TOPOLOGY 2, ALGEBRAIC TOPOLOGY SS 2000

Andreas Kriegl

These lecture notes are thought as an addendum and not as an replacement for the book R.Stöcker/H.Zieschang: Algebraische Topologie, B.G.Teubner, Stuttgart 1988

on which I based my lecture course in the summer semester 2000. I tried to make some of the proofs more explicit, I changed the ordering somewhat, and I added some results. The numeration I used is that of the book, and for the additional results I gave numbers starting with ‘A’. The first chapter is written in german. Since I finished this temporary version under quite some time pressure, I am aware that there will be more misprints and orthographic errors than are typical for my lecture notes. As always, I am very thankful for any feedback in the range from simple typing errors up to mathematical incomprehensibilities.

Vienna, 2000.08.01 Andreas Kriegl

Simon Hochgerner machte mich darauf aufmerksam, daß ich im Satz (11.7.5) den Fall q = n − 1 − r für r < n − 1 vergessen habe. Ich habe den Beweis des Satzes entsprechend angepaßt um auch diesen Fall miterledigen zu können.

Vienna, 2000.09.25 Andreas Kriegl

Inhaltsverzeichnis

1 Beispiele . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3 2 Homotopy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16 3 Simplicial complexes . . . . . . . . . . . . . . . . . . . . . . . . 27 4 CW-Spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35 5 Fundamental Group . . . . . . . . . . . . . . . . . . . . . . . . . 43 6 Coverings . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57 7 Simplicial Homology . . . . . . . . . . . . . . . . . . . . . . . . 72 9 Singular Homology . . . . . . . . . . . . . . . . . . . . . . . . . 83 Index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108

— Andreas Kriegl, Universität Wien —

1 Beispiele

In diesen ersten Kapitel ist der Stoff größtenteils nur in Form von Schlagworten aufgelistet, für Details siehe im Buch. Wann ist X ∼= Y ? 1.1.2 Definition.

(1) R^n (2) I (3) I^n (4) İ^n (5) D^n (6) Ḋ^n = S^{n−1} (7)^oD^n ∼= R^n n-Ball, n-Sphäre, n-Zelle 1.1.3 Definition. Affine Homömorphismen

1.1.4 Example. R ∼=^oD^1.

1.1.5 Example. R^n ∼=^oD^n.

1.1.6 Folgerung. R^n ist Zelle; Produkte von Zellen sind Zellen. 1.1.7 Definition. Abbildung von Paaren. Konvexe Teilmengen. 1.3.2 Definition. f : (X, A) → (Y, B) heißt relativer Homömorphismus. 1.1.8 Satz. X ⊆ R^n kompakt, konvex, X^o ≠ ∅ ⇒ (X, Ẋ) ∼= (D^n, S^{n−1}), insbesonders ist X ein Ball und Ẋ eine Sphäre. 1.1.9 Folgerung. I^n ist Ball und İ^n eine Sphäre.

1.1.10 Beispiel. D^p × D^q ist Ball und ∂(D^p × D^q ) = S^{p−1} × D^q ∪ D^p × S^{q−1} eine Sphäre.

1.1.11 Folgerung. Produkte von Bällen sind Bälle. 1.1.12 Bemerkung. (1.1.8) falsch ohne konvex oder kompakt. 1.1.13 Beispiel. S^n = D^n_+ ∪ D^n_−, D^n_+ ∩ D^n_− = S^{n−1}. Stereographische Projektion S^n \ {∗} ∼= R^n. 1.1.14 Folgerung. S^n \ {∗} ist Zelle. 1.1.15 Beispiel. (1) R^n \ {0} ∼= S^{n−1} × R. (2) D^n \ {0} ∼= S^{n−1} × (0, 1] ∼= S^{n−1} × (ε, 1]. (3) S^n \ {0} ∼=^oD^n_−.

(4) D^n \ {P } ∼= R^{n−1} × [0, +∞) für alle P ∈ S^{n−1}.

— Version 2000.9.25 — 1.1.15

1.1.20 Beispiel. S^n ≁= R^n und D^n ≁= R^n, da R^n nicht kompakt. Nicht-Homömorphie durch Anzahl der Zusammenhangskomponenten von X \ {∗}. 1.1.21 Beispiel. S^1 × S^1 heißt Torus. Dieser ist einbettbar in R^3. S^1 × S^1 ≁= S^2 nach Jordanschen-Kurvensatz.

1.1.16 Theorem (Invarianz des Gebietes). R^n ⊇ X ∼= Y ⊆ R^n, X offen in R^n ⇒ Y offen in R^n.

1.1.17 Theorem (Invarianz der Dimension). m ≠ n ⇒ R^m ≁= R^n, S^m ≁= S^n, D^m ≁= D^n. 1.1.18 Theorem (Invarianz des Randes). f : D^n → D^n Homömorphismus ⇒ f : (D^n, S^{n−1}) → (D^n, S^{n−1}) Homöomorphismus von Paaren. 1.1.19 Definition. Der Rand eines n-Balls.

1.2.1 Definition. p : X → X/∼ bezüglich einer Äquivalenzrelation ∼ auf X. 1.2.2 Proposition. Beschreibung der finalen/Quotienten-Topologie. 1.2.9 Definition. Quotienten-Abbildung. 1.2.3 Beispiel.

(1) I/∼ ∼= S^1, wobei 0 ∼ 1 (2) I^2/∼ ∼= S^1 × I, wobei (0, t) ∼ (1, t) für alle t.

(3) I^2/∼ ∼= S^1 × S^1, wobei (t, 0) ∼ (t, 1) und (0, t) ∼ (1, t) für alle t. 1.2.5 + 1.2.6 + 1.2.11 Satz. Universelle Eigenschaft von X/∼. 1.2.4 Proposition. Funktorialität von Quotienten-Bildung.

1.2.7 + 1.2.12 Proposition. Einschränkung einer Quotienten-Abbildung auf abg./offene saturierte Menge ist Quotienten-Abbildung.

1.2.8 Folgerung. A abg./offen, p|_A : A → p(A) injektiv, p : X → Y Quotientenabbildung ⇒ p|_A : A → p(A) ⊆ Y ist Einbettung.

1.2.10 Proposition. Stetige surjektive abg./offene Abbildungen sind Quotientenabbildungen. Stetige surjektive Abbildungen von kompakten auf T_2-Raum sind Quotientenabbildungen. f, g Quotientenabbildung ⇒ g ∘ f Quotientenabbildung. g ∘ f Quotientenabbildung ⇒ g Quotientenabbildung.

1.2.13 Proposition. f Quotientenabbildung Z lokalkompakt ⇒ f × Z ist Quotientenabbildung.

1.2.14 Folgerung. f : X → X^′, g : Y → Y^′ Quotientenabbildungen, X, Y^′ lokalkompakt ⇒ f × g Quotientenabbildung.

1.3.1 + 1.3.3 Proposition. Teilraum kollapieren. A ⊆ X abgeschlossen ⇒ p : (X, A) → (X/A, {A}) ist relativer Homömorphismus. Funktorielle Eigenschaft für Abbildungen von Paaren.

— Andreas Kriegl, Universität Wien —

1 BEISPIELE [5] 1.1.20

1.3.4 Beispiel. X/∅ ∼= X, X/{∗} ∼= X. I/İ ∼= S^1, X/A ∼= (X \ A)_∞, falls X

kompakt. D^n/S^{n−1} ∼=^oD^n ∼= R^n.

1.3.5 Beispiel. D^n/S^{n−1} ∼= S^n.

1.3.6 Beispiel. Zylinder X × I über X. Kegel CX := X × I/X × {0}. C(S^n) ∼= D^{n+1}.

1.3.7 Beispiel. Die 1-Punkt Vereinigung ⋁ j∈J X_j.

1.3.8 Proposition. X_j bettet sich in ⋁ j X_j ein und ⋁ j X_j ist Vereinigung der Bilder, die paarweise den Basispunkt als Schnitt haben.

1.3.9 Proposition. Universelle und Funktorielle Eigenschaft der 1-Punkt-Verein-igung.

1.3.10 Proposition. Einbettung von X_1 ∨ · · · ∨ X_n → X_1 × . . . × X_n.

1.3.11 Beispiel. Keine Einbettung für unendliche Indexmenge.

1.3.12 Proposition. Ankleben. f : X ⊇ A → Y mit A ⊆ X abgeschlossen. Y ∪_f X := Y ⊔ X/∼, wobei a ∼ f(a) für alle a ∈ A. Y verklebt mit X vermöge f (oder längs f).

1.3.13 + 1.3.14 Proposition. f : X ⊇ A → Y mit A ⊆ X abgeschlossen. p|_Y : Y → Y ∪_f X ist abgeschlossene Einbettung. p : (X, A) → (Y ∪_f X, p(Y )) ist relativer Homömorphismus.

1.3.15 Proposition. Universelle Eigenschaft des pushouts Y ∪_f X.

1.3.26a Lemma. Es seien f_i : X_i ⊇ A_i → Y gegeben, X := X_1 ⊔ X_2, A := A_1 ⊔ A_2 ⊆ X und f := f_1 ⊔ f_2 : X ⊇ A → Y . Dann ist Y ∪_f X ∼= (Y ∪_{f1} X_1) ∪_{f2} X_2.

— Version 2000.9.25 — 1.3.26a

Beweis. A z

u w f u Y

u i æ æ æ æ æ æ æÆ i_1

A_2 [ [ [ [] [ [ [

z

u c[ [ [ A_1 ’ ’ ’ ’*

z u

� � � � � f_1 2’ ’ ’

z u X_1 w p_1 ff� � � w Y ∪_{f1} X_1

u i_2 X w p ii ii ii ii iij Y ∪_f X � � � X_2 w p_2 � � � (Y ∪_{f1} X_1) ∪_{f2} X_2 i i iij □ 1.3.16 Beispiel. f : X ⊇ A → Y = {∗} ⇒ Y ∪_f X ∼= X/A. f : X ⊇ {∗} → Y ⇒ Y ∪_f X ∼= X ∨ Y . f : X ⊇ A → Y konstant ⇒ Y ∪_f X ∼= X/A ∨ Y . 1.3.17 Beispiel. f : X ⊇ A → B ⊆ Y Homömomorphismus abgeschlossener Teilmengen. ⇒ Y ∪_f X = X ∪ Y mit X ∩ Y ∼= A ∼= B.

