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ABSTRACT. We provide a detailed derivation of all complex-valued algebro-
geometric finite-band solutions of the Ablowitz—Ladik hierarchy. In addition,
we survey a recursive construction of the Ablowitz—Ladik hierarchy and its
zero-curvature and Lax formalism.

1. INTRODUCTION

In the mid-seventies, Ablowitz and Ladik, in a series of papers [3]-[6] (see also
[, [2} Sect. 3.2.2], [7, Ch. 3], [22]), used inverse scattering methods to analyze
certain integrable differential-difference systems. One of their integrable variants
of such systems included a discretization of the celebrated AKNS-ZS system, the
pair of coupled nonlinear differential difference equations,

—iay — (1 —afB)(a” +a™) +2a =0,
—ife+ (1 —ap) (B +8%)-28=0

with a = a(n,t), 8 = B(n,t), (n,t) € Z x R. Here we used the notation f*(n) =
f(n£1), n € Z, for complex-valued sequences f = {f(n)}nez. In particular,
Ablowitz and Ladik [4] (see also [7, Ch. 3]) showed that in the focusing case, where
0 = —a, and in the defocusing case, where § = @, yields the discrete analog
of the nonlinear Schroédinger equation

—iay — (1+1]a)?)(a” +at) +2a =0. (1.2)

We will refer to as the Ablowitz—Ladik system. The principal theme of this
paper will be to derive the algebro-geometric finite-band solutions of the Ablowitz—
Ladik (AL) hierarchy, a completely integrable sequence of systems of nonlinear
evolution equations on the lattice Z whose first nonlinear member is the Ablowitz—
Ladik system (L.1)).

Since the mid-seventies there has been an enormous amount of activity in the area
of integrable differential-difference equations. Two principal directions of research
are responsible for this development: Originally, the development was driven by
the theory of completely integrable systems and its applications to fields such as

(1.1)
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nonlinear optics, and more recently, it gained additional momentum due to its
intimate connections with the theory of orthogonal polynomials. In the following
we first briefly recall the development in connection with integrable systems and
subsequently turn to the one influenced by research on orthogonal polynomials.

The first systematic discussion of the Ablowitz—Ladik hierarchy appears to be
due to Schilling [51] (cf. also [58], [62], [65]); infinitely many conservation laws are
derived, for instance, by Ding, Sun, and Xu [26]; the bi-Hamiltonian structure of
the AL hierarchy is considered by Ercolani and Lozano [28]; connections between
the AL hierarchy and the motion of a piecewise linear curve have been established
by Doliwa and Santini [27]; Backlund and Darboux transformations were studied by
Geng [31] and Vekslerchik [63]; the Hirota bilinear formalism, AL 7-functions, etc.,
were considered by Vekslerchik [62]. The initial value problem for half-infinite AL
systems was discussed by Common [24], for an application of the inverse scattering
method to we refer to Vekslerchik and Konotop [64]. This just scratches
the surface of these developments and the interested reader will find much more
material in the references cited in these papers and the ones discussed below.

Algebro-geometric (and periodic) solutions of the AL system have briefly
been studied by Ahmad and Chowdhury []8], [9], Bogolyubov, Prikarpatskii, and
Samoilenko [I7], Bogolyubov and Prikarpatskii [I8], Chow, Conte, and Xu [23],
Geng, Dai, and Cao [32], and Vaninsky [60]. In an effort to analyze models describ-
ing oscillations in nonlinear dispersive wave systems, Miller, Ercolani, Krichever,
and Levermore [47] (see also [46]) gave a detailed analysis of algebro-geometric
solutions of the AL system . Introducing

z—1—af~ a—a z”

U(z)_<;z ‘f) V(z)_z'( iy 1+a‘6—z1_1> (1.3)

with z € C\ {0} a spectral parameter, the authors in [47] relied on the fact that
the Ablowitz—Ladik system (1.1]) is equivalent to the zero-curvature equations

U +UV -V*TU =0, (1.4)

the latter being the compatibility relation for the spatial and temporal linear prob-
lems

d=Ud", & =V~ . (1.5)

Here we extended the notation f*(n) = f(n+1), n € Z, to C*valued and 2 x 2-
matrix-valued sequences with complex-valued entries.

Miller, Ercolani, Krichever, and Levermore [47] then performed a thorough anal-
ysis of the solutions ® = ®(z,n,t) associated with the pair (U, V) and derived the
theta function representations of «, § satisfying the AL system . In the partic-
ular focusing and defocusing cases they also discussed periodic and quasi-periodic
solutions « with respect to n € Z and ¢t € R. Vekslerchik [61] also studied finite-
genus solutions for the AL hierarchy by establishing connections with Fay’s identity
for theta functions.

The connection between the Ablowitz—Ladik system and orthogonal poly-
nomials comes about as follows: Let {a(n)}neny C C be a sequence of complex
numbers subject to the condition |a(n)| < 1, n € N, and define the transfer matrix

az 1

T(z) = ( N “) , z€T, (1.6)
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with spectral parameter z on the unit circle T = {z € C||z| = 1}. Consider the
system of difference equations

®(z,n) =T(2,n)P(z,n—1), (z,n) €T xN, (1.7)

with initial condition ®(z,0) (1 , where

Pz,
O(z,n) = <2n90( 1z )> , (z,n) € T x No. (1.8)

(Here Ng = NU {0}.) Then ¢(-,n) are monic polynomials of degree n first intro-
duced by Szegd in the 1920’s in his seminal work on the asymptotic distribution of
eigenvalues of sections of Toeplitz forms [55], [56] (see also [57, Ch. XI]). Szegd’s
point of departure was the trigonometric moment problem and hence the theory of
orthogonal polynomials on the unit circle. Indeed, given a probability measure do
supported on an infinite set on the unit circle, one is interested in finding monic
polynomials x(-,n) of degree n € Ny in z = €?, 6 € [0, 27], such that

27 )
/ da(ew) x(ew,m)x(ew,n) = w(n)725m7n, m,n € Ny, (1.9)
0

where w(0)? = 1, w(n)? = HJ 1 (1 — |y )\2)717 n € N. Szeg6 showed that
the corresponding polynomials with ¢ replaced by x satisfy the recurrence
formula . Early work in this area includes important contributions by Akhiezer,
Geronimus, Krein, Tom¢uk, Verblunsky, Widom, and others, and is summarized in
the books by Akhiezer [I0], Geronimus [37], Szeg6 [57], and especially in the recent
two-volume treatise by Simon [52].

Unaware of the paper [47], Geronimo and Johnson [35] studied in the
case where the coefficients « are random variables. Under appropriate ergodicity
assumptions on « and the hypothesis of a vanishing Lyapunov exponent on pre-
scribed spectral arcs on the unit circle T, Geronimo and Johnson [35] (cf. also [34],
[36]) developed the corresponding spectral theory associated with and the uni-
tary operator it generates in £2(Z). In this sense the discussion in [35] is a purely
stationary one and connections with a zero-curvature formalism, theta function rep-
resentations, and integrable hierarchies are not made in [35] (but in this context we
refer to the discussion concerning [33] in the next paragraph). More recently, the
defocusing case with periodic and quasi-periodic coefficients was studied in great
detail by Deift [25], Golinskii and Nevai [43], Killip and Nenciu [44], Li [45], Nenciu
[49], [50], and Simon [52, Ch. 11], [53], [54].

An important extension of was developed by Baxter in a series of papers on
Toeplitz forms [I1]-[I4] in 1960-63. In these papers the transfer matrix 7" in (1.6)) is
replaced by the more general (complexified) transfer matrix U(z) = (4, 1) i
that is, precisely the matrix U responsible for the spatial part in the Ablowitz—
Ladik system in its zero-curvature formulation (1.3)-(L.5). Here o = {a(n)}nen,
8 = {B(n)}nen are subject to the condition a(n)B(n) # 1, n € N. Studying the
following extension of ,

U(z,n)=U(z,n)¥(z,n—1), (2,n) €T xN, (1.10)

9),

Baxter was led to biorthogonal polynomials on the unit circle with respect to a
complex-valued measure on T. In this context of biorthogonal Laurent polynomials
we refer to [16] and [20]. Reference [16], in particular, deals with isomonodromic
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tau functions and is applicable to generalized integrable lattices of the Toda-type.
Baxter’s U matrix in led to a new hierarchy of nonlinear difference equations,
called the Szegé—Baxter (SB) hierarchy in [33], in honor of these two pioneers of
orthogonal polynomials on the unit circle. The latter reference also contains an in
depth study of algebro-geometric solutions of .

In addition to these recent developments on the AL system and the AL hierarchy,
we offer a variety of results in this paper apparently not covered before. These
include:

e An elementary, yet effective recursive construction of the AL hierarchy using
Laurent polynomials.

e Explicit formulas for Lax pairs for the AL hierarchy.

e The detailed connection between the AL hierarchy and a “complexified” version
of transfer matrices first introduced by Baxter.

e A unified treatment of stationary algebro-geometric finite-band solutions and
their theta function representations of the entire AL hierarchy.

e A unified treatment of algebro-geometric solutions and their theta function
representations of the time-dependent AL hierarchy by solving the rth AL flow
with initial data given by stationary algebro-geometric finite-band solutions.

The structure of this paper is as follows: In Section [2| we describe our zero-
curvature formalism for the Ablowitz—Ladik (AL) hierarchy. Extending a recursive
polynomial approach discussed in great detail in [38] in the continuous case and
in [I9], [39, Ch. 4], [59, Chs. 6, 12] in the discrete context to the case of Laurent
polynomials with respect to the spectral parameter, we derive the AL hierarchy
of systems of nonlinear evolution equations whose first nonlinear member is the
Ablowitz—Ladik system . Section [3| is devoted to a detailed study of the sta-
tionary AL hierarchy. We employ the recursive Laurent polynomial formalism of
Section [2] to describe nonnegative divisors of degree p on a hyperelliptic curve K,
of genus p associated with the pth system in the stationary AL hierarchy. By
means of a fundamental meromorphic function ¢ on IC, (an analog of the Weyl-
Titchmarsh function for the system ) we then proceed to derive the theta
function representations of the associated Baker—Akhiezer vector and all station-
ary algebro-geometric finite-band solutions of the AL hierarchy. The corresponding
time-dependent results for the AL hierarchy are presented in detail in Section [4]
Appendix [A] collects relevant material on hyperelliptic curves and their theta func-
tions and introduces the terminology freely used in Sections [3] and [l Appendix B
is of a technical nature and summarizes expansions of various key quantities related
to the Laurent polynomial recursion formalism as the spectral parameter tends to
zero and to infinity.

2. THE ABLOWITZ-LADIK HIERARCHY, RECURSION RELATIONS,
ZERO-CURVATURE PAIRS, AND HYPERELLIPTIC CURVES

In this section we summarize the construction of the Ablowitz—Ladik hierar-
chy employing a Laurent polynomial recursion formalism and derive the associated
sequence of Ablowitz—Ladik zero-curvature pairs (we also hint at Lax pairs). More-
over, we discuss the Burchnall-Chaundy Laurent polynomial in connection with the
stationary Ablowitz—Ladik hierarchy and the underlying hyperelliptic curve. For a
detailed treatment of this material we refer to [39], [40].

We denote by CZ the set of complex-valued sequences indexed by Z.
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Throughout this section we suppose the following hypothesis.
Hypothesis 2.1. In the stationary case we assume that o, B satisfy
a,BeCE  am)bn) ¢ {0,1}, ncZ. (2.1)
In the time-dependent case we assume that o, 3 satisfy
af-,1),B(-,t) €eC? teR, a(n,-),B(n,-)eC'R), ncZ,

a(n,t)B(n,t) ¢ {0,1}, (n,t) € ZxR. (2:2)

We denote by S* the shift operators acting on complex-valued sequences f =
{f(n)}nez € C% according to

(Sf)(n) = f(n+1), neZ. (2.3)
Moreover, we will frequently use the notation
fE=8%f, fecCh (2.4)

To construct the Ablowitz—Ladik hierarchy one typically introduces appropriate
zero-curvature pairs of 2 x 2 matrices, denoted by U(z) and V,,(2), p = (p—,p4) € N2
(with z a certain spectral parameter to be discussed later), defined recursively in the
following. We take the shortest route to the construction of V,, and hence to that of
the Ablowitz—Ladik hierarchy by starting from the recursion relation f
below.

