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Introduction



Hall-Littlewood Functions
Let A\ be a partition of length < n, i.e.,

A=(ALA5 A3, ), NEZ, M Z>2X>A3>... A >0,

and let * = (xq,...,zn) be indeterminates. We define the Hall-
Littlewood function P)(x;t) by putting

> oIl 1 22

wesy, 1<i<j<n

fﬁ(w;ﬁ)zzvk()

where G, is the symmetric group and

m;
=TT TT =%, mn)=#{i:1<i<n, A =j}
i>0 k=1

It can be shown that P)(x) € Z[t|[z1, . .., zn]%".



Schur Functions and Schur @QQ-Functions

Schur functions sy (@) and Schur Q-functions () () are obtained by
specializing t = 0 and t = —1 in the Hall-Littlewood functions:

sy(@) = Py(z;0), Qy(x)=2WMPy(z; -1),

where [()) is the length of \.
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Symplectic Hall-Littlewood Functions

The symplectic Hall-Littlewood functions (Hall-Littlewood functions
associated to the root system of type C),) are defined by

P)\ (x;t) =

wEW aEAT
where A = Y ' | \je; is a dominant weight (identified with a partition
of length < n), W is the Weyl group of type C),, and
Wy={weW wh=2A}, Wyt)= Y ¢
welWy
={e;tej1<i<j<npU{2;:1<i<n}
It can be shown that
Cor.. +1 +1W
Py (x;t) € Zit)lxy . ..,2n ]



Symplectic Schur and Symplectic Schur Q-functions

For a partition \ of length < n, we define the symplectic Schur function
5§/ () by

s (@) = PY (x;0).

Then sf(a:) gives the irreducible character of the symplectic group Spo,,
with highest weight .

For a strict partition A of length [ < n (A\{ > --- > A\; > 0), we define
the symplectic Schur P-functions Pg(w) and the symplectic Schur Q-
functions Q(;(m) by

P{(x) = PC(z;-1), QS () = 2'P{ (2 1),

respectively.



Main Results

Symplectic Schur Q)-functions Qg(a:) enjoy many properties similar to
those of Schur ()-functions Q) ().

e Nimmo-type formula

e Schur-type formula

e Jozefiak—Pragacz-type formula for skew ()-functions
e Tableau description

e Positivity of structure constants (conjectures)



Pfaffian Formulas for Symplectic Schur @Q-Functions



Nimmo-type formula
Theorem For a strict partition A\ of length [, we have

( Ac(f’?) (fg(%)) 1§@'§n\

Pf 1<)<r

C o) — |
QY (x) DO () \_t(ff,(m)gzsn O )

where r = [ or [ + 1 according to whether n + [ is even or odd, and

2@t a4 (e —a) ifd>1,
fg<x>_{1 if d =0,

Ac(m) _ ((ZE] + ij_l> _ (372 + lel>> |

(x4 27") + (2 + 277

(wj+a7h) = (v —a7h) o
D)= ] P P (= Pf A%x) if nis even).

1<i<j<n



Schur-type formula

Theorem For a strict partition A\, we have
C o C
Qx (@) =Pt (Q(AivAj)(w>) 1<i<j<r’

where » = [ or [ + 1 according to whether [ is even or odd, and

Qe (@) = Q@)

Idea of Proof We apply a Pfaffian analogue of Sylvester identity (due to
Knuth)

br (PfX([n]U{n+i,n+j})> _ PIX
Pt X([n]) 1<i j<r PEX([n])’
where X is an (n+r)x(n+r) skew symmetric matrix, [n| = {1,2,--- . n}
and
X(I) = (a:z-’j)mel.



Schur-type formula
Theorem For a strict partition A, we have
C _ C
@x (@) =Pt (Q(AivAj><w>) 1<i<j<r’
where r = [ or [ + 1 according to whether [ is even or odd, and
Q(T,O)(w) - Q(T)(w>

Proposition

g
3

(1+2:2)(1 4+ ;7' 2)
1
— z:l (1 —22)(1 — 2, z)

Proposition

Qﬁ,s)@) = Q(ﬁ)(@@(@)(m)
+ 2 Z ( 7°—|—/<3 + 2 Z Q (r4+k— 2@ ) + ng)($)> Qg—k)(w>



Jozefiak—Pragacz-type formula
Theorem For strict partitions A of length [ and i of length m, we put

Qf/u(w)
o / (Q(C;\fz,kj)@))gz,jgz (Qg\z—ﬂrﬂ—j)(w)) fj;ii\
\_t(Q&umj)(w)) 11%@3 © ) |

where r = m or m + 1 according to whether [+ m is even or odd. Then

we have
Q5 (. y) Z@W )Qj, (v),

where 1 runs over all strict partltlons.



Jozefiak—Pragacz-type formula

ldea of Proof We apply a Pfaffian analogue of Ishikawa—Wakayama's
minor summation formula

Z]:PfB(J) pf (_tsﬁn]w Sq”g‘])) — pf (A—SBtS),

where J runs over all even-element subsets of | V],
B(J) = (bi,j)i’jeja S(im}; J) = (Siaj)lﬁigm,jej’
to the matrices
_(AC (AC ( AC
A= (@G @), S=(Q5 @), B=(-0F, )

and use

Q (AiAj) Z Q QO —l( )Q%71>(y)

(%
k,[>0



Tableau Description of Symplectic Schur (Q-Functions



Shifted Diagram
For a strict partition A, the shifted diagram S()) is defined by

SN ={(i,j) €27 1 <i<IN), i<j<i+N—1}

Usually we represent the shifted diagram by replacing lattice points by
cells.

