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GENERATING FUNCTIONS FOR PLANE PARTITIONS 

OF A GIVEN SHAPE 

C h r i s t i a n  K r a t t e n t h a l e r  

A b s t r a c t .  For f i x e d  i n t e g e r s  r and  f], p l a n a r  a r r a y s  o f  
i n t e g e r s  o f  a g i v e n  s h a p e ,  in which t he  e n t r i e s  d e c r e a s e  a t  
l e a s t  by  = a long  rows and  a t  l e a s t  by B a long  columns,  a r e  
cons ide red �9  For  v a r i o u s  c l a s s e s  o f  t h e s e  (= ,B) -p lane  
p a r t i t i o n s  we compute  t h r e e  d i f f e r e n t  k i n d s  o f  g e n e r a t i n g  
f u n c t i o n s .  By a c o m b i n a t o r i a l  method,  d e t e r m i n a n t a l  
e x p r e s s i o n s  a r e  o b t a i n e d  f o r  t h e s e  g e n e r a t i n g  f u n c t i o n s .  In 
s p e c i a l  c a s e s  t h e s e  d e t e r m i n a n t s  may be e v a l u a t e d  by  a s imple  
d e t e r m i n a n t  lemma. All known r e s u l t s  c o n c e r n i n g  p l a n e  
p a r t i t i o n s  o f  a g iven  s h a p e  a r e  included�9 Thus o u r  a p p r o a c h  
to c o m p u t a t i o n  o f  g e n e r a t i n g  f u n c t i o n s  f o r  p l a ne  p a r t i t i o n s  
of  a g i v e n  s h a p e  p r o v i d e s  a u n i f o r m  p r o o f  method and  y i e l d s  
n u m ero u s  g e n e r a l i z a t i o n s  o f  known r e s u l t s .  

1. I n t r o d u c t i o n .  Le t  D r d e n o t e  t he  s e t  o f  a l l  r - t u p e l s  

A=(A 1,A2,�9149 r) o f  i n t e g e r s  wi th  AI~A2 z ' ' ' ~ r  �9 For  A,~ ~ D r we wr i t e  

IAI for AI+A2+.- .+Ar  , A+p. for (AI+I~ i . . . . .  Ar+~r)  and A~i~ if Ai~i for 

a l l  L=%2,�9 �9  

L e t  ~,~ be a r b i t r a r y  i n t e g e r s  and  A,~ ~ D r with A~u�9 We ca l l  a n  a r r a y  

o f  i n t e g e r s  o f  t h e  form 

~1,p.t +1 ~l ,p.z+2 . . . . . . . . . . . . . . . . . . . . . . . . . . . .  ~1,A1 

~2,  p.2+1 . . . .  K2 , tq+ l  ~2,P.Z+2 . . . . . . . . . . . . . . . . . . . . .  'n'2,A2 

�9 �9 " ( 1 . 1 )  

an (~,~}-plane partLtLon of shape X/~ i f  

~ l j  -~ ~l,J+z +~ f o r  l~L~r, pl<j<~i (1.2)(a) 

and 

173 



KRATrENTHALER 

~lj z ~i+1,j+~ for ls~<r, ~t<j~Ai+1 (1.2)(b) 

If ~=0 we shortly say, ~ is of shape A. The entries of *~ are called 

parts of ~. The sum of all parts of ~, ~. ~lj , is called the norm of ~, 

for which we write n(~). To give an example, the array ~o in Figure 1 

below is a (0,2)-plane partition of shape (8,6,8,2)/(3,2,0,-1). For the 

76631 
8 5 4 3  

3 3 2 2 1 1  
4 1 1  

Figure I 

norm of ~o we have n(~o)=61. Obviously, a (O,O)-plane partition of 

shape A/j, containing only positive parts is an ordinary (skew) 

plane partition, a (o,q)-plane partition containing only positive parts 

is a column-strlct (skew) plane partition, a (1,0)-plane partition 

containing only positive parts is a row-strlct (skew) plane partition, 

and a (1,1)-plane partition containing only positive parts is a row and 

column-strict (skew) plane partition. (See [21] for the terminology 

concerning plane partitions. } 

In this paper we compute generating functions for (=,~)-plane 

partitions subject to various restrictions. We shall consider three 

types of generating functions, the part Eeneratlng function, the norm 

Eenerattng function and the trace generattnK function. The part 

g e n e r a t i n g  f u n c t i o n  f o r  a c e r t a i n  c l a s s  o f  ( a ,~ ) -p l ane  p a r t i t i o n s  i s  

I'[ x" (1.3) 
~ij 

where the sum is over all ~ beln E an element of that class of 

(~,~)-plane partitions and the product is over all parts ~lJ of ~. 

Thus, the plane partition ~0 in Figure 1 would contribute the term 
2 2 4 2 S 

XsXTX s xsx 4 x 3 x 2 x I to the sum in (1.3). The norm generatln E function 

for a certain class of (~,~)-plane partitions is 

x n(") (1.4) 

where the sum is over all ~ belnE an element of that class. For the 

trace generating function (introduced by Gansner [4,5]) we need some 

more definitions. The l-diagonal of an array ~ of the form (1.1) is the 

sequence of parts ~iJ of ~ with j-t=l. The l-trace of ~, denoted t~(~), 

is the sum of the parts of the l-dlaEonal of ~. In our example ~o in 

Figure 1 the 3-diagonal would be the set {7,4,1}, hence t3(~o)=12. The 
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trace generating function for a certain class of (=,~)-plane partitions 

is 

~. 1"[ x~ I'(~) (1.5) 
~r l c Z  

where the sum is over all ~ being an element of that class (Z is the 

set of integers). Of course, (1.4) is a special case of both (1.3) and 

(1.S) (xi=x for all L~Z). 

With the help of an involution (given in section 4) and a 

combinatorial lemma (Lemma 2.1), we obtain determinantal expressions 

for these three types of generating functions for (~,~)-plane 

partitions of a given shape, where the parts are limited in each row by 

different lower and upper bounds. (An expression for the part 

generating function is obtained only if ~+~=1.) In special cases these 

determinants may be evaluated by a simple determinant lemma [Lemma 

2.2). Thus in particular, all known results about generating functions 

for the various kinds of plane partitions of a given shape (see 

[1,2,3,4,5,14,20,21,22,24]) can be derived. These results were 

originally obtained by a variety of methods (q-difference equations 

[1, section 11.2; 3; 8,proof of Theorem 1; 14,sections IX,X], symmetric 

functions [13,21], matrix correspondences [2], the Hillman-Grassl 

correspondence [4,9], biJective proofs [17,18], which are based on the 

Gessel-Viennot theory of nonlntersecting paths [6,7;2.3, section 4.S], 

Lie theory [15;,16]). Unfortunately, these methods only apply for some 

classes of plane partitions, while they are not applicable for other 

classes. 0uF approach offers a unlform method of proving these plane 
o 

partition results. Moreover, it may be called "direct" in that it works 

with tableaux (see section 3) only. We also give several 

generalizations and new results. 

Our derivation of the determinant formulas for the generating 

functions for C~,~)-plane partitions is related to Gessers and 

Viennot's elegant method [7], working with nonintersectinE paths. Their 

paper bases on a countlng theorem for those nonintersecting paths. With 

the help of this, they find a determinant formula for the generating 

functions of, what they call, R-tableaux, a special case of which are 

(~,l-~)-reverse plane partitions. (We remark that a modification of our 

involution of section 4 also could be used to prove this result about 

R-tableaux.) Usln E simple combinatorial arguments, determinant formulas 

for (~,~)-reverse and ordinary plane partitions can be derived. The 

determinant lemmas which they use are not so powerful as our Lemma 2.2, 
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therefore they do not obtain new closed forms for generating functlons 

of special classes of plane partitions. But they succeed in finding 

some new evaluatlons for the cardlnaILty of some special classes of 

plane partitions. With the help of Lemma 2.2 we are able to generalize 

these results. This will be the object of a forthcoming paper [12]. 

(Besides, among other results, Gessel's and Viennot's paper [7] 

contains a lot of interesting combinatorial interpretations of special 

numbers, such as Fibonomial coefficients, Bernoulli numbers, Stirllng 

numbers, Sali~ and Faulhaber numbers, etc. ) 

The outline of the paper is as follows. Section 2 contains the 

comblnatorlal Lemma 2.1 and the determinant Lemma 2.2, which were 

mentioned above. In section 3 we extend the notion of (~,~)-plane 

partitions to ~-tableaux and give generating functions for them. The 

involution acting on m-tableaux which we use to obtain the 

determinantal expressions for the generating functions is explained and 

discussed in section 4. Section S is devoted to results about part 

generating functions. In fact the main result of this section, Theorem 

5.1, generalizes the Jacobi-Trudl identity for Schur i~unctions 

[13,(5.4),(5.5); 24,Theorems 3.5 and 3.51]. In section 6 we obtain 

results for the norm generating function. Here, as special cases the 

determinant formulas of MacMahon [14,sec. 494,490], Carlitz [3,(6.12)], 

Stanley [20], and the hook length formulae of Stanley [21,Theorem 15.3, 

Propositions 18.3-18.5] are contained. Finally, in section 7 we 

consider the trace generating function, thus extending the work of 

Gansner [4,5] and Stanley [22]. 

