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Alternating sign matrices

Square 0,1, —1 matrices such that in each row

and each column ( O 1 0O O 0 o0
O O O 1 0O O

e the non—zero entries appear with alternat- 1 -1 1 -1 1 O
ing signs and 0 1 -1 1 O O

O O 1 O -1 1

e the sum of entries is 1, i.e. the first and \ o o0 o0 o0 1 O

the last non-zero entry is a 1.

Theorem (Zeilberger 1996). The number of n x n alternating
sign matrices is

@i+ 1)
jl;[() (n +])' = An




The origin of ASMs: A—determinant

Leibniz formula for the determinant of a matrix M = (m; j)1<i j<n’

det(M) = ) sgnomy ,(1)M2.5(2) " My o(n)
oc€Sh

or

n

B; ;

det(M) = > (=1)FE) ] m;
BePy, i,j=1

where P, is the set of n X n permutation matrices and

_—

|

I(B) = Z bilajlbi2>j2 :
(i1,51),(i2,52)
11>192,71<J2

is the inversion number of B.




The Desnanot—Jacobi identity...

N M|
L=U-ug-0

...can be used to see that n x n determinants are expressible in
terms of 2 x 2 determinants. (Condensation of determinants,
Charles L. Dodgson, 1866)
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3 x 3 determinants
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4 x 4 determinants

mi1 Mi12 M13 Mia4

det | ™m21 m22 moz moa | _ -
m31 Mm32 M33 M34 Moo Mo3
ma1 M42 M43 Mag det( ma. m3:3)
( m22 a23 M4 m21 M22 M3 \
det | m32 m33 m3a det | m31 m32 m3g3
m42 M43 M4aa ma1 Ma2 M43
X det
mi2 M13 Mia mi1 Mmi2 M3
det mp2> M23 M4 det mpz1 M22 M23
\ m32 M33 M34 m31 M32 M33 /

3 x 3 determinants are expressible in terms of 2 x 2 determi-
nants...and so are 4 x 4 determinants!



Robbins and Rumsey in the 1980s: what happens if we generalize
the definition of a 2 x 2 determinant to

a a
det) L1200 — 411400 + Aajsang
a1 ano

and, furthermore, use the previous observation to generalize the
n X n determinant?

Theorem (Robbins and Rumsey). Let M = (m; ;) be an n xn
matrix, A, the set of n x n alternating sign matrices, Z(B) the
inversion number of B and N (B) the number of —1s in B then

dety(M) = Y NP (@4 AN T w9,
BEA, ij=1



ASMs in statistical physics: square ice
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Monotone triangles

Triangular arrays of integers with monotonicity requirements:

7 X
—
0 1 O O O O 1 0 0 o 2
1 -1 O 1 O 1 O O 1 O 1 4
0 1 0 -1 1 — 1 1 O O 1 = 1 2 5
0 0O 1 O O 1 1 1 O 1 1 2 3
0 O O 1 O 1 1 1 1 1 1 2 3 4

Monotone triangles with bottom row 1,2,...,n < n X n ASMs
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Monotone triangles with arbitrary strictly increasing bottom row

§)
4 !’ .
2 §) 3
1 3 4 3
LN
a(n; kq,...,kn) = #£ of monotone triangles with bottom row (k1,...,kn)

Advantage: recursive structure!

a(n;kl,kg,...,kn)z Z a(n—l;ll,...,ln_l)
k1 <l1<ko<Ilp<kz<...<l,, 1<kn
l’i<li-|—1

12



Operator formula for the number of monotone triangles

Theorem (2006). The number of monotone triangles with bot-
tom row (kq,...,kn) is

i — ki i —
[I By +E BB [ T
1<p<q<n 1<i<j<n J—t

where E.p(z) = p(x + 1).

== a(n, ]Cl, .. .,kn),

How to use the formula:
e Treat k£; as a variable.

e Apply the product of operators to the polynomial  [] kj_]?i_tj_i.
1<i<j<n 7
e This gives a polynomial in (kq,..., k) in which you may replace

k; by the desired integer.

