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ABSTRACT.  Many results and problems in Fourier and Gabor analysis are formulated in the
continuous variable case, i.e., for functions on R. In contrast, a suitable setting for practical
computations is the finite case, dealing with vectors of finite length. We establish fundamental
results for the approximation of the continuous case by finite models, namely, the approximation
of the Fourier transform and the approximation of the dual Gabor window of a Gabor frame. The
appropriate function space for our approach is the Feichtinger space Sy. It is dense in L2, much
larger than the Schwartz space, and it is a Banach space.

1. Introduction

1.1 Approximating the Fourier Transform

The Fourier transform fof an integrable function f on R is obtained by the Fourier integral

f(w):[f(t)e*h"“”dt, weR. (1.1)
R

For suitable functions f the integral can be approximated as a Riemann sum from suffi-
ciently dense samples. If f decays well, then already a finite number of such samples
yields a good approximation of f(a)), that is, the problem reduces to computations in C".
In fact, it is essentially the Fourier transform in C” which arises in these computations, so
fast algorithms based on the Cooley-Tukey FFT can be used. Results on approximating ]?
in this way are found, e.g., in [1, 3, 5, 12].
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In contrast to these established facts, we show how to obtain the approximation of
feven as a function on all of R, not just pointwise, from using the Fourier transform in
C". Our results hold for arbitrary functions from the Feichtinger space Sy, described in
Section 1.3, which is dense in the space L? of square-integrable functions on R. Indeed,
we obtain the convergence to fin So, which in particular implies L?”-convergence on both
the time and the Fourier side, forall 1 < p < oo.

1.2 The Dual Window of a Gabor Frame

A Gabor system is a family of functions
G(g.a,b) = {gri: k.1 € Z} C L*,

obtained from time-frequency shifts of a Gabor window g € L? along a time-frequency
lattice, i.e.,

gei(t) = gt —ka)e?™ 1Pt eR,

fork,l € Z,where a, b > 0 are the lattice constants. A useful framework in Gabor analysis
is the notion of a frame in Hilbert space, which is a more general concept than a Riesz basis,
see [9]. The family {gi;: k,[ € Z} is a frame if there exist constants A, B > 0 such that

AIFIP < Y faen)* < BIfFIR forall felL?. (12)

k,l€Z

For any frame there exists a dual frame, which plays a similar role in frame theory as the
biorthogonal system of a Riesz basis. The (canonical) dual frame s givenby {S !¢, ;: k.1 €
Z}, where S denotes the frame operator

Sf= Y (fexn)grs»  feL’.

k,eZ

We note that S is bounded and invertible if and only if the frame condition (1.2) holds. The
special structure of Gabor frames yields that the dual frame is again a Gabor frame, namely,
its elements are of the form S’lgk,l = gk, fork,l € Z, where

g=5""g.

The function g € L? is called the (canonical) dual Gabor window and it is the focus
of many results and questions in Gabor analysis. For details on Gabor systems we refer
to [24, 25, 28], see also [8, 13, 31, 33, 40], [9, Sections 8-9], and [13, Chapters 3-4]. The
analogous notations of a Gabor system are defined for vectors in C", see Section 2.4. We
are concerned with the approximation of the dual Gabor window g for a given Gabor frame
in L? by using only computations in C".

Since the dual window g is obtained from inverting the Gabor frame operator S,
one is interested in approximations for S~'. We mention the frame algorithm, based on
Neumann series expansions for S —1 see [9, Section 1.2], [28, Algorithm 5.1.1]; iterative
methods with higher order of convergence are discussed in [36]. However, our focus is
different, we are concerned with approximations by finite-dimensional computations. A
brief summary of developments in this direction is included in [15] and we refer to the list
of references therein. A fundamental general approach is the Casazza-Christensen double
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projection method [6, 7], see [9, Section 16.2]. By this technique the inverse frame operator
of an arbitrary frame can be approximated from a reduced problem in a finite-dimensional
subspace of L2. For the application of this method to Gabor frames see [9, Sections 16.3
and 16.4], [10, Section 8.3.2].

The Casazza-Christensen method is a technique for general frames. Making use of the
special structure of Gabor frames, Strohmer has established a practicable method specific
to approximating the dual Gabor window g [42], see [9, Section 16.5], [10, Section 8.3.3].
The Strohmer method indeed reduces the approximation problem in L? to solving a sys-
tem of linear equations in C". We mention that, if g and its Fourier transform g have
exponential decay, then this approach also describes the convergence behavior, namely,
the approximation error in L? decreases also exponentially. Strohmer’s method involves
a general approximation scheme, the finite section method, and for more on this topic we
refer to [11], [30, Section 1.1.3].

