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OPERATOR METHODS AND LAGRANGE INVERSION:
A UNIFIED APPROACH TO LAGRANGE FORMULAS

CH. KRATTENTHALER

ABSTRACT. We present a general method of proving Lagrange inversion for-
mulas and give new proofs of the s-variable Lagrange-Good formula [13] and
the g-Lagrange formulas of Garsia [7], Gessel [10], Gessel and Stanton [11, 12]
and the author [18]. We also give some g-analogues of the Lagrange formula
in several variables.

1. Introduction. Let f(2) be a formal power series (fps) and g(z) a formal
Laurent series (fLs) with finitely many coefficients with negative index different
from zero (g(z) = 345, gx2* for an integer I). Let f(0) = 0 and f’(0) # 0. The

coefficients of the expansion g(z) = Y <z ckf*(2) can be computed by the two
versions of the Lagrange formula, the first of which can be written as

(1.1) en=n"Yz71)g'(2)f"(2) forn#0, n€Z (integers),

where (2*) means the coefficient of z¥; the second can be written as

_ (50 zf'(2)
(1.2) en = (2 )g(z)‘ﬁﬁ—(—z—) for n € Z.
These formulas are based on the orthogonality relation
2f'(z)

k
()75(2) - Forirgy =

for all n,k € Z (6, is the Kronecker delta).

Using Hofbauer’s method [16] for an orthogonality relation (f, fn) = bpr We
can transfer certain properties of the sequence (fi)kez to the sequence ( fi)kez,
where ( , ) denotes a bilinear form. Hofbauer used it to prove some one-variable
Lagrange formulas. We extend this method in §4 by our Theorems 1 and 5 in order
to give a unified “recipe” for proving Lagrange inversion formulas. All known finite-
dimensional Lagrange formulas can be treated, as we show in §§5 to 8. Moreover
we use this recipe to find new Lagrange inversion formulas.

85 deals with the Lagrange-Good formula [13]. Using our method, we give a
short new proof in which the Jacobian appears in a natural way. We are also
able to find multivariable generalizations even of (1.1), the “first version” of the
Lagrange formula (identities (5.6) and (5.7)).
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432 CH. KRATTENTHALER

§6 contains a new and extended presentation of Garsia’s ¢-Lagrange theory [7].
The main idea is to extend his definition of g-powers to powers with integral expo-
nents. We show that all of Garsia’s results remain true in this more general context.
Garsia [7] points out the connection between his theory and Gessel’s g-Lagrange
theorem [10, Theorem 6.9], but he is unable to prove it. Our extension to inte-
gral powers together with Theorem 8, where we discover the connection between
Garsia’s “right” and “left” inverses, is the key for finding a new proof of Gessel’s
theorem, within the setting of Garsia’s (extended) theory. (Gessel derives it as a
special case of a noncommutative generalization of the Lagrange inversion formula.)

In §7 Gessel and Stanton’s [11, 12] g-Lagrange formula is discussed. Earlier Car-
litz [2] proved an inverse relation which generalizes Gessel and Stanton’s formula.
We prove both of these results by our operator method and obtain multidimensional
generalizations (Theorem 12, Corollary 13).

§8 concerns our [18, 19] g-Lagrange formula. In trying to find an s-variable
g-analogue of the Lagrange-Good formula, we succeed only when s = 2 (Theorems
20, 22 and 23), where we find g-analogues for special cases of the two-variable
Lagrange-Good formula. In Example 21 we give an application to MacMahon’s
¢-Catalan numbers.

2. Definitions. Let Z be the set of integers. For a natural number s Z° denotes
the set of s-tuples with the integers as components. For m = (m,...,ms) and n =
(ny,...,ns) € Z° we set as usual |m| =Y ;_ mi, m+n=(m;+ny,...,ms+n,)
and m < n if and only if m; < n; for all integers ¢, 1 < ¢ < s. If all m;’s
are nonnegative m! means m;!---m,!. For the special vectors of Z° where all
components are zero except the ith, which is 1, we write e;. The vector e is
(1,1,...,1). For (0,0,...,0) we simply write 0. For a set of commuting variables
{21,22,..., 2K} we set z¥ = zf‘ 'zgz -+ zks where k € Z°.

In this paper sections in which only a single variable is considered are always
separated from multivariable sections. Although multi-indices (elements of Z*) are
not denoted differently than one-dimensional indices (the same is true for variables),
no confusion should arise. In the multivariable sections we assume a fixed s € N
(natural numbers) except in §8, where s = 2.

Let A be a (commutative) integral domain with unity. We shall consider the A-
module Ls(z) = Ls(21,...,2s) of all formal Laurent series having the form a(z) =
> >k an2™ for some k € Z° and a, € A. Adding elements of Ls(z) is done
by adding the components. The multiplication of a(z) (as above) and b(z) =
Y m>1 bm2™ is defined by

a(z) - b(z) = Z Zan_mbmz".

n>k+l m

The inner sum ) . @n_mbm is finite because of the special form of the elements of
Ls(2); in fact n — k > m > I. Of course (Ls(z), +, -) is an integral domain.

Next we define some linear operators on Ls(z). Loa(z) denotes the coefficient of
2Y in a(z). The coefficient of 2" in a(z) is then Lo(2~™ - a(z)), for which we write
(2™)a(z). The partial differential operators D; are defined by D;2" = n,-2"~%. Fur-

thermore for the g-analogues we need the operators e(q’) given by e(q' =q;"2",

where the ¢;’s are indeterminates. Finally we 1ntr0duce the partlal g-difference

0



OPERATOR METHODS AND LAGRANGE INVERSION 433

operators by
D) = [(g: ~ Vil ™ (s = 1)
denotes the identity operator). The bilinear form (a(z), b(z)) = Lo(a(z) - b(z)) will
be crucially important. For a linear operator U on Ls(z), the adjoint operator U* is
the operator which satisfies (Ua(z),b(2)) = (a(2),U*b(2)) for all a(z),b(z) € Ls(2).
For the indeterminate q we define

n—1
(@,9)n = [[ (1 - ag"),
=0
@ =L=L =l -1, =1

and

[o] - fellet e (@0 )n
n [n]! (@ Dn
The g-exponential series is

k

— Z
€q(2) = ’;W

Alternative expressions are

egz) = [J(1+ (g —-1)g¥2)! and e;(2) = [+ (1 - q)q*2),
k=0 Padry

where the infinite products converge as formal power series in g, yet may be viewed
as formal power series in z. For a definition of infinite products of that type as
fps in z see [7, p. 217]. In addition eg(2)~! = e1/4(—2). For an introduction to
our notation and g¢-identities see Cigler’s paper [3]. Note that in the one-variable

sections we write z for z;, D for Dy, D@ for ng‘), etc.

__ 3. Preliminaries. We start with a sequence f = (fi(2))kez: of elements of
Ls(z) having the form

(3.1) fe(2) =Y faxz™ and  fi invertible in A.

n>k
We call f a diagonal sequence.
Given another diagonal sequence g = (g;(2))iez-, where g;(2) = 2kt gri2*, the
substitution g(f) is the sequence (h;(z));ez:, where

h(z) = gk fe(2)

k>l

hl(z)=z Z frkgriz™.

n n>k2>l
This substitution is associative; the neutral element is the sequence 1 = (2")peze.
The sequence § = (Fj(2))iecz- is called the inverse sequence or short inverse of f if
F(f) = (2™)neze. This means that if we set

(3.2) Fi(z) =) FuZ*,
k>l

or, more precisely,
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then

(3.3) 2= ZFklfk(z) for all | € Z°.
k>l

Obviously for any diagonal sequence f there exists a uniquely determined inverse
sequence §. In particular Fyr = f, k'kl is invertible in A ; therefore J is also a diagonal
sequence. Comparing the coefficients of 2" in (3.3) leads to the relation

(3.4) > fokFr = bn.

n>k>l

Defining the operator U;jz*¥ = fi(2) by extending it linearly to Ls(z), we see that
UiFi(z) = Z' by (3.3); moreover this implies Uy ! = U;z. Applying Uy ! to (3.1)
yields

(3.5) 2 =3 fakFa(2).

n>k

Again comparing the coefficients of 2™, we have

(3'6) Z anfnk = bmk-

m2>n>k

Identities (3.3)-(3.6) are equivalent. The “inverse relations” [22, Chapters 2,
3] are essentially based on identities (3.4) and (3.6), respectively. Concerning the
connection between inverse relations and the Lagrange formula, see [1, 18, 19 and
12, Introduction]. In fact (3.4) and (3.6) simply say that the matrices (fnk)n keze
and (Fii)k,ez+ are inverses of each other. This point of view leads to the concept
of “recursive matrices” introduced by Barnabei, Brini and Nicoletti (see [24] and
the references cited there).

