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ENUMERATION OF LATTICE PATHS AND GENERATING FUNCTIONS FOR 

SKEW PLANE PARTITIONS 

C h r i s t i a n  

K r a t t e n t h a l e r  

n - d i m e n s i o n a l  l a t t i c e  p a t h s  n o t  t o u c h i n g  t h e  h y p e r p l a n e s  
x t -x t+ , f f i -1 ,  /=1,2,. . . ,n,  a r e  c o u n t e d  b y  f o u r  d i f f e r e n t  s t a t i s t i c s ,  
one  of  wh ich  i s  MacMahon 's  ma jo r  index .  By a r e f l e c t i o n - l i k e  
p roo f ,  h e a v i l y  r e l y i n g  on  Z e i l b e r g e r ' s  {Discre te  Math.  44(1983), 
325-326) s o l u t i o n  of  t h e  n - c a n d i d a t e  ba l lo t  p r o b l e m ,  
d e t e r m i n a n t a l  e x p r e s s i o n s  a r e  o b t a i n e d .  As c o r o l l a r i e s  t h e  
g e n e r a t i n g  f u n c t i o n s  fo r  s k e w  p l a n e  p a r t i t i o n s ,  c o l u m n - s t r i c t  
skew p l a n e  p a r t i t i o n s ,  r e v e r s e  s k e w  p l a n e  p l a n e  p a r t i t i o n s  a n d  
c o l u m n - s t r i c t  r e v e r s e  skew p l a n e  p a r t i t i o n s ,  r e s p e c t i v e l y ,  a r e  
e v a l u a t e d ,  t h u s  e s t a b l i s h i n g  p a r t l y  new r e s u l t s ,  p a r t l y  new 
p r o o f s  f o r  known  t h e o r e m s  in t h e  t h e o r y  of  p l a n e  p a r t i t i o n s .  

1. INTRODUCTION. C o n s i d e r  n - d i m e n s i o n a l  l a t t i c e  p a t h s ,  c o n s / s t i n g  o f  

p o s i t i v e  u n i t  s t e p s ,  f rom 0 to  A=(~l ,~2 , . . ,~ , )  s u c h  t h a t  a l l  t h e  p o i n t s  

(xl,x2,. . . ,x,) o f  t h o s e  p a t h s  s a t i s f y  x ,~xa~"  .~,x,. The p r o b l e m  of  

c o u n t i n g  t h e  n u m b e r  of  a l l  t h o s e  l a t t i c e  p a t h s  is  e q u i v a l e n t  to  t h e  

n - c a n d i d a t e  b a l l o t  p rob lem a n d  h a s  a t t a i n e d  s e v e r a l  s o l u t i o n s  ( see  [12] 

fo r  r e f e r e n c e s ) .  I n  t h i s  p a p e r ,  more  g e n e r a l l y ,  we e n c o u n t e r  t h e  

p rob l em of  c o u n t i n g  a l l  l a t t i c e  p a t h s  f rom Pf(Px,~2,...,~n) to A, each  

p o i n t  (x , ,x2 , . . . ,xn)  of  which  s a t i s f y i n g  x ~ a . . - a x n ,  b y  f o u r  d i f f e r e n t  

s t a t i s t i c s ,  maj ,  ma j ' ,  ~-'~, &-fi~', d e f i n e d  in  s e c t i o n  2. What  i s  o b t a i n e d  

a r e  d e t e r m i n a n t a l  e x p r e s s i o n s  (Theorems  1 to 4 in s e c t i o n  6). The  

method  of  p r o o f  we g i v e  i s  c o m b i n a t o r i a l  a n d  is  i n s p i r e d  b y  

Z e i l b e r g e r ' s  [ 13] r e f l e c t i o n  p r o o f  fo r  t h e  c a s e  q=1 a n d  a 

p s e u d o - r e f l e c t i o n  p r o o f  fo r  t h e  c a s e  nffi2 b y  F i i r l i n g e r  a n d  Hofbaue r  [3, 

Lemma on p .255] .  

T h e r e  is  a b i j e c t i o n  b e t w e e n  l a t t i c e  p a t h s  f rom 0 to A a n d  

p e r m u t a t i o n s  of  t h e  m u l t i s e t  ~1X~,2 ~2 .... ,n ~'"] ( th i s  s y m b o l  d e n o t e s  t h e  
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mul t i se t  with ob j ec t s  [1,2,. . . ,nJ and  mul t ip l ic i t ies  (,~,,k2,...,X.)). Namely, 

each k in  a mul t i se t  p e r m u t a t i o n  is i n t e r p r e t e d  as s t ep  in  the  

xk -d i r ec t ion .  MacMahon calls  the  p e r m u t a t i o n s  c o r r e s p o n d i n g  to those  

pa th s ,  whose po in t s  s a t i s fy  x ~ ' - ' ~ x , ,  " la t t ice  p e r m u t a t i o n s " .  He is  lead 

to c o n s i d e r  la t t ice  p e r m u t a t i o n s  when  e v a l u a t i n g  the  g e n e r a t i n g  

f u n c t i o n  for  p lane  p a r t i t i o n s  of a g i v e n  sha pe  A [8, sec.IX, ch . I I I ;  

sec.X]. What has  to be  done  is  to c o u n t  l a t t i ce  p e r m u t a t i o n s  by  the  

m a j o r - s t a t i s t i c s ;  i.e., to eva lua t e  the  we igh ted  sum ~qmaj I ,  where  the  

sum is o v e r  all  la t t ice  p e r m u t a t i o n s  t of the  mu l t i s e t  [ l~ l ,2x2 , . . . , r~"3 .  

Later, MacMahon's method was formalized and generalized by 

Stanley [10, Corollaries 5.3 and 7.2]. Thus, wanting to find a certain 

partition generating function, one has to count a specific collection of 

permutations by the major index. 

In section 3 we shall see that in this sense evaluation of the 

generating functions for plane partitions, column-strict plane 

p a r t i t i o n s ,  r e v e r s e  p l ane  p a r t i t i o n s  a n d  c o l u m n - s t r i c t  r e v e r s e  p l ane  

p a r t i t i o n s  of a g i v e n  shape  x is done b y  s o l v i n g  the  problem of 

c o u n t i n g  la t t i ce  p e r m u t a t i o n s  by  maj, maj ' ,  ~'Ej'  a n d  maj, in  t ha t  o r d e r ,  

r e s p e c t i v e l y .  Thus ,  as  coro l l a r i e s  of o u r  l a t t i ce  pa th  e n u m e r a t i o n  

r e s u l t s ,  we o b t a i n  d e t e r m i n a n t a l  e x p r e s s i o n s  e v e n  for  t he  g e n e r a t i n g  

f u n c t i o n s  for  skew p lane  p a r t i t i o n s ,  e tc . ,  of a g i v e n  shape  ~]F. The 

e x p r e s s i o n s  for  c o l u m n - s t r i c t  a n d  c o l u m n - s t r i c t  r e v e r s e  skew p lane  

p a r t i t i o n s  (Corol lary  9) a r e  we l l -known  a n d  may he f ound  in  [10, p.82 

for  ur-~]. The e x p r e s s i o n s  for  o r d i n a r y  a n d  r e v e r s e  skew p lane  

p a r t i t i o n s  (Corol lar ies  7 and  8) seem to be new. The specia l  case  ~ of 

o r d i n a r y  p l ane  p a r t i t i o n s  was solved by  MacMahon [8] b y  i n d u c t i v e  

a r g u m e n t s  which a re  no t  v e r y  r i go rous .  I n  the  r e m a i n i n g  t h r e e  cases  

for  p=0 the  d e t a r m i n a n t a l  e x p r e s s i o n s  can  be s impli f ied,  which  leads  to 

the  w e l l - k n o w n  hook- fo rmulae  for  the  g e n e r a t i n g  f u n c t i o n s  of 

c o l u m n - s t r i c t ,  r e v e r s e  a n d  c o l u m n - s t r i c t  r e v e r s e  p l ane  p a r t i t i o n s  of a 

g iven  shape  ~ [11, Theorem 15.3 for  m ~ ,  P r o p o s i t i o n s  18.3 and  18.4]. 

For these  r e s u l t s  t h e r e  a r e  proofs  b y  S c h u r  f u n c t i o n s  [11],  a 

combina tor ia l  proof  exp l a in ing  the  d e t e r m i n a n t a l  e x p r e s s i o n s  [5] a nd  

v a r i o u s  b i j e c t i v e  proofs  exp l a in ing  the  o c c u r e n c e  of the  h o o k - l e n g t h s  

[2,4,6,9]. 
Our method of proof  o f fe r s  a new combina to r i a l  exp l ana t ion  for  the  

d e t e r m i n a n t a l  e x p r e s s i o n s  for  all  of the  above  s t a t e d  fou r  k i n d s  of 

g e n e r a t i n g  f u n c t i o n s ,  e v e n  in the  case of the  v a r i o u s  k i n d s  of skew 
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plane  p a r t i t i o n s .  MacMahon's d e t e r m i n a n t  is g e n e r a l i z e d  a nd  g i ve n  a 

combina tor ia l  view. 

In  sec t ion  2 we give  all r e l e v a n t  de f in i t ions .  The c o n n e c t i o n  be tween  

lat t ice pa th  e n u m e r a t i o n  a n d  g e n e r a t i n g  f u n c t i o n s  for  skew p lane  

p a r t i t i o n s  is  expla ined  in  sec t ion  3. Sec t ion  4 c o n t a i n s  a r e c a p i t u l a t i o n  

of Z e i l b e r g e r ' s  [13] r e f l ec t ion  proof.  In  sec t ion  5 we g ive  the  b i j e c t i o n s  

which r ep l ace  the  r e f l ec t i on  in  Z e i l b e r g e r ' s  proof .  These  b i j e c t i ons ,  in  

sec t ion  6, a r e  used  to o b t a i n  the  promised  d e t e r m i n a n t a l  e x p r e s s i o n s .  

Final ly ,  in  sec t ion  7, t h e s e  r e s u l t s  a re  t r a n s f e r r e d  to o b t a i n  the  

c o r r e s p o n d i n g  g e n e r a t i n g  f u n c t i o n s  for  the  v a r i o u s  k i n d s  of skew 

plane  p a r t i t i o n s .  