Our technique is a new approach, based on the results by Janssen in [34] which
describe the transition from continuous to finite Gabor frames. We complement these results
by describing the converse direction and, thus, we show how the dual Gabor window can
indeed be approximated from algorithms for Gabor frames in C". The advantage is that the
dual window of a Gabor frame in C" can be computed considerably faster than solving a
general system of linear equations in C", see [41]. These Gabor frames in C" are obtained
in a simple way from the original Gabor frame. The only assumption for our method is
that the Gabor window g belongs to the Feichtinger space Sy C L2, described below. As a
bonus, the approximate dual windows converge not just in L2 but indeed in Sy. We note that
convergence of the (dual) Gabor window in Sy has an important implication which does not
hold for just convergence in L?. Namely, it implies convergence of the corresponding frame
operators in the operator norm on L2, see[19, Corollary 2.3], [26, Corollary 3.3.3 (i) (b)].

1.3 The Feichtinger Space

The Feichtinger space Sy is the appropriate space for many results in time-frequency anal-
ysis. It was introduced in [17] as a new Segal algebra, cf. [39]. Sy is dense in L? and all its
members are continuous and integrable functions. In general terms, Sy is the space of all
functions on R which are represented in the time-frequency domain by an integrable func-
tion, cf. [18, Theorem 15]. More precisely, the norm of a function f in Sy is the L'-norm
of its short-time Fourier transform V, f with respect to the Gaussian window g, i.e.,

||f||so=//R2|vgf(x,w)|dxdw,

where g(t) = e 7 ’2, and the short-time Fourier transform is defined by

ng(x,a))=/f(t)g(t—x)e_zm‘”tdt, x,weR.
R

An equivalent norm is obtained when the Gaussian function g is replaced by an arbitrary
non-zero function g from Sp. Examples are the triangle function, the trapezoidal function,
or any Schwartz function. If g € Sy generates a Gabor frame for L? as described in
Section 1.2, then an equivalent discrete norm for Sy is the £ I_norm of the Gabor coefficients
of a given function f,

1, = Y 1(f gkl -

k,leZ
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The space Sp shares several properties with the Schwartz space S, yet So is much larger, it
does not rely on differentiability, and it is a Banach space. Time-frequency shifts and the
Fourier transform are isometries on Sg. Feichtinger has obtained Sy from several different
concepts, namely, Sy coincides with the modulation space M I'and with the Wiener amalgam
space W (A, £1), whose local component is the Fourier algebra A = FL'. For more on S,
see [18, 19, 26, 28] and the original source [17].

The space Sp is defined on Rd, ford = 1,2, ..., we restrict the presentation of our
results to the case d = 1; the general case is mentioned in Section 6. Practicable sufficient
conditions for membership in Sg are given in [26, Theorem 3.2.17] and [27]. For instance,
if a function f(¢) on R and its Fourier transform decay like O(|z|~3/27¢), for some & > 0,
then f € Sp. Another useful sufficient condition for f tobe in Sy = So(R) is that f, f" and
f" arein L' [37]. Yeta function in S need not be differentiable. For example, a compactly
supported function s in So if and only if its Fourier transform is integrable. Correspondingly,
because of the Fourier invariance of Sy, any integrable band-limited function is in Sp.

The article is arranged as follows. In Section 2 we state the main results. The relevant
properties of the function space Sy are summarized in Section 3. In Section 4 we formulate
crucial steps of our approach as preliminary results. The proofs of the main results are
found in Section 5 and, finally, in Section 6 we briefly comment on the case of functions
onR?, ford > 2.

2. The Main Results

2.1 The Sampling and Reconstruction Operators R, and L,

We establish the definitions which are used for formulating our main results. First, given
n € N, we define a set of n points on the real line which we will later use as sampling
points. For ¢t € R, let | ] denote the greatest integer less or equal to ¢, and let [¢] denote
the least integer greater or equal to 7.

Definition 1. Givenn € N, define 19, ..., 7,—1 € Rby

__ e for k=0,...,12],
“Tle—myym for k=14 41,....n—1.

For example, we have for n = 16,
(t0, ..., 115) = 3(0,1,...,7,8,=7,...,—1).

Remark 1. The points 19, ..., T,—1 are inside the interval [—./n/2, «/n/2] and they are
regularly spaced by 1/4/n. Consequently, for n — oo, the diameter of this set of points
and the local density increase simultaneously.

Next, given n € N, we define a set of n real numbers which we will later use as
weights for a set of sampling values.

Definition 2. Givenn € N, define Ag, ..., A,—1 € Rby

1, for k=0,....1%] and k=T[3],....n—1,

A = n n n 3n
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For example, we have for n = 16,

31 1 1 1 3
Gov e is) = (L1, 1,1, 1,3, 4, 00, L 13111y

Remark 2. (i) The numbers A, ..., A,_1 can be viewed as the values of a trapezoidal
function wy,, at the sampling points 7y, ..., 7,—1. In fact, let
1, [t < 1/4,
w(t) =3 2 —4t)), 1/4 < |t] < 1/2, treR,
0, 1] >1/2,

and define w, (t) = w(t/+/n), for n € N. Then we have
A = wy(T1), for k=0,...,n—1. 2.1

For later use we also note that (2.1) implies

n—1

D omf@) =Y wal//n) f(I/n),  feES. 22)
k=0

leZ

Observe that the summation is finite also at the right-hand side of (2.2), since wj, is compactly
supported.

