
An interior point algorithm for solving a special
QCQP that occurs in bundle methods

Hannes Fendl
Faculty of Mathematics, University of Vienna

Nordbergstraße 15, A-1090 Vienna

February 20, 2012

Abstract. We present an implementation of an interior point algorithm for solving a
special QCQP that can be used for determining the search direction in bundle methods for
nonlinearly constrained nonsmooth optimization.
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1 Introduction

Let W, Ĝ ∈ Rn×nsym be positive definite and |Jk| = m. We want to derive the interior point
framework for the convex QCQP (cf. Fendl [1])

min
d,v

v +
1

2
dTWpd

s.t. − αj + dT gj ≤ v for j ∈ Jk
F −Aj + dT ĝj + 1

2d
T Ĝd ≤ 0 for j ∈ Jk .

(1)

Proposition 1.1 (Optimality conditions of the reduced QCQP). (d, v) ∈ Rn+1 solves the
reduced QCQP (1) if and only if there exists (λ, µ) ∈ R2m

≥0 with(
W +

( ∑
j∈Jk

µj
)
Ĝ
)
d+

∑
j∈Jk

λjgj +
∑
j∈Jk

µj ĝj = on∑
j∈Jk

λj = 1

−αj + dT gj − v ≤ 0 for j ∈ Jk
F −Aj + dT ĝj + 1

2d
T Ĝd ≤ 0 for j ∈ Jk

λj(−αj + dT gj − v) = 0 for j ∈ Jk
µj(F −Aj + dT ĝj + 1

2d
T Ĝd) = 0 for j ∈ Jk .

(2)

Proof. Clear due to the convexity of the reduced QCQP (1).
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2 Interior point method

2.1 Basics

Notation 2.1. We define for ζ ∈ R, z ∈ Rm, and Z ∈ Rm×n

Z + ζ :=

Z11 + ζ . . . Z1n + ζ
...

...
Zm1 + ζ . . . Zmn + ζ

 , Z + z :=
(
Z:1 + z, . . . , Z:n + z

) .
We write for λ, µ, s, t ∈ Rm

Λ := diag(λ) , M := diag(µ) , S := diag(s) , T := diag(t) . (3)

and we define

c :=
λT s+ µT t

2m
. (4)

2.2 Line search

We define a special neighbourhood for our iterates (cf. Wright [3, p. 166, Equation (8.20)]).

Definition 2.2 (Neighbourhood). Let γ ∈ (0, 1) and β > 0. We define

N−∞(γ, β, c) :=
{

(d, v, λ, µ, s, t) ∈ Rn+1+4m :
∣∣(W + tr(M)Ĝ

)
d+ gλ+ ĝµ

∣∣
∞
≤ βc ,

|−1 + tr(Λ)| ≤ βc ,
|−α+ gTd− v1m + s|∞ ≤ βc ,

|−A+ ĝTd+ (F + 1
2d

T Ĝd)1m + t|∞ ≤ βc ,
λjsj ≥ γc ,
µjtj ≥ γc ,

(λ, s) > 0 ,

(µ, t) > 0
}

.

(5)

We want to perform a line search which determines r ∈ {1, χ, χ2, . . . } ⊆ (0, 1], where
χ ∈ (0, 1) is fixed, such that

(d, v, λ, µ, s, t) + r(dnew, vnew, λnew, µnew, snew, tnew) ∈ N−∞(γ, β, c) (6)

(λ+ rλnew)T (s+ rsnew) + (µ+ rµnew)T (t+ rtnew)

2m
≤ (1− 0.01r)c . (7)

Finally, we make the update

(d, v, λ, µ, s, t) := (d, v, λ, µ, s, t) + r(dnew, vnew, λnew, µnew, snew, tnew) ,

and iterate this procedure.

Remark 2.3 (Centrality reduction). The left side of the centrality reduction condition (7)
is obtained by is obtained by replacing λ, µ, s, and t in the definition of c from (4) with
λ+ rλnew, µ+ rµnew, s+ rsnew, and t+ rtnew.
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Proposition 2.4 (Line search scaling). For r ∈ R≥0 the neighbourhood condition (6) is
equivalent to∣∣∣((W + tr(M)Ĝ

)
d+ (gλ+ ĝµ)

)
+ r
((
W + tr(M)Ĝ

)
dnew + tr(Mnew)Ĝd+ (gλnew + ĝµnew)

)
+r2tr(Mnew)Ĝdnew

∣∣∣
∞
≤ βc

(8)∣∣(− 1 + tr(Λ)
)

+ r · tr(Λnew)
∣∣ ≤ βc

(9)

|(−α+ gTd− v1m + s) + r(gTdnew − vnew1m + snew)|∞ ≤ βc
(10)∣∣(−A+ ĝTd+ (F + 1

2d
T Ĝd)1m + t

)
+ r
(
(ĝ + Ĝd)Tdnew + tnew

)
+ r2(1

2d
newT Ĝdnew)1m

∣∣
∞
≤ βc

(11)

and

(−r)(λnew
j sj + λjs

new
j )− r2λnew

j snew
j ≤ λjsj − γc (12)

(−r)(µnew
j tj + µjt

new
j )− r2µnew

j tnew
j ≤ µjtj − γc (13)

and

(−r)(λnew, snew) < (λ, s) (14)
(−r)(µnew, tnew) < (µ, t) . (15)

For r ∈ R>0 the centrality reduction condition (7) is equivalent to

0 ≥
(

0.01c+
λnewT s+ λT snew + µnewT t+ µT tnew

2m

)
+ r

λnewT snew + µnewT tnew

2m
. (16)

Proof. Inserting d+ rdnew, λ+ rλnew, and µ+ rµnew into the error estimation of the gradient
of the Lagrangian from (5) yields

βc ≥
∣∣(W + tr(M + rMnew)Ĝ

)
(d+ rdnew) + g(λ+ rλnew) + ĝ(µ+ rµnew)

∣∣
∞

=
∣∣∣((W + tr(M)Ĝ

)
+ r · tr(Mnew)Ĝ

)
(d+ rdnew) + (gλ+ ĝµ) + r(gλnew + ĝµnew)

∣∣∣
∞

=
∣∣(W + tr(M)Ĝ

)
(d+ rdnew) + r · tr(Mnew)Ĝ(d+ rdnew) + (gλ+ ĝµ) + r(gλnew + ĝµnew)

∣∣
∞

=
∣∣(W + tr(M)Ĝ

)
d+ r

(
W + tr(M)Ĝ

)
dnew + r · tr(Mnew)Ĝd+ r2tr(Mnew)Ĝdnew

+ (gλ+ ĝµ) + r(gλnew + ĝµnew)
∣∣
∞

=
∣∣∣((W + tr(M)Ĝ

)
d+ (gλ+ ĝµ)

)
+ r
((
W + tr(M)Ĝ

)
dnew + tr(Mnew)Ĝd+ (gλnew + ĝµnew)

)
+ r2tr(Mnew)Ĝdnew

∣∣∣
∞

.

Inserting λ+ rλnew into the feasibility estimation of the convex combination constraint from
(5) yields

βc ≥ |−1 + tr(Λ + rΛnew)| =
∣∣(− 1 + tr(Λ)

)
+ r · tr(Λnew)

∣∣ .
Inserting d + rdnew, v + rvnew, and s + rsnew into the feasibility estimations of the linear
inequality constraints from (5) yields

βc ≥ |−α+ gT (d+ rdnew)− (v + rvnew)1m + (s+ rsnew)|∞
= |(−α+ gTd− v1m + s) + r(gTdnew − vnew1m + snew)|∞ .
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Since we have

1
2(d+ rdnew)T Ĝ(d+ rdnew) = 1

2(dT Ĝd+ rdnewT Ĝd+ rdT Ĝdnew + r2dnewT Ĝdnew)

= 1
2

(
dT Ĝd+ r(dnewT Ĝd)T + rdT Ĝdnew + r2dnewT Ĝdnew

)
= 1

2

(
dT Ĝd+ rdT ĜTdnew + rdT Ĝdnew + r2dnewT Ĝdnew

)
Ĝ∈Rn×nsym

↓
= 1

2(dT Ĝd+ rdT Ĝdnew + rdT Ĝdnew + r2dnewT Ĝdnew)

= 1
2(dT Ĝd+ 2rdT Ĝdnew + r2dnewT Ĝdnew)

= 1
2d

T Ĝd+ r(dT Ĝ)dnew + 1
2r

2dnewT Ĝdnew , (17)

inserting d + rdnew and t + rtnew into the feasibility estimations of the quadratic inequality
constraints from (5) yields

