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Abstract. We present an implementation of an interior point algorithm for solving a
special QCQP that can be used for determining the search direction in bundle methods for
nonlinearly constrained nonsmooth optimization.
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1 Introduction

Let W,G € R™" be positive definite and |Ji| = m. We want to derive the interior point

Sym

framework for the convex QCQP (cf. FENDL [I])
minw + ~d"Wyd
d,v v 2 p

st. —oj + dng <w for j € Jg (1)
F—Aj+d g +1d"Gd <0 forje Jy .

Proposition 1.1 (Optimality conditions of the reduced QCQP). (d,v) € R™™! solves the
reduced QCQP if and only if there exists (A, ) € R;’g with

<W+ (> uj)(?>d+ > Ngi+ Y 1igi = on

J€Jk Jj€Jk J€Jk
2 Ai=1
JjeJk
—a;j+d g —v <0 for j (2)
y g;i —v < 0for j € Jy

F—Aj+d"g;+1d"Gd <0 for j € Ji
N(—aj+dlg;—v)=0for j € Jp
pj(F — Aj +d"g; + 3d"Gd) = 0 for j € Jj, .

Proof. Clear due to the convexity of the reduced QCQP . O



2 Interior point method

2.1 Basics
Notation 2.1. We define for ( € R, z € R™, and Z € R™*"
Z11+< Z17L+C
Z+C::( : : ), Z+z:=(Za+z....,2m+2) .
Zm1+¢ oo Zmnt+(

We write for A, u, s, t € R™

A :=diag(\) , M :=diag(n), S:=diag(s), T :=diag(t) . (3)
and we define . .
AMs+u't

=— 4

c 5 (4)

2.2 Line search

We define a special neighbourhood for our iterates (cf. WRIGHT [3, p. 166, Equation (8.20)]).

Definition 2.2 (Neighbourhood). Let v € (0,1) and § > 0. We define

Nooo(, B,¢) = {(d, 0,0, 5,8) € RMEIF™ (W 6e(M)G)d + g\ + gu| < Be
|—14tr(A)] < Bc,
|—a+g"d—vly + |, < fe,
|~A+§Td+ (F + id"Gd)l,, +t| < Be,
Ajsj > e,
pity 2 e,
(A\s) >0,

(1, 1) >o} .

We want to perform a line search which determines » € {1,x,x?, ...} C (0,1], where
€ (0,1) is fixed, such that

(d,v, )\7 L, S,t) + r(dnew?vnew7 )\new7ﬂnew7 Snew,tneW) e N—oo('%ﬁy C) (6)
new\7T' new new\7T' new
A+ A (s +rs )2;|—n(u + W) (t 4+ rthev) < (1-001r)c . 7)

Finally, we make the update
(d7 U? A? /’[/7 87 t) = (d7 v? A? M? 87 t) + T(dnew7 ’Unew’ Anew? /’Lnew7 Snew7 tnew) )

and iterate this procedure.

Remark 2.3 (Centrality reduction). The left side of the centrality reduction condition ([7))
is obtained by is obtained by replacing A, u, s, and t in the definition of ¢ from with
A4+TA"Y u+rut®V s+ rs"™WV, and t + rt"ev.



Proposition 2.4 (Line search scaling). For r € R>( the neighbourhood condition (@ is
equivalent to

‘ ((W +tr(M)G)d + (g\ + g}u)) + r((W +tr(M)G)d™™ + tr(M ) Gd + (gA" + fmnew))

(MG < Be
(8)
(=14 te(A)) +7- tr(A™V)] < e
9)
‘(—Oé—l-gTd—'Ulm —|—S) +r(gTdnew _,Unewlm _i_sneW)‘oo < /BC
(10)
(= A+g"d+ (F + 3d"Gd) Ly + 1) +r((g + Gd)Td™ + ") + (3™ Gd™V)1,,| < fe
(11)
and
( )(Anewsj + AjsneW) o QAneW ?ew < )\'Sj — e (12)
(_ )( newt +M]tneW) r Mnewtnew < th ,_yc (13)
and
(—=r) (A", 8"V < (A, 8) (14)
(=r) (", ") < (p,t) - (15)

For r € Ryg the centrality reduction condition @ 1s equivalent to

)\newTS + /\Tsnew + Mneth + MTtnew> N T)\HGWTSHGW 4 ,unethnew
2m '

0> <0.0lc+ (16)

2m

Proof. Inserting d 4+ rd™", A+7rA\"V and p+ru”" into the error estimation of the gradient
of the Lagrangian from yields

Be > [(W 4 tr(M 4 rM ™)G) (d + rd™*™) + g(A+ rA™™) + §(u + ru™™)|
= | (W 0QOG) +r -G ) (d+rd™) 4 (gA +gu) + r(aX™™" + gu"™")|
= |(W + te(M)G) (d + rd™™) + 7 - tr(M**¥)G(d + 7d"*™) + (gA + Gu) + r(gA™™ + gu"™)|
= |(W + tr(M)G)d + r(W + tr(M)G)d"™ + r - tr(M™)Gd + rtr(M™Y)Gd"™
+ (A + Gu) + (gAY + guv)|
- ) ((W +tr(M)G)d + (g\ + gu)) + r((W +tr(M)G)d™ + tr(MP)Gd + (gA™Y + guneW))

+ r2tr(MneW)édnew

oo

Inserting A 4+ A"V into the feasibility estimation of the convex combination constraint from
(5)) yields

Be > ’—1 +tI’(A—|—7’AneW)‘ = ‘( -1 _|_tr(A)) s _tr(AneW)‘ .

Inserting d + rd"%, v + rv™®V, and s 4 rs"°V into the feasibility estimations of the linear
inequality constraints from yields

Be > |—a+ g7 (d+rd™™) — (v + ") 1, + (s 4+ rs™")|
=|(—a+gTd—vly +s) +r(g"d™ — 0"V, + sV, .