(ii) Our results also hold, when Ao, . .., A,_| are defined as the values of a function wy, (t) =
w(t/+/n) as in (i), for an arbitrary function w in Sy with the properties w(0) = 1 and
suppw C [—1/2,1/2].

Now we define the key players of our results, an operator R, which maps a function
from Sp into a vector in C" and, for the converse direction, an operator L, which maps a
vector into a function. It will be convenient to consider the vectors v in C" as functions on
the cyclic group Z,, and write v = (v(O), o v(n — 1)). In particular, computations with
the indices of such a vector will always be understood modulo n. We also mention that all
norms on C" are equivalent and L?(Z,) = So(Z,) = C".

Definition 3. (i) Define the operator R,,: So — C" by
Ry f (k) = A f (i), k=0,....n—1. 2.3)

(ii) Define the operator L, : C* — Sy by

n—1
Lyv(t) =Y e v(k) o((t — w)v/n), reR, (2.4)
k=0

where ¢(t) = (1 — [t|)+ is the linear B-spline or roof function.

Remark 3. (i) The operator R, amounts to sampling the function f at the points
70, ..., Tne1 € [—+/1/2,/n/2]. The coefficients A, ..., A,—1 are used as weights for
the sampling values. The use of the weights avoids a sharp jump from v(rn — 1) to v(0),
when v is viewed circularly as a function on Z,,. A priori such a jump is possible since f (79)
need not be close to f(7,—1). In some cases the weights can be omitted, see Remark 5 (i).

(ii) Applying L, to a vector v € C" amounts to linear interpolation of the data

{(r0, ¥0)s - - -, (Tu—1, Yn—1) 1}, where yi = Apv(k), k=0,...,n—1.
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It yields a function on R with support slightly larger than [—./n/2, /n/2]. The use of the
weights prevents the interpolator function from having sharp transitions at the endpoints of
the supporting interval. For the possibility of using L, without weights, see Remark 5 (ii).

By &k,0 we denote the Kronecker delta, equal to one when k = 0, and equal to zero
otherwise.

Remark 4. The function ¢ used in the definition of L,, is not differentiable. However,
if smoothness of the approximants is desired, ¢ can be replaced by higher order B-splines.
More generally, we can use an arbitrary function ¢ € Sp which generates a partition of
unity, Zkez o(x —k) =1, x € R, or, equivalently, which satisfies g(k) = 8o, for k € Z.
In approximation theory this is the basic Strang-Fix condition and we note that for our
purpose no higher order Strang-Fix condition is required for ¢.

2.2 Approximation from a Vector of Samples

Our first main result describes the reconstruction of a function f € Sy from the sequence
of vectors {v, € C": n =1,2, ...}, obtained by sampling f according to the definition of
the operator R, : Sop — C". The reconstruction is described by the operator L, : C" — Sp.

Theorem 1. Suppose that f € Sy. For n € N, define the vector v, = R, f € C". Then
ILyvp — flls, = 0, as n — oo.

Remark 5. (i) In the proof of Theorem 1, the coefficients Ay, ..., A,_1 in the definition
of R, will not be used explicitly. Their use is implicit and corresponds to approximating f
by a compactly supported function f;, in Sp. If already f itself is compactly supported, so
that supp f C (—+/n/2, o/n/2) for sufficiently large n, then the coefficients can be omitted
for R,.

(ii) The coefficients Ag, . . ., A,—1 in the definition of L, are required for obtaining conver-
gence in Sy in Theorem 1. For just convergence in L”, 1 < p < oo, the coefficients can
be omitted for L,. Note that convergence in L” is considered here for f € Sy and not for
general L?-functions.

2.3 Approximation of the Fourier Transform

The operators R,, and L, are defined in such a way that they allow us to obtain our second
main result. We show that the Fourier transform of a function from Sy can be approximated
in the Sp-norm from computing the Fourier transform of a vector in C". This vector is
determined by finitely many samples of f.

Recall the normalization of the Fourier transform, given in (1.1). The Fourier trans-
form on C" is normalized as a unitary operator v > v in C",

1 n—1 '
ﬁ(k):ﬁZv(k)e_zmkl/”, k=0,...,n—1.
=0

It is usually denoted discrete Fourier transform (DFT) and can be calculated efficiently by
fast Fourier transform (FFT) algorithms.

Theorem 2. Suppose that f € So. Forn € N, define the vector vy, = R, f € C". Let f
denote the Fourier transform of f in Sy, and let U, denote the Fourier transform of v, in
C". Then ||Lyvy — flls, = 0asn — oo.
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Recall that convergence in So implies convergence in L? forall 1 < p < oo.

Remark 6. The possible simplification of the operators R, and L,, indicated in Remark 5
can be applied to Theorem 2 as well.