βc ≥ |−A+ ĝT (d+ rdnew) +
(
F + 1

2(d+ rdnew)T Ĝ(d+ rdnew)
)
1m + (t+ rtnew)|∞

= |(−A+ ĝTd+ t) + r(ĝTdnew + tnew) +
(
F + 1

2(d+ rdnew)T Ĝ(d+ rdnew)
)
1m|∞

(17)
=
∣∣(−A+ ĝTd+ t) + r(ĝTdnew + tnew) +

(
F + 1

2d
T Ĝd+ r(dT Ĝ)dnew + 1

2r
2dnewT Ĝdnew

)
1m
∣∣
∞

=
∣∣(−A+ ĝTd+ (F + 1

2d
T Ĝd)1m + t

)
+ r
(
ĝTdnew + (dT Ĝ)dnew1m + tnew

)
+ r2(1

2d
newT Ĝdnew)1m

∣∣
∞

=
∣∣(−A+ ĝTd+ (F + 1

2d
T Ĝd)1m + t

)
+ r
(
(ĝT + dT Ĝ)dnew + tnew

)
+ r2(1

2d
newT Ĝdnew)1m

∣∣
∞

Ĝ∈Rn×nsym

↓
=

∣∣(−A+ ĝTd+ (F + 1
2d

T Ĝd)1m + t
)

+ r
(
(ĝT + dT ĜT )dnew + tnew

)
+ r2(1

2d
newT Ĝdnew)1m

∣∣
∞

=
∣∣(−A+ ĝTd+ (F + 1

2d
T Ĝd)1m + t

)
+ r
(
(ĝ + Ĝd)Tdnew + tnew

)
+ r2(1

2d
newT Ĝdnew)1m

∣∣
∞

.

Inserting λ + rλnew and s + rsnew into the estimations for the complementarity conditions
from (5) yields

γc ≤ (λj + rλnew
j )(sj + rsnew

j )

= λjsj + rλnew
j sj + rλjs

new
j + r2λnew

j snew
j

= λjsj + r(λnew
j sj + λjs

new
j ) + r2λnew

j snew
j

⇐⇒ (−r)(λnew
j sj + λjs

new
j )− r2λnew

j snew
j ≤ λjsj − γc

and

γc ≤ (µj + rµnew
j )(tj + rtnew

j )

= µjtj + rµnew
j tj + rµjt

new
j + r2µnew

j tnew
j

= µjtj + r(µnew
j tj + µjt

new
j ) + r2µnew

j tnew
j

⇐⇒ (−r)(µnew
j tj + µjt

new
j )− r2µnew

j tnew
j ≤ µjtj − γc .

Inserting λ+ rλnew and s+ rsnew into the positivity conditions from (5) yields

0 < (λ+ rλnew, s+ rsnew) = (λ, s) + r(λnew, snew) ⇐⇒ (−r)(λnew, snew) < (λ, s)

and

0 < (µ+ rµnew, t+ rtnew) = (µ, t) + r(µnew, tnew) ⇐⇒ (−r)(µnew, tnew) < (µ, t) .
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Finally, we obtain for the centrality reduction condition (7)

c− 0.01rc = (1− 0.01r)c

(7)

≥ (λ+ rλnew)T (s+ rsnew) + (µ+ rµnew)T (t+ rtnew)

2m

=
(λT s+ rλnewT s+ rλT snew + r2λnewT snew) + (µT s+ rµnewT t+ rµT tnew + r2µnewT tnew)

2m

=
(λT s+ µT s) + r(λnewT s+ λT snew + µnewT t+ µT tnew) + r2(λnewT snew + µnewT tnew)

2m

(4)
= c+

r(λnewT s+ λT snew + µnewT t+ µT tnew) + r2(λnewT snew + µnewT tnew)

2m
,

which is—after substracting c on both sides—equivalent to

−0.01rc ≥ r(λnewT s+ λT snew + µnewT t+ µT tnew) + r2(λnewT snew + µnewT tnew)

2m

and therefore dividing by r ∈ (0, 1] yields

−0.01c ≥ (λnewT s+ λT snew + µnewT t+ µT tnew) + r(λnewT snew + µnewT tnew)

2m

=
λnewT s+ λT snew + µnewT t+ µT tnew

2m
+ r

λnewT snew + µnewT tnew

2m

which is equivalent to

0 ≥
(

0.01c+
λnewT s+ λT snew + µnewT t+ µT tnew

2m

)
+ r

λnewT snew + µnewT tnew

2m
.

Proposition 2.5 (Starting point). If we set

d := on , v := 0 , λ := 1m , µ := 1m , s := 1m , t := 1m (18)

and if we choose γ ∈ (0, 1) and

β ≥ max
(
|(g + ĝ)1m|∞ , |−1 +m|, |−α+ 1m|, |−A+ (1 + F )1m|

)
(19)

with β > 0, then
(d, v, λ, µ, s, t) ∈ N−∞(γ, β, c) .

Proof. We calculate

c
(4)
=
λT s+ µT t

2m

(18)
=

1Tm1m + 1Tm1m
2m

=
m+m

2m
= 1 . (20)

Now we verify the conditions in the definition of N−∞(γ, β, c) from (5): We obtain

∣∣(W + tr(M)Ĝ
)
d+ gλ+ ĝµ

∣∣
∞

(18)
= |g1m + ĝ1m|∞

(19)

≤ β
(20)
= βc

and

|−1 + tr(Λ)| (18)
= |−1 +m|

(19)

≤ β
(20)
= βc

and

|−α+ gTd− v1m + s|∞
(18)
= |−α+ 1m|∞

(19)

≤ β
(20)
= βc
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and

|−A+ ĝTd+ (F + 1
2d

T Ĝd)1m + t|∞
(18)
= |−A+ F1m + 1m|∞

(19)

≤ β
(20)
= βc .

Furthermore, we have

λjsj
(18)
= 1

γ∈(0,1)
↓
> γ

(20)
= γc , µjtj

(18)
= 1

γ∈(0,1)
↓
> γ

(20)
= γc .

Finally, we show the positivity condition

(λ, s)
(18)
= (1m, 1m) > 0 , (µ, t)

(18)
= (1m, 1m) > 0 .

2.3 Search direction

Proposition 2.6 (Variant of the optimality conditions). (d, v) ∈ Rn+1 solves the reduced
QCQP (1) if and only if there exists (λ, µ, s, t) ∈ R4m such that(

W +
( ∑
j∈Jk

µj
)
Ĝ
)
d+

∑
j∈Jk

λjgj + µj ĝj = on∑
j∈Jk

λj = 1

−αj + dT gj − v + sj = 0 for j ∈ Jk
F −Aj + dT ĝj + 1

2d
T Ĝd+ tj = 0 for j ∈ Jk

λjsj = 0 for j ∈ Jk
µjtj = 0 for j ∈ Jk

(λ, s) ≥ o2m

(µ, t) ≥ o2m .

(21)

Proof. Since (d, v) ∈ Rn+1 solves the reduced QCQP (1) if and only if (2) holds, we obtain

−αj + dT gj − v ≤ 0 ⇐⇒ −αj + dT gj − v + sj = 0 ∧ sj ≥ 0

F −Aj + dT ĝj + 1
2d

T Ĝd ≤ 0 ⇐⇒ F −Aj + dT ĝj + 1
2d

T Ĝd+ tj = 0 ∧ tj ≥ 0 ,

adding λjsj resp. µjtj on both sides of the complementarity conditions makes them equivalent
to

λj(−αj + dT gj − v) + λjsj = λjsj ⇐⇒ λjsj = 0

µj(F −Aj + dT ĝj + 1
2d

T Ĝd) + µjtj = µjtj ⇐⇒ µjtj = 0 ,

which yields the desired result.

Proposition 2.7 (Trace). Let D ∈ Rm×mdiag . Then

1TmD1m = tr(D) . (22)

Proof. We calculate

1TmD1m = 1Tm

 D11

...
Dmm

 =
m∑
j=1

Djj = tr(D) .