1.3.18 Proposition. X u ∼= F A w f ∼= u — u ∼= F B z w u G ∼= Y u G ∼= X^′ A^′ w f^′ ∼= u — B^′ z wY^′

⇒ Y ∪_f X ∼= Y^′ ∪_f ′ X^′.

1.3.19 Beispiel.

(1) Z = X ∪ Y mit X, Y abgeschlossen. ⇒ Z = Y ∪_{id} X.

(2) Z = X ∪ Y mit X, Y abgeschlossen, A := X ∩ Y , f : A → A erweiterbar zu Homömorphismus von X ⇒ Z ∼= Y ∪_f X.

(3) D^n ∪_f D^n für alle Homömorphismen f : S^{n−1} → S^{n−1}. (4) Verkleben zweier Zylinder liefert Zylinder.

1.4.1 Definition. Fläche, Rand, innerer Punkt, unberandete Fläche, geschlossene Fläche.

1.4.2 Proposition. Homömorphismen von Flächen erhalten Ränder.

1.4.3 Proposition. Umgebung eines Randpunktes ist von der Form D^1 × I und die Spur des Randes ist D^1 × {0}.

1.4.4 Beispiele. Kegelschnittflächen.

— Andreas Kriegl, Universität Wien —

1 BEISPIELE [7] 1.3.16

1.4.5 Beispiel. D^2, R× [0, +∞), S^1 × I. 1.4.6 Beispiel. Möbiusband.

1.4.7 Proposition. Schneidet man in Fläche endlich viele disjunkte Löcher so erhält man eine Fläche mit den um den Rand der Löcher erweiterten Rand. 1.4.8 Proposition. Es seien F und F^′ zwei Flächen und R und R^′ Komponenten des jeweiligen Randes und g : R → R^′ ein Homömorphismus. Dann ist F^′ ∪_g F eine Fläche in die F und F^′ abgeschlossen eingebettet ist mit Rand (∂F \R)∪(∂F^′ \R^′). 1.4.9 Beispiel. S^1 × S^1 wird so aus zwei Kopien von S^1 × I gewonnen. Die Kleinsche Flasche ebenfalls.

1.4.10 Beispiel. Ankleben eines Henkels.

(X \ (D^2 ⊔ D^2)) ∪_f (S^1 × I), wobei f : S^1 × I ⊇ S^1 × İ ∼= S^1 ⊔ S^1 ⊆ D^2 ⊔ D^2. 1.4.11 Beispiel. Zusammenhängende Summe. X_1♯X_2 := (X_1 \ D^2) ∪_f (X_2 \ D^2), wobei f : D^2 ⊆ S^1 ∼= S^1 ⊆ D^2. 1.4.12 Beispiel. Verdopplung einer Mannigfaltigkeit mit Rand. 2X := X ∪_f X, wobei f = id : ∂X → ∂X.

1.4.13 Beispiel. Die kompakten orientierbaren Flächen als:

(1) Rand eines Vollbrezels V_g := D^2_g × I. (2) Verdoppelung 2D^2_g .

(3) Zusammenhängende Summe von Tori. (4) Sphäre mit g Henkel.

— Version 2000.9.25 — 1.4.13

1.4.14 Beispiel. Die kompakten orientierbare Fläche als Quotient eines 4g-Ecks. 1.4.15 Beispiel. Die projektive Ebene P^2 als (R^3 \ {0})/∼ mit x ∼ λ · x für R ∋ λ ≠ 0. 1.4.16 Beispiel. P^2 ∼= S^2/∼ wo x ∼ −x.

1.4.17 Beispiel. P^2 ∼= D^2/ ∼ wobei x ∼ −x für alle x ∈ S^1. 1.4.18 Beispiel. P^2 als Verklebung einer Scheibe mit einen Möbiusband. 1.4.19 Beispiel. Die nicht-orientierbaren randlosen kompakten Flächen:

(1) Zusammenhängende Summe von projektiven Ebenen. (2) Sphäre mit angeklebten Möbiusbändern.

Klassifizierung.

1.4.20 Proposition. Die nicht-orientierbaren randlosen kompakten Flächen als Quotienten eines 2g-Ecks.

Die Kleinsche Flasche als Summe zweier Möbiusbänder.

1.5.1 Definition. Vgl. (1.4.1). n-dimensionale Mannigfaltigkeiten, Rand, innerer Punkt, unberandete Fläche, geschlossene Fläche.

1.5.2 Proposition. Vgl. (1.4.2). Homömorphismen von Mannigfaltigkeiten erhalten Ränder.

1.5.3 Proposition. Vgl. (1.4.3). ∃ Umgebung U eines Randpunktes eine Mannigfaltigkeit M mit (U, U ∩ ∂M ) ∼= (D^{n−1} × I, D^{n−1} × {0}). 1.5.4 Folgerung. ∂M ist randlose Mannigfaltigkeit.

1.5.5 Proposition. Vgl. (1.4.7). Schneidet man in Fläche endlich viele disjunkte Löcher so erhält man eine Fläche mit den um den Rand der Löcher erweiterten Rand.

1.5.6 Proposition. Vgl. (1.4.8). Es seien F und F^′ zwei Flächen und R und R^′ Komponenten des jeweiligen Randes und g : R → R^′ ein Homömorphismus. Dann ist F^′ ∪_g F eine Fläche in die F und F^′ abgeschlossen eingebettet ist mit Rand (∂F \ R) ∪ (∂F^′ \ R^′). 1.5.7 Proposition. Es sei M eine m-dimensionale und N eine n-dimnsionale Mannigfaltigkeit, dann ist M × N eine m + n-dimensionale Mannigfaltigkeit mit Rand ∂(M × N ) = ∂M × N ∪ M × ∂N . Beweis. (1.1.10) □

— Andreas Kriegl, Universität Wien —

1 BEISPIELE [9] 1.4.14

1.5.8 Beispiele.

(1) 0-Mannigfaltigkeiten sind diskrete abzählbare topologische Räume. (2) Die zusammenhängende 1-Mannigfaltigkeiten sind R, S^1, I und [0, +∞). (3) Die 2-Mannigfaltigkeiten sind genau die Flächen.

(4) M × N ist 3-Mf für M 1-Mf und N 2-Mf; z.B.: S^2 × R, S^2 × I, S^2 × S^1. (5) D^2_g × I heißt Henkelkörper oder Vollbrezel vom Geschlecht g. (6) S^n, R^n, R^{n−1} × [0, +∞), D^n sind n-Mannigfaltigkeiten. (7) Man kann Henkel S^{n−1} × I an n-Mannigfaltigkeiten kleben, vgl. (1.4.10). (8) Für n-Mannigfaltigkeiten kann man eine zusammenhängende Summe definieren, diese hängt aber von der Klebeabbildung ab, vgl. (1.4.11).

(9) Verdoppelung von n-Mannigfaltigkeiten. 2D^n ∼= S^n, vgl. (1.4.12).

1.5.9 Beispiel. Vereinigung von Volltori (D^2 × S^1) ∪ (S^1 × D^2) = ∂D^3 ∼= S^3 nach (1.1.10). Andere Sichtweise: S^3 = D^3_+ ∪D^3_− und entfernt man nun einen Vollzylinder aus D_− und klebt in an D_+ so erhält man zwei Tori. Bezüglich der stereographischen Projektion entspricht dem Torus {(z_1, z_2) ∈ S^3 ⊆ C^2 : |z_1| = r_1, |z_2| = r_2} der Torus mit der z-Achse als Achse und großen Radius A := 1/r_1 ≥ 1 und kleinen Radius a := √ A^2 − 1.

1.5.10 Beispiel. Es sei f : S^1 × S^1 → S^1 × S^1 gegeben durch f : (z, w) → (z^aw^b, z^cw^d), wobei a, b, c, d ∈ Zmit ad − bc = ±1. R^2 u w ( a b c d ) R^2 u S^1 × S^1 w f S^1 × S^1

Ein Längenkreis auf dem Torus wird dabei auf einen Kurve die a-Mal um die Achse und b-Mal um die Seele läuft abgebildet. M ( a b c d ) := (D^2 × S^1) ∪_f (S^1 × D^2).

Vgl. (1.9.3).

1.5.11 Beispiel. Vgl. ..4.8 Unter einer Heegard-Zerlegung von M versteht man eine Darstellung von M als Verklebung von 2 Henkelkörpern gleichen Geschlechts.

1.5.12 Beispiel. Vgl. (1.4.14) und (1.4.20). Für 1 ≤ q < p relativ prim sei der Linsenraum L(^q_p ) := B^3/∼, wobei (φ, ϑ, 1) ∼ (φ + 2π^q_p , −ϑ, 1) in Kugelkoordinaten gilt. Die Punkte im Inneren von D^3 haben offensichtlich im Quotienten eine D^3- Umgebung. Jene auf den Hemisphären ebenfalls (zusammengesetzt aus einen Teil in der nördlichen Halbkugel und einen in der daran geklebten südlichen). Um dies auch für den Äquator zu sehen beachte man, daß der davon nach Norden ausgehende Meridian mit dem um 2π^q_p verdrehten nach Süden gehenden Verklebt wird. Wir zerscheiden folglich die Kugel in p Sektoren S_1, . . . ,S_p, und klebt jeweils den nördlichen Teil von S_k an den südlichen von S_{k+q} . Auf diese Weise erhält man eine Torte D^2 × I, deren Deckfläche D^2 × {0} und Bodenfläche D^2 × {1} verdreht mineinander verklebt werden muß. Der Äquator in D^3 entspricht somit im Quotienten der Seele diese Torus.