2.4 Approximation of the Dual Gabor Window

Here, we obtain a method for the approximation of the dual window of a Gabor frame using
finite Gabor methods. First, we recall the relevant notions for Gabor systems in C", see,
e.g., [41], or [9, Chapter 10]. Letn € N. Given a Gabor window vector v € C" and divisors
P, q € Nof n, we define the Gabor system
(n) — L — no_ — no_ n
G (v,p,q)—{vkyl.k—O,..., > 1,1_0,...,q 1} cCc,
where

2rilgm/n
b

vg(m) =v(im —kp)e m=0,...,n—1,

for k = 0,...,% —land! =0,..., 3 — 1. The system G(")(v,p,q) is a Gabor frame

for C" if it spans C". This is the case if and only if the frame operator S,S’fg,,q :C" - 1,
defined by

n/p—=1 n/q—1
S,S’f;,,qu = Z Z (u, Vie,1) VK 15 ueC",
k=0 =0

is invertible. Then the dual vector is defined by 7 = (S,S'f[),,q)fl v € C", in analogy to the
dual window for a Gabor frame in L2.

Before we state the theorem, the following remark indicates how we narrow our focus
from the case of general lattice constants a, b > O tothe casea = b < 1.

Remark 7. (i) It is one of the fundamental results in Gabor analysis that, if the Gabor
system G (g, a, b) is a frame, then ab < 1, see [28, Section 7.5]. Furthermore, if the Gabor
window g is well time-frequency localized, then we must have ab < 1, as implied by the
Balian-Low theorem, see [28, Section 8.4]. A variant of this theorem, found in [4], implies
that we have ab < 1 also for all Gabor frames with a Gabor window g from Sy. Hence, for
our results we can assume that ab < 1.

(i1) By dilating the Gabor window one can reduce the investigation of general Gabor systems
G(g, a, b) tothe case a = b. Namely, given G(g, a, b), let c = \/a/b and define the dilated
function g.(t) = g(ct),t € R. Then G(g, a, b) is a Gabor frame if and only if G (g, c, ¢) is
a Gabor frame. In this case, the dual window g for G(g, a, b) is obtained by g(¢) = g-(c 1),
t € R, where g is the dual window for G(g., c, c). Consequently, the fact that Sy is
invariant under dilation [26, Theorem 3.2.14] allows us to restrict our attention to the case
a=>h.

(iii)) We mention that the reduction in (ii) can be formulated for arbitrary time-frequency
lattices A C R?, more general than A = aZ x bZ, by replacing the dilation in (ii) with the
suitable metaplectic transform, see [28, Proposition 9.4.4 and p. 198, Remark 2]. Therefore,
since Sy is invariant under metaplectic transforms [17], our results can also be useful for
the case of a hexagonal, or a quincunx lattice, for example. In the setting of functions on
R?, d > 2, mentioned in Section 6, this remark applies to all lattices A C R?¢ which are
symplectic [28, Definition 9.4.2].
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In view of Remark 7, we restrict the presentation of our results to the case of Gabor
frames of the special form G(g, a, a) with 0 < a < 1, having indicated how they can be
used for arbitrary a, b > 0.

Theorem 3. Given g € Sy and0 < a < 1, suppose that G(g, a, a) is a Gabor frame for
L% Forq €N, let p = [a*q), let n = pq, and define the vector v, = R,g € C". Then
the following hold.

(i) For all q sufficiently large, the system G™ (v, p, p) is a Gabor frame for C".

(i) Denote the dual window of G(g, a, a) by g, which is in Sy, and denote the dual vector
of G™ (v, p, p) by Oy, in C". Then ||/nL, 0, — glls, — 0as g — <.

We note that in Theorem 3 the parameters n and p depend on q.

Remark 8. (i) Observe that p/q — a? and n = pg — 00, as ¢ — oo in Theorem 3.
We mention that for any sequence of integers p and g with these properties, the theorem
holds as well. The assignment suggested in the theorem is applicable in practical situations.
That is, by varying g one indeed obtains useful values of n for actual computations and
with 4/p/q close to a.

(i1) The possible simplification of the operators R, and L, mentioned in Remark 5 can be
applied also to Theorem 3.

3. Relevant Properties of S,

For the definition of the Feichtinger space Sy, see Section 1.3. The space Sy is the appropriate
window class for time-frequency analysis [28, Section 12.1]. Our work utilizes a variety
of features of Sy, summarized next.

Lemma 1 ([17, 26]). (i) The space Sy is a Banach algebra both under pointwise multi-
plication and under convolution. In particular, Sy is closed under these operations.

