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Plan

. ODbtain, with full proof, a curious factorization identity for the Schur function

—1 -1
3(k:+>\1,...,k:+>\n,k—>\n,...,k:—>\1)(xla sy Ty Ly ey Ty ).
. Present, without proof, some further similar identities.

. Apply the first identity to rectangular and double-staircase partitions, which will
lead to relations for numbers of certain plane partitions & alternating sign matrices.



1. Obtaining the Main Schur Function Factorization

Consider:

e a partition (A1,...,\) & integer k > A\q,
or a half-partition (A\1,...,\,) & half-integer k > \;

e indeterminates x1,...,x,
. -1 .
e the Schur function S(/{:—I—)\l,...,k—l—)\n,k—)\n,...,k—Al)(xla ceey Ty, Ty Ty ,a:nl)
det (a:?‘j-i_n_j)
. 1<ij<n \ " .
The determinant formula s¢, ) (T1,...,2,) = gives
H1§¢<j§n($i — zj)
~1 —1y
S(k-Ml,...,k+An,k—An,...,k—A1)(561, sy, Ly ey, Ly ) =

(xl:c—l—Aj—l—Qn—j) o

7

(gh—Hertni) o

1

det

(:C'—k—kj—2n+j)
1<i,j<n

1

(:C'_k-i_)\n-l—lj_n-i_j) o

1

[Ter @i =2 Thaicjen (@i —2) (27" =27 ) (@i — 277) (25— 27)



e \We have s(kﬂb_‘_,kak_Am_“,k_Al)(a:l,...,a:n,azfl,...,x;l) = numerator/denominator

<xlfj+>\j+2n_]’) 1<i,j<n

1

(gh—Hertni) o

1

with numerator = det ( —I{:—Aj—2n+j)
L; 1<i,j<n

7

(x._k+>\n+lj —n‘l‘j)
1<ij<n

7

denominator = (—=1)""" V2T (zi — 27 ") [hcicjcn(@i a7t —aj — 25 1)



e We have S(k;_|_)\1’m,k+)\mk_>\mm,k_)\l)(CC]_,...,Cljn,iljl_l,...,ZC;l) = numerator/denominator

(3 1

(;U]:C+>‘j+2n—j) ‘ (:C]'C—)\n+lj+n_j>
with numerator = det i 1<iy<n

(x.—k:—kj—Qn—l—j

¢ ) 1<ij<n

1

(x_k:+>\n+lj_n+‘]> 1<i,j<n
: _ n(n— n -1 -1 -1
denominator = (—1)""" V2T (zi — 27 ") [hcicjcn(@i a7t — oy — 25 1)
e Multiplying each row z in top blocks by :ci_k_”ﬂ/z & each row 7 in bottom blocks by x
Aj+n—j+1/2 —Anp1-,—j+1/2
(ZU ) ) 1<ij<n ‘ (ZU ) " ) 1<ij<n

k+n—1/2

1

(3 (3

= numerator = det

(x'_kj_n—i_j_ 1/2) 1<i,j<n

7

(:C%\n-i—lj_'_j_l/Q)
1<ij<n

1



e \We have s(kﬂb_‘_,kak_Am_“,k_Al)(a:l,...,a:n,azfl,...,x;l) = numerator/denominator

(3 1

s N ‘ (abAeendy

with numerator = det P Y o
TRTAT - nt1—j
(xi ) 1<i,j<n (xl ) 1<i,j<n
denominator = (—=1)""" V2T (zi — 27 ") [hcicjcn(@i a7t —aj — 25 1)
—k—n+1/2 k+n—1/2

e Multiplying each row ¢ in top blocks by x, & each row 7 in bottom blocks by «x
(x?\j+n—j+l/2)l<ij<n ‘ (x'—kn+1j—j+1/2)l<ij<n

1

(3 (3

= numerator = det

(x'_kj_n—i_j_ 1/2) 1<i,j<n

7

(aj%\n+1j+j_1/2)
1<ij<n

1
e Reversing order of columns in right blocks
(x%\.i+n—j+l/2)l<iﬁj<n ‘ (x'_A'j_n*_j_l/Q)mﬁn