— Version 2000.9.25 — 1.5.12

1.5.13 Definition. Vgl. (1.4.15) Es sei K ∈ {R, C, H }. Dann ist der projektive Raum P^n_K:= (K^{n+1} \ {0})/∼ wobei x ∼ λ x für 0 ≠ λ ∈ K

1.5.14 Proposition. Vgl. (1.4.16). Es ist P^n_Keine dn-dimensionale zusammenhängende kompakte Mannigfaltigkeit, wobei d := dim_RK. Weiters ist P^1_K∼= S^d .

Beweis. Karten K^n → P^n_K, (x^1, . . . , x^n) → [(x^1, . . . , x^i, 1, x^{i+1}, . . . , x^n)]. S^{d(n+1)−1} → P^n_Kist Quotientenabbildung.

Für n = 1 ist P^1_K\ U_1 = {[(0, 1)]} also P^1_K∼= K_∞ ∼= S^d. □

1.7.3 Definition. Gruppenwirkung einer (topologischen) Gruppe G auf einen topologischen Raum X ist ein Untergruppe G von Homöo(X). Der Orbitraum ist X/G := X/∼ = {Gx : x ∈ X}, wobei x ∼ y :↔ ∃g ∈ G : y = g · x. 1.7.4 Beispiel.

(1) S^1 auf C durch Multiplikation ⇒ C /S^1 ∼= [0, +∞).

(2) Zauf R durch Translation (k, x) → k + x ⇒ R/Z∼= S^1, R^2/Z∼= S^1 × R.

ACHTUNG: R/Zhat zwei Bedeutungen.

(3) S^0 auf S^n durch Spiegelung (Skalarmultiplikation) ⇒ S^n/S^0 ∼= P^n.

1.7.5 Definition. G wirkt frei auf X, wenn gx ≠ x für alle x und g ≠ 1.

1.7.6 Theorem. Es wirke G auf X strikt diskontinuierlich, d.h. jedes x ∈ X besitzt eine Umgebung U mit gU ∩ U = ∅ ⇒ g = id. Dies ist insbesonders der Fall, wenn G endlich ist und fixpunktfrei wirkt. Falls X eine geschlossener m-Mannigfaltigkeit ist, os ist es auch X/G.

Beweis. Es ist U ∼= p(U ) die gewünschte Umgebung. □

1.7.7 Beispiel. 1 ≤ q_1, . . ., q_k < p mit q_i, p teilerfremd. E_p := {z : z^p = 1} ∼= Z_p operiert fizpunktfrei auf S^{2k−1} ⊆ C^k durch (z, (z_1, . . ., z_k)) → (z^{q1} z_1, . . . , z^{qk} z_k). Der Linsenraum L_{2k−1}(p; q_1, . . . , q_k) := S^{2k−1}/E_p vom Typ (p; q_1, . . . , q_k) ist geschlossene Mannigfaltigkeit der Dimension 2k − 1.

Insbesonders ist L_3(p; q, 1) ∼= L(^q_p ). Denn bezüglich stereographischer Projektion ist S^3 ∼= R^3_∞. Es ist {(z_1, z_2) ∈ S^3 : | arg(z_2)| ≤^π_p } eine representative Teilmenge für die Wirkung von Z_p = ⟨a⟩, wobei a = e^{2πi/p}. Diese entspricht einer Linse mit Radius 1 und Achse (0, 0, 1) in R^3_∞. Die Tori {(z_1, z_2) : |z_1| = r_1, |z_2| = r_2} sind invariant unter der Wirkung von a, und dieses wirkt durch Drehung um q ·^{2π}_p auf z_1 und um^{2π}_p auf z_2. Somit werden nun Punkte am Rand der Linse und diese genau wie in (1.5.12) miteinander identifiziert. Beachte, daß es nur auf p_i mod q ankommt.

Beachte L_3(p; q_1, q_2) ∼= L_3(p; q_2, q_1) vermöge Spiegelung C × C → C × C , (z_1, z_2) → (z_2, z_1).

Ist q^′ ≡ −q mod p, so ist L_3(p; q, 1) ∼= L_3(p; q^′, 1) vermöge g → g und (z_1, z_2) → (z_1, z_2).

Ist qq^′ ≡ 1 mod p, so ist L_3(p; q, 1) ∼= L_3(p; q^′, 1), denn vermöge dem Gruppenisomorphismus g → g^{p′} ist L_3(p; q, 1) ∼= L_3(p; q^′ q, q^′) = L_3(p; 1, q^′) ∼= L_3(p; q^′, 1).

— Andreas Kriegl, Universität Wien —

1 BEISPIELE [11] 1.5.13

1.7.1 Definition. Eine topologische Gruppe ist ein topologischer Raum zusammen mit einer Gruppenstruktur, s.d. μ : G × G → G und inv : G → G stetig sind.

1.7.2 Beispiel.

(1) R^n.

(2) S^1, S^3.

(3) G × H falls G und H es sind. (4) GL(n, R). (5) O(n) ∼= SO(n) × S^0.

(6) SO(n) wegzusammenhängend, Dimension= n(n − 1)/2 (7) SL(n). (8) GL(n, C ). (9) U (n) ∼= SU (n) × S^1 wegzusammenhängend. (10) SU (n) wegzusammenhängend, Dimension= n^2 − 1.

(11) SO(1) = SU (1) = {∗}, SO(2) ∼= U (1) ∼= S^1, SU (2) ∼= S^3, SO(3) ∼= P^3.

1.9.1 Theorem. Jede zusammenhängende geschlossene Fläche ist zu einer der Flächen S^2 = F_0, S^1 × S^1 = F_1, . . . oder P^2 = N_1, N_2, . . . homöomorph.

Bemerkung. Für 3-Mannigfaltigkeiten ist man weit von einer Läosung des KLassifizierungsproblems entfernt. Für n > 3 kann es keinen Algorithmus geben. Orientierbarkeit!

1.9.2 Theorem. Jede geschlossene orientierbare 3-Mannigfaltigkeit besitzt eine Heegaard-Zerlegung.

1.9.3 Beispiel. Es sei M = M ( a b c d ) (Siehe (1.5.10)) und M^′ = M ( a^′ b^′ c^′ d^′ ) . Es sei α, β, γ, δ ∈ S^0, m, n ∈ Zmit αβ = ±γδ und F : D^2 × S^1 → D^2 × S^1, (z, w) → (z^αw^m, w^β)

G : S^1 × D^2 → S^1 × D^2, (z, w) → (z^γ , z^nw^δ )

Die Kommutativität bedeutet: ( γ 0 n δ ) ( a b c d ) = ( a^′ b^′ c^′ d^′ ) ( α m 0 β )

Falls γa = a^′α, γb = a^′m + b^′β, na + δc = c^′α, nb + δd = c^′m + d^′β so ist (G|_S1_{×S}1 ) ∘ f = f^′ ∘ (F |_S1_{×S}1 ) und somit M ∼= M^′ nach (1.3.18).

(a ≤ 0) α := −1, β := γ := δ := 1, m := n := 0 ⇒ M ( a b c d ) ∼= M ( −a −b c d ) , d.h. o.B.d.A. a ≥ 0.

(ad − bc < 0) α := β := γ := 1, δ := −1, m := n := 0 ⇒ M ( a b c d ) ∼= M ( a b −c −d ) , d.h. o.B.d.A. ad − bc = 1.

— Version 2000.9.25 — 1.9.3

(a = 0) ⇒ bc = −1. α := c, β := b, γ := 1, δ := 1, n := 0, m := d ⇒ M ( a b c d ) ∼= M ( 0 1 1 0 ) ∼= (D2 ∪_{id} D2) × S1 ∼= S2 × S1.

(a = 1) α := δ := a, β := ad − bc, γ := 1, m := b, n := −c ⇒ M ( a b c d ) ∼= M ( 1 0 0 1 ) ∼= S3, nach (1.5.9).

(ad^′ − bc^′ = 1) ⇒ a(d^′ −d) = b(c^′ −c) und wegen ggT (a, b) = 1 ∃n: c^′ = c+n a, d^′ = d+n b.

α := β := γ := δ := 1, m := 0 ⇒ M ( a b c d ) ∼= M ( a b c^′ d^′ ) =: M (a, b). (b^′ := b + ma) α := β := γ := δ := −1 ⇒ M (a, b) ∼= M (a, b^′), d.h. o.B.d.A. 0 ≤ b < a (b = 0 ⇒ a = 1 ⇒ S^3).

1.9.4 Theorem (Heegaard-Zerlegung vin Linsenräumen). Für relative pri- me 1 ≤ b < a gilt L(a, b) ∼= M (a, b). Beweis. Man bohrt ein zylindrisches Loch in D^3 und erhält nach Verkleben einen Torus, wobei je p Erzeuger des Zylinders zu einer geschlossenen Kurve verklebt werden, die p-Mal um die Achse und q-mal um die Seele laufen. Die verbleibende durchlöcherte D^3 zerschneidet man in p Sektoren, die nach Verkleben D^2 × I liefert, und schließlich einen Torus liefert, wobei je p Erzeuger des Zylinders eine Kurve liefert, die genau einmal um die Seele läuft. Hingegen entspricht einem Deckkreis des Zylinders eine Kurve die p mal um die Achse und q mal um die Seele läuft. □

1.9.5 Theorem. L(p, q) ∼= L(p^′, q^′) ⇔ p = p^′ und q ≡ ±q^′ mod p oder qq^′ ≡ ±1 mod p.

Beweis. (⇐) Dies haben wir in (1.7.7) gesehen. (⇒) sprengt die algebraischen Methoden dieses Buches. □

1.9.6 Definition. Zwei Einbettung f, g : X → Y heißen topologisch äquivalent, wenn ein Homömorphismus h : Y → Y existiert mit g = h ∘ f. Je zwei Einbettunge S^1 → R^2 sind nach dem Satz von Schönflies äquivalent.

1.9.7 Definition. Ein Knoten ist eine Einbettung S^1 → R^3 ⊆ S^3.

Bemerkung. Zu einen Knoten könen wir einerseits das Komplement einer tubulären Umgebung in S^3 betrachten. Dies ist eine kompakte zusammenhängende 3-Mannigfaltigkeit mit einen Torus als Rand.