2. DEFINITIONS. We u s e  the  u s u a l  mu l t id imens iona l  no ta t ion .  I f  

Jkf(hzw~2P.',Kn), P=(Pz,P2,..~ then I~effi~l+~2+--.+k. , ~+~ = 

. . . . .  Xn+pn ) and { ' ~ ' } = , X , ! / , , ! , , . ~ . - - ~ . ! .  I f  X , ' , ,  f o r  

iffil,2,...,n we wr i te  X~'p, 

Let q be a n  i n d e t e r m i n a t e .  The q - n o t a t i o n s  we need  a r e  [ a ] = ( l - q a ) ,  

[ m l ! = [ m ] - [ ~ - l ] - - - [ l ] ,  [01:=1 and = [ I x l l : / [ ~ l . ) [ ~ z ) . ~ . . . [ ~ . ] ,  

Let S, d e n o t e  the  symmet r i c  g r o u p  of o r d e r  n. Given  os n we wr i te  

for  { ~ ( z ) , ~ ( = ) ,  .... ~ ( , ) ) .  D n s t a n d s  for  the  se t  of  all  n - t u p e l a  of 

i n t e g e r s  A wi th  ~ . ~ 2 ~ . . . ; X , .  For  the  se t  of  all  p e r m u t a t i o n s  of the  

mul t i se t  wi th  o b j e c t s  [1,2,.. . ,n~ and  mul t ip l i c i t i es  ~=(P~,P2,..-,Pn) we wr i t e  

S(~). Given a mul t i se t  p e r m u t a t i o n  ~ffi~112...~p, I t~[1 ,2 , . . . ,n~ ,  we 

i n t r o d u c e  d i f f e r e n c e  f u n c t i o n s  dj(~, / )  fo r  j = l , 2 , . . . , n - l :  

dj{~,i) is the  d i f f e r e n c e  be tween  the  n u m b e r  of j~s a n d  the  n u m b e r  of 

( j+ l ) ' s  in  ~1--.~t. Obv ious ly  dj(~20)=O. 

In  th i s  p a p e r ,  a l a t t / ce  pa th  ~=(p(O),p(q),...,p(p)) will be s f in i te  

~equenee  of po in t s  in  the  i n t e g e r  la t t ice  Z n with pos i t i ve  u n i t  steps~ 

i.e. for  ~%0, p(i+l)-p(~)=Ej,  fo r  some j, l~ j~n.  Ej s t a n d s  for  the  v e c t o r  

with the  j - t h  coo rd ina t e  b e i n g  equa l  to ~, all  o t h e r  b e i n g  equa l  to 0. 

[P(0]k will d e n o t e  the  k - t h  c o o r d i n a t e  of the  / - t h  po i n t  on the  pa th  ~. 

A la t t ice  pa th  p from p to X can be symbol ized  by  a pa i r  (p,~), where  

p=p(O) and  ~S(X-p ) .  ~ is o b t a i n e d  by  p r o c e e d i n g  a long  the  pa th ,  

~ t a r t i ng  at  i t s  f i r s t  po in t  p, and  s u c c e s s i v e l y  w r i t i n g  a k for  each s tep  
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in the  Xk-d i rec t ion .  To be precise~ l l - '~ i~a. . .~p,  w h e r e  p=I~.-FI  and ~ t = k  

if and on ly  if p(i)-p(i-1)=g k. Given a pa th  p in the form (~,I),  the  

po in t s  of p a r e  d e t e r m i n e d  by  

k=| 

TO g i v e  8.n examp}e9 t a k e  n==3 a n d  po=(( ' l ,2)  1 ) , (1 ,2 ,2) ) (1 ,2 ,3) , (2 ,2 ,3)  ) 

(2 ,3,3) , (3 ,3,3)) .  T h e n  Po is symbol i zed  by  t h e  pa i r  ((1,2,1),  33121).  

The se t  of  all l a t t i ce  p a t h s  f rom p to X is  d e n o t e d  by  M(p---~X.). We 

wr i t e  M(p--~) § fo r  t he  s e t  of  all l a t t i c e  p a t h s  f rom 9 to ~ whose  p o i n t s  

all  lie in D,.  For  p , ~ D  n the  s e t  M(F-~X) + is e q u a l  to t he  s e t  of  all  

l a t t i ce  p a t h s  f rom p to  ~ no t  t o u c h i n g  a n y  one  of  t h e  h y p e r p l a n e s  

(2 .2)  x l  - x l + l  = - I  , .9221,2, . . . ,n - -1 .  

Let  Hi d e n o t e  t h e  h y p e r p l a n e  x l - x i + z ~ - I  and  R i t he  r e f l e c t i o n  a t  H s. 

M(p-~X)- s t a n d s  fo r  t he  s e t  of  all l a t t i c e  p a t h s  f rom p to  X wh ich  touch  

a t  l eas t  one  of  t he  h y p e r p l a n e s  in (2.2). O b v i o u s l y  M ( 0 - ~ )  +, o r  b e t t e r  

[~:p=(O,t)EM(O--)~,)+~, is  t h e  s e t  of  al l  l a t t i c e  p e r m u t a t i o n s .  

Next~ f o r  a g i v e n  mul t i s e t  p e r m u t a t i o n  ~=~=~=.. .~,  we d e f i n e  t he  

" d o w n - s e t "  D(~) b y  

= , 

and  the  f o u r  s t a t i s t i c s  maj,  maj ' ,  maj,  ~ - ~ ,  

I = P ~ ' ~ ' x ( " P " I + , )  , 

~.a,j"= = PZIi x ( ~ i z ~ + l )  , 

maj . - ~. ( p - . / + l ) . x ( t t - , " I s )  , 
!=:i 

(x(A)=I if  A is  t r u e ,  and  x(A)==0 o t h e r w i s e . )  maj is  t h e  famil iar  

m a j o r - a t a t i s t l c s j  c o u n t i n g  the  sum of  d e s c e n t s ,  mean ing  

( 2 . 3 )  m~i  ~ = ~: i , 
1 t o ( , , )  

maj '  c o u n t s  t h e  sum of a s c e n t s .  ~ can  be  i n t e r p r e t e d  as  maj " f rom 

the  back" ,  ~ can  be v i ewed  as  ma j '  " f rom t h e  back" .  

Having in mind the  r e p r e s e n t a t i o n  o f  a l a t t i ce  pa th  p by  a pa i r  (p,~), 

we ex t end  t h e s e  s t a t i s t i c s  to l a t t i c e  p a t h s  by d e f i n i n g  maj p = maj ~, 
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e t c . ,  i f  e = ( ~ , l ) .  

F i n a l l y  we i n t r o d u c e  t h e  g e n e r a t i n g  f u n c t i o n s  

f ( i . - , x ;  q) = s gm~ p , 
p 

f ' (p- '-)A; q) ---- s Qmaj'p , 
P 

~ ' ( ~ - ~ ;  q) = s ~ - ~ '  p , 
P 

w h e r e  t h e  s u m s  a r e  o v e r  a l l  p~M(p--~,). A n a l o g o u s l y ,  

F(p-~X; q)+ = s ~maj p , e t c . ,  
P 

w h e r e  t h e  s u m  i s  o v e r  a l l  pEM(p-'+k) +, a n d  

f ( I r ' *X ;  q ) - =  s ~ P , e t c . ,  
P 

w h e r e  t h e  s u m  i s  o v e r  a l l  pZM(p--~k)-. 

3. GENERATING FUNCTIONS FOR PLANE PARTITIONS AND ENUMERATIO N 

OP LATTICE PATHS.  A plane partit ion of  shape k, w h e r e  AED n a n d  A~0, 

i s  a n  a r r a y  o f  p o s i t i v e  i n t e g e r s  

(3 .4 )  a l l  8 x 2  . . . . . . . . . . . . . . . . . . .  8 1 ~  I 

a 2 j  a 2 =  . . . . . . . . . . . . .  . a 2 , ~ =  

arts . . .  an,k n" 

w i t h  e n t r i e s  d e c r e a s i n g  i n  r o w s  a n d  c o l u m n s .  A skew plane parLi~on of  

s h a p e  k / p ,  w h e r e  k , ~ D  n a n d  k~p,  i s  a n  a r r a y  o f  p o s i t i v e  i n t e g e r s  o f  

t h e  f o r m  

(3.2)  8 1 ~ p l + l  e l t ~ l + 2  - - . *  . . . . . . . . .  8 ) ~  1 

az ,p=+s  . - .  8 2 , ~ s + l  a2 ,Fs+2 . . . . . . . .  sz ,~2  

an,pn+l . . . . . . . . . . . . . . . . . . . . . . . . .  8 n , k  n 

w i t h  e n t r i e s  d e c r e a s i n g  i n  r o w s  a n d  c o l u m n s .  A column-stricL (skew) 

plane partition i s  a ( s k e w )  p l a n e  p a r t i t i o n  w i t h  s t r i c t l y  d e c r e a s i n g  

e n t r i e s  i n  e a c h  c o l u m n .  A reverse  (skew) plane partition i s  a n  a r r a y  o f  
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posi t ive  i n t e g e r s  of the  form (3.1) (or (3.2), r e s p e c t i v e l y )  with e n t r i e s  

i n c r e a s i n g  in  rows a n d  co lumns ,  a column-strict r e v e r s e  (skew) plane 

partition is  a r e v e r s e  (skew) p l ane  p a r t i t i o n  with s t r i c t l y  i n c r e a s i n g  

e n t r i e s  in  each  column.  

The weigh t  w(l D of a (skew) p l ane  p a r t i t i o n  is  the  sum of all  i t s  

en t r i e s .  The generating f u n c t i o n  for  p l ane  p a r t i t i o n s  of a g i v e n  sha pe  

A is ~qW(II), where  t he  sum is o v e r  all  p l a ne  p a r t i t i o n s  11 of sha pe  

Gene ra t i ng  f u n c t i o n s  for  c o l u m n - s t r i c t  (skew) p lane  p a r t i t i o n s ,  e tc . ,  of 

a g iven  shape  ~ (or ~/p,  r e s p e c t i v e l y )  a r e  de f ined  ana logous ly .  

In  [ t0]  S t a n l e y  c o n s i d e r s  p a r t i t i o n s  on  a pa r t i a l  o r d e r e d  se t  P 

endowed wi th  a l a b e l i n g  e, ca l led ( P , e ) - p a r t i t l o n s .  His i m p o r t a n t  

theorem [ t0 ,  Corol lar ies  (5.3) a n d  (7.2)] s a y s  t h a t  the  g e n e r a t i n g  

f u n c t i o n  U(P,w;q) of (P ,w) -pa r t i t i ons  c a n  be w r i t t e n  in  the  form 

~ P,=; q) 
(3 .3)  ~P,w;q) = ( l _ q ) ( 1 _ q 2 ) . . . ( l _ q p )  

wi th  

~ p , = ; q )  =~ ~aj o , 

where  the  sum is o v e r  all  p e r m u t a t i o n s  ~ of the  ~-separator [ t0 ,  p.17] 

of P. Here, p d e n o t e s  the  cardinalJty of P. 