An interior point method applies Newton’s method to an appropriately relaxed version of
(21) to obtain the linear system, whose solution is used as the search direction (cf. Wright
[3, p. 165, Equation (8.18) & (8.19), and p. 210, Three Forms of the Step Equation]).
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Proposition 2.8 (Search direction). If we apply Newton’s method to the following relaxed
version of (21) (

W +
( ∑
j∈Jk

µj
)
Ĝ
)
d+

∑
j∈Jk

λjgj + µj ĝj = on∑
j∈Jk

λj = 1

−αj + dT gj − v + sj = 0 for j ∈ Jk
F −Aj + dT ĝj + 1

2d
T Ĝd+ tj = 0 for j ∈ Jk

λjsj = σc for j ∈ Jk
µjtj = σc for j ∈ Jk ,

(23)

then we obtain a linear system that can be expressed in one of the following six forms, where
σ ∈ [σmin, σmax] with 0 < σmin < σmax < 1 and we use the abbreviation

x := (dnew, vnew, λnew, µnew, snew, tnew) ∈ Rn+1+4m . (24)

1. The general form of the linear system reads

B̄x = b̄ ,

where

B̄ :=


W + tr(M)Ĝ on g ĝ + Ĝd On×m On×m

oTn 0 −1Tm oTm oTm oTm
gT −1m Om×m Om×m Im Om×m

(ĝ + Ĝd)T om Om×m Om×m Om×m Im
Om×n om S Om×m Λ Om×m
Om×n om Om×m T Om×m M

 ∈ R(n+1+4m)×(n+1+4m) ,

b̄ := −



(
W + tr(M)Ĝ

)
d+ gλ+ ĝµ

1− tr(Λ)
−α+ gT d− v1m + s

−A+ ĝT d+ (F + 1
2
dT Ĝd)1m + t

(ΛS − σcIm)1m
(MT − σcIm)1m

 ∈ Rn+1+4m .

2. The symmetric form of the linear system reads

B̃x = b̃ ,

where

B̃ :=


W + tr(M)Ĝ on g ĝ + Ĝd On×m On×m

oTn 0 −1Tm oTm oTm oTm
gT −1m Om×m Om×m Im Om×m

(ĝ + Ĝd)T om Om×m Om×m Om×m Im
Om×n om Im Om×m S−1Λ Om×m
Om×n om Om×m Im Om×m T−1M

 ∈ R(n+1+4m)×(n+1+4m)
sym ,

b̃ := −



(
W + tr(M)Ĝ

)
d+ gλ+ ĝµ

1− tr(Λ)
−α+ gT d− v1m + s

−A+ ĝT d+ (F + 1
2
dT Ĝd)1m + t

(Λ− σcS−1)1m
(M − σcT−1)1m

 ∈ Rn+1+4m .

3. The compact form of the linear system reads

B̂x1:(n+1+2m) = b̂ ,
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where

B̂ :=


W + tr(M)Ĝ on g ĝ + Ĝd

oTn 0 −1Tm oTm
gT −1m −Λ−1S Om×m

(ĝ + Ĝd)T om Om×m −M−1T

 ∈ R(n+1+2m)×(n+1+2m)
sym ,

b̂ := −


(
W + tr(M)Ĝ

)
d+ gλ+ ĝµ

1− tr(Λ)
−α+ gT d− v1m + σcΛ−11m

−A+ ĝT d+ (F + 1
2
dT Ĝd)1m + σcM−11m

 ∈ Rn+1+2m ,

and snew and tnew can be computed by

snew = −Λ−1Sλnew − (S − σcΛ−1)1m

tnew = −M−1Tµnew − (T − σcM−1)1m .
(25)

4. The practical form of the linear system reads

B̌x1:(n+1) = b̌ ,

where

B̌ :=
((
W + tr(M)Ĝ

)
+ gΛS−1gT + (ĝ + Ĝd)MT−1(ĝ + Ĝd)T −gΛS−11m

−(gΛS−11m)T tr(ΛS−1)

)
∈ R(n+1)×(n+1)

sym

b̌1:n := −
((
W + tr(M)Ĝ

)
d+ gλ+ ĝµ

)
−
(
gΛS−1(−α+ gTd− v1m) + σcgS−11m

)
−
(

(ĝ + Ĝd)MT−1
(
−A+ ĝTd+ (F + 1

2d
T Ĝd)1m

)
+ σc(ĝ + Ĝd)T−11m

)
∈ Rn

b̌n+1 = −
(
1− tr(Λ)

)
+ 1TmΛS−1(−α+ gTd)− v · tr(ΛS−1) + σc · tr(S−1) ∈ R ,

and λnew and µnew can be computed by

λnew = ΛS−1(gT ,−1m)
(
dnew

vnew

)
+ ΛS−1(−α+ gTd− v1m) + σcS−11m

µnew = MT−1(ĝ + Ĝd)Tdnew +MT−1
(
−A+ ĝTd+ (F + 1

2d
T Ĝd)1m

)
+ σcT−11m ,

(26)

and snew and tnew can be computed according to (25).

5. The best form of the linear system reads

~Bx1:n = ~b ,

where

~B := W + tr(M)Ĝ+ gΛS−1gT + (ĝ + Ĝd)MT−1(ĝ + Ĝd)T − (gΛS−11m)(gΛS−11m)T

tr(ΛS−1)
∈ Rn×nsym

~b := −
((
W + tr(M)Ĝ

)
d+ gλ+ ĝµ

)
−
(
gΛS−1(−α+ gTd− v1m) + σcgS−11m

)
−
(

(ĝ + Ĝd)MT−1
(
−A+ ĝTd+ (F + 1

2d
T Ĝd)1m

)
+ σc(ĝ + Ĝd)T−11m

)
+ gΛS−11m

(
−(1−tr(Λ))+1TmΛS−1(−α+gT d)−v·tr(ΛS−1)+σc·tr(S−1)

tr(ΛS−1)

)
∈ Rn ,

and vnew can be computed by

vnew = (gΛS−11m)T dnew

tr(ΛS−1)
+ −(1−tr(Λ))+1TmΛS−1(−α+gT d)−v·tr(ΛS−1)+σc·tr(S−1)

tr(ΛS−1)
,

and λnew and µnew can be computed according to (26), and snew and tnew can be computed
according to (25).
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6. The best positive definite form of the linear system reads: Set

z1 := −
(
1− tr(Λ)

)
+ 1TmΛS−1(−α+ gTd)− v · tr(ΛS−1) + σc · tr(S−1) ∈ R (27)

and

z2 := −(gΛS−11m)T
(
W + tr(M)Ĝ+ gΛS−1gT + (ĝ + Ĝd)MT−1(ĝ + Ĝd)T

)−1·

·
(
−
((
W + tr(M)Ĝ

)
d+ gλ+ ĝµ

)
−
(
gΛS−1(−α+ gTd− v1m) + σcgS−11m

)
−
(

(ĝ + Ĝd)MT−1
(
−A+ ĝTd+ (F + 1

2d
T Ĝd)1m

)
+ σc(ĝ + Ĝd)T−11m

))
∈ R

(28)

and

z3 :=

tr(ΛS−1)− (gΛS−11m)T
(
W + tr(M)Ĝ+ gΛS−1gT + (ĝ + Ĝd)MT−1(ĝ + Ĝd)T

)−1
(gΛS−11m) ∈ R
(29)

and compute
vnew = z1−z2

z3
∈ R . (30)

Solve the symmetric positive definite linear system

Bx1:n = b , (31)

where

B := W + tr(M)Ĝ+ gΛS−1gT + (ĝ + Ĝd)MT−1(ĝ + Ĝd)T ∈ Rn×nsym positive definite

(32)

b := −
((
W + tr(M)Ĝ

)
d+ gλ+ ĝµ

)
−
(
gΛS−1(−α+ gTd− v1m) + σcgS−11m

)
−
(

(ĝ + Ĝd)MT−1
(
−A+ ĝTd+ (F + 1

2d
T Ĝd)1m

)
+ σc(ĝ + Ĝd)T−11m

)
+ gΛS−11mv

new ∈ Rn , (33)

and compute λnew and µnew according to (26), and compute snew and tnew according to
(25).

