=(2-a)"" (cm+cma1(z—a)+-Fc1(z—a)" +bp(z—a)™ +...)

Cm Cm—1 C1
= e b b — e
e R P L i m+1(z —a) +
Hence .
Ck
f(z)—zi(z_a)k =W+ by +bmir(z—a)+...,

k=1

where the right hand side is a holomorphic function for z € D, (a). O

Example 2.23. (a) Let f(z) =sinz/z , z € C\ {0}. Then f € H(C\ {0}), since
sin0 = 0 and cos0 = (sinz)|,_, we get from 2.14 that there exists g € #(C) such
that sin z = zg(z). Hence f has a removable singulariy at z = 0 and f € H(C). Since
3 5 2 4

sinz=z— % +% —+...,wehave f(z) =1—- 5+ % —+....

(b) Let f(z) = . Then f € H(D}(0)). Since sinz = zg(z) , g € H(C) , g(0) # 0,
there exists > 0 such that g(z) # 0 for all z € D,.(0). Setting h(z) = 1/g(z) we get
h € H(D,(0)). Hence

- e (Eu),
n=0

where we used the Taylor series expansion of h on D,(0) and that h(0) = by # 0.
Therefore

b
f(z)fzo =by+boz+...,
where the right hand side is a holomorphic function on D, (0). This means that
f(2) = == has a pole of order 1 at z = 0.

~ sinz

(c) Let f(2) = exp(1/z). Then f € H(C*). For n € N we get that f(1/n) — oo as
n — oo. But |f(i/n)| =1, for all n € N. Hence the assertions (a) and (b) from 2.22
are not valid. Hence f has an essential singularity at z = 0.

(d) In a similar way one shows that f(z) = exp(—1/22) has an essential singularity
at z=0. But f|p € C*°(R).
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2.5 The maximum principle and Cauchy’s estimates

In this section we prove some useful inequalities related to the absolute value of a
holomorphic function and its derivatives.

Theorem 2.24. Let f(z) = > " cn(z — a)™ be a holomorphic function on Dg(a).
Let 0 <r < R. Then

0o 4 2T
> lenl?r?n = o / |f(a +re®)[2 do.
n=0 T 0

Proof. We write z — a = re'?| then

27 2m
1 10\ (2 _ 1 - n _in6 - — n_—inb
2ﬂ_/|f(a+re )|©do = o (chr e > < Ocnr e do
0 0

n=0 n—=

00
Z |Cn|27,2n.
n=0

Definition 2.25. A function f € H(C) is called an entire function.
Theorem 2.26 (Liouville's theorem). 5 Each bounded entire function is constant.

Proof. Let f(z) = Y77 jcnz™ be a bounded entire function, i.e. there exists a
constant M > 0 such that |f(z)| < M, for all z € C. Then, by 2.24 |, we have

o0
Z |cn|2r2n S ]\/[27

n=0

for all » > 0, hence ¢, =0 for all n € N. O

Theorem 2.27 (Maximum principle). Let Q be a domain in C and f € H(Q). Let
a € Q be an arbitrary point in Q and r > 0 such that D,(a) CC Q , i.e. Dy(a) C .
Then

|f(a)] < max{|f(a+re?):0<0<2r},

with equality if and only if f is constant on €.

5 Liouville, Joseph (1809-1882)
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Remark. The assertion from above implies that the function z — |f(z)| has no local
maximum in €.

Proof. If
max{|f(a+re)| : 0 < 0 < 2} < |f(a),

then 2.24 implies that the function f(2) =7 ¢n(z — a)™ satisfies

2m

S leafrn = o [1fasreP d <17 = ol
n=0

0

Hence ¢, = 0 for all n € N, and f = f(a) on D,(a). Since Q is connected, we get
from 2.15 that f = f(a) on the whole of Q. O

Corollary 2.28. Let Q2 be a bounded domain in C, and let f € H(QQ) be a non-constant
function, which is continuous on 2. Then the function |f| attains its maximum on

ofd.

Proof. Suppose that there exists zg € Q with max__g[f(2)] = [f(20)|- Then there
exists r > 0 such that D,(z9) CC Q. By 2.27, we conclude that

< 0 ,
|f(20)] Oggﬂ\f@owe )l

where we used that f is non-constant. So we arrive at a contradiction. O
At this point we can give a proof of the fundamental theorem of algebra.

Theorem 2.29 (fundamental theorem of algebra). Let n € N and let p(z) = 2" +
An_12""Y 4+ -+ a1z + ag be a polynomial of degree n with complex coefficients

ag,a1,...,an—1 € C. Then p has exactly n zeros (some of which may be counted
according to its multiplicities).

Proof. First we prove the following assertion:

[p(0)] = lao| < [p(re™)]

for each 6 € [0,27] and each r > 1+ 2|ag| + |a1| + -+ + |an—1]-
This assertion implies, that all zeros of p are contained in the disk Dy (0) where

R =1+2lag|+ |a1| + -+ + |an—1]|- In order to prove this assertion we take r > R.
Then r > 1 and we get

ool +farlr -+ ool < 7 Claol |+t lana)
—1 .

< " ="
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In addition we have
" = p(re®)| < | [r"e™?| — [p(re®)| | < [r"e™ — p(re')]

n inf _pn ind

=|r"e e a1 e MU0 ] < ap_1 P - 4 |ar |+ Jaol,

hence
™ = (|an—1|r" " + -+ + laol) < |p(re’). (2.2)

Now we use (2.1) and (2.2) to obtain :
lao| = 2lag| + |ar|r + -+ + lan—1|r" " = (lao| + |as|r + -+ + |an—1|r" ")

<r"— (|CLO| + |a1|7" 4+ 4 |an—1|7‘n_1) < ‘p(rew”.

To prove the fundamental theorem of algebra, we suppose that p has no zero.Then
f =1/p is an entire non-constant function and the assertion we just proved implies
that

[f(re'®)| < [£(0)]

for all sufficiently large 7, which contradicts 2.27. Hence there exists z; € C with
p(z1) = 0 and by 2.14 we have

p(z) = (z = 21)™ q(2)

for some m € N and a polynomial ¢ with grad(q) < grad(p). (Expand p into a Taylor
series around the point z1.)
Induction on the degree of the polynomial concludes the proof. O

The following estimate is related to the absolute value of a holomorphic function
and its derivatives.
Theorem 2.30 (Cauchy's estimates). Let Q@ C C be an open subset, a € Q, r >

0, Dy(a) cCQ, feH(Q). Then forn € N we have

|
I @) < 5 M),

where My o(f) = max.cop, (a) |f(2)]-

Proof. By 2.12, we have

f(n)(a):n—!. / $d§

211
0D, (a)
and hence

@< 2 g Mrald)

,r-n+1
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In the following we address the problem under which conditions the limit of a se-
quence of holomorphic functions is again holomorphic. We point out that we use
the whole theory we have developed up to now. This result will also be fundamental
for the study of topological vector spaces of holomorphic functions and gives a first
occasion to use the terminology of functional analysis.

Theorem 2.31 (WeierstraB' theorem). Let 2 be an open subset of C , f, €
H() , n € N. Suppose that the sequence (fn)n converges uniformly on all compact
subsets of Q to a function f. Then f € H(Q) and, for each k € N, the sequence f,(lk)
converges to %) uniformly on all compact subsets of Q.

If fr, € H(Q) is a Cauchy sequence in the sense of uniform convergence on all
compact subsets of , i.e. for each compact subset K C Q2 and for each ¢ > 0 there
exists Ne i > 0 such that

sup | fn(2) — fm(2)] <€
zeK

for all n,m > N g, Then there exists a holomorphic function f € H(Q) with
limy, o0 frn = [ uniformly on all compact subsets of 2.

We say that the space H(Q) is complete in the sense of uniform convergence on all
compact subsets of Q.

Proof. f is the uniform limit of continuous functions and therefore again continuous.
Let A be a solid triangle in Q. We get from 2.5

/ fn(2)dz =0,
oA
and, since A is compact,

az f(2)dz = 0.

Apply 2.13 | to get that f € H(Q).
If K is a compact subset of €, then s = dist(K,2¢) > 0 and, for » = s/3, we have

Kc | Dz =U.
zeK

The closure U is a compact subset of Q and we can apply 2.30

142 = £/ )] <~ ma | fulw) — f(w)] L V2 €K,

hence f] converges to f’ uniformly on K.
If fr, € H(Q) is a Cauchy sequence, there exists a limit function f, which is at least
continuous on 2 (see reelle Analysis). The first part of the theorem implies that

FeM©). O
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Remark. There are sequences of C*°—functions on R, which converge uniformly to
nowhere differentiable functions (see

Remark. We already mentioned that the space H (), endowed with the topology of
uniform convergence on compact subsets of 2 is a complete topological vector space
(2.31). The topology on H(2) can be described by a metric:

consider a so-called compact exhaustion of €, which is a sequence (K;); of compact
subsets of Q) such that K; C I%j_H , 7 € Nund U(;il K; =Q.

For instance, one can take

K; ={z:dist(2,Q° >1/j} nD;(0) , jeN.

Now one defines a sequence of seminorms

[fll; = sup [f(2)], fEH(Q), jEN,
z€K;
and we have || f||; < ||f]lj+1. The metric on H(f2) is now defined by:

N~ gl
d(fvg)—j;Q JW_;”j,ﬂgGH(Q).

The metric d generates the original topology of uniform convergence on all compact
subsets of Q on H(Q). (see Exercises)
H(Q) is a Fréchet space, a complete, metrizable topological vector space.

2.6 Open mappings

Definition 2.32. Let U C C be an open set and ¢ : U — C a function. ¢ is called
open, if ¢(V) is open, for each open subset V' C U.