2. Preliminarieg. Let S r denote the symmetric group of order r. If M 

is a set wlth weight function w, actln E on M, we write F(M;w) for the 

generating function 

T. w ( ~ ) .  
~ c M  

LEMMA 2.1. Let  {M : crc=Sn} be a collectLon o f  paLrwise d i s jo in t  sets 
O" 

w i t h  a w e l g h t  f u n c t l o n  w actLng on U Mo . Let  Mid be p a r t i t i o n e d  Lnto 
o ' E S  n + - -  + - -  

t w o  d i s j o i n t  s u b s e t s ,  Mid and Mid , w i t h  Mid = Mid u Mid . Assume  a 

w e l g h t - p r e s e r v L n g  Involu t ion  @ ac t lng  on Mid u U M o. s a t i s f y i n g  the  
r 

f o l l o w l n g  proper ty ,  ho ld ing  f o r  a l l  o'r=Sn : For every  ~ on wh ic h  ~ ls  

a p p l l c a b l e ,  ~eM , t h e r e  e x l s t s  a t r a n s p o s i t i o n  ( t , j ) ,  1~l , j~n,  f o r  
r 
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which  ~(~) �9 M r ( t , j  ). Then 
+ 

F(Mid;W) = ~ s g n  ~ F(Mr;W) . 
OrES n 

PROOF. By definition, ~ maps an element of Mid u U M~ onto an 
even 

{ r * i d  

element of U M , and vice versa. Since the M ' s  are pairwise 
tr {r 

cr odd 
disjoint and ~ is weight preserving, we have 

F ( M ; d ; W )  + F. F ( M c r ; w )  = ~ F(Mcr ;w)  �9 
cr e v e n  cr odd 

cr~ ld  
This leads to 

+ 

F(Mid;W) = F(Mid;W)  - F ( M ; d ; W )  

= F(MId;W)  + ~. s g n  ~ F(Mo.;w) 
E * i d  

= ~: s g n  ~r F ( M  ;w)  I I  
O'ES n 

Next we p r o v e  the promised determinant lemma. 

LEMMA 2 .2 .  Let X I ..... Xr,A 2 ..... Ar,B 2 ..... B r be tndetermtnates.  Then 

d e t  ( ( X , + A r ) . . . ( X , + A t , I ) ( X , + B t ) . . ' ( X , + B 2 } )  = 
l s s ,  t s r  

= [ I  ( x i - x j )  [ I  ( B I - A j )  , 
l " r  2 < t  <j'Cr 

wl th  the convention that empty products  ( l ike  (Xs+Ar)'"(X,+At+ 1) f o r  

t=r) are se t  equal  to one. 

PROOF. S u b t r a c t  t h e  ( r - 1 ) ' t h  co lumn f r o m  t h e  r ' t h ,  t h e  ( r - 2 ) ' t h  f r o m  

t h e  ( r - 1 ) ' t h , . . . , t h e  f i r s t  f r o m  t h e  s e c o n d  t o  o b t a i n  

det ((X,+A r }-" (X,+At+ !)(x,+Bt)''" (X,+B 2 )) = 

= ( B r - A  r ) (Br_,-Ar_ 1 )'" "(B2-A 2) d e t  ((X,+A r )" "'(X,+At§ .(X,+B~)). 

Next, in the determinant on the rlght-hand side of this equation 

subtract the (r-1)'th column from the r'th ..... the second from the 

third. This time the expression [Br_l-Ar)(Br_2-Ar_l)'"(B2-A3) can be 

factored out on the rlght-hand side. This process is continued until 

det ((X,+A r)- �9 �9 [X,+At, 1)[Xs+Bt)'' "(Xs+B2 )) = 

= [ I  C B i - ~ j )  . d e t  ((X,+A,)...CX,+&§ �9 
2 ", l ", J.~r 

The d e t e r m i n a n t  on t h e  r i g h t - h a n d  s i d e  o f  t h i s  e q u a t i o n  i s  a p o l y n o m i a l  

in XI,X 2 ..... X r with degree (~) . Since for Xsl=Xs2 , where 1"r 
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t h e  d e t e r m i n a n t  v a n i s h e s ,  i t  may be  f a c t o r i z e d  

det((X,*Ar)'"(X,+At+t)) = H ( X i - X j )  �9 P(X1 ..... Xr) , 
l~l<j~r 

where p(X I ..... X r) is some polynomial in X 1 ..... X r . But the degree of 

(XI-X j) is (~) , therefore p(X 1 ..... X r) is identical to a 
lsl<jsr 
constant, which is easily seen to be equal to one. 1 

It is convenient to state two limiting cases of Lemma, 2.2 

separatedly. 

LEMMA 2.2.1. 

det ((X,+Ar)...(X,+At+t)) = ~ (Xi-Xj). 
l~s,t~r l~i<j~r 

PROOF. Divide b o t h  s i d e s  o f  Lemma 2.2 by  ~ (Bi-A j )  a n d  l e t  Bj - - )=  
2 s { s j s r  

for J=2,3 . . . . .  r. 1 

~ M M A  2 . 2 . 2 .  

det ((X,+Bt)...(X,+B2)) = 
1~s, t~r  l < i < j < r  

PROOF. D iv ide  bo th  s ides  o f  Lemma 2.2 by  

f o r  J=2,3 . . . . .  r .  1 
1 

( X j - X i )  . 

I] (Aj-B i ) and let Aj---)~ 
2~i~j~r  

3. ~ - T a b l e a u x .  In the proofs of the generating function theorems we 

shall work with "g-tableaux". By this notion we mean the folllowlng 

extension of the notion "(a,~)-plane partition". 

DEFINITION 3.1. Let A,p be arbltrary r-tupels of integers with A%u. 

An array ,~ o f  the f o r m  (1.1) Ls ca l led  an g - t a b l e a u x  o f  shape  A/p  I f  

the condit ion (1 .2) (a)  holds. The en tr ies  o f  an g - t a b l e a u x  are ca l led  

parts .  All other notions,  such as  norm, norm generating func t ion ,  part  

generat ing func t ion ,  trace generat ing func t ion ,  etc. ,  a r e  also  ex tended  

to g - t a b l e a u x  (see sec t lon  1). 

Thus ,  f o r  , , - t a b l e a u x  we on ly  h a v e  a r e s t r i c t i o n  on the  r o w s ,  b u t  none  

on t h e  co lumns .  Note  t h a t  in  D e f i n i t i o n  3.1 we did n o t  r e q u i r e  t h a t  

A,p c D r . To g i v e  a n  example ,  t h e  a r r a y  in  F i g u r e  2 
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6 6 7 5  
1 2 3  

4 

Fiqure 2 

lS a ( - 1 ) - t a b l e a u x  o f  s h a p e  (%0,1)/ (5 ,3 ,2) .  

The d i f f i c u l t y  in  c o u n t i n g  ( i .e .  f i n d i n g  g e n e r a t i n g  f u n c t i o n s  f o r )  

(a,~)-plane partitions lles in the fact that there are restrictions on 

both rows and columns ((1.2)(a) and (b)). However, in an a-tableaux the 

rows are mutually independent, since (1.2)(b) must not hold. Therefore 

it is easy to find generatlnE functions for a-tableaux of a given 

shape. The relevant results which we need in the following sections are 

summarized in the propositions below. 

For any integer ,, and x=(...x_1,xo,x I .... ) let 

h (na)(x;A,B ) = X~l""Xln 

where the sum is over all ~i .... Ln satisfying ilsA, ~nzB, and ijz~j+1+a 

for J=1,2 . . . .  n-1. Obviously, hC~ and h(1)(x;A,B) are the 
n n 

complete symmetric function of degree n and the elementary symmetric 

function of degree n in the variables x B ..... XA , respectively. Then we 

have  

PROPOSITION 3.2. The p a r t  g e n e r a t i n g  f u n c t i o n  f o r  ,~ - tab l eaux  T o f  

s h a p e  A/~* tn w h i c h  the  f~ r s t  p a r t  in r o w  L i s  a t  m o s t  a i and  the l a s t  

p a r t  in r o w  t t s  a t  l e a s t  b t t s  

h (a)  ( x . a i , b i )  ill At -~i ' 

Next, for the indeterminate x we introduce 

[/3]=I-x Js, [n]!=[1][2].-.[n], [0]!=I, 

,oI, 
[ k l ! [ n - k l !  ' 

~ (1-aX l ) , 
( a ; x )  = J -O  

(a;X)e = ( a ; x )  / ( a x e ; x )  . 
and 

Then we have 

the "x-notatlons" 

PROPOSITION 3.3. The  norm g e n e r a t i n g  f u n c t i o n  .for m - t a b l e a u x  T o1: 

s h a p e  A/j* in w h i c h  the  f i r s t  p a r t  tn r o w  L Ls a t  m o s t  a i and  the l a s t  

par t  in r o w  t i s  a t  l e a s t  b i i s  
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bi (Ai_i/i )+r [Ai ~"i ] [ ai-bi-~x(Ai-"i-1)+Ai-Hi] ~r 

PROOF. In Proposition 3.2 set xi=x L for all integers t. We have 

A*'"+J 
h (r CC . . , X  L . . ) ; a i , b  i )  = ~ x A l - / / i  (3.3.1) A i -I/i �9 ,. 

where the sum is over all j, ..... JAi_~i with jl~ai , JAI_~i" zb i B/%d 

JLzJ~+i+=. Performing the index transformation J,:=j~+~(i-Ai+~i)-b i we 

get the conditions 

J l ~ a i - c ( A i - l l l - 1 ) - b i  , JAl_ l / iZO and J~>J~+l �9 (3 .3 .2)  