Nach einen erst [Gorden,Luecke,1989] beweisenen Resultat ist der Knoten durch die Homöomorphieklasse dieser Mannigfaltigkeit bis aus Äquivalenz eindeutig bestimmt.

Andererseits können wir die geschlossene (orientierbare) Fläche in R^3 minimalen Geschlechts betrachten, die den Knoten als Rand besitzt.

1.6.1 Notation. f : D^n ⊇ S^{n−1} → X. Betrachten X∪_f D^n, p : D^n⊔X → X∪_f D^n,

e^n := p(^oD^n), i := p|_X : X → X ∪_f D^n =: X ∪ e^n.

— Andreas Kriegl, Universität Wien —

1 BEISPIELE [13] 1.9.4

Nach (1.3.13)+(1.3.14) ist p : (D^n, S^{n−1}) → (X ∪ e^n, X) ein relativer Homöomorphismus und i : X → X ∪ e^n eine abgeschlossene Einbettung.

Mit X ist auch X ∪ e^n T_2: Punkte in X können in X durch U_i getrennt werden und die Mengen {tx : |t| > 0, f(x) ∈ U_i} trennen diese in X ∪ e^n. Sind beide Punkte in der offenen Teilmenge e_n, so ist dies offensichtlich. Ist andererseits einer in e_n und der andere in X so trennt eine Sphäre in D^n diese.

1.6.2 Proposition. Es sei Z T_2, X ⊆ Z abgeschlossen und F : (D^n, S^{n−1}) → (Z, X) ein relativer Homöomorphismus. ⇒ X ∪_f D^n ∼= Z, wobei f := F |_Sn−1 , vermöge (F ⊔ i) ∘ p^{−1}.

Beweis. Wir betrachten

S^{n−1} w f = F |_Sn−1 z

u

X sh h hhk y

u j X ∪_f D^nB B BBCg D^n [ [ [ [] p|_Dn w F Z Es ist j : X → Z abgeschlossen und ebenso F , da D^n kompakt und Z T_2 ist. Also ist auch g abgeschlossen und offensichtlich bijektiv und stetig, also ein Homömorphismus. □

1.6.3 Theorem. f : S^{n−1} → X stetig surjektiv und X T_2 ⇒ p|_Dn : D^n → X ∪_f D^n Quotientenabbildung.

Beweis. p ist surjektiv, da f es ist, und da D^n kompakt und X ∪_f D^n T_2 ist, ist p eine Quotientenabbildung. □

1.6.4 Beispiel.

(a) f : S^{n−1} → {∗} ⇒ X ∪_f D^{n (1.3.16)}∼= D^n/S^{n−1 (1.3.5)}∼= S^n.

(b) f : S^{n−1} → X konstant ⇒ X ∪_f D^{n (1.3.16)}∼= X ∨ (D^n/S^{n−1})^{(1.3.5)}∼= X ∨ S^n. (c) f = id : S^{n−1} → S^{n−1} ⇒ X ∪_f D^n ∼= D^n nach (1.6.3). (d) f = incl : S^{n−1} → D^n ⇒ X ∪_f D^n ∼= S^n nach (1.3.19.b).

— Version 2000.9.25 — 1.6.4

1.6.5 Definition. P^{n−1} → P^n induziert durch K^n ∼= K^n × {0} ⊆ K^{n+1} F : K^n ⊇ D^{dn} → P^n_K, (x^1, . . . , x^n) → [(x^1, . . . , x^n, 1 − |x|)], p : S^{dn−1} → P^n_K, (x^1, . . . , x^n) → [(x^1, . . . , x^n)]. 1.6.6 Proposition. Vgl. (1.4.16). p : S^{dn−1} → P^{n−1}_K ist Quotientenabbildung. Beweis. Siehe Beweis von (1.5.14): p : K^{d(n+1)} ⊇ §^{d(n+1)−1} → P^n_K. □ 1.6.7 Proposition. F : (D^{dn}, S^{dn−1}) → (P^n_K, P^{n−1}_K ) ist relativer Homömorphismus mit F |S^{dn−1} = p. ⇒ P^n_K = P^{n−1}_K ∪_p D^{dn} und weiters P^n_K = D^{dn}/∼, wobei x ∼ −x für x ∈ S^{dn−1}. Beweis. K^n ∼= U_{n+1} = P^n_K\P^{n−1}_K , (x^1, . . . , x^n) → [(x^1, . . ., x^n, 1)] nach dem Beweis von (1.5.15). D^{dn} \ S^{dn−1} → U_{n+1} → K^n ist gegeben durch x → (^{x1}_{1−|x|} , . . . ,^{xn}_{1−|x|} ) ist ein Homömorphismus wie in (1.1.5), also F ein relativer Homömorphismus. Nun verwende (1.6.2) und (1.6.3). □ 1.6.8 Beispiel. P^n_R∼= e^0 ∪ e^1 ∪ · · · ∪ e^n P^n_C ∼= e^0 ∪ e^2 ∪ · · · ∪ e^{2n} P^n_H∼= e^0 ∪ e^4 ∪ · · · ∪ e^{4n} . 1.6.10 Beispiel. Es sei g_n := i^n_1 : S^1 → S^1, z → z^n. Dann ist S^1 ∪_{g0} D^2 ∼= S^1 ∨ S^1 nach (1.6.4.b), S^1 ∪_{g1} D^2 ∼= D^2 nach (1.6.4.c), S^1 ∪_{g2} D^2 ∼= P^2 nach (1.4.17), S^1 ∪_{gk} D^2 ∼= S^1 ∪_{g−k} D^2 1.6.9 Definition. Es sei i^n_j : S^1 → ⋁_r k=1 S^1, z → z^n auf den j-ten Summanden S^1, weiters B_k := {exp(^{2πit}_m ) : k−1 ≤ t ≤ k} ein Boden der Länge^{2π}_m und f_k : B_k → S^1, exp(^{2πit}_m ) → exp(2πi(t − k + 1)). Schließlich sein i^{n1}_{j1} · . . . · i^{nm}_{jm} : S^1 → ⋁_r S^1 die Abbildung die auf B_k mit i^{nk}_{jk} ∘f_k übereinstimmt, d.h. man durchläuft zuerst n_1-mal den j_1-ten Summanden, u.s.w..

1.6.11 Theorem. Es sei g ≥ 1 und f := i_1 · i_2 · i^{−1}_1 · i^{−1}_2 · . . . · i_{2g−1} · i_{2g} · i^{−1}_{2g−1} · i^{−1}_{2g} bzw. f := i^2_1 · i^2 · . . . · i^2_g , so ist ⋁_{2g} S^1 ∪_f D^2 ∼= F_g und ⋁_g S^1 ∪_f D^2 ∼= N_g .

Beweis. (1.6.3) ⇒ X_g ∼= D^2/∼ wobei x ∼ y für x, y ∈ S^1 ⇔ f(x) = f(y). Dies ist genau die Relation aus (1.4.14) bzw. (1.4.20). □ 1.6.12 Definition. Ankleben mehrerer Zellen. Es seien f_j : D^n ⊇ S^{n−1} → X stetige Abbildungen für j ∈ J. Dann sei X ∪_{(fj )j} ⋃ j∈J D^n := X ∪^⨆_{j∈J fj} ⨆ j∈J D^n.

— Andreas Kriegl, Universität Wien —

1 BEISPIELE [15] 1.6.5

1.6.13 Beispiel. (1) f_j : S^{n−1} → {∗} ⇒ X ∪_{(fj )j} ⋃ j∈J D^n ∼= ⋁ J S^n: J × λ : (J × D^n, J × S^{n−1}) → (J × S^n, J × {∗}) ist relativer Homömorphismus nach (1.3.5). Somit ist (J × D^n)/(J × S^{n−1}) ∼= (J × S^n)/(J × {∗}) = ⋁ j S^n ein stetig nach (1.3.1.b) und bijektiv und nach (1.2.13) eine Quotientenabbildung, also ein Homöomorphismus.

(2) X ∪_{(f1,f2)} (D^n ⊔D^n) ∼= (X ∪_{f1} D^n)∪_{f2} D^n, siehe (1.2.10.b) und vgl. (1.3.16).

(3) f_j = id : S^{n−1} → S^{n−1} ⇒ S^{n−1} ∪_{(f1,f2)} (D^n ⊔ D^n)^{(1.6.13.2)}∼= (S^{n−1} ∪ e^n) ∪

e^{n (1.6.4.c)}∼= D^n ∪ e^{n (1.6.4.d)}∼= S^n. S^{n−1} ∪ e^n ∼= D^n und D^n ∪ e^n ∼= S^n.

1.8.1 Definition. Es sei X eine Menge und seien A_j ⊆ X topologische Räume mit X = ⋃ j∈J A_j und die Spurtopologie auf A_j ∩ A_k induziert von A_j und von A_k seien ident und der Duchschnitt abgeschlossen. Die finale Toplogie auf X induziert auf A_j die gegebene Toplogie, d.h. A_j → X ist eine abgeschlossene Einbettung: Denn für jedes abgeschlossene B ⊆ A_j ist B ∩ A_k = B ∩ A_j ∩ A_k angeschlossen in A_k, also B_k abgeschlossen in der finalen Topologie. p : ⨆ j A_j → X ist eine Quotientenabbildung und wir haben folglich die entsprechende universelle Eigenschaft.

1.8.2 Beispiel. Das lange Band.

1.8.3 Proposition. Es sei A eine abgeschlossene lokalendliche Überdeckung von X. Dann trägt X die finale Topologie bzgl. A.