Remark. Recall that ¢ : U — C is continuous, if $~!(O) is open, for each open
subset O C C. If ¢ is open and invertible, then ¢~ is continuous.

EXAMPLE. Let ¢ : R — R | ¢(x) = 22. We have ¢((—1,1)) = [0,1). Hence ¢ is
not open.

Theorem 2.33 (minimum principle). Let U C C be open and f € H(U), let ¢ € U
and let V a disk with center ¢ and V C U. Suppose that

win |f(z)| > |f(c)]-

z€0V

Then f has a zero in V.
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Proof. Suppose that f has no zero in V. Our assumption implies that there exists
an open neighborhood Vi of V such that V; C U, and that f has no zero on Vj. Set
g9(z) =1/f(z) , z€ V1. Then g € H(V1), and by 2.27 we have

-1
I = (o) < myg o) = | mip 7))

and we arrive at a contradiction. O

Theorem 2.34 (Open mapping theorem). Let U C C be an open set and f € H(U).
Suppose that there is no open subset of U where f is constant. Then f is an open
mapping.

Proof. Let O C U be open and ¢ € O. We have to show that f(O) contains an
open disk with center f(c). Without loss of generality we can suppose that f(c) = 0,
otherwise we could consider the function z — f(z) — f(c) instead of f. We supposed
that f is not constant in any neighborhood of ¢. We claim that there exists a disk
V with center ¢ such that V. C O and 0 ¢ f(9V). (If for each disk V with center
cand V C O there exists z9 € OV with f(z9) = 0, then, by 2.15, f = 0 in some
neighborhood of ¢, which contradicts our assumption on f.)

Now we set 20 = min,cgy |f(2)] > 0 and D = Dg(0). We will show that D C f(O).
For this aim let b € D be an arbitrary point. Let |b] < § and hence

|f(2) = b = [f(=)| — [b] >,
for all z € 9V, so we get

min [£() = bl 2 6 > o] = £(c) .

Now we can apply the minimum principle 2.33 for the function z — f(z) — b, and
get 2/ € V with f(2') — b= 0. Hence f(z’) = b and finally b € f(O). O

Remark. Let m,,(z) = 2™ , m € N. Then m, is an open mapping. Each w # 0 is
the image under 7, of exactly m different points z , k =1,...,m, i.e. T (2x) =
w, k=1,...m. For w = re? we have zj, = rl/mei(6+2km)/m , k=1,...,m. The
point w = 0 has only z = 0 as its preimage, it is a so-called branching point.
We will show that each non-constant holomorphic function is locally of the form
Tm © ¢ + ¢, where ¢ is an invertible holomrphic function and ¢ is a constant.

Lemma 2.35. Let Q C C be open and f € H(Q). Define

7f(zz):f;(w) , 2 Fw, z,w €S
9(z,w) =
1'(z) , z=w € Q.

Then g : Q x Q — C is continuous on € X Q.
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Proof. Tt suffices to show continuity on the diagonal {(a,a) : a € Q}.
For this aim, fix a € Q and let » > 0 be such that D,(a) C 2 and

If'(Q) = f(a)l <e , V(€ Di(a).

For z,w € D,(a) we set ((t) = (1 —t)z+tw , t € [0,1], which describes the straight
line from z to w. It is clear that ((t) € D,(a) , V ¢ € [0,1]. Now we compute the
integral

1

1 1
/f/(C(t))dt: ! /f/(C(t))(—z—i—w)dt: 1 /%%dt
0 0

—z+w —z4w J dCdt
0

1 1 fz) = f(w)

- —— sl ==L

Hence we get

First we prove a result about invertible holomorphic functions.

Theorem 2.36. Let Q2 C C be open, ¢ € H(QY) , 20 € Q and ¢'(20) # 0.

Then there exists an open neighborhood V' of zo, V' C Q such that

(1) ¢y, is injective,

(2) the function i : $(V) — V defined by ¥(¢(2)) = z , z € V, is holomorphic on
W =¢(V), ¢ has a holomorphic inverse on V.

Proof. By 2.35, there exists an open neighborhood V' C Q of zy such that

1
|6(21) — d(z2)| = 510/ (20)ll21 — 22|,V 21,20 €V,
for this aim one has to choose V' in such a way that

P(21) — ¢(22) < W(Zo)\.
- 2

21 — %2

If 21,290 €V, 21 # 22, then ¢(21) # ¢(22) and ¢ is injective on V.

Since ¢'(zg) # 0, we can choose V also such that ¢'(z) # 0, V z € V. By assertion
(1), each w € W = ¢(V) has a uniquely determined z € V with ¢(z) = w.
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Now let z,21 € V and w,w; € W be chosen such that ¢(z) = w , ¢(21) = wy and
(w) =2z, ¥(w1) = z1. Then we have

(w) — (wy) __Z=a
w — wy d(2) — p(21)’

if w — wy, then z — 21 and so the left hand side converges to ¢'(w1) as w — w

and the right hand side converges at the same time to 1/¢’(z1). Hence we have

1
¢'(z1)
and since ¢’ # 0 on V, we obtain ¥ € H(W). O

P (wy) =

Now we are able to show the local form of a holomorphic function as indicated above.

Theorem 2.37. Let Q be a domain in C, f € H() non-constant. zo € Q and
wo = f(z0). Let m be the order of the zero zy of the function z — f(z) — wp.

Then there exists an open neighborhod V- C Q of zo and a function ¢ € H(V) such
that

(1) f(z) = wo + [8(2)]™ , Vz€V;

(2) ¢ is invertible on V.

Remark. On V, we have f —wo = 7, 0 ¢, where m, (2) = 2. Hence f is an m—to—1
mapping on V' \ {z0}.

Proof. We can take a convex open neighborhood V of zg such that f(z) Zwy , Vz €
V' \ {20}, otherwise we could find a sequence (zy,), in V such that lim, cc 2n = 20
and f(z,) =wp , V n € N, then, by 2.15, we would get that f = wy on V| which is
excluded by our assumption on f.

Now we can apply 2.14 to obtain that f(z) —wo = (z — 20)™g(z) , Vz €V, where
geH(V)and g#£0on V.

By 2.19, g has a holomorphic logarithm on V| i.e. there exists h € H (V) such that
exp(h) = g on V. Now we set

¢(2) = (2 — 20) exp(h(z)/m).

Then
[p(2)]™ = (2 — 20)" exp(h(2)) = (2 — 20)™9(z) = f(2) — wo.

In addition we have that
¢'(2) = exp(h(2)/m) + (2 — 20)h' (2) /mexp(h(z)/m),

and since exp(h(z9)/m) # 0, we get ¢’(20) # 0. By taking a possibly smaller V we
can also get that ¢’ # 0 on V. The rest of the proof now follows from 2.36. O
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Theorem 2.38. Let Q be a domain in C, [ € H(Q). Suppose that f is injective on
Q. Then f'#0 on Q and f has a holomorphic inverse .

Proof. It f'(z9) = 0 for some zg € Q, then f is an m—to-1 mapping in a punc-
tured neighborhood of zg, see 2.37, where m > 1. As f'(20) = 0, we arrive at a
contradiction.

O

Remark. The converse of the last theorem is false.

Example: f(z) = e, f'(z) = ¢ # 0 on C. But the exponential function is not
injective on C.

2.7 Holomorphic parameter integrals

In this section we prove a result about holomorphic parameter dependence of inte-
grals, which will be very useful for many applications later on. A first result in this
direction was already used for the Taylor series expansion of holomorphic functions,
see 2.3. Now we use general properties of L!-functions, see for instance (? ).

Theorem 2.39. Let Q C C be open and let (X, ) be a measure space with a positive
measure . Let

L'(u)={g9: X — C messbar : /\g|du<oo}.
X

Suppose that the function f:Q x X — C has the following properties:

(i) f(z,.) € LY(u) for all z € Q;

(ii) for all x € X, the function f(.,z) : Q@ — C is holomorphic;

(iii) for each disk K C § there exists an integrable non-negative function gk on X,
such that for all z € K we have : |f(z,.)| < gk p-almost everywhere.

Then the function F : Q) — C, defined by

Fz)= [ f(z2)du(z) , =€,
/

is holomorphic on Q. For all integers n > 0, the function

aTLf
()
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is integrable on X, and for z € Q) one has

) (z) = nf

X

o (7 2) dp().

Proof. Let a € Q and choose r > 0 such that K := DQT( ) C Q. Then, by Cauchy’s
formula 2.9, we have for all z € Dg,(a)

for2) = / ff_’?dc.

BDQT (a)

Hence, for all z,w € D,(a) , z # w we obtain

fel = Iw) /m/ cf 7)dCdu()

aDzr ((l

Now let (wg)g be a sequence in D,.(a) with limg_, o, wg = 2z, where wy # z for all

k; define
- _ G
=g [ ey
OD2y(a)
Then
drrgr () 2

lok(z, )] < o2 = —gk(.) p— almost everywhere,

since |¢ — a| = 2r and wy, z € D, (a).
In addition we have

on(z,) = M’
z W

since

fCw)  fGm) _ (- wf (o)

(=z (—wp (C—=2)(C—wk)
and we can apply Cauchy’s formula for ¢j. Hence pg(z,.)is a measurable function.
Considering the limit wy — z, we observe that f(¢,z)/[(¢ — 2)({ — wg)] tends to
f(¢,%)/(¢ = 2)* uniformly for ¢ € 9Dy, (a). Hence we can interchange limit and

integration and obtain

lim cpk(z,x):i. / J1(&2) C_l( ),

k—oo 271 (§ )2
6D27~ (a)

where we used Cauchy’s formula for the first derivative of f with respect to z.