Hence, the  r i g h t - h a n d  s ide  o f  (3.3.1)  becomes 

bl (Ai-;/l)+r [Ai~. ;zi ) Ji+...J_ 
x T~ x ^i-Pi , 

where  the  Jr s a t i s f y  (3 .3 .2) .  But ,  because o f  (3 .3 .2) ,  t he  sum in  

t h i s  e x p r e s s i o n  i s  the  g e n e r a t i n g  f u n c t i o n  f o r  l i n e a r  p a r t i t i o n s  w i t h  

a t  most  (X i -H l )  p a r t s  and l a r g e s t  p a r t  -< (a  i - r  i - 1 ) - b  i ) . This 

p r o v e s  the  p r o p o s i t i o n  us ing  [1, Theorem 3.1]. I I  

Let us write x(m,=) for the formal product ~ x i , and x(m,n) for 
L =m+1 

x(m,=)/x(n,oo). Then we have 

PROPOSITION 3.4. The trace EenercltLng function for co-tableaux T of 

shape  A/~ in which  the f i r s t  par t  Ln row L ts at  most  a i and the las t  

part  In row i Ls at  leas t  b i Ls 

[I r  bl "Ai-i-1~ [[ x (Hi - t , i ) " I  t (A i - I / . i - i ; a i -~ (A i -H i -1 ) -b i )  
i ~'l=ll  i -i ] 

where t(p/q;m) is the coefficient of z m in 

P 
1 / II (1-x(qJ)z) . 

l=q 

PROOF. Referring to the definition of the trace generating function 

we obtain for the trace generating function for m-tableaux the 

expression 
Jl 

�9 .xJXi -~i l'I Z x (3.4.1)  
l ;~l - i +1"  X i - L  ' 

JAi_;j i "  with jl~ai and where the sum is over all J, ..... , jAl_i/i>bi 
j=zj=+t.= , such as in Proposition 3.3. Perform the same index 
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transformation. Then the right-hand slde of (3.4.1) may be rewritten in 

the form 

rl [x(lli_~,Ai_t)bl Ai -t-1 Jl JA ) l-I x( , l -~ . l )  = Z x , l _~+ l ""~ ,  i_:yi , 

i l =p  i - i  

where the sum Is over all Jt,...,JAi_Pi satlsfying (3.3.2). It is a 

simple matter of fact that this sum is equal to the coefficient of 

Z ai' '~(Ai -~ I - I  )-bl in 

Ai-t 
I / ~ (1-x(.~-i,l)z) . I I  

l=pi -L 

When there is no upper bound on the parts of the ~-tableaux, we 

obtain a simpler expression. 

PROPOSITION 3.6. The trace generat ing func t lon  f o r  c~-tableaux 1[ o f  

shape A/p  Ln whLch the las t  part  tn row L ls at  l eas t  b i Ls 

rl I x(I/i-i'Ai-t)bi Ai-l-1 Ai- t  1 1"[ x ( t h - L , l )  ~ ]'I ( 1 - x C I a i - L , I ) )  - I  �9 
l l =Pi-L l=p i - l + l  

4. T h e  i n v o l u t i o n .  In this section we construct and investigate the 

involution which is crucial to apply Lemma 2.1 to the computation of 

plane partition generating functions. It was inspired by Zeilberger's 

[25] reflection proof for the n-candidate ballot problem and the 

author's paper [11] about generating functions for plane partitions 

with unrestricted part magnitude. Subsequently, in Theorem 4.2 we give 

the properties of this involution which we use in the following 

sections. 

DEFINITION 4. I .  Let r,,[3 be arbLtrary Integers,  v be an r - tupe l  o f  

i n tegers  and AeD r . F o r  an c - t a b l e a u x  1[ o f  shape  A/v  the m a p  ~or162 3 ts 

de2rlned Ln three steps:  

(A) Conslder all pairs  (l[ij,1[i+l, j)  Of par~s of I[ wLth 

1 [ i J< 'q  , t ,  J +/3 . ( 4 . 4 . 1 )  

(By conventlon thLs Lnequallty ts  a lso  consLdered to be valid f f  

"ri§ J does  not e x i s t  and J=Pi § .) Let J be the larges t  integer 

wi th  1[(j<ZL+l,j+[~ f o r  some t. Let I be the s m a l l e s t  Lnteger wLth 

1[Ij<1[l+1,j+[3 . (The Idea Ls to search f o r  the r igh t -mos t  and, 

among them, hLghest patr  sa tLs fy lng  (4.4.1) tn the t a b l ea u x  z.)  
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(B) ( a )  Vl~Vl+ 1 . Let  K be the  s m a l l e s t  In teger  w l th  TI,K<TI+I,K+~ . 

(b)  U l<V l+ I . Let  K be the  s m a l l e s t  in t eger  w i th  

TI,K_IYTI+I,K+I+2~+R-2 . (By conven t ion  t h i s  i n e q u a l i t y  i s  a l s o  

c o n s i d e r e d  to be va l ld  i f  TI+I ,K+ 1 does  not  e>c(st and K=~tl+ T ) 

(C) The image  o f  T under  a p p l i c a t i o n  o f  ~(x,~ i s  the  t a b l e a u x  T', 

wh ich  t s  ob ta ined  by l eav ing  a l l  r o w s  o f  T unchanged  w(th  the 

e x c e p t i o n  o f  the  l ' t h  and  (l+1)'th row. Here we  s e t  

= ~ T I j  j ~ K  

T~j 
L Ti+1,j+1-[1-a-/3 ) J<K 

a n d  

= ~ TI.I, j j>K 
T;+I,J 

t TI ,  j_1+(I"-~-/3) j ~ K  

G e o m e t r i c a l l y ,  "r' i s  o b t a i n e d  f r o m  T the followln E way:  

' r i ,u i+ l  . . . .  TI ,K_ 1[ T IK  . . . . . . . . . . . . . . . . . .  

" r I + l , v i §  . . . . . . . . . . . . . . . . . .  " r I + 1 , K I  T I + l , k + l  . . . . . .  

: Z 

' r i+l,vi§ +l-(1-a-lB) . . . . . . . . . .  T I+I ,K-  (1-o{-~) [ "~IK . . . . . . . . . . . . . . . . . . . .  

"rI,vi+l+[1--~- ~) . . . . . . . . . . . . . . .  " r i ,K_ l+(  1-a-~)] TI+I,K+I...  

F o l l o w i n g  Z e i l b e r g e r  [25],  f o r  ~ eS  r we d e f i n e  

�9 :=(1-~(1),2-~(2) . . . . .  r-o'(r)). I f  a=(a t . . . . .  a r ) we wr i t e  ar 

=(at(1 ) ..... ao.cr)). The set of ((-tableaux of shape ;~/~ in which the 

first part in row I is at most a I and the last part in row L is at 

least b i is denoted by ~(A/g;a,b), where b=(b I ..... br). The subset of 

T (A/~;u,b) contalnin E all ((z,~)-pleune partitions of T (k/~;u,b) is 
+ 

denoted by T ~(A,~;u,b), its complement by ~,~(A/~;u,b). It will be 

proved in the theorem below, that ~p((,~ satisfies all conditions 
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required to apply Lemma 2.1 with Mo=Tc(Z/Ho+ecr;acr+(1-~-~)eo.,b), 

Mld=Tr  and M i d  = =T-,#8(Z/. ;a,b).  ge g ive  t h ree  we igh ts  f o r  

which ~,,~ is weight-preservlng, Wp (for cr w n , and w t , 

respectively. Application of Lemma 2.1 then leads to the results 

concerning part generating functions (section 5), norm generating 

functions (section 6), and trace generating functions (section 7), 

respectively. 

THEOREM 4.2. Let  c,[J be i n t e g e r s  and  A,/~,a,b be r - t u p e l s  of i n t ege r s  

such  t h a t  Z,II �9 D r and  

al+@L(~tl.-#i+l)+(1-~]] ~ at+ 1 and  bid~x(Zi-~ti+l)+(1- ~) > hi+ 1 (4.2.1) 

f o r  L--1,2 . . . . .  r-1. ~ , ~  s a t L s f t e s  the  f o l l o w i n g  p r o p e r t i e s :  

(A) ~c,/3 Ls an invo lu t ion  on 

T~ = 18(~.//~;a,b) u U T~(~./~+ea.;aa.+(1-~-i~)ecr,b). I I  T i s  an  e l e m e n t  
' O - � 9  r 

~ l d  
o [  the  d o m a i n  o [  ~c,/3 ' T �9 T (~//~a.+ea.;aar+C1-~-/3)em, b), there  

e x i s t s  a t r a n s p o s i t i o n  (I,I+1) w i t h  

~ . ,B( 'c )  �9 Tc  (Z /go . ( I , i+ l )+eo . ( i , i+ l ) ;ao . ( i , i+ l )+(1 -c -B)%. ( i , i+ l ) , b )  �9 

(B) ~c,1-r  is w e i g h t - p r e s e r v i n g  w i t h  r e s p e c t  to  the  w e i g h t  

Wp(Z) = I] x , 
'r 

where the product  is over a l l  Ixzrts T i j  o f  T. 

(C) ~c,~] ts weight -preserv ing wi th  respect to the weight  

nC~)+(1-~x-/3) =~ v ,  
w('T:)  = x  �9 t 2 

n 

w h e r e  ~./u is the  s h a p e  o f  "c. 

