
1. Definition.
Conditions for (F) spaces where (Up)p∈N is a decreasing basis of closed absolutely
convex 0-nbhds and ‖ ‖p := sup{|x′(x)| : x ∈ Up}:
We always assume p, q, k ∈ N, d, r, C > 0 and 0 < µ < 1.

(Ω) :⇔ ∀p ∃q ∀k ∃d ∃C : ‖ ‖1+d
q ≤ C ‖ ‖k‖ ‖d

p [Vogt1977?]

(Ω̃) :⇔ ∀p ∃q ∃d ∀k ∃C : ‖ ‖1+d
q ≤ C ‖ ‖k‖ ‖d

p [Vogt1983,5.2]

(Ω) :⇔ ∃d ∀p ∃q ∀k ∃C : ‖ ‖1+d
q ≤ C ‖ ‖k‖ ‖d

p [Wagner1980,1.9], [VW1980], [VW1981]

∀d ∀p ∃q ∀k ∃C : ‖ ‖1+d
q ≤ C ‖ ‖k‖ ‖d

p

(Ω) :⇔ ∀p ∃q ∀d ∀k ∃C : ‖ ‖1+d
q ≤ C ‖ ‖k‖ ‖d

p [Vogt1983,4.1]

Then (Ω) ⇒ (Ω) ⇒ (Ω̃) ⇒ (Ω), since:

∃q ∀d ⇒ ∀d ∃q, ∃d ∀p ⇒ ∀p ∃d, ∃d ∀k ⇒ ∀k ∃d.

For a bounded subset B ⊆ E one defines:

(Ω̃B) :⇔ ∀p ∃q ∃d ∃C : ‖ ‖1+d
q ≤ C ‖ ‖B‖ ‖d

p [HK2003]

(ΩB) :⇔ ∃d ∀p ∃q ∃C : ‖ ‖1+d
q ≤ C ‖ ‖B‖ ‖d

p [Vogt1982,1.4]

∀d ∀p ∃q ∃C : ‖ ‖1+d
q ≤ C ‖ ‖B‖ ‖d

p

(ΩB) :⇔ ∀p ∃q ∀d ∃C : ‖ ‖1+d
q ≤ C ‖ ‖k‖ ‖d

p [Vogt1983,4.4]

2. Remark.
Note that in all these conditions we may assume w.l.o.g. that p ≤ q ≤ k, since q
has to be choosen and ‖ ‖q ≤ ‖ ‖q′ for q > q′, and since validity of the conditions
for all k ≥ q implies it for k′ ≤ q ≤ k, since then ‖ ‖k ≤ ‖ ‖k′ .

3. Remark.
Note that for µ = 1

1+d :

‖ ‖1+d
q ≤ C ‖ ‖k‖ ‖d

p ⇔ ‖ ‖q ≤ C ‖ ‖µ
k‖ ‖

1−µ
p

4. Remark.
Note that only µ near 1 (and hence d near 0) are relevant, since for µ′ < µ (and
‖y‖p 6= 0) we get

‖y‖µ
k‖y‖

1−µ
p = ‖y‖p

(‖y‖k

‖y‖p︸ ︷︷ ︸
≤1

)µ

≤ ‖y‖p

(‖y‖k

‖y‖p

)µ′

= ‖y‖µ′

k ‖y‖
1−µ′

p
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5. Lemma.
Let a, b > 0 and α, β ≥ 0. Then inf{raα + 1

rb β : r > 0} = a+b
a (a

b )
b

a+b α
b

a+b β
a

a+b

Proof. Let f(r) := raα+ 1
rb β =

(
ra+bα + β

)
r−b. Then f ′(r) = aα ra−1− b 1

rb+1 β

and hence f ′(r) = 0 ⇔ ra+bα = b
a β. Thus

f(r) ≥
(

b

a
β + β

) (
bβ

aα

)− b
a+b

= α
b

a+b β1− b
a+b

(
1 +

b

a

) (a

b

)− b
a+b

= α
b

a+b β
a

a+b
a + b

a

(a

b

) b
a+b

.

Note that f(r) → +∞ for r ↘ 0 if α > 0 and for r ↗ +∞ if β > 0, hence the
infimum is attained if α, β > 0. Otherwise f(r) → 0 for r → 0 or r → +∞, hence
the statement is valid in this case as well.
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6. Bipolar Theorem.
Let E be a lcs which is not necessarily Hausdorff and A ⊆ E be absolutely convex.
Then A = (Ao)o.