Since we have

(dTGd + rd™™" Gd + rd" Gd™™ + 2™ Gd™v)
(dTGd g dnewTéd)T + 7ndTdonew + 7,,anewTC::rdnew)
(dTGd + 7,‘ch;ernew + ’f'dTGdnew 7,‘anewT Gdnew)

%(d+TdneW)Té(d+rdneW) o

w\»—t NI N

3

o
||<_?:

SER

E(dTGd + rdTGdnew + ,rdTGdnew + T2dnewTédneW)
= L(d"Gd + 2rdT GA™Y + 12" Gd™eV)
= 3d"Gd + r(d"G)d™ + LrPde Gdvev (17)

inserting d + rd™% and t + rt"V into the feasibility estimations of the quadratic inequality
constraints from yields

Be > |—A+ g7 (d+rd ™) + (F + (d + rd™)TG(d + rd™™)) L + (t +7t"%)|
= |(=A+gTd+t) + r(gTd™ + ") + (F + L(d +rd™) T G(d + rd"™)) 1|
(A +gTd+ 1) +r(g"d™™ +1°) + (F + 3d"Gd + r(d" G)d™ + Lr2d™™ Gd™™)1,,|

_ }(—A—i—gTd—i-(F‘f‘ldTéd)l +t) +7,(gTdnew+(dTé)dneW1m+tnew) +r2(%dneWTGdnew)lm‘oo

= (= A+ §"d+ (F + 3d7Gd) 1 +t) +7((§7 + dT G +1%°%) + 72 (L™ Gd™™)1,,

‘ oo

GeRLY

(= A+ §Td+ (F+ 3d7Cd) 1y + 1) + (T + dTGT)d 4 42 4 2 (S G,
2 2 oo

= (= A+ §Td+ (F + 3d"Gd) 1, + 1) + r((§ + Gd)Td™ + ¢"%) + 12 (L™ Gd™™)1,,

N

AHGW ew

Inserting A + r and s + rs"V into the estimations for the complementarity conditions

from yields
e < (Aj +7AT) (85 + 1rsiY)
= Ajsj + 1AV 85+ 18V + rzknews?ew
=\ 8 + ,r_()\newsJ + )\] SneW) + ,r_2)\new8new

J
)\news )\ Snew _TZAI}GWSI}GW < \iS; — e
J J ¥i 7 J°)

and

ye < (g + ) (b + i)

new new_ new
t: t;

= pjty + rpity + gt + r? %
= thA + T(,u,?ewt + thneW) 4 TZM?ewtnew
</:> (_ )( eWt +thneW) r Mnewtnew < th _ ,yc

Inserting A + rA™Y and s + rs™" into the positivity conditions from yields
< (A rAY s+ rs"V) = (A s) + (A", s"Y) = (—r)( A"V, V) < (A 8)
and

0< (M—Frunew,t—i-rtneW) _ (M7t> +T(Mnew7tneW) — (_T)(Mnew7tneW) < (M’t) )



Finally, we obtain for the centrality reduction condition ([7))

¢—0.0lrc = (1 —0.01r)c
@ ()\_i_r)\new)T(S_’_rsnew) + (,u,—i-T'/,Lnew)T(t—i-?"tnew)

2m
()\TS 4 ’I”)\neWTS 4 T)\Tsnew 4 T?)\newT Snew) + (MTS 4 runeth 4 T,LLTtneW 4 T2MneWTtnew)

2m
()\TS + MT‘S) + T(}\newTS + )\Tsnew + MneWTt + MTtneW) + ,r.Q()\neWTSneW + 'unethnew)
2m

- T‘()\newTS + T gnew + Mneth + MTtnew) + TQ()\newTsnew + Mnethnew)
2m ’

which is—after substracting ¢ on both sides—equivalent to

T()\newTS 4 )\Tsnew 4 NHQWTt 4 MTtnew) 4 TQ(AnewTSnew + MneWTtnew)

—0.01rc >
rc> o

and therefore dividing by r € (0, 1] yields

()\neWTS + )\Tsnew + Mneth + MTtnew) + ,r()\neWTSneW 4 MnethneW)
2m
AnewTS 4 )\Tsnew + Mneth + MTtnew )\newTsneW + ,unethnew

2m T 2m

—0.01c >

which is equivalent to

AnewTS 4 ATSnew + MneWTt + MTtnew> N )\newTSnew 4 Nnethnew
r .

0> (0.01c + = o O
Proposition 2.5 (Starting point). If we set
di=o0np, v:i=0, Ai=1yp, p=1,, s:=1,, t:=1, (18)
and if we choose v € (0,1) and
B = max (|(g + 9)lmlw: =1+ ml [—a + 1|, |- A+ (14 F)1pn]) (19)
with 8 > 0, then
(d,v, N\, 8,t) € Neoo (7, B, ¢) -
Proof. We calculate
C)\Ts~|—,uTtlﬁlm+1%1m:m+m:1. (20)

2m 2m 2m

Now we verify the conditions in the definition of N_ (v, 8, ¢) from : We obtain

. ) 13 ) 20
|(W—|—tr(M)G)d+g)\+gu N gl + glml, < B Be
and "
8 9 o
14+ 00 2D c14m) < 8% e
and .
(T8 19 @0
|—a+gTal—vlm+5\0o 8 |—a+ 1y, < B 20) Be



and

5

) . &
A+ G d+ (F+5d"Gd) L+t = [=A+ Fly + 1nl. < B

Be .
Furthermore, we have
~v€(0,1) v€(0,1)
)\jsjl > 770, ,ujtjl i 770
Finally, we show the positivity condition
A (1) >0, () E (1,1,) >0 O

2.3 Search direction

Proposition 2.6 (Variant of the optimality conditions). (d,v) € R™"! solves the reduced
QCP if and only if there exists (\, i, s,t) € R*™ such that

(W+ (> M)é)d+ > Xigj + 1G5 = on

JEJ) j€Jk
> =1
JE€EJk

—aj—l—dng—v—}—sj:OforjEJk
F—Aj+d g +1d"Gd+t; =0 for j € J;
/\ijZOforjEJk

(21)

pit; =0 for j € Jp
<)‘7 3) > 09m
(M?t) > O9m, -

Proof. Since (d,v) € R"! solves the reduced QCQP (1) if and only if (2) holds, we obtain
—aj+dng—v§O — —ozj+dng—v+sj:0 AN s;2>0
F—Aj+d"g+4d"Gd<0 <= F—-Aj+d g+ 3d"Gd+t;=0 A t;>0,

adding A;s; resp. pjt; on both sides of the complementarity conditions makes them equivalent
to

)\j(*aj + dng — U) + )\ij = )\ij <— )\ij =0
pi(F — Aj+d" g + 3d"Gd) + pjty = pjty <= pt; =0,

which yields the desired result. O

Proposition 2.7 (Trace). Let D € R;E™. Then

17 D1,, = tr(D) . (22)

Proof. We calculate
D11 m
1,TnD1m:1f;CL( : ) => Dj;=tx(D). O
j=1

An interior point method applies Newton’s method to an appropriately relaxed version of
to obtain the linear system, whose solution is used as the search direction (cf. WRIGHT
[3, p. 165, Equation (8.18) & (8.19), and p. 210, Three Forms of the Step Equation]).