As indicated in the introduction, we need a sequence f = (f(2))xez> satisfying
the orthogonality relation

(37) (fk(z)a fn(z» = bnk-

Using (3.6) we get

(3.8) fi(2) = Zszz_l-
1<k

Analogously, by (3.4),
- Fn(z) = Z fnkz'k.

k<n

4. The main theorems.

THEOREM 1. Given M; and M, modules over the integral domain A, (,) a
bilinear form from M; x My into A, and I a set of indices, let (fx)rer be a sequence
of elements of M, with the property

(4.1) (fx,h) =0 for all k € I if and only if h=0.

Let U; and V' denote linear operators on My, V bijective, and let g; be arbitrary
functions from I into A such that

(4.2) Ujf = g;(k)V fx for allk €I and j =1,2,...,r.
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(4.3) For all indices m,n € I, m # n, there exists a j with 1 < j < r and
gi(m) # g;(n).

Suppose there exist the adjoint operators of V., V~! and U; denoted by V*, y-r
and U; (this means (Vf,h) = (f,V*h) for all f € My and h € My, etc.).

(A) If the system

(4.4) U; hi = gj(k)V*hi, kel,j=1,2,...,r,
has a nontrivial solution (hx)ker—i-e., hi # 0 for all k € I—then (fx,V*hy) =
(fxs V*hic)bni, where (fe,V*hi) # 0 for all k € I. If (fis V*hy) is an invertible

element of A for all k € I, then there exists a (unique) sequence (fx)rer of elements
of My satisfying

(45) (fk,fn) = 6’nka n,k € I,
and given by ‘
(4.6) fk = (fk,V*hk)_l -V*hg.

(B) Let (fx)ker, Uj, V and g; be defined as above such that (4.1) and (4.2) hold.
For a sequence (fi)ker satisfying (4.5) the equations

(4.7) UV fo=gi(k)fx, keELj=12,...,1
hold.
PROOF. (A) Suppose (hi)ker satisfies (4.4). By using (4.2) we have

9; () (fx, V*hn) = g;(k)(V fis Bn) = (Uj fie, hn)
= (fx, U; hn) = g5(n)(fi; V*ha).

From (4.3) this immediately implies (fk,V*hyn) = 0 for n # k. For n = k suppose
(fn,V*hy) = 0 for some n € I. Together with the above calculation this means
(fx,V*hy) =0 for all k € I. From (4.1) we conclude V*h,, = 0. It is easy to show
that with our assumptions V* is bijective, and, therefore, h, = 0, in contradiction
to the condition hy # 0 for all k € I.

Defining fr = (fk,V*hi) 'V *hy, we evaluate

(Frs fr) = (frs V) " (s V) = Bk

The uniqueness of the sequence ( fk)ke 1 is obvious because of (4.1).

(B) Suppose (fk, fn) = nk for all n, k € I by (4.2), we get

(fe U3V =Y o) = (V" Uik, ) = 95(K) (e, f)
= g;(n)bnk = (fic, 95(n) fn)

which, combined with (4.1), proves (4.7). O

We choose M; = M, = Ls(z) and I = Z°. A usually can be considered a field.
In this case (fx,V*hi) in Theorem 1(A) automatically is invertible because it is not
zero. For the g-analogues we choose A = K(q), the set of all rational functions in
the indeterminates ¢1,qs,...,qs over the field K. The bilinear form we use is (,),
as in §2. For the sequence (fx)xer we choose a diagonal sequence of Ls(z) (defined

by (3.1)). Then condition (4.1) certainly holds. The Lagrange formulas then have
the following form.
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COROLLARY 2. Let (fx(2))keze be a diagonal sequence and Uj, V linear op-
erators as in Theorem 1 satisfying (4.1)-(4.3). If g(z) € Ls(2) and (fi(2))keze
18 given by (4.6), where the sequence (hi(2))keze, with hix(2) # 0 for all k € Z°,
satisfies (4.4), then the following hold: The coefficients in the expansion

9(2) = Y cxfi(2)

kezs
are computed by
(48) Cn = (g(z)a fn(z»a
or, if (fn,V*hy) and g;(n) are invertible in A,
(4.9) en = g5(n) " (S, V*hn) TH(Us9(2), hn(2)).

PROOF. The first formula is obvious because of (4.5). The second is just a
rearrangement of the first, where we use (4.4) and (4.6). O

The first version of Lagrange formula (1.1) corresponds to the second expression
for ¢,,; the second version (1.2), to the first. When s = 1 in the “ordinary” Lagrange
formula, the form (4.9) (i.e., the first version) is simpler and usually easier to use
than (4.8) (the second version). Because of the complexity of the operators Uj, in
general (4.9) will be rather complicated or even inapplicable.

For a diagonal sequence (fx(2))kezs, the procedure of finding a Lagrange for-
mula for this sequence is as follows: First we try to find a system of “eigenvalue”
equations for the fix(2)’s of the form (4.2) where the operators satisfy the condi-
tions of Theorem 1. Then we establish the dual system (4.4) deduced from the
system above. Next we try to find a sequence (hx(2))kezs of nontrivial solutions
of the dual system and from this compute ( fk(Z))keza the system orthonormal to
(f(2))kezs. Having performed these steps, by Corollary 2 we get (two) Lagrange
formulas for (fi(2))kez:- We demonstrate this method by deriving the classical
Lagrange inversion formulas (1.1) and (1.2).

But first we need the adjoint operators relative to the bilinear form (,) which
belong to the elementary operators introduced in §2. They are listed below. Given
a(z) € Ls(z), the multiplication operator a(z) is defined by a(2)(b(z)) = a(z) - b(2).
Then

(4.10) a(2)* =a(z), (a:Di)* = -zD;, €% =/,
| (D)) = —%Zi D{Ma) — _g(/a) . plai),
These identities are easily verified. We prove the second. For all k,n € Z3,
(2iD;2*, 2"™) = kibg,—n = —Nib,—n = (2*, —2;D;2"™).
By linearity we can extend this to a(z),b(z) € Ls(2):
(2iDia(2), b(2)) = (a(2), —2: Dib(2)).

Next we introduce another class of operators, the shift operators. Given a se-
quence f = (fi(2))keze, We set

1Sifk = fr—e.> iTifx = frte, -
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If § = (fi(2))ker satisfies (3.7), then elementary considerations show that
(4.11) 18 fe = five, 157 = 5Ti
7 fi = fe—ein T = $Sic
Moreover for Uz holds:
(4.12) Uiz = fi(2).

Now we turn to the one-variable Lagrange formula (see also [16]). We take A = K
a field of characteristic zero, s = 1 and fx(z) = f*(2) for a fixed formal power series
f(z) with f(0) = 0 and f’(0) # 0. This assures us of (3.1). Hence f = (fx(2))kez
is a diagonal sequence. Thus

(4.13) 2D fu(z) = "f(‘j’f (2).

Now applying Theorem 1(A), for r =1, Uy = 2D,V = zf'(2)/ f(2), g1 (k) = k, and
(4.10) we get the dual equation

(4.14) —2Dhy(2) = kzj{;S) hi(2),

from which we immediately obtain hx(z) = f~*(2). So

fu = Ly o )

T ) = G
by (4.6) since
o 20'(2) 2/'(2)
<f (=), f’°+‘()> Lovry =1

Corollary 2 then reads as follows. For g(z) € Ls(z) the coefficients in the expan-
sion g(2) = Y yez kS (2) can be computed by

en = (o000 2L = (ate) - ZLEL

or
1 4'(2)

on = (eD0(2), /@) = (2 28

forn #0.

These are exactly formulas (1.2) and (1.1).

In §6 it will be necessary to transfer eigenvalue equations of (fx(2))kez of the
form (4.2) to the inverse sequence (F(z))rez. We demonstrate this first for fi(2) =
f¥(2) before stating a general result. Suppose F(f(2)) = z. The coefficients of the
fps F(z) are determined uniquely. We start with (4.13), which can be rewritten as

F(f () (F(f(2))

zDfi(2) =k 15 Ji(2).
Since, as is well known, f/(F(z)) = 1/F’(z), this is equivalent to
(4.15) Dfile) = kT L fy(2),

" TEGT)
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The dual identity for (fi(2))kez is, according to Theorem 1(B) and using (4.10)
and (4.11),
iSF'(s5) ¢ 7
D F( S) fk(k) kfk(z)'

Suppose tF'(t)/F(t) = Jf°°=0 ®;t7. Then comparing the coefficients of z~! by (3.8),
leads to
[e o]
1) ®;Fe_j; = kF.
7=0
Multiplying both sides by z* and summing up over all k € Z yield, with respect to
(3.2),
2F'(2)
F(z)
the eigenvalue equation for Fi(z) = F!(2).
The next theorem gives the general background of these considerations. But first
we need some notation.
DEFINITION 3. The linear operator L(f, d,C) is called a generalized shift for the

sequence f = (fi(2))kez+ of degree d € Z° and the associated sequence C = (ck)keze
with ¢, € A if

(4.16) L(f, d,C)fk(2) = ckfe—a(2).

