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Abstract

The metaplectic representation describes a class of automorphisms of the Heisenberg group
H = H(G), defined for a locally compact abelian group G. For G = R?, H is the usual Heisenberg
group. For the case when G is the finite cyclic group Z,, only partial constructions are known.
Here we present new results for this case and we obtain an explicit construction of the metaplectic
operators on C". We also include applications to Gabor frames.

1. Introduction

The metaplectic representation, also called oscillator representation or Segal-Shale—Weil representa-
tion, is concerned with a class of automorphisms of the Heisenberg group H = H(G), where G is a
locally compact abelian group [23, 27]. The important case G = R¢, where H is the usual Heisenberg
group, has been investigated by numerous researchers; we refer to [11, 19, 22]. Here we describe the
metaplectic representation for the case when G = Z,, the finite cyclic group of order 7. In this case
the metaplectic transformations are operators on vectors in C”". For developments in this and related
directions, see [1, 2, 4, 14, 20, 21, 25], and [26] with its extensive list of references. The important
new features of our approach are as follows.

e Our approach works for general 7, not limited to the case when Z, is a field.

e The results found in the literature provide explicit formulae only for special cases; we present
a general and explicit construction.

e We use chirp functions defined for general n (even or odd); see Section 2.

We consider vectors in C" as functions on the cyclic group Z, = Z/nZ = {0,1,...,n — 1}. In
particular, all computations of the indices are modulo n. The (cyclic) translation and modulation
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operators on C" are defined by

Tivim) =v(im — k), k € Z,,

Mp(m) = ™ "™/"v(m), | € Z,, veC"
Their combination, called time-frequency shift operator, is denoted by
a(A) =TiM;,, r=(k,1)eZ, xZ,.
Let T = {t € C: abst = 1} denote the circle group. The commutation relation
M T, ="My, k1 € Z,, (1

entails that the composition of time-frequency shift operators is given by

a)T) = P () 4 1)), where k = <(1) 8),

eZﬂi(k,K)L)/n

and the inverse is 7 (L)™' = 7 (—X). The family of operators

H, ={tn(\):lae€Z, xZy, Tt €T} ={zTiM;: k,l € Z,, T € T}

is thus a group under composition, the (reduced) Heisenberg group H, = H(Z,) over Z,. The
Heisenberg group on Z, is used, for example, for finite approximations of continuous-time systems
in quantum theory and time-frequency analysis [9, 17]. The metaplectic representation is concerned
with a class of automorphisms of H,,.

By M;.2(Z,) we denote the set of 2 x 2 matrices with elements in Z,. The special linear group
SL>(Z,) consists of all matrices in M3 2(Z,) with determinant 1 (computed modulo n). We call A
symmetric if A = AT, where AT is the transpose of A.

a b

DEeFINITION 1.1 (1) Given A = <c d) € My2(Zy,), we define 0 = 04 € Ma2(Z,) by

AT A ac bc
oa = A KA K—<ad_1 bd) 2)
with « given above. Observe that o4 is symmetric if and only if A € SL,(Z,); cf. Section 6.
(i1)) Leto € Mj2(Z,) be symmetric. A function ¥ : ZZnt — T that satisfies
10()» +)»/) — w()\)w(k/)ezﬂ(k,a)ﬁvn’ X, z c Zn % Zn, (3)

is called a second-degree character associated to o'; see Section 2.
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We are concerned with automorphisms of H, that are based on the transformation
aT(A) = w(AN), AeZ, X Z,,

for some A = (? Z) € My »(Zy,), that is, on the modification of time-frequency shift parameters

(k,1) — (ak 4 bl, ck + dI). The next result is the concrete version for H, of what is known in a
more general framework [27], see also [23, Section 4.1].

PROPOSITION 1.2 Given A = (Z Z) € My »(Zy,,), suppose that the mapping

tr(A) = tyMr(AN), teT, AeZ, X Zy,,
that is,

tTiM; — ty (k, DTuppiMekrar, T €T, k1 €Zy,

is an automorphism of H,, for some assignment \ : ZZnt — T. Then A belongs to SL,(Z,) and
is a second-degree character associated to o 4.

Proof. Since the given mapping is a homomorphism, the image of the operator product
T (L) = TR N (h 4 A) s 2Ty 4 WY (AL + AL
must coincide with the composition of the images
Y (T (ARNY (V)T (AX) = 2T XA My Gy (V) (Ad 4 AL).
Therefore v satisfies

/
YL+ A) _ 2K AN ng=2mik)/n 3 G g g @)

LACOLACY

that is, (3) holds with o = o4 given in (2). In particular, ¢ is necessarily symmetric, since the left-
hand side of (4) is invariant when A and A’ are interchanged. As observed above, if o is symmetric it
implies A € SL,(Z,).