Define sequences { fr,+ }reny, {ge,+ foen,, and {he + }een, recursively by
go+ = 3Co4, for=—corat, hoy=coif,
Ge+1,4 — Yop14 = hy y + Bfet, € €N,
fovrp = for —algev1+ + 941 4), €€ No,

hevi+ = hy o+ B(ger1,4 + 9p1.4), £ € No,

and
go,— = 3co,—, fo— =co—a, ho_ =—co_B7, (2.9)
Get1,— — Gpyq - =che—+Bf, . LN, (2.10)
feyr,— = fi_ +alger1,- + 9,4, ), L€ No, (2.11)
vi1— = he— — B(ges1,- + 9,1, ), €N (2.12)
Here cg,+ € C are given constants. For later use we also introduce
foii=h_14=0. (2.13)

Remark 2.2. The sequences {f¢+ }een,, {90+ Feeny, and {h¢ 4 }een, can be com-
puted recursively as follows: Assume that f; 4, ge+, and he 4 are known. Equation
is a first-order difference equation in g,y; 4 that can be solved directly and
yields a local lattice function that is determined up to a new constant denoted by
co+1,+ € C. Relations and then determine f,y1 4+ and heqq 4, etc. The
sequences { fe,— }eeny, {90,— Foeny, and {he_}een, are determined similarly.

Upon setting
v=1-—ap, (2.14)
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one explicitly obtains
fo+ =co+(—at), fiy=cos(— W+04++ + (a*)?B) + 1,4 (—a™),
9o+ = 3C0,+s g1+ = co(—aP) + jery,
=co3, hiy=cot (V87 —atB) + 148,
fo—=co—a, fi—=co— (’yof — oz25+) +c—a
go,— = %Co,—, g1,— =co—(—af™) + %Cl,—»
ho— =co—(—B"), hi—=co- (=BT +a(B7)?) +c1,—(=B87), etc

Here {c/ 4 }een denote summation constants which naturally arise when solving the
difference equations for gp + in , - Subsequently7 it will also be useful to

work with the corresponding homogeneous coefficients fg)i, Je,+, and h(,i, defined

h
o (2.15)

by the vanishing of all summation constants cj 4+ for k = 1,...,¢, and choosing
co+ =1,
fo,+ =—a¥, fo,— =a, fz,i = fotleoo=1,c; s =0,j=1,....., LEN, (2.16)
Jot =%, G+ =0getleos=1,c;1=0j=1,..c, LEN, (2.17)
hot =B, ho—=—B" hor=hotley =1,c,1=0j=1,..0 LEN. (218

By induction one infers that

¢ ¢ ¢
L= ki G = cokxies, hex=Y coprhes. (219
k=0

k=0 k=0
In a slight abuse of notation we will occasionally stress the dependence of fy +, go +,
and hg.+ on a, 8 by writing fy + (e, §), ge.+(a, 8), and he +(a, B).
One can show (cf. [40]) that all homogeneous elements fg +, e+, and hg +,
{ € Ny, are polynomials in «, 3, and some of their shifts.

Remark 2.3. As an efficient tool to later dlstlngulsh between nonhomogeneous
and homogeneous quantities fo +, go,+, he+, and fg +, Jo,+5 hz +, respectively, we
now introduce the notion of degree as follows. Denote

fO =80f  f={f(n)}nez € C% S0 = {Esir "2 0 r€Z, (2.20)
and define
deg (a(r)) =7, deg (ﬂ(r)) =-r, rez. (2.21)

This then results in
deg (f(r)) =0+1+m, deg( (T)) =—l+r, deg (gyjt) = &/,

(2.22)
deg (b)) =t—r, deg(h))=—L—1-r, (eNo, 1€
We also note the following useful result (cf. [40]): Assume (2.1)), then,
9e, _g_ :ahf, +ﬂf_7 ZENa
+ 7 Yo+ + £+ 0 (2.23)

G —gp_ = ahy_+Bfi—, (€N,

Moreover, we note the following symmetries,

f@,:t(c(),:ta OL,IB) = }ALZ,¥(CO,3F7/85 Oé), g@,:l:(co,:inavﬂ) = ge,iF(CO,3F7ﬂ7O‘)’ e I\IO'
(2.24)
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Next we relate the homogeneous coefficients fg,i, Je.+, and ﬁg,i to certain matrix
elements of L, where L will later be identified as the Lax difference expression
associated with the Ablowitz—Ladik hierarchy. For this purpose it is useful to
introduce the standard basis {0, }mez in £2(Z) by

1 =
5m = {5m,n}n€Z> m € Z, 6m,n = M " (225)
0, m#n.
The scalar product in ¢?(Z), denoted by (-, -), is defined by
(f,9)=>_f(n)g(n), f.ge2). (2:26)

ne”z

In the standard basis just defined, we introduce the difference expression L by

0 —a(0)p(=1) —=B(=1)a(0) —a(1)p(0) p(0)p(1) O
I — p(=1)p(0)  B(=1)p(0) —B(0)a(1) B(0)p(1) 0 (2.27)
0 —a(2)p(1) =B(L)a(2) —a(3)p(2) p(2)p(3) )
O p(Mp(2)  BL)p(2) —B(2)a(3) B(2)p(3) 0

= p_péeven ST~ + (ﬁ_péeven - 04+P50dd)5_ - ﬁ04+

+ (ﬁp+ §even - a++P+ 60dd)S+ + P+P++ 6Odd S++7

where
5even = Xaz> 5odd =1- 6even = Xoz41- (228)

In particular, terms of the form —3(n)a(n+1) represent the diagonal (n, n)-entries,
n € Z, in the infinite matrix (2.27). In addition, we used the abbreviation

p=7"%=(1-ap)2 (2:29)
Next, we introduce the unitary operator Uz in £2(Z) by
U: = (é(n)émm)(m’n)ez27 g(n) € {1,-1}, n € Z, (2.30)
and the sequence € = {(n)},ez € CZ by
e(n) =£&(n—1)&(n), n € Z. (2.31)
A straightforward computation then shows that
U:LUZ' = Lo, (2.32)

where EE is associated with the sequences & = «, B = (3, and p = ep. Moreover, the
recursion formalism in 7 yields coefficients which are polynomials in «,
[ and some of their shifts and hence depends only quadratically on p. As a result,
the choice of square root of p(n), n € Z, in (2.29)) is immaterial when introducing
the AL hierarchy via the Lax equations

The half-lattice (i.e., semi-infinite) version of L was rediscovered by Cantero,
Moral, and Veldzquez [21I] in 2003 in the special case where 8 = @ (see also Simon
[52]-[54] who coined the term CMV matrix in this context).

The next result details the connections between L and the recursion coefficients

fe+, ge+, and hy 4:



8 F. GESZTESY, H. HOLDEN, J. MICHOR, AND G. TESCHL

Lemma 2.4. Letn € Z. Then the homogeneous coefficients {fgi}geNo, {Ge,+ }een,
and {he 1 }een, satisfy the following relations:

R 61, L*16,), n even
_ 5n L£+1(5n ( n—1, nj)s i Y N
fé,-‘r(n) O[(Tl)( ’ ) * p(n) {(671,; L€+16n71)7 n 0dd7 s
R 8n_1,L75,), n even
_(n) = a(n)(6,, L6, (On—1, L6, T LeN,,
fg, (n) O[(n)( )+ p(n) {(571"[/—@6”1), n Odd, 0

L‘A]O,:t = 1/27 §Ie,i(”) = (5n7Li45n)7 te N, (233)

(6, L%, _1), n even,

{ € Ny,
(8n_1,L',), n odd, 0

he,(n) = B(n)(8n, L*6,) + p(n) {

“ o 8n, L716,,1), n even,
hé,*(n) = 6(”)(671711 ¢ 1(5»”) +p(n) {Eé 1 LZ151; n Odd

For the proof of Lemma [2:4] and some of its applications in connection with
conservation laws and the Hamiltonian formalism for the Ablowitz—Ladik hierarchy
we refer to [42].

Next we define the 2 x 2 zero-curvature matrices

U(z) = <;ﬁ Cf) (2.34)

¢ € Np.

" () ~Fy(2)
G, (z -
Vox) =i .~ 3_ p=(p-.p+) ENG, (2.35)
2 (H () ~K;(z) E "
for appropriate Laurent polynomials F(2), G(z), Hp(z), and Kp(2) in the spectral
parameter z € C\ {0} to be determined shortly. By postulatlng the stationary zero-
curvature relation,

0=UV, -V, (2.36)
one concludes that (2.36]) is equivalent with the following relations

2(G, — Gp) +2BF, + aH, =0, (2.37)
2BF; +aH, — K+ K, =0, (2.38)
—Fp+2F, +a(G, + K,) =0, (2.39)
zﬁ(Gg_ + Kp) — zHp + H, =0. (2.40)

In order to make the connection between the zero-curvature formalism and the
recursion relations (2.5)—(2.12)), we now define Laurent polynomials F,, Gp, Hp,

and K, by B

P— p+—1
D= foez D fpacimesdh (2.41)
=1 =0
p— P+
=Y gt D ot (2.42)
/=1 =0

Un this paper, a sum is interpreted as zero whenever the upper limit in the sum is strictly less
than its lower limit.



ALGEBRO-GEOMETRIC SOLUTIONS OF THE ABLOWITZ-LADIK HIERARCHY 9

p-—1 D+

Hy(2) =Y hy 102"+ hp, 047", (2.43)
=0 (=1
P P

Kg(z) = ngffzwfz_é + ng+4,+ze = Gg(z) t 9 — — Gpy .+ (2.44)
=0 =1

The corresponding homogeneous quantities are defined by (¢ € Np)

h=0 (2.45)
R R = R .
Ho+(2) =0, Hy _(2)= Z he—1—p,—2"", Hyi(z) = Z ho_g 427,
k=0 k=1
N 1 -~ ) A
Ko (2)=75, K¢ (2)=) Ggo—k-2"=G¢—(2)+ ge,—,
k=0

¢
Ko(2)=0, Kpy(2) =Y ok =GCoi(2) = gus-

The stationary zero-curvature relation (2.36)), 0 = UV, — V;‘U , is then equivalent
to a

—gp, v+ 9y ) ¥ o1 —fr 1 =0, (2.46)

B(Gp, st p =)+ hy g —hp 1, =0. (2.47)

Thus, varying p+ € Ny, equations (2.46) and (2.47)) give rise to the stationary
Ablowitz—Ladik (AL) hierarchy which we introduce as follows

)

—a(Gpy o+ +9p )t fpi—14+—fp 1 —)
S—AL a, — 1 p—, T + P ; —
E( ﬁ) ( ﬂ(gp+,+ + gpf’*) + hiﬂ+*1,+ —hp_ 1 -

p=(p_,p+) € N3.

(2.48)

Explicitly (recalling v = 1 — a8 and taking p_ = p, for simplicity),

—€0,00%
S'AL(O,O)(avﬁ) = ( ) = Oa
C(o,o)ﬂ

(—W(co,a_ +copat) — 0(1,1)a> _0
Y(co+B~ + co,— ) +cans ’
—(co 4™y T+ co,—a™"y — alco 4T BT + co—a” 1)
_ 2 2
S_AL(272)(057ﬁ) = 4+ B(CO’ifa_ )_ +CO’+(O[ _?_ )z — n+
Y(co,~ BTy 4+ co 18777 — Bleopat B 4 co—a™ fT)
—a(co+(87)% +co,-(87)?))

S-AL(1,1)(0475)
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—y(er,—a” +erpat) — ¢ 2)a>
+ T ’ ’ =0, etc., 2.49
( Y(e1 48~ +c1,-BY) +c2,2)8 (2:49)

represent the first few equations of the stationary Ablowitz—Ladik hierarchy. Here
we introduced

¢p = (cp_,— +pp4)/2, pxr €No. (2.50)

By definition, the set of solutions of , with p4 ranging in Ny and ¢;,+ € C,
¢ € Ny, represents the class of algebro-geometric Ablowitz—Ladik solutions.