Beweis. Siehe [I,1.2.14.3]. □

1.8.4 Beispiel. Insbesonders gilt dies für endliche abgeschlossene Überdeckungen.

1.8.5 Definition. Es sei A_n eine aufsteigende Folge topologischer Räume, wobei jedes A_n abgeschlossener Teilraum in A_{n+1} ist. Dann heißt A := ⋃ n∈NA_n mit der finalen Topologie Limes der Folge (A_n)_n und man schreibt A = lim−→_n A_n

1.8.6 Beispiel. R^∞ := lim−→_n R^n, der Raum der endlichen Folgen. Es sei x ∈ R^∞ mit ε_n > 0 ist dann {y ∈ R^∞ : |y_n − x_n| < ε_n∀n} eine offene Umgebung von x in R^∞. Umgekehrt sei U ⊆ R^∞ eine offene Menge die x enthält. Dann existiert ein ε_1 > 0 mit K_1 := {y_1 : |y_1 − x_1| ≤ ε_1} ⊆ U ∩ R^1. Da K_1 ⊆ R^1 ⊆ R^2 kompakt ist existiert nach [I,2.1.11] ein ε_2 > 0 mit K_2 := {(y_1, y_2) : y_1 ∈ K_1, |y_2 − x_2| ≤ ε_2} ⊆ U ∩ R^2. Induktiv erhalten wir ε_n mit {y ∈ R^∞ : |y_k − x_k| ≤ ε_k∀k} = ⋃ n K_n ⊆ U . Also bilden obige Mengen eine Basis der Topologie. Nicht hingegen die Mengen ⋃ n{y ∈ R^n : |y − x| < ε_n}, denn für ε_n ↘ 0 enthaltet diese kleine der obigen Umgebungen, denn (^{δn}_2 , . . . ,^{δn}_2 , 0, . . .) ist nicht darin enthalten.

1.8.7 Beispiel.

(1) S^∞ := lim−→_n S^n. (2) P^∞ := lim−→_n P^n. (3) O(∞) := lim−→_n O(n) (4) SO(∞) := lim−→_n SO(n) (5) U (∞) := lim−→_n U (n) (6) SU (∞) := lim−→_n SU (n)

— Version 2000.9.25 — 1.8.7

2 Homotopy

2.1.1 Definition. A homotopy is a mapping h : I → C(X, Y ), which is continuous as mapping ^h : I ×X → Y . Note that this implies, that hI → C(X, Y ) is continuous for the comact one topology but not conversely.

Two mappings h_j : X → Y for j ∈ {0, 1} are called homotopic if there exists a homotopy h : I → C(X, Y ) with h(j) := h_j for j ∈ {0, 1}, i.e. a continuous mapping H : I × X → Y with and H(x, j) = f_j (x) for all x ∈ X and j ∈ {0, 1}. {0, 1} × X w h_1 ⊔ h_1 z u Y

I × X “ “ “ ““] H

2.1.2 Lemma. To be homotopic is an equivalence relation on C(X, Y ).

2.1.3 Lemma. Homotopy is compatible with the composition.

Proof. h : I → C(X, Y ) a homotopy, f : X^′ → X, g : Y → Y^′ continuous ⇒ C(f, g) ∘ h := f^∗ ∘ g_∗ ∘ h : I → C(X^′, Y^′) is a homotopy, since ^C(f, g) ∘ h = g ∘ h ∘ (f × I) is continuous. □

2.1.4 Definition. A mapping f : X → Y is called 0-homotopic iff it is homotopic to a constant mapping.

If Y is path-connected, then any two constant mappings are homotopic: In fact a path y : I → I induces a homotopy t → const_y. X is called contractible, iff id_X is 0-homotopic.

2.1.5 Definition. The homotopy class [f] of a mapping g ∈ C(X, Y ) is [f] := {g ∈ C(X, Y ) : g is homotopic to f}. Let [X, Y ] := {[f] : f ∈ C(X, Y )}.

2.1.6 Example.

(h) Starshaped subsets A ⊆ R^n are contractible: scalar-mulitplication. (a) This is true in particular for A = R^n or a convex subset A ⊆ R^n. (e) For a contractible space X there need not exist a homotopy h which keeps x_0 fixed, see the comb (2.4.5.j). Contractible spaces are path-connected.

— Andreas Kriegl, Universität Wien —

2 HOMOTOPY [17] 2

(f) If Y is contractible then any two mappings f_j : X → Y are homotopic, i.e.

[X, Y ] := {∗}: (h) and (2.1.3).

(i) Any continuous none-surjective mapping f : X → S^n ist 0-homotopic:

S^n \ {∗} ∼= R^n nach (1.1.13), nun (h) und (f).

(d) A composition of a 0-homotopic mapping with any mapping is 0-homotopic:

(2.1.3).

(g) If X is contractible and Y is path-connected then again any two mappings f_j : X → Y are homotopic, i.e. [X, Y ] = {∗}: (d) and (2.1.4).

(b) Any mapping f : R^n → Y is 0-homotopic: (g) and (a). (c) [{∗}, Y ] is in bijection to the path-components of Y : Homotopy = Path.

2.1.7 Definition. A homotopy h relativ A ⊆ X is a homotpy h : I → C(X, Y ) with inkl^∗ ∘h : I → C(X, Y ) → C(A, Y ) konstant. Two mappings h_j : X → Y are called homotopic relativ A ⊆ X, iff there exists a homotopy h : I → C(X, Y ) relativ A with boundary values h(j) = h_j for j ∈ {0, 1}.

2.1.8 Definition. A homotopy h of pairs (A, X) and (Y, B) is a homotopy h : I → C(X, Y ) with h(I)(A) ⊆ Two mappings f_j : (X, A) → (Y, B) of pairs are called homotopic, iff there exists a homotopy H : X × I → Y with H(x, j) = f_j(x) and H(A × {t}) ⊆ B. We denote with [f] this homotopy class and with [(X, A), (Y, B)] the set of all these classes.

2.1.10 Definition. A homotopy of pairs with A = {x_0} and B = {y_0} is called basepoint preserving homotopy. We have f ≃ g : (X, {x_0}) → (Y, {y_0}) iff f ≃ g relativ {x_0}.

2.1.9 Example. Since I is contractible we have [I, I] = {0}. But [(I, İ), (I, İ)] = {[id], [t → 1 − t], [t → 0], [t → 1]}. 2.1.11 Lemma. Let p : X^′ → X be a quotient mapping and let h : I → C(X, Y ) be a mapping for which p^∗ ∘h : I → C(X^′, Y ) is a homotopy. Then h is a homotopy.

Proof. Note that for quotient-mappings p the induced injective mapping p^∗ is in general not an embedding (we may not find compact inverse images). However ^ p^∗ ∘ h = ^h ∘ (I × p) and I × p is a quotient-mapping by [Topologie I, 2.2.9]. □

2.1.12 Lemma.

(a) Let p : X^′ → X be a quotient mapping, h : I → C(X^′, Y ) be a homotopy and h_t ∘p^{−1} : X → Y be well-defined for all t. Then this defines a homotopy I → C(X, Y ) as well: (2.1.11).

(b) Let h : I → C(X, Y ) be a homotopy compatible with equivalence relations ∼ on X and on Y , i.e. x ∼ x^′ ⇒ h(x, t) ∼ h(x^′, t). Then h factors to a homotopy I → C(X/ ∼, Y / ∼): Apply (2.1.11) to (q_Y )_∗ ∘h : I → C(X, Y / ∼ ). (c) Let f : X ⊇ A → Y be a gluing map and h : I → C(X, Z) and k : I → C(Y, Z) be homotopies with inkl^∗ ∘h = f^∗ ∘k. Then the induce as homotopy I → C(Y ∪_f X, Z): Apply (2.1.11) to p : Y ⊔ X → Y ∪_f X.

(d) Each homotopy h : I → C((X, A), (Y, B)) of pairs induces a homotopy I → C(X/A, Y /B): (b). (e) Homotopies h^j : I → C((X_j , x^0_j ), (Y_j, y^0_j )) induce a homotopy ⋁ j f^j : I → C(( ⋁ j X_j , x^0), ( ⋁ j Y_j, y^0)).

— Version 2000.9.25 — 2.1.12

2.1.13 Example.

(a) Let h_t : (X, I) → (X, I) be given by h_t(x, s) := (x, ts). This induces a contraction of CX := (X × I)/(X × {0}).

(b) The contraction of D^n given by (a) does not leave S^n invariant, hence induces no contraction of D^n/S^{n−1}. We will see later, that D^n/S^{n−1} ∼= S^n is not contractible.

2.2.1 Definition. p : R → S^1, t → exp(2πit). φ : I → R with φ(0) = 0, n := φ(1) ∈ Z⇒ φ := p ∘ φ ∘ p^{−1} : S^1 → S^1 is welldefined. I u p w φ R u p S^1 w φ S^1

2.2.2 Lemma. Let f : S^1 → S^1 be continuous (f(1) = 1), then there exists a φ : (R, 0) → (R, 0) with f(s) = f(1) · φ̂(s).

(R, 0) w φ

u p (R, 0) u p S^1 w f S^1

Proof. Replace f by t → f(1)^{−1} · f(t), i.e. w.l.o.g. f(1) = 1. Let h := f ∘ p. The h is periodic and uniformly continuous. So chose δ > 0 with |t − t^′| ≤ δ ⇒ |h(t) − h(t^′)| < 2. Let t_j :=^j_δ . The mapping t → e^{2πit} is a homöomorphism (−π, π) → S^1 \ {−1} let^1_{2π} arg : S^1 \ {−1} → (−π, π) ⊆ R be its inverse. Then for t_j ≤ t ≤ t_{j+1} let φ(t) := 1 2π (arg h(t_1) h(t_0) + · · · + h(t) h(t_j ) ) which gives the desired lifting. □

2.2.3 Definition. Let f : S^1 → S^1 be continuous and φ as in (2.2.2), then grad f := φ(1) ∈ Zis called mapping degree of f.

2.2.4 Theorem. deg : [S^1, S^1] ∼= Z.

(a) The mapping z → z^n has degree n.

(b) Two mappings are homotop iff they have the same degree.

Proof. (a) follows since φ(t) = n · t.

(b) Let f be a homotopy I → C(S^1, S^1). Then there exists a lifting φ : I → C(R, R) with p(φ_t(s)) = f_t(1)^{−1} · f_t(s). In particular φ_t(1) ∈ p^{−1}(1) = Zand hence is constant. So deg(f_0) = φ_0(1) = φ_1(1) = deg(f_1).