(4 7

= numerator = (—1)"("~1)/2 det

<x._>\j_n+j_1/2

¢ ) 1<ij<n

(x%\j—l—n—j—l—l/Q)
(2

1<i,j<n



We have s, kta k- k) (21, -
kA 4-2n—j
(ZC- )1§i,j§n

1

with numerator = det

1

.,CBn,CBl 9 o o

.,z 1) = numerator/denominator

(gh—Hertni) o

1

7

<x'_k_>\j _2n+j) 1<i,j<n

(x._k+>\n+lj —n‘l‘j)
1<ij<n

7

denominator = (—=1)""" V2T (zi — 27 ") [hcicjcn(@i a7t —aj — 25 1)

Multiplying each row ¢ in top blocks by x

7

(x5j+n—j+1/2
= numerator = det

—k—n+1/2

)
(xi—AmI—

) 1<i,j<n

k+n—1/2

1

& each row 7 in bottom blocks by «x
1j—j+1/2)

7

Reversing order of columns in right

= numerator = (—1)"("~1)/2 det

(x'_kj_n—i_j_ 1/2) 1<i,j<n

1

blocks
(x%\.ﬁ—n—j%—l /2

7

(aj%\n+1j+j_1/2)
1<ij<n

) 1<i,j<n

<ZC._>\'j_n+j_ 1/2) 1<i,j<n

1

Setting A = (:r:j"J“”_jH/Q) & B =

1<i,j<n

7

(aj'—(kj‘i‘n—j-l—l

1

—\—n4j—1/2
L; )1gi,j§n

(x%\j—l—n—j—l—l/Q)
(2

1<i,j<n

Al| B
/2))1<Z_j<n = num. = (_1)n(n—1)/2 th(ﬁ)



-1 _ .
We have st ktrkrn. k) (&1, ..., Tn, 27, ..., ;1) = numerator/denominator

<xl:€+>\j+2n_j) 1<i,j<n

1

(gh—Hertni) o

1

with numerator = det

(3 (3

<x'_k_>\j _2n+j) 1<i,j<n

(x._k+>\n+lj —n‘l‘j)
1<ij<n

denominator = (—=1)""" V2T (zi — 27 ") [hcicjcn(@i a7t —aj — 25 1)

Multiplying each row 7 in top blocks by :c;k_”ﬂ/z

(x?\j-l—n—j—i-l/Q)

7

k+n—1/2
7

& each row 7 in bottom blocks by «x
(ZC_An+1]_J+1/2) 1<i,j<n

1

= numerator = det

(x'_kj_n—i_j_ 1/2) 1<i,j<n

7

(aj%\n+1j+j_1/2)
1<ij<n

1

Reversing order of columns in right blocks
(x%\-7+n_j+l/2) 1<i,j<n

7

<ZC._>\'j_n+j_ 1/2) 1<i,j<n

1

= numerator = (—1)"("~1)/2 det

<x._>\j_n+j_1/2

¢ ) 1<ij<n

(x%\j—l—n—j—l—l/Q)
(2

1<i,j<n

Setting A = (x?j+n—j+1/2)l<i B & B = (xi—(xj+n—j+1/2))l<i _ = num. = (—1)n(n=1)/2 dd("fé i )

Subtracting right blocks from left blocks, adding top blocks to bottom blocks &
using “det of block triangular matrix = product of dets of diagonal blocks”

— det(%’%):det(g:ii)zdet(AgB%AfB):det(A—B)det(A—l—B)




-1 _ .
We have st ktrkrn. k) (&1, ..., Tn, 27, ..., ;1) = numerator/denominator

(3 1

(x’?+Aj+2n—j) . (wk—knﬂﬂrn—j) o

with numerator = det

<x'_k_>\j _2n+j) 1<i,j<n

7

(x._k+>\n+lj —n‘l‘j)
1<ij<n

7

denominator = (—=1)""" V2T (zi — 27 ") [hcicjcn(@i a7t —aj — 25 1)

Multiplying each row 7 in top blocks by :c;k_”ﬂ/z

(x?\j-l—n—j—i-l/Q)

7

k+n—1/2
7

& each row 7 in bottom blocks by «x
(ZC_An+1]_J+1/2) 1<i,j<n

1

= numerator = det ,
(x'—)\j—n—i-]—l/Q)
1<i,j<n

7

(aj%\n+1j+j_1/2)
1<ij<n

1

Reversing order of columns in right blocks
(x%\-7+n_j+l/2) 1<i,j<n

7

<ZC._>\'j_n+j_ 1/2) 1<i,j<n

1

= numerator = (—1)""~1)/2 det :