Dmm



Proposition 2.8 (Search direction). If we apply Newton’s method to the following relaxed

version of
(W + ( Z /Lj)é)d-i- Z Ajgj + p1jg; = on

jeJk jE€Jg
2 Ai=1
JE€EJk

—aj+dlg—v+s;=0 forjeJy
F—A;j+d g+ 1d"Gd+t; =0 for j € Jj,
Ajsj = ocfor j € Jp

p;t; = ocfor j € Ji ,

(23)

then we obtain a linear system that can be expressed in one of the following sixz forms, where
0 € [Omins Omax] With 0 < omin < Omax < 1 and we use the abbreviation

.__ [ jew
x = (d"V,v , Vs

1. The general form of the linear system reads

Bx=b,
where
W+tr(M)G Oon g g+éd Onxm Onxm
oF 0 -1r ok ok oL
B = gj: _1m Omxm Omxm I’m Omxm
(§+Gd)T Om Omxm Omxm Omxm Im
Omxn Om S Ome A OmX'm
Omxn Om Omxm T Omxm M
(W +tr(M)G)d + gA + gp
1—tr(A)
6 — —a+gTd—vlm +s e Rn+1+4m )

—A+gTd+ (F+ 1dTGd)Lm +1t
(AS —oclm)1m
(MT — oclm)1lm

2. The symmetric form of the linear system reads

Bx=b,
where

W+tr(M)G' On g §+Gd Onxm Onxm

ol 0 -1 ol ol oL
B = 91: _lm O7n><7n O'm><7n Im O'mX’m

(_[] + Gd)T Om, Omxm Omxm Omxm Im
Omxn Om Im Omxm STIA Omxm
Omxn Om Omxm I, Omxm T-'M

(W +tr(M)G)d + gA + gp
1—tr(A)
l; — _ —oc—i—gTd—vlm:l—s c Rn+1+4m
) —A+§Td+ (F+ 3dVGd)Lm, +1t ’
(A —0eS ™ N1y,

(M - ocT~ Y1,

3. The compact form of the linear system reads

(bl

9

Bﬂﬁl:(n+1+2m)

new’ )\new new neW’ tnevv) c Rn+1+4m .

e R(n+1+4m) X (n+14+4m)

c Ré;$1+4m) X (n+1+4m)

(24)

)

)



where

W4 tr(M)G  on g g+ Gd
D . of 0 -7 ol (n+142m) X (n+1+2m)
B T gT _1m _A_ls O7n><m 6 Rsym ’
(Q + éd)T Om, Ome _MilT
(W +tr(M)G)d + g\ + gu
T 1—tr(A) n+1+2m
b= —a+gTd —vlym +ocA™ 1, eR ’
—A+§Td+ (F+ 3dTGd)lym + ocM 1y
and s"V and t"°% can be computed by

SV = —ATISNY — (S —geAT 1,
Y = —M TP — (T — oeM ™Y1, .

. The practical form of the linear system reads
Bxl:(n—i—l) =b )

where

S (W4 te(M)G) 4+ gAS™ 1T + (g + Gd)MT (G + Gd)T —gAS~1,, (n+1)x (n+1)
B:= (( : —(gAS™ 1 1m)T tr(AS™H) ) € Roym

biip = — ((W +tr(M)G)d + gh + gu>
— (gASTH (—a+g"d = vlp) + 0cgS )
_ <(§ + Gd)MT—l( — A+ gTd+ (F+ %dTGd)lm) +oelg+ Gd)T‘11m> cR"
bus1 = —(1 = tr(A)) + 1PAS ™ (—a+g"d) —v-tr(AS™H) +oc-tr(STH) eR,

)\new new

and and can be computed by

qnew

X = ASTHg", ) (o) + AS T (o + g7 d — vl) + oS I,

P = MT g+ Gd)T'd™™ + MT ' (— A+ §"d+ (F + 3d'Gd)1,,) + ocT 'L, ,
(26)

and s"V and t"V can be computed according to .
. The best form of the linear system reads

By, =10,
where

B =W +tr(M)G + gAS™ ¢" + (g + GA)MT (5 + Ga)T - (gAsilifZ/)\(géf)fllm)T € Ry

b= — ((W +te(M)G)d + gh + gﬂ)
— (gAS™H(—a + grd—vly,) + ocgS 1)
— ((@+GOMT (= A+ gTd+ (F + 3d"Gd)L,,) + oc(§ + GA)T 1,

4 gAS1,, (—(1—tr(A))+1anS_1(—g?x];jiz)—vmr(AS_l)+ac~tr(S‘1)) eR"

and v"V can be computed by
new _ (gAS™11,,)Tdeev —(1—tr(A)+1L AS— (—a+gTd)—v-tr(AS~1)+octr(S™1)
v = TTRAS D tr(AS 1) ’
and A"V and p™% can be computed according to (@, and s"V and t"*V can be computed

according to .



6. The best positive definite form of the linear system reads: Set
z1 0= —(1—tr(A)) + 1LAS H—a+g'd) —v-tr(AS™") +oc-tr(STH) e R (27)
and
— —(gAS 1) T (W + tx(M)G + gAS " g" + (5 + Gd)MT (5 + Ga)") -
- ( _ ((W +te(M)G)d + g + gu)
— (gAS™ (—a+ g"d — vly) + 0cgS1,y,)
- ((g +GAMT (= A+ g"d+ (F + 3d"Gd)1,,) + oc(§ + Gd)T—11m)) eR
(28)
and

Z3 =

tr(AS™Y) — (gAS ™ 1) T (W + tr(M)G + gAS ' g" + (5 + GAMT (5 + Gd)T) ' (9AS'1,,) € R

(29)
and compute
"V = 7’21;;2 eR. (30)
Solve the symmetric positive definite linear system
B$1;n =b s (31)

where

B =W +tr(M)G + gAS L g + (§ + GA)MT (5 + Gd)T € RV positive definite

Sy
(32)
((W+tr )d+g)\+gu)
— (gAS™ (—a+ g"d — vln) + 0cgS'1,y)
— (@+COMT (= A+ §Td+ (F + 5d"Cd)Ln) + oc(g + Gd)T 1, )
+ gAS™11,, 0"V e R | (33)

and compute A"V and pu"*V according to (@, and compute sV and t"V according to

)