In the following we will frequently assume that «, § satisfy the pth stationary
AL system s-AL,(a, 8) = 0, supposing a particular choice of summation constants
c+ €C, =0, ...,p+, p+ € Ng, has been made.

In accordance with our notation introduced in (2.16)—(2.18) and (2.45)), the cor-
responding homogeneous stationary Ablowitz—Ladik equations are defined by

S_ﬁg(aaﬂ) = S_ALg(aaﬂ” ’ B = (p—7p+) € Ng (251)

co,+=1,¢c¢,+=0,£=1,...,p+

In addition, one can show (cf. [40, Lemma 2.2]) that g, + = g,_— up to a
lattice constant which can be set equal to zero without loss of generality. Thus, we
will henceforth assume that

Ipy+ = 9p_,—> (2-52)
which in turn implies that
K, =Gy (2.53)

and hence renders V, in (2.35) traceless in the stationary context. (We note
that equations (2.52)) and ([2.53) cease to be valid in the time-dependent context,
though.)

Remark 2.5. (i) The particular choice ¢g+ = co— = 1 yields the stationary
Ablowitz-Ladik equation. Scaling co + with the same constant then amounts to
scaling V}, with this constant which drops out in the stationary zero-curvature

equation .

(#3) Different ratios between co  and co — will lead to different stationary hierar-
chies. In particular, the choice cop+ = 2, co.- = - =¢p_—1,- =0, ¢p_ — # 0,
yields the stationary Baxter—Szegd hierarchy considered in detail in [33]. However,
in this case some parts from the recursion relation for the negative coefficients still
remain. In fact, reduces to g, —g, _ = ah, _1,_, hy__1_ = 0 and
thus requires g, . to be a constant in and . Moreover, f, —1,— =0
in in this case.

Next, taking into account (2.53)), one infers that the expression RB’ defined as
R, = G} — F,H,, (2.54)

is a lattice constant, that is, R, — R, = 0, by taking determinants in the stationary

zero-curvature equation (2.36)). Hence, Rp(2) only depends on z, and assuming in
addition to (2.1 that

ot € C\{0}, p=(p-,ps) € NG\ {(0,0)}, (2.55)
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one may write Ry asﬂ

2p+1
Ry(2) = (/9272 [] (2= Bm), {Bn}iiZy < C\{0}, (256)
m=0 :
p=p-+py—1€No.
Moreover, multiplying (2.54) by 2?P- and taking z — 0 yields
2p+1 02
II &n = 5= (2.57)
2
m=0 CO""

Relation allows one to introduce a hyperelliptic curve K, of (arithmetic)
genus p = p_ + py — 1 (possibly with a singular affine part), where
2p+1
Kp: Folzy) =y —4cg 12 Ry(2) =y° — [[ (2= Em) =0, p=p_+pp—1.
" (2.58)
Next we turn to the time-dependent Ablowitz—Ladik hierarchy. For that pur-
pose the coefficients a and 3 are now considered as functions of both the lattice
point and time. For each system in the hierarchy, that is, for each p4, we in-
troduce a deformation (time) parameter ¢, € R in «, 3, replacing a(n), 5(n) by
a(n, t,), B(n,t,). Moreover, the definitions (2.34)), (2-35), and (2:41)-([@2.44) of U, V,,,
and FZ,, Gy, H;, K, respectively, still apply. Imposing the zero-curvature relation

Uy, +UV, = V,fU =0, peNj, (2.59)

then results in the equations
oy, = z(ng_ + a(Gp + Kg_) — FB)’
B, = —i(B(G, + Kp) — Hy+ 27" H, ),
0=2(G, —Gyp) + 20k, +all,,
0=20F, + aH, + K, — Kp.

Varying p € N2, the collection of evolution equations
AL,(a, ) = <_Z:atp N a(gg+,+ + 95—7—) + foi—14 — p_—1,—> —0
P —Zﬁtg + 5(9p+’+ +9p —)—hp 1+ hp+_17+
tp €R, p=(p—,p+) € NG,

then defines the time-dependent Ablowitz—Ladik hierarchy. Explicitly, taking p_ =
p4+ for simplicity,

—10¢, 5 — C(0,0)
AL(O,O) (aaﬁ) = ( . ) = 07
7Zﬂt(oyo) + C(O,O)t2

—iay, , —y(co,—a” +co ) —cq 1)a>
ALqy(a,B) = e - T, D) —o,
(1,1)(a B) <_Zﬂt<1,1) +7(Co,+ﬂ + Co,-ﬁ*) + 6(171)5

AL2)(a, B) (2.65)

(2.64)

2We use the convention that a product is to be interpreted equal to 1 whenever the upper limit
of the product is strictly less than its lower limit.
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—icvt o —Y(corat Ty T+ —aTTyT —alco BT + o am )
~Bleo,(a")? + ot (a)?))
~ifty0) + ¥ (C0,~ BT + o877y = Bleo+rat BT+ co—a” BT)
—a(co+(87)% +co,—(87)?))
—y(er,—a” +erpat) — e 2)04)
+ T ’ ’ =0, etc.,
< Y(er 487 +c1,-BT) + ¢l

represent the first few equations of the time-dependent Ablowitz—Ladik hierarchy.
Here we recall the definition of ¢, in (2.50)).

By ([2.64), (2.6), and (2.10), the time derivative of v = 1 — a3 is given by
Yty = i’Y((gp+,+ - g;+,+) - (gpf,— - 9117_)>- (2.66)

Remark 2.6. From ([2.37)—(2.40) and the explicit computations of the coefficients
fex, ge+, and hg 1, one concludes that the zero-curvature equation (2.59) and
hence the Ablowitz—Ladik hierarchy is invariant under the scaling transformation

a—ac={ca(m)}lnez, B— Be={B(n)/clnez, c€C\{0}. (2.67)

Moreover, R, = G2 — H,F, and hence {E,n}2P%) are invariant under this trans-
formation. Furthermore, choosing ¢ = e»', one verifies that it is no restriction
to assume ¢, = 0. This also indicates that stationary solutions «, 3 can only be

constructed up to a multiplicative constant (compare Theorem in particular,
(3.64), (3-65)).

Finally, we briefly hint at explicit expressions of the Lax pair for the Ablowitz—
Ladik hierarchy. More details will be presented in [42]. First we need some notation.
Let T be a bounded operator in ¢?(Z). Given the standard basis in ¢%(Z),
we represent T' by

T = (T(m, n))(m,n)ez2’ T(m,n) = (6, T y), (m,n) € Z2. (2.68)

Moreover, we introduce the upper and lower triangular parts T4 of T' by

T(m,n), £(n—m)>0,

. (2.69)
0, otherwise.

Ty = (Ti(m’n))(m,n)GZQ’ Ti(m,n) = {

Next, consider the finite difference expression P, defined by

. Zcm o4 (L4 = (L9-) - ;Zcp,,z _((L7H4 —(X7H2)

Z 1
i
— 5% Qa p=(p-,py) ENG, (2.70)

with L given by [2.27), ¢, = (¢p_— +¢p, +)/2, and Qq denoting the doubly infinite
diagonal matrix

Qa = ((—1)’“51@,@),&462- (2.71)
Then one can show that (L, P,) represents the Lax pair for the Ablowitz-Ladik

equations ([2.64) for p € N2\ {(0,0}. In particular, the hierarchy of nonlinear
Ablowitz—Ladik evolution equations (2.64)) then can alternatively be derived by
imposing the Lax commutator equations

Ly, (tp) = [Py(tp), L(tp)] =0, &, €R, p e Ng. (2.72)
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For additional representations of P, in terms of L and a particular factorization
of L we refer to [42]. The Ablowitz—Ladik Lax pair in the special defocusing case,
where § = @, in the finite-dimensional context, was recently derived by Nenciu [50].

In the special stationary case, where P, and L commute, [P,, L] = 0, they satisfy
an algebraic relationship of the type - a

2p+1
P} + Ry(L) = P} +(c 4 /4) L™~ [[Z-En =0
m=0
opi1 (2.73)
Ry(2) = (c§ /4= [[ (2= Em), p=p_+ps—1.
m=0

Thus, the expression PZ? + Ry (L) in (2.73)) represents the Burchnall-Chaundy Lau-
rent polynomial of the Lax pair (L, Pp).

3. THE STATIONARY ABLOWITZ-LADIK FORMALISM

This section is devoted to a detailed study of the stationary Ablowitz—Ladik
hierarchy and its algebro-geometric solutions. Our principal tools are derived from
combining the Laurent polynomial recursion formalism introduced in Section[2] and
a fundamental meromorphic function ¢ on a hyperelliptic curve K,. With the help
of ¢ we study the Baker—Akhiezer vector V¥, trace formulas, and theta function
representations of ¢, ¥, «, and . For proofs of the elementary results of the
stationary formalism we refer to [39], [40].

Unless explicitly stated otherwise, we suppose throughout this section that

a,peCEt  am)pn)¢{0,1}, ncZ, (3.1)

and assume (2.5)—(2.13), (2.34)—(2.36]), (2.41)—(2.44), (2.48), (2.53)), (2.54), (2.56),
keeping p € N3 \ {(0,0} fixed.
We recall the hyperelliptic curve

2p+1
Kp: Folz,y) = ¢° = deg 12 Ry(2) =y = [] (= = Ew) =0, (3.2)
m=0
co 2 2p+1
Ry(2) = (22;,* ) [[G—En), {Enbiio cC\{0} p=p-+pi—1,

m=0

as introduced in ([2.58]). Throughout this section we assume the affine part of £,
to be nonsingular, that is, we suppose that

E,#E, form#m', mm =0,1,...,2p+ 1. (3.3)

Kp is compactified by joining two points Pu,, Pso, # Ps_, but for notational
simplicity the compactification is also denoted by K,,. Points P on )\ { P, , Ps_}
are represented as pairs P = (z,y), where y(-) is the meromorphic function on IC,
satisfying F,(z,y) = 0. The complex structure on K, is then defined in the usual
way, see Appendix @ Hence, KC, becomes a two-sheeted hyperelliptic Riemann
surface of genus p in a standard manner.

We also emphasize that by fixing the curve IC, (i.e., by fixing FEy, ..., Eapi1),
the summation constants ¢i +,...,¢p, + in fpo +, gpy .+, and hy, + (and hence in
the corresponding stationary s-AL, equations) are uniquely determined as is clear
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from (B.8)) which establishes the summation constants ¢, + as symmetric functions
of E:I:l E:I:l
0 s Bapig-

For notational simplicity we will usually tacitly assume that p € N and hence

p € N% \ {(Oa 0)7 (Oa 1)7 (170)}
We denote by {1;(n)}j=1,..p and {v;(n)};=1,.., the zeros of (- )P~ Fy,(-,n) and
(.)p,qu( -, n), respectively. Thus, we may write

p
Fp(z) = —coratzTP- H(z — 1), (3.4)
j=1
P
Hy(z) = co 4Bz P-H H(z —v;), (3.5)
j=1
and we recall that (cf. (2.54)
R, — G = —F,H,. (3.6)

The next step is crucial; it permits us to “lift” the zeros p; and v; of (- )P~ Fp, and
(~)p*_1H£ from the complex plane C to the curve KCp. From (3.6)) one infers that
Rp(2) = Gp(2)? =0, z € {p,vi}jk=1. p- (3.7)
We now introduce {fi;}j=1,. p, C K, and {7;};=1,.. , C K, by
frj(n) = (p(n), (2/co )i (n)P=Gp(ps(n),n)), G =1,....p, n€Z,  (3.8)
and
vj(n) = (vj(n), =(2/co,+ Jvj ()P~ Gp(vj(n), ), j=1,....p, n€Z  (39)
We also introduce the points Py + by
C(Q) 2p+1
== I[ B (3.10)
CO)+ m=0
We emphasize that Py + and P., are not necessarily on the same sheet of IC,.
Next we introduce the fundamental meromorphic function on K, by

(co.+/2)z7Py + Gp(2,n)

Po+ = (0,%(co,—/co,+)) € Kp,

= A1
4(Pn) e (3.11)
—H,(z,n
- - p(z.) , (3.12)
(co,4+/2)z7 P~y — Gp(z,n)
P=(zy) ek, neZ,
with divisor (¢(-,n)) of ¢(-,n) given by
(¢( " TL)) = DPO,,Q(TL) - DPOO_&(n)a (313)
using (3.4) and (3.5). Here we abbreviated
po=Ap, ..., fp}t, 0= {01,..., 0} € Sym”(K,). (3.14)

Given ¢(-,n), the meromorphic stationary Baker—Akhiezer vector ¥(-,n,ng) on
KCpp is then defined by

wl (Pa n, Tlo))

\II(P7 " nO) - <w2<P7 n, nO)
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[Ihcngsr (2 +a@)e™(Pn'),  n>mno+1,
Y1(Pyn,mg) =<1, n = ng, (3.15)
[T (24 a(n)o— (P, n’))fl, n<ng—1,
[Lhengss (28N~ (P))~" +1),  n>ng+1,
¢2(Panan0)=¢(P,n0) 1, n = ng,
[Ty (28007 (P) 1 +1) 7, n<mp— 1.
(3.16)

Basic properties of ¢ and ¥ are summarized in the following result.