To obtain the case of plane partitions in this general theorem, for P 

we have to t ake  the  se t  

= 0 

for a g iven  A~D,, A~O a n d  IAlfp .  P(~) becomes a poser  b y  

i f  and o n l y  i f  i1�9 and j ' l � 9  . (3 .4)  ( i , , j ~ )  �9 ( i2 , j2)  

Take the  l a b e l i n g  

t - - 1  
, . , ( i , j ~  = ~ x~: + J , 

t h e n  t he r e  is a b i j e c t i o n  b e t w e e n  the  s e t  of (P (~) ,w) -par t i t ions  a n d  t he  

se t  of p lane  p a r t i t i o n s  of shape  ~ namely ,  b y  a d d i n g  I to each of t he  

p a r t s  of a (P (~ ) , e ) -pa r t i t i on .  Thus ,  b y  (3.3), t he  g e n e r a t i n g  f u n c t i o n  for  

p lane  p a r t i t i o n s  of shape  k is  e q u a l  to 

~x),~; q) 
( 3 . 5 )  qP ( ' ~ -q )  ( ' ~ -q~ )  �9 �9 �9 ( l - q p )  
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w i t h  

s(p(~),=; q) = ~  ~"J  " , 

w h e r e  t h e  s u m  is  o v e r  a l l  p e r m u t a t i o n s  a o f  t h e  a ~ - s e p a r a ~ o r  of  P(A). 

G i v e n  ~---~lcT=...ap, b e i n g  a n  e l e m e n t  o f  t h e  ~ - s e p a r a t o r  o f  P(~}j we  

d e f i n e  a m u l t i s e t  p e r m u t a t i o n  ~ = ~ ( a ) = ~ 1 = . . . ~ p  b y  

k-- I  k 
( 3 . 6 )  ~ = Jr i f  and  o n l y  i f  ~ X t z a I ~ ~ At . 

By d e f i n i t i o n  ~$S(A).  I t  i s  n o t  d i f f i c u l t  t o  s e e  t h a t  s i n c e  a i s  a n  e l e m e n t  

o f  t h e  ~ - s e p a r a t o r  o f  P(X) ,  m a j  ~ = m a j  a a n d  ~ i s  a l a t t i c e  

p e r m u t a t i o n ,  o r  i n  t e r m s  o f  p a t h s  (0 ,~)~M(O-~x)  +. F o r  i l l u s t r a t i o n  we 

g i v e  a n  e x a m p l e .  L e t  r~-3, X=(3,2,1) .  C o n s i d e r  t h e  f o l l o w i n g  l i n e a r  

e x t e n s i o n  o f  t h e  p a r t i a l  o r d e r  (3.4)  o n  P ( h ) :  

( 1 , 1 )  �9 ( 2 , 1 )  e ( 1 , 2 )  z ( 1 , 3 )  z ( 3 , 1 )  z ( 2 , 2 )  . 

T h e  c o r r e s p o n d i n g  ~ i s  w(1,1)=(2,1)=(1,2)r162 142365. By 

(3.6)  we g e t  w=121132. O b v i o u s l y  we h a v e  m a j  ~ = m a j  a = 7, a n d  ~ i s  

a l a t t i c e  p e r m u t a t i o n .  

S u m m a r i z i n g ,  t h e s e  c o n s i d e r a t i o n s  f u r n i s h  a n  a l t e r n a t l v e  e x p r e s s i o n  

f o r  W(P(~),c~;q): 

w(p(~) ,=; q) = ~ qmaj p , 

w h e r e  t h e  s u m  i s  o v e r  a l l  p a t h s  psM(O--e~)+. 

M o r e  g e n e r a l l y ,  t o  o b t a i n  s k e w  p l a n e  p a r t i t i o n s  o f  g i v e n  s h a p e  J~/p~ 

A,FcEDn, Jk~p, a n d  IA-p|=p,  we d e f i n e  

w i t h  o r d e r  r e l a t i o n  d e f i n e d  i n  (3 .4) ,  a n d  w i t h  l a b e l i n g  

| - -1  

=o(  i ' . D  = ~ (~t--~'~) + ( .P-~i)  �9 
#.=I 

T h e  ( P ( A / p ) , w o ) - p a r t i t i o n s  a r e  s k e w  p l a n e  p a r t i t i o n s .  ( T h e  c a s e  o f  

o r d i n a r y  p l a n e  p a r t i t i o n s  c o m e s  o u t  f o r  p=O.) T h e n ,  a n a l o g o u s l y ,  t h e  

g e n e r a t i n g  f u n c t i o n  

w r i t t e n  

f o r  s k e w  p l a n e  p a r t i t i o n s  o f  s h a p e  k / ~  c a n  b e  

( 3 . 8 )  qp 
, ~P(X / i~ )  ,~o ; q) 

( l - q )  ( 1 - , f ) . .  �9 ( 1 -qp )  
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with 

(3.9) Y(P(X/p) ,=o; q) = ~ cP aJ P , 

w h e r e  the  sum is o v e r  al l  pEM(p--*X) +. 

For  the  l abe l ing  

= c ( i , j ~  = ~: ( x t - ) ,~ )  § ( J - ) , i )  
t = t + l  

the (P(~,/p),Wc)-partitions are column-strict skew plane partitions. 

Similarly, one obtains the generating function for column-strict plane 

partitions of shape k/p to be 

(3.10) qP 

with 

(3.11) 

(l-q) (1-q~).. �9 (1-~) 

Y(P(x/p) ,=c; q) = ~  ~ ' P  , 

w h e r e  the  sum is o v e r  al l  p~M(p--~) +. 

Let  P(~/p)  deno te  t h e  t h e  p o s e t  w i t h  same b a s i c  s e t  as  P ( ~ / p ) ,  i . e . ,  

the  r i g h t - h a n d  s ide  o f  (3.7), b u t  wi th  r e v e r s e d  p a r t i a l  o r d e r ,  m ean ing  

( i , , j , )  ,~ ( i = , j = )  

For  the  l abe l i ng  

=H i ,  J~ = 

i f  and o n l y  i f  i s a i =  and d s ~ d z  . 

t l  
Z 

t - - - - i ' l ' t  
(xt-~t)  + (xi- .hq) 

we g e t  t h a t  the  g e n e r a t i n g  f u n c t i o n  fo r  r e v e r s e  skew p lane  p a r t i t i o n s  

of  shape  k /p  is  e q u a l  to  

(3.12) qP 

with 

(3.13) 

For the labeling 

~.e(x/p), =.,,4 q) 

( 1 - q ) ( 1 - q ~ ) .  �9 �9 ( 1 - ~ )  

I - - |  
m c r ( i , J )  = Z (X t -F t )  + (XI -J~I )  

.Ir.~ l 

we obta in  tha t  the  g e n e r a t i n g  f u n c t i o n  fo r  c o l u m n - s t r i c t  r e v e r s e  skew 
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plane  p a r t i t i o n s  of shape  A/p is 

(3.14) 
~. ,~x /m, ) ,  ~0cr; q) 

( t - q )  ( l - q , )  �9 �9 ( 1 - ~ )  

where 

( 3 . r  w(.~x/p),~,cr; q) ~ ~ ~ p �9 

In  bo th  c a s e s  the  sum is o v e r  all  pEM(p--~A) +. 

4. ZEILBEHGER'S REFLECTION PROOF. Let A, pED, and A~F. In this 

sec t ion ,  in  o r d e r  to make the  fol lowing more t r a n s p a r e n t ,  we 

r e c a p i t u l a t e  Z e i l b e r g e r ' s  [13] method of c o u n t i n g  the  n u m b e r  of 

e l ements  of M(0-~k) +. A l i t t le  b i t  more g e n e r a l l y ,  we ex t end  his  method 

to e v a l u a t e  the  n u m b e r  of e l ements  of M(p--*A) +, which,  r eca l l i ng  the  

de f in i t i on  of F(p-~k;q)  +, is s een  to be e q u a l  to F(F-~A;1)+. 

For  the  n u m b e r  of all la t t ice  p a t h s  from F to ~, F ( F - ~ I ) ,  holds  

(4.1) ~ r - + x ; 4 )  = [ )x-N)]  
L A - p J  

Fol lowing Ze i l be rge r  we def ine  

e~ : ( 1 - , : , ( 1 ) , . . . , / - r  . . . .  , ~ - , ( n ) )  . 

The c r u c i a l  p o i n t  in  the  p roof  is to c o n s t r u c t  a b i j e c t i o n  be t w e e n  

u ~o+~---+x)- and ~aa~p~+~--+x)- , 
O" even 0 

which p r o v e s  

(4.2) o" ~verm 'j~p'O'+'eO'''~'~; I ) - -  :" ~ ~,odd~#kC+e~'--'#'A; 1)--  . 

This  is done  by  app l i ca t i on  of the  r e f l ec t i on  p r inc ip l e .  Cons ide r  a 

l a t t i ce  p a t h  of M(pa+e#-~A)-. Let Hj be  the  l a s t  h y p e r p l a n e  of {2.2) the  

pa th  meets .  S ince  r e f l ec t ion  with r e s p e c t  to Hj has  the  e f fec t  

( 4 . 3 )  I R j ( x ,  . . . . .  x j , x j + ,  . . . . .  . ,v)  = ( x l  . . . . .  x j + ~ - l , x j + l  . . . . .  x . )  ) 

we have 

(4.4) ~ j ( ~ a + ~ )  = ~ ( j , j + ~ )  + e , , ( j , j + , )  . 
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((j,j;+l) is t h e  t r a n s p o s i t i o n  which  e x c h a n g e s  j a n d  ./+1.) T h e r e f o r e ,  

r e p l a c i n g  t h e  p o r t i o n  of  t h e  p a t h  u n t i l  t h e  l a s t  mee t ing  wi th  Hj b y  i t s  

r e f l e c t i o n  wi th  r e s p e c t  to Hj, t u r n s  t h i s  p a t h  in to  a p a t h  f rom 

P~,C.1,J+,) + e ~ C j , j + ~ )  = 

= ( p a ( , ) + 1 - r  . . . .  , paCj+l )+. f - r162  . . . .  Fo(n)+n-o(n) ) 
to ~, t o u c h i n g  Hj.  Th i s  d e f i n e s  t h e  d e s i r e d  b i j e c t i o n ,  h e n c e  (4.2) h o l d s .  