REMARK 1.3 The proposition describes a class of automorphisms of H, that is important for many
applications, such as the modification of Gabor frames described in Section 5. It is readily shown
that this class precisely consists of those automorphisms that leave multiples of the identity operator
invariant, that is, that keep the centre {t id : rau € T} of H, pointwise fixed.

Metaplectic operators on C" are unitary operators U that intertwine the automorphisms of the
Heisenberg group H, described in Proposition 1.2. That is, they satisfy

Un(MU" =y W7 (AL), A€ Zy X Ly,
that is,

UTMU™" = Yk, D TopronMerar, k1 € Zy, (5)
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b
d
paper, we provide an explicit construction of the metaplectic operators on C”".

The paper is arranged as follows. In Section 2, we discuss and construct second-degree characters.
The main result is presented in Section 3, with preliminary lemmas given in Section 4. In Section 5,
we mention applications to Gabor frames and Section 6 contains final remarks.

for given A = <i ) € SL,(Z,) and a second-degree character ¢ associated to ¢ = o 4. In this

2. Second-degree characters

The notion of second-degree characters on a locally compact abelian (l.c.a.) group was introduced
in [27]; see also [23, Section 3.2]. Given an l.c.a. group G, a bicharacter is a continuous mapping
B: G x G — T such that B is a character when one of the two arguments is fixed. A second-degree
character associated to B is a continuous mapping ¥ : G — T such that

Y +x)=v)vEHBx,x), x,x €G. 6)

Second-degree characters are used in cohomology theory as transfer functions for symmetric multi-
pliers (two-cocycles); the corresponding bicharacter is the multiplier. A general existence result for
second-degree characters is obtained by Mackey’s technique of induced representation; see [3, p. 308]
or [23, p. 37] for a concise proof. We derive a more explicit description suitable for our approach.
We note that if one second-degree character for a given bicharacter is constructed, then all others
associated to the same bicharacter are obtained easily, as described in the next remark.

REMARK 2.1 (i) If two second-degree characters Y, ¥, are associated to the same bicharacter, then
Yo = x 1 for some character x. Indeed it follows from (6) that the quotient x := v, /Y is
a homomorphism and thus is a character.
(i) The second-degree characters associated to the trivial bicharacter identical one are just the
usual characters. Indeed, in this case (3) reduces to the homomorphism property.

We have briefly discussed the notion of second-degree characters for general l.c.a. groups. Now
we mention some concrete cases.

e On G = Rabicharacteris of the form B(z, t') = e ¢ ' € R, forsome s € R. The function
Y(t) = e”i”z, t € R, is an associated second-degree character.

e More generally, let G be a self-dual group where the doubling of elements x — x + x is
invertible. A bicharacter is of the form B(x, x") = (x, cx’), with the usual pairing of an ele-
ment of the group and an element of the dual group, where ¢ is a symmetric homomorphism
from G into the dual group. Then one associated second-degree character is constructed eas-
ily by ¥ (x) = (x,2 'cx), where 2! denotes the inverse of doubling; see [15, 23, 27]. For
example, this construction can be used for G = R4, d > 1, and for G = Z, when n is odd (the
multiplicative inverse of 2is (n + 1) /2 mod n in this case). For Z,, with n even this construction
does not apply since doubling is not injective.
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e In Section 1, we use second-degree characters for the product group G = Z,, x Z,. In this case,
the bicharacters are of the form

B\, \) = e ihorh/n ) N e Ty X Ty,

for some symmetric matrix o =

2 (r{ € M, »2(Zy). Second-degree characters for a product

group can be constructed from those for the factors. For example, an associated second-degree
character associated to B as above is given by

Y = Yk, 1) = YYD N A= (k,1) € Zy x Zy,

where 11, ¥, are second-degree characters on Z, associated to p and r, respectively.
e For G = Z,, a bicharacter is of the form

2icmm’/n
b

B(m,m) =e m,m’ €Z,,

for some ¢ € Z,. We will describe the associated second-degree characters.

For Z, with n even, the second-degree characters can only be constructed by the induced repre-
sentation approach mentioned above or by guessing. We present an explicit description, in fact, a
unified formula for n even and n odd; cf. [5, 6].