Lemma 3.1 ([40]). Suppose that o, B satisfy (3.1) and the pth stationary Ablowitz—

Ladik system [2.48)). Moreover, assume (3.2) and (3.3) and let P = (z,y) € Kp \
{Ps,,Px_,Po+,Po—}, (n,ng) € Z*. Then ¢ satisfies the Riccati-type equation

ag(P)op™ (P) — ¢~ (P) + 2¢(P) = zp, (3.17)
as well as
o Hp(2)
¢(P)o(P7) = & Bk (3.18)
oGl
oP)+0(P7) = 27255, (3.19)
oP) = (P = o577 L (3.20)
The vector ¥ satisfies )
U(z)¥~(P) =9(P), (3.21)
Vp(2)¥™(P) = —(i/2)co, 12~ P y¥ ™ (P), (3.22)
Yo (P,n,ng) = ¢(P,n)1 (P,n,ng), (3.23)
F,(z,n
1 (Pyn,ng)r (P*,n,ng) = z"_"OFp((Z7m))I‘(n,n0), (3.24)
* n—n I:;E(Z’n)
Y2 (P, n,ng)Y2(P*,n,ng) = z OWF(nmo), (3.25)
Y1(P,n,mo)h2 (P, n,mo) + 1 (P, ?; no)2(P,n,no) (3.26)
g GG L
N Fy(z,m0) 7 0%
Y1(P,n,m0)h2 (P, m,mo) — 1 (P*,m,n0) P2 (P, n, no) (3.27)
= —co 42" 0P %F(n, ng),

where we used the abbreviation
HZ’:n(H»l r}/(n/% n=ng+ 1a
T'(n,no) = < 1, n = ng, (3.28)
[T y()™ n<ng—1.
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Combining the Laurent polynomial recursion approach of Section [2| with
and readily yields trace formulas for f,+ and hy+ in terms of symmetric
functions of the zeros u; and vy of ()P~ F, and (-)P-~'H,, respectively. For
simplicity we just record the simplest cases. -

Lemma 3.2 ([40]). Suppose that o, 3 satisfy (3.1) and the pth stationary Ablowitz—

Ladik system (2.48]). Then,

p
(0% &
P (—1)'”1627’:r H 1 (3.29)
o o+
Pl (L O T 3.30
3 (1) o jl_[l j (3.30)
p ++
A 3.31
g a+ CO’J’,’ ( * )
p _
Z % -2, (3.32)

Next we turn to asymptotic properties of ¢ and ¥ in a neighborhood of P,
and PO,:t~

Lemma 3.3 ([40]). Suppose that o, 3 satisfy (3.1) and the pth stationary Ablowitz—
Ladik system (2.48]). Moreover, let P = (z,y) € Kp \ {Pw,,Po_,Po+,Po_},
(n,mo) € Z2. Then ¢ has the asymptotic behavior

_ [B4cHO(), PP,
" Sy {<a+>1<1 Flat) Tttt 4 0(Q), PP, 7
(3.33)
_ falmata i+ 0R), PPy,
") 2 {—m B CHO), PR, O (3:34)

The components of the Baker—Akhiezer vector ¥ have the asymptotic behavior

C(evr140@©), P Pay,
o) ¢ { 5+((r?))r(” no) +0((), P — Ps_, ¢=1/z (8.35)
T+ 0(C), PP
_ a(ng) o _
¢1(P,n,n0) ¢—0 {Cn "OF(n,no)(l + O(C))7 P PO’,, C Z, (336)
)BT (1 + 0(Q)), P—Pyo.,
vePn) S, {—a+%n T(nno)(H(1+0(Q), PPy, ¢ M7 B

. a(no +O(C) P—)PO;H
1/J2(P7n,no) C—)O{ ﬁJr( ) (n’no)<n+17no(1 +O(C))’ P - PO,*&

The divisors (1) of ¢;, j = 1,2, are given by
(1/)1( n no)) DH(") Dﬁ(no) + (n — Tlo)('Dpoy_ — Dpoc+), (339)
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(¥2(+,1,10)) = Do(n) — Di(no) + (n —10)(Pp, - —Dp.., ) +Dp,_ —Dp.. .
(3.40)

Since nonspecial divisors play a fundamental role in this section and the next,
we now take a closer look at them.

Lemma 3.4 ([40]). Suppose that o, 3 satisfy (3.1) and the pth stationary Ablowitz—

Ladik system (2.48). Moreover, assume (3.2)) and (3.3)) and let n € Z. Let Dy,
=, fbp}, and Dy, 0 ={Py,...,,}, be the pole and zero divisors of degree

p, respectively, associated with «, 5, and ¢ defined according to (3.8) and (3.9),
that is,

715 (n) = (5 (n), (2/co, )y ()P~ Gy (m),m), i =1,....p,
73(n) = (vy(n), —(2/co. s (W)~ Gylvy(n),m)), G =1,....p.

(3.41)

Then Dg(n) and Dy are nonspecial for all n € Z.

Next, we shall provide an explicit representation of ¢, ¥, o, and ( in terms of
the Riemann theta function associated with K,. We freely employ the notation
established in Appendix (We recall our tacit assumption p € N to avoid the
trivial case p = 0.)

Let 6 denote the Riemann theta function associated with K, and introduce a
fixed homology basis {a;,b;};j=1,.., on K,. Choosing as a convenient fixed base
point one of the branch points, Qo = (Ei,,0), the Abel maps Ag, and ag, are
defined by (A.20) and (A.21) and the Riemann vector 2, is given by (A.31). Let

ng’ p_ be the normal differential of the third kind holomorphic on I, \ {P;, P_}

with simple poles at P+ and residues 41, respectively. In particular, one obtains
(3)
for WPy P,

p
3 Y+ Yo, dz
wéo’,,pwf(z ¢H<2—Ai,j>)2y7 Poo=(00-),  (342)

j=1

where the constants {Aiyj}:;?:l C C are uniquely determined by employing the
normalization

oo 4

/wgf_P =0, j=1,...,p. (3.43)

The explicit formula (3.42)) then implies the following asymptotic expansions (using
the local coordinate ( = z near Py + and {( = 1/z near Py ),

P
3 0 £
/ ngo)’_’Poof CiO {h’l(C)} + w((]) (PO,—7 Poo_) + O(C) as P — P07:|:, (344)

Qo

P
3) _ 0 oo
/Qo WP \Pa Ty —ln(C)} +wy T (Po,—, Peo ) +0(C) as P — P, (3.45)

Qo >+ (—0 ll’l(C
1

P
/ Wl p. = { p )} W0 (P P, )+ O(C) 25 P— Pos,  (3.46)
{_ E(O}+Woooi(Po7—7Poo+)+0(C) as P — Pw,. (3.47)
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Lemma 3.5. With w3 (Po,—, Peo_ ) and wg’U/(PO’,,POOi), o,0" € {+,—}, defined
as imn 7 one has
exp (wo (Po,—y Pooy) —wo T (Po,—, Poy)
—Wo 7<P0,—5P00i) +w87+(P0,—7POOi)) =L
Proof. Pick Q1,+ = (z1,%xy1) € Ky \ {P. } in a neighborhood of P, and Q2+ =

(22, 2y2) € K, \ {Fo,+} in a neighborhood of Py . Without loss of generality one
may assume that P, and Pyt lie on the same sheet. Then by (3.42)),

(3.48)

+

Qa,— Q1+ Q1,— Q2.+
(3) (3) (3) (3)
/ Wp, P _/ WPy P _/ WPy P +/ Wp, P
0 0 0 0

Q2,4 g Qi+ g

= / . / K In(z2) — In(z1) + 27ik, (3.49)
Qo < Qo <

for some k € Z. On the other hand, by (3.44)—(3.47) one obtains

Q2,— Q1,4 Q1,- Q2,4
3 3 3 3
/ PO),,P —/ WEDU),,,POO_ _/ W;O),,P +/ WEDO),,,POO_
0 0 0 0

= In(2) +In(1/21) + wy'™ (Po,—, Poo ) —wo " (Po,—, P )
- WSCL (PO,—a Poo,) + w8’+(P07_, Poof) + O(ZQ) + 0(1/2’1), (350)

and hence the part of (3.48) concerning wg;)_ p.. follows. The corresponding

result for wg)) p_ is proved analogously. O
,—+Poo

In the following it will be convenient to use the abbreviation
g(P7 Q) = 5Qo B AQO (P) +aq, (DQ)’
Peky Q={Q1,...,Qp} € Sym”(K,).

We note that z(-, Q) is independent of the choice of base point Q.
For later use we state the following result.

(3.51)

Lemma 3.6. The following relations hold:
(Proys i) = 2P, 2) = 2(Po—s 1) = 2(Pog ), (3.52)
2(Po,, 07) = 2(Po,-, 1), 2(Pot i) = z(P Y. (3.53)

Proof We indicate the proof of some of the relations to be used in (3.69)) and (3.70| -
Let A denote either ji or 2. Then,

= 2(Ps_, ), (3.54)
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=2(Py._, 1), etc. (3.55)

Here we used A, (P*) = —Ag,(P), P € K,, since Qo is a branch point of ),
and aq, (D +) =aqg,(D;) + Ap, (P, ). The latter equality immediately follows

from (3.39) in the case A= i and from combining (3.13)) and ( in the case
A=10. O

Given these preparations, the theta function representations of ¢, 11, ¥, o, and
(G then read as follows.

Theorem 3.7. Suppose that o, 3 satisfy and the pth stationary Ablowitz—
Ladik system Moreover, assume hypothesis 7cmd , and let P €
Kp \ {Poo, Pso_ ,Po +,P0 _} and (n,ng) € Z*. Then for each n € Z, Djy(ny and
Dy(n) are nonspecial. Moreover, a

V P
0(z(P, ji(n P
dn(Pym, mg) = Cn, ) 9((((5 B o (=) [ o) ). @07

P P
X exp (/ wg)_ﬂpm_ +(n— no)/ wﬁ?)Px+>, (3.58)
Qo ' Qo

C(n) = (=1)"" exp ((n = no)(wo'™ (Po,— Poo) =y " (Po,— Poc )

1 0+ 0(z(Po,+, ft(no)))
X om0 exp(—wo (Po,—,Poo,)) 5GPt (o))’ (3.59)
C(TL, TL()) = exp ( - (TL _n(])wgo+(P0,*7Poo+)) ( ( OOMH( ))) (360)

0(2(Poc, , 1(n)))
The Abel map linearizes the auxiliary divisors Dg(n) and Dy(p) in the sense that
@9, (Dﬁ(n)) = Qq, (Dg(no)) + (n - nO)APO,, (Poo+)7 (361)
g, (D)) = gy (Di(ng)) + (0 —1n0)Ap, _ (Peo, ) (3.62)
in addition,
g, (Di(n)) = gy (D)) — Ag, (Po,-) + Ag, (Poc )
= ag, (Dg(n)) +Ap, (Ps_)- (3.63)
Finally, a, 8 are of the form
a(n) = a(no)(=1)""" exp (= (n = n0)(wy™ (Po,—, Pao_) = wg * (Po,— Pos_)))
0

0(2(Po,+,0(10)))0(2(Po,+, u(n)))

0(z(Po 1, (n0))0(z(Po.+,2(n)))’ (3.64)
B(n) = Bno)(—1)" ™ exp ((n —no)(wy ™ (Po,—, Poo_) — wg- " (Po,—, P )))