(D) ~r [~ i s  w e i g h t - p r e s e r v i n g  w i t h  r e s p e c t  to  the  w e i g h t  

r tL(~ ) 
wt(~) = ]'[ xCv.-s,=) s(c+f3-1) H xL , 

s = l  l e Z  

w h e r e  Z / v  i s  the  s h a p e  o l  T. 

PROOF. (A) Recalling Definition 4.1. (A), ~c,~ ls applicable on 

c-tableaux violating the column-condltlon Tij~1~i§ j+~ at least once, 

and on c-tableaux of shape X/v with v~tD r . (The second fact is due to 

the convention we made in interpreting the inequality ~ij <zl.i,J+~.) 

Let T �9 __T (R/H +ecr;acr+{1-~-~)e ,b) and I be the index which was defined 

in Definition 4.1.(A). From Definition 4.1.(C) it is clear that the 

shape of ~c,~(z) is h/v, where v is obtained from ~ +ec~ by leaving all 
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coordinates of ~r unchanEed with the exception of the l'th and 

(l+l)'th, which al-e Eiven by ui=[~I +e ]i+1-I alld Ui+l=[~cr+e ]i+1. 

Hence, ui=ll(l,i+1)+e(i,l+l) . ArEuinE similarly, we obtain the part 

restrictions for ~t,13(T). Of course we only have to concentrate on the 

/'th and (l+l)'th row. The parts in the l'th row of ~0 ~(T) are at most 

[a +(1-r ]i+I-(I-r and at least b I , the parts in the (l+1)'th 

row are at most [a +(1-r ]i+(I-r and at least bi+z , which after 

a little calculation leads to the desired row bounds stated above. (At 

thls point the inequalities (4.2.1) were needed. ) Hence, 

~r c TCA/lZo.CI,i+l)+evci,f+l);ao.(I,i+l)+(1-~-[3)ev(i,I+l),b). That 

~0,~ is an involution i s  clear from the definition. 

(B) In case ~=I-r we have (I-r therefore the multlset of parts 

of ~r is identically with that of T. 

(C) Let ~c ~ T(x(;t/~Icr+e=r;a +(1-r ,b) and I be the index defined in 

Definition 4.1. I. Then we have 

n C ~ c , f l ( ~ ) )  = n ( ~ )  - ( 1 - ~ - f l ) ( [ ~ r 1 6 2 1 6 2 1 6 2  

= n ( ~ )  - (1-r ( I ) - o ' ( I ) - I z r  . 

Therefore we Eel 

n(cpot,13(~)) + ( 1 - a - ~ ) , ~  1 [ g o ' ( I , I + l ) + e o ' ( I , I + l )  ]s = 
= 2 

= nC~)-C~-=-~)C~cx) -~C~)-~r  + (~-=-~)  __Et|["~*e~]'[+ 
t 2 

+ C 1-r  ) (~o" ( I ) +I-o'C I ) ) -(  1-(x-~ ) ( ~.r162 I+1 ) ) 

= n ( ~ )  + ~ [ [ g  +e 1 .  , 

s=l  ~ 2 

hence Wn(~O=,~(T)) = wn(~). 

(D) With the assumptions of (C) we have 

t ,(~r x(~ . . . . . .  -r ,.,--o'(I)) ~+13-1" 11 Ix ,  t~(~)] 
ZeZ 

T h e r e f o r e  we Ee t  

wtC~o=,13(T)) = 
x ( p ~ ( / ) - ~ ( I ) ,  | r  r , = )s (~+~- l )  

x(l~ ( 1+1 ) - r  ) ,  = )r s]'[lXCg~(= s) "~ (s  ) 

x ( t ~ ( r ( / + l ) - O ' ( I * l ) , t a o . ( / ) - o ' ( l ) ) r  I I  I x [  t t ( ' c ) )  
/ . ~Z  ~ 

= w t ( T )  �9 
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5. P a r t  generating functions. L e t  ~=I-~ .  Then Theorem 4 .2 . (B)  c a n  be  

applied to compute part generating functions. 

THEOREM 5.1. Let A,II ~ D r and a,b be r-tupels o f  integers sat isfying 

ai+cc z a i+ 1 and bi+c~ ~ bi+ 1 for  L=1,2 . . . . .  r -1.  

T h e  p a r t  g e n e r a t i n g  f u n c t i o n  f o r  ( r  p a r t i t i o n s  o f  s h a p e  A/I~ 

in w h i c h  t he  f i r s t  p a r t  In r o w  l i s  a t  m o s t  a I a n d  t h e  Last  p a r t  (n r o w  

l l s  a t  l e a s t  b i i s  

l de t  h(A~)s_t~t+t(x;at,b,)) f 
PROOF. We apply Lemma 2.1 with M=TCA/llr+e;acr, b), 

M~'d=TT cr C A / , ; a , b ) ,  M-d=T-I ~ 1-~z (A/ la;a 'b ) '  ~-~~ and  w=w B e c a u s e  o f  

Theorem 4 .2 . (A) , (B)  a l l  a s s u m p t i o n s  o f  Lemma 2.1 a r e  s a t i s f i e d .  S i n c e  

b y  P r o p o s i t i o n  3 .2  
r 

F ( T ( 2t / llcr+ ecr; acr, b ) ; w p)  = sl] lhA s_s_btcr( s ) +Cr( s ) ( X ; ao.( s ) , b s  ' 

the theorem follows. 

For r and ~=I we obtain the generalized Jacobi-Trudl identities for 

flagged Schur functions [24,Theorems 3.5 and 3.5"]: 

COROLLARY 5,2.  Le t  A, l l ,a ,b  E D r . T he  p a r t  g e n e r a t i n g  f u n c t l o n  f o r  

c o l u m n - s t r l c t  p l a n e  p a r t i t l o n s  o f  s h a p e  Alia in w h i c h  t h e  f i r s t  p a r t  In 

r o w  i is a t  m o s t  a i a n d  t he  l a s t  p a r t  In r o w  I ls a t  l e a s t  b i ls 

det /h ,  +.(x;at,b,)] 
i~s,t~r [ ^'-s-~t ~ ) ' 

where hn(X;A,B) (s the complete symmetric function of order n In the 

v a r l a b l e s  x B ..... x A . 

COROLLARY S. 3. Le t  A,Ia ~ D r a n d  a , b  be  r - t u p e I s  o f  i n t e g e r s  

s a t L s f  y t n g  

al+1 > a i§  a n d  bl+ l  > bi+ 1 f o r  l=%2 . . . . .  r-1.  

The  p a r t  g e n e r a t i n g  f u n c t l o n  f o r  r o w - s t r i c t  p l a n e  p a r t i t i o n s  of s h a p e  

A / ~  in w h i c h  t h e  f i r s t  p a r t  in r o w  I i s  a t  m o s t  a t a n d  t h e  l a s t  p a r t  in 

r o w  i i s  a t  l e a s t  b i i s  

d e t  [ e .  . i x ; a t , b , ) ]  
1 . r  L ^ , - s - l t t + ~  ) ' 
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w h e r e  en(x;A,B)  ts the  e l e m e n t a r y  s y m m e t r i c  f u n c t i o n  o f  order  n in the 

v a r i a b l e s  XS,...,x A . 1 

6 .  N o r m  generating functions. Thls section contains appllcations of 

Theorem 4.2.(C). Our flrst result generalizes Sta.nley's 

[20,Prop. 21.2], MacMa_hon's [14,sec. 494], Carlltz' s [3,(6.12)] and 

Gordon's [8,Theorem 1] determinant formulas. 

THEOREM 6.1. Let A,~ c D r and a,b be r-tupels of ~ntegers satlsfylng 

(4.2.1). The norm generatln E function for (r part~tLons of 

s h a p e  A/ll tn w h i c h  the  f i r s t  p a r t  ~n r o w  t Ls at  m o s t  a i and  the l a s t  

p a r t  in r o w  t Is a t  l e a s t  b t ~s 

det ix NI(s't) [ (1-a)(A'-pt )-~(s-t)+at-bs+~] I l ~ s , t s r  L x , - s - ~ , t . t  j j ' 

w h e r e  

= 1 
PROOF. We app ly  Lemma 2.1 wi th  Mo=T(Z/~o+eo.;ao+(l--c-~)ecr,b),  + Mid = 

=T: ,~CA/ . ;a ,b) ,  M;d=T=,[3(A/ l~;a,b) , r and w = w  n Because of 

Theorem 4.2.(A),(C) all assumptions of Lemma 2.1 are satisfied. Since 

by Proposition 3.3 

F( T (X/~cr+ecr ; ao +(1-~-B )ecr , b); w n) = 

�9 = t  r N2(s,~(s))[(1-=l(~.s-~,(s))-f~(s-~(s))+%(s)-%+= ] 
= x s=ln x L ~s-s- . ,~ (s )  +~(s) J ' 

where 

N2(s,t) = b,(A,-s-gt+t)+c[A'-s-2gt+t] , 

the theorem follows. 1 

For A,I/ G D r we define a_n (o~,[J)-reverse plane partition of shape A4t 

to be an array �9 of integers of the form (1.1) with 

~Ij +co ~ *q,J+1 for 1<Per, ~i<j<Ai ( 6 . 2 ) ( a )  

and 

~iJ+~ "~ ~i+t,J for 1st<r, }/I<JE, AI+t . (6.2)(b) 