LEMMA 2.2 Given ¢ € Z,, fix a representative [c] € Z for ¢ and define
B 2
Vi (m) = ™l e th/n =y e 7,
Then W = V) is a second-degree character associated to c, that is,
Y(m+m') = g m)ym)er I mom € .

Proof . First we point out that the choice of representatives for m in the definition of v, is irrelevant.
Indeed

w(m + I’l) — eni[c‘](m+11)2(11+l)/n
— eJ'ri[C]mZ(nJrl)/n e7'ti[c]n(n+1) e27'ri[c]m(n+1) _ W(m), me7,

~———
=1 =1

Observe that this computation holds for any given n, be it even or odd. Thus v is well defined and
we calculate
Y(m +m') = emilelmtm) i h/n

; 2 ; ”n : ’
— enl[c]m (n+1)/nen1[c]m (n+1)/ne27r1[c]mm (n+1)/n

= Y (m)y (m)eZ I ' € 7.
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REMARK 2.3 For n odd, v is uniquely defined, independent on the choice of [c]. For n even, there
are two possible vectors Y.}, , ¥, depending on the choice of [c] and they differ by the modulation

Yien m) = (D)"Y, (m), m € Zy;

cf. Remark 2.1

3. The main result
We use the following operators on C".

(1) The Fourier transform J, normalized so that it is a unitary operator, is given by

n—1
1 .
Fu(m) = Ev(k)e’z”‘k’”/”, veC".
k=0

it
(i) Given an invertible element a in Z,, we write D, for the index permutation
D,o(m) =v(a'm), veC.
(iii) Given ¢ € Z,, the chirp multiplication is denoted by R.,
Rev(m) = Yrey(myv(m), veC”,

where Y € C" is the second-degree character constructed in Lemma 2.2, with [c] € Z
denoting some representative for ¢ € Z,,.

LeMMA 3.1 (i) U = F satisfies (5) for A = (_01 (l)>

FTlef71 — e*ZNik[/ﬂ T‘IM_](.

(i) U = D, satisfies (5) for A = <g a01>’

D,TiM; Dy = Ty My-;.
. 1 0
(iii)) U = R, satisfies (5) for A = e 1

RTM R = 0 Ti Moy

with 7, = eI E+D/n,

Proof. (i) By (1), since FM; = T;F and FFv(k) = v(—k).
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(11) DaTk = akDa and MlDa - DaMal-
(iii) ReM; = MR, and R. Ty = 7, Tx M R, cf. the derivations in the proof of Lemma 2.2.

The Weil decomposition used in the proof of Theorem 3.3 below cannot be applied to general
matrices A € SL,(Z,). The next lemma is an important preparatory step. We note that the methods
to prove the analogous result for G = R¢ in [16, Section 1.6] cannot be adapted to the present case
G = Z,. A related result for Z,, is given in [1, Lemma 3]. Our result is valid for general A € SL,(Z,)
and it is constructive.

LEMMA 3.2 Let A = (a b
c d

v =11 pifa Di- Then ay := a + Vb is invertible in 7Z.,.

) € SLy(Z,). Factorizen = [, p;', its prime decomposition, and define

Proof. We show that ay £ 0 (mod p;), for any i. There are two cases.

First, if p; t a, then p; | ¥ and thus a + 9b =a # 0 (mod p;).

Secondly, if p; | a, then p; 1 . Since det A = 1, we cannot have p; | a and p; | b at the same
time. Hence, p; 1 b and thus p; f 9b. Consequently, a + 9b = 9b % 0 (mod p;).

The next theorem is our main result, the explicit construction of metaplectic operators on C" for
an arbitrary matrix A € SL,(Z,). Given a symmetric matrix ¢, we denote by W (o) the set of all
second-degree characters associated to o. For the structure of W (o) recall Remark 2.1.