S ince ,  b e c a u s e  of  IAtD,, fo r  cfZid we h a v e  (p~ tea )~D, ,  we g e t  

( 4 . 5 )  

T h e r e f o r e ,  b y  c o n s e c u t i v e  u s e  o f  (4.2), (4.5), a n d  (4.1), 

(4.6) ~'{0---),~; 1) + : F(O--~X; 1) - F(O--~x; 1 ) -  

: (-1)sgn o F(l~+eo.--)x;1)- .~O.--.fx;t) + J i d  

= Z ( - 1 ) s g n  r / ' ( ~ + ~ - - * x ; 1 )  
~s  

= Z (-I).r ~ f ,x-,l I 

ffi l~-pl! d e t ( 1 / ( x s - s - p t + ~ ! )  . 

RRMARK. Z e i l b e r g e r  was  w r o n g  when  t a k i n g  t h e  f i r s t  h y p e r p l a n e  a 

l a t t i c e  p a t h  t o u c h e s  a n d  r e f l e c t i n g  t h e  p a r t  o f  t h e  p a t h  u n t i l  t h a t  

mee t ing ,  b e c a u s e  t h i s  d e f i n e s  no b i j e c t i o n .  We g i v e  a s imple  

c o u n t e r - e x a m p l e .  Le t  n=~, ~=0 a n d  ~=(1,1,1). F o r  0=(2,3) we h a v e  

ecffi(0,-1,1). The  l a t t i c e  p a t h  ( (0 , -1 ,1) ,  221) f i r s t  mee ts  t h e  h y p e r p l a n e  

x2-x~ffi-1 ( name ly  a f t e r  i t s  f i r s t  s t e p ) ,  t h e  r e f l e c t i o n  w i th  r e s p e c t  to  

x2-xsffi--1 of t h e  p o r t i o n  of  t h e  p a t h  u n t i l  t h e  m e e t i n g  p o i n t  (0,0,1) g i v e s  

t h e  p a t h  (0, 321). S imi l a r ly ,  t h i s  p r o c e d u r e  t u r n s  (e( l ,a)ff i ((-1,1,0) ,  311) 

in to  (0, 321), t h e  same p a t h .  Hence,  t h i s  c a n n o t  b e  a b i j e c t i o n .  T h e  

r e a s o n  i s  t h a t  t h e  p r o p e r t y  " m e e t i n g  Hj a s  f i r s t  o f  a l l  h y p e r p l a n e s  o f  

(2.2)" is  no t  p r e s e r v e d  u n d e r  r e f l e c t i o n  u n t i l  t h e  f i r s t  m e e t i n g  p o i n t .  

( In  o u r  example  ( ( -1 ,1 ,0) ,  311) f i r s t  mee t s  //1, b u t  i t s  image  u n d e r  

r e f l e c t i o n ,  (0, 321), f i r s t  mee t s  Hz). Th i s  m i s t a k e  is  c o r r e c t e d  (as  d o n e  

above )  b y  t a k i n g  t h e  l a s t  mee t ing ,  f o r  " m e e t i n g  Hj a s  l a s t  o f  a l l  

h y p e r p l a n e s  o f  (2.2)" i s  p r e s e r v e d  u n d e r  r e f l e c t i o n  u n t i l  t h e  l a s t  

mee t ing  po in t .  T h e r e f o r e  t h i s  m a p p i n g  i s  a n  i n v o l u t i o n  a n d ,  h e n c e ,  a 

b i j e c t i on .  

The  same m i s t a k e  was  made  b y  Watanabe  a n d  M o h a n t y  [12] ,  who  

r e f i ne  Z e i l b e r g e r ' s  r e f l e c t i o n  p roof .  But e v e r y t h i n g  r e m a i n s  t r u e  a f t e r  
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replacing lines 21-23 on page 282 of [12] by "for the ]asr time, only 

a n y  one of  t h e  h y p e r p l a n e s  [ [ K ( k ) ] : k E S ]  o u t  of  [ [K(k)] :kE{ '1 ,2 , . . . ,n-1}~.  

(Such a path may meet [g(k)], kfS, b u t  only before meeting at least 

o n e  [g(k)], kts)." 

In  o u r  c o n t e x t  t h e  a b o v e  r e f l e c t i o n  p r o c e d u r e  m u s t  be  modi f ied  

b e c a u s e ,  when  r e f l e c t i n g  a p a r t  of  a l a t t i c e  p a t h ,  n o t h i n g  can  be s a id  

a b o u t  t h e  ma jo r  of  i t s  image.  T h e r e f o r e ,  in  o r d e r  to  g e n e r a l i z e  t h e  

r e f l e c t i o n  p r o o f  to q=l, in t h e  nex t  s e c t i o n  we g i v e  maps  which  s e n d  

t h e  in i t i a l  p o i n t  of  a l a t t i c e  p a t h  to  t h e  same p o i n t  a s  t h e  r e f l e c t i o n  

p r o c e d u r e  would do,  bu t ,  w h a t  is  more,  a r e  (a lmost)  m a j - ( m a j ' - ,  ~---~-, 

~ - ~ ' - ) p r e s e r v i n g .  The r e m a i n i n g  s t e p s  in  t h e  a b o v e  p r o o f  c a n  be  

t r a n s f e r r e d  a lmos t  v e r b a t i m .  Th i s  will  be  done  in  s e c t i o n  6. 

5. THE BIJECTIONS. As m e n t i o n e d  a b o v e ,  in  Z e i l b e r g e r ' s  p r o o f  g i v e n  

in t he  p r e c e d i n g  s e c t i o n ,  we do no t  r e a l l y  need  the  r e f l e c t i o n .  What we 

need  is a b i j e c t i o n  which  s e n d s  a l a t t i c e  p a t h  p f rom p to  A to  a l a t t i c e  

p a t h  ~ f rom IRj(9) to  A, w h e r e  Hj i s  t h e  l a s t  h y p e r p l a n e  of  (2.2) t h e  

l a t t i c e  p a t h  meets .  R e g a r d i n g  (4.3), i f  PimP j + l ,  we see  t h a t ,  c h a n g i n g  

( p j - ~ j + l §  of  t h e  s t e p s  in t he  x j + ~ - d i r e c t i o n  in t he  p a t h  p in to  s t e p s  

in  t he  x j - d i r e c t i o n ,  we o b t a i n  a l a t t i c e  p a t h  f rom i~j(IL) to  ~. 

Ana logous ly ,  i f  I~jZpj§ c h a n g i n g  (llj§ of t h e  s t e p s  in  t h e  

x j - d i r e c t i o n  i n to  s t e p s  in  t h e  x j + ~ - d i r e c t i o n ,  t u r n s  p in to  a p a t h  f rom 

Next, fo r  a f ixed  j ,  we i n t r o d u c e  two a u x i l i a r y  maps ,  L ,  ( " lower" )  a n d  

Rj ( " r a i s e " ) .  Lj has  t h e  e f f e c t  o f  c h a n g i n g  a s i n g l e  s t e p  in t he  

x j §  i n to  a s t e p  in  x j - d i r e c t i o n ,  Rj  h a s  t h e  r e v e r s e  e f f ec t .  

(F j - i~ j§  a p p l i c a t i o n  of  L j  o r  ( p j + ~ - ~ j - 1 ) - t i m e  a p p l i c a t i o n  of  Rj9 

r e s p e c t i v e l y ,  d e p e n d i n g  on  w h e t h e r  pj~lij+l or  not ,  l e a d s  to  t h e  

d e s i r e d  b i j e c t i o n .  

DEFINITION 1. Le t  j be  a f i xed  i n t e g e r ,  I ~ n - 1 ,  and let  lffi~l...~p be a 

mul t i se t  permuta t ion  where  t h e  f u n c t i o n  i--~dj(l,19 does not  reach itB 

minimal value at  i=O or  i fp .  Let  k be  the  smallest  i n t e g e r  1~k~p-l~ 

w h e r e  the f u n c t i o n  ~-->dj(l , i)  r e a c h e s  i t s  minimal va lue ,  in o t h e r  words  

g k  i m p l i e s  d j ( . , i )  x d j ( . , k )  , 

l~k implies dj(.,i) ~ dj(,,k) . 

Then ~k=j+l .  This  g i ven ,  we de f ine  the  "lower" f unc t i on  Lj by:  
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(A) If ~ satisfies 

( 5 . 1 )  l e ~ e + Z ~ . . . ~ t f ~ f + z ~ . . . X ~ k _ l ~ r l ~ k + | ~ . . . ~ g & ~ g + l  , 

where O ~ e + l z / ~ l z ~ p ,  and 

either (a) _~lzkzg 

or (b )  ~=~P~1=2 and I f=~ f+= 

or ( c )  h=~  and ~9-s'~g+= , 

then 

K j ( I )  = ! 1 . . . l e l e . i .  ] . . . ~ r _ =  J l t r - - - ~ f l f + l  ' ' ' I k - l l k + l . - - l g l t g §  , 

where r i s  = i n / ~ ]  ~ / t h  

j~1 r and e t l i ~ / "  , 

if t h e r e  is ~oz~e, ~=/~I  o 

(B) I f  �9 s a t i s f i e s  

( 5 . 2 )  l e ~ e + | ~ . . . & I k - - l J j ~ l Z l k + t 6 . . . ~ l f ~ l f + l ~ . . . ~ g ~ l g + l  �9 

where l ~ e + l z f z ~ p ,  and 

e i t h e r  (a )  e + l z k z f  

or (b) ~=e+l and %~%+= 

o r  ( c )  k=f a n d  ! + - , ~ 1 + + ,  , 

t h e n  

5(11) = I z . . . ~ e 1 ~ e + Z . . . W k - Z l k . f Z . . . l f l f + z . . . l r - -  z j ~ r . . . ~ . g l t g + Z . o o ~ p  �9 

where r is minimal with 

, f ~ r  and ]~ l"=_r'; g , 

if t h e r e  is none, I==g'rl. 

(By convention, if J~j, the symbol I t ...lj means the empty word.) 

REMARKS, (1) G i v e n  j a n d  a m u l t i s e t  p e r m u t a t i o n  ~ s a t i s f y i n g  t h e  

c o n d i t i o n  r e q u i r e d  in  D e f i n i t i o n  1, t h e r e  a r e  e x a c t l y  f i v e  c a s e s :  

(5.3)  It k--| ~" ,)+I~'1t k-l- i , 

(5 .4)  lk--  i '+,,,j~ IZ11 k+ I , 

(5.5)  II k-- i "~ ,~  1/'It k-l- i , 

(5.6) IK k - - I  = : ~ F t X I ~  k+] t  , 

( 5 . 7 )  J~1~12 and  

(j+ 1==! k+ = i s  i m p o s s i b l e ,  

2~kLp 

l~kzp 

2~kLp 

2 ~ k z p  

]~=I . 

b e c a u s e  t h e n  

c o n t r a d i c t i o n  to  t h e  m i n i m a ] i t y  o f  d j ( I , k ) . )  

dj (~ ,k+1)=dj (1 ,k ) -1 ,  i n  

Case  (5.3) b e l o n g s  to  c a s e  (A)(a)  in  D e f i n i t i o n  1, (5.4) t o  (B)(a) .  I f  
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�9 k-1~Ik+,, (5.5) belongs to case (A)(c), otherwise it belongs to (B)(b). 