(i1) Time-frequency shifts and the Fourier transform are isometries on Sy.
(iii) Given ¢ > 0, the restriction mapping f + (f(ck))kez is a bounded (and surjective)
operator from Sy into £\

A fundamental tool in Fourier analysis is the Poisson summation formula, see [28,
Section 1.4]. With the next lemma we recall that the Feichtinger space Sp is a natural
domain for this identity, much larger than the Schwartz space [17], [26, Corollary 3.2.9],
[28, Corollary 12.1.15]. Secondly, we include a time-frequency variant of the Poisson
summation formula, related with observations in [2, 23, 34, 43].

Lemma 2. (i) ([17, 26]) For f € So, the Poisson summation formula ), f(k) =
Y kez [ (k) holds with absolute convergence of both series.

(ii) For f, g € So, the following Poisson summation formula for the short-time Fourier
transform holds, 3 " 1.7 Vo f (k. 1) = 3 icp [(K) Dtz 8(k), with absolute convergence
of these series.

Proof. (ii) First, denoting h,(f) = f(t) g(t — x), for f, x € R, we have
Vof(x,0) =hy(w), x,weR,

cf. [28, Lemma 3.1.1]. Note that &, belongs to Sp since Sp is invariant under transla-
tion and closed under multiplication. Hence, the Poisson summation formula implies that
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Yien () = Y ez hx (D), for x € R and, thus, we obtain

S Vst = Y (X m0) =3 (X mo)

k,leZ keZ IeZ keZ €7
= Y flgk=D=)> fk> gk .
kieZ keZ keZ []

Remark 9. (i) Several more general versions of the Poisson summation formula follow
from the generic version in Lemma 2 (i) by using standard relations of the Fourier transform.
For example, given a > 0, we have for f € Sy,

~ 1 .
Y Flo—ka)==Y" flk/a)e™ ke, weR, (3.1)
keZ a kel
with absolute convergence of both series.

(i1) Using standard properties of the short-time Fourier transform, see [28, Section 3.1],
we obtain more general versions of the formula given in Lemma 2 (ii). For example, for
a,b>0and f, g € Sy, we have

> Vef(x—ka,w—1b)

k,leZ

RP Sl arm) S

keZ

(3.2)

where x, w € R, with absolute convergence of the series.

The space Sy, viewed as a Banach algebra under pointwise multiplication, contains
approximate units obtained by dilation.

Lemma 3 ([26]). Suppose that v € Sy with v(0) = 1. Givenr > 0, let v, (t) = v(t/r),
fort e R Then v, f — flls, = 0asr — oo, forall f € So.

Our main results implicitly use the technique of quasi-interpolation, which we briefly
describe next. Schoenberg’s quasi-interpolation is a general scheme in approximation
theory. Commonly used techniques described by this paradigm are linear interpolation
and spline approximation with refining sampling lattices.

Definition 4. Given € Sy and h > 0, let Q;f denote the quasi-interpolation operator,
defined for f € Sp by

O f1)=Y_flhkyy@t/h—k). teR.
keZ
Moreover, given v € Sy and r > 0, we define the operator @ﬁ for f € So, by

Orfy=vt/r) Y f—rk), t1eR.

keZ

Remark 10. The operator Q;’ is a Fourier transformed version of QZ’. More precisely,
assuming that v = ¢ and r = 1/h, we have by [22] that

—

0/f=0"F, feS.
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It is a remarkable feature of Sy that the quasi-interpolation converges for functions
from Sy indeed in the norm of S.

Lemma 4 ([22]). (i) Suppose that r € Sy satisfies {ﬁ\(k) = k.0, for k € Z. Then for all
f € Sp we have ||Q;/lff— flls, > 0ash — 0.

(ii) Suppose that v € So satisfies v(k) = &k,0 for k € Z. Then for all f € So we have
10 f — flls, > Oasr — oo.

Remark 11. In view of Remark 10 we have that the statements (i) and (ii) in Lemma 4
are equivalent, since the Fourier transform is an isometry on Sp.

Next, we describe the Janssen representation of Gabor frame operators [28, Sec-
tion 7.2], found in [33]. It is the expansion of a Gabor frame operator into a series of time-
frequency shifts. The Janssen representation can be understood as an important part of a
general duality principle in Gabor analysis, which includes results in [14, 32, 33, 40, 43, 44]
and is sometimes called Wexler/Raz-Janssen-Ron/Shen duality. The function space Sp turns
out to be a suitable setting for this general paradigm, see [23, 26]. For example, the Janssen
representation cannot be used for general Gabor windows g € L2, while it always converges
absolutely for g from S [26, Theorem 3.5.11 (iii)], as described next.

Lemma 5 ([26, 33]). Leta,b > 0. For g € So, the frame operator Sg ., has an
absolutely convergent Janssen representation

Seanf(t)=a’h® Y Veg(ka® 1b°)f(t —ka®)e™ """ 1eR, (3.3)
k,leZ

where a® = 1/b and b° = 1/a.

Remark 12. (i) The lattice A° = a°Z x b°Z C R? is sometimes called the adjoint lattice
and it is a rotation of the orthogonal (dual, reciprocal) lattice AL. See [23, 26] and [21,
p. 2014] for a more general setting.