Conversely, we define φ : I → C(R, R) by φ_t := (1 − t)φ_0 + tφ_1. Then this induces a homotopy f : I → C(S^1, S^1), since φ_t(1) = deg(f_0) = deg(f_1) ∈ Z. □

— Andreas Kriegl, Universität Wien —

2 HOMOTOPY [19] 2.1.13

2.2.5 Example.

(a) deg(id) = 1: id = g_1; f ∼ 0 ⇒ deg(f) = 0: f ∼ g_0; deg(z → z) = −1: g_{−1} by (2.2.4).

(b) deg(f ∘ g) = deg(f) · deg(g): g_n ∘ g_m = g_{nm}, now (2.2.4). (c) f homeomorphism ⇒ deg(f) ∈ {±1}: deg(f) is invertible. (d) incl : S^1 → C \ {0} is not 0-homotopic, since id_S1 is not: deg(id) = 1 now (2.2.4). We can use [S^n, X] to detect holes in X.

(e) The two inclusions of S^1 → S^1 × S^1 are not homotopic: pr_1 ∘ inc_1 = id, pr_1 ∘ inc_2 ∼ 0.

2.2.6 Lemma. S^1 is not contractible.

Proof. deg(id) = 1. □

2.2.7 Lemma. There is not retraction to S^1 → D^2.

Proof. Otherwise, let r : D^2 → S^1 be a retraction to ι : S^1 → D^2. Then id = r ∘ ι ∼ r ∘ 0 = 0, a contradiction. □

2.2.8 Lemma. Brouwer’s fixed point thereom. Every continuous mapping f : D^2 → D^2 has a fixed point.

Proof. Assume f(x) ≠ x and let r(x) the unique intersection point of the ray from r(x) to x with S^1. Then r is a retraction, a contradiction to (2.2.7). □

2.2.9 Lemma. Fundamentaltheorem of algebra. Every non-constant polynomial has a root.

Proof. Let p(x) = a_0 + · · · + a_{n−1}x^{n−1} + x^n be a polynomial without root, s := |a_0| + · · · + |a_{n−1}| + 1 ≥ 1 and z ∈ S^1. Then

|f(sz) − (sz)^n| ≤ |a_0| + s|a_1| + · · · + s^{n−1}|a_{n−1}| ≤ s^{n−1}(|a_0| + · · · + |a_{n−1}|) < s^n = |(sz)^n|.

Hence 0 /∈ f(sz), (sz)^n. Thus z → s^n z^n is homotopic to z → f(sz) and consequently 0-homotopic. Hence g_n ∼ 0, a contradiction to (2.2.4). □

2.2.10 Definition. The degree of f : S^1 → R^2 with respect to z_0 /∈ f(S^1 ) is the degree of x →^{f(x)−z0}_{|f(x)−z0|} and will be denoted by U (f, z_0) the turning (winding) number of f around z_0.

— Version 2000.9.25 — 2.2.10

2.2.11 Lemma. If z and z^′ are in the same component of C \f(S^1 ) then U (f, z) = U (f, z^′). Proof. Let t → z_t be a path in C \ f (S^1 ). Then t → (x →^{f(x)−zt}_{|f(x)−zt|} ) is a homotopy and hence U (f, z_0) = U (f, z_1). □

2.2.12 Lemma. There is exactly one unbounded component of C \ f(S^1) and for z in this component we have U (f, z) = 0.

Proof. For x^′ outside a sufficiently large disk containing c(S^1) (this is connected and contained in the (unique) unbounded component) the mapping t → ( x → tf(x) − x^′ |tf(x) − x^′| )

is a homotopy showing that x →^{f(x)−x′}_{|f(x)−x′|} is 0-homotopic and hence U (f, x^′) = 0 and U (f, ) is zero on the unbounded component. □

By Jordan’s curve theroem there are exactly two components for an embedding f : S^1 → C . And one has W (f, z) ∈ {±1} for z in the bounded component.

2.2.13 Theorem of Borsuk and Ulam. For every continuous mapping f : S^2 → R^2 there is a z ∈ S^2 with f(z) = f(−z).

Proof. Suppose f(x) ≠ f(−x). Consider f_1 : S^2 → S^1, x →^{f(x)−f(−x)}_{|f(x)−f(−x)|} and f_2 : D^2 → S^1, x → f_1(x, √ 1 − |x|^2). Then g = f_2|_S1 ∼ 0 via f_2. Since f_1 is odd, so is g. Let φ be the lift of x → g(1)^{−1}g and hence φ(1) = deg(g). For 0 ≤ t ≤^1_2 we have g(exp(2πi(t +^1_2 ))) = g(− exp(2πit)) = −g(2πit) and hence exp(2πiφ(t + 1 2 )) = p(1)^{−1}g(exp(2πi(t + 1 2 ))) = −g(1)^{−1}g(2πit)

= exp(2πiφ(t)) = exp(2πi(φ(t) + 1 2 )). — Andreas Kriegl, Universität Wien —

2 HOMOTOPY [21] 2.2.11

Hence φ(t +^1_2 ) − φ(t) −^1_2 ∈ Z. Thus for t =^1_2 we get deg(g) = φ(1) = 1 + 2k, where k := φ(^1_2 ) −^1_2 ∈ Z. □

2.2.14 Ham-Sandwich-Theorem. Let A_0, A_1, A_2 be 3 subsets of R^3, such that the volume of the trace on each half-space is well-defined and continuous and such that for every a ∈ S^2 there exists a unique distance d_a auch that the volume of A_0 on both sides of the plane with unit-normal a and distance d_a from zero are equal. Let furthermore a → d_a be continuous. Then there is a plane which cuts A_1, A_2 and A_3 in exactly equal parts.

Proof. Let f : S^2 → R^2 be the volume of A_1 and A_2 on the right side of the plane with unit-normal a and distance d_a. By (2.2.13) there exists a b ∈ S^2 with f(b) = f(−b). Since d_{−a} = −d_a we have that f(−b) is the volume of A_1 and A_2 on the left side of this plane. □

2.3.1 Definition. A subspace A ⊆ X is called retract iff there exists an r : X → A with r|_A = id_A.

Being a retract is transitive, and retracts in Hausdorff spaces are closed (A = {x ∈ X : r(x) = x}) 2.3.2 Lemma. A subspace A ⊆ X is a retract of X iff every function f : A → Y can be extended to f̃ : X → Y .

Let A ⊆ X be closed. Then a function f : A → Y can be extended to X iff Y is a retract of Y ∪_f X.

Cf. (Ü64).

Proof. A=4 4 446 w id_A ’ ’ ’ ’ ’ ’ ’) f

A [ [ [ [ [ [ [^ f

A z u w f Y z u fl fl fl fl fl fl flffl id_Y X i i iij r

u f̃ X w “““ “““ “““ ““““] f̃ Y ∪_f X B B BBCr Y Y □ 2.3.3 Theorem. A mapping f : X → Y is 0-homotopic iff there exists an extension f̃ : CX → Y with f̃ |_X = f

Proof. X × {1} ff� � � X

u f X × I ww “““ “““ “““ “““] h CX œ œ œ œœø X × {0} ¿4 4 447

w const Y □

— Version 2000.9.25 — 2.3.3

2.3.4 Definition. A pair (X, A) is said to have the general homotopy extension

property (HEP) (equiv. a cofibration) if A is closed in X and we have

A y w y u X y u fl fl fl fl fl fl flffl F_0 A × I y w hh hh hh hhhj f X × I 5 5 556F Y or equivalently

A y w u f̌ X u F_0 i i iik F̌ C(I, Y ) w ev_0 Y

2.3.5 Theorem. (X, A) has HEP ⇔ X × {0} ∪ A × I is a retract of X × I.

Proof. A z

u z wX%æ æ æ æ æ æ æ æ æ æ ææÆ

u F_0 W y w “““ “““ “““ “““] f ∪ F_0 X × I 5 5 556r A × I ph h hhj w f Y □ 2.3.6 Example. (a) The pair (D^n, S^{n−1}) has the HEP: project from the axis at

some point above the cylinder.

(b) If (X, A) has HEP and f : A → Y then (Y ∪_f X, Y ) has HEP. A w f z u Y z u w h C(I, Z)

u ev_0 X w œœœ œœœ œœœ œœœø

Y ∪_f X w H_0 i i iij Z (c) If Y is obtained from X by gluing cells, then (Y, X) has HEP (⇐ (a), (b)).

— Andreas Kriegl, Universität Wien —

2 HOMOTOPY [23] 2.3.4

2.3.7 Remark. (a) If f ∼ g : A → Y , (X, A) has HEP and f extends to X then so does g (by Definition of HEP).

(b) If f : X → Y is 0-homotopic on A, then there exists a mapping g homotopic to f, which is constant on A (Consider the homotopy on I × A and f on {0} × X).

(c) If (X, x_0) has HEP and Y is path-connected, then every mapping is homotopic to a base-point preserving one (Consider f { 0} × X and a path w on I × {x_0} between f(x_0) and y_0).

2.3.8 Theorem. If (X, A) has HEP, then so has (X × I, X × İ ∪ A × I).

Proof. We use (2.3.5) to show that X × I × I has W := X × I × {0} ∪ (X × İ ∪ A × I) × I as retract. For this we consider planes through an axis over the center of the square I × I. For planes between the lower two corners, we take the retraction of the intersection ∼= X × I with X × I × I onto the intersection with W , which corresponds to X × {0} ∪ A × I. For the other planes we take the vertical projection and the retraction there. For this we have to remark that the retraction (x, t) → (r_1(x, t), r_2(x, t)) given by (2.3.5) can be chosen such that r_2(x, t) ≤ t, in fact replace r_2(x, t) by min{t, r_2(x, t)}. □

2.4.1 Definition. A homotopy equivalence is a mapping having up to homotopy an inverse. Two spaces are called homotopy equivalent if there exists a homotopy equivalence.

2.4.2 Definition. A continuous mapping between pairs is called homotopy equivalence of pairs, if there is a mapping of pairs in the opposite direction which is inverse up to homotopy of pairs.

2.4.3 Definition. A subspace A ⊆ X is called deformation retract (DR) iff there is a homotopy h_t : X → X with h_0 = id_X and h_1 : X → A ⊆ X a retraction. If h_t is a homotopy rel. A it is called strict deformation retract.