0(2(Puo , , (U10)))0(2(Pss,, , 2(n)))

0(2(Poo , 2(10)))0(2(Poc , (1))’ (3.65)
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a(n)B(n) = exp (wy " (Po,—, Pso_) — wo (Po,—, P )
0(2(Po,+, 1(n)))0(z(Poo , 2(1)))
2(Po,+,2(n)))0(z( oo+,/t( n)))’

( )
( ) (3.66)
(n—n0)(wg ™ (Po,—, Poo, ) —wi " (Po,—, Pac, )
(z )
)

I'(n,ng) = exp
(Po,— iu(n)))0(z( oo+7u(n0)))
0(2(Po, -, 1((n0)))0(2(Poc.» fr(n)))

)
Proof. Applying Abel’s theorem (cf. Theorem [A.1} (A.29)) to (3.13]) proves (3.63),

and applying it to (3.39)), (3.40) results in (3.61)) and (3.62). By Lemma [3.4)
D; and Dy are nonspecial. By equation (3.13) and Theorem ¢(P,n)exp

fQo g;)_ 7) must be of the type

P ~
nyep( - [ w _ o) 2EB2(n)
(P,n) p( /QO Po P ) O P atn)) (3.68)

for some constant C(n). A comparison of |-| and the asymptotic relations

- ) then yields, with the help of (| 7 (3-45) and ( , , the following

expressions for o and G:

(3.67)

(oﬁ)’l — O+ewo T (P Po )9(§(P0,+72+))
0(z(Po.+, "))
0(2(P_, 1))
7C+ewo (PO,— Pao,) 7/\
e(é(Poo, 7&))
0(z(Pso_,1))
= —Ce¥ o Feo) = 3.69
e (369)
Similarly one obtains
B+ = CFeo (Po,—,Poo )G(E(Poo+72+))
0(2(Pso,, 17))
— O e (P ,,Pm_)o(é(Po,—vﬁ))
0(z(Po,—, [t))
0(2(Po,—, 1))
= —Ce*0 (FPo—P_) = 3.70
E) (3.70)

Here we used (3.61) and (3.62]), more precisely,
g, (Dy) =aq,(Dp) + Ap, _ (P, ), ag,(Dy+) = agq,(Dp) + Ap, _ (Poy)-
(3.71)
Thus, one concludes

C(n+1)=—exp [wy (Po— P ) —wo " (Po—, P )]C(n), ne€Z, (3.72)
and
Cn+1)=—expwy (Po,—,Px_) —wyt(Po_, Pso )]C(n), nez, (3.73)
which is consistent with . The first-order difference equation then
implies
C(n) = (=1)"7") exp [(n — n0)(wy'™ (Po,~ Poo_) = wg" ¥ (Po,— Poc))] C(no),
n,ng € Z. (3.74)
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Thus one infers (3.64) and (3.65). Moreover, (3.74) and taking n = ng in the first
line in (3.69) yield (3.59)). Dividing the first line in (3.70)) by the first line in (3.69)
then proves (3.66)).

By 1-) and Theorem [A.3] ¢ (P,n,ng) must be of the type (3.57). A compar-

ison of (3.15), (3:33), and (3.57) as P — Ps, (with local coordinate ¢ = 1/z) then
yields

¢1 (Pa n, nO) CfO Cno—n<1 + O(C)) (375)
and

0(2(Peo, , 1(n)))
valPimno) =, Clnmo) grep = o)
o [(n - no)wo (P07_, POO+)] Cm)*n(]_ + O(C)) (376)

proving (3.60). Equation (3.58)) is clear from (3.23)), (3.56]), and (3.57]).
(336

Finally, a comparison of (3.36]) and (3.57) as P — Py, _ (with local coordinate

¢ = z) yields
G1(Pm,ng) = T(n,m0)¢""(1+0(C)) (3.77)
_ 0((Po—. js(n) .
C:O C(TL, TL()) G(E(PO,—7E(HO))) exp ((n nO)Wo (PO’*’ P00+))
x ("M (1 4 0(Q)) (3.78)
and hence

0(z(Po,—, fu(n)))

0(z(Po,—, j1(no)))

= exp ((n —n0)(wy' ™ (Po,—, Poo, ) = wg " (Po,—, Pac,)))
o e, j(n)))0(2(Poc,, fi(10)))
0(2(Po,—, u(10)))0(2( P , f1(1)))

using ((3.60)). O

We note that the apparent ng-dependence of C'(n) in the right-hand side of
actually drops out to ensure the ng-independence of ¢ in (3.56)).

The theta function representations , for a, # and that for I" in
also show that v(n) ¢ {0,1} for all n € Z, and hence condition is satisfied for
the stationary algebro-geometric AL solutions discussed in this section, provided
the associated divisors Dy (n) and Dy (n) stay away from P, Py + for all n € Z.

The stationary algebro-geometric initial value problem for the Ablowitz-Ladik
hierarchy with complex-valued initial data, that is, the construction of o and (3
by starting from a set of initial data (nonspecial divisors) of full measure, will be
presented in [41].

I'(n,ng) = C(n,ng)

exp ((n - nO)W(O))i(POﬁ7 P00+))

(3.79)

4. THE TIME-DEPENDENT ABLOWITZ—LADIK FORMALISM

In this section we extend the algebro-geometric analysis of Section [3|to the time-
dependent Ablowitz—Ladik hierarchy. For proofs of the elementary results of the
time-dependent formalism we refer to [39], [40].

For most of this section we assume the following hypothesis.
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Hypothesis 4.1. (i) Suppose that «, 3 satisfy
Ol(~ at)vﬂ(‘ 7t) € CZ) te Ra a(n, ')7 6(”4 ) € Cl(R)v ne Za
a(n,t)B(n,t) ¢ {0,1}, (n,t) € Z x R.

(13) Assume that the hyperelliptic curve I, satisfies (3.2) and (3.3)).

The basic problem in the analysis of algebro-geometric solutions of the Ablowitz—
Ladik hierarchy consists of solving the time-dependent rth Ablowitz—Ladik flow
with initial data a stationary solution of the pth system in the hierarchy. More

(4.1)

precisely, given p € N2\ {(0,0} we consider a solution a(?), 3(O) of the pth stationary
Ablowitz-Ladik system s-AL,(a(?, 3)) = 0, p = (p_, p;) € N2\{(0, 0}, associated
with the hyperelliptic curveile and a corresponding set of summation constants
{co.+}o=1,..p. CC. Next, let r = (r_,r;) € N; we intend to construct a solution
«a, 3 of the Ablowitz—Ladik flow AL, (o, 8) = 0 with a(to ) = al®), B(to,) = B8O for
some ty, € R. To emphasize that the summation constants in the definitions of the
stationary and the time-dependent Ablowitz—Ladik equations are independent of
each other, we indicate this by adding a tilde on all the time-dependent quantities.
Hence we shall employ the notation ‘7@ ﬁz, éz, fIL, f(y fs,i, Js,+ Bsi, Cs,+5
in order to distinguish them from VE’ FB’ GB’ HE’ KE’ fo+, Go,+, he+, Co+, in
the following. In addition, we will follow a more elaborate notation inspired by
Hirota’s 7-function approach and indicate the individual rth Ablowitz—Ladik flow
by a separate time variable ¢, € R.

Summing up, we are looking for solutions «, 3 of the time-dependent algebro-
geometric initial value problem

e et ey R

—ifB, + B, 4 G ) —he_ 1+ ho
(v, 5)|t=m = (am)’ 5(0)),

—aO (g +g9, )+ foa+—f _1_
S—ALE (O[(O), 5(0)) — ©) _P+7+ p__, i P+_ ,_+ h_p, 1, =0 (43)
B (gp+,+ +9p_-) po—1,— Ty, 1y

for some to, € R, where a = «a(n,t,;), 5 = f(n,t,) satisfy (4.1) and a fixed curve
KC,, is associated with the stationary solutions a®, 30 in [@.3). Here,

p=(p-.p+) ENG\{(0,0)}, r=(r—,ry) NG, p=p_+pr—1. (44
In terms of the zero-curvature formulation this amounts to solving

Us, (2:t0) + U2, 1) Vi(2, tr) — Vi (2,8:)U (2,8,) = 0, (4.5)
U(Z, to’z)Vp(z, tO,ﬁ) - Vp+(2:, to,ﬁ)U(Z, tO,[) =0.

One can show (cf. [41]) that the stationary Ablowitz—Ladik system (4.6) is actually
satisfied for all times ¢, € R. Thus, we impose
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instead of (|

here (cf. (2. 34

4.5) and (4.6). For further reference, we recall the relevant quantities

(2.35), 241 —(2.43)), (2.53))):

and

p— py—1
—L
SHD ST RIS S NN | ()
=1 =

0 Jj=1

p— D4

— ¢

z) = E Gp_—0,—2 + E Gpy—L,+%
=1 =

p_—1

= Z hyp —1-¢,-2~ —I—X:hJr 012t =co 4 B2TP- 'HH z—vj),

\ i

\ ﬁ

= j=1
ry—1
Z.fr —s, _z %4 Z fr+—1 s+Z s (410)
Zgr —s—Z +Zgr+ s+2°s

r_—1

Zhr —-1- S‘—Z +Zhr+ 9+Z

K, (2) = Zgr—*sfz_s + ngfsﬁzs = Gr(2) +Gr - —Grit

s=1

for fixed p € N2\ {(0,0)}, r € N2. Here fo +, fs’i, 9o+, Gs, 4, hex, and ﬁs’i are
defined as in 7 with appropriate sets of summation constants cg +, £ € Ny,
and & +, k € Np. Explicitly, (4.7) and are equivalent to (cf. (2.37)-(2.40),
£ 3.

ar, =i(2F; + (G + K, ) — F), (4.11)
B, = fi(ﬂ(é* +K,) - H, +2"H]), (4.12)
0=2(G; — Gy) + 2BF, + aH, (4.13)
0=2BF +al, +K, — Ki, (4.14)
0=2(G, — Gp) +zBF, +aH,, (4.15)
0= zﬁF;_ +aH, — Gp + G;,i (4.16)
0=—F,+zF, +a(Gp+G,), (4.17)
0=26(Gp+G,)—zH, + H, (4.18)

respectively. In particular, (2.54]) holds in the present ¢,-dependent setting, that is,

Gy — Fyl, = Ry, (4.19)
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As in the stationary context (3.8), (3.9) we introduce

ﬂj (n’ tL) = (Mj (n’ tL)v (2/00,+)Nj (’I’L, tL)p_ Gg(:uj (n’ tL)’ n, tL)) € ICP’

4.20
j=1,...,p, (n,t;) €EZ xR, ( )

and

ﬁj (Tl, tﬂ) = (l/j (n, tﬁ), —(2/CO7+)VJ‘ (Tl, tﬁ)p7 Gg(l/j(n, t£)7 n, tﬁ)) € K:p, (4 21)
i=1,....,p, (n,t;) € Z xR, '
and note that the regularity assumptions (4.1) on «, 8 imply continuity of ;; and
v with respect to ¢, € R (away from collisions of these zeros, p; and vy are of
course C').
In analogy to (3.11)), (3.12)), one defines the following meromorphic function
o(-,n,ty) on ICp,

(C(]7+/2)27p7y + GB(Z, n, tﬁ)
Fy(z,m,t,)

7}}£(zan7t£) 4.93
B (CO,+/2)Z_p7y - GB(Z, n, ti) ’ ( ' )

P =(zy) € Kp, (n,t;) €Z xR,

d(Pyn,t,) = (4.22)

with divisor (¢(-,n,t,)) of ¢(-,n,t,) given by
(@(-,n.tr)) = Dpy _p(nits) — PPa_(nits)- (4.24)
The time-dependent Baker—Akhiezer vector is then defined in terms of ¢ by

qljl(jt)an7’n’()7t£’ toﬂ‘)) (425)

\II(Pa n,no, tLﬂ t07£) = (1/}2<P’ n,ng, tﬂﬂ to,ﬁ)

t, B B
1 (P, n,ng, tr, to,r) = €xp (z/ ds(GL(z,nO, s) — Fr(z,m0, 8)p(P, no, s)))

to,r

HZ’:',),OJ,-I (Z + a(n/’tﬂ)qﬁi(P’ nlﬂtﬁ))? n 2 nO + 17
x {1, n = no, (4.26)