13



Example. n = 2:

(B, + B — B By, ) (ko — k1 + 1)

= By (kp — k1 + 1) + B (ko — k1 + 1) — By, B (ko — by + 1)
= ko — k1 + 1 = # of integers between k1 and k-

14



Proof by induction

Need to show:

B _ ki —ki+j5—1
H (Ek;p ‘|‘ Ekql — Ekakql) H J -Z_ .
1<p<q<n 1<i<j<n J—
B B lLi—=1li+7—1
- Z H (El” + Elq - ElpElq 1) H : Z_ )
k1 <l <kp<lp<k3z<Iz<...<l,,_1<kn 1Sp<q§n_1 1SZ<an_l "7 Z

li<li+l

Summation is the discrete equivalent of integration!
Discrete equivalent of the fundamental theorem of calculus. Let
f:Z—C. If F:Z — C is a function such that f(i) = A;F (@) :=
F(i+1)— F(i) then
b
> fG@) =F(b+1)—F(a).
1=a

15



A multivariate discrete equivalent — related to the recursion

Let ¢ :Z" 1 5 C. If A:7Z" 1 5 Cis a function with

CL(Z]_, . '7ln—1) — All C Aln_lA(lla . '7ln—1)
and, for all i € {1,2,...,n— 2},

A(ly, .o liq, =11 — 1lz—|—27-- In—1)
+A(lla°' Z 17l27l27lz—|—27"'7ln—1)
_A(lla" Z 17l 17li7li+27'°°7ln—1)zo
then
> a(ly,...,l,—1) = A(ko+1,k3+1,..., kn+1)
k1 <lq<ko<lo<kz<..<l, 1<kn
li<li—|—1

— A(k1,k3+1,.. . kn+ 1)+ A(ky, ko, ka+1,...  kn+1)
D AR ko, ).
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How to compute the discrete antiderivative of a

polynomial

Trick: use the binomial basis ((;’é))km instead of (wk)k>0:

T

0
Antiderivative of p(x):

P(z) = aO(f) +a1(;) +a2<§) T +a”(ni 1)

T

) ‘|‘af1<:f> + a2(2

p(w)=ao( )"““"‘a”(i)

. Am(kil):(iii)_(kil):(i)

17



A generalization: the number of —1s in an ASM

How is a —1 in the ASM reflected in the monotone triangle?

oNoNeoN _Ne
OO0oORrKFEF
O OO0OO0O
R, OKFO
O OO0OO0O

Weight: Q# of (—1)-triangles

Theorem (2009). The weighted enumeration of monotone tri-
angles with bottom row (kq, ko, ..., ky) is given by

) ’ T
[ By, +E +@Q-2E,ED I .

1<p<q<n 1<i<j<n J =

18



A variation: vertically symmetric alternating sign

matrices

Symmetry with respect to the vertical axis:

(0O 0 0 1 0 00) 4

0O 1 0 -1 0 10 2 6

1 -1 0 1 0 -11 1 4 7
O 0 1 -1 1 00 |e 1 3 5 7
0O 1 -1 1 -1 10 1 2 4 6
0O 0 1 -1 1 00 1 2 3 5 6
\0 0 0 1 o 00/ 1 2 3 4 5

19



Operator formula for halved monotone triangles

A halved monotone triangle is a triangular array of integers of
shape

aj,l

Y

a1
asz1 az 2
a4 1 a4 2

as 1 as 2 as 3
ae,1 ag,2 ae.3

which is monotone increasing in ~-direction and \,-direction and
strictly increasing along rows.

20



Theorem (2007). The number of halved monotone triangles with
n rows, bottom row (kl,...,km/ﬂ) and where no entry exceeds
x IS equal to

~1 ~1 —1 ~1 .
I1 (B, + Byt — BB (BN + Bt —id)
1<p<q<(n+1)/2
H (k:j—k:i+j—i>(2$—1—ki—kj—i—j>
1<i<j<(n+1)/2 G-D0G+i-1)
if n is odd and equal to

[T (B + Ek_ql - Eka,;ql) <Ek_p1 + Ek_ql — id)
1<p<q<n/2

11 (kj_ki‘|‘j—73)(23?—/€7;—7€j—73—j)Tisz—ki—i
1§i<j§n/2 (J o 7’)(] + 7') i=1 v

if n is even.
21
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What does a(n; k,...,kn) count in terms of ASMs?