Now we apply the dominated convergence theorem (see (? )) and get the desired
assertion for n = 1. Using Cauchy’s formula for the higher derivatives we obtain the
general result. O
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2.8 Complex differential forms

Here we recall Stokes’ theorem for 1-forms on R?, see for instance (? ). As R? is
identified with C, we use a complex notion of differential forms which is compatible
with the Wirtinger derivatives.

Definition 2.40. We define the differential dz as a linear mapping from R? 2 C to
R

)

dr:zw (dr), =z , z=u2x+1y,
analogously (dy), = y. If f: M C C — C is a real differentiable function, we define

(@f)z0 = G (o) da + 5 (o) dy

as the complete differential of f at the point zg. More general, we say that
a=fdr+gdy
is a 1-form , where f, g are functions. If h is another function, we define
ho = hf dx + hg dy.
In particular, we have for f(z) = z and f(z) =% :
dz = dx +idy and dz = dzr —idy.

Recall the Wirtinger derivatives with respect to z and z:

o0 _1(o 9\, 0 _1(0 .0
0z 2 \0x Oy "oz 2\0z oy’

and a simple computation shows that

0 o
af = %dx + 8—£dy

Caf,of

If f is a holomorphic function, we have df = %dz, since zT% =0.

The 2-form dz A dy : R? x R? — R is the alternating 2-linear form

&1 m\, & m| _ B
dx/\dy(<§2> ; (772)) e ml §1m2 — Sam.-
If f is a function,
w = f(dz A dy)

is a general 2-form. The following rules are valid

(f dz+g dy) A (f1 de+ g1 dy) = (fg1 — gfi)de ANdy , dx ANdy = —dy Adx,
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dz Ndz = —=2i dx N\ dy = —2id)\(2),
where d) is the Lebesgue measure in C = R?,
de Ndr =dyNdy =dzNdz=dzNdz = 0.
The differential of a 1-form o« = f dx + g dy is defined by

da:=df Ndx +dg N dy = (gi—gg) dx A dy.

If « = F dz + G dz, we have

In addition, d(df) = 0 and if f is real differentiable, then

d(f dz) = —% dz Ndz.

Example 2.41. Let z be a fixed point and let f be a real differentiable function, let
w be the following 1-form

w(¢) = %% d¢ fir ¢ # 2.
Then
1 af/9C 0 1 —
dw(C) = Tomi | C—2 JFf(C)@*Z(C = Cj) d¢ A d¢
.
= ol d¢ N dC,
since ¢ — L= is a holomorphic function.

(—=z

Let G be an open in C and k& € N U {oc}. C¥(G) denotes the space of k times
continuously differentiable (in the real sense) functions on G. We also write C(G)
instead of C°(G). The space C¥(G) is the space of all functions f in C*(G) such that
all derivatives of f up to order k extend continuously to G.

Theorem 2.42 (Stokes' theorem). Let G be a domain in C. Let OG consist of a pos-
itively oriented path and let w € C1(G) be a continuously differentiable 1-form on G.

Then
/w:/dw.

oG G

For a proof see (7).
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2.9 The inhomogeneous Cauchy formula

Now we apply Stokes’ theorem to prove a more general version of Cauchy’s formula,
which will be a useful tool for the study of the inhomogeneous Cauchy-Riemann
equations.

Theorem 2.43. Let G be a bounded domain in C with piecewise smooth positively
oriented boundary OG. Let f € C*(G). Then, for z € G, we have

v [, L [(0f/99)(C) =
o ) (—z +27m/ C—z de A de.
oG

f(z) =

Remark. If f € H(G), we have (9f/9¢)(¢) =0, V¢ € G and hence

" 2mi (—z
oG

In this sense, 2.43 is a generalization of Cauchy’s formula.

Proof. Fix z € G and choose r > 0 such that D, (z) C G. We remove the disk D, (z)
from G and define G, = G\ D,(z), the boundary of G, consists of the positively
oriented boundary of G and of the negatively oriented circle x,.. Walking on 9G,.,

the domain G, lies always on the left hand side.
For ¢ € G, we define the 1-form

1A
2mi ( — z

w(¢) = dg,

we can apply Stokes’ theorem 2.42 and obtain from 2.41

1L [ (8f/90)(C) =
/Ciqu— 2m,/ o dAd

Now we take the limit r — 0. First we show that the integral
1
/ —dz ANdZ
2|
D,(0)

exists. For this purpose we use polar coordinates and get

s 2w

1 1 1
—dz Ndz = —2i —dxr ANdy = —2i —rdrde,
|| 2| S

D, (0) D, (0)
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and the last integral exists. B
This implies that the function { — % is absolutely integrable on G. Hence
the integral

OF/0Q) 4o\ iz [DIDQ)
/ Fo5 o dCNdT tends ¢ G/ (o ANdG,

r

as r — 0. Here we used again the dominated convergence theorem.
Now we consider the line integral of Stokes’ theorem and get

1 f(©) = 2 1,

27i -z 27” C_Z 27m C
oG,
We have
2m —z 27TZ C—Z %/C_izdc

- L[ —f(»)
B HORNIE
_ 2m/ — L ac,

and hence

/fgq),ic d¢ <27Tr21éix f(CC)Z(Z)‘ = 2rmax|f(¢) — f(2)| =0,

as r — 0, since f is continuous.
So the line integral

o / C— d( tends to —/C

as 7 — 0, and we arrive at the desired result. O

(2),

2.10 General versions of Cauchy’s Theorem and Cauchy’s
Formula

It will be convenient to consider integrals over sums of paths. This leads to the
concepts of chains and cycles.
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Definition 2.44. Let 2 C C be open and let v1,...,7, be paths in Q. Let T'* =
U;‘l:1 7; and define

3 = [ e,
Vi
for f € C(T'*). 7; : C(I'*) — C can be seen as a linear functional on C(I'*). We set

I' =4 +--- 4+ 9n, and denote by I' = =1 + - - - + v, the formal sum of the paths
Y1y .-y Yn- We define

F/ f(2)ds = () = g / f(2) d,

for f € C(T'*). ' is called a chain in Q. If all paths ~1, ..., 7, are closed, we call " a
cycle in €.

Remark. (a) Chains and cycles cam be represented as sums of paths in many ways.
(b) By —T" we denote the cycle, where each path ; , j =1,...,n is replaced by its
opposite path, for f € C(I'*) we have

/ﬂ@@:—/ﬂ@w
-r T

(c) If T'; and T’y are chains or cycles, we can form the sum I' = T'; + I'y and have

!ﬂ@@:!ﬂ@@+lﬂ@&,f6dﬁuwy

Definition 2.45. Let I' = 1 + - + v, be a cycle in  and « ¢ T'*. We define the
index of @ with respect to I' by

1 dz
IndF(Oé) = %/Z—a

r

Obviously we have

Indp(a) = Zlndvj ().
j=1

Theorem 2.46 (Homology—version of Cauchy’s theorem). Let Q C C be an arbitrary
open set, f € H(Q), let T be a cycle in Q such that Indr(a) = 0 for every o ¢ Q.
Then

f(z)Indp(z):%/%dw , VzeQ\T,
r
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in addition
/f(w) dw = 0.
r

IfTg and T'1 are cycles in ) such that

Indr, (o) =Indpr, (@) , Va ¢ Q

F[ F(z2)dz = F/ £(2) dz.

then

Proof. (Dickson 1969)(? )
Let

fz)—f(w
oz w) = % , 2 £ w, z,w € Q
f(2) , z=w € .

By 2.35, g : 2xQ — C is continuous. The first assertion of the theorem is equivalent
to the statement h(z) =0, V z € Q\ I'*, where

h(z) = % /g(z,w) dw,

because

21 zZ—w 21 z—w 27 z—w
r r
f(w)
= — I —_— .
f(z)Indp(z) + 5] w—zdw

First we show: h € H(Q).

¢ is uniformly continuous on every compact subset of  x Q. Hence, if z € Q and
zn — z in Qthen g(zp,w) — ¢g(z,w) uniformly for w € T'*, which is a compact
subset. So we get

lim h(z,) = QL lim /g(zn,w) dw

n—oo T n—00
r
1 . 1
=5 | Jm g(en,w)dw = o— [ g(z,w)dw = h(2),
r r

and h is continuous on €2; limit and integral can be interchanged, because of uniform

convergence.
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Now let A be an arbitrary closed triangle in Q. Then Fubini’s theorem implies

/h(z) dz = i /g(z w)dw | dz = 1 /g(z,w)dz dw.
2mi 2m

O0A 0A r r A

For w fixed, the function z + g(z,w) has a removable singularity at z = w (see
2.21), so it is holomorphic on  and, by 2.5, we have

/g(z,w)dz:O , VweQ,
OA

hence

and, by 2.13, h € H().

Next we prove that h(z) =0, V z € Q\ '™
For this aim leti 2 = {z € C: Indr(z) = 0}, we define
fw)

211 w—z
T

hi(z) =

then hy € H(Q1), and for 2 € QN Oy
b= g ) [ 2 b [ L o L [ L0 gy o)

—w  2m zZ—w 211 w—z
r r r
Hence the function
h(z) , zeQ
P(z) =
hl(z) , 2 €M

is holomorphic on Q U 7.

By assumption, we have Indr(a) =0 , V a ¢ Q, hence Q¢ C Q; and QU Q; = C.
So ¢ € H(C) is an entire function.