¢ ) 1<ij<n

(x%\j—l—n—j—l—l/Q)
(2

1<i,j<n

Setting A = (x?j+n—j+1/2)l<i B & B = (xi—(xj+n—j+1/2))l<i _ = num. = (—1)n(n=1)/2 dd("fé i )

Subtracting right blocks from left blocks, adding top blocks to bottom blocks &
using “det of block triangular matrix = product of dets of diagonal blocks”

— det(%’%):det(g:ii)zdet(AgB%AfB):det(A—B)det(A—l—B)

-1 _
Therefore S(k‘-l—)\l,...,k-l-)\n,k:—)\n,...,k—)\l)(3717 ey Ty T - 75%1)
detlﬁi,jﬁn(CIZi +n—j+1/ _:Bz( +n—j+1/ )) detlgi,j§n<xi'+n Jj+1/ | x; N+n—j+1/ ))

1 -1 -1
[[—i (@i —2;7) H1§i<j§n(xi Tz, -z )%



e Using determinant formulae for odd orthogonal (SO(2n + 1,C)) character

det (zMtmit1/2 _ xf(xj+n—j+1/2>)

odd 1<ij<n > ° ¢

S0 (1,...,Tn) =
(A Ag) N2y 1/2 —1/2 1 1
IIZ:l(a% — I ) ||1§i<j§n(xi_%‘xi — Xy —'$j )

& even orthogonal (O(2n,C)) character

det (x?f+”—j_%zng(%4ﬂkﬂ)>
1<i,5<n

O(>\17--->>\n) (:Cl, [ 7:671) = 1

1
H1§¢<j§n(xi ta; T -z

(strictly speaking, RHS should be divided by 2 if A\, = 0)

the factorization

—1 -1
5(k+>\1,...,k+>\n,k:—>\n,...,k:—>\1)(xla ceey Ty Ly ey Ty )

Ntn—j+1/2 wf(xj+n—j+1/2>) dety<; jn( Mbn—jt1/2 4 =Outn=i+1/2)

_deticij<n(2] ;

7 7

)

1 -1 -1
H?:l(ivi —Z; ) H1§i<j§n(xi + Ly —&j— X, )2
can be written as

n
1/2 —1/2 —1 1

H(% + L, ) 3(k:+>\1,...,k+>\n,k—>\n,...,k—>\1)(5517 ceey ny, Ly -, Ty )

i=1
S odd even
— SO(}\I”An)(CIjl, . ,:Cn) 0()\1+1/2”>\n+1/2)($1, RN ,Cljn).

e T his is the main Schur function factorization.
(Independence on k is due to simple property s, xta) (@15, @0) = (@1...20) s, ) (@1, ... T0).)



2. Further Schur Function Factorizations

e Similar methods give the following results.

e For any partition (Mo,...,\n) & integers k1, k> > Ao,
or half-partition (Mo,...,\n) & half-integers k1, k> > Ao:

n
1/2 -1/2 -1 -1
H (xl + Ly ) (S(kl+>\1>---7k71+>\n,k71_>\n71,...,k71—>\0)(:El? ey Lny, Ly 5oy, Ly

i=1 —1 -1
+ 5(k2+A1,...,k2+An,1,k2—An,...,kQ—AO)(501,---,xn,xl yeee s Ly )

- odd even
= 004172, A a41/2)(E1s @) o0y (1, Tn)

e For any partition (Aog,...,\n) & integer k > \g,
or half-partition (Mo,...,\n) & half-integer k > Ag:

n

1/2 —1/2 1/2 —1/2\2 1 1
H (517@ + L, )(SCZ — Z; ) S(k+>\1,...,k—|—>\n,k—>\n,...,k:—Ao)(371, sy Ty Ly ey Ty 1)
i=1

n

— odd +i _eve

= SO(Al,...,An)(ivla--wiUn) Z(—l)n ZO(Xoi3/2,...,>\,»,1—|—3/2,)\i+1+1/2,...,>\n—|—1/2)(xl?'"’x”)
i=0




e Consider (Ag,..., A\n) =(b—+a,...,

2b+a,b+ a,a) & k> Ao, where a & k are both
nonnegative integers or both positive half-integers, and b is a nonnegative integer. Then:

n

1/2 —-1/2 _

H(xi/ +33¢ / )5(k:+>\1,...,k+>\n,k—>\n,...,k—)\o)(3317---73371737117---7 Ly, ,1)

=1
n b/2

dd dd
H< > al) 500 @ @) 508 12t (12 (B T0)
1=1 j=-b/2
o Consider (Ag,...,An) = (|ZE2]o+ (-1)"a,...,2b4+a,2b—a,b+a,b—a,a) & k> Ao,

where a & k are both nonnegative integers or both positive half-integers, and b is a

nonnegative integer with b > 2a. Then:

n

=1
n (b+1)/2

=1I( X

i=1 j=—(b+1)/2

odd

J SOCx ..