Simi lar ly ,  i f  ~ k _ l ~ k + l ,  (5.6) b e l o n g s  to  (A)(b) ,  o t h e r w i s e  i t  b e l o n g s  to  

(B)(c).  F i n a l l y ,  (5.7) b e l o n g s  to  (B)(c).  T h e r e f o r e  Def in i t ion  1 c o v e r s  a l l  

possible cases; moreover, given a multiset permutation, this multiset 

permutation uniquely belongs to only one of the cases (A) or (B). Thus 

Lj is well-defined. 

(2) To be precise, the inequality chains (5.1) and (5.2) should be 

understood as short-hand writings in the following cases: 

k=-f+l in  (5.1) means  t h e  i n e q u a l i t y  c h a i n  

~e' : le+S~. . .s l f l j+ lXlk+S~'* . .x~g' ; Ig+S.  k=-g i n  (5.1),  a n d  b-~-e+l o r  k=-s in 

(5.2) shou ld  be  u n d e r s t o o d  a n a l o g o u s l y .  

e==O in  (5.1) means  ~ l~...x~ f*;! f+zx...x~ k_ i~ f l~ .~  k+x~...~1 gd;~g+z ~ 

a n a l o g o u s  m e a n i n g s  h a v e  e=O in (5.2) a n d  g=p  in (5.1) o r  (5.2). 

in  (5.1) m e a n s  11~. . .Slk_l~.Pr l~k+l~. . .~19~l(9+ 1. In  t h i s  c a s e  L j ( I )  

s h o u l d  be  u n d e r s t o o d  a s  

L j ( , )  = j , ,  . . . , k_ ,~k+ , . . . ~g~g+ ,  . . . , p  . 
t=-p in (5.2), meaning l~e~.le+l~;...~Ik_l~j~l,~Ik+l~.,.~;l~p, iS impossible, 

b e c a u s e  t h e n  dj ( , , k ) = d j  ( I , p ) ,  wh ich  c o n t r a d i c t s  n o n - m i n i m a l i t y  of  

dj ( . ,p).  
(3) The fo l lowing  p r o p e r t i e s  of  d j  ho ld :  

(5.8) dj(Zj(,),i) ---- dj(,,i) , for 0, izmin ( r, ]f) 

(5 .9 )  dj(Lj(~) , i )  ffi d j ( , , i )  + I , f o r  m i n ( r ,  J 0 ~ i z m a x ( r , k )  

(5 .10)  d j ( Z j ( , ) , / )  = d j ( , , i )  + 2 , f o r  m a x ( r , k ) , i , p  . 

S ince  l t  s f [ j , j~ l  ] f o r  m i n ( r , k + l ) ~ i z m a x ( r , k ) ,  we h a v e  

(s.11) d~(~(,),r-1) = d~(,,,k) + I . 

Together with (5.8)-(5.10) and the definition of k this leads to 

i-~I implies dl(ij(,),i) ~ dj(Ll(s),~-d) , 

~ - 1  i m p l i e s  d j ( I j ( , ) , i )  "~ d j ( t j ( , ) , r - 1 )  . 

In  o t h e r  w o r d s ,  ( r - l )  i s  t h e  l a r g e s t  i n t e g e r  w h e r e  t h e  f u n c t i o n  

i-~dj(Lj(w),i) r e a c h e s  i t s  minimal va lue .  Moreove r ,  dj(Lj(~),p) i s  a t  l e a s t  

2 l a r g e r  t h a n  t h e  minimal v a l u e  of  ~-~dj(Lj(~),~. This  b a s e s  on  (5.q0) 

a n d  (5.11), a n d  t h e  p r o p e r t y  dj  (~ ,p)~dj  (~,lv)+l, r e q u i r e d  in 

Def in i t ion  1. 

As c o r o l l a r y  of  (5.11) we g e t  
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(5 .12)  = in  d ~ ( l , , ( , ) , i )  = rain d ) ( . , i )  + o 
t,) ~ - -  - t l  - ( | 

(4) Lj has  t h e  i m p o r t a n t  p r o p e r t y  

( 5 . 13 )  m a j ( $ 3 ( ~ ) )  = maj t - 1 . 

(This  is  t h e  r e a s o n  w h y  we ca l l ed  Lj  " lower"  f u n c t i o n . )  F o r  c a s e  (B) 

in Def in i t ion  1 t h i s  is  c l e a r  f rom t h e  d e f i n i t i o n  of  L j (~) ,  s i n c e  

D(,)=[...,e,f,~,...] and D(Lj(~))=[...o,f-I,~,...]. This means, to obtain 

D(Lj(~)), in D(,) the element f has to be replaced by f-l, which, by 

(2.3), proves (5.13). In case (A) we claim that ~r_1=i Indeed, supposing 

t r _ l = j ,  b e c a u s e  o f  ~t ~ [ j , ~ + l J  fo r  r a i ,  k -1 ,  we would  h a v e  

d j ( ~ , r - - 2 ) = d j ( , , k ) ,  in  c o n t r a d i c t i o n  to  t h e  c o n d i t i o n  t h a t  k i s  t h e  

sma l l e s t  i n t e g e r  w h e r e  b-+dj(~,]~ r e a c h e s  i t s  minimal v a l u e .  As r i s  

minimal wi th  J~"r  a n d  " r - t X " r ,  we c o n c l u d e  ~ r - ~ X J '  C o n s e q u e n t l y ,  

D(~ )=[...,e+ 1,...,f-l,f+ l~f+2,...,g,...] and D(Lj (~ ) )=  

=[ . . . , e+ l , . . . , f - l , f , f+2 , . . . ,E , . . . ] .  Th i s  m e a n . ,  to  o b t a i n  D ( L j ( , ) ) ,  in  D( , )  t h e  

e l emen t  f+l  h a s  to be  r e p l a c e d  b y  f, wh ich  a g a i n  impl i e s  (5.13). 

The nex t  d e f i n i t i o n  i n t r o d u c e s  t h e  " r a i s e "  f u n c t i o n  R j ,  which  will  

t u r n  ou t  to  be  t h e  i n v e r s e  o f  L j .  

DEFINITION 2. Let j be a fixed integer, I~n-1, and let ~=Iz...~ P be a 

multiset permutation where dj(~,p) exceeds the minimai value of the 

function J--)dj(~,/) by at least 2. Let (r-l) be the largest integer, 

0&r-l~p-1, where J--)dj(~,z~ reaches its minima] vaJue~ meaning 

i~r-1 implies dj(.,i) �9 d j ( , , r - - ' l )  , 

l ~ r - 1  i ~ o l i e s  d j ( . , i )  x d j ( , , r - ' l )  . 

Then I r =  j .  This given, we define the "raiBe" f u n c t i o n  Rj by:. 

(A) I s  �9 s a t i s f i e s  

where O.= e~ l z  2"L &~p, and 

either (a) e+lzr~f 

o r  (b) z=e+l and ~.+= 

or (c) ~=f and ~ - ~ f + !  , 

then 

Rj(~) = ~l...~e~e+l...~r--~wr+l .... ~f~f+='''~k--~ J~l Ik...Igtg+1...t p , 

where k i s  mini~a] with 

j+lxl k and ~l~]~g , 
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i f  t h e r e  i s  none ,  k = ~ l .  

(B) I f  ~ s a t i s f i e s  

where l~:e+lz. l~lz~p, and 

either (a) .f~lzrLg 

o r  ( b )  .-,=/~1 a n d  ~'*~+= 

o r  (c) ~=g and  ~9-~x~g+~ 

then 

~ ( I I )  = "~l.--leIIe+|---1~k--] ~f~i ~k'-'~If11T+1"''~Ir--lltr+1 "~ " ' '~p  

where  k i s  m i n i m a l  w i t h  

. f l- lz'R k a n d  e + l ~ ] ~ . f "  , 

if there is none, l~=.t~-I. 

REMARKS. (1) As above ,  i t  c an  be s e e n  t h a t  Def ini t ion 2 c o v e r s  all  

poss ib le  cases .  I n  p a r t i c u l a r ,  t h e  case  r= l  be l ongs  to case  (A) in  

Defini t ion 2. I f  J ~ = ,  t h e n  i t  is t he  case  e=0 in  (A)(b), if . /~2 ,  t h e n  i t  is  

t he  case  z~-I i n  (A)(c). I n  the  l a t t e r  case  Rj(~) shou ld  be u n d e r s t o o d  as  

R j ( ~ )  = " = - - . ' k - ,  o#1  - k . . . ~ g ~ g + z . . . ~ p  - 

~-Wr-i is imposs ib le ,  b e c a u s e  t h e n  dj  ( I , r -2}f f id j (~ , r -1) - l ,  in  c o n t r a d i c t i o n  

to d j (1 , r -1 )  b e i n g  minimal. 

(2) The i n e q u a l i t y  c h a i n s  (5.14) a n d  (5.15) shou ld  be u n d e r s t o o d  as  

s h o r t - h a n d  w r i t i n g s  in  a s imi lar  m a n n e r  l ike (5.1) a n d  (5.2). The case  

~-p  in  (5.q4), mean ing  leglte+l~oo.~l~r--lxJ%Ir+lx0,oX~p, iS imposs ib le ,  

because  t h e n  d j ( ~ , p ) = d j ( ~ , r - 1 ) + l ,  in  c o n t r a d i c t i o n  to the  c o n d i t i o n  t h a t  

dj(~,p)  exceeds  the  minimal va lue  of / -~dj(~ ,D b y  a t  l eas t  2. 

(3) In  a s imilar  m a n n e r  as above ,  i t  can be s een  t h a t  k is  the  

smallest  i n t e g e r  where  the  f u n c t i o n  / -~dj (Rj(~) ,D r e a c he s  i t s  minimal 

value .  Besides ,  /-~dj(Rj(~),13 does no t  r each  i t s  minimal va l ue  a t  /=0 or  
Jffip. 