Proof. We start by calculating the necessary linearizations: Linearizing the first equation of
(23) yields

on =
(
W +

( ∑
j∈Jk

µj
)
Ĝ
)
d+

∑
j∈Jk

λjgj + µj ĝj +∇(d,λ,µ)

((
W +

( ∑
j∈Jk

µj
)
Ĝ
)
d+

∑
j∈Jk

λjgj + µj ĝj

)dnewλnew

µnew



=
(
W +

( ∑
j∈Jk

µj
)
Ĝ
)
d+

∑
j∈Jk

λjgj + µj ĝj +
(
W +

( ∑
j∈Jk

µj
)
Ĝ, g, ĝ + Ĝd

)dnewλnew

µnew


(22),(3)
↓
=

(
W + tr(M)Ĝ

)
d+ gλ+ ĝµ+

(
W + tr(M)Ĝ, g, ĝ + Ĝd

)dnewλnew

µnew

 ,

9



which is equivalent to

−
((
W + tr(M)Ĝ

)
d+ gλ+ ĝµ

)
=
(
W + tr(M)Ĝ, g, ĝ + Ĝd

)dnewλnew

µnew

 . (34)

Linearizing the second equation of (23) yields

1 =
∑
j∈Jk

λj +∇λ
(∑
j∈Jk

λj

)
λnew

=
∑
j∈Jk

λj + 1Tmλ
new

(22),(3)
↓
= tr(Λ) + 1Tmλ

new

⇐⇒ (−1m)Tλnew = −1 + tr(Λ)

= −
(
1− tr(Λ)

)
. (35)

Linearizing the third equation of (23) yields

0 = −αj + dT gj − v + sj +∇(d,v,sj)(−αj + dT gj − v + sj)

dnewvnew

snewj


= −αj + dT gj − v + sj + (gTj ,−1, 1)

dnewvnew

snewj

 for all j ∈ Jk

⇐⇒ om = −α+ gTd− v1m + s+ (gT ,−1m, Im)

dnewvnew

snew

 ,

which is equivalent to

−(−α+ gTd− v1m + s) = (gT ,−1m, Im)

dnewvnew

snew

 (36)

= (gT ,−1m)
(
dnew

vnew

)
+ snew . (37)

Linearizing the fourth equation of (23) yields

0 = F −Aj + dT ĝj + 1
2d

T Ĝd+ tj +∇(d,tj)(F −Aj + dT ĝj + 1
2d

T Ĝd+ tj)
(
dnew

tnewj

)
= F −Aj + dT ĝj + 1

2d
T Ĝd+ tj + (ĝTj + dT Ĝ, 1)

(
dnew

tnewj

)
= F −Aj + dT ĝj + 1

2d
T Ĝd+ tj +

(
(ĝj + Ĝd)T , 1

)(dnew
tnewj

)
for all j ∈ Jk

⇐⇒ om = F1m −A+ ĝTd+ 1
2d

T Ĝd1m + t+
(
(ĝ + Ĝd)T , Im

)(
dnew

tnew

)
= −A+ ĝTd+ (F + 1

2d
T Ĝd)1m + t+

(
(ĝ + Ĝd)T , Im

)(
dnew

tnew

)
,

which is equivalent to

−
(
−A+ ĝTd+ (F + 1

2d
T Ĝd)1m + t

)
=
(
(ĝ + Ĝd)T , Im

)(
dnew

tnew

)
(38)

= (ĝ + Ĝd)Tdnew + tnew . (39)
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Linearizing the fifth equation of (23) yields

σc = λjsj +∇(λj ,sj)(λjsj)
(
λnewj

snewj

)
= λjsj + (sj , λj)

(
λnewj

snewj

)
for all j ∈ Jk

⇐⇒ (sj , λj)
(
λnewj

snewj

)
= −λjsj + σc for all j ∈ Jk

⇐⇒ diag(s)λnew + diag(λ)snew = −diag(λ)diag(s)1m + σc1m
(3)⇐⇒ Sλnew + Λsnew = −ΛS1m + σc1m

= −(ΛS − σcIm)1m (40)
S−1·⇐⇒ Imλ

new + S−1Λsnew = −
(
Λ− σcS−1

)
1m . (41)

Linearizing the sixth equation of (23) yields

σc = µjtj +∇(µj ,tj)(µjtj)
(
µnewj

tnewj

)
= µjtj + (tj , µj)

(
µnewj

tnewj

)
⇐⇒ (tj , µj)

(
µnewj

tnewj

)
= −µjtj + σc for all j ∈ Jk

⇐⇒ diag(t)µnew + diag(µ)tnew = −diag(µ)diag(t)1m + σc1m
(3)⇐⇒ Tµnew +Mtnew = −MT1m + σc1m

= −(MT − σcIm)1m (42)
T−1·⇐⇒ Imµ

new + T−1Mtnew = −
(
M − σcT−1

)
1m . (43)

Now we can show the desired results:

1. Combining (34), (35), (36) and (38) with (40) and (42) yields the general form of the
linear system.

2. Combining (34), (35), (36) and (38) with (41) and (43) yields the symmetric form of
the linear system.

3. We derive the compact form of the linear system in the following way: Expressing snew

in terms of λnew yields

Sλnew + Λsnew (40)
= −(ΛS − σcIm)1m

Λ−1·⇐⇒ Λ−1Sλnew + snew = −(S − σcΛ−1)1m

⇐⇒ snew = −Λ−1Sλnew − (S − σcΛ−1)1m (44)

and therefore inserting (44) into (37) yields

−(−α+ gTd− v1m + s)
(37)
= (gT ,−1m)

(
dnew

vnew

)
+ snew

(44)
= (gT ,−1m)

(
dnew

vnew

)
− Λ−1Sλnew − (S − σcΛ−1)1m

= (gT ,−1m,−Λ−1S)

dnewvnew

λnew

− (S − σcΛ−1)1m ,
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which is equivalent to

(gT ,−1m,−Λ−1S)

dnewvnew

λnew

 = −(−α+ gTd− v1m + s) + (S − σcΛ−1)1m

= −
(
− α+ gTd− v1m + s− (S − σcΛ−1)1m

)
(3)
= −

(
− α+ gTd− v1m + σcΛ−11m

)
. (45)

Furthermore, expressing tnew in terms of µnew yields

Tµnew +Mtnew (42)
= −(MT − σcIm)1m

M−1·⇐⇒ M−1Tµnew + tnew = −(T − σcM−1)1m

⇐⇒ tnew = −M−1Tµnew − (T − σcM−1)1m (46)

and therefore inserting (46) into (39) yields

−
(
−A+ ĝTd+ (F + 1

2d
T Ĝd)1m + t

) (39)
= (ĝ + Ĝd)Tdnew + tnew

(46)
= (ĝ + Ĝd)Tdnew −M−1Tµnew − (T − σcM−1)1m

=
(
(ĝ + Ĝd)T ,−M−1T

)(
dnew

µnew

)
− (T − σcM−1)1m ,

which is equivalent to(
(ĝ + Ĝd)T ,−M−1T

)(
dnew

µnew

)
= −

(
−A+ ĝTd+ (F + 1

2d
T Ĝd)1m + t

)
+ (T − σcM−1)1m

= −
(
−A+ ĝTd+ (F + 1

2d
T Ĝd)1m + t− (T − σcM−1)1m

)
(3)
= −

(
−A+ ĝTd+ (F + 1

2d
T Ĝd)1m + σcM−11m

)
. (47)

4. We derive the practical form of the linear system in the following way: Since

−
(
− α+ gTd− v1m + σcΛ−11m

) (45)
= (gT ,−1m,−Λ−1S)

dnewvnew

λnew


= (gT ,−1m)

(
dnew

vnew

)
− Λ−1Sλnew ,

we can express λnew by

Λ−1Sλnew = (gT ,−1m)
(
dnew

vnew

)
− α+ gTd− v1m + σcΛ−11m

ΛS−1·⇐⇒ λnew = ΛS−1
(

(gT ,−1m)
(
dnew

vnew

)
− α+ gTd− v1m + σcΛ−11m

)
= ΛS−1(gT ,−1m)

(
dnew

vnew

)
+ ΛS−1(−α+ gTd− v1m) + σcS−11m . (48)

Since

−
(
−A+ ĝTd+ (F + 1

2d
T Ĝd)1m + σcM−11m

) (47)
=
(
(ĝ + Ĝd)T ,−M−1T

)(
dnew

µnew

)
= (ĝ + Ĝd)Tdnew −M−1Tµnew ,

we can express µnew by

M−1Tµnew = (ĝ + Ĝd)Tdnew −A+ ĝTd+ (F + 1
2d

T Ĝd)1m + σcM−11m

MT−1·⇐⇒ µnew = MT−1
(
(ĝ + Ĝd)Tdnew −A+ ĝTd+ (F + 1

2d
T Ĝd)1m + σcM−11m

)
= MT−1(ĝ + Ĝd)Tdnew +MT−1

(
−A+ ĝTd+ (F + 1

2d
T Ĝd)1m

)
+ σcT−11m .