Proof. We reduce this statement by passing to the Hausdorffication Ẽ := E/{0}
of E. Note that for absolutely convex subsets A ⊆ E we have {A} =

⋂
U A + U ,

where U runs through the (closed absolutely convex) 0-nbhds:

We have A ⊆ A+U and hence A lies in this intersection, since x ∈ A⇒ x+U∩A 6= ∅
⇒ ∃u ∈ U, a ∈ A : x + u = a, i.e. x = a + (−u) with a ∈ A and −u ∈ U , since U is
balanced.

Conversely, let z ∈
⋂

U A + U . Then for each U exists an a ∈ A and a u ∈ U with
z = a+u and hence z +(−u) ∈ A. Since −u ∈ U we have z +U ∩A 6= ∅, i.e. z ∈ A.

In particular {0} =
⋂

U U and this equals
⋂

p p−1(0), where p runs through all
continuous seminorms on E: In fact {0} ⊆ p−1(0) since this inverse image is closed
and contains 0. And, conversely, let z /∈ {0}. Then there exists a 0-neighborhood
U , which we may assume to be of the form U = {x : p(x) < ε} for some seminorm
p and ε > 0, such that 0 /∈ z + U , i.e. −z /∈ U and hence p(z) = p(−z) ≥ ε > 0 in
contradiction to z ∈ p−1(0).

Thus {0} is a linear subspace of E (since the kernel of a seminorm is so) and
hence Ẽ is a welldefined locally convex space with respect to the quotiient topology
induced by π : E → Ẽ. Hence π−1(Ũ) is a absolutely convex closed 0-nbhd for each
such nbhd Ũ in Ẽ. Conversely let U be a 0-nbhd in E. Then {0} ⊆ U and hence
π−1(π(U)) = U + {0} ⊆

⋂
V U + V = U = U . Thus Ũ := π(U) is such a nbhd in

Ẽ and U = {π−1(Ũ) : Ũ ∈ Ũ}.

Since all p and all ` ∈ E∗ are continuous, they map {0} into the closure {0} of
the image {0}, hence factor to continuous seminorms and linear functions over
π : E → Ẽ. Thus π∗ : Ẽ∗ → E∗ is a bijections. Let A ⊆ E be absolutely convex
and Ã = π(A) ⊆ Ẽ. Then

π∗(Ão) = π∗({λ̃ ∈ Ẽ∗ : ∀x̃ ∈ Ã : |λ̃(x̃)| ≤ 1})

= {λ̃ ◦ π : λ̃ ∈ Ẽ∗ : ∀x ∈ A : |λ̃(π(x))| ≤ 1}
= {λ ∈ E∗ : ∀x ∈ A : |λ(x)| ≤ 1} = Ao

Thus

(Ao)o = {x ∈ E : ∀λ ∈ Ao : |λ(x)| ≤ 1}

= {x ∈ E : ∀λ ∈ π∗(Ão) : |λ(x)| ≤ 1}

= {x ∈ E : ∀λ ∈ Ão : |λ(π(x))| = π∗(λ)(x)| ≤ 1}

= {x ∈ E : π(x) ∈ (Ão)o} = π−1((Ão)o).

For the closures we obtain

A =
⋂

U∈U
A + U =

⋂
Ũ∈Ũ

A + π−1(Ũ)

!=
⋂

Ũ∈Ũ

π−1(Ã + Ũ) = π−1
( ⋂

Ũ∈Ũ

Ã + Ũ
)

= π−1(Ã)

=
Bipolar Theorem for Ẽ
=================== π−1((Ão)o) = (Ao)o,
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since π−1(Ã+ Ũ) ⊇ π−1(Ã)+π−1(Ũ) ⊇ A+π−1(Ũ) and, conversely, π(z) ∈ Ã+ Ũ

⇒ ∃ã ∈ Ã : π(z)− ã ∈ Ũ , hence ∃a ∈ A : ã = π(a) und z−a ∈ π−1(π(z)−π(a)) ∈
π−1(Ũ), i.e. z ∈ A + π−1(Ũ).
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7. Interpolation Inequalities.
E K-vs, ‖ ‖0 ≤ ‖ ‖1 ≤ ‖ ‖2 SN on E, Uj := {x : ‖x‖j ≤ 1}, a, b > 0 and µ := a

a+b .
Then t.f.s.a.e.:

1. ∃C1 : ‖ ‖∗1 ≤ C1(‖ ‖∗0)1−µ(‖ ‖∗2)µ on (E, ‖ ‖0)∗;
2. ∃C2 ∀r : ‖ ‖∗1 ≤ C2

(
ra‖ ‖∗0 + 1

rb ‖ ‖∗2
)

on (E, ‖ ‖0)∗;
2’. ∃C ′

2 ∀r : ‖ ‖∗1 ≤ ra‖ ‖∗0 + C ′
2

1
rb ‖ ‖∗2 on (E, ‖ ‖0)∗;

2”. ∃C ′′
2 ∀r : ‖ ‖∗1 ≤ C ′′

2 ra‖ ‖∗0 + 1
rb ‖ ‖∗2 on (E, ‖ ‖0)∗;

3. ∃C3 ∀r : U1 ⊆ C3

(
raU0 + 1

rb U2

)
;

3’. ∃C ′
3 ∀r : U1 ⊆ raU0 + C ′

3
1
rb U2

3”. ∃C ′′
3 ∀r : U1 ⊆ C ′′

3 raU0 + 1
rb U2

Proof. (1⇔2) By the lemma above

inf{ra‖y‖∗0 +
1
rb
‖y‖∗2 : r > 0} =

a + b

a

(a

b

) b
a+b

(‖y‖∗0)
b

a+b (‖y‖2)
a

a+b ,

hence (1⇔2) with C1 = C2 · a+b
a

(
a
b

) b
a+b .

(2⇔2’) and (3⇔3’), via C ′ = C1+ b
a and r′ = C1/ar.

(2⇔2”) and (3⇔3”), via C ′′ = C1+ a
b and r′′ = C−1/br.

(2⇒3)

(2) ⇒ ∀r > 0, y ∈ (E, ‖ ‖0)∗ =
(24.5)
===== (E∗)Uo

o
:

sup
x∈U1

|y(x)| ≤ C2

(
ra sup

x∈U0

|y(x)|+ 1
rb

sup
x∈U2

|y(x)|
)

= C2 sup
{
|y(x)| : x ∈ raU0 +

1
rb

U2

}
=
Bipolarensatz
==========⇒ ∀r > 0 : U1 ⊆ C2 (raU0 +

1
rb

U2)
‖ ‖0

Let C3 > C2 ⇒ ∀r > 0 : U1 ⊆ C2 (raU0 +
1
rb

U2)
‖ ‖0

⊆ C3 (raU0 +
1
rb

U2)
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(3⇒2) This follows, since for absolutely convex subsets C,A, B we have:

C ⊆ A + B ⇒ ∀x∗ ∈ E∗ : ‖x∗‖C = sup{|x∗(x)| : x ∈ C}
≤ sup{|x∗(a + b)| : a ∈ A, b ∈ B} = ‖x∗‖A+B

= sup{|x∗(a)| : a ∈ A}+ sup{|x∗(b)| : b ∈ B}
= ‖x∗‖A + ‖x∗‖B ,

since |x∗(a + b)| ≤ |x∗(a)|+ |x∗(b)| and hence

sup{|x∗(a + b)| : a ∈ A, b ∈ B} ≤ sup{|x∗(a)|+ |x∗(b)| : a ∈ A, b ∈ B}
= sup{|x∗(a)| : a ∈ A}+ sup{|x∗(b)| : b ∈ B}

and conversely

0 ≤ |x∗(a0)|+ |x∗(b0)| = λx∗(a0) + µx∗(b0) = x∗(λa0 + βb0) ≤ |x∗(a + b)|,
with appropriately choosen |λ| = 1 = |µ| and hence a := λa0 ∈ A und b := µb0 ∈ B,
since the sets are assumed to be balanced.
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8. Lemma. Characterizing Ω.
The following statements are equivalent (where a, b > 0):