The set € contains the unbounded connected component of C\I'™* , since the index
is always zero there (see 2.2). Therefore

1
lim ¢(z) = lim hy(z) = — lim / EAC) R a—
|z]| =00 |z| =00 271 |z|— o0 w—z
r
and Liouville’s theorem 2.26 implies ¢ = 0, in particular h(z) =0 , V z € Q\ I'*.

Finally we have to show that [, f(z) dz = 0. Let a € Q\I'* and F(2) := (z—a)f(z).
From the first assertion of the theorem we get for F' and z = a that

0= F(a) Indp(a)zﬁ/ F(_w()l dw:%/f(w)dw.
r

w
r
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For the last assertion of the theorem we pick two cycles I'g and I'; with
Indr, (o) = Indr, () , ¥V o ¢ Q2.

Define I' = Ty — I'1, then Indr(a) = 0 , ¥V o ¢ Q and, by the first part of the

theorem, 0:/f(z)dz:/f(z) dz—/f(Z) dz.
r To h

O

Remark. (a) If Indp(a) =0 , V o ¢ Q, the cycle T is called null-homologous in .
(b) 2.46 is a generalization of 2.9 : if  is convex 7 a closed path in ©, then w —
1/(w — «) is holomorphic on  for every a ¢ © and, by 2.6, we obtain

1 dw

w—«

3
Therefore the assumptions of 2.46 are satisfied, hence 2.46 implies 2.9.

EXAMPLE. Let Q = (C \ (Dl/g(—Q) @] D1/2(0) @] D1/2(2)), and let ’Yl(t) = -2 +
%eitv VQ(t) = %eitv 73(1;) = 2+%6ita F(t) = 66#3 te [O: 27T]' Define Y =7+72+7s.

Then
Indy(a) = Indr(e) ,V o ¢ Q,

fz)dz= | f(z)dz,
v/ F/
for each f € H().

In the following we discuss another topological concept which is important for

hence, by 2.46, we have

Cauchy’s theorem.

Definition 2.47. Let Q C C and g, 71 : [0,1] — Q be closed curves. g and 7, are
Q- homotopic, if there is a continuous mapping

H:[0,1] x [0,1] — Q
such that
H(s,0) =70(s) , Vse[0,1]; H(s,1) =v(s) , Vse]0,1]

and
H(0,t)=H(1,t) , Vtelo,1].
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Set v¢(s) = H(s,t) for a fixed ¢t € [0,1] and s € [0,1]. Since H(0,t) = H(1,t), the
curves 7y are also closed. We get a one-parameter familiy v; , t € [0, 1] of closed
curves connecting yg and 7.

If a closed curve ~g is Q-homotopic to a constant curve (consisting of just one point),
we say that g null-homotopic in €.

A domain 2 is said to be simply connected, if every closed curve in € is null-
homotopic in €.

EXAMPLE. Let 2 be a convex domain and let v be a closed curve in 2. Fix zg € Q.
Define
H(s,t) = (1 —t)v(s) +tz0 , s,t €]0,1].

Then H(s,0) =~(s) and H(s,1) =29, V s € [0, 1]. Since v(0) = v(1),we have
H0,t) = (1 —t)y(0) + tz0 = (1 — t)y(1) + tzo = H(1,t) , V¢ € [0, 1].

For a fixed s, the expression H(s,t) = (1 — t)y(s) + tzo , t € [0,1] describes the
straight line from ~(s) to zg, which is contained in 2, as €2 is convex.

Hence H(s,t) € Q, V s,t € [0,1] and ~ is null-homotopic in .. Therefore 2 is
simply connected.

Lemma 2.48. Let vo and 1 be closed paths in C. Let o € C be a complex number
such that

[70(s) = (s)] <la=n0(s)] , Vse[0,1].
Then Indy, (o) = Ind, ().

Proof. The assumption implies that o ¢ 7§ and « ¢ ~7.
We set
7(s) —a

o) —a s €10,1],

() =
then we get for the derivatives

(v0(s) — a)vi(s) — (11(s) — @) (s)
(0(s) — @)?

7'(s) =

and

Y (s) _ (vo(s) = a)yi(s) = (nls) = a)yp(s) yo(s) —a

(s) (vo(s) — a)? 71(s) — o
7)o ()

7(s)—a  v(s)—a

n0(s) =71 (s)

<1,
Yo(s) —
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hence v* C Dy(1) and, by 2.2, Ind+(0) = 0. This implies

“omi | 2 2mi ~(s)
o’ 0
[ ) [l
1 Y1(s 1 Yols
_ b ds — ds = Ind,, (a) — Ind., (a).
2mi ) vi(s) —« s 27Ti/’y0(s) o T (@) = Indy (@)
0 0

O

Theorem 2.49 (Homotopy version of Cauchy's theorem). Let Q be a domain in C, let
Ty and 'y closed paths in Q, which are Q-homotopic. Let o ¢ Q. Then

Indr, () = Indr, ()

and, by 2.46,
/f(z)dz:/f(z)dz , ¥V feH(D).

Proof. Let H be a homotopy function between zwischen I'g and I';. The difficulty
of the proof relies on the fact that the one-parameter family I';(s) = H(s,t) does
not consist of necessarily piece-wise differentiable curves. We will apporximate the
curves I'y by suitable paths, in our case by polygonal closed paths.

Fix o ¢ Q. Since H is uniformly continuous on the compact set [0, 1] x [0, 1], there
exists € > 0 such that

| — H(s,t)| > 2¢e, V¥ s,te][0,1]; (2.3)
and there exists n € N such that
|H (s, t) — H(s', )| < ¢/2, (2.4)

falls |s — '| + [t = ¢'| < 1/n.
Now we define the approximating polygonal paths: for K =0,1,...,n and s € [0, 1]
let

ik . i—1 k .
Y(s)=H <J, ) (ns+1—5)+H (‘7, ) (j — ns),
n’'n n 'n
firj—1<ns<j,j=1,...,n.
It is easily seen that the curves vg,71,...,7n are closed. There are also piece-wise

differentiable, since the variable s only appears as a linear term, and not as an
argument of the function H. By (2.4) and from the definition of 75 we get

S

<e (2.5)
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for s €[0,1] and £k =0,1,...,n.
If j — 1 <ns <j, we have j —ns < 1, hence

=
/
S
3|
S~
|
S
/~
<
[
—_
| 7~
~——
+
=
A/
SRR
S|
——
|
au
7/~
\‘Cn
S|

n

<€/24+¢€/2=¢.
In particular, for k =0
I0(s) — H(s,0)| = |o(s) —To(s)| <e
and for k =n
[yn(s) = H(s,1)] = |yn(s) —T1(s)] <e
Now we get from (2.3) and (2.5)
la = y(s)] = v = H(s, k/n) — (v (s) — H(s, k/n))|
> la—H(s,k/n)| = |k(s) — H(s, k/n)|
> 26 — € =€,

for s €[0,1] and kK =0,1,...,n. Using (2.4) and the definition of v, we get
Ie—1(s) — () <e,

forsef0,]]and k=1,...,n.
If j — 1 <ns <j, we have ns + 1 — j < 1, therefore

e—1(s) = (s)] < (ns +1 =) ‘H (i, k_l) _H <j7 k)

n

i —1 k-1 ) — 1
n(5 ) ()
n n n o n

<e/2+¢€/2=c¢

+ (j —ns)

Since |a — yx(s)| > € and |yk—1(s) — Yk (s)] < €, we obtain

Ik—1(8) = 7 (8)] < o —(s)] ,
Vselo,]and k=1,...,n.

Similarily

[0(s) = To(s)] <l =To(s)] and [ya(s) =Ti(s)] < la —=Tu(s)],
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Vs el0,1].
Now we can apply 2.48 for the pairs

(F0770)7 (707 71): cey (Vn—lafyn)a ('Yna Fl)
and get
Indr, (o) = Ind,, () = Indy, (@) = ...Ind,, _, () = Ind,, (@) = Indr, (@).

O

Corollary 2.50. (a) Let Q2 be a simply connected domain in C and let v be a closed
path in Q. Then

/f(z) dz =0,

¥

for each f € H(Q).
(b) Let 2 C C be an open set and let a € Q. Let v be a closed path in Q\ {a}, which
isnull-homotopic in Q. Then

™ (a)Ind., (a) = ! /%dz , neN,

211
v

for each f € H(Q).

Proof. (b) For n = 1, fthe assertion follows from 2.46. Finally, differentiation in the
integral with respect to the variable a gives the desired result. O

Remark. If Q) is a domain and 7 a closed null-homotopic path in £2, then

/ “_ _o vago,

zZ—«

~

this follows from 2.49, since the function z — 1/(z — ) is holomorphic and  is null-
homotopic in . This implies that 7 is also null-homologous. Every null-homotopic
path is null-homologous. The converse is false (see Exercises).

But if every closed path in € is null-homologous, then every closed path is also
null-homotopic and  is simply connected (see Chapter 4).

We conclude this chapter with two useful results about the index of a path.
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Definition 2.51. Let G be a domain in C and ~ : [0, 1] — C a path. We say, v runs
in G from boundary to boundary, if

(1) there exists t1,t2 € [0,1], t1 <t2, ~(t1),7(t2) € G, ~(t1) # v(t2);

(2) ’y(t) € G, for t; <t < tg;

(3) v(t) ¢ G, for t € [0,1] but ¢ ¢ [t1,t2];

(4) G\v* has exactly two connected components and v*NG belongs to the boundary

of both of these components.

Remark. If v is injective and smooth and zy € v* is an arbitrary point on -, there
exists a neighborhood U of zg, such that v runs in U from boundary to boundary.