All operators previously defined (with the exception of U;) are generalized shifts
(or sums of them):

l

Fi(z) = 2DFy(2),

Z" = L(L, —me;, (1)kezs),
D; = E(l, €5 (ki)kGZ’),
D; = L(L,0, (ki)keze)s
el = £(1,0,(¢f)reze),
1S = L(f, €, (Drezs),
iTi = L(f, —ei,(1)keze)-
Note that the weak composition rule
(4.17) L(f, d1,C)L(f, d2,%B) = L(f, d1 +d2,(ck—d, - bk)kez*)

holds. Moreover, writing
L(, d,C)fx(2) = ck 15 fi(2),
where ;S% = [I5_, 1S¥ (d = (di,...,ds)), by applying Theorem 1(B), gives
L(f,d,C)" 18 fi(2) = exfi(2)
or, after substituting k + d for k,
L(f, d,C)* fi(2) = crrafita(2).

Therefore

(4.18) L(f, d,(ck)reze)* = L(, —d, (ck+d)keze)-
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LEMMA 4. Let f = (fi(2))kezs be a diagonal sequence with inverse sequence
F = (Fi(2))iczs, d € Z%, and C an arbitrary sequence of elements of A. Then the
operator identities

(4.19) UsL(f, d,C) = L(1,d,C)Us
and

(4.20) UsL(1,d,C) = L(3, d,C)U;
hold.

PROOF. This is easily verified by applying both sides of (4.19) to fix(z) and
both sides of (4.20) to 2*, respectively. O '
For convenience we write *L(f, d,C) = £(1,d,C) and *£L(1,d,C) = L(3, d,C).

THEOREM 5. Let f= (fx(2))kezs be a diagonal sequence with inverse sequence
§ = (Fi(2))ieze and L = {L,/n € N} a set of generalized shifts for either f or 1.
M;(L) denote monomials of elements of L. Then

> Mi(L)=0 ifandonlyif Y M(*L)=

where M;(*L) means the monomial obtained from M;(L) by replacing each L, by
*Lp.

PROOF. By Lemma 4, Uz L, = *L,U;. This implies U3 M;(L) = M;(*L)Us and
Us Y Mi(L) = M;(*L)Us
i i

Since Uy is bijective, the equivalence of the above operator identities is proved. O
Let us try out this result by applying it to (4.15), which in this new terminology
is written

o0
B(lv 03 (k)kGZ) - Z Qzlﬂ(fs _i’ (k)kGZ) = O,
i=0
where 300, &7 12* = F(2)/2F'(2), by definition. By Theorem 5, which simply says
that f is to be replaced by 1 and 1 by §, respectively, this becomes

[o ]
L(3, 0,(k)kez) — D_ &7 L(L, —i, (k)kez) =0
1=0
Applying this identity to Fj(z) gives

ER(2) ~ L 2DR(2) =0

F'(2)
and
2DFy(z) = kzﬁ((j) 1(2),
as desired.

From Theorem 1 and Definition 3 the eigenvalue equation (4.2) could also be
written

Ujfe(2) =V L(f, 0,(gj(n))neze)fx(2)-
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This equation is valid for all fi(2), which is supposed to be a diagonal sequence;
hence

U] = V‘C(f, 0, (gj("))nez’)'
Then the adjointed operators must also be equal.

U; = L(f, 0,(gj(n))neze)V"
by (4.18). This identity is applied to V*~1f,(2) to get

UV fi(2) = ¢;(k) fu(2),
which is (4.7).

5. The Lagrange-Good formula. In this section we start with s fps fi(z)
(¢=1,2,...,8) in the variables 2y, ..., 2; with coefficients in the integral domain
A and the property fi(z)|z;,=0 = 0 and (D; f;)(2)|z,=0 is invertible in A for all 1.
Set f(z) = (fi(2), fa(2),--, fs(2)). Then the sequence f = (f*(2))xeczs, Where

F*(2) = fF1(2) f¥2(2) - -- f¥+(2) is a diagonal sequence. Differentiation with respect
to z; yields

(5.1) zD;f* Z kJ D"f’ fk(z) 1=1,2,...,8

From these s equations we are able to compute the k;’s by Cramer’s rule, and thus
we will get s eigenvalue equations in the sense of Theorem 1.
We write for convenience [f](z) for the matrix

Its determinant is denoted by Af(z). Let A;; f(z) be the determinant of the matrix
obtained from [f](z) by omitting the sth row and jth column. Then

(5.2) (E(—I)H'Azjf(Z)ZzDz) F2) = kiaf()f*2),  i=12,...,s
=1

With U; = ELI(—I)"""AUf(z)z;Dl, V = Af(z) and gj(k) = k_—,‘, we can apply
Theorem 1, since all other conditions are satisfied. First we compute U;':

Ui = (i(—l)j"'lAzjf(z)zzDz)

=1

= —i(—l)j+thDlAljf(z)

=-Z (=) Ay f(2)a Dy — Z( —1*a(Did f)(2)-

=1

We shall show that the second sum in this expression is equal to zero. When this
is done (4.4) reads

- (zs:(—l)j'”A;jf(z)le;) hi(2) = kjAf(2)hi(2).

=1
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By comparing this relation with (5.2), we immediately get the solutions
hi(2) = f75(2).
Since (fx(2), V*hi(2)) = LoAf(z) = 1, by (4.6) we obtain
~ _ 6f(2)/6z
— k —_ ,elJ\*)/Y~
(5‘3) fk(Z) - Af(Z)f (Z) ==z fk+e(Z) ’

with 6 f(2)/6z the Jacobian of f.
We now must prove _;_, (—1)7+!2 (DA f)(2) = 0. Let =, be the set of bijec-
tions on the set of integers between 1 and s. Then

(5.4)
D (=17 a(DiAy f)(2)
=1

(i D ) f 2
= > senmzn(y Daiy | [1 ”(1)(f-7z(zz; =
WEE@ z;; 1

(2 D7r12 [
-y ngrz I 2 ()(fi((z;f)(Z)

TED, k=1 =1
k#3 i#3.k

(zw(j)zw(k)(Dw(j)Dw(k)fk)(z) _ Zn(5) (D7r(j)fk)(z)zﬂ(k)(Dw(k)fk)(‘z))
f(2) fi(2)
=Y sgnmy_ A(f,j,k,7)

Sl 1

=Y > sgnwA(f,5, k7).

k=1w€X
k#3

We divide ¥ into two classes for fixed 7 and k: Es k] = {olo(j) < o(k)} and

»2)

¥, k,; the complementary set with respect to Z; i.e., Es kg =1olo(s) > o(k)}. We

introduce the map ¢ from Egl,l j onto Eg ,)c j by tiko = (o(5)o(k))o = o(jk). This
implies sgn(t;x0) = —sgno. Obviously ¢, is a bijection for all k£ # j. Furthermore

we note A(f, 7, k, ) = A(f, j, k, t;jx7). Hence
> senrA(f, 5, k, )

TEL,
= Y sgumA(f,j k) + Y, senmA(f,5, k)

rex(), res,
= Y (sgnmA(,5k,7) +sent;xmA(f, 5, k, tjem))
7r€2£1,2 p
=0.

This is valid for each k; therefore (5.4) is equal to zero, as desired.
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Combined with Corollary 2, this completes the proof of
THEOREM 6 (LAGRANGE-GOOD FORMULA). The coefficients in the expan-

sion
9(2) = Y cef¥(2)
kez®
are computed by
(5.5) en = (o(e), SPTELEY — (oo LERLEND:

This is the analogue for (1.2).
Trying to get an analogue of (1.1) by (4.9) we get (if n; is invertible in A)

8
(5.6) cn =n;1(2%) [E(—l)’ Hayr (z)zzng(Z)] f(2)

=1
for j =1,2,...,s. These s formulas are put together in a symmetrical formula by
multiplying the jth formula by n; - |n|~! and then summing over all 5. The result
is

S .

(5.7) en = In|7H20 | D (-1 Ay f(2)aDig(z) | f7(2)

Ly=1

(if |n| is invertible in A), but it seems to be only of theoretical interest if s > 1,
since there is no improvement to formula (5.5) (which is the case for s = 1), because
in (5.7) s% determinants have to be computed, in (5.5) only one.

REMARK. (1) In the proofs of the Lagrange-Good formula the Jacobian of f(z)
is usually “pulled out of a hat”; generally (e.g., in [16, 24, 27]) Loz°(6 f(2)/62) f*(2)
= 0k is first proved. The advantage of our proof is that the Jacobian of f(z), or
better Af(z), appears naturally when transforming system (5.1) to system (5.2) in
order to get eigenvalue equations which can be treated by Theorem 1.

(2) Brini [24] and Henrici [27] extend the Lagrange-Good formula to a larger
set of series. For a fixed s € N consider fLs of the form

(5.8) a(z) = Z a?,

leze
where for all m € Z there is only a finite number of a;’s with |/| < m which are
different from zero. Let the set of all fLs of the form (5.8) be denoted by ﬁ(z).
Then Brini and Henrici start with f;(2) € ﬁ(z) of the form

(5‘9) fi(z) =biz; + E bilzl, 1=1,2,...,s,
(=2

where the b;’s are invertible in A. They show that the Lagrange-Good formula
remains true for these more general series. To establish this we can use our proof
of Theorem 6 verbatim. The only difference is that when applying Theorem 1 and
Corollary 2 we have to take M; = M, = Ls(z) instead of Ls(2).