Proof. We start by calculating the necessary linearizations: Linearizing the first equation of

yields
. Jow
on = (W+ (D m)G)d+ 3 Ny + i35 + Viars ((W (Y m)G)d+ Y A, +u]gj> (Anew)

ew
JjEJk je€Jg JjEJk jE€Jg

R n n dnew
= (W +() Mj)G)dJr > Njgi + widgy + (W+ (> 1y)Grg.9+ Gd) (AZZX)
jE jEJIn jEI H
@6 . . fanew
E (W +tr(M)G)d + g\ + gu+ (W + tr(M)G, g, § + Gd) (A“CW) ,

new
w



which is equivalent to

— <(W +tr(M)G)d + g\ + gu) = (W + tr(M)G, g,§ + Gd) (H) . (34)

new
0

Linearizing the second equation of yields

1=+ Va( 30 Ay )ame

JEJL JjE€Jk
T
= E )\j+1m)\new
J€Jx

= tr(A) + 10
= (1) TA"Y = —1 4 tr(A)
=—(1-1tr(A)) . (35)

Linearizing the third equation of yields

dnew
0=—aj+d"gj — v+ 55+ Vigus(—a; +d' g —v+s)) (v“ew)
snew
J
dnew
=—aj+d'gi—v+s;+ (ng, —-1,1) (v“e‘”) for all j € Jj
sI_]CW
J

ghew

T T dneW
<~ opm=—a+g d—uvl,+s+ (g ,—1m,Im)<vn6W) ,

which is equivalent to

dl’leW
~(—atgTd—vly+s) = (gT,—lm,Im(vZZii) (36)
S
= (9" L) (foes ) + 8™ (37)

Linearizing the fourth equation of yields
0= F = Ay +d"g; + §d" Gd 4 t; 4+ Va)(F = A; +d"g; + " G+ 1)) ()
= F— A+ d"g;+ §d" Gd+ t; + (3] +d"G 1) ()
— F— A+ dTg;+ 1dTGd + t; + ((9; + Gd)T, 1) (‘jj;”) for all j € J,
= op=Fly —A+§Td+3d"Gdly, +t+ (g +Gd)T, I,) (‘jfﬁ)
— At §Td+ (P4 3d"Ga) L + ¢+ (G + G L) () |
which is equivalent to
(= A+§"d+ (F 4+ 1d"Gd) 1y +1) = (G + Gd)T, I,) (‘Z.Z‘SX) (38)
= (G + G e e (39)

10



Linearizing the fifth equation of yields

)\r.lew
oc = )\]3] + V(A]75])(A‘73‘])(S%CW)
J
anew .
=\jsj+ (sj,/\j)(sg_mw) for all j € Ji
J
— (3]7)\])(;\3?::) = —Aij +oc for all] S Jk
J
< diag(s)A"" + diag(A)s"*" = —diag(A)diag(s)1y + ocly,

SATEY L ASY = _AST 4 gel,,

= —(AS —ocly)lpy, (40)
i LA™Y + STIAS™Y = —(A — 0eS™ )1,y . (41)

Linearizing the sixth equation of yields

new

oc = p;t; + V(uj,tj)(ﬂjtj) (’;}{ew)
= pjt; + (t5, 1) (ﬁfj: )
— (tj,uj)(’g::) = —p;t; +oc forall j € Jj
< diag(t)pu"" + diag(p)t"*" = —diag(p)diag(t)1,, + ocly,

Tu"™ + Mt"Y = —MT1,, + ocl,,
= (MT — ocl)lp (42)

71.
S 1™ 4 T MY = —(M = 0eT 1, . (43)
Now we can show the desired results:

1. Combining , , and with and yields the general form of the

linear system.

2. Combining , , and with and yields the symmetric form of

the linear system.

3. We derive the compact form of the linear system in the following way: Expressing s"*V
in terms of A"V yields

SATEW 1 A ghew —(AS — O'CIm>1m
AL -1 new new -1
= ANV gV — (S — geA )1,
e Y — AT (5~ geA D1, (44)

and therefore inserting into yields

dIleW

137D
_(_a + gTd - vlm + S) (gT7 _1m)(vnew> + Snew

2 7 —m)(jfﬁii) — ATLEAY — (S — geA 1,

= (g7, =1, —A7LS) (w) — (S —ocA™ M1, ,

)\new

11



which is equivalent to

dneW
(9", —1m, —A7'S) (KKQ = —(—a+g"d—vly, +s)+ (S —ocA 1,

—(—a+g"d—vly+s—(S—ocA™M)1,)

&)

~(—a+g"d—vly+ocA ) . (45)

Furthermore, expressing ¢V in terms of p™V yields

T + M"Y —(MT —oclyn)lm
—1.
Moo MY 42 — (T — geM )1,
thew —M_IT/,LneW

and therefore inserting into yields

~(—A+§"d+ (F+ 3d"Gd)1n +t) = (§+ Gd)Td™™ + v

B G4 GaTae - MTTE (T — oMY,

= ((§+Ga)",—M~'T) (M‘;ZZ) — (T — oeM M1, ,

— (T — oeM ™Y1, (46)

which is equivalent to

(g + Gd)T, —M~'T) (uziii) = —(—A+§Td+ (F+ Ld"Gd) 1, + 1) + (T — oeM 1)1,

~(—A+§"d+ (F+ 3d"Gd)lm +t — (T — ocM ™ 1)1,,)

3

~(—A+§Td+ (F + 3d"Gd)ly + ocM 1) . (47)

We derive the practical form of the linear system in the following way: Since

new
v

new

dnew
—(—a—#—gTd—vlm—i-UcA*llm) (gT,—lm,—AlS)( )
= (9", = 1) (G ) = ATISX™
we can express A"V by

ATLgAReY = (gT, —1m) (gzz‘;) —a+ gTd — vl +ocA™ M,
AS—1

N S Yot ((gT, —1m) (g:z::) —a+gfd—vl, + O'CA_l]_m)

= AS~Y(47, —1m)(j§ZZ) +AS Y —a+gTd—vly) +0eS 1, . (48)

Since

new

(= A+ g"d+ (F+ 5d"Cd) L +0eM 1) = ((§+ G —M'T) ()