THEOREM 3.3 Let A = Z Z € SLy(Z,). Let ¥ be given by Lemma 3.2 and let ay = a + ©vb and

co = ¢ + 9d. Define the operator U, by
U = RCOaal . Dao .f*l . R—[talb - F R_1_9.
Then U is unitary and satisfies (5) for some ¥ € W(o4).
Proof. Since a = agp — 9b and ¢ = ¢y — Vd,
a b\ _(an b 1 0
(a)-( a9l ) @

Observe that the first and third matrix in (7) belong to SL,(Z,) and hence so does the second. Since
ap is invertible by Lemma 3.2, we obtain d = a, ' + a 'bcy and thus we can make use of the Weil
decomposition ([27], see [23, Section 4.3])

ap b ap b
co d N co ao_l—l— ao_lbco
(v O0\fa O\(1 a;'b
~\eogg! 1J\0 g'J\0 1
1 0\ fap O 0 -1 1 0 0 1
= -1 -1 -1 : ®)
coay 1 0 a, 1 0 —ay, b 1J\-1 0
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Combining (7) and (8),

a b 1 0\fap O 0 —1 1 0\/f0 1 1 0

c d) \coag' 1J\0 a;'J\1 0 )\=a;'p 1)\-1 0)J\-v 1)
Thus (5) follows from Lemma 3.1 and the repeated use of Lemma 4.6, stated and proved in Section 4.
REMARK 3.4 We briefly mention one of the constructions of metaplectic operators in the setting of

arbitrary locally compact abelian groups in [27]; see also [23]. Applied to our setting it reads as

follows. Given A = <z 2) € SLy(Z,) and ¥ € W(0o,), define the operator V by

Vu(k) = Z v(ak + b))y (k, 1), veC".
€7,

Then a straightforward computation shows that
TMV =Yk, DV Tairpi Mekvar, k.1 € Zy. ©)

However, it is important to note that without additional assumptions V need not be invertible
and thus (9) does not imply (5) (with U = V). For example, A = id € SL,(Z,) yields 64 =0,
and the character v (k,1) = e¥ /" belongs to W(os) = W(0) by Remark 2.1(ii); it turns out
that V = 0.

4. Preliminary results

We defined the Heisenberg group H, = H(Z,) in the form of the Schrodinger representation, that
is, by time-frequency shift operators. It is known that the Schrodinger representation is irreducible,
see, for example, [12], and by Schur’s lemma this fact is equivalent to the following result. For
convenience we include a short direct proof.

LEMMA 4.1 Suppose that an operator Q satisfies

On(A) =a(M)Q forall X € Z,, X Zy,

that is,

QTle = TleQ for all k,1 € Z,.
Then Q is a scalar multiple of the identity operator, Q = c - id for some c € C.

Proof. Since Q commutes with the modulation M, the matrix elements of Q = (Qk,z) satisfy
nglez””/” = e2mik/n Q.- Hence Qi; =0 when k # [, that is, Q is given by a diagonal matrix.
In other words, Q is a multiplication operator, Qu(m) = g(m)v(m), for some g € C". Since Q also
commutes with the translation 77, it follows that g (m) = ¢ must be constant. Thus Qv = ¢ - v for
some ¢ € C.
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We use the following consequence of Lemma 4.1.

LEMMA 4.2 Given A = (CCZ 2) € SLy(Z,), the following holds. Two unitary operators U = Uy, U,

satisfy (5) for the same W € V(o ,) if and only if U, = tU| for some v € T.

Proof. By assumption Uz (MU, = Uy (MU, Uforall A € Zy, x Zy. In other words the operator
0= U{lUl satisfies Qm (L) Q™' = w(1). Hence Lemma 4.1 implies Q = cid for some ¢ € C.
Since Q is unitary ¢ € T.

The next lemma describes the inner automorphisms of H,. Note that for A = (1) (1) we have

o4 = 0 and by Remark 2.1(ii) the associated second-degree characters are just the usual characters.
That is, if x € W(o4) = W(0), then x (1) = > *2 /" for some o € Zy X Zy.

LEMMA 4.3 Given ) = (kK',l') € Z, x Z,, the operator W = wt(\") satisfies (5) for A =id =
1 0
(o 1)

withu = JXN = (=I', k'), where J ==k — kT = (? _01>

WT[()\,)W_I — 62ni(u.k)/11n(k)

Proof. By using (1), (To My) " Ti My Ty My = M_p T TeM T My = WK =KD/ b,

The next result describes the relation between different intertwiners that correspond to the same
A € SLy(Zy).

LeEMMA 4.4 Given A € SLy(Z,), suppose that a unitary operator U = U, satisfies (5), for some
Y = € V(o). Then a unitary operator U = U, satisfies (5) for some, possibly different =
Yo € W(oy), ifand only if Uy = U1 W for some W € H,,.

Proof. (=) Since, by assumption,
Uir(WUT =y (M (AL)  and  Upmr (W)U = ¥ (M) (AN,
we conclude that the operator W := U, ' U, satisfies

_ Y2 ()
Y1 (d)

By Remark 2.1 the quotient x (1) := ¥ (X)/v¥1(}) is a character. By Lemma 4.3 there is an element
W = Wy € H, such that (10) holds. By Lemma 4.2 the choice of W is unique up to a scalar t € T,
that is, W = tW,. Therefore also W belongs to H,,.