Let p be the rotation whlch maps ~ onto *~' by 

~ j  = ~ r - i + t , r - j + l  �9 (6.3) 
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If ~ is an (a,/~)-reverse plane partition of shape A/~ in which the 

first part in row i is at least b, and the last part in row L is at 

most a i , we obtain p(x) to be an (cx,~)-plane partition of shape A'/~' 

in which the first part in row ( is at most at_i+ I and the last part in 

row | is at least br_i+ 1 , where A'=(r-//r ..... r-~t 2 ,r-~t) and 

~'=(r-A r ..... r-A2,r-A1). Thus Theorem 6.1 implies: 

COROLLARY 6.4. Let A,g E D r and a,b be r-tupels of integers 

satisfying 

at+a(Ai_l-Ai)+(1-~) z ai_ I and bi+a(/~i_l-~i)+(1-~) z bi_ I (6.4.1) 

for I=2,3 ..... r. The norm generating function for (r plane 

p a r t l t l o n s  o f  s h a p e  ~t/#t in w h i c h  the  f i r s t  p a r t  In r o w  i ls  a t  l e a s t  b i 

and  the  l a s t  p a r t  In r o w  i l s  a t  m o s t  a i i s  

det (x N3(s't) r(1-~)(A'-~*t )-~(s-t)+a'-bt+r ) 
1~s, t < r  L X,-s-~t+t J ' 

w h e r e  

+ + r(-A,+t-s~ 

REMARK. We also could prove Corollary 6.4 by modifying the involution 

~r suitably. For sake of simplicity, we decided to derive it from 

Theorem 6. I. 

It seems unlikely that the determinants in Theorem 6. I or 

Corollary B.4 can be simplified significantly in general. But there are 

several special cases in which Lemma 2.2 may be applied to obtain 

closed forms for these determinants. The first such evaluation yields a 

generalization of Stanley's celebrated hook-content formula [2q,Theorem 

IS.3]. For definition of hook lengths and contents of a shape we refer 

the reader to [21,Definition 15.1]. 

THEOREM B.a. Let AeD r and Az0. The norm generating function for 

( r  p a r t i t i o n s  of s h a p e  A in w h l c h  the  f i r s t  p a r t  in r o w  t i s  

a t  m o s t  a+(1-/~)i (or e q u l v a l e n t l y ,  ~11~a+I-~) and  the  l a s t  p a r t  In 

r o w  t Is  a t  l e a s t  b-cx~i+(1-~)i is  

xN4 [a+r  

[ h t ] . - . [ h  p ] 

w h e r e  p=]A [, N4= ~. A i ( -~ t i / 2+(2 - [J ) i+b-~ /2 -1 ) ,  and  c i and  h i are  the  
i= t  

c o n t e n t s  and  h o o k  l e n g t h s  oj r the  s h a p e  A , r e s p e c t i v e l y .  

PROOF. Evidently, the row bounds satisfy (4.2.1). Setting ~=0, 
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al =a+(1-~)L, and bi =b-aAi +(1-~)t in Theorem 6.1 we obtain for the 

desired generating function the expression 

xNS.det f rx,-s+t+a+=-b] 
t L ~ . -s+ t  j j ' 

where Ns=N 4- ~. Ai{{-I). Taking some factors out of  the determinant 
I=1 

leads to 

[h i - ~ + l + a + = - b ]  ! { r x , - s * t *a *= -b ]  I = det L ~,-s+t j )  ~'~ x 

[ a + ~ - b ] !  r ~ [ ; ~ l - l + r ] !  
i = l  

x d e t  ( [ ;~=-s+r  ].  �9 �9 [A = - s + t + l ]  [;~=-s+t+a+(x-b]- �9 �9 [A=-s+2+a+~-b]) 

= 1 = 1  M i = l  X 

[ a + a - b ] t r  ~ [ ;~ i_ t+r  ]! 
i = l  

x d e t ( ( x - A ' + s - x  r ) �9 �9 �9 ( x - A 8 + s - x  t + l  } ( x - A ' + s - x t + a + a - b )  �9 �9 . ( x - ~ s + s - x 2 + a + a - b ) } .  

Now Lemma 2.2 with Xi:x  -~i+~, Ai=-x t, and B l = - x  t+a+a-b can be appl ied  

to get 

r[ [~-~*~*~*=-b]! I: (~i-~)(r-~) _. ( rXs-s+t+a+a-b] ) 
d ~ l , t  x . - s + t  J = , . x  x " '  x 

[a+r r r[ [~ , l - t+ r ] !  
t=1 

x ~I (x;~i - ~-x  ;~J-j  ) 11 ( x J - x  t+a+~-b ) 

l ~ L < j ~ r  2"~L'~j'r 

]'I [Xl- t-Xj+J] r[ [X i -g+a+r  
~ l  t- l) l~t<j.Cr i= 1 

= XI=I 

[~i i- l+r] , ~ [a+(x-b+l-{ ] ! 
I = I  i = l  

The first quotient in the last line is equal to I/[h t]..-[hP], (usin E 

[13,p.9,Example 1(4)]), the latter is equal to [a+~-b+1+Cl].- �9 

�9 ..[a+~-b+1+cp], (usin E [13,p.lO,Example 3]). 

Stanleu theorem [21,Theorem 15.3] is the special case ~=0, ~=I, b=l 

of Theorem 6.5. 

There is another case in which the determinant in Theorem 6.1 can be 

evaluated. It generalizes one of the main results os MacMahon on plane 

partitions [14,sec.429,proof In sec.494]. 

THEOREM 6.6. Let ~cD r a n d  ~ 0 .  T he  n o r m  E e n e r a t L n g  f u n c t L o n  f o r  

( ~ , ~ ) - p L a n e  par t~ tLons  o f  s h a p e  ~ tn  w h i c h  t h e  f ~ r s t  p a r t  tn r o w  ~ t s  
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at most  a-~t  (or equivalently,  ~ l l < a - ~ )  and the last  part  in row i ls 

at  leas t  b+(1-~x)Ai-/3l is 

xN8 [a+a-b-c 1 ]...[a+ct-b-cp] 
t 

[ h t ] . - . [ h  p] 

where p= l A ], No= ~. Ai(Cl-cxl2)A i-fi i+b-r and c i and h i are the 
i - l  

contents  and hook lengths o f  the shape ~ , respectively.  

PROOF. Evidently, the row bounds satisfy (4.2.1). Setting ~=0, 

a i=a-~l and b i=b+(1-~)A i-~l in Theorem 6. I we obtain for the desired 

generating function the expression 

/ 
t t x ,-s+tj ) ' 

where N7=N 6- ~. $(Ai-[). Taking some factors out of the determinant we 
i=I 

get 

det I x  t ( x ' - s )  [a+r ] ) = 
L L x,-s+tj ) 

[a+~-b] ! r 
X 

i=1 i=1 

x detCxt(A'-s)[A,-s+r]...[A,-s+t+1][-A,+s-t+l+a+~-b]...[-A,+s-l+a+~-b]) 

[a+ct-b ] , r  ~. + r �9 [r(Ai-/)  (a+cx-b-t+l)[r-[+1))(_1)(2) 
" x i =  I X 

P,, - t+r] ;  n [-~.l+i-1+~+=-b]! 
I=~[  i=1  

x det((x-A*+S-xr)...(x-As+S-xt+l)(x-;%+S-xt-l-a-cc+b)...(x-As+S-xl-a-~x+b). 

-Ai+t l Appl ica t ion  o f  Lemma 2.2 with X i=x  , A i = - x  , and B i = - x  t-q-a-ct+b 

g ive s  

det (x tcx'-s) ro+o-~ 1 
L x,-s+tj ) = 

r 

[ a+=-b ] ! r T. CrCX~-i)+Ca+~-b-=+l)Cr-t+l))C_l)(~) x 2  
--- " x i  = 1 

[x~-t+r]; I] [-~,~+H+a+.-b]' 
i =1  I=1 

x I~ ( x A I - L - x A J - J )  r[ (x-J-x  l - l - a - ~  ) 

1.<t <j.Cr 2.ct~j<r 

[I [ A l - t - A j  + j ] [ a+ , , -b  ] ! r rl [a+~t-b+4+J-l] 
~ L ( A i - l )  l ~ t < j < r  2<l<J.~r 

= x i = l  

{I [ A l - l + r ] t  [ I  [a+cx-b-A,+ [ -1 ] !  
i = 1  i = 1  

Again, t he  f i r s t  quo t i en t  In the  l a s t  l lne  i s  equal  to I /[h 1]'''[hp]. 

By c o n s l d e r a t i o n s  which a r e  s imi la r  to those  in [13,p.10,Example 3], i t  

can be shown that the second quotient i s  equal to 
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[a+~-b-cl]...[a+~-b-cp], which completes the proof. 1 

The special case ~=~=0, Ai=c, b=l-c of Theorem 6.6 glves MacMahon's 

formula [14,sec. 429], see also [21,Theorem 18.1; 3,(6.12)] for other 

proofs and other formulations of the resulting product. If we set r 

8=0, b=1, we obtain Stanley's hook-content formula [21,Theorem 15.3] a 

second time (but formulated with the conjh/gate shape; see [21,p.167] 

for definition of conjugation). This Is because the reflection at the 

main diagonal is a norm- (since even part-) preserving blJectlon 

between row-strict and column-strict plane partitions of conjugate 

shape. 