(49)
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Now, inserting (48) and (49) into (34) yields

−
((
W + tr(M)Ĝ

)
d+ gλ+ ĝµ

)
(34)
=

(34)
=
(
W + tr(M)Ĝ, g, ĝ + Ĝd

)dnewλnew

µnew


=
(
W + tr(M)Ĝ

)
dnew + gλnew + (ĝ + Ĝd)µnew

(48),(49)
↓
=

(
W + tr(M)Ĝ

)
dnew

+ g
(
ΛS−1(gT ,−1m)

(
dnew

vnew

)
+ ΛS−1(−α+ gTd− v1m) + σcS−11m

)
+ (ĝ + Ĝd)

(
MT−1(ĝ + Ĝd)Tdnew +MT−1

(
−A+ ĝTd+ (F + 1

2d
T Ĝd)1m

)
+ σcT−11m

)
=
(
W + tr(M)Ĝ

)
dnew

+ (gΛS−1gT ,−gΛS−11m)
(
dnew

vnew

)
+ gΛS−1(−α+ gTd− v1m) + σcgS−11m

+ (ĝ + Ĝd)MT−1(ĝ + Ĝd)Tdnew + (ĝ + Ĝd)MT−1
(
−A+ ĝTd+ (F + 1

2d
T Ĝd)1m

)
+ σc(ĝ + Ĝd)T−11m

=
((
W + tr(M)Ĝ

)
+ gΛS−1gT + (ĝ + Ĝd)MT−1(ĝ + Ĝd)T ,−gΛS−11m

)(
dnew

vnew

)
+ gΛS−1(−α+ gTd− v1m) + σcgS−11m

+ (ĝ + Ĝd)MT−1
(
−A+ ĝTd+ (F + 1

2d
T Ĝd)1m

)
+ σc(ĝ + Ĝd)T−11m ,

which is equivalent to((
W + tr(M)Ĝ

)
+ gΛS−1gT + (ĝ + Ĝd)MT−1(ĝ + Ĝd)T ,−gΛS−11m

)(
dnew

vnew

)
=

= −
((
W + tr(M)Ĝ

)
d+ gλ+ ĝµ

)
−
(
gΛS−1(−α+ gTd− v1m) + σcgS−11m

)
−
(

(ĝ + Ĝd)MT−1
(
−A+ ĝTd+ (F + 1

2d
T Ĝd)1m

)
+ σc(ĝ + Ĝd)T−11m

)
.

(50)

Furthermore, since

1TmΛS−1gT
(3)
= 1TmS

−1ΛgT

(3)
= 1TmS

−TΛT gT

= (gΛS−11m)T , (51)

we obtain by inserting (48) into (35)

−
(
1− tr(Λ)

) (35)
= (−1m)Tλnew

(48)
= (−1m)T

(
ΛS−1(gT ,−1m)

(
dnew

vnew

)
+ ΛS−1(−α+ gTd− v1m) + σcS−11m

)
= (−1TmΛS−1gT , 1TmΛS−11m)

(
dnew

vnew

)
− 1TmΛS−1(−α+ gTd) + v1TmΛS−11m

− σc1TmS−11m
(22)
=
(
− 1TmΛS−1gT , tr(ΛS−1)

)(
dnew

vnew

)
− 1TmΛS−1(−α+ gTd) + v · tr(ΛS−1)

− σc · tr(S−1)

(51)
=
(
− (gΛS−11m)T , tr(ΛS−1)

)(
dnew

vnew

)
− 1TmΛS−1(−α+ gTd) + v · tr(ΛS−1)

− σc · tr(S−1) ,
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which is equivalent to(
−(gΛS−11m)T , tr(ΛS−1)

)(
dnew

vnew

)
= −

(
1−tr(Λ)

)
+1TmΛS−1(−α+gTd)−v·tr(ΛS−1)+σc·tr(S−1) .

(52)

5. We derive the best form of the linear system in the following way: Since

−
(
1− tr(Λ)

)
+ 1TmΛS−1(−α+ gTd)− v · tr(ΛS−1) + σc · tr(S−1)

(52)
=
(
− (gΛS−11m)T , tr(ΛS−1)

)(
dnew

vnew

)
= −(gΛS−11m)Tdnew + tr(ΛS−1)vnew (53)

we can express vnew by

tr(ΛS−1)vnew = (gΛS−11m)Tdnew−
(
1−tr(Λ)

)
+1TmΛS−1(−α+gTd)−v·tr(ΛS−1)+σc·tr(S−1)

which is equivalent to

vnew = (gΛS−11m)T dnew

tr(ΛS−1)
+ −(1−tr(Λ))+1TmΛS−1(−α+gT d)−v·tr(ΛS−1)+σc·tr(S−1)

tr(ΛS−1)
. (54)

Now inserting (54) into (50) yields

−
((
W + tr(M)Ĝ

)
d+ gλ+ ĝµ

)
−
(
gΛS−1(−α+ gTd− v1m) + σcgS−11m

)
−
(

(ĝ + Ĝd)MT−1
(
−A+ ĝTd+ (F + 1

2d
T Ĝd)1m

)
+ σc(ĝ + Ĝd)T−11m

)
(50)
=

(50)
=
((
W + tr(M)Ĝ

)
+ gΛS−1gT + (ĝ + Ĝd)MT−1(ĝ + Ĝd)T ,−gΛS−11m

)(
dnew

vnew

)
=
((
W + tr(M)Ĝ

)
+ gΛS−1gT + (ĝ + Ĝd)MT−1(ĝ + Ĝd)T

)
dnew − gΛS−11mv

new

(54)
=
((
W + tr(M)Ĝ

)
+ gΛS−1gT + (ĝ + Ĝd)MT−1(ĝ + Ĝd)T

)
dnew

− gΛS−11m

(
(gΛS−11m)T dnew

tr(ΛS−1)
+ −(1−tr(Λ))+1TmΛS−1(−α+gT d)−v·tr(ΛS−1)+σc·tr(S−1)

tr(ΛS−1)

=
((
W + tr(M)Ĝ

)
+ gΛS−1gT + (ĝ + Ĝd)MT−1(ĝ + Ĝd)T − (gΛS−11m)(gΛS−11m)T

tr(ΛS−1)

)
dnew

− gΛS−11m

(
−(1−tr(Λ))+1TmΛS−1(−α+gT d)−v·tr(ΛS−1)+σc·tr(S−1)

tr(ΛS−1)

)
,

which is equivalent to((
W + tr(M)Ĝ

)
+ gΛS−1gT + (ĝ + Ĝd)MT−1(ĝ + Ĝd)T − (gΛS−11m)(gΛS−11m)T

tr(ΛS−1)

)
dnew

= −
((
W + tr(M)Ĝ

)
d+ gλ+ ĝµ

)
−
(
gΛS−1(−α+ gTd− v1m) + σcgS−11m

)
−
(

(ĝ + Ĝd)MT−1
(
−A+ ĝTd+ (F + 1

2d
T Ĝd)1m

)
+ σc(ĝ + Ĝd)T−11m

)
+ gΛS−11m

(
−(1−tr(Λ))+1TmΛS−1(−α+gT d)−v·tr(ΛS−1)+σc·tr(S−1)

tr(ΛS−1)

)
.
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6. We derive the best positive definite form of the linear system in the following way: Since

−
((
W + tr(M)Ĝ

)
d+ gλ+ ĝµ

)
−
(
gΛS−1(−α+ gTd− v1m) + σcgS−11m

)
−
(

(ĝ + Ĝd)MT−1
(
−A+ ĝTd+ (F + 1

2d
T Ĝd)1m

)
+ σc(ĝ + Ĝd)T−11m

)
(50)
=

(50)
=
((
W + tr(M)Ĝ

)
+ gΛS−1gT + (ĝ + Ĝd)MT−1(ĝ + Ĝd)T ,−gΛS−11m

)(
dnew

vnew

)
=
((
W + tr(M)Ĝ

)
+ gΛS−1gT + (ĝ + Ĝd)MT−1(ĝ + Ĝd)T

)
dnew − gΛS−11mv

new .

we can express dnew by

−
((
W + tr(M)Ĝ

)
d+ gλ+ ĝµ

)
−
(
gΛS−1(−α+ gTd− v1m) + σcgS−11m

)
−
(

(ĝ + Ĝd)MT−1
(
−A+ ĝTd+ (F + 1

2d
T Ĝd)1m

)
+ σc(ĝ + Ĝd)T−11m

)
+ gΛS−11mv

new

=
((
W + tr(M)Ĝ

)
+ gΛS−1gT + (ĝ + Ĝd)MT−1(ĝ + Ĝd)T

)
dnew ,

which is equivalent to

dnew =
((
W + tr(M)Ĝ

)
+ gΛS−1gT + (ĝ + Ĝd)MT−1(ĝ + Ĝd)T

)−1
·

·
(
−
((
W + tr(M)Ĝ

)
d+ gλ+ ĝµ

)
−
(
gΛS−1(−α+ gTd− v1m) + σcgS−11m

)
−
(

(ĝ + Ĝd)MT−1
(
−A+ ĝTd+ (F + 1

2d
T Ĝd)1m

)
+ σc(ĝ + Ĝd)T−11m

)
+ gΛS−11mv

new

)
.