HZE’:nH (z + a(n/,t,.)¢~ (P, n',tl))_l, n<ng—1,
t£ ~ ~
Yo (P,n,ng, tr, tor) = €xp <z/ ds(Gﬁ(z,no, s) — Fr(z,n0, 8)o(P, no, 5))>
to,r

H:Lz’:noﬂ (2B(n' )~ (P t,) " +1),  n>no+1,
x ¢(P,no,t,) {1, n = ng, (4.27)
10, (2B )6 (Pl t) ™ + 1), n<mg— 1,
P=(z,y) € Ky\{Px,,Poo_,Po+,Po,-}, (n,t,) € ZxR.
One observes that
V1(P,n,no, tr, tr) = 1(P, 0o, o, try B )1b1 (P, ng, try tr),

~ 4.28
P=(29) € Kp\{Poo. P, Pos,Po_}, (n,no,tr,t,) € Z* x R?. (4.28)

The following lemma records basic properties of ¢ and ¥ in analogy to the
stationary case discussed in Lemma 3.1
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Lemma 4.2 ([40]). Assume Hypothesz's and suppose that (4.7)), (4.8) hold. In
addition, let P = (z,y) € Ky \ {Px,,Px_}, (n,no,ty,tor) € Z* x R?. Then ¢
satisfies

ap(P)¢™(P) — ¢~ (P) + 2¢(P) = 20, (4.29)
1, (P) = iF,6(P) = i(Gr(2) + Ko (2))6(P) +iH,(2), (4.30)
s(Pyo(Pr) = 22 (@31)
Fy(z) '
Gp(2)
O(P) + ¢(P*) =2 F )’ (4.32)
B(P) = G(P7) = co - ;’ff > (433)
Moreover, assuming P = (z,y) € Ky \ {Psc. , Poo_, Po+,Po,—}, then ¥ satisfies
Yo (P,n,no, tr, to,r) = ¢(P,n, t. )1 (P, n,no, tr, tor), (4.34)
U(z)¥™(P) = ¥(P), (4.35)
V()0 (P) = —(i/2)co.4 =Py ¥~ (P), (4:36)
Uy, (P) =V (2)¥(P), (4.37)
. - Fy(z,n,t,)
1 (P,n,no, tr, to )01 (P*,n,ng, tr, tor) = 2 mf(mnmti)7 (4.38)
e Hp(z,m,tr)
Yo (P,n,ng, tr, to.r )P (P*,n,ng, tr, to,r) = 2" " ————=T'(n,n0, ), (4.39)

FP(Za no, t07£)

1/}1(P’ n, no, tﬁa to,ﬁ)wQ(P*v n, no, tﬂa to,ﬁ) + 1/11 (P*y n,no, tﬁ? t0,£)¢2(P7 n, no, tﬁv tO,f)
9zm 0 Gz nt) r ¢ 4.40
= 4z Fp(Z,no,to,g) (Tl,no, [)7 ( . )

1/11(P,n,n0,t£, to,ﬁ)wQ(P*vna nOatﬁa to,ﬁ) - wl(P*ynvn()vtﬁ? t07£)1/)2(P,n,n0,t£, tO,z)

—no— Y
= —cp 2t P -— = _T'(n,ng,t,), 4.41
0,+ Fp(27n0,t07£) ( 0 ,) ( )

where
HZ’:no-H 7(71/’ tﬁ)v n 2> ng+1,
L(n,ng,t) =4 1, n = nyg, (4.42)
[Ty )™t n<ng—1.
In addition, as long as the zeros pj(no,s) of (-)P~Fp(-,no,s) are all simple and
distinct from zero for s € Z,,, T,, C R an open interval, U(-,n,ng,t,to,) is mero-
morphic on Ky \ {Pso,, Pso_, Po.y,Po,} for (n,ty,to,) € Z x I}

Next we consider the ¢,.-dependence of Fy, GB’ and Hp,.

Lemma 4.3 ([40]). Assume Hypothesis[1.1] and suppose that [.7), [&.8) hold. In
addition, let (z,n,t,) € C X Z x R. Then,

Fypui, = —2iGyF, +i(Gy + K,) Fy, (4.43)

G, = iFgﬁi - ngﬁﬂa (4.44)
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Hyy, = 2iGpH, —i(G, + K,)H,. (4.45)
In particular, (4.43)—(4.45) are equivalent to
Vo, = Vi V3. (4.46)

Next we turn to the Dubrovin equations for the time variation of the zeros 1; of
(+)P-F, and v; of (-)P~~'H, governed by the AL, flow.

Lemma 4.4 ([40]). Assume Hypothesis and suppose that , hold on
Z x 1, with I,, C R an open interval. In addition, assume that the zeros pj, j =
1,...,p, of (+)P=F,(-) remain distinct and nonzero on Z x Z,,. Then {fi;};=1, . p,
defined in , satisfies the following first-order system of differential equations
onZ x1,,

P
pie, = —iFp(n)y() @) [T s — )™ G=1,....p, (4.47)
K%
with
fj(n,) € C*(Z,,Ky), j=1,...,p, n€Z. (4.48)

For the zeros v, j =1,...,p, of (- )p*’ng( -), identical statements hold with pi;
and I,, replaced by v; and Il,, ete. (with Z, C R an open interval). In particular,

{Dj}i=1,. p, defined in , satisfies the first-order system on Z X 1,

Vjt, = iﬁi(uj) y(2;)(By;) -1 H v j=1,...,p, (4.49)

k;ﬁj
with
vj(n,-) € C*(Z1,,Kp), j=1,....,p, n€Z. (4.50)

When attempting to solve the Dubrovin systems and , they must
be augmented with appropriate divisors Dj(ng.4,,) € Sym” Ky, to, € Z,, and
Di(no,to.,) € Sym” Ky, to, € T, as initial conditions. The algebro-geometric initial
value problem for the AL hierarchy with appropriate initial divisors will be discussed
in detail in [41].

Next, we turn to the asymptotic expansions of ¢ and ¥ in a neighborhood of
P, and Py +. Since this is a bit more involved we provide some details.

Lemma 4.5. Assume Hypothesis and suppose that (4.7)), (4.8) hold. Moreover,

let P = (z,y) € Ky \ {P,,Px_,Pot,Po—}, (n,no,tr,to,) € Z*> x R2. Then ¢
has the asymptotic behamor

- ﬂ+ﬁ_7C+O(<2)a P_>Poo+a o
o(P) ¢—0 {—(oﬁ)_lg—l + (a+)_2a++'y+ + 0(¢), P— P, _, ¢=1/z
(4.51)
_ a ™t —a2a v+ 0(?), P — Py, B
o(P) = {6*4 gt 0, PPy (== (4.52)

The component ¢, of the Baker—Akhiezer vector ¥ has the asymptotic behavior

i A i
¢1 (P, n, no, t£7 tO,ﬁ) Cfo exp ( = §(t£ - to,ﬁ) ;} C’T‘+*S,+< ) (1 + O(C))
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¢, P— P,
0‘+("xt1) —
X . F(ﬂ,ﬁo,&)m Pop. ¢=1/z,
xexp (i iz ds(Gr o+ (no.s) = Gr_—(no.5)) ),
(4.53)
X r_
V1P, nostytoy) = exp (£ o(ty—toy) Y G —s—C7* ) (14 0(C))
1 5 10y 1005 by LO, ¢50 2 T 0,r v r_—s8,—
(n,ty)
a(()tnmtoyl)’ P — P0,+7
X I'(n,ng,t, )"0 ¢ ==z
et P— P,
X exp (l t(fl ds(gr+,+(n07s) - ng,*(n(%S)))a
(4.54)

Proof. Since by the definition of ¢ in the time parameter ¢, can be viewed as
an additional but fixed parameter, the asymptotic behavior of ¢ remains the same
as in Lemma Similarly, also the asymptotic behavior of ¥ (P, n,ng,t,t,) is
derived in an identical fashion to that in Lemma This proves and
for tg, = tr, that is,

¢ (14 0(0)), P— Py,
Vi(Pin,no, by ty) = at(n,ty) . ¢=1/z
¢—0 F(n,no,tl)m—i—O(C), P—)Pwi,
(4.55)
olnt) 4 0 PP
wl(P7 n, nO;tratr) _ a(no,tr) + (C)v — 10,4, C .
o0 F(n’ nO’tﬁ)CninO(l +O(C))7 P— PO,—7
(4.56)

Remaining to be investigated is

tr
1(P,no,no, tr, tor) = €Xp (z/ dt(Gﬁ(z,no,t)fFﬁ(z,no,t)qS(P, no,t))>. (4.57)
to,i

The asymptotic expansion of the integrand is derived using Theorem Focusing
on the homogeneous coefficients first, one computes as P — P,

A = A =~ Gpt(co+/2)27Py
Gs,—‘r - Fs,+¢ = Gs,—i— - Fs,-i— = Ja
P
~ ~ 2,p- G 9,p— F,\ 7!
- () (D
Co+ Y Co+ Y
1, Go+F5:
= a4 PTG 100, P Pa,, (=1/- (4.58)
(=0 2 fo,+
Since
_ ’I“+ ’I"+
F*(iozcr+7s +F5++O(C), Gr C:QZéT_'_,S +Gs++0(€), (459)
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one infers from (4.51])
1
Fop = =3 rmai( +0(), P—Po,, (=1/z (4.60)

C—>025 =0

Insertion of (4.60) into (4.57) then proves (4.53) as P — Pu, .

As P — P,,_, we need one additional term in the asymptotic expansion of ﬁi,
that is, we will use

*CHOZCTJr 5+Fs++§cr —8,— fs 17C+O(C ) (461)
This then yields
éﬁ CHO ZCT+ 5+C ® ( )_1(fr+,+ _erffl,*) +O(O' (4'62)
Invoking (2.7) and ( one concludes that
frffl,f - fr+,+ _Zat +a (§r+,+ - gri,f) (4.63)
and hence
+
Gem Bt =, - Zcu T T e =G 1O (464)

Insertion of (4.64) into - ) then proves (4.53) as P — P _

Using Theorem again, one obtains in the same manner as P — Py 4,

G, —F,_¢ = %c—s — gs— + %’?—i%ﬂ,f +0(¢). (4.65)
o
Since
Fomo Db P £ Frimt s 4000, PR (n (a60)
G, o :0 & -Gy 4 Gr, + +0(), P—Pys, (=2, (4.67)
f yield
Go-Feo =, %5 Zcr e e - g°f‘(f<fr+ Lo ) HO(),

(4.68)
where we again used (| m, m, and (| @ As P — P, _, one thus obtains

Gr*ﬁg = **Zcr_—s —g +gr+, gr_,—, P*)PO,—, sz (469)

Insertion of (4.69) into ( - ) then proves as P— Py _.

As P — PO +, one obtains

Gr_F - Zcr_fs 74 +gr+ + = gr_ é(.fm_flﬂr _fr_,f)'*‘O(C),
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T_—

1

¢—0 2 =0
using f;_y_ = fr__7177 +a(§r_, —0r - (ct. - and . Insertion of -
into (4.57) then proves as P — Po 1.

Next, we note that Lemmas and on trace formulas and nonspecial divi-
sors in the stationary context immediately extend to the present time-dependent
situation since ¢, € R just plays the role of a parameter. We thus omit the details.

100
G e (70— % +0(Q), P—Py,, (=2 (4.70)

Finally, we turn to the principal result of this section, the representation of ¢,
V¥, o, and [ in terms of the Riemann theta function associated with C,, assuming
p € N for the remainder of this section.