(4) Rj has  the  p r o p e r t y  

(5.16) = a j ( R j ( . ) )  = m a j  . + I , 

which is  p r o v e d  qu i t e  s imi la r ly  as  (5.13) above.  ((5.16) is  the  r e a s o n  

for ca l l ing  Rj " ra i se"  f unc t i on" . )  

R e g a r d i n g  the  r e m a r k s  (3) a f t e r  Def in i t ions  I and  2, r e s p e c t i v e l y ,  we 

s e e  
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(s.~7) ej o Lj  = r . j  o ~ j  = i d ,  

which means t ha t  Rj a n d  Lj a re  i n v e r s e s  of each o ther .  In  th i s  s e n s e  

we may wr i te  Rj--Lj - l .  

Now we a re  in  the  pos i t ion  to c o n s t r u c t  the  des i r ed  b i j ec t i on  

be tween  

M(p--)x)-. Let  Hj 

defined b y  

Uve ~lJ~p~+ed"~,X)- and r o U d d ~ G @ ~ - - ~ A ) - -  . 

DEFINITION 3. Let  A,F~D., A~p, a n d  le t  pffi(p,~) be a l a t t i ce  pa th  o f  

be t h e  la s t  h y p e r p l a n e  o f  (2.2) p meets.  Then  ~ i s  

(5 .18)  * (p )  = (~j  ( I , ) ,  z j l ' . l - ~ ' J + * + l ( - ) )  �9 

REMARKS. (I)  If  t he  e x p o n e n t  ( p j - p j + z + l )  in  (5.18) is  ne ga t i ve ,  b y  

Lj p j - p j §  we ,ea l l  R j - ( P J - P J + I + I ) .  

(2) To p r o v e  t h a t  # is w e l l - d e f i n e d ,  we mus t  show t h a t  Lj is  

app l icab le  on  = for  ( [J j -pj+l+1)  t imes.  

F i r s t  we c o n s i d e r  t he  case  p j ~ p j + | .  Let  k be  t he  smal les t  i n t e g e r  

where  /-+dj(=)1~ r e a c h e s  i t s  minimal va lue .  Cons ide r  a pa th  p o i n t  p(m), 

l~mzp, whe re  p meets  Hj, t he  h y p e r p l a n e  x j - x j + l = - 1 .  S ince  p s t a r t s  i n  

F, r e m e m b e r i n g  (2.1)) we c l ea r ly  h a v e  d j ( = ) m ) = p j + l - p j - l )  a nd  t h e r e f o r e  

(5.19) rain d j ( , , i )  t; p j+z -p j -1  . 
t 

I f  Lj is app l i cab le  o n  I fo r  t t imes  we ge t  by  (5.12) 

(5 .20)  . i n  d j ( L j % ( . ) ) i )  K pj+,-pj+~--1 . 
I 

Since  ASD n, which  in  p a r t i c u l a r  s a y s  Aj~Aj§ we ge t  

dj(11,p) = ( A j - p j )  -- ( X j + l - p j + z )  

•ffi MJ+I-PJ + (~J-AJ§ 

MJ§ ) 

and  a f t e r  t - t imes  a p p l i c a t i o n  of Lj ,  i f  t h i s  is poss ib le ,  u s i n g  (5.10) 

d j ( J ~ j t ( ~ ) , p )  ~ p j + ~ - p j + 2 t  �9 

Comparison wi th  (5.20) g i v e s  

(5 .21)  d j ( L j t C - ) , p )  ~ . i n  d j ( L j t ( . ) , ~ )  
t 
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for  all t~0 w h e r e  L j t ( ~ )  is  d e f i n e d .  Bes ides ,  d j ( L j e ( , ) , 0 ) = O  for  all  t~0. 

T o g e t h e r  wi th  (5.20) t h i s  l e a d s  to  

(5 .22)  d, , (Lj~: ( , , ) ,O)  "- =in d j ( L j ~ : ( , , ) , i )  , 

valid for all t with O~b~pj-pj+=, I f  L j t (~) is well-defined, (5.21) and 

(5.22), t o g e t h e r ,  s i m p l y  s a y  t h a t  t h e  minimum v a l u e  of  / - - ~ d j ( L j t ( 1 ) , ]  ") i s  

not  r e a c h e d  a t  ~=0 o r  ~=p. Hence,  Lj is  a p p l i c a b l e  on  L j t ( ~ )  (ff L j t ( ~ )  

is  w e l l - d e f i n e d  a n d  0 $ t ~ p j - p j + l ) .  Because  of  L j t ( ~ )  b e i n g  w e l l - d e f i n e d  

for  t=0, i n d u c t i v e l y  we d e d u c e  t h a t  Lj is  a p p l i c a b l e  on ~ f o r  

{F j -p j+~+l )  t imes .  Th i s  s h o w s  t h a t  ~ i s  w e l l - d e f i n e d  f o r  P j l P j + l .  S imi la r  

a r g u m e n t s  s e t t l e  t h a t  ~ is  w e l l - d e f i n e d  a l so  in  t h e  c a s e  p j L p j + s .  

(3) We cla im t h a t  t h e  f i n a l  p o i n t  o f  ~(p) is  ~ S i n c e  p is  a p a t h  f rom 

p to ~, �9 i s  a m u l t i s e t  p e r m u t a t i o n  b e i n g  an  e l e m e n t  o f  S(A-p).  Each 

a p p l i c a t i o n  o f  Lj t u r n s  a s i n g l e  j + l  i n to  a j ,  a n d  e a c h  a p p l i c a t i o n  o f  

R j f L j  -s  t u r n s  a s i n g l e  j i n t o  a ./+1. T h e r e f o r e  t h e  n u m b e r  of  f s  in  

Lj~J-PJ+s+q(~) i s  e q u a l  t o  ( X j - p j ) + ( p j - p j + l + q ) = ~ k j - p j + a + t ,  t h e  number 

Of ( J ~ l ) ' s  i n  / . jP J -PJ+s+ l (~ )  i s  equa l  t o  (~j+a-pj+l)-(pj-pj+l+q) = 

= ~ j + l - p j - 1 .  By (4.3) t h e  j - t h  c o o r d i n a t e  of  ~j (p) i s  p j + l - q ,  t h e  ( j + q ) - t h  

c o o r d i n a t e  o f  ~j{F)  i s  F j+ I .  Le t  v be  t h e  f ina l  p o i n t  o f  *(p).  T h e n  v t is  

e q u a l  to t h e  / - t h  c o o r d i n a t e  o f  ~ j (p )  a d d e d  to  t h e  n u m b e r  o f  z~s in  

L j P J - F J + * + I ( I ) .  T o g e t h e r  w i t h  t h e  c o n s i d e r a t i o n s  above ,  t h i s  e s t a b -  

l i s h e s  ~=~ 

(4) Let  Hj be  t h e  l a s t  h y p e r p l a n e  of  (2.2) t h e  p a t h  pffi(p,~) meets .  Le t  

p{m), l~m~p, be  t h e  l a s t  p o i n t  w h e r e  p mee t s  Hj .  Then  ~m§ B e s i d e s ,  

d j ( ~ , m ) f ~ j + ~ - p j - I  a n d  d j ( ~ , i ) ~ p j + = - p j - I  fo r  a l l  i'~m, T h e r e f o r e  fo r  an  

i n t e g e r  k, w h e r e  d j ( ~ , k )  i s  a minimum fo r  t h e  f u n c t i o n  i--'~dj(~,i), mus t  

hold k~m, I f  p j ~ ' p j + l - 1  we h a v e  

d j ( l l , O )  = 0 L i l j + l - p j - - 1  = d j ( ~ , B )  , 

t h e r e f o r e  in  t h i s  c a s e  e v e n  kzm. In  view of  t h i s  a n d  look ing  a t  

Def in i t ions  1 a n d  2, i t  i s  no t  d i f f i c u l t  to  see  t h a t  fo r  l~m 

[ s  t --- I t and [ R j ( ~ ) ]  t = I l . 

From th i s  f a c t  we d e d u c e ,  r e m e m b e r i n g  Def in i t ion  3 a n d  Remark  (3) 

a f t e r  i t ,  t h a t  a p p l i c a t i o n  o f  # l e a v e s  t h e  p a t h - p a r t  b e t w e e n  p(m) and  
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p(p) u n c h a n g e d .  In  p a r t i c u l a r ,  p(m) a l so  is  a p o i n t  of  #(p). T h e r e f o r e  

t he  p r o p e r t y  " m e e t i n g  Hj a s  l a s t  of  a l l  h y p e r p l a n e s  o f  (2.2)" is  

p r e s e r v e d  u n d e r  a p p l i c a t i o n  of  #. C o n s e q u e n t l y ,  

(5.23) (* o #)(p) = (# o #)((~,I)} 

= #{Rj(p),Lj~-PJ+'+I(1)) 

= ((Ej o Rj)(p),(Lj[RJ(F))J-[EJ(P)]J+z +1 o LjFJ-PJ+z+I)(1)). 

But Rj o Rj = id, a n d ,  b y  (4.3), 

[ ~ j ( p ) ] j + ,  = pj+1.  Th is  t u r n s  (5.23) i n to  

[ R j ( F ) ] j  ,ffi p j + , - 1  and 

(5.24) (# o #)(p) = p . 

In  o t h e r  w o r d s ,  # is  a n  i n v o l u t i o n .  

(5) To s e e  t h a t  ~ i s  a b i j e c t i o n  b e t w e e n  

~w, ,'~ pc+ e~- - )X) -  and ~s sN[ IAo+e~--*A)- 

take a path p=(po+e#,1), being an element of M(Fo+e~--)A)-. Let Hj be 

the last hyperplane of those hyperplanes in (2.2) the path meets. Then, 

by (4.4), #(p) is a path from l~#(j,j+,)+e#(j,j+1) to A touching Hj, 

hence #(s) is an element of M(Fc(j,j+x)+eo(j,j+,)--#A)-. Since ,1, is an 

involution, ~ must be a bljection. 

(6) Using (5.13) and (5.16), respectively, we obtain the following 

w e i g h t  p r o p e r t y  of  #: 

(5.25) maj  e ( ~ )  = m ~  p - p j + p j + , - I  , 

w h e r e  ~ is  t h e  i n i t i a l  p o i n t  o f  p. 