Theorem 2.52. Let v be a closed path in C and let D be a disk. Suppose that
runs in D from boundary to boundary. Let ti,t2 € [0,1] with t1 < t2 and a =
v(t1), ,b=~(t2), a,b € D, and ’y|[t17t2] = 0. Let D1, Dy denote the two connected
components of D\ v*. Suppose that D1 lies left of ~.
Then

Indy(z1) = Indy(22) + 1,

for z1 € Dy and z3 € Ds.

Remark. Let v in C be an arbitrary path. The index Ind,(z) = 0 for z in the
unbounded component of C\ v*. Now one can use the theorem from above, in order
to compute the indices of v one after the other.

Proof. We separate v = 79 + 71, and 0D in k1 and ko (positively oriented), x C
oDy K; C 0Ds.

R1

el

Then
Ind_y, 4+, (21) = Ind— 5, 4+, (22)
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and hence
Ind,, (21) — Indy, (22) = Ind, (21) — Ind,, (22),

where we used the notation

Indk” (Z] 27i / ¢ — zj

also for paths which are not closed.

z9 belongs to the unbounded component of C\ (k1 + 79)*, so we have

Ind,, 4, (22) = 0.

Similarily
Ind,, o (21) = 0.
This gives
Indy(21) — Indy(22) = Indy, (21) — Indy, (22) + Indy, (21) — Ind,, (22)
Ind, (21) — Indy, (22) + Indy, (21) — Ind,, (22)
= Ind,, (21) + Ind,, (21)
=Ind,(z1) + Indk, (21) + Indy, —~, (21)

=Indu, 4+x,(z1) = 1.

O

Lemma 2.53. Let A C C be a compact subset and U D A an open set. Then there
exists a cycle T' in U\ A such that

Indp(a)=1,Va€ A and Indp(z) =0, V 2z ¢ U.

Proof. 1.) First we suppose that A is connected. Let § > 0 be such that 0 < 26 <
dist(A, 9U). We use a lattice parallel to the axes with mesh width ¢ and positively
oriented lattice squares. Since A is compact, there exist finitely many lattice squares
Q1,...,Qnwith@Q;NA#0, j=1,...,n. Let I'; be the boundary cycle of Q; and
define

F=T1+---+T,.

Let a € A be an arbitrary point in the compact set A. Without loss of generality we
can suppose that a € Q. Then

Indr(a ZIndp (a) = Indp, (a) =
j=1
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If a belongs to 0Q); for some j, then a belongs to the interior of four adjacent squares
of the lattice, and we get the same result for Indr(a).

Now we modify T in the following way: we take only line segments [p, g], which are
line segments of exactly one square of our collection, these are line segments [p, ¢
with [p,q] N A = 0; line segments with non-empty intersection with A are passed
through in both directions and drop out. The modified boundary cycle is again
denoted by I'.

Now we have I'* N A = () and, by the choice of the mesh width, that I'* C U. Hence
I'* Cc U\ A. As A is connected, we get from 2.2 that Indr(a) =1, Va € A.

If z ¢ U, it follows that Indp,(2) =0, j=1,...,n and Indp(z) = 0.

2.) A has finitle many connected components Aj,... Ay.
Now we choose points a; € A; , j =1,..., N and a lattice parallel to the axes with
mesh width § > 0, where

26 < min{dist(4,0U), la; — a| j # k},

and we also choose the lattice such that different a; belong to the interior of different
squares of the lattice.

Then Indr(a;) = 1 and hence Indr(a) = 1 for every jedes a € A; , j=1,...,N.
Everything else can now be reduced to the first case.

3.) In the general case, A could have infinitely many connected components. For
every z € A there exists an open square Q(z) with line segments parallel to the axes
such that z € Q(z) CC U; since A is compact, finitely many of these squares cover
A. We denote them by Q1,...,Qm. Now let

Ap is compact and has only finitely many connected components Since A C Ay C U,
it suffices to prove the assertion for Ag, which follows from 2.). O

2.11 Laurent series and meromorphic functions

We now study holomorphic functions on annuli and obtain their canonical represen-
tations as Laurent series.

Theorem 2.54. Leti D, p(a) = {z € C:r < |z —a| < R} be an annulus, we define
Do.r(a) = Dgr(a) \ {a} and Dy o(a) = {z: |z —a| > r}. Let f € H(Dy r(a)), and
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define Uy = Dy oo(a), Uz = Dg(a). Then there exist functions fi € H(U1) and
f2 € H(Uz) such that

f=fi+fo, auf UynUs =D, gl(a).
The function f1 can be chosen with the property lim|,| o f1(z) = 0. In this way fi

and fo are uniquely determined.

Proof. Let r < p < R and define

1
) = 5 [ £ ac
Yo

where v,(t) = a+ pe?™® | ¢ € [0,1]. The function in the integral is holomorphic for
zin Dy(a), hence fa , € H(D,y(a)). By 2.49, we have fa ,(z) = f2,,(2) on D,(a) for
r<p<p <R.

For z € Uz = Dr(a) and max{r, |z — a|} < p < R, we define
_ L [ 19
faz) = 271 / C(—=z ac
Yo

where the integral is independent of p as long as r < p < R. Hence fa € H(Us).
For ze Uy ={z:]z—a| >r} and r < 0 < min{R, |z — al|}, we define

fl(Z): 1 /f(C) dc.
Yo

omi ) (—z

Similarly we get f1 € H(U1), and from the definition of f; we derive immediately
that lim|,| o |f1(2)] = 0.
For z € D, r(a), we choose p and o such that

r<o<|z—al<p<R

and define the cycle I' = v, — 5.
It follows thatt Indp(a) =0, V o ¢ D, g(a) and Indr(z) = 1. Now we apply 2.46
and obtain

o= o [ 260
r

It remains to show uniqueness of the representation f = f1 + fs. For this aim let

_ 1 [ Q) 1 [ fO .
C—Tm/@dC—%/@dC—fl(z)Jrfg(z).
Ve Yo

f = g1 + g2 another representation with g1 € H(U1) and g2 € H(Usz), as well as

lim| ;| o0 |91(2)] = 0.
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Then we have fi — g1 = g2 — fo on Uy N Us. We define

po Jimor auflh
g2 — fa auf Us
and get a holomorphic function on U; U Uy = C.

Hence h € H(C) and lim,|, [2(2)] = 0. So h is a bounded entire function. By
Liouville’s theorem 2.26, it follows that h = 0, and f; = g1 as well as fo =¢go. O

Remark. f; is called principal part of f.
Since fa is holomorphic on Dg(a), it can be expanded as a Taylor series

o0

fa(x) =) an(z—a)" , 2 € Dr(a).

n=0
Let F(w) = a+ 1/w. Then F is a biholomorphic mapping (i.e. holomorphic in bpth
directions) from D/l/r(O) ={w:0< |w| <1/r}to U = {w: |w—a|l > r}. Hence,
the composed function f1 o F' € ’H(D’I/T(O)).
Since lim|,| 0 [f1(2)| = 0, we have limy—0(f1 o F')(w) = 0. Hence f1 o F has a
removable singularity at w = 0 (see 2.21), hence also ist fi o ' € H(D;,,(0)) and
we can expand as a Taylor series around w =0 :

(froF)(w) = byu",
n=1

where the series converges uniformly on Dy ,,(0) p > 7.
For w=1/(z — a), we have F(w) = z and

— 00

fi(z) = Z an(z —a)",
n=—1

where a_,, = by, and the series converges uniformly on C\ D,(a) , p > r.

Theorem 2.55. Let f € H(D, r(a)). Then f can be represented in the form

o0
f(z)= Z an(z —a)™ + Z an(z —a)",
n=-—1 n=0
6 which is the Laurent series of f in D, r(a), and the series converges uniformly on
all compact subsets of Dy g(a). The Laurent coefficients a, are given by
1
an:—/(ﬂdz , NEZL

2mi z—a)"tl
e

6 Laurent, Pierre Alphonse (1813-1854)



86 —— 2 Cauchy's theorem and Cauchy’s formula

where y,(t) = a+ pe*™ [t €[0,1] , r<p<R.

Proof. It remains to prove the formula for the Laurent coefficients a,,. We have

(z=a) " (=) = Y thpnn(z— @)+ akpnpa(z —a)
k=—1 k=0

with uniform convergence on ;. Hence integration term by term yields

f(2) dz .
/mdz:an/z_a:%mam

Yo Yo

all summands are zero, except for k = —1. O

Example 2.56. 1) Let
1
2(z — )2

f(z) =

(a) Laurent series expansion in D} (0) = {z:0 < |z| < 1}:

1 1 1 1 i( +1)(z)” 1+,§:n+2 n
—— n — = —— 7 zZ .
2(z — )2 z (1—2/i)? z i z in
n=0 n=0
(b) Laurent series expansion in D1 o(0) = {2z : |2| > 1} :
1 1 1 ~ .1
—_— = = —n— 2)2".
e e A DA (b
n——

(c) Laurent series expansion in Do 1(2) ={z:0< |z —i| <1} :

1 —1 1 1 —1 1 7

=i G=iE 2 i z GoiE I=i 1<ie—g

where the last term can be written as the sum of a geometric series.
2) Consider the Laurent series

o0 [e%S)
on
-n
D) g
n=1 n=0

with infinitely many negative powers of z. The first summand converges to z—il for

| z |> 1, and the second summand converges to ﬁ for | z |< 2. So the whole series

converges to the function f(z) = zil + 212 on the annulus Dj 2(0). The function

f is holomorphic at z = 0, altough the Laurent series in the annulus D 2(0) has

infinitely many negative powers of z.
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Remark. We return to the characterization of isolated singularities 2.22, and can
easily show that a function f has a pole of order k in a point «a if and only if the
Laurent expansion of f in the punctured disk D,.(a) has the form

fe)=ap(z—a) ™+ +a_i(z—a) P +ao+ar(z—a)+...,

where a_j # 0.