6 /o 0O 0 0 O 1 0 0\
4 7 O 0 0 1 0 -1 1 0
2 6 8 O 1 0 —-1 0 1 0 1
1 3 7 8 1 -1 1 0 0 -1 0 0
1 2 3 7 8 |l o 1 0 0 0O O 0 O
1 2 3 4 7 8 O 0 0 1 0 0 0 O
1 2 3 4 5 7 8 O 0 0 0 1 0 0 O
1 2 3 4 5 6 7 8 \o O 0 0 O 1 0 o)

n X m matrices with entries in {0,1,—1} such that

e Non-zero entries alternate in each row and column

e row sums are equal to 1, i.e. first/last non-zero entries are 1
e in each column the first non-zero entry is 1

e the last non-zero entry is 1 precisely in the columns k1, ko, ..., kn

23



General boundary conditions: left, right and bottom

Loosen the requirement that the first/last non-zero entry in each
row/column is 1 ...

0000000001
0000001 OO
0000010000

S, —0-6-0066-1010
00100-10 1-10

S-—106-11 00 0-101-
010-1010000
00100-1100-

S—te-1000 1-10 1
0*1—10*1—10*“‘0

ok kK

... with the exception of the first non-zero entry in the columns.
24



In terms of partial monotone triangles

000000
0000
o
o
— ()] o0}
o) 4 o
)
© —i
22— 9To OMO
o o
Coogs 4
0110 — OO
I 1_010
OO 1Ol g
—i
©Cqo OOOM_O o
cogqkTo—T —
OO0 OO OO O e
OO0ocpo-HTOOO
COoOOoODddH 0104
000 PO ® o[l
cocoopopoodo
g o s’

Rows are counted from the bottom!

25



General boundary conditions: left, right and bottom

s |
s |
-1

1
1 1 1[4
} 4 b
K, Ke kK
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More general partial monotone triangles

Lower bound of the :-th NE-diagonal: 1 — k;
Upper bound of the -th SE-diagonal: m — k;

27



The negative forward difference —A,  truncates the i-th NE-
diagonal.

28



Similar: the backward difference 4., where d;p(x) = p(z) — p(z —
1), truncates the i-th SE-diagonal.

To obtain a formula for more general partial monotone triangles:
e Start with a full monotone triangle

e Ay "eats” the NE-diagonals

e o). 'eats” the SE-diagonals

T herefore: the number of more general partial monotone trian-
gles is

A e G A L AV L

tn—r—l—l_l tn—r—|—2_1 tn—1 .
5kn_r—|—1 5kn_7~—|—2 5kn a(n, k‘l, c ooy k‘n).

29



General boundary conditions: left, right and bottom

Theorem (2010). The number of ASMs with boundary condi-
tions

(81, .. '7Sl>7 (kl—|—17 . . -»kn—r)a (tn—r—l—b .. ,tn)

IS
_ —1, _ —1 .t _ —1
Azl 1AZQ 1 o AZ[ 15kn r+1 5kn r+2 5tn 1( 1)81+SQ—I— s+
1 2 n—r—+1 n—r—+2
X(X(TL, kl? R kn)|k1:k2:---:kl:1,kn_r+1:kn_r-|—2:---:kn:m )

30
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Strategy

Use identities for a(n;kq,...,kn) to deduce identities for enu-
merations of ASMs with general boundary conditions = refined

enumerations of ASMs

Identity 1.
a(n;ki,... ko) = (=1)" ta(n; ko, ..., kn, k1 —n)