(<) By Lemma 4.3 the operator U, = U; W satisfies

Wr()W!

T (X). (10)

UWa()W'UT = x (Ui ()UT = x )y (DT (AR),

and we note that by Remark 2.1 the function yr, := x| indeed belongs to W (o 4).
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The following lemma formulates useful modifications of second-degree characters.

LEMMA 4.5 Given A, B € SLy(Z,), let Y4 € V(oa) and Yg € V(o).

(i) The complex conjugate or reciprocal ¥, = lﬂ;l belongs to W(—aoy,).
(i1) Y (A) := YA (AIL) belongs to W(o4-1).
>iii) Y (X) := Ya(BA)Yp(L) belongs to V(o ap).

Proof. (i) By direct computation, W = w;l satisfies (3) with o replaced by —o';
(i1) ¢ satisfies (3) with o replaced by
—A oA =~k —ATTkA ) = 0413
(iii) 1 satisfies (3) with o replaced by
BTo4sB + 05 = (B"AT™kAB — B™«B) + (B"«B — k) = BTATkAB — k = 045.
Next, we show how to obtain intertwiners that correspond to inverses or products of matri-
ces A, B € SL,(Z,).

LEMMA 4.6 Given A, B € SLy(Z,), let U = Uy, Up satisfy (5) for ya € V(oa), ¥ € Y(op),
respectively.

(i) U := (Uy)~! satisfies (5) for A~ € SLy»(Z,) and some r € W(o4-1).
(i) U := U Ug satisfies (5) for AB € SLy(Z,) and some ¥ € W(o4p).

Proof. (i) By assumption we have
Uat(MUL" = Ya()m(AL)
and hence the substitution A — A~!A allows us to write
U'm()Us = Ya(A— 10w (A™10).

Since by Lemma 4.5(ii) the function A > ¥4 (A~1L) belongs to W(o4-1) we thus conclude that
U= U;l satisfies the intertwining identity (5) with A replaced by A~!.

(i) Here we have
UrUpt (MU' UL = YW Uat(BMU' = Ya(BAY5(MT(ABA).

By Lemma 4.5(ii) the function A +— ¥4 (BA)Y¥p(A) belongs to W(osp) and hence U = U Up
satisfies the intertwining identity (5) with A replaced by AB.

REMARK 4.7 By Proposition 1.2 the set
{(A,¥): A € SLa(Zy), ¥ € W(oa)}

can be identified with a class of automorphisms of the Heisenberg group H, = H (Z,). More precisely
it constitutes the group of those automorphisms that leave the centre pointwise fixed; see Remark 1.3.
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It is interesting to observe that Lemma 4.5 shows that the group law is given by (A, ¥4) o (B, ¥g) =
(AB, ), where

V(X)) = Ya(BMYB(R), A €Ly

Beyond our scope one can show that for each A € SL,(Z,) two elements v}, Y3 € W(o,) can
be chosen in such a way that {(A, ¥}), (A, x[/i): A € SL,(Z,)} is a subgroup, a double cover of
SL,(Z,). Correspondingly for every A € SL,(Z,) two U can be selected in such a way that they
also form a group and there exists a homomorphism (A, ) — U which is a unitary representation
of the double cover. This is the concrete picture for Z, of the general paradigm of the metaplectic
representation on locally compact abelian groups in [27].

We mention that a simple extension of the material in [21] of the case n an odd prime shows
that for n odd, in fact, one element of W(o4) for each A can be chosen in such a way that indeed a
representation of SL,(Z,) is obtained; see also [8].

5. Application to Gabor frames

The metaplectic representation is an important technique in time—frequency analysis. It is developed
and applied as a general framework, for example, in [10; 11; 13, Section 9.4], and it is often used as
a tool both in continuous-time and finite settings, such as in [18]. We describe the use of our results
for Gabor frames in C", for the relevant notation, see [24] and also [7, Chapter 10].

Given a Gabor window v € C" and a time—frequency lattice A C Z, X Z,, the family

G, A) :={m)v:laec A} ={TiMv: (k,]) € A}

is called a Gabor system. The interesting systems are those that span C", they are exactly the regular
Gabor frames for C". The system G (v, A) is a Gabor frame if and only if the frame operator

Soatt =Y (u,m(M)w()v, ueC”,

reA

is invertible. The focus of many questions and results in Gabor analysis is the dual window v, defined
for a Gabor frame G (v, A) by
v= 15, ).