In addition, it follows that f has an essential singularity in « if and only if the
Laurent expansion of f in the punctured disk D,.(a) has infinitely many terms of the
form a_p(z — a)™*, where k > 0 and a_j, # 0.

Definition 2.57. Let U C C be an open set. A function f is called meromorphic on
U, if there exists a discrete subset P of U such that f € H(U \ P) and f has poles
in P.

M(U) denotes the set of all meromorphic functions on U.

ExaMpPLEs. 1) Let U = D1(0) and f(z) = 1/z. Then f € M(U).
Every rational function p/q, where p and ¢ are polynomials, belongs to M(C).

2) tanz = 2;’1‘; belongs to M(C). It is easily seen that tanz has infinitely many
poles.
3) Let f,g € H(U), suppose that g #Z 0 on every connected component of U. Then

flg € M(U). (see 2.14)

Theorem 2.58. Let f € M(U). Then, for each a € U, there exists an open neigh-
borhood V' of a, and g,h € H(V') such that f = g/h on V.

Proof. If @ is not a pole of f, we put g = f and h = 1 and take V = U \ Py, where
Py denotes the set of all poles of f. Then f =g/h onV and g,h € H(V).

If a is a pole of order m > 0 of f, then, by 2.22, there exist complex numbers
Cly-«yCm (em #0) , such that the function

OB ﬁ = ¢(2)

k=1

has a removable singularity in a. Hence

1) = 00+ 30 i = e = a0 + Y ez =)
k=1

k=1 (z—a)

where the expression in brackets is holomorphic in a neighborhood of a. Denote this
expression by g, then we have g(a) = ¢, # 0 and f(z) = g(z)/(z —a)™ in a suitable
neighborhood of a. O
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Later we will be able to show that f = g/h globally on U.

Theorem 2.59. Let f € M(U) and let a be a pole of f. Then
lim [f(z)| = oo,

z—a

i.e. for each compact subset K C C there exists § > 0 with f(Dj(a)) € C\ K.

Proof. From the proof of the last theorem we get

1 m
f(z) = Goam (z —a)™¢(z) + Z cr(z —a)™F ],
k=1
where ¢, # 0. The limit 2 — a yields the desired result. O

Theorem 2.60. Let Q be a domain in C. Then M(Q) is a field with respect to
pointwise addition and multiplication of functions.

2.12 The Residue Theorem

The residue theorem is not only a generalization of the homology version of Cauchy’s
theorem when the function f has singularities, it enables us also to evaluate definite
real integrals which are certainly not solvable by methods of real analysis and to
count the number of zeroes and poles of meromorphic functions.

Definition 2.61. Let U C C be open and f a holomorphic function on U except for
isolated singularities. Let a be an isolated singularity of f. Then there exists r > 0,
such that f can be expanded in D/ (a) as a Laurent series

— 00

flz)= Z cn(z—a)"—i—ch(z—a)”7
n=0

n=—1
the coefficient c_; = Res(f; a) is called the residue of f at a.

Remark. If one computes the line integral

/ 1) dz,
J
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where v,(t) = a — seit, t € [0,27] and 0 < s < , one observes that the integral can
be computed term by term in the Laurent series expansion and that only one term

c_1 .
dz = 2mic_1,
z—a

Vs

is left over, namely

which motivates the notion of a residue.

Theorem 2.62 (Residue Theorem). Let U C C be open and f a holomorphic function
on U except for isolated singularities. Denote by Sy the set of all singularities of f
inU. Let T be a cycle in U\ Sy such that Indr(o) =0 YV o ¢ U. Then

27”/]‘ )dz =" Res(f;a)Indr(a).

a€Sy

Proof. First we show that the set B = {a € Sy : Indr(a) # 0}is finite, which implies
that the sum in the theorem is a finite sum. For this aim let W = C\ I'*. The
index Indr is constant on every connected components V' of W. If V' is unbounded
or if VN (C\U) # 0, then Indr(a) = 0 , V a € V, by our assumption that
Indr(a) =0 YVa¢U.

Sy has no limit point in U, the limit points of Sy can only be on the boundary
of U, therefore limit points can belong to the unbounded component of W or to a
component V with V' N (C\ U) # 0. We have dist(T'*,0U) > 0, hence B must be
finite.

Let B = {a1,a2,...,an}, and let Q; be the principal parts of f in the Laurent
expansion around a; , j =1,...,n. Define

g=f—(Q1+ Q2+ +Qn),

(if B =0, set g = f) then g has removable singularities in the points of B, and
g € H(Up), where Up = U \ (S¢ \ B). Now Indr(a) =0, Ya ¢ Uy, and, by 2.46, we

have
/g(z) dz=10

r
and, by the definition of g, we get

3 /f = QL Z/ 2)dz = ZReb(Qk,ak) Indr(ay)

k=1

Z Res(f; ar) Indr(ag).
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Remark. If U is open and convex and I is a closed, positively oriented path without
double points in U and f is holomorphic in U except for isolated singularities, then

o [ 161 = Y Res(Fian),
r

where the sum is taken over all singularities of f in the interior of T
For the applications it will be convenient to know about some simple rules how to
compute residues.

Theorem 2.63. Let U C C be open and let f and g be holomorphic on U except for
isolated singularities. Then

(a)
Res(f + g;a) = Res(f;a) + Res(g; a)

and for ay,as € C

Res(a1 f + azg;a) = a1 Res(f; a) + az Res(g; a).
(b) If zo is a pole of first order of f, we have

Res(f;z0) = lim [(z — 20)f(2)].

zZ—r20

(c) If g is holomorphic in zy and f has a pole of first order in zy, we have
Res(fg; 20) = g(z0) Res(f; 20).
(d) If h is holomorphic in zo und zo is a simple zero of h, we have
Res(1/h; 29) = 1/h/(20).
(e) If zo is a pole of order n of f, we have

n—1
Res(fss0) = gy {0l =01}

Proof. (a) Follows from the Laurent expansion of f and ¢ around a.

(b) The Laurent expansion of f around zg has the form

fe) = T2+ D enle = 20)",
n=0

hence

(z—20)f(2) =co1+ Z enlz — Zo)n+1,

n=0
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taking the limit z — zg, the infinite series disappears.

(c) We have
9(2) = g(z0) + D balz—20)" . f2) = 774 D ealz—20)",
n=1 n=0

this implies

F2)g(z) = L0k 1+Zd 2= )’

zZ— 20

(d) 1/h has a pole of first order in zg. Hence, by (b),

. Z— 20 . zZ— 20 ’
1/h; =1 — =1 —— =1 .
Res(l/hiz0) = lim = = i o=y = /1 (0)

(e) We have

which implies that
o0

(z—20)"f(2) = Con4 c_py1(z—20) + -+ c_1(z —20)" T + ch (z — z)*tm.
k=0

Differentiating (n — 1) times we get the desired result. O

Theorem 2.64 ( Rouché's Theorem). 7 Let Q be a domain in C and f € M(Q) a
meromorphic function. Let v be a closed, null-homologous path in Q. Suppose that
f has no zeros and no poles on v* and that Indy(a) =1 or=0 VYV o € C\ v*. Let
O ={z € Q:Ind,(2) = 1} and Ny the number of zeros of f in Q1 and let Py be
the number of poles of f in Q1. Then

e
N =5 ) e

~

dz = Indr(0),
where I' = f o~.
In addition, let g1,g2 € H(2) be holomorphic functions on Q such that

191(2) = 92(2)| < lga(2)] , V z €™

Then Ng, = Ng,.

7 Rouché, Eugéne (1832-1910)
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Proof. Let ¢ = f'/f. Then ¢ € M(£2). Now let a be a zero of f of order m(a). Then,
by 2.14,
f(2) = (z = a)™@h(2),

where h is holomorphic in a neighborhood of a and h # 0 there. We obtain

m(a)(z —a)™D " h(2) + (2 — a)™D R (2) _ m(a) n 1 (z)
(z — a)™@)h(z) z—a h(z)’

¢(2) =

where the second summand is holomorphic in a neighborhood of a. Hence Res(¢; a) =
m(a).
If b is a pole of f of order p(b), we obtain from the Laurent expansion of f around
b that

f(2) = (= = 0) POk(2),

where k is holomorphic in a neighborhood of b and k& # 0 there. An analogous
computation as above shows that Res(¢;b) = —p(b).
Let A={a € Q : f(a) =0} and B the set of all poles of f in ;. Then, by 2.62,

o [ L d = S Restoia) + 3 Res(@it) = Y mla) — 3 p0) = Ny - Py,

5 a€A beB acA beB

The chain rule implies that

1
0 ol

271 J z 2w ) f(v(s)) T omi ) f(2)

Our assumption |g1(z) — g2(2)|] < |g1(2)| , V z € v*, implies that g2 has no zeros
on v*. Let I'y = g1 o~y and let 'y = g2 o «y. Then

IT1(s) = Ta(s)| < T1(s)] , Vs €0,1].
Now we apply 2.48 and the first part of the proof to obtain

Ny, = Indp, (0) = Indp, (0) = Ny, .