(55)
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Now inserting (55) into (53) yields

−
(
1− tr(Λ)

)
+ 1TmΛS−1(−α+ gTd)− v · tr(ΛS−1) + σc · tr(S−1)

(53)
= tr(ΛS−1)vnew − (gΛS−11m)Tdnew

= tr(ΛS−1)vnew − (gΛS−11m)T
((
W + tr(M)Ĝ

)
+ gΛS−1gT + (ĝ + Ĝd)MT−1(ĝ + Ĝd)T

)−1
·

·
(
−
((
W + tr(M)Ĝ

)
d+ gλ+ ĝµ

)
−
(
gΛS−1(−α+ gTd− v1m) + σcgS−11m

)
−
(

(ĝ + Ĝd)MT−1
(
−A+ ĝTd+ (F + 1

2d
T Ĝd)1m

)
+ σc(ĝ + Ĝd)T−11m

)
+ gΛS−11mv

new

)
= tr(ΛS−1)vnew − (gΛS−11m)T

((
W + tr(M)Ĝ

)
+ gΛS−1gT + (ĝ + Ĝd)MT−1(ĝ + Ĝd)T

)−1
·

·
(
−
((
W + tr(M)Ĝ

)
d+ gλ+ ĝµ

)
−
(
gΛS−1(−α+ gTd− v1m) + σcgS−11m

)
−
(

(ĝ + Ĝd)MT−1
(
−A+ ĝTd+ (F + 1

2d
T Ĝd)1m

)
+ σc(ĝ + Ĝd)T−11m

))
− (gΛS−11m)T

((
W + tr(M)Ĝ

)
+ gΛS−1gT + (ĝ + Ĝd)MT−1(ĝ + Ĝd)T

)−1
gΛS−11mv

new

= −(gΛS−11m)T
((
W + tr(M)Ĝ

)
+ gΛS−1gT + (ĝ + Ĝd)MT−1(ĝ + Ĝd)T

)−1
·

·
(
−
((
W + tr(M)Ĝ

)
d+ gλ+ ĝµ

)
−
(
gΛS−1(−α+ gTd− v1m) + σcgS−11m

)
−
(

(ĝ + Ĝd)MT−1
(
−A+ ĝTd+ (F + 1

2d
T Ĝd)1m

)
+ σc(ĝ + Ĝd)T−11m

))
+

(
tr(ΛS−1)− (gΛS−11m)T

((
W + tr(M)Ĝ

)
+ gΛS−1gT + (ĝ + Ĝd)MT−1(ĝ + Ĝd)T

)−1
·

· gΛS−11m

)
vnew ,

which is equivalent to

vnew = z1−z2
z3

due to (27), (28), and (29).

Proposition 2.9 (Search direction for actual implementation).
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1. We set

E := ΛS−1 ∈ Rm×mdiag (56)

Ê := MT−1 ∈ Rm×mdiag (57)

h00 := −α+ gTd− v1m ∈ Rm (term) (58)
h0 := h00 + s ∈ Rm (LS) (59)

ξ̂0 := Ĝd ∈ Rn (60)

ĥ00 := −A+ ĝTd+ (F + 1
2d

T ξ̂0)1m ∈ Rm (term) (61)

ĥ0 := ĥ00 + t ∈ Rm (LS) (62)
w0 := −1 + tr(Λ) ∈ R (LS, term) (63)

and

U := W + tr(M)Ĝ ∈ Rn×nsym (64)

u0 := Ud+ (gλ+ ĝµ) ∈ Rn (LS, term) (65)

h0
00 := E(h00 + σcΛ−11m) ∈ Rm (66)

ĥ0
00 := Ê(ĥ00 + σcM−11m) ∈ Rm (67)

and
ξ̂00 := ĝ + ξ̂0 ∈ Rn×m , (68)

and we compute

B = U + gEgT + ξ̂00Êξ̂
T
00 ∈ Rn×nsym positive definite, (69)

and its Cholesky factorization
B = LLT (70)

with L ∈ Rn×ntril .

2. We compute
z1 = w0 + 1Tmh

0
00 ∈ R ,

we set

ζ := gE1m ∈ Rn (71)

η := −u0 − gh0
00 − ξ̂00ĥ

0
00 ∈ Rn , (72)

and we compute

−z2 = (L−1ζ)T (L−1η) ∈ R
z3 = tr(E)− |L−1ζ|2

2
∈ R

and we set
vnew =

z1 − z2

z3
∈ R .

3. We compute
b = η + ζvnew ∈ Rn

and we compute dnew by solving the symmetric positive definite linear system

(LLT )dnew = b .
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4. We set

h11 := gTdnew − vnew1m ∈ Rm (73)

ĥ11 := ξ̂T00d
new ∈ Rm (74)

and we compute

λnew = Eh11 + h0
00 ∈ Rm

µnew = Êĥ11 + ĥ0
00 ∈ Rm .

5. We compute

snew = −E−1λnew − (S − σcΛ−1)1m ∈ Rm

tnew = −Ê−1µnew − (T − σcM−1)1m ∈ Rm .

Then (dnew, vnew, λnew, µnew, snew, tnew) solves the best positive definite form of the linear sys-
tem.

Proof.

1. We compute

u0
(65)
= Ud+ (gλ+ ĝµ)

(64)
=
(
W + tr(M)Ĝ

)
d+ gλ+ ĝµ

and

h0
(59)
= h00 + s

(58)
= −α+ gTd− v1m + s

and

ĥ0
(62)
= ĥ00 + t

(61)
= −A+ ĝTd+ (F + 1

2d
T ξ̂0)1m + t

(60)
= −A+ ĝTd+ (F + 1

2d
T Ĝd)1m + t .

We compute

B
(32)
= W + tr(M)Ĝ+ gΛS−1gT + (ĝ + Ĝd)MT−1(ĝ + Ĝd)T

(56),(57)
↓
= W + tr(M)Ĝ+ gEgT + (ĝ + Ĝd)Ê(ĝ + Ĝd)T

(64)
= U + gEgT + (ĝ + Ĝd)Ê(ĝ + Ĝd)T

(60)
= U + gEgT + (ĝ + ξ̂0)Ê(ĝ + ξ̂0)T

(68)
= U + gEgT + ξ̂00Êξ̂

T
00

and since B ∈ Rn×nsym from (32) is positive definite, the Cholesky factorization (70) exists.
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2. We compute

z1
(28)
= −

(
1− tr(Λ)

)
+ 1TmΛS−1(−α+ gTd)− v · tr(ΛS−1) + σc · tr(S−1)

(63)
= w0 + 1TmΛS−1(−α+ gTd)− v · tr(ΛS−1) + σc · tr(S−1)

(22)
= w0 + 1TmΛS−1(−α+ gTd)− v1TmΛS−11m + σc · 1TmS−11m

= w0 + 1TmΛS−1(−α+ gTd− v1m + σc · Λ−11m)

(58)
= w0 + 1TmΛS−1(h00 + σc · Λ−11m)

(56)
= w0 + 1TmE(h00 + σc · Λ−11m)

(66)
= w0 + 1Tmh

0
00

and

−z2
(28)
= (gΛS−11m)T

(
W + tr(M)Ĝ+ gΛS−1gT + (ĝ + Ĝd)MT−1(ĝ + Ĝd)T

)−1·

·
(
−
((
W + tr(M)Ĝ

)
d+ gλ+ ĝµ

)
−
(
gΛS−1(−α+ gTd− v1m) + σcgS−11m

)
−
(

(ĝ + Ĝd)MT−1
(
−A+ ĝTd+ (F + 1

2d
T Ĝd)1m

)
+ σc(ĝ + Ĝd)T−11m

))
(64),(56),(57),(60),(68),(69),(65)

↓
= (gΛS−11m)TB−1

(
− u0 −

(
gΛS−1(−α+ gTd− v1m) + σcgS−11m

)
−
(

(ĝ + Ĝd)MT−1
(
−A+ ĝTd+ (F + 1

2d
T Ĝd)1m

)
+ σc(ĝ + Ĝd)T−11m

))
= (gΛS−11m)TB−1

(
− u0 − g

(
ΛS−1(−α+ gTd− v1m) + σcS−11m

)
− (ĝ + Ĝd)

(
MT−1

(
−A+ ĝTd+ (F + 1

2d
T Ĝd)1m

)
+ σcT−11m

))
= (gΛS−11m)TB−1

(
− u0 − g

(
ΛS−1(−α+ gTd− v1m + σcΛ−11m)

)
− (ĝ + Ĝd)

(
MT−1

(
−A+ ĝTd+ (F + 1

2d
T Ĝd)1m + σcM−11m

)))
(58),(60),(61)