Next we turn our attention to cases of simplification of the 

determinant in Corollary 6.4. Our first result unifies two further 

results of Stanley [21,Propositions 18.4 and 18.6]. 

THEOREM 6.7. Let AcD r and A~0. The norm generating function for 

(~,[3)-reverse p lane  parts o f  shape  A tn which the f~rst  part  In 

row t is  at  leas t  b-(1-~)i (or equivalent ly ,  xl Izb- l+~)  and the las t  

par t  ~n row i t s  at  most  a+~Ai-(1-~)t ts 

xN8 [a+r,-b+1+c I ]. . .[a+~-b+l+cp] 
P 

[h l ] . . . [h  p ] 

where  p=[A[, /48= ~. Ai(o~Ai/2+Si+b-~x/2-1), and c i and h i are the contents  
i - l  

and hook lenEths o f  the shape A , respect ively .  

PROOF. Evldently, the row bounds satisfy (6.4.1). Setting ~=0, 

al =u+~Ai-(1-~)i, and bi=b-(1-~)L in Corollary 8.4 we obtain for the 

desired generating function the expression 

xNS.det [ [A.-s+t+a+cx-b] l L ~,-s+t j, ' 

where Ns=N 8- ~.At(i-1). This determinant has already been evaluated in 
i=I 

the proof of Theorem 6.5. 1 

Stanley's result about the norm generating function for column-strict 

reverse plane partitions [21,Proposition 18.4] comes out of the above 

theorem setting ~=0, 8=I, and b=l. His generating function for row and 

column-strlct reverse plane partitions [21,Proposltlon 18.S] is the 

limiting case a=~=1, b=1, u--)~ of Theorem 6.7. 

THEOREM 6.8. Let A~D r and Az0. The norm EeneratinE function for 

(~,[3 )-reverse plane purtLtLons of shape A In which the .first part in 

row t is a t  leust b+~t (or equtvaZently, ~Ilzb+lS) and the lus t  part  
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Ln r o w  i i s  a t  m o s t  a-(1--~);~i+i3t t s  

x N l o  [ a + ~ - b - c l ] . - . [ a + c y - b - c p ]  
P 

[ h t ] ' " [ h  P ] 

w h e r e  p = l ~ l  , Nlo = ~. ~ i ( a X i / 2 + [ J i + b - ~ 2 ) ,  a n d  c i a n d  h i a r e  t h e  c o n t e n t s  
i = l  

a n d  h o o k  l e n g t h s  o f  t h e  s h a p e  2r , r e s p e c t i v e l y .  

PROOF. Evidently, the row bounds satisfy (6.4.1). Setting p=O, 

ai=a-(1-a)Ai+~i, and bi=b+~t in Corollary 6.4 we get the expression 

Nt~ . . ( t ( X . - s )  [ 'a+c-b ] 
x .oe, Lx Lx_s§ } , 

where Nzt=Nzo- ~. fC~i-t). This determinant has been evaluated in 
i=1 

Theorem 6.6. I 

For  r 6=0, and b=l  we ob ta in  S tan ley ' s  r e s u l t  about  co lumn-s t r i c t  

r e v e r s e  p lane p a r t i t i o n s  [21,Proposi t ion 18.4] ano ther  t ime, t h i s  time 

in  "conJugate" fo rmu la t i on .  The hook fo rmu la  f o r  the norm genera t i ng  

f u n c t i o n  f o r  r e v e r s e  p lane p a r t i t i o n s  wi th  u n r e s t r i c t e d  p a r t  magnitude 

[21,Propos i t ion 18.3] is  de r i ved  l e t t i n g  r b=l and a---x=. 

Concluding t h i s  sec t ion  we de r i ve  a n ice r e s u l t  o f  Bender and Knuth 

[2,Theorem 21]. In ou r  con tex t  the p r o o f  aga in  degenera tes  to  a 

d e t e r m i n a n t  e v a l u a t i o n .  

THEOREM 6.9 .  T h e  n o r m  g e n e r a t i n g  f u n c t i o n  f o r  r - r o w e d  p l a n e  

p a r t f t l o n s  w i t h  l a r g e s t  p a r t  <m a n d  e x a c t l y  k p a r t s  In t he  l a s t  r o w  t s  

PROOF. In Theorem 6.1 l e t  a=~=O, ~ l - - - ~  f o r  l=1 . . . . .  r - l ,  a n d  ~tr=k, 

p=O, a l = m ,  bl=1 f o r  l=1 . . . . .  r - l ,  a n d  br=l .  Thus  we o b t a i n  t h e  

d e t e r m i n a n t  
B - t  

( 2 )  1 
x k - r . d e t  x [ m + s - t  ] t  r o w  s ,  s < r  

/;,<>+ ' r,<+,,,-,] L k -  r + t ]  r o w  r 

F o r  t=r , r -1  . . . . .  2 s u b t r a c t  t h e  ( t - 1 ) ' t h  column t i m e s  x t -1 [m- t+2]  f r o m  

the t'th. The effect of this is that the first row becomes 

(1/[m]!,O ..... 0). Therefore the above expression may be written in the 

form 
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x k - r - r + 2  [ r - 2 ] !  . . 
�9 a e t ,  

( . ; t )  1 

x [ m + s - t  +1 ] ! row s, s < r - 1  

Lk_r+t J) row r -1  

T h i s  p r o c e s s  i s  i t e r a t e d  a n d  a f t e r  some  m a n i p u l a t i o n  f i n a l l y  r e s u l t s  i n  

t h e  e x p r e s s i o n  

k-r-@~ ~) ~g~ Ell; 
l~,oF~_ ~ ~(~2t)*~x 

r-l-t. 

l -o [ k - r +  l+lJ [ml , , , Im+r-2- t l  = 

r~2 [ i]! 
= �9 

The sum in  t h e  l a s t  l i n e  i s  e q u a l  t o  x ( r -1 )k ,  w h i c h  i s  e a s i l y  s e e n  b y  

q-Vandermonde summation [19,App.IV.1]. 

Similarly we could derive Gansner's theorem [5,Theorem 4.5], which is a 

generalization of the above theorem. 

7. Trace generating f u n c t i o n s .  Trace generating functions were first 

considered by Stanley [21,22]. He weighted each plane partition b F its 

norm and its O-trace (the sum of the parts on the maln diagonal, of. 

section I). He also considered enumeration bY "conjugate trace" (we 

give the definition below). Gansner [4,5] generalized Stanley's trace 

definitions and obtained nice expressions for the (generalized) trace 

generating function (as defined in section I} for several classes of 

plane partitions. 

In this section we give determinant formulas for the trace generating 

function of (a,~)-plane partitions of a given shape. Stanley's and 

Gansner's results are obtained as special cases, again when applying 

Lemma 2.2 (or its sublemmas 2.2. I or 2.2.2, respectively). Also 

contained are some new computations for the O-trace generating 

function. 

We begin with the general result 

THEOREM 7.1. Let ~,~ c D r and a,b be r-tupels o[ Lntegers sattsJ:ytng 

(4 .2 .1 ) .  The trace generating functlon for  (r partLtlons o f  
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s h a p e  A / ~  in w h i c h  t h e  f l r s t  p a r t  (n r o w  l l s  a t  m o s t  a I a n d  t he  l a s t  

p a r t  Ln r o w  t t s  a t  l e a s t  b i I s  

; t = - s - 1  
d e t  I x (~ t - t ,~s -s )b ' x {~ t - t ,~=-s )  s(r r [  x ( / u t - t , ~ )  r x 

1-cs, t 'cr ~ t=g t - t  
% 

x tC;t=-s/Ht-t;-r ) + ( I - ~ )  (s-t)+at-b.+r j J 

( t ( p / q ; m )  w a s  d e f i n e d  in P r o p o s i t i o n  3 .4 .  ) The  t r a c e  g e n e r a t i n g  

f u n c t i o n  f o r  (r162 p a r t i t i o n s  o f  s h a p e  ~ in w h i c h  t h e  l a s t  p a r t  

in r o w  I is a t  l e a s t  b i lS 

;t . -S -1  
det [x (Ht- t ,~ t . -s}b 'x(~t - t ,~ . -s)  s(~ ].[ x(#tt_t, ~)r x 

1<s, t<r ~ t=pt - t  
~, s-s  ) 

x 1"[ ( 1 - x ( H t - t , e ) )  -1 �9 
t = ~ t - t + 1  

PROOF. The arguing is Just as in the proof of Theorem 5.1, with the 

exception that here instead of Theorem 4.2.(C) we have to use 4.2.(D), 

and instead of Proposition 3.3 we have to use Propositions 3.4 and 3.5, 

respectively. 

Consider an (=,/3}-plane partition ~ and the action of the rotation p 

on ~, which was defined in (6.3}. p is "almost" trace-preservlng, in 

the sense that tL(p(~))=t_L(~) for ali integers I. Respecting this 

matter of fact, Theorem 7.1 can be converted in the analogous result 

for (r162 plane partitions, such as before Corollary 6.4 was 

derived from Theorem 6.1. 