_ (g+ éd)TdneW - M_lT/,LneW 7
we can express gV by

M7Tp™ = (g + Gd)Td™™ — A+ gTd + (F + 1d"Gd)l,, + ocM 1,
MIT e = T (g + Gd)Td™™ — A+ gTd + (F + 1dTGd) 1, + ceM~'1,,)

=MT g+ Gd)Td" + MT'(— A+ §Td+ (F + 3d"Gd)1,,) + ocT
(49)
12



Now, inserting and into yields

— ((W +tr(M)G)d + g\ + gu) &

“ “ dneW
(W +tr(M)G, g, 9 + Gd) (ww)
#new
— (W—{—tr(M)é)dnew +g>\new + (g + éd)unew

@ @
£ (W tr(M)G)d™

+ g(AS_l( T —1m) (gi::) +ASTH—a+ g'd— vlpy) + UCS_llm)

+ (g + Ga) (MT—l(g +GA)Td™ + MT ' (— A+ §Td+ (F + Ld"Gd)1,,) + acT_11m>
= (W + tr(M)G)d"™

+ (gAS 1T, —gAs—llm)(jEZZ) + gAS Y=o+ gTd — vly) + ocgS~ 1,

+(§+GHMT (G + Gd)Td™™ + (§ + GA)MT (= A+ §Td + (F + 1d"Gd)1,,) + oc(g + Gd)’
— ((W +tr(M)G) + gAS g + (§+ Ga)MT (g + Gad)T, —gAs—llm) (i)

+ gAS Y —a+gTd —vly) + ocgS M,

+(G+GOMT (= A+ g7 d+ (F +Ld"Gd)1y) + oc(§ + Gd)T 1,
which is equivalent to

(W +6(0)EG) +gAS™ 9" + 5+ GMT™ (G + Gd)T, —gAS ™1, ) (42)) =

= —<(W+tr(M)G’)d+g)\+§u> (50)
- (gAS_l(—a +g7d —vl,,) + ach_llm)
- ((g +GAMT (= A+ §Td+ (F + 3d"Gd)1,,) + oc(g + éd)T—11m) .

Furthermore, since

1L AS gT = 1T 57 Ag"

we obtain by inserting into ([35)

_(1 B tI‘(A)) 1' (_1m)T>\new
S 1T (AS (G, 1) (dnew) +AS (—a+g"d—vly) + 0cS )

= (—15A5 1T 1T AS 71, (Z) —1PAS H(—a+ gTd) + v1LAS T,

— UclﬁSfllm
(22) ( . 12"nAsflgT?tr(AS,1)) (vnew) . 12;/&571(—0[ + gTd) +v- tI'(AS*I)

new

—oc-tr(S7Y)
& (— (AT )T (A ) (1) ~ 15AS ™ (ma 4 g7 d) - tr(AS ™)

n
v ew

—oc-tr(S7Y)

13



which is equivalent to

(—(gAS™1,,)7, tr(AS™ ))(dijj) = —(1=tr(A) +1LAS (—atg" d)—v-tr(AS™ ) +octr(S7) |

(52)
. We derive the best form of the linear system in the following way: Since
— (1 =tr(A)) +1LAS H(—a+g"d) —v-tr(AS™!) + oc- tr(S7)
(— (gAS 11T, tr(AS 1) (4)
= —(gAS™T'1,,)Td™™ + tr(AS™ )™ (53)

we can express vV by
tr(AS~1)vmeV = (gAS_llm)TdneW—(1—tr(A))+1£A5’_1(—a+gTd)—U-tr(AS_1)+Uc-tr(S_1)
which is equivalent to

new __ (gAS” T, )Td“ew —(1—tr(A)+1L AS— (—a+gTd)—v-tr(AS~1)+octr(S™1)
v Saeeny — t t(AS-1) : (54)

Now inserting into yields

— ((W +tr(M)G)d + g\ + gu)
— (gAS™ (—a+ g"d — vly) + 0cgS'1,,)

—((@+GMTH(— A+ gTd+ (F + 3d"Gd)1,,) + oc(g + Gd)T ™! 1m) &)

dnew

((W +te(M)G) + gAS T + (5 + GAMT ' (§+ Gd)", —gAS™1 ) ()

(W + tx(M)G) + gAS~ g7 + (5 + G)MT (5 + Gd)” )dﬂew — gAST M0

T L =
= /N

((W +tr(M)G) + gAS g7 + (§+ GAMT (g + (;d)T) dnev

-1 (gAS™ 1,,) T dnew —(1=tr(A)+1T AS~ (—a+gTd)—v-tr(AS~ ) +octr(S™1H)
—gAS 1m( ey — t tr(AS-1)

_ ((W +tr(M)G) + gAS g + (G + GA)MT ' (§ + Gd)T — <9A5’11m><9A5’11m>T)dneW

tr(AS—1)
-1 —(1—tr(A))+1L AS— Y (—a+gTd)—vtr(AS~)+octr(S~1

which is equivalent to

((W +tr(M)G) + gAS T " + (5 + G)MT (5 + Ga)" — <9A5’1§;a<g§§)’”m>T>dnew
—((W +tr(M)G)d + g\ + gu)
— (gAS™H (—a + g"d — vlm) + 0cgS,y)
- ((g +GAMT (- A+ §Td+ (F+ 1d"Gd)l,y,) + oc(g + Gd)T’llm)

+ gAS—llm (—(1—tr(A))+1Z;lAS*1(—a—i—gTd)—v-tr(AS*1)+Uc~tr(S’1)) .

tr(AS—1)

14



6. We derive the best positive definite form of the linear system in the following way: Since

_ ((W +tr(M)G)d + g + gu)
- (gAS_l(—a +grd—vl,,) + ach_llm)
= ((g +GAMT (= A+ §Td+ (F + Ld'Gd)1,,) + oc(g + éd)T—11m) £9

(50)

((W +tr(M)G) + gAS™ g" + (§+ GA)MT (g + Ga)T, —gAS—11m) (;ZZ)
— <(W +tr(M)G) + gAS ™ g" + (§+ Ga)MT (5 + G‘d)T) d"V — gASTH 0"
we can express d"°V by
- ((W +tr(M)G)d + g + gu)
- (gAS_l(—oz +g7d —vly) + 0cgS 1)
- ((g +GAMT ™ (— A+ §Td+ (F+ 1d"Gd)l,,) + oc(g + Gd)T’11m>
+ gAS_llmUnew
= ((W +tr(M)G) + gAS T g" + (§+ Gd)MT (5 + G‘d)T) dev

which is equivalent to

-1

qrev — ((W +tr(M)G) + gAS g7 + (5 + GA)MT (g + Gd)T)