1/2 —1/2
H(xi/ + / )5(k:+>\1,...,k+>\n,k—>\n,...,k—)\o)(3317---7

-1 -1
(A P R )
odd
)\ )(:C]_, P 7:Cn) SO()\O—b/Q

,UWAWJ_b/Q)($1>--->

Tn)




Remarks on the Factorizations

Further factorizations could presumably be obtained.

These factorizations generalize all of the cases obtained for rectangular partitions
by Ciucu & Krattenthaler (2009).

The proofs involve elementary operations on determinants.

We do not currently have representation theoretic interpretations in terms of
irreducible representations of classical Lie groups.

We do not currently have combinatorial proofs which use expressions for characters
as generating functions for tableaux.



3. Applications

()

For any partition (\q,...,

S(k:—l—)\l,...,I{:—l—)\n,k—)\n,...,k—Al)(xla .-

(1) SChtrd1 kAt 1k k) (Z1, -

An) & integer k> A\

.:Un,.:cl e,z 1)
—( 1)|>‘|:30OOIOI )\)(acl,...
.:Un,.:cl N
— SP(AI,...,A,L)(iCL e 7%) o

axn) SO?SSNWXJ(__xl""’__xn)
?X?il,...,xn+1)($1, e, Tp)

where X[ =37 A & spey,.

%J(xl,.“,

xn) IS a symplectic (Sp(2n,C)) character.

e T hese factorizations follow immediately from the main factorization

ITi=
odd
A1,y

= SO0
e To obtain (i), apply the identity

even

On+1/2,...\, _|_1/2)(CC1, e
to (%).

e To obtain (ii), replace (\g,...,

Then apply the identity

odd

SOn+1/2,.. 0, _|_1/2)(£191, ce

1/2 —1/2
(z; / + x, / ) St kb ke i) (@15 - -
>\n) (ZC]_) P

) Tn) = H;z:1(:ci1/2 +

even

, Tn) On+1/2,...

zn) = (=) [Ty (2% 4 2, ?) s0

—1/2)

1

SP (...

:cn,:cl Yo

odd

(A1yeeey

»An

_1)

’>\7L+1/2)(ZC17 c ey

)(xl,.”

/\n)(—xl, e

()

_xn)

) by (A1+23,. 0+ 1) & kby k+ 2 in (%)

,1ﬂn).




Rectangular Partitions

e Taking (A1,...,A\n) = (m,...,m) (denoted (m™)) & k = m in previous factorizations
N——
(i) & (ii) gives "
s2m)~00 (1, ..., Tn, ] )= (—1)™ SOOdd (acl, e, Tn) SOOdd (—xl, ey, —Tn)
S((2m4+1)",07) (:131, ey Ty x;l, Ce ,x;l) = SP(mn) (:L'l, ce ,:L'n) O((ezlﬁz:—l)") (:L'l, ce ,:L'n)

These identities were first obtained by Ciucu & Krattenthaler (2009).

e It can be shown that for z1 = ... =z, = 1 (denoted 1"), the terms are:
S((2m)~0m(1%") = #£ plane partitions (PPs) in (2m)xnxn box
Odd ,(1") = # symmetric PPs in (2m)xnxn box

(—1)"”’%9000'0I (( 1)") = # transpose complementary PP’s in (2m)xnxn box

S((2m+1)n,0n)(12n) = # PPs in (2m—|— 1)><an box
8P (mny (1) = #£ transpose complementary PPs in 2mx (n+1)x(n+1) box

?E’f&l) )(1”): # certain restricted symmetric PPs in (2m+42) xnxn box

All cases can also be expressed in terms of certain rhombus tilings of hexagons.