(Ω) : ⇔ (1) ∀p ∃q ∀k ∃C : ‖ ‖2q ≤ C ‖ ‖k‖ ‖p

⇔ (2) ∃d ∀p ∃q ∀k ∃C : ‖ ‖1+d
q ≤ C ‖ ‖k‖ ‖d

p

⇔ (3) ∀d ∀p ∃q ∀k ∃C : ‖ ‖1+d
q ≤ C ‖ ‖k‖ ‖d

p

⇔ (2′) ∃µ ∀p ∃q ∀k ∃C : ‖ ‖q ≤ C ‖ ‖µ
k‖ ‖

1−µ
p

⇔ (3′) ∀µ ∀p ∃q ∀k ∃C : ‖ ‖q ≤ C ‖ ‖µ
k‖ ‖

1−µ
p

⇔ (1′′) ∀p ∃q ∀k ∃C ∀r : ‖ ‖q ≤ C
(
r ‖ ‖k +

1
r
‖ ‖p

)
⇔ (2′′) ∃a, b ∀p ∃q ∀k ∃C ∀r : ‖ ‖q ≤ C

(
ra ‖ ‖k +

1
rb
‖ ‖p

)
⇔ (3′′) ∀a, b ∀p ∃q ∀k ∃C ∀r : ‖ ‖q ≤ C

(
ra ‖ ‖k +

1
rb
‖ ‖p

)
⇔ (1′′′) ∀p ∃q ∀k ∃C ∀r : Uq ⊆ C

(
r Uk +

1
r
Up

)
⇔ (2′′′) ∃a, b ∀p ∃q ∀k ∃C ∀r : Uq ⊆ C

(
raUk +

1
rb

Up

)
⇔ (3′′′) ∀a, b ∀p ∃q ∀k ∃C ∀r : Uq ⊆ C

(
raUk +

1
rb

Up

)
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Proof.

((1)⇒(2)) d := 1.

((2)⇒(3)) We show first that (2) holds for d′ := d2

1+2d ≤
d
2 as well:

∃d ∀p ∃q ∀k ∃C : ‖ ‖1+d
q ≤ C ‖ ‖k‖ ‖d

p

∀q ∃q′ ∀k′ ∃C ′ : ‖ ‖1+d
q′ ≤ C ′ ‖ ‖k′‖ ‖d

q

⇒ ∀p ∃q, q′ ∀k, k′ ∃C,C ′ :

‖ ‖1+d
q′ ≤ C ′ ‖ ‖k′‖ ‖d

q = C ′ ‖ ‖k′(‖ ‖1+d
q )

d
1+d ≤ C ′ ‖ ‖k′ (C ‖ ‖k‖ ‖d

p)
d

1+d

⇒ ∀p ∃q′ ∀k = k′ ∃C,C ′ :

‖ ‖1+d
q′ ≤ C ′ C

d
1+d ‖ ‖

1+2d
1+d

k ‖ ‖
d2
1+d
p

⇒ ∀p ∃q′ ∀k ∃C,C ′ :

(‖ ‖1+d
q′ )

1+d
1+2d︸ ︷︷ ︸

‖ ‖
1+ d2

1+2d

q′

≤ (C ′ C
d

1+d )
1+d
1+2d︸ ︷︷ ︸

=:C′′

‖ ‖k ‖ ‖
d2
1+d ·

1+d
1+2d

p︸ ︷︷ ︸
‖ ‖

d2
1+2d
p

Thus we have (2) also for d′ := d2

1+2d ≤
d
2 .

By induction we get (2) for some d < 1 and hence also for d = 1, since ‖ ‖q ≤

C ‖ ‖k ≤
(
‖ ‖p

‖ ‖q

)d

≤ C ‖ ‖k ≤
(
‖ ‖p

‖ ‖q

)d′

for d ≤ d′ and ‖ ‖p ≥ ‖ ‖q.

((3)⇒(1)) ∀ ⇒ ∃.

((2)⇔(2’)) and ((3)⇔(3’)) by remark (3).

((2’)⇔(2”)) and ((3’)⇔(3”)) by the interpolation inequalities (7) (1⇔2).

((2”)⇔(2”’)) and ((3”)⇔(3”’)) by the interpolation inequalities (7) (2⇔3).

((3”)⇒(1”)⇒(2”)) and ((3”’)⇒(1”’)⇒(2”’)) are trivial (a = 1, b := 1).
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9. Lemma.
[Vogt1982] E (FS).

• (Ω) ⇔ ∃B ⊆ E bd. (ΩB).
• (Ω̃) ⇔ ∃B ⊆ E bd. (Ω̃B).
• (Ω) ⇔ ∃B ⊆ E bd. (ΩB).