: < - ((W +tr(M)G)d + g\ +gu)
— (gAS_l(foz +gTd —vl,,) + chS_llm)

— (@ +GOMT (= A+ gTd+ (F + 5d7Gd)1yn) + oc( + GA)T 1)

+gAST! 1mvn°W> .
(55)
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Now inserting into yields
— (1 —tr(A)) + 1PAS Y —a+gTd) —v-tr(AS™) + oc - tr(S7h)
tr(AS ™1™ — (gAS1,,) T dme

N ~ ~ —1
— tr(AS~ D)oY — (gAS11,,)T ((W +tr(M)G) + gAS g7 + (§+ Gd)MT (g + Gd)T)

: ( —~ ((W +tr(M)G)d + g + gu)
- (gAS_l(—oz +gld—vl,) + chS_llm)

— (@+COMT (= A+ §Td+ (F + 5d7Cd)Ln) +oc(g + GA)T 1)

+ gAS_llm’UneW>

N ~ N -1
= tr(AS~ )Y — (gAS~1,,)T ((W +tr(M)G) + gAS T + (§+ GAMT (g + Gd)T)

: ( — ((W +tr(M)G)d + g\ + gu)
— (gAS™H—a+ g"d — vly,) + ocgS )
_ ((g +GAMTH(— A+ §Td+ (F + 3d"Gd)l,y,) + oc(g + G’d)T—llm)>
~ (gAS™'1,, T( (W + te(M)G) + gAS ™' g" + (§ + GA)MT (5 + G’d)T> T AS, e
—(gAS™ 1) ((W +tr(M)G) + gAS T gT + (§+ GA)MT (g + Gd)T)_l-
: ( - ((W +tr(M)G)d + g + gu)
— (gAS™ (—a+ g"d — vly) + 0cgS ' ,y)
— ((g +GAMT (= A+ §Td+ (F + 3d"Gd)1,n) + oc(g + Gd)T—11m))

+ (tr(Asl) — (@AST 1) (W + (M) + gAS g7 + (3 + COMT (5 + Ca)") -

-gAS_llm) v
which is equivalent to

new __ z1—zo
z3

due to , , and . O

Proposition 2.9 (Search direction for actual implementation).
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1. We set

o —1
E:=AS "€ Rg};gm

E:=MT ' eRp"
hoo == —a + g'd — vl,, € R™ (term)
ho := hoo + s € R™ (LS)
& :=Gd e R"
hoo := —A+§Td+ (F + %dTéo)lm € R™ (term)
ho := hoo +t € R™ (LS)
wp := —1+tr(A) € R (LS, term)

and
U:=W +tr(M)G € RE
uo :=Ud+ (gA+ gp) € R™ (LS, term)
hYo := E(hoo + ocA™11,,) € R™
1380 = E(ﬁoo +ocM™11,,) e R™
and

€00 := §+ & € R™™ |

and we compute

B =U + gEqg" 4 00 E€l, € RV positive definite,

Sym

and its Cholesky factorization
B=LL"

. nxn
with L € Ris

. We compute
21 =wo+1Lhd € R,

we set

(:=gFl,, € R"

1= —ug — ghdy — 500380 eR"™,
and we compute

—z=(L7'OQN(L ) R
z3=tr(E) — |[L7¢?eR

and we set
Z1 — 29
= eR.
23

new
v

. We compute
b:’I?—FC’UneWERn

and we compute d"®V by solving the symmetric positive definite linear system

(LLT)d™™ = .

17

(69)

(70)



4. We set
hiy = g d™®Y — o™V, € R™ (73)
iLH = ég;)dnew cR™ (74)
and we compute
AP = Ehyy + hd, € R™
Mnew = EAiLH + ilgo e R™ .
5. We compute
SUOW — _prlznew _ (g O'CA_l)lm eR™

eV = 7Y (T — geM ™)1, e R™ .

Then (dPeV, pReW NV [ REW | gheW 4eW) solyes the best positive definite form of the linear sys-
tem.

Proof.

1. We compute

Ud+ (gA + gu)

<
<)
2 @

= (W + tr(M)G)d + g\ + gu
and

! 0+ s

! a+gld—uvl, +s

and

0+t
§rd+ (F+3d"¢)1m +1t

o @i,
@
© grd+ (F + 1d"Gd)1, +t .

A+
A+
We compute

BE W +te(M)G + gAS™ T + (§+ GA)MT(§ + Gd)T

Es.6D
LW te(M)G + gBgT + (§+ Gd)E(g + Gd)T

U+ gEg" + (§+Gd)E(§+ Gd)T
.U+gEg +(§+E&)EG+ &)
@ U+ gEgT” + & EE,

Sym

and since B € R2X" from is positive definite, the Cholesky factorization exists.

18



2. We compute

8]

IS

—(1—tr(A)) + 1LAS Y (—a+gTd) —v-tr(AS™Y) + oc- tr(S71)

21

IS

) wo + 1P AS™H—a + gTd) —v-tr(AS™) + gc - tr(S7h)

IS

) wo + 12 AS™H—a + gTd) —v1L AST11,, + oc- 11 5711,
wo + 1%1\5’_1(—04 +gld —vl,, +oc- A_llm)

5

wo + 1L AS™ (hoo + oc- A1)

1EY

wo + 1%E(h00 +oc- A_llm)

wo + 1%}180
and

—2 = (gAS,)T (W + tr(M)G + gAS ™ g7 + (§+ GA)MT ' (§+ Gd)") -

: < — ((W + tr(M)G)d +gr+ g,u> — (gAS_l(—oz +gTd —vl,,) + ach_llm)
— ((g +GAMT (- A+ §Td+ (F+ 1d"Gd)l,y,) + oc(g + @d)Tllm)>
* (gAS™'1,,) ' B~ ( — Uy — (gAS_l(foz +gtd —vl,,) + o*ch_llm)
- ((g +GAMT (- A+ §Td+ (F+ 1d"Ga)l,y,) + oc(g + éd)Tllm)>
= (gAS™'1,,) T B! < —ug — g(AS_l(—a +g7d —vly) + UCS_llm)
— (§+ Ga) (MT—l( — A+ §Td+ (F + 3d"Gd)l,y,) + acT—llm)>

= (gAS™11,,) ' B! ( —up — g(ASH—a+g'd — vl + ocA ™ ,))