THEOREH 7.2. Let ;t,I~ e D r and a,b be r-tupels of Integers satlsfylng 

(6.4.1). T h e  t r a c e  g e n e r a t i n g  f u n c t i o n  f o r  (~ ,~  } - r e v e r s e  p l a n e  

p a r t l t l o n s  o f  s h a p e  ~/~t In w h i c h  t h e  f i r s t  p a r t  in r o w  i i s  a t  l e a s t  b i 

a n d  t h e  l a s t  p a r t  in r o w  i i s  a t  m o s t  a i i s  

~t=-S 
det x(lit-t,Xs-s)btx(}tt-t,;t,-s) t(1-(x-~]) I"[ x(t,;ts-s) ~c x 

1~s, t ~ r  /=;t t-t+1 

x t' (;t=-s/~t-t;-c(X=-#1 t }+( 1-~ ) (s-t)+a,-bt+=)J 
where t ' (p /q ;m) ls the coe f f i c ien t  o f  z m in 

P 
1 / r l  (1-x(t ,p)z) . 

t=q 

The trace generating funct ion f o r  {r )-reverse plane par t i t ions o f  

shape X in which the first part in row I is at least b i is 
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~.8-S 
det [ x ( p t - t , k , - s ) b t x ( A t - t , A s - s )  t (1-c-B ) ]'[ x (  t ,As-s) a x 

l<s,  t~r  ~ /=~t  - t + l  
As -s -1  ) 

x II ( 1 - x ( t , x , - s ) )  - I  . |  
t=~  t - t  

Since they are easier to handle, we turn our attention first to 

determinant evaluations for (r plane partitions. 

THEOREM 7.3. Let AcD r and AzO. The trace generatLng function for 

(o~,~)-reverse p l a n e  partLtLons o f  s h a p e  A In wh ich  the  f i r s t  par t  in 

row i i s  a t  l e a s t  b-(1-~)i  is  

[ I  ( 1 - x ( A j - j , X , - t ) )  
r r . ,~b+~i-1 Ai -L n n x(/,xi_{)r 1<i <jsr 

L=l t=-~+l  r A i - i - 1  
[ I  l'I ( 1 - x ( t , A i  - t ) )  

t=1 t = - r  

PROOF. In the second expression of Theorem 7.2 set ~=0 and 

bi=b-(q-~)i. Thus we obtain for the desired generating function the 

expression 

[ x(_t ,A _s lb_( l_~ ) tx(At_t,A _s)t( l_~_~ ) A , - s  det ~ x ( t , A , - s )  C< x 
l~s,  t <r t= -  t + 1 

A , - s - 1  ) 
x 1"[ C l - xC t ,A , -s )  -1 �9 

t f - t  

Taking some fac to rs  out o f  the determinant y ie lds 

r { A l - '  Ai - i - 1  ) 
I~ x ( - l , A l - t ) b - ( 1 - { 3 ) t x ( O , X i - t )  r -1 ]'[ x ( t , A l - i )  = 1"[ ( 1 - xC t ,~ l - i ) )  -1 x 

i=1 ~=-l+1 l~r 

t-1 x d e t C ( x ( A . - s , O ) - x ( - r , O ) )  . . . ( x ( A , - s , O ) - x ( - t - l , 0 ) ) x ( 2 % - s , O )  ) . 

Once again th is  determinant can be evaluated by Lemma 2.2, th is  time 

tak ing X i=x (A i - i , 0 ) ,  A l= -x ( - t ,0 ) ,  and Bl=0. II 

THEOREM 7.4.  Let  AcD c and A>O. The t race  g e n e r a t i n g  f u n c t t o n  f o r  

(ot ,~)-reverse p l a n e  p a r t i t i o n s  o f  s h a p e  A in which  the  f i r s t  p a r t  tn 

row i is  a t  least  b+~  is  

[ [  ( 1 -x(A j  - J , A l - ~ ) )  

nr I + n , , ) /x(_i,Xi_l)b lsl Ai-I x, t ,A l_ t~a 1 <t  <j.~r 
t=l' 7 ~-i- l- 1 

i f - l + 1  1] r[ ( 1 - x C t , A i - l ) )  
iffil l = - r  

PROOF. Here, in  the  second express ion  of  Theorem 7.2 se t  ~=0 and 

bl=b+/3l. Then f o r  the  des i r ed  g e n e r a t i n g  f u n c t i o n  we ge t  the  express ion  
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I cx(-t'X'-s)b+Btx(Xt-t'X'-s)t(1-r A .-s II x ( t , X , - s )  = x de t  
l~s ,  t 'cr  ~ l = - t + l  

A,-s-1 ) 
x [~ (1-x( t ,X, -s)  -1 . 

t = - t  

A f t e r  ta lc ing some f a c t o r s  ou t  o f  t he  d e t e r m i n a n t  we o b t a i n  

x(_t,Xi_t)b+~Ix(O,Ai_llr-i A i - i  Ai- ~-1 I~ xC t , X l - l ) "  ~ ( 1 - x C t , X i - l ) )  -1 x 
i=1 t=- ~+1 l ~ r  

x de t ( x (X . - s ,O ) - x ( - r ,O ) ) . . .  ( x C l , - s ,  O ) - x C - t - l , 0 )  ) ) . 

The d e t e r m i n a n t  i s  e v a l u a t e d  us ing  Lemma 2.2.1 w i t h  X l = x ( A l - t , O )  and 

&=-x(-l .0) I 

For  B=b=l Theorem 7.3 c o n t a i n s  Gansner ' s  r e s u l t  [4,Theorem 5.1], i t  i s  

a l so  a s p e c i a l  case o f  Theorem 7.4  (~=1, b=O). 

Determinant evaluations for trace generating functions for 

(~d])-plane partitions of shape A become very intricate. This is caused 
A,-s 

by the term ]~ Cl-x(-t,t)) -1 occurlng in the second expression of 
t = - t + l  

Theorem 7.1 f op  ~=0. Only  f op  r e c t a n g u l a r  shapes we succeed in  f i n d i n g  

a c losed  fo rm  by  a p p l y i n g  one o f  out- d e t e r m i n a n t  lemmas, thus  

g e n e r a l i z i n g  GansneP's [5,Theorem 4.2 ] .  

THEOREM 7.5. The  t r a c e  g e n e r a t i n g  f u n c t l o n  f o r  ( r  p a r t i t i o n s  

consLs t ln  E o f  r r o w s  and  c c o l u m n s  tn w h l c h  the  l a s t  p a r t  in  row t l s  

a t  l e a s t  b-[Jl ts 

r( 1 l'I (x (_ i , c_ l )b_~t  c - l - 1  II x ( - l , t )  e II ( q - x ( - l , j - 1 ) )  -q. 
l=1 t=-t l ~ i ~ r  

1s j ~c 

PROOF. S e t t i n g  A=(cr) ,  g=O, and bl=b-fJl In Theorem 7.1 we o b t a i n  f o r  

the  d e s i r e d  g e n e r a t i n g  f u n c t i o n  the  e x p r e s s i o n  

c-s-1 c - s  
det (x(-t,c-s)b-fJSx(-t,-s) s(~c+[j-1) l'I x(-t,t) r162 [I (1-x(-t,t)-l) . 

l ss ,  t~ r  t = - t  t = -  t+1 

Takin E some factors out of the determinant gives 

] ]  x(_i,c_L)b_fJtx(_L,O)L_l c - t - 1  c-1 ]'[ x ( O , - t )  r l'[ ( 1 - x ( - l , Z ) )  -1 x 
L=I ~ t=-L t = - l + l  

x det ((x(O,-t)-x(O,c-1))...(x(O,-t)-x(O,c-s+l))) . 

The computation is completed by applying Lemma 2.2.2 with Xi=x(O,-L) 
and Bl=-x(O,c-L+l]. I 
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A little bit more is possible if we concentrate on the norm and 

O-trace only. In (q.5) set xi=x for all integers i different from zero 

and x0=xY. Then in the generating function (1.5) the coefficient of 
nt 

x y counts plane partitions with norm n and 0-trace t. 

THEOREM 7.6 .  Let  AED r , Az0, with Aifk f o r  i>k. The norm and O-trace 

generat ing func t ion  f o r  (a,~])-plane part i t ions  o f  shape A Ln which the 

las t  par t  in row i is  at least  b-aAi+(1 -~) i  i s  

kCb+r)-Ccx+~)( z )xN4 ~ l"=i<J [ A i - L - A j + j ]  
Y r 

l= lCy;x)Al - l+r+ l  ]'I i t - l ] !  

t--1 
with the N 4 o f  Theorem 6.5.  