32



Refined alternating sign matrix theorem

Theorem (Zeilberger 1996). The number of n x n ASMs with a
1 in position (1,7) is

n4i—2y@n—i—IN"2 G+
( ) (n —i)! jl;[O (nt gyt

n—1

/_/i\ﬂ

1

33



Two expressions for A, ;:

IS [
A'n,,'l p— ( 1) Ak‘]_ Oz(’rL, kl) c ey kn))(kl,7kn):(1,172,,n_1)

=5 tan k... k |
ko KL K| (12311

Use Identity 1 to express one in terms of the other:
— (1)1 A1 .
A’n,,?, ( 1) Ak]_ Oé(n, k']_a c ooy kn))(kl,,kn):(l,l,Q,,n—l)

o Nt a1 . B
p— ( 1) Ak]_ (X(N,k27,]€n; kl n))(k1,7kn):(1,172,,n_1)

(1Nt p—2n+2 A1 :
= ( 1) Ekl Akl CE(TL, k27 c ey kna kl)|(kQ,...,kn,k]_):(1,2,---,n_1,n_1)

Now A, = E, —id = E,(id —E; 1) = E.6,, which gives

a(n 1, D, 3 n) (kl,...7kn—17kn):(1727“"n_1’n_1)

34



Getting rid of the shift: binomial theorem

o7 = (id—(id—B=))" = (id —8,)" = 3 (") -1

j=0
Therefore
e~ 2n—1—i "
An,i - Z ( j )(_1)Z+9+né;€j—]_l a(n; k1, ko, ..., kn)‘(kl,...,kn,l,kn)z(l,Q ..... n—1,n—1)
j=0
e~ 2n—1—i " 2n—1—i
- ( ' )(_1)Z+J+”An,z’+j =2 ( k—i )(_1)k+nA”’k
j=0 J k=i ‘
S 2n—1—4
= ( k— )(_1)k+nAn,n+1—k’
k=1 L
for 1 <1 <mn.

System of linear equations for (A, ;)1<;<, — determines the num-
bers uniquely!
35



A doubly refined enumeration of ASMs: A, ; ;

Situation for the two top rows of an ASM:

(8

=1 < k < 7, the choice of £ has no influence on the rest of the
matrix.

K K

Il

K i
1

i J =
O O O O 0 1
1 0 -1 1 O O O

o
N

] |
O 0O 0 O O 0O 0 O
O 0 1 0O O 1 0 O

|

Let jn,i,j denote the number of n x n ASMs where the two top
rows are fixed and 7,7 are as above.

36



Theorem (F. and Romik, 2009). There exists an extension of jn,m- to all
1 <4,7 <n such that

. - 2n —i—2\ /2n — j — 2\=
An,z’,j - Z (_1)p+q( . ) ( )An,n+l—p,n—i—1—q+rn,i,j7

g p—1 q=1J
where
2n —2 — 9 2n —2 — 9
Prii = Ap_1(—1)" ([iz 1] (( " ?) —(2n—3)( noe 3))
n—1—7 n—7

2n —2 — 3
i=2(*" "2 77))
n—7
and [statement] = 1 iff the statement is true and zero otherwise.

Conjecture. The system of linear equations together with jn,m = A1,
determines the numbers Zm,j uniquely.

Extends to refined enumerations with respect to the d top rows and the c
bottom rows!

37



Linear relations between different types of refined

enumerations of ASMs

Identity 2. If j > 1 then

€j<Ak17 Ce e Akn)a(n; ]Cl, ceey ]Cn) = 0,

where

ej(Xla"'aXn): Z X’LlX’LQ
1< <1p<...<p<n

is the j-th elementary symmetric function.

Example. j =1,n = 2:

e1(Ap Ap,)a(2 k1, ko) = (A, + A, )(ko—k1+1) =0

38



Two doubly refined enumerations of ASMs

Al

Theorem (2010). If j # 1 then

n?/I’?]

1
-11
1

g

Inij = Ani,j

A|n,i,j = Alln,i,j + A‘n,z’—l,j—l—l

-11

1lj+1

39



Two triply refined enumerations of ASMs

|
1

-11

| ‘n,k,i,j ‘AHn,k,z’,j

Theorem (2010). If j,k #= 1 then

= Al ki T 1AL er1i—1 41 H A ka1 T 1A k1415

40
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Less computations, more combinatorics!