Concluding, we turn our attention to Abhyankar’s [23] inversion formula, re-
discovered independently by Garsia and Joni [8, 9, 17] and Viskov [28]. Let
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fi(z) (1 = 1,2,...,s) be fLs of the form (5.9) and b = 1, f = (f*(2))kezs and
F = (F'(2))iczs its inverse sequence, where F(z) = (Fi(2),...,Fs(2)) with F;(z)
being of the form (5.9), too. (Such a system F(z) does exist; see [24, 27].) Ab-
hyankar’s formula gives an expression in terms of f; for the umbral operator Ug,
i.e., the substitution by the inverse sequence §. The above-mentioned authors only
prove it for f; being fps of the form (5.9). A slight modification of Henrici’s [27]
proof establishes its validity even for fLs of the form (5.9) with b; = 1.

THEOREM 7. Let fi(2), Fi(2) (i =1,2,...,8) be defined as above. Then
m
_ § : A m
(510) U3 - m! 6z (Z)G (Z),

where G;(2) = z; — fi(2).
PROOF. Let g(2) = Y ez ckf¥(2). Then by definition of Us,
Ugg(z) = Z ckzk.
kEZ?®

Therefore ¢, = (2")Uzg(z). But considering Remark (2) above, we can compute
¢n, by the Lagrange-Good formula (5.5). Hence

n 20)2%g(2)6f(2) /62
(5.11) (M Usg(2) = £ ﬁ£+)e(£)( )/

L (209(2)(6f(2)/62)2""
(1-G(z)/z)n+e

- @@L T (Th") Cernm

m2>0
= grtmy (T M 6—szzm z
"§)< >(m)5z<)(>g()
(2") Z (f-’ G(2)™g(2).
m>0 m!

Note that the application of the multinomial theorem was possible because the
order (for definition see [27, (1.3)]) of Gi(2)/; is at least 1, since the f;’s are of
the form (5.9) and b; = 1. Equation (5.11) holds for all n € Z°; therefore

Uso() = Y 2 2L ()6m (2)at),

m>0

which is true for all g(z) € fg(z). This furnishes the operator identity (5.10). o
The generalization of Theorem 6 to Ls(z) seems to be a little artificial, but there

are beautiful applications which can be found in [27, §5]. For surveys and references
concerning multivariable Lagrange formulas, see [27 and 26, Part II].

6. Garsia’s g-analogue of the Lagrange formula. Here we take s =1 and
A = K(q) to be the set of all rational functions over a field K in the indeterminate
g. Let f(z) be an fps (in one variable z) over K(g) with f(0) = 0 and f'(0) # 0.
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The powers f*(z) are replaced by the “g-powers” f(z)-f(qz)--- f(¢*~12) for k € N.
To apply our method, we need an extension for k € Z. Hence we define

f(2)- f(g2)--- f(¢*"t2)  for k>0,
f[lc,q](z) — 1 for k = 0,

1
f(z/a)f(z/q?) - f(2/q7F) for k < 0.

With the help of Garsia’s [7] starring operator this could be written in closed form:

f*d(z) = f*(2)/f*(¢*2) for k € Z.

This definition warrants the following properties for k,! € Z:

(6.1) f[k,ﬂ(z) . f[l,ql(qkz) — f[k+l,Q](z),
(6.2) Fleal(z)/ flbal(z) = fle=tal(glz),
(6.3) 1/ £kl (z) = fl=k1/al(z/q),
(6.4) flka] (2) = f[lc,l/q](qk—lz).

These identities are easily verified by trying all cases.
Let fi(2) = fl%4l(2). Then f = (fx(2))kez is a diagonal sequence. Then

1Az flal (gz) = flet1al(z)
by (6.1). But this is
F(2)e9D fiu(2) = (T fiu(2).
By Theorem 1(B) the dual equation would be, by (4.10) and (4.11),
/D f(2)T f(2) = fu(2)-
This leads to . .
fe+1(2) = fu(g2)/ f(2),
and therefore we get
(6.5) fi(2) = fo(q*z)/ f*9(2),
which is proved inductively. The orthogonality relation (3.7) then becomes
e.al (. Jo(a"2) _
(6'6) Lof (z) f[""q] (z) - 671’0'
Using (6.2) and replacing z by ¢~z give
Lo f*=™9(2) fo(2) = 8nt

or, using (6.3),

L fo(2) —
TR (z/q) ~
Setting n — k = m, we get

fo(2)
Lo Fmifie7g)

Omo-
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Since fo(z) is an fps, the last identity does not give any information about fo(2)
when m < 0. For m > 0 we have

6.7 20 fo(2) = bmo.

67 T fede o

By this identity the coefficients of fo (2) can be successively evaluated. By compar-
ing with Garsia [7, identity (1.7)], we see that our fo(z) is, in Garsia’s notation,
2f%(2)/f(z) or, vice versa,

(6.8) £2(2) = (f(2)/2) Jo(2)-

(In our context this is to be regarded as a definition. Moreover we remark that in
Garsia’s paper the roles of f(z) and F(z) are exchanged.)

With his roofing and starring operations, Garsia is able to give an explicit expres-
sion for his f0(z). This cannot be deduced by our method (starring is a nonlinear
operator). We refer the reader to Garsia’s paper. We intend to give a survey of
the usefulness of our method by deriving and extending Garsia’s results that do
not involve roofing or starring operations within our setting, finding some new ones
((6.14), (6.24), Theorems 8 and 10), and proving Gessel’s [10] g-Lagrange theorem.

Next we study properties of the inverse sequence § = (Fi(2))kez. Equation
(3.3) in terms of the g-powers fi(z) = f1¥9(2) becomes, for I = 1,

(6.9) i Fiy f9(z) = 2.
=1

We denote the fps Fy(z) = 352, Fi12* by F(z). Substituting 2z for ¢*z and multi-
plying by f1¥4l(z) transform (6.9) into .

[o o]
Y Fu fHa(2) = gF2 9 (z)

=1

with respect to (6.1). In the operator terminology of §4 this is

Z E(fa _ia (Fjl)jEZ) = E(la _la (l)jGZ)E(fa 0’ (qj)jGZ)'

=1
The dual equation, according to Theorem 5, is
oo
YL@, -1, (Fj)jez) = L(B -1, (1)se2) L(1,0, (¢)sez)
=1
or, in terms of the elementary operators,
F(z) = 3Te®.
Applying this operator identity to e(1/9) Fy(z) yields
F(2)Fi(z/q) = Fi41(2)-

Combining this with F;(2) = F(z), we get immediately the surprising beautiful
form

(6.10) Fi(2) = FbY/d(z),
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From this point of view Garsia calls F(z) the right inverse of f(z) (and f(z) the
left inverse of F(z)).
As a corollary we get

(6.11)(1) Y akz =) b fed(2)
k k

if and only if

(6.11)(2) D aFba(z) =% b2t
l l

The second equation is derived from the first by applying the operator Uf‘l, and
vice versa.

By (6.5) the Lagrange formula (4.8) reads as follows: The coefficients in the
expansion

(6.12) o(z) = ) e fU(2),
kEZ
where g(z) € Ls(z), are given by

(6.13) Cpn = <g(z), %%> (2 0) (2 )ff&(’z](i))

(By comparing with (1.2) we note that fo(z) is the g-analogue for zf’(z)/f(z);
hence f°(z) by (6.8) for f'(z).)
Interesting new facts arise by studying the adjoint of Uz. First we find an ex-

pression for the coefficients of fy(z) fl™9(2). For g(z) = z~* the Lagrange formula
yields for the expansion (6.12)

_ _k Jo(q"2)
cn = Lo (z kf?n,q](z)) '

On the other hand, by applying (6.11) to (6.12) we get
en = (2" FImRVA(2) = Lo(z~"FI-k1/4(z)).

Therefore by changing n into —n, we get

Lo(an[—k’l/QI(z)) =Ly (z—k ;?—(Z,q] (z))) ’

On the left side we substitute g~z for 2; on | the right, g™z for z. This is allowed
because Lo(a(z)) = Lo(a(pz)) for all a(z) € Ls(z) and constant p. Together with
(6.2) this leads to

Lo(z"/F¥/9)(2)) = Lo(27* fo(2) f™9)(2))

or

(6.14) (%) fo(2) f™9 (2) = (z~™)1/F*:1/d (),

This identity plays a significant role in the proof of Gessel’s theorem [10, Theorem
6.9]. In addition, it is easy to extend Garsia’s g-Lagrange inversion formulas (7,
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identity (1.10) and 25, identity (5.6)] to integral n and arbitrary ®(z) € Ls(z) with
the help of (6.14). In fact each of them valid for all n € Z and ®(2) € Ls(2) is
equivalent to (6.14).