(i1) The normalization factor a°b° = 1/(ab) in (3.3) is usually called the redundancy of the
Gabor system G (g, a, b).

The following is an important property of Sy and a celebrated result in Gabor anal-
ysis. It is found in [19] for rational time-frequency lattices A = aZ x bZ with ab € Q,
see [28, Theorem 13.2.1], and the intricate irrational case ab ¢ Q has been settled in [29,
Theorem 4.2].

Lemma 6 ([19, 29]). Given g € Sy and a, b > 0, suppose that G(g, a, b) is a Gabor
frame. Then the dual window g also belongs to Sy.

The next result is another crucial step in our approach, developed in [21] after pre-
liminary results in [26].

Lemma 7 ([21]). Given g € So and a,b > 0, let G(g, a, b) be a Gabor frame. Let
gn € So and ay, b, > 0, forn = 1,2,..., and suppose that ||g, — glls, — 0 and
(an, by) — (a, b), asn — oo. Then the following hold.

(i) For all n sufficiently large n, we have that G(g,, an, by) is a Gabor frame for L.
(ii) Denote the dual window of G(g, a, b) by g in So and for n € N, denote the dual window
of G(gn, an, by) by g in So. Then ||gn — glls, — 0 asn — oo.

We note that this result fails for general Gabor windows g from LZ, see [20], or the
surprising example of Janssen’s tie [35].
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4. Preliminary Results

4.1 Periodization and Sampling

In our main results, the transition from functions on R to vectors in C" is given by the opera-
tor R,, i.e., by truncated sampling with weights. Our preliminary results are formulated for
a different operator P,, defined by sampling and periodization, without using weights. We
note that the application of R, is based on just n samples of f, while P, involves infinitely
many samples of f. Our use of P, is that it satisfies certain properties, described below,
which are relevant for our approach. By showing that R,, and P, are closely related, we
will, then obtain similar properties for R, in our main results.

Definition 5. For n € N, define the operator P, : Sy — C" by

k
Pnf(k):E fl—= —1/n), k=0,....n—1. 4.1)
leZ (\/ﬁ )

Remark 13. (i) The operator P, combines sampling and periodization. The function f is
sampled and, then the sequence so obtained is periodized. Anequivalent point of view is that
first f is periodized and, then the function so obtained is sampled on a fundamental domain.
Either way, the sampling density and the length of the period increase simultaneously, as
n — o0o.

(ii) P, is bounded and surjective from Sy into C" and the series in (4.1) converges absolutely.
Indeed, sampling is bounded and surjective from Sy into ¢! by Lemma 1 (iii), and the
periodization is bounded and surjective from ¢! into C”.

(iii) For later use we note the following inconspicuous but important relation between P,
and a class of time-frequency shifts. Given f € So, let fii(t) = f(t — k/ Jn) e2mitl/\n
for k,l € Z. Then P, fy;(m) = Py, f(m — k)e>@imi/n,

We have mentioned that P, maps Sp into C" in a different way than the operator R,
from (2.3), yet P, and R, are closely related. Indeed, we express R, by using P, and the
weight function w,, given in Remark 2 (i).

Lemma 8. Givenn € N, we have R, f = P,(wy f), for f € Sp.
Proof. Since supp w, C [—+/n/2, /n/2], for n € N, we have by using (2.1) that

fmwmﬁ@)=§:wam5%-¢¢@

leZ
k
(=) k=0.....14].
- k
(wnf)(ﬁ—\/ﬁ>, k=[5]+1,....n—1,
= (wn () = M f(r) = Ry f (k) ,
where k =0,...,n — 1. ]

4.2 P, and the Fourier Transform

The transition from the Fourier transform of functions on R to the Fourier transform in C"
can be obtained formally by sampling and periodization [12, Theorem 1] and it is often used
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in the literature under various conditions on f which ensure its validity. A solid background
is given in [2]. The operator P, has been defined in such a way that it fits into this scheme
and, indeed, the transition holds in a precise sense for all functions from Sp. The result
follows from the observations in [2, 12], since the required assumptions are always satisfied
for functions from Sp. We include a condensed proof.

Proposition 1 (see [2, 12]).  Suppose that f € So. Given n € N, define the vector
u=P,f € C" Let f denote the Fourier transform of f in So and let u denote the Fourier
transform of u in C". Then P, f = u.

Proof. Using the Poisson summation formula in the form of (3.1), with w = k/./n and
a = 1/4/n, we have

%l Zf<%) G2mikl/n

nZ: Z (_ —l\/_> 2rikm/n _ /\f(k) )
€L

where k = 0, ..., n — 1. Note that Sy is invariant under time-frequency shifts and all series
converge absolutely by Lemma 1. Hence, the result is proved, since by Lemma 2 (i) the
Poisson summation formula generally holds for f € Sp. L]

4.3 P, and the Dual Gabor Window

The transition from functions to vectors by sampling and periodization has been investigated
also for Gabor systems. First structural relations are derived in [44, Appendix D]. For Gabor
systems G(g, a, b) with ab = 1, more details are given in [38]. Finally, rigorous results
for general Gabor frames, ab < 1, and with attention to frame bounds have been developed
in [34]. Here we outline that the operator P, is suitably defined for this purpose and Sy is
an appropriate function space, see Proposition 2.