— (§+ Ga) (MT—l( —~A+g§Td+ (F + 3d"Gd)1,, + acM_llm)>>
3. 9. (61)
= (gASfllm)TBfl< —ug — g(ASil(hoo + UCAfllm))
~ (5 + Gd) (MT ™ (hoo + 7eM ' 1,1)) )

(156),(57) R .
L (gE1,)T B! ( —ug — g(E(hoo + 0eA™1,,)) — (§ + Gd) (E(hoo + acM—llm))>

i
= (QElm)TBfl( —up — ghy — (9 + Gd)hgo)
(70)

= (gElm)T(LLT)fl( — U — tho —(9+ Gd)ﬁgo)
= (LilgElm)TLfl( —ug — ghgy — (4 + CATYd)ilgo)
@ . _ . AN
(LOTL (= wo — gy — (5 + C)ily)
,,
=  (Lofety)
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and

23 2 tr(AS_l)
— (gAS"1,)T (W + tr(M)G + gAS ™ g7 + (§+ GAMT ' (§+ Gd)") " (gAS ™ 1,)

¢
=4 tr(E) — (9E1,,)T B Y(gE1,,)

D tr(B) - (9B1,) T (LLT)(gEL,)

tr(E) — (L 'gEL,) (L™ 1gF1,,)
tr(E) — [L™ ' gELy,|?

IS

tr(E) — |IL7¢;
and now we compute v"" according to (30)).

3. We compute

b= ((W + tr(M)G)d + gA + gu> — (gAST (—a+ gTd — vly) + 0cgS T )
- ((@ +GAMT (= A+ §"d+ (F + 3d"Gd)1,,) + oc(g + Gd)T—11m)

+ gAS_llm’UneW

9. G5
1 —ug — g(AS_l(—a + gTd —vly) + oeS™1,, — AS_llmvneW)

— (§+ Gd) (MT—l( —A+gTd+ (F + 3d"Gd)1,,) + acT—11m)
= —uy — g(AS*1 ((—a +g7d— vly,) + acAfllm) — ASillmvnew>

—(§+ Ga)(MT (= A+ gTd+ (F + 3d"Gd) Ly + 0eM ™ 1,) )

-6 &
= —ug — g(ASil(hoo +ocAM,,) - ASfllmvneW)
—(§+ Gd)(MT Y (hoo + ocM 1))
E9).ED
L g — g(E(hoo + 0cA M) — ELy™™) — (5 + Gd) (E(hoo + ocM~'1,,))
9. &

Ly 9(hdy — E1,,0™™) — (§ + Gd)hly
= —ug — gh80 + gE1,, 0" — (g + Gd)hgo
,,

= n+gELu"Y

(71

=]

) 0+ CoreY

and we solve the linear system
31

v D o,
BdneW

(LLT)dneW ]
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4. We compute A"V by
e B ST (g7, —1) () + ASTH (—a+ gTd = vly) + 00
ASTHgT, 1) (o) + AS oo + oS

dqnew

AS_l(g ~1 )( W) + AS ™ (hoo + ocA ™,

(", —1m) (dneZ) + E(hoo + ocA™'1,,)
(9" —1m) (G ) + 1o

= (gTdnew _ 1mUHeW) + h80

73]

Ehi1 + hi

Y
' B

We compute
@@ o7 om
iy © g
©3) /. 2 o
G+ &)
(g+éd)Tdnew
and we compute p"*V by

P = MT g+ Gd)Td™™ + MT (= A+ §Td+ (F + 1d"Gd)1,,) + ocT™'1,,

.60
L MT NG+ Gd)Td™ + MT hoo + ocT ™1,

MT G+ Gd)Td™™ + MT(hoo + oM~ 1,,)

(§+ Gd)Td™™ + E(hoy + ocM'1,,)
( + éd)TdneW + h3

B 1@ g
E tLj> el
l

5. We compute s™V resp. t"°V by

st = ATIOAY (S — geA )1y,
l' _Flynew _ (S — o'cAil)lm

and
gnew & _ gty new _p _ popy1,
D —E74meY — (T — geM ™Y1, . O

Proposition 2.10 (Line search scaling & termination criterion for actual implementation).
We assume that the terms of Proposition [2.9 were computed and we additionally set

wt o= U™ (M) + (G + §u™™) € R (L) (
wy = tr(A™Y) (LS) e R (76
hi := hi1 + "V € R™ (LS) (
hy = hy + "V € R™ (LS) (
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and

U99 ‘= Gd"® ¢ R"
Ug = tr(Mnew)UQQ e R" (LS)
ilQ = (%dneWTUQg)lm cR™ (LS)

and
oo := AS1,, € R™ (term)
©o = poo — YCly, € R™ (LS)
Yoo := MT1,, € R™ (term)
@0 = @00 — ’}/Clm e R™ (LS)
1 := (A"VS 4+ AS™™)1,, € R™ (LS)
&1 = (M T + MT"")1,, € R™ (LS)
X1 := 1%901 eR
)21 = 13;951 e R
P9 1= A"V STV, € R™ (LS)
Gy = MPVTOV] e R™ (LS)
X2 =112 €R
X2:=15,@2 €R
and
oo = xtx € R (c-update)
2m
Yo == 0.01c + oo € R (LS)
o= 2T X2 R (L) |

1. For r € R>q the the neighbourhood condtion condition for the line search scaling from

Proposition reads

‘U0+TU1+T2U2’00 < Be
|wo + rw1| < Be
|ho +rh1|,, <
‘ﬁo—i-rﬁl—l—r%g‘w < Bc

and

(—1)p1 — %02 < o
(=r)1 — 62 < ¢o
and
(_7,,)<AI‘16VV7 SneW) < ()\’ S)
(=) (U™, %) < (u, ) .

2. Forr € Rsq the centrality reduction condtion for the line search scaling from Proposition

reads
(=r)r = to -
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and the the centrality parameter ¢ at the next iteration is given by

(A_i_,,,)\new)T(S _|_7,Snew) 4 (,LL—i—T‘,U,neW)T(t-i-T’tnew)
2m

=C+’r”¢00—|—7'2’¢1 eER.

3. (d 4 rd™®¥, v + rd™®V, X + AR+ rpteV) € RVTIE2M with 1 € Rsq is a primal-dual
solution of the reduced QCQP if and only if
‘uo + ruy + T’QUQ|OO =0
|lwo + rwi| =0
|ho + Th1|oo =0
‘iLQ + T?Ll + TQ;LQlOO =0

and
®o0 + Tp1 + %P2 =0
Goo +7¢1 + 1P =0
and
(=r) (A", 8™7) < (A, 8)
(=r) (", ") < (u,t)
Proof.