Combinatorial proof of

aniki,... . kn) = (=" tan: ko, ... kn, k1 —n)?

Problem: The right hand side has no combinatorial meaning if
k1 < ko <...<kpasko,k3,...,kn, k1 —n is not strictly increasing
in this case.

42



Combinatorial interpretation of a(n; kq1,...,kn) for all
<
« 2 4
5 §) PN
— 1
2 7

_>

%
6
— N
8 5 4

%
. 6

Example. o
<=
3 1

o X Z: each entry y lies (numerically) in between its SW-
neighbor z and its SE-neighbor z.

e ‘‘Lying in between” is not precise: the arrows indicate whether
the inequalities are strict or not.

43



Directed triangles

Triangular arrays of integers of the following shape

ai,l
a1 a2

An—2.1 c c An—2 n—2
an—-1,1 an—1,2 e ce An—1,n—1
a/n,l a/n72 a/n,3 e o o o o o a/n,n

together with a function f : {a; ;} — {«+,—, <>}, such that for all
entries y that are not situated in the bottom row the following
is fulfilled:

44



Four cases:

1. « J —— rx<y<zorx>y>=z
x z
Y :
2. <+ — . r<y<zorx>y>=z
x z
3. <,— Y —— lrx<y<zorx>y>z
x z
4., ,— Y — lx<y<zorx>y>=z
x z

Rules:

o if (x,2) are “in order” and an arrow is pointing towards y then the respective
inequality is strict.

e if (x,z) are not in order then

< < > and > < <.

45



Signed enumeration

Whenever (x,z) are not “in order” (blue cases) then vy is said to
be an inversion. The sign of a directed triangle is

(_1)# of inversions—+#£ of g

Theorem (2011). The signed enumeration of directed triangles
with bottom row kq,...,kn IS

ki — i 47—
1<p<q<n 1<i<j<n J—t

46



Thank you for your attention!

47



Remark

If k1 < ko < ... < kp then a directed triangle is not a monotone
triangle!

But it is obvious that the signed enumeration of directed triangles
gives the number of monotone triangles in this case:

e All rows are strictly increasing in this case.

e Situation for y:

If f(y) =« then z <y < 2.
If f(y) =— then z <y < z.
If f(y) =« then z<y<z.

48



Precise definition of generalized ASMs

Boundary conditions:

oS ={s1,s2,...,8}1 CH{1,2,...,n}, strictly decreasing

o K ={kj41,...,kn—r} C{1,2,...,m}, strictly incerasing
ol ={t, r41,...,tn} C{1,2,...,n}, strictly increasing

rows in S are of type —1,1,—1,...; the others are of type 1,—-1,1,..
rows in 1" are of type ..., —1, 1, 1 the others are of type ...,1,—1, 1
columns in K are of type 1 —1,.. —1 1; the others are of type 1,—-1,...,1,—1

n X m matrices with entries in {0,1,—1}, non-zero entries in rows and columns
alternate in sign s.t.

e the first non-zero entry in each column is 1

e column sums are 1 precisely for the columns in K

e row sums are 1 for the rows in {1,2,...,n}\ SUT

e row sums are —1 for the rows in SNT

e row sums are 0 and the first non-zero entry is —1 for the rows in S

49



Open problem

Bijective proof of

_ _ ki —k;+7—1
a(n;ki,....kn) = ] (Ekp-l-Ekql—Ekakql) I ——
1<p<q<n 1<i<j<n J =1

if k1 <ko<...<knp.

50



Gelfand-Tsetlin pattern: triangular array of integers of the fol-
lowing shape

ai,l
a1 a2

Ap—2.1 ce c. Ap—2 n—2

an—-1,1 an—1,2 e ce An—1,n—-1
a/n,l a/n72 a/n,3 o o o e o o a/n’n

with weak increase in 7-direction and in \-direction, i.e. a;41 ; <
a; j < aj41.541 for all 1, 3.