In particular, we get, for n = 0,

<Zk>f0(z) = (zO) F[k’]']/.q] (z)

1

After we substitute ¢¥~'z instead of z on the right side, (6.4) implies

~ 1 a
(6.15) Vo) = P gy (= EFTHIE)
This briefly means, if we remember (6.11), that fo(z) is the same for the left and

right inverses of F(z). (6.14) for n =1 and k + 1 instead of k is

1

(6.16) I foe) = (z_l>m ’

z
which turns out to be Garsia’s coefficient representation of his f°(z) [7, Theorem

1.3]; compare to (6.8).
Now we consider Us.

1 1
k * — k —_—
<z Us Fl—n,l/ql(z)> <U3z ’F[-",l/q](z)>

= <F[k,1/<1] (2), Fl—"+/ql(z)>
= LoFlktm1/d(gny)
by (6.2). Using (6.3), we rewrite (6.14), for n =0, as
(25 fo(2) = (2°)FI=F 1/ (gz) = LoFI=%1/4)(pz)
for an arbitrary constant p. Therefore

(Vs gy ) = o) = G o)™,

Asvalid forall k€ Z )

* _f n
Us Fremaraiggy = fo(2)2"
After using (6.3) again, we get

(6.17) fo(z) U@ Flral(z) = 2n.
But according to (4.12) and (6.5),
(6.18) fo(2) U39 2" = ¢" fo(2) 7 fon(2)

— nfo(q‘"z) 1
fo(z) fmmal(2)

~ [n,1/q]
_ [ Jfolz/q) . (2
B (q fo(z) f (Q))
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Therefore the right inverse of F(2) is q(fo(2/q)/fo(2))f(2/q). This proves

THEOREM 8. Let f(z) be the left inverse and 1 f(2) the right inverse of F(2).
The coefficient of 2™ of the fps fo(z) is defined by (6.15). Then the relation

(6.19) 1£(2) = a(fo(2/9)/ fo(2)) - f(2/9)
holds, and the operator identity
(6.20) U; = fo(2)U, j£1/9)

where 1f = (1 fI51/9)(2))kez.

Quite analogously read the results for F(z), namely

1 Fo(gz)
(621) 1F(Z) = ‘——..:——F(qZ)
q Fo(z)
if 1 F(z) denotes the left inverse of f(z) and
(6.22) U = Fo(2)U,3¢9. D

Because Uz = U~ ! we have by (6.20) and (6.22) that
(6.23) fo(2)U, /9 = /Dy Fy(2) 71
Combining (6.8) and (6.19) yields

1/(2)fo(2)/2 = 1°(2/9)

and, analogously,
1F(2)Fo(2)/2 = °F(g2).
(Garsia has to distinguish between f°(z) and °f(z) or F°(z) and °F(z), respec-
tively, because these fps are not independent of whether we take the right or left
inverse. The advantage of our fo(z) is that we need not bother about this. For
clarity fO(z) arises by taking the right inverse of f(2); °f(z), by taking the left
inverse of f(z) or, in other words, the coeficient of z* in f°(2) is given by the right
side of (6.16), and the coefficient of z* in ©f(2) is given by the right side of (6.16)
after ¢ is replaced by 1/q and F is replaced by ; F. The same holds analogously for
FO(2) and °F(2).)
Moreover, we state the operator identities

Ul_fl 1f(2)e/D) = ;zUl'f1

and
U1 §1F(2)e® = 2U 7y,

which are verified by applying ; f*'1/4(z) and { F{™4](2), respectively. Then (6.23)
reduces to

(6.24) P2, =UFF(2)~"
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Garsia’s g-analogues of the chain rule for derivatives are special cases of this oper-
ator identity. Here it is convenient to adopt Garsia’s notation for his g-analogue of
functional composition:

o(f) =) ®flF(z) or ®F) =) &F1/(z),
k l

respectively, with ®(2) = 3, ®2* an element of Ls(z). Applying (6.24) to °F(z)
then yields

(6.25) fP(2)°F(f) =1
[7, Theorem 2.6]. By (6.19) and (6.8) we know that

F k
[k.1/a) () = o+ J0(Z/9) cikt11/a) ). L
lf (Z) q fO(Z) f (Z) Z,
which transforms the last identity into
oo
(6.26) Z OF, ¢* fl+11/4 () fo(2/q%) = 2
k=0

([7, Theorem 1.4], where q is replaced by 1/q. The equality of fo(z) and Garsia’s
eq(2) are proved in Theorem 8). Applying (6.24) to 1 yields

(6.27) o2) = °F7Y(f)

which is another g-analogue of f/(z) = F'(f(2))~!.
Now we are in a position to give a new proof of Gessel’s (strong) theorem [10,
Theorem 6.9], which in our notation reads as follows.

THEOREM 9 (GESSEL). Let f(2) satisfy

(6.28) f(2)=qz ) gaf™9(2)
n=0
with g(2) = Y o2 o gn2™ an fps with g(0) # 0. Let f(z) satisfy
(6.29) @) =2 el ™).
n=0

Then there for n,k € Z,
(6.30) (&™) fo(2) 1169 (2) = o) (k) gl 1/al /)
holds, where fo(z) = (1 — d(2))~! with
> ~ —[51
(6.31) i) =2 Y girser ST ().
i,7=0
PROOF. Division by zf(2) and substitution of z/q instead of 2z turn (6.28) into

(6.32) %= > gnirfma(z).

n=-—1
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But % gnt12" = g(2)/2. If we set F(z) = z/g(2), then FI=L1/d(z/q) =
g(2)/z. By (6.11) we obtain that the left inverse of F(z/q) exactly satisfies (6.32).
Therefore (because of uniqueness) f(z) must be the left inverse of F(z/q). Since
Uze D [F(2/q)|b1/a) = 2t we get f(2) = Uze@Dz = q(Uzz). Uzz is the left inverse
of F(z); therefore f(z)/q is the left inverse of F(z). Similar considerations starting
with (6.29) show that gf(z) is the right inverse of F(z). This and (6.19) give

- —1 fO( /q)
(6.33) f(z) = P —=——=f(z/q),

where fo(z) is defined as in Theorem 8.
Since (6.30) is obviously just a rearrangement of (6.14) with n and k exchanged,
only 1 —1/fo(2) = d(2) is left to be proved. We have

1 1 ~
“He R

- fotz)“ -yt (o) - o (2))

(1-el/D)~t (zfo(Z) Y gninf(2)

n=-1

-(3)i () £ m (3))

by (6.28) and (6.29). Using (6.33) and (6.4), we obtain

1
B fotz) fo(2)1- e(l/q) (E In+1 (zfo(z)fln»ﬂ(z)

z ~
" gl (q"“) fe (q"+ >> )
1 _ 6( / )ﬂ+1

=7 ( )ng o) (2)
n—O

fo( Z In+1 26(1/")1 (zfo(2) 19 (2))
7=0

=z Z Gitj19 7 2 Jola”2) 22~ flit/al ( ) FB9(2).
520 fo(z)

Again using (6.33), we get the desired equation

fo(z)

1 ad N
==z girir1 BT (). o
fo(z) i,5=0

The next theorem adds another identity of this rather strange type; it is a ¢-
analogue of the chain rule for derivatives.
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THEOREM 10. Let F(2) = Y 2, Fp2", f(2) be the left inverse and 1 f(z) the
right inverse of F(z) and f°(z) as in (6.8). Then

(634) i Fi+j+1f[1:’q] (qz) lf[j,l/Q] (z)fo(z) =1.

4,5=0
PROOF. By (6.19) and (6.8),

(1- E(l/q)) f: F,-+,~+1f[’341 (g2) Lflt/d (2)f°(2)

52
— ¢l1/a)) liq) ]fo(Z/q ) ci1/al ( ) fo(2)f(2)
=(1-¢ ,JZ_OF+]+1f (92)q 7 = flni/e . .
= (1 - e(1/9) i Foy1 Zn:e(l/q)’ &f{'&l,d(z)
n=0 7=0 z

= Four(1- E(l/q)"“)M flntial ()
0

f z) ZF f[n+1,q]( ) — fo(f-’ ZF 1 f[n+1 1/ql(z)

n=0 n=0

= &éﬁz - fo—(z)z =0.
Therefore-the left-hand 31de of (6.34) isequal to a constant which is easily evaluated
by setting z =0. 0O
Obviously more identities of this type can be obtained in a similar manner.
Indeed, a beautiful theory can be developed. But unfortunately it seems that only
in Carlitz’s special case, that is, f(z) = z/(1 — z), can the fps f0(z) and fo(2) be
evaluted concretely. (There

1 .
o(2) = T=a0=2/0 and f0(2)=1—_‘-z—/71-)

A slight generalization of this example can be obtained from the same considerations
Gessel makes in order to expand his ¢g-Lagrange inversion formula of [11] to the
inversion formula of [12]. (Riordan does the same in the opposite direction, when
he derives the inverse relations of Legendre type by those of the Chebyshev type
in [22, §2.5].) We only briefly state the result of this procedure, making use of the
terminology of [18], namely

(q) eq(9°2/(1 — q)) k(%) ]
(639 19 = Gr=a) ,;,( [}
which is a g-analogue for (1 — 2)*. Let d be a natural number. Then for f(z) =
2/p{03(1,#) and fi(2) = f169")(2),
() = —q)—l— and folz) = ——

1+l/d(1 g~42%) -get’

(f«(2) of course is an analogue for z*/(1 — 24)¥/4.) The corresponding Lagrange
formulas appear in {12 and 19].
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7. The g-Lagrange inversion formula of Gessel and Stanton, a general-
ization by Carlitz. Let K be a field of characteristic zero. Gessel and Stanton’s
(11] formula essentially is a g-analogue of the inverse relations of Gould type [22,
p. 52]. As application of our operator method in connection with this Lagrange
formula has already been discussed by Hofbauer in [16]. We shall only state the
result and leave the details to the reader.