1. (a) We compute

D yanev 4 tr(MPV)Eg + (A" + ™)
! (W + tr(M)G)d™ + tr(M)Ey + gA"™ + gue™
© (W + tr(M)G)d™ + tr(M V) Gd + gA™™™ + gu ™
and
U9 tr( MY ugg
(79) fr (M) Gdrev

and therefore we obtain

A A ~
BC Z ‘ ((W + tr(M)G)d + (9>\ + gﬂ)) + T((W + tI‘(M)G)dHeW 4 tr(Mnew)Gd
4 (gAnew + guneW)> + TQtI'(MneW)édnew
9.3

E2 ‘uo + ruy + r2u2‘
oo

oo

(b) We obtain
Be @ }( —1+tr(A) +7- tr(AneW)}

©3),(76)
+ ’wo +7r- tr(AneW)‘ )
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(c) We compute
7 w
hl hll Sne

(73)
gTdneW — ghew 1 + ghew

and therefore we obtain

BC > |(—Oé + gTd — vl + S) + T(gTdneW — 'Unewlm + Sl’leW)|
.6
L Jho +rhy

oo

|oo'

(d) We compute

h hip + "
" (g+éd)Tdnew 4 hew
and
> (81) new
ho = (Ld" ug)1,y
1’ (%dnewTédneW)lm .
and therefore we obtain
(L1 AT 1 4T A ~ A NT 2/1 T A
Be = |(mA+§"d+ (F+3d"Gd)ly, +t) +7((g + Gd)Td™ + ") + r?(3d"Y Gd"™) 1|
”

= |il()—|-7‘ill+7"2ilg‘oo .
(e) We have forall j=1,...,m
(83)
Yo = $Poo — 7€
Ajsj — e

(12 new _ . . Jhew 2 ynew _new
> (=r)(Njsj 4+ Ajsi) — r7A] T s)
€9, £
= (-1 — 7“2%02
and
. (8% .
®o ! ¥oo — Y€
(184)
= p;t; —yc
> (_T)(/,L;'lewtj 4 1 ?eW) _ TZM?eWt?eW
(87),91)
= (=1)¢1 —17$2

(f) and are clear.
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2. We obtain for the centrality reduction condition

(16)
0> (o.o1c n

)\newTS + )\Tsnew + uneth + 'uTtnew) N )\neWTsneW 4 Mnethnew
T
2m

1T AneWS ASneW 1m 1T MneWT MTneW 1m
= (0.01¢+ m{ kA ) ;mm( * ) )

. 1%’1Anew5new1m 4 1%Mneanew 1m
2m

2m

3 <0.0lc n

E (0.01c +

1501+ 1;{1@1) n 7,15902 + 1742
2m 2m
X2 + X2
,

+ 2m

X1 +>21)

(0.01¢ + o) + r 2 T2
2m
.

1
= Yo+ 1
and for the value of ¢ at the next iteration
()\ + r)\new)T(S 4 ,r,snew) 4 ('u 4 TMneW)T(t 4 Ttnew)

()\TS 4 7,‘/\neWTS + ,r)\i;nnew + T2)\newT Snew) + (/«LTS + ,r.'uneth + ’l",uTtnew + TQ/,LneWT tnew)
2m
()\Ts + MTS) + T(}\newTS 4+ AT gnew ,uneth + MTtneW) + 7n2()\newTsnew + unethnew)
2m
ot T(AnewTS 4 ATSHQW + uneth + uTtnew) 4 r2(>\newT8neW 4 Mnethnew)

=

2m

43 R
74><1 X1 +r2X2 + X2

et 2m 2m

ED.E9
he ¢+ oo + Py

3. This is a direct consequence of the fact that (d,v) € R**! solves the reduced QCQP

if and only if there exists (X, , 5,t) € R*™ such that holds, the above results,
and since we have for all j =1,...,m

(21)
0 < (N + r)\;‘ew)(sj + rs}‘ew)

= Njsj + 1AV s +rAisi Y + 7“2)\;“”5?6‘”
= Ajsj +r(AjV s + AjsiY) + rz)\?ews?ew
,, )
= o0 + Tp1 T2
= (—r)p1 — 1702 < poo
and

0< (b + ™)t + rtf)
= ity + rpdN 4 gt 4 P e e
= ity + (it i) + e

,’
= Qoo+ rdr+rife
= (—r)p1 —r’P2 < Poo - O

25



2.4 Algorithm

Now we state the overall (infeasible path following) interior point algorithm for solving the
reduced QCQP (1) (cf. WRIGHT [3] p. 166, Algorithm IPF (for convex programming)]).

Algorithm 2.11 (IPF for the reduced QCQP).
Choose v € (0,1), 8 > 0, 0 < Omin < Omax < 1, x € (0,1), and (do, Ao, o, So,to) €
N_oo(7, B, o), where ¢y must be chosen according to (4) (e.g., by using and )
for £k=0,1,2,...
Choose 0k € [Omin; Omax]-
Set vV according to .
Solve the (symmetric positive definite) linear system Bjdi®™ = by, from .
Set A2V and pp" according to ([26)).
Set s and ¥ according to (25)).
Choose 74, as the first element in the sequence {1, x, x2,...} such that

(dk: + le];ewa v + T,U]I;ew’ )\k + r)‘II;eWa M+ T”zewa Sk + rszewv Ik + thew) € N*OO('% Bv Ck:)

() o Qo AR (o ) G o )T (O )
k(7)==
2m

< (1-0.01r)cy .

Set(dit 1, k415 Mkt 1s Mt 1, Sk415 ot 1, Chy1) =
= (dk + redp®™, vk + TRV, Ak + AT ke TRRRSY Sk TESESY U+ TRt (k)
end

Remark 2.12 (Actual implementation & centring parameter).

o vV from , di®V from , AR, up®Y from , and s3V and t7°V from
are computed by using the formulas from Proposition , while the neighbourhood
condition and the centrality reduction condition are checked by using the formulas from
Proposition [2.10

e Adaptive strategies and predictor-corrector strategies are the two most important ways
for choosing the centring parameter o € [Omin,Omax] (S. NOCEDAL & WRIGHT [2]
p. 572 (pdf: 591)]).
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