In addition to 77 let wgo)c and wP e be the normalized differ-

entials of the second kind with a unique pole at Py, and Py 4, respectively, and
principal parts

Wg;i ' (¢*77+0(1))d¢, P — Pw,, (=1/z q€ Ny, (4.71)
wgo)iq =0 (¢ Trro( ))d¢, P — Py, ¢ =z, q€eN, (4.72)

with vanishing a-periods,

/wg)ivq:/wgo),i,q:o’ J=1-p (4.73)

J

Moreover, we define

5 i 2)
Q(;) - 2(23@ s— wPo+,s 1~ Wp, ,571)

+ ZSET+—S,+ (wgol+,s 1 wg) ,s—l))’ (474)
s=1

where ¢, + are the summation constants in ﬁz. The corresponding vector of b-
periods of §~2(£2)/(2m') is then denoted by

Qf’:(ﬁﬁ,...,ﬁé?), U = /Q<2> j=1,...,p. (4.75)

ro

Finally, we abbreviate

Qoo+ — plig;i (/ 0P +2 Zcu e > (4.76)
00+ _ : (2 i ~ —s
= lim (/ Qf 2;@,5,4 ) (4.77)

Theorem 4.6. Assume Hypothesis and suppose that ( ., - ) hold. In ad-
dition, let P € Ky \ {Poo,, Ps_, Po, +,P0 _} and (n,ng,tr,to,) € Z* x R%. Then
for each (n,t,) € Z x R, ’Du(n,tl) and Dy 1,) are nonspecial. Moreover,

z(P,p(n,t, P
é(P,n,t,) =Cl(n, tr)m exp (/QO wg;?ﬂp )7 (4.78)
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0(z(P, fi(n, t,
'(/)1 (P7 n,no, tL’ tO,Z) = C(na no, tﬂ’ tOi) 9(2((](3 ﬂl(j;(LO’ :O)r))))) (479)

b

&

55

|

!

\

-

S

\

~

(=]

S
—
o b

2

RS
N———

X exp ((n —ng) .

0(z(P,o(n,t,)))
0(2(P, fi(no,tor)))

P
con ([l p tn) [ )t [ B9),
Qo - Qo o

C(n,t,) = W

’(/}2 (P7 n,no, tLa to,ﬂ) = C(’I’L, t£)0<n’ no, t£7 tO,g)

where

exp ((n — no)(wg»—(Po,_, P ) —wyt (P, Px_))) (4.81)

) z(Po, +7M no,tr)))
0(z(Po,+, 2(no, tr)))’
0(2(Po, , f(no, to,r)))
Q(Z(Poowﬁ(nvtﬁ))
X exp ((tﬁ — t07£)§f+ —(n—mno)wyg " (P07_,POO+)).

x exp (—wyH(Py,_, P

O(Tl, no, LLD tO,g) =

(4.82)

The Abel map linearizes the auziliary divisors Dy(nt,) and Dy(n,) in the sense
that
~(2)

a0, (Dunt,) = 2oy (DPa(no to.) + (n —10)Ap,  (Peoy) + (tr —to,,)U, ~, (4.83)
~(2)
a0y (Dont,)) = 20, (Po(norto,)) + (= 10)Ap, (P, ) + (tr —to,)U,. . (4.84)

Finally, a, 8 are of the form

a(n,t,;) = a(no, to,) exp ((n — no)(wy T (Po,—, Poo,) —wg * (Po,—s Po,)))  (4.85)
0(2(Po,+, fu(n, 1,)))0(2(Pec » (1o, to,r)))
(2(Po,+, ft(n0, t0,r)))0(2(Peo  » f1(n,t1)))

x exp ((t; — to,)(Q+ — Q2T))

0
B(n,t;) = Wexp ((n —no)(wy ™ (Po,—, Poo,) —wge* (Po.—, P,)))
x exp (wo H(Po,—, Po_) — wy (P, Pa ) (4.86)

0(z(Po,+, fl(no, to,r)))0(2(Pec, s 2(n, t1)))
0(2(Po,+:2(no, t0,r)))0(2(Pocy , t(n,t1)))

x exp (= (tr — to,)(Q — Q2H))

and
a(n,t,)B(n (P, P )—wo (Po,—, Poo ))
(z(Po +, (n, )))9(Z(Poo+, p(n,tr))) (4.87)
0(2(Po,+:2(n,t,)))0(2(Poo, , f1(n,tr)))

Proof. As in Theorem one concludes that ¢(P,n,t,) is of the form (4.78)) and
that for to, = t,, Y1 (P, n,ng,tr,t,) is of the form

0(z(P, ji(n, t, P
P1(P,n, ng, ty, tr) = C(n,ng, tr, tr)ﬁ((z((R :((nofm)))))) exp ((n—no)/Q wg)), P(x,+>'
. ’ (4.88)
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To discuss 11 (P, n,ng, t,, to ) we recall (4.28), that is,
1/}1 (P7 n,no, t[a to,z) = Qﬁl (Pu n,no, t£7 tﬁ)wl(P7 no, 1o, t£7 t0,2>7 (489)

and hence remaining to be studied is

tr ~
qZJI(I—Ja nOanOatﬁa to,ﬂ) = eXp <Z/ dS(GE(zaHOaS) FE(Z no, S )¢(Pa TLQ,S)))-

to,r
(4.90)
Introducing ¥4 (P) on Kp \ {Ps, , P_} by
. 0(2(P, fr(no, tr)))
P ty,to,r) =C 10, by tor N —
11[}1( , 100, Uy 0,7) (no o, Uy 077)9(§(P,H(n0,t07£)))
P
X exp (— (t, — to’z)/ (252))7 (4.91)
0
we intend to prove that
1/11(P7n07”07tyt0,z) :’(Z)l(P7n07tL7t0,1)a (4 92)

PEICP\{PEXHJPOO,}a o €Z7 tﬁ’t07£€R?

for an appropriate choice of the normalization constant C(ng, no, t,, o) in (4.91).
We start by noting that a comparison of [{£.53), (£.54) and {.71)), (*.72), (&.74),
shows that 11 and 1&1 have the same essential singularities at P, and Fp +.
Thus, we turn to the local behavior of 1, and 1[)1. By , 77/;1 has zeros and
poles at ji(ng,t,) and fi(ng,to,), respectively. Similarly, by , 11 can have
zeros and poles only at poles of ¢(P,ng,s), s € [tor,t] (resp., s € [ty t0r]). In
the following we temporarily restrict o, and ¢, to a sufficiently small nonempty
interval I C R and pick ng € Z such that for all s € I, 1;(no, s) # pur(no, s) for all
j#k,j,k=1,...,p. One computes

ié£(27n07 S) - iﬁz('zanOa 8)¢(P7 no, S)

~ ~ C 2)z Py + G,(z,n0, s
:iGﬂ(z,no,S) _iFﬂ(zano,S)( 0,+/ ) B( 0 )

Fg(zmo,s)
_ iFy (i (no, s), o, 8)y (i (no, 5))
P 0 G- = 10, 5) Ty ) = )+ 1
n (p;(no, s) — z) + O(1). (4.93)

Pﬂﬂﬁng,s) Js

Restricting P to a sufficiently small neighborhood U;(ng) of {fi;(no,s) € Kp|s €
[tor,tr] € I} such that figx(no,s) & Uj(ne) for all s € [to,.t,] C I and all k €

{1,...,p}\ {4}, -andlmply

¢1(P7 n07n07t£a to,g)

(5 (no, tr) — 2)O(1) as P — [i;(no, t;) # fij(no,to,r),
=40() as P — fi5(no,t,) = f1j(no,tor), (4.94)
(1j(nostor) —2)71O(1) as P — jij(no,to,) # f1j(no, tr),

= (z,y) € Kp,
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with O(1) # 0. Thus, ¥ and 1 have the same local behavior and identical essential
singularities at Py, and Py 4. By Lemma 11 and 1/31 coincide up to a multiple
constant (which may depend on ng,t,,to ). This proves for to,,t, € I and
for ng as restricted above. By continuity with respect to divisors this extends to
all ny € Z since by hypothesis DM(,L s) Temain nonspecial for all (n,s) € Z x R.

Moreover, since by -7 for fixed P and no, Y1 (P, ng, no, ., to,r) is entire in ¢,
(and this argument is symmetric in ¢, and to,), (4.92) holds for all ¢,,ty, € R (for

an approprlate choice of C(ng, no, tr, to,g)) Together with - this proves
for all (n,t,), (no,to r) € Z x R. The expression (4.80]) for 1, then immediately

follows from and -

To determme the constant C'(n,no, t,,to,) one compares the asymptotic expan-
sions of ¥1 (P, n,ng, ty, to,) for P — Py, in (4.53) and (4.79)
C(n,no, tr,to,) = exp ((ty — to,) Q2 — (n — no)wg"" (Po,—, Poc,))
0(2(Poc. ; (1o, to,r)))
0(2(Poy , fi(n, 1))

Remaining to be computed are the expressions for a and B Comparing the asymp-
totic expansions of 11 (P,n,no, t,,to,) for P — Py 4+ in and ( - ) shows

a(n,t,)

O‘(n07 toyﬂ)

(4.95)

= C(n,no,tr, to,) exXp ((n — 7”L())(u)8’+(PO,,7 Py, ) — (t, — to’ﬂ)ﬁgﬂr)

0(2(Po,+, f1(n,t,)))
0( (P0+, (nOatOT)))

and inserting C(n, ng, t,,to,) proves (4.85). Equation (4.81) for C(n,t,) follows as
in the stationary case since ¢, can be viewed as an additional but fixed parameter.

By the first line of (3.69)),

(4.96)

1 0.+ 0(2(Po,+, u(n,tr)))

a(n,t,) = ————exp( —wy  (Py—, Px_ .
(112) = gy = (4 P P ) G )
Inserting the result (4.85) for a(n,t,) into (4.97)) then yields (using Lemma
1 0(z(Pos, fl(no,tor)))
a(no, to,r) 0(2(Pso, , (10, to,r)))
x exp ((n = n0) (wg " (Po,— Pooy) = (P, Poo, ) =™ (Po, oo ).

(4.97)

Clnt,) = exp ((ty — to,,) (T — Q)

(4.98)
Also, since the first line of (3.70)) holds,
0(z(Ps.. . 0(n,t
Bln,t,) = Cln,ty) exp (W (Po,_, Py )) SELo0s L 11))) (4.99)

9(§<Poo+ ) H(n’ tL))) ’
an insertion of (4.98) into (4.99)), observing Lemma yields equation (4.86)) for
B(n,t,). Finally, multiplying (4.97) and (4.99) proves (4.87).

Single-valuedness of ¥4 ( -, ng, no, tr, to,r) on K, implies

. ~(2)
aQo(D (noit)) = 20y (Di(norto)) + ilty — ton)U,

Inserting (4.100)) into (3.61)),
ag, (ngm) = aq,(Pp(not,) + Ap,  (Poo, )1 = no), (4.101)

(4.100)
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one obtains the result (4.83)). O

Again we note that the apparent ng-dependence of C(n,t,) in the right-hand
side of actually drops out to ensure the ng-independence of ¢ in .

The theta function representations (4.85) and for a and 3, and the one
for I'(-, -,t,) analogous to that in (4.87) also show that v(n,t,) ¢ {0,1} for all
(n,t,) € Z x R. Hence, condition (4.1) is satisfied for the time-dependent algebro-
geometric AL solutions discussed in this section, provided the associated divisors
Dj(n,t,) and Dy(n,t,) stay away from P, Py + for all (n,t,) € Z x R.

The time-dependent algebro-geometric initial value problem for the Ablowitz—
Ladik hierarchy with complex-valued initial data, that is, the construction of a and
0 by starting from a set of initial data (nonspecial divisors) of full measure, will be
presented in [41].

APPENDIX A. HYPERELLIPTIC CURVES AND THEIR THETA FUNCTIONS

We provide a very brief summary of some of the fundamental properties and
notations needed from the theory of hyperelliptic curves. More details can be
found in some of the standard textbooks [29], [30], and [48], as well as monographs
dedicated to integrable systems such as [I5], Ch. 2], [38, App. A, B].