↓
= (gΛS−11m)TB−1

(
− u0 − g

(
ΛS−1(h00 + σcΛ−11m)

)
− (ĝ + Ĝd)

(
MT−1(ĥ00 + σcM−11m)

))
(56),(57)
↓
= (gE1m)TB−1

(
− u0 − g

(
E(h00 + σcΛ−11m)

)
− (ĝ + Ĝd)

(
Ê(ĥ00 + σcM−11m)

))
(66),(67)
↓
= (gE1m)TB−1

(
− u0 − gh0

00 − (ĝ + Ĝd)ĥ0
00

)
(70)
= (gE1m)T (LLT )−1

(
− u0 − gh0

00 − (ĝ + Ĝd)ĥ0
00

)
= (L−1gE1m)TL−1

(
− u0 − gh0

00 − (ĝ + Ĝd)ĥ0
00

)
(71)
= (L−1ζ)TL−1

(
− u0 − gh0

00 − (ĝ + Ĝd)ĥ0
00

)
(60),(68),(72)

↓
= (L−1ζ)T (L−1η)
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and

z3
(29)
= tr(ΛS−1)

− (gΛS−11m)T
(
W + tr(M)Ĝ+ gΛS−1gT + (ĝ + Ĝd)MT−1(ĝ + Ĝd)T

)−1
(gΛS−11m)

(64),(56),(57),(60),(68),(69)
↓
= tr(E)− (gE1m)TB−1(gE1m)

(70)
= tr(E)− (gE1m)T (LLT )−1(gE1m)

= tr(E)− (L−1gE1m)T (L−1gE1m)

= tr(E)− |L−1gE1m|22
(71)
= tr(E)− |L−1ζ|2

2

and now we compute vnew according to (30).

3. We compute

b
(33)
= −

((
W + tr(M)Ĝ

)
d+ gλ+ ĝµ

)
−
(
gΛS−1(−α+ gTd− v1m) + σcgS−11m

)
−
(

(ĝ + Ĝd)MT−1
(
−A+ ĝTd+ (F + 1

2d
T Ĝd)1m

)
+ σc(ĝ + Ĝd)T−11m

)
+ gΛS−11mv

new

(64),(65)
↓
= −u0 − g

(
ΛS−1(−α+ gTd− v1m) + σcS−11m − ΛS−11mv

new
)

− (ĝ + Ĝd)
(
MT−1

(
−A+ ĝTd+ (F + 1

2d
T Ĝd)1m

)
+ σcT−11m

)
= −u0 − g

(
ΛS−1

(
(−α+ gTd− v1m) + σcΛ−11m

)
− ΛS−11mv

new
)

− (ĝ + Ĝd)
(
MT−1

(
−A+ ĝTd+ (F + 1

2d
T Ĝd)1m + σcM−11m

))
(58),(60),(61)

↓
= −u0 − g

(
ΛS−1(h00 + σcΛ−11m)− ΛS−11mv

new
)

− (ĝ + Ĝd)
(
MT−1(ĥ00 + σcM−11m)

)
(56),(57)
↓
= −u0 − g

(
E(h00 + σcΛ−11m)− E1mv

new
)
− (ĝ + Ĝd)

(
Ê(ĥ00 + σcM−11m)

)
(66),(67)
↓
= −u0 − g(h0

00 − E1mv
new)− (ĝ + Ĝd)ĥ0

00

= −u0 − gh0
00 + gE1mv

new − (ĝ + Ĝd)ĥ0
00

(60),(68),(72)
↓
= η + gE1mv

new

(71)
= η + ζvnew

and we solve the linear system

b
(31)
= Bx1:n

(24)
= Bdnew

(70)
= (LLT )dnew .
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4. We compute λnew by

λnew (26)
= ΛS−1(gT ,−1m)

(
dnew

vnew

)
+ ΛS−1(−α+ gTd− v1m) + σcS−11m

(58)
= ΛS−1(gT ,−1m)

(
dnew

vnew

)
+ ΛS−1h00 + σcS−11m

= ΛS−1(gT ,−1m)
(
dnew

vnew

)
+ ΛS−1(h00 + σcΛ−11m)

(56)
= E(gT ,−1m)

(
dnew

vnew

)
+ E(h00 + σcΛ−11m)

(66)
= E(gT ,−1m)

(
dnew

vnew

)
+ h0

00

= E(gTdnew − 1mv
new) + h0

00

(73)
= Eh11 + h0

00 .

We compute

ĥ11
(74)
= ξ̂T00d

new

(68)
= (ĝ + ξ̂0)Tdnew

(60)
= (ĝ + Ĝd)Tdnew

and we compute µnew by

µnew (26)
= MT−1(ĝ + Ĝd)Tdnew +MT−1

(
−A+ ĝTd+ (F + 1

2d
T Ĝd)1m

)
+ σcT−11m

(60),(61)
↓
= MT−1(ĝ + Ĝd)Tdnew +MT−1ĥ00 + σcT−11m

= MT−1(ĝ + Ĝd)Tdnew +MT−1(ĥ00 + σcM−11m)

(57)
= Ê(ĝ + Ĝd)Tdnew + Ê(ĥ00 + σcM−11m)

(67)
= Ê(ĝ + Ĝd)Tdnew + ĥ0

00

(60),(68),(74)
↓
= Êĥ11 + ĥ0

00 .

5. We compute snew resp. tnew by

snew (25)
= −Λ−1Sλnew − (S − σcΛ−1)1m

(56)
= −E−1λnew − (S − σcΛ−1)1m

and

tnew (25)
= −M−1Tµnew − (T − σcM−1)1m

(57)
= −Ê−1µnew − (T − σcM−1)1m .

Proposition 2.10 (Line search scaling & termination criterion for actual implementation).
We assume that the terms of Proposition 2.9 were computed and we additionally set

u1 := Udnew + tr(Mnew)ξ̂0 + (gλnew + ĝµnew) ∈ Rn (LS) (75)
w1 := tr(Λnew) (LS) ∈ R (76)
h1 := h11 + snew ∈ Rm (LS) (77)

ĥ1 := ĥ11 + tnew ∈ Rm (LS) (78)
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and

u22 := Ĝdnew ∈ Rn (79)
u2 := tr(Mnew)u22 ∈ Rn (LS) (80)

ĥ2 := (1
2d

newT u22)1m ∈ Rm (LS) (81)

and

ϕ00 := ΛS1m ∈ Rm (term) (82)
ϕ0 := ϕ00 − γc1m ∈ Rm (LS) (83)
ϕ̂00 := MT1m ∈ Rm (term) (84)
ϕ̂0 := ϕ̂00 − γc1m ∈ Rm (LS) (85)
ϕ1 := (ΛnewS + ΛSnew)1m ∈ Rm (LS) (86)
ϕ̂1 := (MnewT +MT new)1m ∈ Rm (LS) (87)

χ1 := 1Tmϕ1 ∈ R (88)

χ̂1 := 1Tmϕ̂1 ∈ R (89)
ϕ2 := ΛnewSnew1m ∈ Rm (LS) (90)
ϕ̂2 := MnewT new1m ∈ Rm (LS) (91)

χ2 := 1Tmϕ2 ∈ R (92)

χ̂2 := 1Tmϕ̂2 ∈ R (93)

and

ψ00 :=
χ1 + χ̂1

2m
∈ R (c-update) (94)

ψ0 := 0.01c+ ψ00 ∈ R (LS) (95)

ψ1 :=
χ2 + χ̂2

2m
∈ R (LS) . (96)

1. For r ∈ R≥0 the the neighbourhood condtion condition for the line search scaling from
Proposition 2.4 reads ∣∣u0 + ru1 + r2u2

∣∣
∞
≤ βc

|w0 + rw1| ≤ βc
|h0 + rh1|∞ ≤ βc∣∣ĥ0 + rĥ1 + r2ĥ2

∣∣
∞
≤ βc

and

(−r)ϕ1 − r2ϕ2 ≤ ϕ0

(−r)ϕ̂1 − r2ϕ̂2 ≤ ϕ̂0

and

(−r)(λnew, snew) < (λ, s)

(−r)(µnew, tnew) < (µ, t) .

2. For r ∈ R>0 the centrality reduction condtion for the line search scaling from Proposition
2.4 reads

(−r)ψ1 ≥ ψ0 .
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and the the centrality parameter c at the next iteration is given by

(λ+ rλnew)T (s+ rsnew) + (µ+ rµnew)T (t+ rtnew)

2m
= c+ rψ00 + r2ψ1 ∈ R .