Double-Staircase Partitions

e Taking n=2m+41, (A1,..., xomy1) =(m,mm—1m—1...,2,21,1,0) & k= m,
orn=2m, (A1,...,2om)=(m—-1,m—-1,m-2,m-2,...,1,1,0,0) & k =m—1
in previous factorizations (i) or (ii) respectively gives

-1
S(2m,2m,.. ,,1,00)(3317-- y L2m~+1, L 5. - x2m+1)

—_ odd odd
= S50 (m,m.,. 2,2,1,1,0)(3717 c s Tom41) SO(m,m,...,Q,Q,l,l,O)(_3317 ceey —T2m41)

—~1
S(2m—1,2m—1,...,1,1,0,0)(xla" meaxl y . )

— even
— SP(m-1,m—1,...,1,1,0,0) (3171, s ame) O(m,m,._.,gjg,ljl)(xla v axQﬂ’L)

e It can be shown that for x1 = xo = ... =1, the terms satisfy:
3 =D/2 5 111100 (1%") = # order n descending PPs
= # totally symmetric self-complementary PPs (TSSCPPs) in (2n) x (2n) x (2n) box

= # nxn alternating sign matrices (ASMs)
= # alternating sign triangles (ASTs) with n rows

3—(n—1)?¢,0dd O)(]_Qn 1) — o—13-n’,even

(n—1,n-1,...,2,2,1,1 Onn,....2,2,1 1)(12n) = # certain rhombus tilings

3-n(nt1) SO?S%, 2, 2,1,1,0)((—1)2”-'_1) = 3 n(n=1) Sp(n—1,n—1,...,2,2,1,1,0,0)(12n)
= # order 2n+1 descending PPs invariant under certain involution
= # TSSCPPs in (4n+2)x(4n+2)x(4n+2) box invariant under certain involution
= # (2n+1)x(2n+1) vertically symm. ASMs = # 2n x2n off-diagonally symm. ASMs

Z # vertically symmetric ASTs with 2n41 rows



Further Double-Staircase Partitions

e Taking n=2m, (\1,...,
orn=2m-+1, (\,...,

>\2m-|—1) — (m, m—l,m—l, ey

Xom) = (m,m—1,m—1,...,

2.2.1,1,0) & k=m,
1,1,0,0) & k=m

in previous factorizations (i) or (ii) respectively gives

S(2m,2m—1,2m—1,.. ,22,1,1,0)(5617--

_ dd
= (D" So?mm 1,m—1,....2, 2,1,1,0)(551’---

3(2m+1,2m,2m,...,2,2,1,1,o)(331, e

$2m7 :Cl g ..

-1
y L2m+1,Lq 5 - -

Zom)

ﬂCQm) SO (m, m—l,m—l,...,2,2,l,1,0)(_:C]-’ R

odd

5’32m+1)

_$2m)

even

— Sp(mam_lam 1) ) )1 0 O) (:Cl’ e ’$2m+1) O(m—l—l,m,m,...,2,2,1,1)(x17 tt e 7x2m+1)

e It can be shown that for x1 = x> = ... =1, the terms satisfy:

3 =D/ 2 g 11 001.1,0(1%") = # cyclically symmetric PPs in nxnxn box
= # quasi ASTs with n rows

1 odd 2 — n—1 +1) ,even
37nn- )So(nn 1n—1,.221 1,0)(1 ")y =213, Olh+1nm,...2,2,1

= # totally symmetric PPs in (2n) x (2n) x (2n) box

1 (12n—|—1)

(=137 0800 1122100 (FD2) =370 sp( 1002 221000) (17T
= # cyclically symmetric transpose complementary PPs in (2n) x (2n) x(2n) box
Z # vertically symmetric quasi ASTs with 2n rows



Remarks on the Applications

e The identification of numbers of certain PPs or ASMs/ASTs with characters
at r1 = 2o = ... = 1 corresponds to a wide range of results, with proofs of
varying degrees of difficulty.

For example, it can be shown straightforwardly that
# PPs in axbxc box
— # semistandard Young tableaux of shape a® with entries from {1,...,b+ c}
- S(ab,Oc)(lb+C).
It is harder to show that
# nxn ASMs = 3—n(n—1)/2 S(n—l,n—l,...,l,l,O,O)(12n)'

e Some of the factorizations for numbers of PPs can be explained combinatorially
using Ciucu’'s matchings factorization theorem.

e Some of the characters (at arbitrary z1,z5,...) are essentially partition functions
of certain cases of the six-vertex model.