Fix p € N. The hyperelliptic curve K, of genus p used in Sections [2] and [3] is
defined by

2p+1

Kp: Fp(2,9) = 4° = Ropya(2) =0, Ropia(z) = [] (2 = Em), (A.1)

m=0

{En}m=o,..2p+1 CC, En # Ey form#m/,mm =0,...,2p+1. (A.2)

The curve (A.1) is compactified by adding the points P, and Py _, Ps, # Ps_,
at infinity. One then introduces an appropriate set of p + 1 nonintersecting cuts C;
joining E,, ;) and E,, ;) and denotes

c= U ¢, ¢ne=0, j#k (A.3)
J€{1,....p+1}
Defining the cut plane
II=C\C, (A4)
and introducing the holomorphic function
2p+1 1/2
Ropio()V2: T —C, 2z (H (Z—Em)> (A.5)
m=0

on IT with an appropriate choice of the square root branch in (A.5]), one considers
M, ={(z, 0R2p+2(z)1/2) |z€C, 0 e {£1}} U{Px,,Px_} (A.6)

by extending Rop1a( - )1/2 to C. The hyperelliptic curve KCp is then the set M, with
its natural complex structure obtained upon gluing the two sheets of M,, crosswise
along the cuts. The set of branch points B(C,) of KC,, is given by

B(Kp) = {(Em,0)}tm=o,....2p+1 (A7)
and finite points P on K, are denoted by P = (z,y), where y(P) denotes the
meromorphic function on K, satisfying F,(z,y) = y*> — Rapi2(2) = 0. Local coor-
dinates near Py = (20,%0) € Kp \ (B(Kp) U{Px, P_}) are given by (p, = z — 2o,
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near P, by (p,, = 1/z, and near branch points (Ep,,0) € B(K};) by (&, .0) =

(2— By, )'/?. The Riemann surface K, defined in this manner has topological genus
p. Moreover, we introduce the holomorphic sheet exchange map (involution)

*: Kp = Kp, P=(z,y)— P"=(2,~y), Py = PL, = Pw_. (A.8)

One verifies that dz/y is a holomorphic differential on K, with zeros of order
p—1 at Ps, and hence

207 1dz .
= y i=1....p (A.9)

form a basis for the space of holomorphic differentials on K,. Introducing the
invertible matrix C' in CP,

C = (Cjr)jk=1,..p; Cj,k:/ 5,
ak

c(k) = (ci(k),...,cp(k)), c¢i(k)= C’jfkl, g k=1,...,p,

the corresponding basis of normalized holomorphic differentials w;, 7 =1,...,p on
KK, is given by

(A.10)

P
wj = ch(f)nb / wj =06k Jk=1,...,p (A.11)
=1 ax

Here {a;,b;};=1,...p is a homology basis for IC,, with intersection matrix of the cycles
satisfying

ajoby =06k, ajoa,=0,b0b, =0, jk=1,...,p. (A.12)

Associated with the homology basis {a;,b;};=1,.., We also recall the canonical
dissection of KC,, along its cycles yielding the simply connected interior K, of the
fundamental polygon 9K, given by

9K, = arbray by tashaay 103t - an ot (A.13)

Let M(K,) and M*(K,) denote the set of meromorphic functions (0-forms) and
meromorphic differentials (1-forms) on KC,. Holomorphic differentials are also called
Abelian differentials of the first kind. Abelian differentials of the second kind,
w® e MI(K,), are characterized by the property that all their residues vanish.
They will usually be normalized by demanding that all their a-periods vanish, that
is, fa‘ w® =0,j=1,...,p. Any meromorphic differential w® on K, not of the
first or second kind is said to be of the third kind. A differential of the third kind
w® e MY (K,) is usually normalized by the vanishing of its a-periods, that is,
faj w® =0,j=1,...,p. Anormal differential of the third kind wgfl))},z associated
with two points Py, P € /@,, Py # P», by definition, has simple poles at P; with
residues (—1)7*1, j = 1,2 and vanishing a-periods.
Next, define the matrix 7 = (7,¢);¢=1,...p by

Tj,f:/wja Jl=1,....p (A.14)
be

Then
Im(r) >0 and 7p=17,, Jjl=1,...,p. (A.15)
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Associated with 7 one introduces the period lattice
L,={2€CP|z=m+n7, m,ncZl} (A.16)

and the Riemann theta function associated with K, and the given homology basis
{a;,05}i=1....p,

0(z) = Z exp (2772'(@, z) + mi(n, QT))7 2¢e€(CP, (A.17)
nezp
where (u,v) = v’ = Z?:NTJ‘UJ‘ denotes the scalar product in CP. It has the
fundamental properties
O(21,. ., 2j—1, =%, Zj41s- - -5 2p) = 0(2), (A.18)
0(z+m+n7) =exp ( —2mi(n, z) — wi(n, QT))H(&), m,n € ZP. (A.19)

Next, fix a base point Qo € K, \ {Po,+, Pw. }, denote by J(K,) = C?/L, the
Jacobi variety of K}, and define the Abel map A, by

Agy: Ky — J(Gy), A,y (P) = (/Pw/

P
wp> (mod L,), Pek,.

(A.20)

0

Similarly, we introduce

ag,: Div(K,) = J(K,), D ag, (D)= Y D(P)Ag,(P), (A.21)
Pek,

where Div(/C,) denotes the set of divisors on K,. Here D: K, — Z is called a
divisor on /C, if D(P) # 0 for only finitely many P € IC,. (In the main body of this
paper we will choose Qo to be one of the branch points, i.e., Qo € B(K,), and for
simplicity we will always choose the same path of integration from Qg to P in all
Abelian integrals.)

In connection with divisors on K, we shall employ the following (additive) no-
tation,

DQOQ = DQO + DQ’ DQ = DQI + e + DQT?‘L’ (A22)
Q:{Qla"'an}GSympra QOGICpamGNa
where for any Q € KCp,

1 for P =0Q,

0 for PeK,\{Q}, (4.23)

DQZK:Z,HN(), PHDQ(P):{
and Sym" KC,, denotes the nth symmetric product of K,. In particular, Sym™ IC,
can be identified with the set of nonnegative divisors 0 < D € Div(K,) of degree
m.
For f € M(K,) \ {0}, w € MY(K,) \ {0} the divisors of f and w are denoted
by (f) and (w), respectively. Two divisors D, £ € Div(K,) are called equivalent,
denoted by D ~ &, if and only if D — & = (f) for some f € M(K,)\ {0}. The
divisor class [D] of D is then given by [D] = {£ € Div(K,) | € ~ D}. We recall that

deg((f)) = 0, deg((w)) = 2(p — 1), f € M(K,) \ {0}, w € M (K,) \ {0}, (A.24)
where the degree deg(D) of D is given by deg(D) = ZPEICP D(P). It is customary
to call (f) (respectively, (w)) a principal (respectively, canonical) divisor.
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Introducing the complex linear spaces
L(D) = {f € M(K,)| f =0or (f) =D}, #(D) = dimL(D), (A.25)
LYD) = {we MY K,)|w=0o0r (w) >D}, i(D)=dimL' (D), (A.26)

with ¢(D) the index of speciality of D, one infers that deg(D), r(D), and (D) only
depend on the divisor class [D] of D. Moreover, we recall the following fundamental
facts.

Theorem A.1l. Let D € Div(K,), w € MY(K,) \ {0}. Then,

(D) =r(D - (w)), p€Np. (A.27)
The Riemann—Roch theorem reads
r(—D) = deg(D) +i(D) —p+1, peN. (A.28)
By Abel’s theorem, D € Div(K,), p € N is principal if and only if
deg(D) =0 and aq, (D) = 0. (A.29)

Finally, assume p € N. Then ag, : Div(K,) — J(K,) is surjective (Jacobi’s
inversion theorem,).

Theorem A.2. Let Dq € Sym? Kp,, @ = {Q1,...,Qp}. Then,
1 <i(Dq) =s (A.30)

if and only if {Q1,...,Qp} contains s pairings of the type {P, P*}. (This includes,
of course, branch points for which P = P*.) One has s < p/2.

Denote by 2 = (Eq,,,- -, 2q,,,) the vector of Riemann constants,
1 P P
Zqu, = 5(1+754) - Z/ wg(P)/ wi, j=1,...,p. (A.31)
=17 e Qo
t#5

Theorem A.3. Let Q = {Q1,...,Qp} € Sym” K, and assume Dq to be nonspecial,
that is, i(Dg) = 0. Then

0(Eq, — Ag, (P) + aq,(Dq)) =0 if and only if P € {Q1,...,Qp}. (A.32)
Lemma A.4. [19, Lemmas 5.4 and 6.1] Let (n,t,), (no,to,r) € Q for some Q@ C
ZxR. Assume (-,n,t,) to be meromorphic on Ky \{Ps, , Poo_, Po 4, Po,—} with
possible essential singularities at Poo ., Po + such that 1[)( -, n,ty) defined by

P
BPnt) = vlPa e (6~ t0,) / o) (4.33)

is meromorphic on K, and its divisor satisfies

(- n.ty)) > —Dpnosto) + (0 —10)(Dp, - — Drp...) (A.34)

for some positive divisor Dii(no to,r) of degree p. Here (2572) is defined in (4.74) and
the path of integration is chosen identical to that in the Abel map:ﬂ (A.20) and
(A.21). Define a divisor Do(n,t,) by

(W(-.nt) = Do(nyty) — Dpnostor) + (1 —10) (Dpy_ — Dp..,)- (A.35)

3This is to avoid multi-valued expressions and hence the use of the multiplicative Riemann—
Roch theorem in the proof of Lemma
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Then
Do(n,ty) € Sym” Ky, Do(nity) >0, deg(Do(n,t,)) = p. (A.36)
Moreover, if Do(n,t,) is nonspecial for all (n,t,) € Q, that is, if
i(Do(n,tr)) =0, (n,t,) € 9, (A.37)

then ¥(-,n,t,) is unique up to a constant multiple (which may depend on the pa-
rameters (n,t,), (no, to,) € Q).

APPENDIX B. ASYMPTOTIC SPECTRAL PARAMETER EXPANSIONS
In this appendix we consider asymptotic spectral parameter expansions of F), /Y,
Gp/y, and H,/y, the resulting recursion relations for the homogeneous coefficients

fg, ge, and ilg, their connection with the nonhomogeneous coefficients f,, g¢, and
he, and the connection between ¢, 1 and cq( EjEl (ct. . For detailed proofs of
the material in this section we refer to [39], [40]. We will employ the notation

E*' = (BT, .. LERL). (B.1)

We start with the following elementary results (consequences of the binomial

expansion) assuming 7 € C such that |n| < min{|Eo|™!,...,[Ezpi1]| 1}
opt1 /2
( IT - EM)) => aENn, (B.2)
m=0 k=0
where
co(E) =1,
k . - j
25! - (2 IEJ .. Elewt
cn(E) = Z (2jo)! - (2j2p+1) 2p+1 keN. (B.3)

22k (501)2 -+ (Jap+11)?(250 — 1) -+ (242pr1 — 1)

Jo,--sJ2p+1=0
Jjo+-+jepr1=k

The first few coefficients explicitly are given by

2p+ 1 2p+1 2p+ 1

CO(E) = 1 (31 = —= Z Em7 62 Z EmlETILQ - Z

ml,’mz =0
m1<mz

(B.

=

)

Next we turn to asymptotic expansions. We recall the convention y(P) =
FCP7L + O(CP) near Py, (where ¢ = 1/z) and y(P) = £(co,—/co.+) + O(()
near Py 1 (where ¢ = 2).

Theorem B.1 ([0]). Assume (3.1), s-AL,(a,8) = 0, and suppose P = (z,y) €
Kp\{Peo,,Poc_}. Then 2P~ Fp/y, 2P~ Gp/y, and 2P~ Hy,/y have the following con-
vergent expansions as P — Pu ., respectively, P — Py +,

pr FB(Z) — + ZZO f@,+<e+17 P — Poci7 C = I/Za (B 5)
co,+ Y iZZofl,—sz P*)PO,:ID (=2

- Gp(a) _ [FX00e4Ct, P Pwy, (=1/z (B.6)
co+ Y +3 0 Ge-C P— Py, ¢=z
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- Hp(2) [ 020he ¢, P—Pay,  (=1/z

co+ Y £330 he ¢, P— Py, (=2

where ¢ = 1/z (resp., ¢ = z) is the local coordinate near Py, (resp., Py +) and

(B.7)

fe+, Ge,+, and hy 1 are the homogeneous versions of the coefficients fo +, ge,+, and

he + introduced in (2.16))(2.18]).

Moreover, the Ey,-dependent summation constants ce+, £ = 0,...,p+, in Fy,
Gy, and H,, are given by
Co+ = CO’ng(Eil), £=0,...,p+. (B.S)
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