Letn € Nand v € C". The short-time Fourier transform in C" with respect to v is
defined for u € C", by

n—1
VPuk.1) =" um)vim — k) >/, k1=0,....n—1.
m=0

The following result describes sampling and periodization of the short-time Fourier trans-
form, it is closely related to observations in [23, 34, 43, 44]. By P,Pd] we denote the
analogue of P, for functions on R2, described in (6.1), see Section 6.

Lemma 9. Let f,g € Sy and n € N. Then P,EZd]ng(k,l) = \/LEVU(")u(k, D), for
k,1=0,...,n—1, whereu= P, f € C"andv = P,g € C".
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Proof.  Using the general time-frequency Poisson summation formula (3.2), which is
applicable since f, g € Sp, we calculate

PRy, £k, 1)
= Z ng<i—r«/ﬁ,in—s\/ﬁ)

r,S€ZL ﬁ \/_
8 T et e
(R (DeCF r)

n—1

1 . 1
= ﬁ Z u(m) v(m — k) 2N = ﬁVv(")u(k, D),
m=0

where k,l =0,...,n— 1. L]

Next, we recall that an analogous form of the Janssen representation (3.3) can be
formulated for Gabor frame operators on C”, see [34, Equation (5.4)]; we mention that the
result indeed holds, more generally, on groups [23, Corollary 7.7.8]. Given v € C" and
p,q € Ndivisors of n € N, the Gabor frame operator Sf,'f;,,q on C", defined in (2.4), has
the following Janssen representation. For u € C", we have

—_

P°g° s
S u(m) = .

Vv(")v(k po,lqo) u(m _ kpc))eZ?Timlqo/n , (42)
k

Il
o

[=l

withm =0,...,n — 1, where p° =n/q and ¢° = n/p.

Remark 14. The normalization factor p°q°/n = n/(pq)in(4.2)is called the redundancy
of the Gabor system G(")(v, D, q), cf. Remark 12 (ii).

The next lemma relates sampling and periodization with the action of Gabor frame
operators. The result follows from [34, Proposition 3 and Section 5], the proof is based on
the Janssen representation; we condense the proof by making use of Lemma 9 and properties
of S().

Lemma 10 (see [34]). Given f, g € Soand 0 < a < 1, suppose that a*> = p/q € Q and
letn = pq. Then P,Sg a0 f = \/LESI()”[),[,M whereu = P, f € C" andv = P,g € C".

Proof. Since g € Sp, by Lemma 5 the frame operator S, , o has an absolutely convergent
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Janssen representation (3.3). Hence, using a> = n/q? and p/a = /n we calculate

Sg.a,af ()
1 .
= a2 Z Vgg(r/a,s/a)f(t_r/a)eths/a
r,SEZ
= 2 Z Z gg( VP l_sp>f<t_lﬂ)ezﬂil(l—sp)/a (43)
a k=0 rseZ a a a
p—1
f]2 Z Z 88( —rn lq—sn)f<t_]Myzmz(zq,sn)/ﬁ
k=0 rseZ vn Jn NG

where t € R. Next, we apply P, to (4.3). Thus, using Lemma 9, Remark 13 (iii) and (4.2)
we obtain

P”Sguaf(m)
q2 pzl <2Vgg< —ra/n, lq ﬁ))u(m_kq)ehrimlq/n,
kI=0 “rseZ NG f
7 _
= o Z Pn[M]Vgg(kq,lq)u(m _kq)emelq/n ’
k,[1=0
l q2 3 () 2rimlqg/n
= e VP vkq,lq)u(m —kq)e q
non k,[=0
:Ls('l) u(m) m=0 v 1
ﬁ v,p,p ’ yeees . .

The next proposition is concerned with sampling and periodization of a Gabor window.
The result follows essentially from [34, Proposition 4 and Section 5]; we formulate the result
specifically for our purposes, using the Feichtinger space Sy, and include the proof.

Proposition 2 (see [34]). Given g € Sp and 0 < a < 1, suppose that G(g,a,a) is a
Gabor frame for L* with a®> = p/q € Q. Let n = pq and define the vector v = P,g in
C". Then the following hold.

() The system G"™ (v, p, p) is a Gabor frame for C".

(i) Denote the dual window of G(g, a, a) by g, which is in Sy, and denote the dual vector
of GM (v, p, p) by T in C*. Then v = JLang.