Example If A = (4,3,1), then the corresponding shifted diagram is
depicted as




Symplectic Primed Shifted Tableau

Definition (King—Hamel) A symplectic primed shifted tableau of shape
A is a filling of the boxes in the shifted diagram S()\) with entries from

- = =/ = _r
"<1<1T <1<2<2<2<2<---<n<n<i <n
satisfying the following conditions:
e the entries in each row and in each column are weakly increasing;

e each unprimed entry appears at most once in every column;

e each primed entry appears at most once in every row;

— =+ .
e at most one element from {k’, k, k , k} appears on the main diagonal.

Example

1123




Symplectic Primed Shifted Tableau

Definition (King—Hamel) A symplectic primed shifted tableau of shape
A is a filling of the boxes in the shifted diagram S()\) with entries from

'<1<T<1<2<2<?<2<---<i/<n<i<n
satisfying the following conditions:
e the entries in each row and in each column are weakly increasing;
e each unprimed entry appears at most once in every column;
e each primed entry appears at most once in every row;

= = .
e at most one element from {k’, k, k , k} appears on the main diagonal.

To such a tableau T', we associate a monomial given by

n P — — .
CET _ H xzé{k Join TY—#{k |k in T}.
k=1



Symplectic Primed Shifted Tableau

Definition (King—Hamel) A symplectic primed shifted tableau of shape
A is a filling of the boxes in the shifted diagram S()\) with entries from

- = =/ = _r
"<1<1T <1<2<2<2<2<---<n<n<i <n
satisfying the following conditions:
e the entries in each row and in each column are weakly increasing;

e each unprimed entry appears at most once in every column;

e each primed entry appears at most once in every row;

— =+ .
e at most one element from {k’, k, k , k} appears on the main diagonal.

Example

! 17 3 T 2. —1 72
T = o3, x =wiry X374




Tableau Description of Symplectic Schur Q-Functions
Theorem  (Conjectured by King—Hamel) For a strict partition A, we

have
QS (x)=> =’
T

where T' runs over all symplectic primed shifted tableaux of shape .
ldea of Proof Both sides satisfy

® Qg(xla "y In—1, xn) — Z Qg(xla T 7$n—1>Q§/N<xn);
L4

. Qg\j/u(xn) = (0 unless A D pand [(A\) — l(u) <1,

'ng@m>:d%(Q€r--

Mﬂcmﬂ)1§@jgux>

Hence the proof is reduced to the case where A = (r) and & = (zy,).

IO\ — I(p) < 1.



Positivity Conjectures



Structure Constants for Symplectic Schur P-Functions

The symplectic Schur P-functions {P)(\J(w)})\:strict partition of length < n
form a basis of

Iy
— {f S (C[xfl, oW e, —t, a5, ..., xp) is independent of t} .

Conjecture 1  Given two strict partitions 1 and v of length < n, we
can expand

PC(z)- PS () =Y fa,P{ ().
A

where A runs over all strict partitions of length < n. Then the structure
constants fﬁ"y are nonnegative integers.

It can be proved that Conjecture 1 is true if [() = 1 (Pieri-type rule).



Pieri Rule for Symplectic P-functions

Theorem Let 4 and A be strict partitions of length < n and let r be
a positive integer. Then we have

(1) f;‘)m = 0 unless [(\) = I(p) or I(p) + 1.
(2) If I(A) = 1(p) or I(p) + 1, then
fam _ Z oa(p,k)+a(Ak)=x[l(p)>1(k)]—1

)
Y

where k runs over all strict partitions satisfying
Pl = K12 22Ky 2> .oy Al 2K Z2A 2Ky 2> ..,
(Il = 6D + (Al = [&]) = 7,
and

alp, k) =#{i: pi > r; > i1},  alA k) =#{i A > K > A}
X(p) > U(K)] = {1 if 1) > U(k),

0 otherwise.



Positivity Conjectures for symplectic P-functions
Conjecture 2 For a strict partition of length < n, we can expand

—1 —1 C
Py(z1,...,2n, 27 .. %, ) = Z eyl (),
7
where 14 runs over all strict partitions of length < n. Then the coefficients
C), are nonnegative integers.

Known Case If [(\) < 2, then Conjecture 2 is true.



Positivity Conjectures for symplectic P-functions
Conjecture 2 For a strict partition of length < n, we can expand

—1 —1
Py(z1,...,2n, 27 ..., 2y ):Z »MP/?()
i

where 14 runs over all strict partitions of length < n. Then the coefficients
C), are nonnegative integers.

Known Case If [(\) < 2, then Conjecture 2 is true.
Conjecture 3 For a strict partition of length < n, we can expand

C
= E : IS (@
(L

where p1 runs over all partitions of length < n. Then the coefficients
g, are nonnegative integers.

Known Case If [(A) =1 or n, then Conjecture 3 is true.