The sequence (fx(2))kez With

_ v (AP )k (n2%) n
(7.1) fk(z)—nXZ:k @ s q 2",

where A,p € K, satisfies the eigenvalue equation
(2 + 1)@ fi(2) = ¢* (fr(2) + A2e®e@ fi(2)).
The sequence (h(2))kez, given by

(A" 0™ ki, ket
hk(Z)= (—1) z 7,
g (¢, @)k—1

satisfies the dual eigenvalue equation
eMD (2 + 1)hi(2) = ¢ (hi(2) + AP /D 2py (2)).
Therefore the wanted sequence (f(2))kez is, by (4.6),

12) )= D AT dento g gyt
1<k VR

(Indeed Gessel and Stanton’s notation differs from ours by the factor q(g) +(k;1), but

obviously both inverse relations are equivalent. Our choice of constants warrants
the condition fix =1 for all k.)

If g=p°!, A=p? and p — 1, then this inverse relation turns into the classical
Gould-type relation if ¢ # 1:

a+n+ck—k-1
fnlc= n—k
if and only if l L
a+c (a+c )

— (_1\k-1
Fa =00 k=

(The factors (c—1)¥~™ and (¢ — 1)*~* are negligible.) In [14] Gould and Hsu found
a generalization of this inverse relation, which can be written as
H?=k+1(aj + kb;)

(n—k)!

(7.3)(1) Sk =
if and only if

k
k—t Qi1 + Wi [i—ip1(a; + kby)

(7.3)(2) Fy = (-1) Gies + Kbias k—1)!

for arbitrary a;,b; € K.
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Carlitz [2] gave a g-extension of this generalized Gould-type inverse relation
which contains the above-stated formula of [11] as a special case. His viewpoint is
quite different, though. Whereas Carlitz restricts his interest to inverse relations,
Gessel and Stanton apply their formula to derive transformations of basic hyper-
geometric series, Rogers-Ramanujan identities, etc. The next theorem presents
Carlitz’s inverse relation in a somewhat modified form.

THEOREM 11 (CARLITZ). Letaj, b; be elements of K(q). Then

[loksa(es + qkbj)q(";k)

T e = g g

if and only if

k
ket @41 + @'bigr Tlizipa(as +g%by)
ary1 + qrbiye (9, 9) k1
PROOF. To apply Theorem 1 we let A = K(q). Set

(7.4)(2) Fr = (-1)

f) = [Ti—ks1(a; + qkbj)q(»;*)zn'

=t (@Dn-k
Then
(E(la Oa (aj)jEZ)z + 1)5(Q)fk(‘z) = qk(fk(z) - B(L 07 (bj)jGZ)ZE(Q)fk(z))a

which we prove by comparing coefficients of 2. The dual equation for the aux-
iliary sequence (hx(z))kez then becomes, from (4.10), (4.18), and because of 1 =
(z_k)kGZ,
eM/D(2L(1,0, (as)jez) + 1)he(2)
= " (h(2) — €MD 2L(1,0, (b-;)jez) ki (2)).
Comparing coefficients of 2~ leads to

¢ (@r+1hei+1 + hit) = ¢ (At — ¢'brg1hiis1)

or
hey = _ Qi1+ @b

= = Pie,i+1,

from which we obtain
k
ke Ti=ip1(aj + d°b;)
(qa Q)k—l
by setting hxx = 1. Then a short calculation shows that, by (4.6),

hi = (=1)

k
k—i Qi+1 + q’bz+1 Hj=l+1(aj + qkbj) 2
ar+1 + gkbiya (9:9)k—1

fe(z) =Y (-1)

1<k

)

which completes the proof. O
Gessel and Stanton’s formula arises from (7.4) by setting a; = 1 and b; =
—Ap?~!. Their method of proving their formula in [12] also suffices to show (7.4);
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moreover, (7.4) seems to be the most general inverse relation which can be proved
by this method.

In [4] Egorychev found two generalizations to several variables for the Gould-type
inverse relations for the case ¢ = 1, namely

_ (o+ i (ni +ciki — ki) — 1
(7.5) fnk—( ks — ks ;
Fo=(- l)lk l|a+Z:— ¢l < a+Zf=1cik¢ )
+Zz— c‘l kl_ll"'ks_ls !
and
> (aj +cjn|
(7.6) fk = (fﬂ),
jl;-[l n; — k;

8
— (1)1l ci(ki aj +cjll| +kj—1;—1
Fiy=(-1) (1+§ a,+c,|l|)l;l( b — L ,

or equivalently

> (a; +cjlk| +nj —k; — 1
an = JI(UOM B,
7 J

j=1
- ~cilki — ) \ T (a5 + ¢k
Fou=(-1)%4[1= c,(,—, (J 3 )
k= (1) gai+cilk| JI;II kj—1;

Here n, k,l are multi-indices. The multinomial coefficient

(wn)

M!
Nl NJ(M =Ny - —N,)!'

These relations are proved by the Lagrange-Good inversion treated in §5. For (7.5)
we have to observe that for the sequence

s 2 1
fi(z) = (l:[l 1- E:il Zi)cjkj) (1=320-,2)°

]_

in (7.5) means

the sequence fk(z) by (5.3) is

fr(z) = (1+12_:Ectz, ) (H -3 = 1zz)J ’) (l_gzi)a

(7.7) corresponds to the pair

8 k]

2.
fe(2) = H(l_—.w

j=1
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and
~ 2z - aj+c;lk
fk(z)=<1+§ lc“)ll"—(1 z)k, I

In (7.6) the roles of fnx and Fy; have to be exchanged. Then the relation corre-
sponds to the above pair with the expression (1+37_1(cizi/(1—2))) shifted from
fi(2) to fie(2).

To find a g-analogue for the first expression, one might try for f,x the expression

(Ap*Igfr - gk p)in_g
(Qh (Il)nl—kl ce (Qsa Qs)n,—k,

times suitable powers of the ¢;. It is not difficult to obtain the missing term either by
finding the “right” eigenvalue equations for fix(z) or by extending Gessel’s original
proof (in [12]) of his one-variable inverse relation to s variables. Once having done
this it is easy to extend even the more general Theorem 11 to s variables. The
result is

THEOREM 12. Let a;,b; be elements of K(q1,92,...,4s). Then

(7.8)(1) frk =

k sh. ks i—
]'_I.I;.'=IIkl-*-]‘(a.7 + qll - q‘,: bJ) rs[ (”'2’:')_,‘:‘ Z:r=11 (nr_kr)

(Qh (Il)nl—kl ce (Qs, QS)n,—k, :

=1
if and only if
1 |kl . k1,
(18)(2) Fum(cpk-12a O a b oy +a H K,
aj+1 + ql . qs’b|l|+1 (QI’QI)kl—ll ce (Qsaq:a)k, lo ;24
1—1
where K; = —k; Z(k,-
r=1

PROOF. To apply Theorem 1 we need to take A = K(qi,...,qs). Set fx(2) =
> n>k fnk2™. For the linear operator £(1,0, (a);|);jez) we write, for short, 4 and
for £(1,0, (b;))jez), we write B. Then

S
(7‘9) (A Zzieg‘h) .. ’55‘1') + sg‘ll) .. .€§QJ)) fk(z)
=1

=qfr gk (fk(z) -8 zel® --'65"')fk(z)) :
=1

which again is proved by comparing coefficients of 2. The dual equation for the
sequence (hi(2))keze is then

8
(Z Egl/m) “'51(‘1/%)%-4‘ + egl/QI) . ..ggl/qs)) hi(2)
i=1

=qfl ...q";a (hk(Z) _Zegl/‘h) . (I/Qt % )hk( )
=1
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Since by (4.18), A =a2 ~tand B2l = b|l|z , comparing the coefficients of
27! leads to a recursion relation for the coefficients of ky(z) which finally gives
|kl .. qks
hig = (—1)lk=H I, Il|+1(aJ +ar - giby) H K,

(q1,91)k;—1, qs,qs)k., -,

i=1

By (4.6) we get, after a short calculation,

Z( 1) lk—1] a|z|+1fh " l"b|l|+1
1<k aj|+1 + (11 qk’b|l|+1

|kl
hmpales +ar - H K. -1
(q1,91) k11, - (Qs7(Is)k, —1,

i=1

for K; = E,_l(k l.), as desired. O

REMARK We did not mention specifically that it is not self-evident that appli-
cation of Theorem 1(A) to (7.9) is possible. What has to be checked is condition
(4.3). In this case this is q’f‘ ---qfs = g'*-.-q% if and only if n = k. A single
equation is enough information to compute fi (2) by Theorem 1, although fi(2)
is an s-variable fps. Normally when dealing with s variables we need s equations,
such as in §5 (yet it is not difficult to add to (7.9) (s — 1) similar equations).