EXAMPLE. Let g(2) = 2* — 4z + 2. How many zeros has g in D1(0)?
On |z| = lwe have : [2|* =1 <2 < | —42z+2|. Set f(z) = —42z+ 2, then on |z| =1

we have
1f(z) —g(z)| = | —4z+2—2* +4z = 2[ = |2*| < | — 42+ 2| = | f(2)].

f has exactly one zero in Dj(0), namely zg = 1/2, henc, by 2.64, we get that g also
has exactly one zero in D;(0). hat.
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Example 2.65. Applications of the Residue Theorem

First we compute the real definite integrals

o0 o0 .
cosT sinz
——d d ———— dx.
/x2—2m+2 v oan /x2—2m+2 “
—0o0 —0o0

For this purpose we consider the line integral

R
eiz eix eiz
- dz = ——d —d 2.6
/22727;+2 N /x272x+2 x+/22722+2 : (2:6)

YR —R T'r

where g is the path consisting of the line segment on the real axis from —R to R
and the semicircle I'g from R to —R in the upper halfplane, we take R > 3.
The function €?* /(22 — 2z + 2) has poles of first order at the points 1+ i and 1 — .
The point 1+ ¢ lies in the interior of v and we use 2.63 (b) to compute the residue
of this function at 1+ :

€F(z—1—14) e'? e~ 1

lim ————2% = lim —
zol+i 22— 22+ 2 2514 2 — 141 2

By the Residue Theorem 2.62 we have

e’ o1y g —14i
/ﬁi dz = 2mwi(—ie )/2 =me . (2.7)

If 2 = z + iy lies on the semicircle I'g from R to —R in the upper half plane, we
have y > 0, hence |eiz| =e¢ ¥ <1, and we can estimate

<
22 -2242| " R2—2R-2’

er® ‘ 1

for z € I',. This implies

er® 2ol < TR
4 L
22 - 2242 ~— RZ-2R-2’
T'r

and we obtain

eiz
\/mdzﬁo as R — .
I'r

By (2.6) and (2.7), we get

R ,
e . m(cosl+1isinl
lim e = —( )
R—o0

_C gr=
2 — 2z +2 re=n e
“R
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Taking real and imaginary part on each side we finally obtain

oo o0
cosT mcosl sinx msinl
dr = d ——dr = ——.
/x272$+2 v e /x272x+2 v e
— 0 —o0

In the next example we consider two polynomials P and @) with grad @ > grad P+2.
Suppose that Q(z) #0 V 2 > 0 and that Q(0) = 0 is a simple zero. Let 0 < a < 1
and R = P/Q. Using the Residue Theorem we will compute the real definite integral

/:EO‘R(x) dx,
0
where ¢ = exp(alog x).

For this purpose we choose the star-shaped domain 2 = C\ {x € R: z > 0}. By
2.19, there exists a branch g of the logarithm on € (it is not the principal branch)
such that for fix x > 0 :

lim g(z+idy) =logz , lim g(z —iy) =logx + 2mi.
y—0+ y—0+

For d,¢e > 0 small and p > 0 large, choose the following closed path v in € :

Cq

Oy Ly

By the Residue Theorem 2.62 we have

L_ /eag(z)R(z) dz = ZRes(f;a)7 (2.8)

21
v

where f(z) = e®(*) R(z) and the sum is taken over all poles of f in the interior of
7.

Observe that
|€ag(z)‘ _ eoz?Rg(z) _ ealog\z\ _ |z|o¢
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and

IS

R(z)| < , M>0

|2]
in a neighborhood of zero, since we supposed that () has a zero of order < 1 at zero,
and choose § > 0 small enough that the last estimate holds on C5.

Now we have

\/f(z) dz| < 2md nel%x(|z|a|R(z)|) <206 M /6 = 2 M.
z

Cy :

Hence

}i_% | /f(z) dz| = 0. (2.9)

On the other hand

/

M

for |z| large enough, since grad @ > grad P + 2.
Hence we get for p > 0 large enough that

| / f(2)dz] < 2mp max (121°1R(2))) < 2mp™ AL g = 200,
1

Cy

and since 0 < o < 1, we obtain

plgrolo|/f(z) dz| = 0. (2.10)
Cy

Now fix ¢ and p, and take the limit ¢ — 0

p p
/f(z) dz—l—/f(z) dz%/e“long(x) dx—/ea(logx"'Qm)R(m)dx
Ly Lo 0 §
p
— (1 _ eQTria)/ealong(x) dr
5

Hence we obtain from (2.9) and (2.10)

o0

O S e

Ci L1 Ly Co 0

where we took first the limit ¢ — 0, then § — 0 and finally p — oco.
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Taking these limits, the sum on the right hand side of (2.8) must now we taken over
all poles of f in €. This implies

/xaR(m) dx = 1_26% Z Res(f;a). (2.11)
0

acQ)
Now let R(z) = 1/(1+ 22). By (2.11) we obtain
oo

fioa 211 o . 2 .
/1+m2 dx = T o2mia [Rcs(zo‘/(l—t—z );i) + Res(2%/(1 4+ = );—z)}.

0

Using 2.63 we can compute the residues

a 2\, N 1 . z% :izl i(a—1)m/2
Res(2%/(1+ 2%);1) —l1_>ml {(z Z)(z—l—z)(z—z)] 5, = 5 € )

Res(2"/(1+2%); ~1) = Jm, [(z 0 (z+ ZZ)C(; - i)] N (_i)'a - % eHomns2,

and get finally

o0

¢ 2mi 171, ; T 1
dr = _ |: i(a—1)7/2 z(a71)37r/2:| . )
/ 11227 1 e2mia 2 [° te 2 cos(am/2)

0

Example 2.66. We compute the inverse Fourier transform of z +— % sfort e R

we compute
A
. sinx
lim el g,
A—o0 T
—-A

The function z — % has a removable singularity at 0, therefore

sin z 1 6iz(1+t) _ eiz(—1+t)

Y(z) = — ' =

z 21 z

is an entire function. Hence, by 2.6, we obtain

A
/% eite dx:/d}(z) dz,
x
~A T4

where the path I'4 is shown in the figure from below.

_A —1 0 1 A

Y

:
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Now set )
1 1 e’LSZ
— = — dz.
7T¢A(S) 27 / z N
Ta
Then
A .
sinx .
/ —— dr=ga(t+1) — dalt - 1)
—A

The function z ~ 5% /2 has a pole of first order at 0 with residue 1. Hence, by the
Residue Theorem 2.62, we have

1 eisz
271 z
Y

dz =0,

where the path v is shown in the figure from below.

In addition
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Hence we get

—T

152 1 1 . i A 60
— / € 4= —da(s)+ — /Cxp(isAew) YR g = 0,
z

1
27 T 211 Aet®
o’ 0

which implies

0
1 1 ,
—pa(s) = — /exp(isAew)de, (2.12)
m 2m
and .
L R RO (isAe?)df =1
5 —dz=—ga(s — | exp(isde =1,
s 0
and finally
Lpa(s) = 1- — [ exp(isAc®)df (2.13)
—als) = 5 | explisde . .
0

If s and sin # have the same signature,
|exp(isAei‘9)| = exp(—sAsinf) — 0

as A — co. By the dominated convergence theorem, we obtain from (2.12) and (2.13)

lim ¢A(3)_{ﬂ-7 5>0

A—oo 0, s<0.

Again from (2.12) or (2.13) we get ¢4(0) = /2.

Hence
A .
lim / OT eitw gy = lim [pa(t+1) — da(t — 1)]
A—o0 T A—o0
—A
T, -1<t<1
=x{t)=<¢7/2, t=4=1
0, [t] > 1
The Fourier transform of y is
oo
1 sin z

— te 1 qt = )
oy x(t)e -
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2.13 Exercises

35) Compute the following line integrals:
/ (z — a)* dz,
71

where a € C, k € Z and ~; is the unit circle |z] = 1 passed through once in positive
direction.

36) Let v(t) = e, 0 <t < 27. Compute the following line integrals and compare
the results with the assertions of Cauchy’s Theorem:

/(2)2 dz, /272 dz,
v v
where the annulus A = {z : 3 < [z| < 2} is the corresponding domain.
37) Let y(t) = re*, r > 0, 0 <t < 27, and let a,b € C such that |a| < r < |b].

Show that
dz _ 2mi
(z—a)(z—b) a—0b

~

38) Let v, a,b be as in Exercise 37), m,n € N. Compute :

Y

39) Let v(t) = €', 0 <t < 27. Compute :

40) Let v(t) = €', 0 <t < 27 and n € N. Compute:

e —e * d dz
2" = (z—1/2)n"

2l 2l

41) Let v(t) = 1+ e, 0 <t < 27, n € No. Compute:

JECT

Y
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42) Let v(t) = —1 + ¢, 0 <t < 27. Compute:

/ dz
(z+1)(z—1)%

Y

43) Let y(t) = 2¢’, 0 <t < 2x. Compute:

=
z+1

~

44) Let y(t) = %e”, 0 <t < 27w. Compute:

elfz
/ﬁd

v

22 +1 d
————dz
2(22+4) 7

~

45) Compute:

where (t) = ret’, 0 <t < 2m, first for 0 < r < 2 and then for 2 < r < co.

46) Prove:
2m
/cos(cos 6) cosh(sin ) df = 2.
0

Hint: use the mean value property for the function f(z) = cos z.

47)(a) Let U C C be an open and L a straight line, suppose that f : U — C is
continuous and holomorphic on U \ L. Show that f is holomorphic on the whole of
U. (Use Morera’s Theorem!)
(b) Let G be a domain in C, which is symmetric with respect to the real axis, i.e. if
z € G then z € G). Let

[ {z€eG:32>0} —C
be continuous, suppose that f is holomorphic on {z € G : $z > 0} and has real
values on {z € G : Sz = 0}. Show that

- flz), fir3z>0
f& =95 .
fZ), fir3z<0
is a holomorphic function on G. (Schwarz’s reflection principle)
48) Examine which functions can be holomorphically extended into the point 0 :

z 9 . 1
zcotz, ——, 2°sin-—.
e —1 z
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49) If f is holomorphic in {z : |2| > R} and f(%) has an isolated singularity at 0, it
is said that f has an isolated singularity at oo.
Determine the type of isolated singularities (possibly also at co) of the following

functions:
1 25 e 1—e€
z2—23" (1—2)27 14227 1+e*’

2 1 1 1\
exp ( ) , (e =1)"lexp ——], exp(tan=), sin{cos= .
1—-=2 1-=2 z z

50) Let a € C, R > 0 and f € H(Dz(a)) and suppose that a is an essential
singularity of f. Let g be a non-constant entire function.