# of Gelfand-Tsetlin patterns with bottom row (k1, ko, ..., kn)
I ki —ki+j—i

1<i<j<n J—t

51



Direction pattern: p: {(4,j)|1 <j<i<n} = {+,—, <}

<>
< (1,1) —
. ey ey
A CE I C ) N € ) N
G VI ) N G N O
(5,1) (5,2) (5,3) (5,4)

sgn(p) := (-1)# °' <

s
(5,5)
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Left hand side

Gelfand-Tsetlin pattern respecting a given direction pattern:

1.

x (# of GTPs with bottom row (kq, ..

<_
Qit1,5

Qit1,5

—,—
Ait1,5

—,—
Ait1,5

LHS =

ai ]
b .
S a1 S GG < G4l
Qit1,5+1
a; 7
b .
= L Qi1 S Qi S Qi1 41
Q41 +1
a; J
b -
S Gid1j < Qi < Qi1 41
Qit+1,5+1
a; J
b -
= i1y < Gij S Gid1 41
Ai+1,5+1

2

p direction pattern of order n

sgn(p)

., k,) respecting direction pattern p)

53



Right hand side

Given a direction pattern p : {(i,5)} — {«+,—, <}, associate a
deformation p- (kq1,..., kn) of the bottom row (kq,..., k) as fol-
lows:

RHS = > sgn(p)

p direction pattern of order n

x (# of GTPs with bottom row p- (k1,...,kn))
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Writing the recursion in terms of “simple” summations

n—=3:

> a(lyl)

k1 <ly<kp<ly<k3

= > al)+ D> alnl)— Y a(ly,l)

boa <l <ka<lo ks oy <l <ko<lo <k oy <l <ka<lo<hs
ko1 ks ks kol ks
Z Z a(l1,l2) + Z Z a(l1,l2) — Z Z a(l1,12)
L=k L=k, Li=k; b=k, 1 L=k b=k, +1

Letting Vo, = E; '+ 17, — E;1E,, this is equal to

2
Viok, 2 Z a(ly,12)

l1=k1 [o= k/

ko=k,

55



The recursion in terms of simple summations for arbitrary n

> a(li, 2, L)

k1 <ly<kp<lp<kz<..<l, 1<kn
liFli41

ko ks ka

= (Ve Vir, Vi, D D > -

llzkl lQ:k/Q l3:ké

kn

Z a(ly,...

1=k,

7ln—1)

(kg,...,k;il):(kg,...,knfl)
(ki,...,k,)

> allyla, . lea)

(ll,...,lnfl)
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General boundary c

onditions: left, right and bottom

m
=
 —

n > N Fd—1t,
N B,
> 7+|__11| 1 1‘}1 [~ ¢,

1

k, k&  kok,

e the first non-zero entry is —1
precisely in the rows si,s2,...,s;
e the last non-zero entry
is —1 precisely in the rows
th—r41,--.,tn

e the first non-zero entry is 1 in
each column

e the column sums are 1
precisely for the columns

kl—l—la kH_Q, Cey S

Partial monotone triangles with entries in {1,...,m} s. t.
e the 7-th NE-diagonal is truncated by s; elements for
1 <<

e the i-th SE-diagonal is truncated by t¢; elements for
n—r+1<:<n and
e the bottom row is (ki4+1, ki42,--, kn—r).
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Application: proof of the operator formula

a,(l]_,...,ln_l)

- — Li—li+7—

—_— 1 1 j i

= Il @&+ -EE"Y 1] i

L<p<qsn—i 1<i<j<n-1 7

l; + i
= I &+E -BE" _det ((?H))

1<p<qg<n-—1 g ¢ Pt 1<4,9<n—1 7—1

(Vandermonde determinant)

Then

Al -ol-) = I (B, +E, BB ") _det ((l" i 7’))
1<p<q<n-—1 =hI=n J

is the discrete antiderivative of a(l1,...,[l,,_1) with the desired

property.
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