Fina l ly ,  to  i l l u s t r a t e  a c t i o n  of  L j ,  Rj a n d  }, we g i v e  a n  example .  Le t  

pz=((1,-1,-1), !z=31232223212131),  wh ich  is  a p a t h  f rom I~ z=(1,-1,-1) to 

A1=(5,5,3). The  f u n c t i o n  i - - )dL( Iz ,z ' )  r e a c h e s  i t s  minimal  v a l u e  a t  /=9 a n d  

i=11, t h e r e f o r e  b y  Def in i t i on  1(A)(a) (e=6, f=7, k=9, gffil0, rffiS), 

/ . ( !1)=31232221312131,  a n d  b y  Def in i t i on  2(A)(c)  (e=10, ~ffi12, f=-12, E=14, 

kffi-14), Rz (!1)=31232223212321. T h e  f u n c t i o n  }-~dz(11,i)  r e a c h e s  i t s  

minimal v a l u e  a t  iffil a n d  ~-4, t h e r e f o r e  b y  Def in i t ion  l (B) (c )  (e=0, k= l ,  

f=l ,  K--4, r=3) ,  L2(~z)ffi12232223212131, a n d  b y  Def in i t ion  2(B)(b)  (effil, 

f=4, rffiS, g--8, b---5), R2(Iz)--31233223212131. We have maj I ,  = 46, 

maj Lz(=z) = maj  L , ( = , )  = 45 in  a c c o r d a n c e  wi th  (5.13), a n d  

maj R ~ ( l i ) =  maj  R 2 ( = z ) =  47 in  a c c o r d a n c e  wi th  (5.16). Nz i s  t h e  l a s t  
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h y p e r p l a n e  of  [H~,Ha] pi t o u c h e s ,  ~ - ~ + t = 3 ,  t h e r e f o r e  we o b ~ i n  

, i ,(pt) = ( I R ~ ( 1 , - 1 , - 1 ) , / a s ( . ~ , ) )  = ( ( - 2 , 2 , - 1 ) ,  3123211131213"1) . 

I n d e e d  t h i s  i s  a p a t h  f rom ( -2 ,2 , -1 )  03 x~=(5,5,3) wi th  maj # ( p ~ )  = 43 = 

= maj ~ - 3 in  a c c o r d a n c e  w i t h  (5 .25) .  

s e r v e s  t o  e v a l u a t e  ~lr--)A; q)+ and F'(p--~X; q)+, b u t  we need a no the r  

b i j e c t i o n  ~ w i t h  t h e  h e l p  o f  which ~(p--*X; q)+ and F ' (F -~X;  q)+ can be 

e v a l u a t e d .  We s h a l l  o n l y  g i v e  t h e  a n a l o g o u s  d e f i n i t i o n s  in o r d e r  to 

construct ~, but without coment, and leave the details to the reader. 

D E F I N I T I O N  4 .  With  t h e  a s s u m p t i o n s  o f  D e f i n i t i o n  I w e  d e f i n e  an 

alternative "lower" function Lj by 

(A) If ~ satisfie~ 

where l~e~- lz t~p,  and 

e i t h e r  (a)  e+4/k~'~ 

o r  ( b )  ] F e l ' l  a n d  '~ez'~+:i 

o r  (c)  /~s and  ~f_ tz l~+~  , 

t h e n  

L j ( ~ )  = ~ . . . ~ e ~ e + t . . . ~ k - z ~ k + ~ . . . I r -  ~ j ~ r . . . ~ t l f + l . . o ~ ,  , 

where r is minimal with 

Jh~ r and e l - l " : x~ f  , 

if there is none, ~=i~l. 

(B) If ~ satisfie~ 

~eile+lZoo.Z~k--lz,~lzlk+lz.-.zlfi~f+t 

where l ~ e f l z / t ; p ,  and  

eider (a)  el- 1 zkz f 

o r  (b)  ie=e+l and l e ~ e + 2  

or (c)  k = f  a n d  ~ _ z ~ + ~  , 

then  

-gj(~) = 1 ~ - - - ~ , 1 ~ + l - - . ~ r - ~  j ~ r . . . ~ k - ~ k + ~ . ~ . ~ l ~ + l . . . ~  P , 
where r is minimal with 

~r and e+1~ ~ f 

iF there is n o n e ,  . r=ler l .  
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DEFINITION 5. With the a s s u m p t i o n s  o f  D e f i n i t i o n  2 we d e f i n e  an  
alternative "rnise" function Rj by 

(A) I f ,  satisfies 

" e z ~ e + l k - - - b - r - I ~ J ~ r + 1 3 . . . ; ~ f z - f + l  �9 

where l l e + l Z / ~ p ,  and 

either (a) e + l z F  f 

o r  (h) r=e+l and zez.e+= 

o r  (c) ~=f and ~ _ z z ,  f+ l  , 

then 
i 
~' j ( - )  = Zl . . - ' e ' e + l "  . . ' k - - I  ~ 1  , k .  , . l ~ r - l , r + l  . . - ' f ' f + l  * . - ' p  �9 
~ere k i s  miniJal w i t h  

j~lx, k and etl~I~f, 

if there is ~one, ~=~ I. 

(B) If, s a t i s f i e s  

l e b - - e + l Z . - - Z - - r - - l z J 2 - - r + l Z - - - z - - f b - - f + l  �9 

where l ~ e + l z i ~ p ,  and  

either (a) e+Izrz f 

or (b) ~=e+l and ~ei~l.+= 

o r  (c)  zffif and . ~ - , ~ . f + ,  . 

tl~es 

.Jl~j(.) --.~ ~1 " "  " l e l ~ e + l - - - l r - - l l [ r + l - - . ' k - - I  ,f l-1 l g k o . . ~ f , f +  1 . . . 1 1 p  , 

where k i s  i i n i m a ]  w i th  

. ~ l z l  k and e+ l~k~ f  , 

i f  t h e r e  i s  none, k = ~ 1 .  

DEFINITION 6. With t h e  assumptions o f  Definition 3, # is defined by 

(5.26) ~(p) = (Rj(I=),-~j p j - p j + , + l ( , ) )  , 

where, i f  ~j-pj+,+lzO, Tj pj-~j+,+l Jeans ~ -(~J-~J+'+r 

What we need i n  the  s eque l  i s ,  t h a t  ~ i s  a b i j e c t i o n  between 

U ~ p o + ~ - - - * x ) -  and Uaa ,~p~+~ , - -~x) -  , 
o v e n  0 

and  the  v a l i d i t y  of the  weigh t  p r o p e r t y  

(5.27) meg ~(p)  = maJ p . 
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6. LATTICE PATH ENUMERATION. 

THEOREM 1. Let p.AED, a n d  A~p. Then 

/ 
(6 .1)  FCp--~A;q)+ = [ I A - p l ] ,  de t (  q / [ A s - s - i ~ t + t ] ! )  . 

PROOF. We i n t r o d u c e  a we igh t  f u n c t i o n  wz, a c t i n g  on  e lements  of 

o~s,Jl~po+e~--~A)-. Let p f ( l i c+e~ , , )  be an e lement  of  ~l~e+e~-~A)-  f o r  

some o r S , .  T h e n  w, is  de f ined  b y  

( 6 . ~ )  ,,,, ( p )  ffi ~ = ,  . q m ~  p 

Let Hj be t he  l a s t  h y p e r p ] a n e  of (2.2) p meets .  By (5.18) a n d  (5.25) 

, , , , ( , (p ) )  = qX.q~,~ p -  I:l,o+~].~+[i,o+e,=,].l+,-'1 , (6.3) 

where 

Since~ r e g a r d i n g  (4.4), [Rj(pc~tee)]j  = P a ( j + l ) + j - e ( j + l )  a n d  

[l~j(pc§ ffi ~e(j)+j+l-e(j% we o b t a i n  

{ [ I R j ( l ~ e ~ ) ] j }  + {[IR:l(pr = 

{ ' ~ ( ' + ' ) + ~ 2 1 - " ( ~ 1 ) }  - ( ~ ( j + , ) + j - ( , ( s  + 

+ + 

T h e r e f o r e  (6.31 becomes 

w , ( ~ ( p ) )  : qt-'lt 2 J - a j  p . q  

= wl ( p )  , 

which s a y s  t h a t  # is  w e i g h t - p r e s e r v l n g  wi th  r e s p e c t  to w~~ The re fo re ,  

h a v i n g  in  mind Remark (5) a f t e r  Def in i t ion  3, the  e q u a t i o n  which 

r ep l ace s  (4.2) r e a d s  
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( 6 .4 )  ~ q 
O e v e ~  

t = l  ~ p o + e ~ - a x ;  q ) -  = 

= o ~dd qt='  ~ . o + ~ - - ~ X ;  q ) -  

T h e  i d e n t i t y  w h i c h  r e p l a c e s  (4.1)  i s  M a c M a h o n ' s  w e l l - k n o w n  r e s u l t  [1 ,  

T h e o r e m  3.7, p .42 ] ,  w h i c h  in  o u r  n o t a t i o n  is  

( 6 .5 )  [ IX-i , l  1 
~p--~Jk; q) = t X--p J 

S u c c e s s i v e  u s e  o f  (6.4).  (4.5) ,  a n d  (6.5) g i v e s  

qtffi, �9 ~(~-+x;  q)+ ffi 

= q tffz ~ l r - ) X ;  q) -- qtffi, F(ff--)X; q ) -  

= ( f= '  . .~r>x;  q) + ~ d ( - 1 ) s g n  ~ , f= '  

( - 1 ) s g n  r e f t '  ~p.+ea-+x; q) ffi ~ 
OESn 

' , , - , , '  ] = Z ( - 1 ) s g n  o ~ff i l  L X - ~ - ~ J  
0s  

ffi [ I , k - p l ] !  d e t (  q [ X s - s - p t + L ] ! )  , 

f ( ~ a + e ~ - + x ;  q)- 

w h i c h  a f t e r  d i v i s i o n  o f  $ ( ~ t )  t u r n s  i n t o  ( 6 . 1 ) .  o 

THEOR]~I 2. Let  F,AED. and  Aul~. Then  

/ 
( 6 . 6 )  F ' ( F - + X ; q ) +  .ffi [ I X - F I ] !  d e t (  q / [ X s - m - p t + t ] ! )  . 

SKETCH OF PROOF. D e f i n e  a b i j e c t i o n  t o n  Z n b y  

(x~ ..... x~,...,Xn) # ) (-xn .... ,-x,-i+,, .... -x~) . 

E x t e n d i n g  t to  l a t t i c e  p a t h s  p b y  

t ( p )  ffi ( t C p ( 1 ) )  . . . . .  t ( p ( p ) ) )  

i t  i s  n o t  d i f f i c u l t  to  v e r i f y  

maj' p = maj t ( p )  

and 
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(6.7)  , ( ~ p - ~ x ) + )  = ~ t ( ~ ) - ~ ( ~ ) )  + 

This  f u r n i s h e s  

~ ' ( ~ - ~ ;  q)+ = F ( t C A ) - ~ t ( ~ ) ;  q)+ . 