(i) Show that the closure of g(C) equals to C.

(ii) Prove that a is an essential singularity of g o f.

51) Let a € C, R > 0 and f € H(D%(a)) such that Rf(z) > 0 for each z € D;(a).
(i) Show that a is not an essential singularity of f.
(ii) Prove that f can in fact be extended to a holomorphic function on Dg(a).

52) Expand the following functions as power series around zp :

2241 1

z — e =0: ]
ORI R e 0T oy T
and determine the radius of convergence.
53) As Exercise 52) for:
1
h 27 = O; b 0 = 0
(cosh 2)*, zg o #£0, 29 =

/ e’ d¢, zo =0; Sugcdg, zo = 0.

[0,2] [0,2]

54) Let f(2) = z/(e* — 1). Expand f as a power series around zy = 0, and set
o0
)=
k!
k=0
Determine the radius of convergence and show that

n+1 n+1
0=ao+ ap+ -+ G,
1 n

Use the fact that f(z) + %z is an even function, in order to show that ay = 0, for k&
odd and k > 1.

55) Let a,,n € Ng be as in Exercise 54). The numbers Ba, = (—1)" ltag,,n > 1,
are called the Bernoulli numbers. Compute Bs, By, ..., Big.
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56) Let f(2) =Y., anz™ be a function in #(D1(0)) such that
[f()I(A—=1]2]) <1, z € Di(0).

Prove that for n € N :

lan| < <1+i)n(n+1) <e(n+1).

57) Let f be an entire function such that
()] < A+ Bz,
for z € C, where A, B, k are positive constants. Show that f is a polynomial .

58) An entire function is called transcendental, if it has an essential singularity at
oo. Let f be a transcendental entire function and let M(r) = max{|f(2)| : |z| = r}.
Show that:
. log M(r)
lim —————F =
r—00 10g7"
59) Let a € C, R > 0 and f € H(D%(a)). Suppose that a is a pole of f. Let g be a

transcendental entire function. Show that a is an essential singularity of g o f.

60) Let f € H(Dg(0)) be non-constant. Show that the function r — M(r) =
SUP|,|=y | f(2)] is strictly increasing for 7 € (0, R).

61) Let f be an entire function, « a zero of f and z € C. Show that:
|f(2)] < 2|z = afsup{|f(w)] : |z —w| =1},
for all z € C.

62) Let f be a holomorphic on Dy, ,,(0) = {z : 71 < |z| < 2}, suppose that f is con-
tinuous on Dy, r, (0), let My, = sup,|—,, [f(2)],k = 1,2, and M (r) = sup|,|—, | f(2)]-
Show that

< logrg — logr logr — logry

log M(r) 1 log Ms.

~ logre —logry logrg — logry

(Hadamard’s Three Circle Theorem )

We say that log M(r) is a convex function of logr.

Hint: consider the function [f(z)]Pz~4, where p, ¢ are integers, and use the maximum
principle.

63) Which of the following domains are simply connected?

C\{0};C\ [0,1;C\ {z: = < 0}.

64) Which of the following domains are simply connected?
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1) C\ {(z,y) s 2 =0, ]yl < 1} \{(z,y) : 2 > 0,y =sin 3 };
(2) the complement of an Archimedean spiral around 0 :

C*\{z:2 =€) t e R},
B)G={(z,y):0<x< 170<y<1}\Ufl°:1{(:r7y):x:%,0<y§ %},
4) {z: ]zl < 1P\ {2 :n=2,3,...}\ {0}

65) Find a suitable domain G, and a path in G, which is null-homologous, but not
null-homotopic in G.

66) Determine the Laurent expansion of the function

B (22 -1)
&= 39619
1) {z:2<|2| <3}
(2) {#z:|#] > 3}.

67) Determine the Laurent expansion of the function

1
10 = gy 0 <lal <Ih
(1) {z: la] <z < [bl};
(2) {z: |z] > b}.

68) Determine the Laurent expansion of the function

B 1/2
f(z) = [(2_1)(2_2)} ,Sf(3/2) >0

im Kreisring {z : 1 < |z| < 2}.

69) Compute the residues of the following functions at the given points:

P 92 3 6271 eiﬂz
———————— in -, —— in 0 ; in2;
(2-32)(42+3) 3 47 er—1 16 — 24

sinz . 7 cos?z . . z+1 .
——— in-; ——= in27; ztanzin - ; —5——5 in 2¢ .
1—2cosz 37 (2m—2)3 27 (22+4)2

70) Let G be a domain in C, which is symmetric with respect to the real axis. Let
/€ M(G) and suppose that f is real-valued on the real axis. Show that:

Res(f;z) = Res(f;2),2z € G.
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71) Compare the residue of the function f at a simple pole z = a # 0 with the

residue of the function zf(22) at the point z = a'/2.

72) Suppose that the function f has an isolated residue at oo. The residue of f at
oo is defined by

2miRes(f;00) = [ f(2)dz,
/

where  is a negatively oriented circle containing all other singularities f, this means
that oo lies on the left side of ~.

Prove: if f is holomorphic on C except for isolated singularities, then the sum of all
residues of f is zero.

73) Suppose that the function f has an isolated singularity at oco.
Let g(z) = —272f(1/z). Show that: Res(f; 00) = Res(g;0).

74) Compute the residues at oo of the following functions:

2243 _22-3

f(Z)IZ"WEZ;g(Z)Im; z )

75) How many zeros has the function f(z) = 28 =425+ 22 —1in D = {2 : |2| < 1}?

76) How many zeros has the function g(z) = 2iz? + sin z in the rectangular R =
{(z,y) 2| < 7/2, |yl < 137

77) Prove the following theorem (Hurwitz’ Theorem): Let G be a domain in C and
(fn)n a sequence of holomorphic functions on G without zeros in G, which converges
uniformly on all compact subsets of G to f € H(G). Then f =0 or f has no zeros
in G. 8 Hint: use Rouché’s Theorem .

What are the properties of the sequence f,,(z) = e*/n with respect to this theorem?

78) Let G be a domain in C and let f € H(G) be the limit of a sequence f,, €
H(G), uniformly on all compact subsets of G. Show that the zeors of f are limits of
sequences of zeros of the functions fy,.

Find an example of a limit point of zeros of the functions f,, at the boundary of G
which is not necessarily a zeor of f.

79) Let R(x,y) be a rational function of two variables such that
R(cost,sint)

is defined for all ¢ € R. Show that:

2m
. Lo (L 1) (o 1YY,
O/R(cost,smt)dtQ |§<:1Res (CR(Q (C-I-C),Q ( C)),Z)

8 Hurwitz, Adolf (1859-1919)
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Compute the following definite integrals using the formula from above:

T w/2
dt dt
— ,a>1 PR,
a+ cost 1+ sin“t
0 0
2m 2

1—2acost+ a2 1—2acost + a2
0 0

) 2
t 2t
/—Sm dt,aeR;/—Cos dt, -1<a<l.

80) Let R(z) be a rational function having no poles on R and suppose that the
degree of the denominator is larger than the degree of the numerator.Then

+o0
/ R(z)e®® dx = 2mi Z Res(R(C)e™; ).
oo Iz2>0

Hint: choose positive r1,72, s so large that all poles of R in the upper halfspace lie
in the rectangular [ro,re + is, —r1 + s, —r1,r2] and use the Residue Theorem for
integration along the boundary of this rectangular. Finally take the limits r1,ro —
0.

Compute the following definite integrals using the formula from above:

o] (e ]

cos T cos azx
/7a2+x2 / 21 02)° x, a,b>0.
0 0

81) Compute

82) Let « be a complex number, |a| # 1. Compute

2

do
1—2acos + a2’

0
by integration of (z — a)~!(z — 1/a)~" along the unit circle.

83) Let G be a domain in C and f € H(G), let z1,22,--- € G, set wp(z) =1 and

(z — zj).

Il
<.
Il B
_

Let v be a closed path in G without double points and such that the points z1, ..., 2,
belong to the interior of ~.
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Prove that:
1 f(€) wn(C) —wn(2)

27t | wn(C) (—=z

~

Ln_1(2) = g, z¢~"

is a polynomial of degree n — 1 with the property
Ln-1(z) = f(z), j=1,...,n.

Use the Residue Theorem to show that

(Lagrange interpolation).
Put R, (z) = f(z) — Ln—1(2) and show that

_ 1 [ f(Q) walz)
Rnl2) = QWi/C—zwn(O
¥

dc.

Finally prove that

n—1
Ln-1(z) = Z ! / 1©) d¢| wj(z) , z€ G
0

| 2mi ) wia(0)

(Newton interpolation )°.

9 Newton, Isaac (1643-1727)
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kompact, 6
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slit plane, 34
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stereographic projection, 4
Stokes’ theorem, 70
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Taylor series expansion, 51
Theorem of Cauchy—Goursat, 45
transcendental entire function, 102

uniform convergence, 16
WeierstraB8' theorem, 62
winding number, 41
Wirtinger calculus, 13

Wirtinger—derivatives, 11

zero set, 52
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