— Version 2000.9.25 — 2.4.3

2.4.4 Theorem. Let (X, A) have the HEP. Then the following statements are equivalent:

(1) A → X is a homotopy-equivalence; (2) A is a DR of X; (3) A is a SDR of X.

Proof. (3⇒2) is obvious.

(2⇒1) is always true. In fact let h_t be a deformation, with end value a retraction r := h_1 : X → A. Then r is a homotopy inverse to ι : A → X, since r ∘ ι = id_A and ι ∘ r = h_1 ∼ h_0 = id_X .

(1⇒2) Let g be a homotopy inverse to the inclusion ι : A → X. Since g ∘ ι ∼ id_A and g ∘ ι extends to g : X → A we conclude from (2.3.7a) that id_A : A → A has an extension r : X → A, i.e. a retraction. On the other hand we conclude from ι ∘ g ∼ id_X that id_X ∼ ι ∘ g = r ∘ ι ∘ g ∼ r ∘ id_X = r.

(2⇒3) Let h_t : X → X be a deformation from id_X to a retraction r : X → A. Let F : X × İ ∪ A × I → X be given by id on X × {0} by r on X × {1} and by pr_1 on A × I. Let H(x, s, t) := h_{st}(x). Then F ∼ H_1 on W := X × İ ∪ A × I. Since H_1 lives on X × I, we can extend F to X × I by (2.3.7a). This is the required deformation relative A. □

2.4.5 Example. (a) X is homotopy-equivalent to a point iff it is contractible (in fact {∗} ⊆ X is a homotopy-equivalence iff const_∗ ∼ id_X , i.e. X is contractible). (d) Every set which is starshaped with respect to some point, has this point as SDR.

(e) Composition of SDRs are SDRs.

(c) If {y} is a SDR of Y then so is X × {y} of X × Y and of X ∨ Y ⊆ X × Y . (b) X × {0} is a SDR of X × I (⇐ (b)); {X} is a SDR of CX. (f) The complement of a k-dimensional affine subspace of R^n has an S^{n−k−1} as SDR (R^n \ R^k = R^k × (R^{n−k} \ {0}) ∼ {0} × S^{n−k−1} by (e) and (c)). (g) The following spaces have S^1 as SDR: X × S^1 for every strictly contractible X and the Möbius strip.

(h) Every handlebody of genus g has S^1 ∨ · · · ∨ S^1 as SDR.

(e) An infinite comb has one tip as DR but not as SDR.

— Andreas Kriegl, Universität Wien —

2 HOMOTOPY [25] 2.4.4

2.4.6 Proposition. If A is a SDR of X and f : A → Y is continuous, then Y is a SDR in Y ∪_f X.

Proof. A w f y u Y z u id

h_t X wY ∪_f X h̃_t □

2.4.7 Corollary. If Y is build from X by gluing simultaneously cells, then Y is a SDR in Y \ P , where P is given by picking in every cell a single point.

Proof. Use (2.4.5.d). □

2.4.8 Example. The pointed compact surfaces have S^1 ∨ · · · ∨ S^1 as SDR.

Proof. By (1.6.11) they are S^1 ∨ · · · ∨ S^1 ∪_f (D^2 \ {∗}). Now use (2.4.6). □

2.4.9 Theorem. (X, A) has HEP iff X × {0} ∪ A × I is a SDR of X × I.

Proof. (⇐) follows from (2.3.5).

(⇒) By (2.3.5) W := X × {0} ∪ A × I is a retract of X × I. Let r = (r_1, r_2) be the retraction. Then h_t(x, s) := (r_1(x, ts), (1 − t)s + t r_2(x, s)) is a homotopy between r and id rel. W : In fact h_t(x, s) = (x, (1 − t)s + t s) = (x, s) for (x, s) ∈ W . □

2.4.10 Definition. The mapping cylinder M_f of a mapping f : X → Y is given by Y ∪_f (X × I), where f is considered as mapping X × {1} ∼= X → Y .

We have the diagram X w f ¡4 4 446i Y rh h hhk M_f h h hhj r

where f = r ∘ i and i is a closed embedding with HEP and Y → M_f a SDR (along the generators X × I) with retraction r. To see the HEP, use (2.3.5) to construct a retraction M_f × I → M_f × {0} ∪ X × I by projecting in the plane {x} × I × I from {x} × {1} × {2}. — Version 2000.9.25 — 2.4.10

2.4.12 Corollary. Two spaces are homotopy equivalent iff there exists a third one which contains both as SDRs.

Proof. (⇒) Use the mapping cylinder as third space. Since f is a homotopy equivalence, so is i : X → M_f by (2.4.10) and by the HEP it is a SDR by (2.4.4). (⇐) Use that SDRs are always homotopy equivalences. □

2.4.13 Proposition. Assume (X, A) has HEP and f_j : X ⊇ A → Y are homotopic. Then Y ∪_{f0} X and Y ∪_{f1} X are homotopy equivalent rel. Y .

Proof. Consider the homotopy f : A×I → Y and the space Z := Y ∪_f (X ×I). We show that Y ∪_{fj} X are SDRs of Z and hence are homotopy equivalent by (2.4.12): A w f_j 0’ ’ ’ ’) y

u

Y

u A × I AA AA AAC f z

u

X /’ ’ ’ ’’) wY ∪_{fj} X

u W AA AA AAC

y u Y ∪_f X × I

X × I h h hhj f □ — Andreas Kriegl, Universität Wien —

3 SIMPLICIAL COMPLEXES [27] 2.4.12

2.4.14 Example. The dunce hat, i.e. a triangle with sides a, a, a^{−1} identified, is contractible: By (1.6.9), (1.6.3) and (2.4.3) we have D ∼= S^1 ∪_f e^2 ∼ S^1 ∪_{id} e^2 ∼= D^2.

2.4.15 Proposition. Let A be contractible and let (X, A) have the HEP. Then the projection X → X/A is a homotopy equivalence.

Proof. Consider A u f_t y wX u F_t ww X/A � � � R̃ u F̃_t A y wX ww X/A Then R̃ given by factoring F_1 is the desired homotopy inverse to X → X/A, since F_0 = id and F_1(A) = {∗}. □

3 Simplicial complexes

3.1.1 Remark. A finite set of points x_0, . . ., x_q in R^n is said to be in general position if one of the following equivalent conditions is satisfied:

(1) The affine subspace { ∑ i λ_ix_i : ∑ i λ_i = 1} generated by the x_i has dimension q;

(2) No strict subset of {x_0, . . . , x_q} generates the same affine subspace; (3) The vectors x_i − x_0 for i > 0 are linear independent; (4) The representation ∑ i λ_ix_i with ∑ i λ_i = 1 is unique.

3.1.2 Definition. A simplex of dimension q (or short: a q-simplex) is the set

σ := {∑ i λ_ix_i : ∑ i λ_i = 1, ∀i : λ_i > 0 }

for points {x_0, . . ., x_q} in general position. Its closure in R^n is the set

σ̄ := {∑ i λ_ix_i : ∑ i λ_i = 1, ∀i : λ_i ≥ 0 } . The points x_i are then called the vertices of σ. Remark that as extremal points of σ̄ they are uniquely determined. The set σ̇ := σ̄ \ σ is called boundary of σ.

— Version 2000.9.25 — 3.1.2

3.1.3 Lemma. Let σ be a q-simplex. Then (σ̄, σ̇) ∼= (D^q , S^{q−1}).

Proof. Use (1.1.18). □

3.1.4 Definition. Let σ and τ be simplices in R^n. Then σ is called face of τ (σ ≤ τ ) iff the vertices of σ form a subset of those of τ .

3.1.5 Remark.

(1) Every q-simplex has 2^{q+1} many faces: In fact this is the number of subsets of {x_0, . . ., x_n} (2) The relation of being a face is transitive.

(3) The closure of a simplex σ is the disjoint union of all its faces σ = ⋃ τ≤σ τ : Remove all summands λ_ix_i in ∑ i λ_ix_i for which λ_i = 0.

3.1.6 Definition. A simplicial complex K is a finite set of simplices in some R^n with the following properties: (1) σ ∈ K, τ ≤ σ ⇒ τ ∈ K. (2) σ, τ ∈ K, σ ≠ τ ⇒ σ ∩ τ = ∅. The 0-simplices are called vertices and the 1-simplices are called edges. The number max{dim σ : σ ∈ K} is called dimension of K.

3.1.7 Definition. For a simplicial complex K the subspace |K| := ⋃ σ∈K σ is called the underlying topological space. Every space which is the underlying space of a simplicial complex is called polyhedra. A corresponding simplicial complex is called a triangulation of the space.

3.1.8 Remark. By (3.1.6) we have |K| = ⋃ σ∈K σ̄, and σ̄ ∩ τ̄ is a either empty or the closure of a common face. Every polyhedra is compact and metrizable.

3.1.9 Remarks.

(1) Regular polyhedra are triangulations of a 2-sphere.

(2) There is a triangulation of the Möbius strip by 5 triangles. SKIZZE!!!

— Andreas Kriegl, Universität Wien —

3 SIMPLICIAL COMPLEXES [29] 3.1.3

(3) There is a (minimal) triangulation of the projective plane by 10 triangles.

(4) One can show, that every compact surface, every compact 3-dimensional manifold and every compact differentiable manifold has a triangulation.

(5) It is not known if every compact manifold has a triangulation. (6) Every ball and every sphere has a triangulation given by any n-Simplex with all its faces.

(7) A countable union of circles tangent at some point is not a polyhedra, since it consists of infinite many 1-simplices.

3.1.10 Definition. For every x ∈ |K| exists a unique simplex σ ∈ K with x ∈ σ. It is called the carrier simplex of x and denoted carr_K (x).

3.1.11 Lemma. Every point x ∈ |K| has a unique representation x = ∑ i λ_ix_i, with ∑ i λ_i = 1 and λ_i ≥ 0 and vertices x_i of K. The x_i with λ_i > 0 are just the vertices of the carrier simplex of x.