Proof. First, for S = S¢.a,a and s = Sz()'?;,p, we have by Lemma 10 that
P,S = JLZS“”P,, . (4.4)

Since by assumption G (g, a, a) is a frame we have that S: Sy — Sy is surjective. Since by
Remark 13 (i) also P, : So — C" is surjective, we conclude from (4.4) that ™ : C" — C”"
is surjective. That is, S™ is invertible and G (v, p, p) is a frame for C". Consequently,
the dual window is of the form
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T=(s™) v =(5")"Pg = (57)'P.ST
= (") 'sWPE=J-P7. 0

4.4 Reconstruction from P,

As a crucial result for our approach we show how a function in Sy can be reconstructed
from the vectors obtained by applying P,, that is, from sampling and periodization.

Proposition 3. Suppose that f € So. For n € N, define the vector u, = P, f € C".
Then || Lyu, — flls, = 0asn — oo. In particular, {L, P, : n € N} is uniformly bounded.

Proof. By direct computation we find that

n—1
L0 =Y Y f (= —1VA) ol —movi),  reR. @49

k=0 1eZ \/_
and also obtain
S k
0} 5 CUnf =Y walk/v/n) Y f(ﬁ — 1) e —k). @46
keZ leZ

where t € R. Now using (2.2) we conclude that (4.5) and (4.6) coincide, that is,
LaPy =0}, 0" .7
Next, we have @ (k) = 8,0 and w(k) = 8.0, so (4.7) and Lemma 4 imply

ILuPuf = fllsy = 10}, 0% = flsy > 0. as n—>o0.

5. Proofs of Theorems 1-3

Proof of Theorem 1. Suppose that f is in Sp, let v, = R, f and define f, = w, f. By
Lemma 3 we have that

Il fn — flls, = O, as n— 00. 5.1
Next, by Lemma 8 we obtain
vy =Ry f = Py(wyf) = Pyfan, for n e N. 5.2)
Thus, using (5.1), (5.2), and Proposition 3 we conclude that
L v, — f”So = ”LnPnfn - f”S()

S WLnPu(fu = Plisy + ILnPuf — [flls,
=Clfau=flsy + 1 LnPrf = flisy = O, as n— oo. ]

Proof of Theorem 2. Suppose that f is in Sg, let v, = R, f and define f, = w, f.
From Lemma 1 (ii) and Lemma 3 we obtain

1= Fllso = Il fn = flls, >0,  as n— oc. (5.3)
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Next, by Lemma 8 we have v, = R, f = P,(w,f) = P, f,, for n € N, so Proposition 1
implies

On = Py fr, for neN. (5.4)
Thus, using (5.3), (5.4), and Proposition 3 we conclude that
LT = Fllsy = 1LnPafu = Flls,

< Lo Pa(Fo = Dllso + 1LaPu f = Fls,
<Clfa— flisy +ILaPaf — fllsy, =~ 0,  as n— oo. O

Proof of Theorem 3. For p, g, n defined in the theorem, denote g, = w,g and let
a, = +/p/q. By Lemma 3 we have ||g, — glls, — 0 as n — oo. Since also

an =/ p/q =+/Ta*q1/q — a, as n— 00,

we obtain from Lemma 7 that G(g,, an, a,) is a Gabor frame for L2, foralln sufficiently
large, and the dual window g,, satisfies

lgn —glls, = O, as n — oo, (5.5)
By Lemma 8 we have v, = R,g = P,(w,g) = P,gn, for n € N. Hence, Proposition 2

implies that G (v,, p, p) is a Gabor frame for C" and the dual vector satisfies
O =JLZP,1§,,, for neN. (5.6)
Next, using (5.5), (5.6), and Proposition 3 we conclude that

”\/%Lni;z - g”So = ”anng:; - g”So
= ||LnPn(§1 - g)”So + ”LnPnE_ g”S()
SC||§;l_§||S()+||LHP’1§_§”S()_)05 as n — oo.

Thus, the desired statement follows since g — oo yields n — oo. L]

6. Further Comments

Our results are formulated for functions on R. We note that the corresponding results
hold for functions on R, for any d = 1,2, ... For example, let d = 2 and by M, ,(C)
denote the complex n x n-matrices. Then the definition of R, in (2.3) is modified to
R SH(R?) — My (O,

RENF() =i f(m),  k=(hki k), kika=1....n,
where Ay = Ay Ak, € Rand 7 = (1, w,) € R2. Correspondingly, L, in (2.4) is replaced

by L2 M, ,(C) — So(R?),

n
Ly = Y vk (¢ —tvn),  k=(ki.k), teR*,
ki,ky=1
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where ® (1) = ¢(t1)¢(12), for t = (11, 1) € R%, and ¢ is given in Definition 3. Finally, P,
in (4.1) takes the form P*!: Sy(R2) — M, ,(C),

k
R0 = 3 f(Jm-iVn). k=GR i=ul), 6D
11,12€Z n

where k1, k» = 0, ..., n — 1. With these and analogous modifications all our results hold
for higher dimensions.

Finally, we point out that our work is closely related with the finite approximation of
quantum systems, see [16]. We believe that our results can be useful also in this context.
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