Proof. (Ω) (⇐) is obvious, since ∀k ∃Dk : B ⊆ Dk ·Uk and hence ‖ ‖∗B ≤ Dk ‖ ‖∗k.

(⇒) Let (Uk)k be a decreasing basis of absolutely convex closed 0-nbhds. E has
the following property (Ω):

E ∈ (Ω) ⇔ ∀µ ∀p ∃q ∀k ∃C ∀r : Uq ⊆ rµUk +
C

r1−µ
Up.
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Now

Uq ⊆ rµUk +
Cµ

r1−µ
Up

⇔ ∀x ∈ Uq ∃y ∈ Uk ∃z ∈ Up : x = rµy +
Cµ

r1−µ
z

⇔ ∀x ∈ Uq ∃y ∈ Uk : x− rµy ∈ Cµ

r1−µ
Up

⇔ ∀x ∈ Uq ∃y ∈ Uk : ‖x− rµy‖p ≤
Cµ

r1−µ

⇒ ∀x ∈ Uq : dp(x, rµUk) ≤ Cµ

r1−µ

⇔ ε(r, k) := r1−µ sup
{

dp(x, rµUk) : x ∈ Uq

}
≤ Cµ

and conversely

ε(r, k) := r1−µ sup
{

dp(x, rµUk) : x ∈ Uq

}
< Cµ

⇒ ∀x ∈ Uq ∃y ∈ Uk : ‖x− rµy‖p ≤
Cµ

r1−µ

⇒ Uq ⊆ rµUk +
Cµ

r1−µ
Up.
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Note that

ε(r2,
µ

2
) = (r2)1−

µ
2 sup

{
dp(x, (r2)

µ
2 Uk) : x ∈ Uq

}
= r ε(r, µ)

and can deduce from the condition for µ/2 and r2 that for each k we have

ε(r, k) → 0 for r → +∞.

Thus ∀k ∃rk ∀r ≥ rk : ε(r, k) < 1
k and w.l.o.g. we assume k ≤ rk < rk+1 3 N.

Now let k(n) := max{k : rk ≤ n} ≤ n < ∞. Then k(n) ↗ ∞ for n → ∞,
since otherwise there would exists a bound K and thus rK+1 > n for all n. Let
ε(n) := 1

k(n) . Then ε → 0 and since rk(n) ≤ n we get ε(n, k(n)) < 1
k(n) = ε(n). By

the equivalence above

Uq ⊆ nµUk(n) +
ε(n)
n1−µ

Up.

Since E is (S) we find finite sets Zn ⊆ Uk(n) with Uk(n) ⊆ Zn + ε(n)
n Up and hence

Uq ⊆ nµUk(n) +
ε(n)
n1−µ

Up ⊆
(
nµZn +

ε(n)
n1−µ

Up

)
+

ε(n)
n1−µ

Up = nµZn +
2ε(n)
n1−µ

Up.

Let B be the absolutely convex hull of
⋃

n Zn. Then B ist bounded since it is
contained in the absolutely convex hull of Uk(n) ∪

⋃
j<n Zj and k(n) → ∞. Fur-

thermore

Uq ⊆ nµZn +
2ε(n)
n1−µ

Up ⊆ nµB +
2 maxn |ε(n)|

n1−µ
Up.

Note that w.l.o.g. q ≥ p, i.e. Uq ⊆ Up and hence for 0 < r ≤ 1:

Uq ⊆ Up ⊆ rµB + Up ⊆ rµB +
1

r1−µ
Up.

Finally, if n ≤ r < n + 1 then for C ≥ 2 maxn |ε(n)|:

Uq ⊆ nµB +
C

n1−µ
Up ⊆ rµB + (

n + 1
n

)1−µ︸ ︷︷ ︸
≤2

C

r1−µ
Up,

Thus for C ≥ max{4 maxn |ε(n)|, 1} we have

∀r > 0 : Uq ⊆ rµB +
C

r1−µ
Up.

(Ω̃) and (Ω) The proof for the corresponding result for Ω (see [Vogt1983,4.4]) and
for Ω̃ (see [DineenMeiseVogt1984,Proposition 3b] or [MeiseVogt1986,Lemma 3.6])
goes along the same lines. In the later case µ/2 is the µ in the assumption and µ
is one in the conclusion.
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