Most importantly, the dual window v allows us to reconstruct any vector u € C" from its Gabor
coefficients (u, 7 (\)v) with respect to v. Indeed one has the frame expansions

w=Yy (,xM)TOT =Y (u, xW)D)w(A)v forall u e C".

rEA rEA

The standard time—frequency lattices are rectangular lattices Ay = rZ, X sZ,, withr, s divisors of
n. For this case, there are fast algorithms for computing v by making use of the fast Fourier transform
(FFT); see [24] and the list of references therein. An important application of the metaplectic operators
is that they allow us to apply the techniques designed for the case of a rectangular lattice also to more
general time—frequency lattices. The method is formulated in the corollary below, it is analogous to
the continuous-time case in [13, Proposition 9.4.4]. We use the following lemma.
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LEMMA 5.1 A general lattice A C Z, X Z, can always be written A = AN, where Ag is a
rectangular lattice and A € SL,(Z,).

Proof. We identify the finite lattice A in Z, x Z, with an infinite lattice A of Z x Z, its preimage A
under the canonical epimorphism Z — Z,. Denote by M, »(Z) the set of 2 x 2 matrices with integer
entries, and by SL,(Z) denote the corresponding special linear group of matrices with determinant 1.
LetL € M, »(Z) be a generator matrix for A, that is, the columns of L are generators of the lattice A,

A=L(Zx7).
The Smith normal form of integer matrices allows us to write
L= ALyB,
where A, B belong to SL,(Z) and Ly € M, »(Z) is diagonal. Hence,
A = ARy, an

with A generated by Lo. Note that B leaves Z x Z invariant, that is, B(Z x Z) = Z X_Z, as well
as n(Z x 7). Hence we can consider all integers modulo n and thus the splitting (11) of A in Z x Z
yields the desired splitting A = AAg in Z, X Z,.

Theorem 3.3 and Lemma 5.1 allow us to use the metaplectic operators for time-frequency analysis
in C" in a similar way as they are used in the continuous-time setting [13, Section 9.4]. The next
result illustrates this fact.

COROLLARY 5.2 Let A C Z, X Zy be a general lattice and v € C". Write A = A\ as described in
Lemma 5.1; let U = U, be given by Theorem 3.3; and let vy := U~'v € C". Then the following are
equivalent:

(1) G(v, A) is a Gabor frame with dual window v,
(i1) G(vy, Ag) is a Gabor frame with dual window 0y, and the dual windows are related to each
other by v = U1y.

Proof. By Theorem 3.3 we have for u € C”

USunU™u="Y (U™ u, 7(W)vo) Um (W)vo

reAy

= > (. Ur(U ) Ur (MU v

AEN

= PaW)Ya) Y (u, T(AN)v)w (A
———

XEAO

=1

= Z(u, T(A)v)r(A)v = Sy au

reA

and hence v = S;kv = (USyya, U H lv= US;]}AOU() = Uy.
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The corollary allows us to obtain the dual window for G (v, A) by computing the dual window for
G (vo, Ap). Since in this computation the general lattice A is replaced by the rectangular lattice Ao,
the fast algorithms mentioned above can be used.

6. Final remarks

While our paper is focused on a complete and explicit construction for the ‘one-dimensional’ case Z,,,
several parts of our presentation are also valid for the ‘multi-dimensional’ case ZZ, d > 1, where A
consists of four d x d blocks. In this general case the condition det A = 1 which ensures thato = o4
is symmetric must be replaced by the conditions a'c = ¢Ta, b™d = d"b and a*d — ¢Th = 1. Such
A that satisfy these conditions are called symplectic. A usual way to express that A is symplectic is

the equivalent condition ATJA = J, with J = <(1) _01 as in Lemma 4.3.

For the special case Z, used in our paper we have that A is symplectic if and only if det A = 1. In
other words, the symplectic group over Z, is the special linear group SL,(Z,).

REMARK 6.1 The limitations of the transition from Z, to Z¢ are analogous to the continuous-time case
R to R¢ discussed in [11, 13]. Indeed, for d = 1 (i) the symplectic group reduces to the special linear
group and (ii) an arbitrary lattice can be reduced to a rectangular lattice by a symplectic transformation
(see Lemma 5.1). For d > 2 these simplifications do not hold.
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