The special case for b; = —Ap’ and a; = 1 is the g-analogue of (7.5).

COROLLARY 13. The following inverse relation holds:

(7.10)(1) ok = (Ap™lgt - g8 P)in—rl T e
(ql’ql)nl—kl' (QSaQ.s)n,—k, t

=1

where
n, — ki ik
K;= ( 0 ) —kir;(nr—kr)

if and only if

I .
(a0)@) By (cpeen oAl )
(l—Ap“'q "gs*)
(Aplkl=1gft - gk p 1) ey
7.10 . . 0O
(7.10) (q1,91)k, =1, - qs,qs)k,—z, qu

i=1

By setting ¢; = p%~!, A = p® and p — 1, we get the inverse relation (7.5)
(again after deleting the factors (c; —1)¥»~"1 ... (cg — 1)ks~™s and (¢ — 1)1 %1 ...
(cs — 1)teke),

Concluding, we remark that the inversion formulas of [12] are proved in a similar
manner.

8. The author’s ¢g-analogue. This section deals with the g-analogue given in
(15, 18, 19]. Here we do not have such an extensive theory as in §6, but there are
many examples, which yield g-extensions of Riordan’s inverse relations (see [19]),
special polynomials, etc. Let s =1 and A = K(q) for a field K.
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The essential definition is

DEFINITION 14. The fps p4(2), a € R, are called g-powers for a fixed fps ¢(z)
if o (0) # 0 for all & and

(8.1) D@Wpq(2) = [a]p(2)Pal(2).

Obviously in the case ¢ = 1 the fps ¢, (z) (save a constant) are powers of an fps
?(2) with p(2) =P’ (2)/?(2). If we write (8.1) as

(82) eDpq(2) = (14 (¢* — 1)zp(2))pal(2),
we obtain, by successive use of this formula,
1
Pa(z) =

IT520(1 + (¢* — Dg72p(¢72))’
or, by Garsia’s notion of starring (7],
1 x
(83 0o = (1)
A short evaluation shows that for a,b € R(C) and m € N,
EXAMPLE 15. egm((ala] + b)2™)/eqm (bz™) are g-powers corresponding to
p(2) = alm]a™ 1 /(1 + (g™ — 1)bz"™).

This is the most general known example for g-powers in the sense of Definition 14,
but it suffices for the applications.

Let pq(z) and ®,(2) be g-powers for ©(z) and ®(z), respectively. Then we
consider the sequence f = (fx(z))kez, where

zk
(®.4) I = @ @)
By (8.2) we get for fi(z2),
(8.5) (@) fy(z) = e AH O =120 o)

(14 (¢*+* = 1)qzp(q2))
and, after a short calculation,

(86) (e19(1—2p(2)) — g7#2®(2)) f(2) = ¢*(~a*eD2p(2) + 1 — 28(2)) fie(2)-
Thus the dual equation for the auxiliary sequence (hk(2))kez, by (4.4), is

(8.7) ((1-2p(2)e/D) — g2 (2))hi(2) = ¢*(~g*2p(2)eM/?) + 1 - 28(2)) hi(2)
or, equivalently,

k14 (@5 # —1)28(z)

(1/q) =
e hk(Z) q 1+ (qk+A — I)ZSO(Z) k(Z),
then finally -
_k 1+ (¢*+* — 1)qzp0(q2)
(@) — kK .
ePVhi(z) =¢q T (7 = 1)gz®(g2) x(2)
Thus
D_j_
(8.8) hi(2) = Pr+r(92)/®—k-u(g2)

2k
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and, by (4.6),

(89) fi(2) = (—q*2p(2)eM/D) + 1 — 28(2))hi(2)
= (—¢"Pz2p(2)(1 + (¢7F7* - 1)28(2))

+ (1 - 28(2))(1 + (¢ - 1)z¢(z)))§0k+z\(z)/:l:—k—#(qz)

= (1— 2p(2) ~ 20(2) + (1 - *#)22ip(2)0(2) e E) Bohul@2)

The necessary condition (fx(2), fe(2)) = 1 is easily verified. Thus we get the
Lagrange formula
THEOREM 16. The coefficients in the expansion

zk
(8.10) 9(z) =)

Ck
& orea(92)/P—k—u(2)

with g(2) € Ls(2), pa(z) and ®,(2) being g-powers for p(z) and ®(2), respectively,
are given by

(8.11) Cn = <9(z)’ (1 - 2p(2) — 29(2) + (1 — ¢*7#)22p(2)®(2))
'90n+z\(z)/q)—n—p(qz)>

zn
= (29)9(2)(1 - zp(2) — 2®(2) + (1 - ¢*7#)2%0(2)2(2))

Pn4a(2)/P-n—u(q?) )

a

In [18] also an analogue of the first version (1.1) of the Lagrange formula is
obtained. This shall be generalized here. First recall the case ¢ = 1. There the
expansion (8.10) corresponds to an expansion of the form

g(z) = Z ckfk(z)

fez 99

if we assume lim,—,; pa(2) = B*(2), limg—; B4 (2) = 8" (2), 2/B(2)8(2) = f(2)
and 3" (2)5*(2) = a(z). Then by (1.1),

1, _ -
cn = —{z )g(2) - a(2)) f"(2) forn#o0.
The g-analogue of this formula is

THEOREM 17. The coefficients in the expansion
k

z
8.12 g9(2) = Ck ,
(812) €)= 2 o )

with the assumptions of Theorem 1, for n # 0 are given by

-1 .-1yp@ 9(2)er(2) \ Pnta(2)/P-n-u(gz)
(813) Cn = [n]( )Dq ( Q)_“(z) ) anOA(Z)/Q_”(qz) .
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PROOF. This time we start with the sequence f = (fx(2))kez, where
250 (2)/®_u(2)
Pi+a(2)/P—k—p(2)
By (8.2) we get, after a short calculation (analogous to that which yielded (8.6)),

1— 2p(2) g 2(2)
(1 oy Py et L e 1)z<1>(z)) fi(@)

- g*2p(2) 1- 28(2)
=7 (_ T Dl T TR 1)z<1>(z)) fi(2),

(8.14) fu(2) =

which is equivalent to

AZ V4 — P2
©15) 209 e) = 4 (T e * T ) )

Thus the dual equation for the sequence (hk(z))kez, remembering (4.10), is
(8.16) — %zD(l/Q) hi(2)

i ¢*2p(2) 1—2®(2)
= [k] ( £(1/9) TP Py P o Sy l)z(I>(z)> hi(2),

which finally leads to (quite analogously to the considerations which proved (8.8))

P+ (2)/®—k—u(g2)
8.17 hi(z) = .
(817 S PNV AT
Therefore by Corollary 2 we get, by letting U = 2D, g(k) = [k], after having

compared (8.15) and (4.2):
The coefficients in the expansion

3(2) = Z . ZkSOA(Z)/(P—M(z)

o Pra(2)/@—k-u(2)

are given by (for n # 0)

_ 1 /. p@g(y £rtr(2)/®-k-ulez)
on = gy (D702 T or)/B-(42) )

But after multiplying both sides of (8.12) by o (2)/®-u(2), we see that this is
equivalent to (8.13). O

REMARK. (1) In [18] only the special case A = p = 0 is proved.

(2) Indeed here we have analogues of both types of the Lagrange formula. For
lack of identities similar to (6.1)-(6.4) this theory seemingly cannot be further
developed. In particular we are not able to say something reasonable about the
inverse sequence ¥ in contrast to Garsia’s theory. (Via (8.15) and Theorem 5
we could get a recursive formula for the Fj(2). It is omitted here, because it is
usable only in special cases.) The reason is that the fps ¢(z) seems to be the only
connection between the powers ©q(2).
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EXAMPLE 18. This example should demonstrate use of our Theorem 16 and
17. It concerns the problem of finding g-analogues of Euler’s [5] formula

o n—1
(8.18) e’ = Z ?Lb—-';nr:')—(ze_z)".
n=0 :

An equivalent form of (8.18) is

(8.19) 1= i b(b+n)""1

n! elb+n)z”
n=0

A reasonable analogue for e"?, or better e(**™)%/eb%, in view of Example 15, is
e1/¢((b+ q7*[n]1/4)2)/€1/q(bz). In Example 15 g has to be replaced by 1/q, and
a is set equal to g~!. Then these fps turn out to be 1/g-powers corresponding to
©(2) =1/q(14(g—1)bz). (The choice of the base 1/q instead of g will be explained
later.) Theorem 17 for A = u = 0, ®(2) = 0 and q replaced by 1/q gives: If

k

¥4
e bz c
l/q( ,é; kel/q ((b+q- l[k]l/q)z)/el/q(bz)

then for n > 1,

Cn = [nlll/q (z—l)D(l/Q) (el/q(bz)) . el/q((b+q'1[1:L1/q)z)/e1/q(bz)
I SN VA (G o WVAE)
[n]l/q A

= q( ) [ ]'(b + q—l[nll/q)n—l.