Then  s h o r t  e v a l u a t i o n  t u r n s  formula  (6.1)~ for  p rep laced  by  ~(A) a n d  A 

rep laced  b y  ~(F), i n t o  (6.5). 0 

THEOREM 3. L e t  p~ED. and A~p. Then 

(6.8) ~r-~X;q) + = [IX-~l]! det(1~s-s-~t+t]!) . 

SKETCH OF PROOF. The proof runs through quite analogously like 

that of Theorem 1 by utilizing ~. Since by (5.27) ~ is weight-preser- 

ving with respect to ~fi~, we do not have to introduce an auxiliary 

weight (which in the proof of Theorem 1 was wl). All other steps may 

be transferred almost verbatim. 

THEOREM 4. Let  F,AED a a n d  A~p.  T h e n  

(6 .9)  F'(Ir--~A;9) + = [ I A - p l ] !  d e t ( I / [ [ A s - s - ~ t + t ] ! )  . 

SKETCH OF PE~OOF. The  map 9 i n t r o d u c e d  in  the  proof  of Theorem 2 

sa t i s f i es  (6.7) a n d  

. . j ' p  = m-~ t ( p )  

for  all  l a t t i ce  p a t h s  p. This  implies 

F'(Ir--~A; q)+ = ~(~)-'+t(F); q)+ , 

which a f t e r  s h o r t  e v a l u a t i o n  may be t u r n e d  in to  (6.9). o 

REMARK. Of c o u r s e  t h e r e  is  no d i f f i c u l t y  to g ive  r e f l e c t i o n - l i k e  

proofs  for  Theorems  2 a n d  4 in  the  s e n s e  of Theorems I a nd  3 by  

introducing two further involutions, ~' and #', with suitable weight- 

properties for ~-~ and maj', respectively. We have avoided this 

because there do not arise new aspects, but application of the map 

makes the  p r o o f s  of Theorems  2 a n d  4 s h o r t e r .  The r e a d e r  might  t r y  to 

f i n d  such i n v o l u t i o n s  ~ '  and 4 ' .  

I n  the  spec ia l  case  ~=0 the  d e t e r m i n a n t s  in  Theorems 2-4 may be 
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s imp l i f i ed .  To t h i s  e n d  we u s e  t h e  f o l l o w i n g  lemma, w h i c h  g e n e r a l i z e s  

V a n d e r m o n d e ' s  d e t e r m i n a n t .  

LEMMA 5. L e t  xz,xa,...,xn,a2,...,a" be  i n d e t e r m i n a t e s .  T h e n  

( 6 . 1 0 )  d e t ( ( x s + ~ ) ( x s + a . - z ) ' ' ' ( x ~ + ~ + , ) )  = !] (xs-x~) , 
SLt~ 

i f ,  b y  c o n v e n t i o n ,  f o r  tffin t h e  e n t r i e s  i n  t h e  n x n  d e t e r m i n a n t  a r e  s e t  

equal to 1. 

PROOF. T h e  d e t e r m i n a n t a l  e x p r e s s i o n  o n  t h e  l e f t - h a n d  s i d e  o f  (6.10) 

i s  a p o l y n o m i a l  i n  x z , x 2 , . . . , x  n w i t h  d e g r e e  ( ~ ) .  I f  f o r  s z , s a  w i t h  

l ~ s z L s 2 ~ n  we h a v e  x s l f f i X s 2 ,  t h e  s , - t h  and s 2 - t h  row i n  t h e  d e t e r m i n a n t  

a r e  i d e n t i c a l .  T h e r e f o r e  t h e  d e t e r m i n a n t  m a y  be  f a c t o r i z e d  

(6.11) d e t ( ( x a + ~ ) ( x s + a n - , ) " "  (xs+at+z) )  ffi ~ t ( x s - x t )  �9 /X~xz . . . . .  xn) , 

w h e r e  p ( x , , . . . , x  n) i s  s o m e  p o l y n o m i a l  in  Xz , . . . ,x , .  B u t  t h e  d e g r e e  o f  

l] ( x s - x t )  i s  ( n ) ,  t h e r e f o r e  p { x , ,  . . . .  xn)  i s  i d e n t i c a l  t o  a c o n s t a n t .  
e L {  

C o n s i d e r i n g  t h e  p r o d u c t  o f  t h e  m a i n - d i a g o n a l ,  i t  d e v e l o p s  t h a t  t h e  

c o e f f i c i e n t  o f  t h e  monomia l  x z , - z x 2  " - 2 . .  - x n _ z i x ,  ~ o n  t h e  l e f t - h a n d  s i d e  

o f  (6.11) m u s t  b e  e q u a l  t o  1, h e n c e  p ( x l , . . . , x n ) m l .  O 

COROLLARY 6. L e t  ~.[D,, X~,O a n d  I X l : p .  T h e n  

[~]: 
( 6 . 1 2 )  F ' (0--~X;  q)+ ffi [ d , ]  . . . .  [dp]  ' 

and 

[p]., 
(6 .13 )  ~ o - - ) x ;  q)+ = r ' (o- -~x;  q)+ : ~ '  [d.  ] . . . .  [ ~ ]  ' 

where Kz= ~: ( i - 1 ) X !  , a n d  dl . . . . .  dp denote the hook-]en~l:h o f  A (see 
! = 1  

[ 1 1 ,  Definition 1 5 . 1 ] ) .  

PROOF. Setting ~ in (6.6) g ives  

f-;~s +s-  t l -  f -~ ' s l  . 
F ' (O--~x ;q)  + [ I x I ] ,  de t (  q ffi . ~ ~ ~ �9 a ~ / [ X s _ s + t ] ,  ) 

f - , x ,+s-  ~ f - x , i  
ffi n I 2 ~ , - i  2 ~[~ _ s + n ] . . . [ X s _ s . ~ t + l ]  ) [ I x t ] , .  ( [[ [ x r i + n ] , ) - '  d e t (  q 

| = !  

= [sxl ) . ,  ( fi [ ~ , - i + n ]  '. ) - '  ~ '  
| : !  

�9 d e t ( ( q - X s + s [ x s - s ] + [ n ] ) . . .  (q-Xs+S[Xs-s]+[  ~ 1 ] ) )  , 
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where K~ = ~ {~k~(~-i)+i2-rH) . 

|= I  

=q-~'s+s[XB-s] and a t=[ / )  y i e lds  

Application of Lem~a 5 with 

~'(0--*~; q)+ = ( t~ , t ] ;  ( I~ [ ~ , - i + . ] : ) - '  ~"  

l] (e-x'+s[x.-s] - e-x~+t[x~-t]) 
a l l .  

where 
| ~ 1  g L ~  

$s = ~ (Xi(tri)+i2-ni) + ~ (-Ai+i)(~-i) = 0 . 

The proof of (6.12) is completed by the observation 

. . . . .  . , - , + . ] ) \  = [., . . . .  , . , ] ,  

when being rega rded  as a multiset identi ty.  (See for  example [7, po9, 

identi ty (4) in Example 1].) 

In o rder  to prove (6.q3) set  F--0 in (6.8) and (6.9), respect ive ly ,  

get t ing 

~0---*~; q)+ = F'(0-~;  q ) +  = 

n )--I 
= [ l ; k l ] !  ( II [ x1 - i+n ] !  de t ( [Xs - s+n ] . . - [ x , - s+L+ i ]  ) 

|= I  

R )--a 
= [ )~ ) ] '  ( II [ x~ - i+n ] ,  q~' �9 

�9 d e t { ( [ A s - s ] + q - n [ n ] ) . . . ( [ ; k s - s ] + q - * . - l [ ~ 4 ] ) )  , 

where 

= ~c 2 ) - c"~ 2) = 2("~ 1) . 
I=1 

Application of Lemma 5 with xs=[As-s] and ai=q - i  [i] leads to 

F ( 0 - ~ ;  q)+ = F'(0--~x; q)+ = 

= [JAI ] :  ( ~ [ x , - i + n ] : ) - '  ~"  I] [ x , - s - x t +  t ]  , 
I = 1  s z . ~  

where 

Ks = 2CZ~ 11 + ~ ( A i - i ) ( i - 1 )  = ~ ( i - 1 ) A  t . D 
| ~ 1  'J'~--I 

It  is an old open problem to simplify the determinant  in (6.1) for  ~=~. 

Unfortunately,  Lemma 5, used above to establish Corollary 6, seemingly 
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d o e s  no t  a p p l y  to t h i s  c a se .  

7. GENERATING FUNCTIONS FOR SKEW PLANE PARTITIONS OF A GIVEN 

SHAPE. As c o r o l l a r i e s  o f  T h e o r e m s  1 to  4 we o b t a i n  e x p r e s s i o n s  f o r  t h e  

g e n e r a t i n g  f u n c t i o n s  o f  t h e  v a r i o u s  k i n d s  o f  s k e w  p l a n e  p a r t i t i o n s .  

COROLLARY 7. The genera t ing  func t ion  f o r  s k e w  plane par t i t ions  o f  

the g iven  shape k ip  is  

(7.1)  qlA-FI det (  q~ = J t= ,// [ks_S_p~+ t] ! J 
PROOF. We on ly  have to combine (3.8), (3.9), and (6.1). o 

COROLLARY 8. The Kenerat ing func t ion  for  r e v e r s e  s k e w  plane 

part i t ions  o f  shape  k/l= is 

I k - p  I ~ = / [ k . - s - ~ +  t ]  ! ) . (7.2) q det ( q i 

The genera t ing  func t ion  for r e v e r s e  plane par t i t ions  o f  shape  k is  

(7.3) qP/[dl]-'-[dp] , 

where IAl=p.  

PROOF. For (7.2) combine (3.12), (3.13), and (6.6). (7.3) arises when 

combining (3.12), (3.13) for ~--0, and (6.12). [] 

Consider ing (3.10), (3.1t),  (6.9); and (3.14), (3.15), (6.8); and (6.13); 

respect ive ly ,  we obta in  

COROLLARY 9. The KeneratinK func t ion  for  co lumn-s t r i c t  s k e w  plane 

par t i t ions  or co lumn-s t r i c t  r e v e r s e  s k e w  plane par t i t ions ,  r e s p e c t i v e l y j  

o f  s h a p e  X/l= i s  

I k - p l  
1 / [ X s - s - p ~ +  t]  ! ) ( 7 . 4 )  q deE( . 

The genera t ing  func t ion  for  co lumn-s t r i c t  plane par t i t ions  o r  

column-s t r ic t  r e v e r s e  plane part i t ions ,  r e s p e c t i v e l y ,  o f  shape  k is  

, 

~ere I k l=p  and/~ ~. iX!. 13 
I=1 
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