3. (d + rdnew, v + rdnew, λ + rλnew, µ + rµnew) ∈ Rn+1+2m with r ∈ R≥0 is a primal-dual
solution of the reduced QCQP (1) if and only if∣∣u0 + ru1 + r2u2

∣∣
∞

= 0

|w0 + rw1| = 0

|h0 + rh1|∞ = 0∣∣ĥ0 + rĥ1 + r2ĥ2

∣∣
∞

= 0

and

ϕ00 + rϕ1 + r2ϕ2 = 0

ϕ̂00 + rϕ̂1 + r2ϕ̂2 = 0

and

(−r)(λnew, snew) < (λ, s)

(−r)(µnew, tnew) < (µ, t) .

Proof.

1. (a) We compute

u1
(75)
= Udnew + tr(Mnew)ξ̂0 + (gλnew + ĝµnew)

(64)
=
(
W + tr(M)Ĝ

)
dnew + tr(Mnew)ξ̂0 + gλnew + ĝµnew

(60)
=
(
W + tr(M)Ĝ

)
dnew + tr(Mnew)Ĝd+ gλnew + ĝµnew

and

u2
(80)
= tr(Mnew)u22

(79)
= tr(Mnew)Ĝdnew

and therefore we obtain

βc
(8)

≥
∣∣∣((W + tr(M)Ĝ

)
d+ (gλ+ ĝµ)

)
+ r
((
W + tr(M)Ĝ

)
dnew + tr(Mnew)Ĝd

+ (gλnew + ĝµnew)
)

+ r2tr(Mnew)Ĝdnew
∣∣∣
∞

(64),(65)
↓
=

∣∣u0 + ru1 + r2u2

∣∣
∞

.

(b) We obtain

βc
(9)

≥
∣∣(− 1 + tr(Λ)

)
+ r · tr(Λnew)

∣∣
(63),(76)
↓
=

∣∣w0 + r · tr(Λnew)
∣∣ .
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(c) We compute

h1
(77)
= h11 + snew

(73)
= gTdnew − vnew1m + snew

and therefore we obtain

βc
(10)

≥ |(−α+ gTd− v1m + s) + r(gTdnew − vnew1m + snew)|∞
(58),(59)
↓
= |h0 + rh1|∞ .

(d) We compute

ĥ1
(78)
= ĥ11 + tnew

(74)
= (ĝ + Ĝd)Tdnew + tnew .

and

ĥ2
(81)
= (1

2d
newT u22)1m

(79)
= (1

2d
newT Ĝdnew)1m .

and therefore we obtain

βc
(11)

≥
∣∣(−A+ ĝTd+ (F + 1

2d
T Ĝd)1m + t

)
+ r
(
(ĝ + Ĝd)Tdnew + tnew

)
+ r2(1

2d
newT Ĝdnew)1m

∣∣
∞

(60),(61),(62)
↓
=

∣∣ĥ0 + rĥ1 + r2ĥ2

∣∣
∞

.

(e) We have for all j = 1, . . . ,m

ϕ0
(83)
= ϕ00 − γc

(82)
= λjsj − γc

(12)

≥ (−r)(λnew
j sj + λjs

new
j )− r2λnew

j snew
j

(86),(90)
↓
= (−r)ϕ1 − r2ϕ2

and

ϕ̂0
(85)
= ϕ̂00 − γc

(84)
= µjtj − γc

(13)

≥ (−r)(µnew
j tj + µjt

new
j )− r2µnew

j tnew
j

(87),(91)
↓
= (−r)ϕ̂1 − r2ϕ̂2 .

(f) (14) and (15) are clear.
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2. We obtain for the centrality reduction condition

0
(16)

≥
(

0.01c+
λnewT s+ λT snew + µnewT t+ µT tnew

2m

)
+ r

λnewT snew + µnewT tnew

2m

=
(

0.01c+
1Tm(ΛnewS + ΛSnew)1m + 1Tm(MnewT +MT new)1m

2m

)
+ r

1TmΛnewSnew1m + 1TmM
newT new1m

2m
(86),(87),(90),(91)

↓
=

(
0.01c+

1Tmϕ1 + 1Tmϕ̂1

2m

)
+ r

1Tmϕ2 + 1Tmϕ̂2

2m
(88),(89),(92),(93)

↓
=

(
0.01c+

χ1 + χ̂1

2m

)
+ r

χ2 + χ̂2

2m
(94)
= (0.01c+ ψ00) + r

χ2 + χ̂2

2m
(95),(96)
↓
= ψ0 + rψ1

and for the value of c at the next iteration
(λ+ rλnew)T (s+ rsnew) + (µ+ rµnew)T (t+ rtnew)

2m
=

=
(λT s+ rλnewT s+ rλT snew + r2λnewT snew) + (µT s+ rµnewT t+ rµT tnew + r2µnewT tnew)

2m

=
(λT s+ µT s) + r(λnewT s+ λT snew + µnewT t+ µT tnew) + r2(λnewT snew + µnewT tnew)

2m

(4)
= c+

r(λnewT s+ λT snew + µnewT t+ µT tnew) + r2(λnewT snew + µnewT tnew)

2m
(86),(87),(90),(91),(88),(89),(92),(93)

↓
= c+ r

χ1 + χ̂1

2m
+ r2χ2 + χ̂2

2m
(94),(96)
↓
= c+ rψ00 + r2ψ1 .

3. This is a direct consequence of the fact that (d, v) ∈ Rn+1 solves the reduced QCQP
(1) if and only if there exists (λ, µ, s, t) ∈ R4m such that (21) holds, the above results,
and since we have for all j = 1, . . . ,m

0
(21)

≤ (λj + rλnew
j )(sj + rsnew

j )

= λjsj + rλnew
j sj + rλjs

new
j + r2λnew

j snew
j

= λjsj + r(λnew
j sj + λjs

new
j ) + r2λnew

j snew
j

(82),(86),(90)
↓
= ϕ00 + rϕ1 + r2ϕ2

⇐⇒ (−r)ϕ1 − r2ϕ2 ≤ ϕ00

and

0 ≤ (µj + rµnew
j )(tj + rtnew

j )

= µjtj + rµnew
j tj + rµjt

new
j + r2µnew

j tnew
j

= µjtj + r(µnew
j tj + µjt

new
j ) + r2µnew

j tnew
j

(84),(87),(91)
↓
= ϕ̂00 + rϕ̂1 + r2ϕ̂2

⇐⇒ (−r)ϕ̂1 − r2ϕ̂2 ≤ ϕ̂00 .
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2.4 Algorithm

Now we state the overall (infeasible path following) interior point algorithm for solving the
reduced QCQP (1) (cf. Wright [3, p. 166, Algorithm IPF (for convex programming)]).

Algorithm 2.11 (IPF for the reduced QCQP).
Choose γ ∈ (0, 1), β > 0, 0 < σmin < σmax < 1, χ ∈ (0, 1), and (d0, λ0, µ0, s0, t0) ∈
N−∞(γ, β, c0), where c0 must be chosen according to (4) (e.g., by using (18) and (19)).
for k = 0, 1, 2, . . .

Choose σk ∈ [σmin, σmax].
Set vnew

k according to (30).
Solve the (symmetric positive definite) linear system B̄kd

new
k = b̄k from (31).

Set λnew
k and µnew

k according to (26).
Set snew

k and tnew
k according to (25).

Choose rk as the first element in the sequence {1, χ, χ2, . . . } such that

(dk + rdnew
k , vk + rvnew

k , λk + rλnew
k , µk + rµnew

k , sk + rsnew
k , tk + rtnew

k ) ∈ N−∞(γ, β, ck)

c̃k(r) :=
(λk + rλnew

k )T (sk + rsnew
k ) + (µk + rµnew

k )T (tk + rtnew
k )

2m
≤ (1− 0.01r)ck .

Set(dk+1, vk+1, λk+1, µk+1, sk+1, tk+1, ck+1) =
= (dk + rkd

new
k , vk + rkv

new
k , λk + rkλ

new
k , µk + rkµ

new
k , sk + rks

new
k , tk + rkt

new
k , c̃k(rk)).

end

Remark 2.12 (Actual implementation & centring parameter).

• vnew
k from (30), dnew

k from (31), λnew
k , µnew

k from (26), and snew
k and tnew

k from (25)
are computed by using the formulas from Proposition (2.9), while the neighbourhood
condition and the centrality reduction condition are checked by using the formulas from
Proposition 2.10.

• Adaptive strategies and predictor-corrector strategies are the two most important ways
for choosing the centring parameter σk ∈ [σmin, σmax] (s. Nocedal & Wright [2,
p. 572 (pdf: 591)]).
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