PROOF. In t h e  s e c o n d  e x p r e s s i o n  o f  Theorem 7.1 we s e t  x i = x  f o r  i=O, 

x0=xY, ~=0, a n d  b i=b-aAi+(1-B)( .  A f t e r  some s l m p l l f l c a t l o n  we o b t a i n  

f o r  t h e  d e s i r e d  g e n e r a t i n g  f u n c t i o n  t h e  e x p r e s s i o n  

bk+Cl-c-[J)(k;l)xNS r [t_1]!_1 (A'Zs)xt;x)A, s+1 y I'[ det  ( I /Cy Z _ ) ,  (7.6.1) 
i=1 l<s, t~r 

where N s comes from the proof of Theorem 6.5 and Z(~)=I if ~ is true 

and Z(M)=O otherwise. To evaluate the determinant we first reduce it by 

column operations. For t=r,r-1,...,2 subtract the (t-1)'th column from 

the t'th. The effect is that the (k+l)'th row becomes (1,0 ..... O) 

(since Ak+l=k). After expanding the determinant according to the 

(k+1)'th row and taking some factors out of the determinant we get 

1 ssk 

( yxt ; x )A _s+l 
det = 

1"r t~=r / 1 s>k 

[ ( x t  ;x  ) k_s+ l 

ykx([)z k r 
= lr'[ [ X l - t + l ]  I'[ ( x k - t + l - 1 )  det  

t= 1 l=k+2 l<s, t-~r-1 

I s<k 
y x  t ; x ) X,-s+2 ( 

I 
s>k 

( x t ; x ) k _ s + l  

This reduction Is continued. After (r-k) steps we arrive at 

r 

det  rfi -  r - j + 1  _ +  . 

j = l  ~ i= l  i=k+2 J 

x det ( I/(yxt;x)As_s+r_k+l ~ . 
1<s, t<k 
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k tr-k-q k (y;x) 
k(r-k) NI2_ [A.-t+r-k] ...... i 

= y x I~I I~:-i]! n t~J.' l] x 
i=1 i=1 (y;x)Ai _i+r+l 

x det ((x-k-yxAs-s+r-k)'..(x-t-l-yxAs-s+r-k)), 

l~s, t~k 

r r-k k Lc' - ,.zc', where Nl2=i= ) ) * I=I~" ICL-1). The determinant in the last 

�9 A i - i + r - k  l i n e  i s  c o m p u t e d  by  Lemma 2.2.1  w i th  x i = - y x  a n d  A i = x  - i .  Some 

simplification finally yields the claimed expression, i 

The companion of Theorem 7.6 is 

THEOREM 7.7. Let AED r , Az0, wlth Ai=k for L>R. The norm and O-trace 

generat~nE f u n c t i o n  f o r  (~ ,~ ) -p lane  p a r t i t i o n s  of s h a p e  A in wh ich  the 

l a s t  p a r t  ~n row t Ls a t  l ea s t  b+(1-~)Al-f]s i s  

k 
k+l I~ bk-(~+8)( ~ )+ ~.A i ~, k (y;x)~ [;tl-i-Aj+J] 

y ~ i=l X "s [I " q'~i<J<r 
r t=l(Y;X)At-i+r+l 1"[ [ l - 1 1 !  

i = 1  
wi th  the  N s o f  Theorem 6.6,  

PROOF. Setting xi=x for i~0, Xo=Xy, H=0 and bi=b+(1-~)Ai-~t in the 

second expression of Theorem 7.1 after some manipulation yields the 

expression 

k+l~ + A i - +I 
kCb-1)+Cl"-(z-~8)( ~ ) NT_Cro l )_  ~ ) r -1  

y x = i = t  - = ]'I [ i - I ]  ! x 
i = l  

( 1/(Y-Z(X'ZS)x-t;x-1)A_s+1 ) , X d e t  
q'~s, t~r 

where N 7 appears in the proof of Theorem 6.6. The determinant is the 

same as that in (7.6.1), but with x and y being replaced by their 

reciprocals. It has already been evaluated in the proof of Theorem 7.6. 

| 

There is not much hope to find a simple closed form for the norm and 

0-trace generating function for the classes of (r partitions 

considered in Theoremm 7.6 or 7.7, respectively, when the shape A is 

arbitrary. As the example r-=3, A=(A1,A2,1), A2z2, shows, it is 

impossible to find a product similar to those in Theorem 7.6 or 7.7, 

respectively, for the generating functions. But, at least, the 

rxr-determinant obtained by Theorem 7.1 can be reduced to a 

kxk-determinant. 

THEOREM 7.8. Let AcD r , A~O, wLth Ai<L f o r  i>k. The norm and O-trace 
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generat ing  func t lon  f o r  (o4[J)-plane par t i t ions  o f  shape  k In which the 

las t  par t  in row i is  at  l eas t  b-cAi+(1-iS)i is  

, X ,-s+1 
yN13xNt,(_I) ( :)  , = ~k +:1 [ l - A l - 1 ]  ' det [tx__ _ _ ; x ) g ( t )  ]. 

r k 
jill[L-I]! [I (yx;x). . . l<s't~k[(yxXS-s+2;x)g(t)) 
= i-1 Ai-L+I 

k + l  r 
where  N13=k(b+k)-(~+/3)( . )+ ~ A i , N14 = Ai(-(xAJ2+Cl-/3)l+b-r + 

l - k + l  i = 1  r ( /  
+(r;1)_ ~ t-2X l , and g(t)=t-l+ F. ~(tak-~u+l) .  

l = k §  l = k §  

PROOF. The second expression of  Theorem 7.1 with x i=x  I f  t=O, x0=xY, 

;*=0, and bi=b-cAl+(1-f]) l  implies that  the desired generat ing funct ion 

i s  equal to 

ybk+(1"~-~)ck21)xNs l~r [ l_ l ] ! - ldet  ( yX.q/(__(AsZslxt;x)A s-s+1) ' 
I=1 

where N s appears in the proof of Theorem 6.5. For t=r,r-1 ..... 2 we 

subtract the (t-1)'th column from the t'th In the determinant. We get 

det (I /(yZCA'zs)xt;x)A _s. l )  = 
l~s, t<r 

det fYZ(A 'zS) (xA ' - s+ t - x t -1 ) ]  
1"r t:sr [ ( yZ (X. zs )x  t 1 ; x )A .  -s+2 J 

x(~ ) (yx(X'~s)(xx'-s+tl) 

For t=r,r-l,...,3, etc., we Iterate thls procedure. Thls furnlshes 

det (1/cyZCA " ZS)xt;x )~ _s+ l )  = 
l~s, t~r 

~r+t ~ 1 ) t- lyZCk=zs) ( t - 1 )(xXs-s+l  x) 

= x-3- det [(- ; t-l) . 

l~s, t~r ~ (YZ (;~'ZS)x; x)A s-s+t 

Let s>k. Then, by the assumptions of the Theorem, we have A,<s. It is 

easl/ to see that because of this adl entrles In the s'th row are zero 
s-A, 

- C 2  ) 
except the (S-As)'th, which is equa/ to x [S-As-l]!. Next the 

determinant Is expanded according to the rows k+1,k+2,...,r. Thus, a 

kxk-determlnaunt times some polynomlad in x Is obtained. The final step 

is to take some factors out of the determinant. 

The companion of Theorem 7.8 |s derived slmilarly as Theorem 7.7 was 

derlved from the proof of Theorem 7.6. 
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THEOREM 7.9. Let  A~D r , AzO, wLth ki<L f o r  L>k. The  n o r m  a n d  0 - t r ace  

g e n e r a t L n g  f u n c t L o n  f o r  ( - , [ J ) - p l a n e  par tLtLons  o f  s h a p e  A Ln whLch t he  

l a s t  p a r t  tn r o w  t t s  a t  l e a s t  b+(1-c)Ai-ftt Ls 

yNtsxNtS(_l)(2) xA s-s+1 

~" ~'~ l',s,t-,kdet [ ~ ( y x  ' k 
[ t - l ] !  1"[ ( yx ;x ) .  . . ;X)gct))  

i= 1 i=1 At-t+3 

k 
+ k§ + 

w h e r e  Nzs=bk-(a ~)( ~ ) i=~lAi a n d  Nzs=i=zL A i ( ( 1 - r  + 

"I IL +(k)+2 i-1 ~" Ai -  +2 +i- IAi . g( t )  w a s  d e f L n e d  Ln t he  p r e v i o u s  T h e o r e m .  II 
In [22] S t an l ey  in t roduced  the  not ion of  "conJugate  t r a c e "  o f  a p lane  

p a r t i t i o n .  The c o n j u g a t e  t r a c e  t*(~) of  a p lane  p a r t i t i o n  ~ is  the  

number o f  p a c t s  ~lJ o f  �9 with ~ i jz t .  An immediate check shows t h a t  the  

involutlon #0,0 (introduced in Definition 4.1) is conjugate 

trace-preserving. Intending to enumerate plane partitions by their norm 

and conjugate trace, for a plane partition ~ we define 

wt.Cn) = xnCn)y t.(~) 

Since for the wt.-generatinE function for r-rowed 0-tableaux we have 

r [ (ai=,L)xL;X)al L+I) - I ,  FCTC=/O;a,O);~t,) = I I  [ t - l ] !  -1 Cy x 
t=l 

it is no difficulty to obtain a determinantal expression for the norm 

and conjugate trace generatlnE function for r-rowed plane partitions 

with lacgest pact ~a. (Here a is an r-tupel of integers, the shape m/0 

consists of r rows unrestricted to the right-hand side.) The arguments 

in the proof of Theorem 8.I only have to be modified. The resulting 

determinant then is computed as usually, thus establlshlnE an 

alternative proof of Stanley's result [22,Theorem 2.2]. 

THEOREM 7.10. The norm and conjugate trace generating functlon for 

r-rowed plane partltlons wlth larges~ part -~z Is 

a 

1/I'I Cyxl;X)r  �9 i= I  

PROOF. Regarding Theorem 4.2.(C) for r and the considerations 

above, it is seen that #0,0 is weight-preserving with respect to the 

weight 

x n(~)+( )yt*(~) w~. [~) = 

This enables us to apply Lemma 2.1 with Mo=To(m/eo.;(a ..... a)+e{r,O), 
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etc., #=#0,0 " We obtain 

r . t.c Ca,.t)xS x)  det | x  / i s - l ] !  ~ a-t+lJ ) 
l < s  , t ' = r  

for the desired generating function. This determinant has already been 

evaluated in the proof of Theorem 7.7 (set Ai=a). 
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