Of course ¢ = 1 and ¢, = 0 for n negative. The desired analogue for (8.19) is
therefore

n

(8.20) f: b{b -+ g [n])"™ al

[n]! el/q((b +q7"[n]z))’
The similar formula
1 (n+1) zn

(8.21) =20+ (=1 Z D (b+q™"nD" e1/q((b+q7"[n])z)’

which is easily proved by Theorem 16, is a g-analogue for the well-known identity

(8.22) ﬁ -y (btnm)" 2"

n! elb+n)z’

If we multiply (8.21) by 1 — 2(1 + (¢ — 1)b) and then add to (8.20), we obtain

oo

g
(823) 2= n ],(b+<I'"[n])" H((1=2) +2(1 = q)b)(q"b + [n]) +b)

n=0

zn

“e1/g((0+ g [n))2)’
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which is valid in the sense of fps. In [1, identity (7.48)] Askey and Ismail evaluated
the right side of (8.23) if 0 < ¢ < 1, b > 0 and z = 1. The result is a curious
g-analogue for the special case of (8.19), where z = 1:

N S
e1/q(b+q"[n])

(€1/4(2) converges for all z € C if |g| < 1; therefore we took 1/q instead of q.) Since
the right sides of (8.20) and (8.21) turn out to be analytic functions for Rez > 0
because there the series uniformly converge, two questions arise:

(1) Is it possible to evaluate the right sides of (8.20) and (8.21) for 0 < ¢ < 1 or
even |q| < 1?7 (Both (8.20) and (8.21) are wrong in this case.)

(2) What is the relationship between (8.24) and ¢-Lagrange inversion? (Askey
and Ismail obtain (8.24) in connection with an orthogonality relation for ¢-Carlitz-
Karlin-McGregor polynomials.)

What can be shown is that (8.20) and (8.21) (and therefore (8.23)) hold for ¢ > 1
and |z| < 1/|14(g—1)b| after e1/4((b+g~"[n])z) " is replaced by e,(—(b+¢~"[n])2).
(In the fps-sense both expressions are identical, but for ¢ > 1 only the second
converges for all n € N and 2z € C.) This is proved by proving uniform convergence
of the right sides of (8.20) and (8.21) for |2| < 7, r being fixed with 0 < r <
1/|1 + (g — 1)b], and using Weierstrass’s double series theorem.

For 0 < ¢ < 1 this argument does not work, because there does not even exist a
neighborhood of 0 where for all n the functions 2" /e; /4((b+¢~"[n])2) are analytic.

After this excursion we turn to the problem of finding g-analogues of the s-
variable Lagrange-Good formula. At first sight this seems to be easily established
by suitable extensions of the g-powers @, (z) to s variables. But even for s = 2
great difficulties arise. Still we succeed in establishing some special two-dimensional
formulas.

o ()
824) 1= ‘fnTb(Hq-"[n])“-l(z —q" +b(1 - q)q")
n=0 :

LEMMA 19. Let po(z1) and ®4(22) be g-powers for p(z1) and ®(z2), respec-
tively. Then
(1
zflzgz

Oy +ka+2(021) /@iy —ky —u(22)

fir ko (21, 22) =
satisfies the system

D) (@1~ 229(22)) — Ve 210(21)) fiy (21, 22)
= q_k‘_'\E@(l — 210(21) — 22®(22) + 210(21)22®(22) (1 — ¢*7#))
* iy ko (21, 22)5

() (—q " 22®(22) + eVl (1 210(21))) fir o (21, 22)
= q"?eﬁ"’(l — 210(21) — 22®(22) + 210(21)22®(22) (1 — ¢*#))
* [y ko (21, 22).
(2)
_ Phitka+2(921)/ Pk ko —u(g22)

hkl,kg(z17z2) = k1 k2
21" 2
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satisfies the dual system
) (q-*(l — 228(2)) — 21p(21)el Vel D)y ey (21, 20)
g M1 = 210(21) — 22®(2) + 210(21) 228 (22) (1 — ¢*7H))
'5§1/q)hk1,k2 (21, 22);

@) (—g 22®(2) + (1 - 210(21))e{/ V8D, iy (21, 22)
= q"2 (1 - 210(21) — 228(22) + 210(21)228(22) (1 — ¢*7*))
'Egl/q)hkl,kg(zhzb)-
(3) By (4.6),
For ks (21, 22) = (1 = 210(21) — 2200(22) + 2190(21) 228 (22) (1 — ¢*#))

Phitka 42 (21) /Py ko —u(922) O
ik
1 2

The proof of this lemma is straightforward.
Equation (4.8) then gives

THEOREM 20. With the assumptions of Lemma 19 and g(z1,22) € Ls(z1, 22),
the coefficients in the expansion

g(z1,22) = D cx

o 50k1+k2+A(q21)/(I> ki —kz—p(22)

k1 k2

are computed by

cn = (20)9(21, 22)(1 — 210(21) — 22®(22) + 210(21)22®(22)(1 — ¢*7*))
90"1+n2+)\(zl)/q)—n1—n2 M(qz2) s
n N2
27z
1 %

Obviously this theorem intimately corresponds to Theorem 16. Indeed the proof
of the orthogonality relation in [18, Lemma 1] is easily converted to obtain the
orthogonality relation which proves Theorem 20 by g¢-differentiation with respect
to 21 and 22 at the same time (meaning the operator D£‘f3z2 = (eg‘”eg") -1)/(g-1)).

EXAMPLE 21. This short application of Theorem 20 concerns the g-Catalan
numbers treated by MacMahon [20, p. 214; 21, pp. 1345, 1429] and Fiirlinger and
Hofbauer [6]. They are able to compute a generating function of those numbers

9 (z):
(0) 2
(8.25) 2= Z Ner (z)e"

‘"z Q)n —qT2,q)n

If we write C\ (z) = >k r,,k(q):c", the coefficients r,k(q) are g-Runyon numbers.
We compute them by Theorem 20. It is convenient to first set z = 22 and = = 2 /2.
Then (8.25) becomes, by (6.35),

00 —(7 n—k
q (2) Tnk\q)R1 R
(8.26) 2=3 - 2o ((3)1 :
a1 Pn (1, —q " 22)pn’ (1, —q21)
= Z q° Tkyi+ka, k1 (q)zll k2

P (1 qzl)pfc",)+k2(1,—q ki—kz25)
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/c=—<kl+k2
5 .

According to Example 15, p( )(l —z) are g-powers for 1/(1+2) if weseta=1,b=

—1/(1-g) and m = 1. By setting p{? (21) = pS? (1, —21) and ®4(2) = p¥ (1, —22)
and applying Theorem 20 to (8.26), we get (A = u =0)

where

21 )
" = 1] — ——— —
Q" Tky+ka k() = (20)22 ( s z2)
piql)""‘?(l —21) /P, (1, —g7*1 K2t 12))
FoF

= (z0) (1 —2122) Pg)ﬂz—l(l’ —q21)
A Pyl —g Rtz

After setting n = k1 + k2, k = k1, we obtain, by (6.35),
¢ Oran(q) = o0 nern [T L

n—k-1
— gBH( ) nn—k-2) [Z: i] [nﬁgi 2]
—(3)+k+k [n —1]1?

=1 Kln — K)lk + 1)[n — k — 1!

“([n— K[k + 1] — g[k][n — k- 1])

_ _'2; 2 [n—l]!2
=g (e in — Kk + 1 =k =1

and finally

_ kel ||| n
(8.27) el =2 ] 0]
Two further two-dimensional g-Lagrange formulas are stated below. The proofs
are quite similar to that of Theorem 20. A more detailed discussion of two-
dimensional ¢g-Lagrange formulas is the object of another paper.

THEOREM 22. With p4(2) and ®,(2) being g-powers for p(z) and ®(z), the
coefficients in the expansion

k1 k2

1 R
P .

oz Plkitka) /242 (92122)/ @ (ki +ka) f2-u(2122)

are given by

cn = (2°)9(2) (1 — 21220(2122) — 2122®(2122) + 2} 25 0(2122) B(212) (1 — ¢*7H)).
P(ni+na)/2+A(2122) /P (n14ny) /2~ #(qzlz2)

n N2
2172
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THEOREM 23. With the assumptions of Theorem 22, the coefficients in the

ezp

ansion
k1 k2
21 %9

z)= C
9(z) ,2;‘2 H Ok +A(02122) /@y —p(2122)

can be evaluated by

= o

10.

11.

12.

13.

14.

15.
16.

17.

18.

19.
20.

21.
22.
23.

¢n = (£)9(2)(1 — 21220 (21 22) — 21228 (2120)
+ szgso(zlzﬁq)(ZlZg)(l - q'\—u+n1—n2))

. Oni+A(2122)/P—n,—u(g2122)

.0
211252
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