3.1.12 Definition. A subcomplex is a subset L ⊆ K, that is itself a simplicial complex. This is exactly the case if τ ≤ σ ∈ L ⇒ τ ∈ L since (2) is obvious.

3.1.13 Lemma. A subset L ⊆ K is a subcomplex iff |L| is closed in |K|.

Proof. Use (3.1.5.3) and (3.1.8). □

3.1.14 Definition. Two simplices σ and τ are called connectable in K iff there are simplices σ_0 = σ, . . . , σ_r = τ with σ̄_j ∩ σ̄_{j+1} ≠ ∅. The equivalence classes with respect to being connected are called the components of K. If there is only one component then K is called connected.

3.1.15 Lemma. The components of K are subcomplexes and their underlying spaces are the path-components (connected components) of |K|.

Proof. Since σ is a closed convex subset of some R^n, it is path connected and hence the underlying subspace of a component is (path-)connected. Conversely, if two simplices σ and τ belong to the same component of the underlying space, then there is a curve c connecting σ with τ . This curve meets finitely many simplices σ_0 = σ, . . . , σ_N = τ and we may assume that it meets σ_i before σ_j for i < j. By induction we show that all σ_i belong to the same component of K. In fact if

— Version 2000.9.25 — 3.1.15

σ_0, . . ., σ_{i−1} does so, then let t_0 := min{t ∈ [0, 1] : c(t) ∈ σ_i}. Then c(t) ∈ ⋃ j<i σ_j for t < t_0 and hence c(t_0) ∈ ⋃ i<j σ_j ∩ σ_i. Thus σ_i is connected with σ_j for some j < i. □ 3.1.16 Definition. A mapping φ : K → L between simplicial complexes is called simplicial mapping iff

(1) φ maps vertices to vertices;

(2) And if σ is generated by vertices x_0, . . ., x_q then φ(σ) is generated by the vertices φ(x_0), . . . , φ(x_q).

3.1.17 Lemma.

(1) A simplicial mapping is uniquely determined by its values on the vertices. (2) If σ ≤ τ ∈ K then φ(σ) ≤ φ(τ ) ∈ L. (3) dim(φσ) ≤ dim σ.

Proof. This follows immediately, since φ(⟨x_0, . . . , x_k⟩) = ⟨{φ(x_i) : 0 ≤ i ≤ k}⟩. □ 3.1.18 Definition. Let φ : K → L be simplicial. Then |φ| (∑ i λ_ix_i ) := ∑ i λ_iφ(x_i) for x_i ∈ K, ∑ i λ_i = 1 and λ_i ≥ 0

defines a continuous map from |K| → |L| (which is affine on every closed simplex σ̄).

3.1.19 Remark. There are only finitely many simplicial mappings from K to L. For every simplicial map φ the map |φ| is not dimension increasing.

3.1.21 Lemma.

(1) A map φ : K → L is an simplicial isomorphism (i.e. has an inverse, which is simplicial) iff it is simplicial and bijective.

(2) For every simplicial isomorphism φ the mapping |φ| is a homeomorphism.

Proof. (1) We have to show that the inverse of a bijective simplicial mapping is simplicial.

Let y be a vertex of L and φ(σ) = y. We have to show that σ is a 0-simplex. Let x_0, . . ., x_q be the vertices of σ. Then φ(x_0), . . . , φ(x_q) generate the simplex φ(σ) = y and hence have to be equal the vertex y of y. Since φ is injective q = 0 and σ = x_0. Now let τ = φ(σ) be a simplex in L with vertices y_0, . . . , y_q. Let x_0, . . . , x_p be the vertices of σ. Since φ is simplicial and injective the images φ(x_0), . . . , φ(x_p) are distinct and generate the simplex φ(σ) hence are just the vertices of τ . Thus wlog. p = q and φ(x_j ) = y_j for all j. □

3.2.4 Definition. Let K and L be two simplicial complexes, f : |K| → |L| be continuous. Then a simplicial mapping φ : K → L is called simplicial approximation for f iff for all x ∈ |K| we have |φ|(x) ∈ carr_L(fx). In particular for every x ∈ |K| there is a simplex σ ∈ L with f(x), |φ|(x) ∈ σ. Recall that |φ|(σ̄) = φ(σ).

— Andreas Kriegl, Universität Wien —

3 SIMPLICIAL COMPLEXES [31] 3.1.16

3.2.5 Lemma. Let φ be a simplicial approximation of f, then |φ| ∼ f.

3.2.6 Example. Let X := |σ̇^2|. Then X ∼= S^1. If φ : K → K is simplicial, then either φ is bijective or not surjective. So it has degree in {±1, 0}. Every continuous map of absolute degree greater then 1 has no simplicial approximation.

For f : t → 4t(1 − t) from [0, 1] → [0, 1] there is no simplicial approximation φ : K → K := {⟨0⟩, ⟨1⟩, ⟨0, 1⟩}, since any such must satisfy φ(0) = φ(1) = {0}, but φ(1/2) ∈ {1}. In order to get simplicial approximations we have to refine the triangulation of |K|. This can be done with the following barycentric refinement.

3.2.1 Definition. The barycenter σ̂ of a q-simplex σ with vertices x_i is given by

σ̂ = 1 q + 1 ∑ i x_i.

For every simplicial complex K the barycentric refinement K^′ is given by all simplices having as vertices the barycenter of strictly increasing sequences of faces of a simplex in K, i.e. K^′ := {⟨σ̂_0, . . ., σ̂_q⟩ : σ_0 < · · · < σ_q ∈ K}.

3.2.2 Theorem. For every simplicial complex K the barycentric refinement K^′ is a simplicial complex of same dimension d and same underlying space but with max{d(σ^′) : σ^′ ∈ K^′} ≤^d_{d+1} max{d(σ^′) : σ^′ ∈ K^′}. Here d(σ) := max{|x − y| : x, y ∈ σ} denotes the diameter of σ.

Proof. If σ_0 < · · · < σ_q, then the barycenter σ̂_0, . . . , σ̂_q all lie in σ̄_q and are in general position: In fact the linear combination describing σ̂_i − σ̂_0 contains an edge of σ_i, which is not contained in σ_j for j < i.

We now show by induction on q :=∼ (σ) that for σ ∈ K the set {σ^′ ∈ K^′ : σ^′ ⊆ σ} is a disjoint partition of σ: For (q = 0) this is obvious. For (q > 0) and x ∈ σ \ {σ̂} the line trough σ̂ and x meets σ̇ in some point y_x. By induction hypothesis ∃τ^′ ∈ K^′ : y_x ∈ τ^′. Thus y_x is a linear combination of τ̂_0, . . ., τ̂_j with τ_0 ≤ · · · ≤ τ_j. Hence x is a linear combination of τ̂_0, . . . , τ̂_j, σ̂.

— Version 2000.9.25 — 3.2.2

Now let x^′, y^′ be two vertices of some σ^′ ∈ K^′, i.e. x^′ =^1_{r+1} (x_0 + · · · + x_r ) and y^′ =^1_{s+1} (x_0 + · · · + x_s) with r < s ≤ q for some simplex σ = ⟨x_0, . . . , x_q⟩ ∈ K. Then |x^′ − y^′| ≤ 1 r + 1 ∑ i |x_i − y^′| ≤ max{|x_i − y^′| : i} |x_i − y^′| ≤ 1 s + 1 ∑ j≠i |x_i − x_j| ≤ s s + 1 d(σ) ≤ m m + 1 d(σ) □

3.2.3 Corollary. For every simplicial complex K and every ε > 0 there is a iterated barycentric refinement K^{(q)} with d(σ) < ε for all σ ∈ K^{(q)}. □

3.2.8 Definition. Let p be a vertex of K. Then the star of p in K is defined as

st_K (p) := ⋃ {p}≤σ∈K σ = {x ∈ |K| : p ∈ carr_K (x)}.

3.2.9 Lemma. The family of stars form an open covering of |K|. For every open covering there is a refinement by the stars of some iterated barycentric refinement K^{(q)} of K.

Proof. Let K_p := {σ ∈ K : p is not vertex of σ}. Then K_p is a subcomplex and hence st_K(p) = |K| \ |K_p| is open. If σ ∈ K and p is a vertex of σ then obviously σ ⊆ st_K (p).

By the Lebesgue-covering lemma, there is an ε > 0 such that every open set of diameter less then ε is contained in some U ∈ U. Choose by (3.2.2) a barycentric refinement K^{(q)}, such that d(σ) <^ε_2 for all σ ∈ K^{(q)}. For every x ∈ st_K (p) we have d(x, p) ≤ max{d(σ) : σ} <^ε_2 hence d(st_K (p)) < ε, and thus the stars form a refinement of U. □

3.2.7 Corollary. Simplicial Approximation. For every continuous map f : |K| → |L| there a simplicial approximation φ : K^{(q)} → L of f for some iterated barycentric refinement K^{(q)}.

Proof. Let q be chosen so large, that by (3.2.9) the stars of K^{(q)} form a refinement of the covering {f^{−1}(st_L(p)) : p ∈ L}. For sake of simplicity we write K instead of K^{(q)}. For every vertex x ∈ K we may choose a vertex φ(x) ∈ L

— Andreas Kriegl, Universität Wien —

3 SIMPLICIAL COMPLEXES [33] 3.2.3

with f(st_K (x)) ⊆ st_L(φ(x)). For σ ∈ K with vertices x_0, . . . , x_p define φ(σ) to be the simplex generated by the φ(x_i). We have to show that this simplex belongs to L. Let x ∈ σ be any point in σ. Then σ ⊆ ⋂ i st_K (x_i) and hence f(x) ∈ f(σ) ⊆ f( ⋂ i st_K (x_i)) ⊆ ⋂ i f(st_K (x_i)) ⊆ ⋂ i st_L(φ(x_i)). Thus φ(x_i) ∈ carr_L(f(x)).

Let τ := carr_L(f(x)), i.e. f(x) ∈ τ ∈ L. Then φ(x_i) ≤ τ for all i, and hence φ(σ) ≤ τ ∈ L. Since we have just shown that φ(σ) ≤ τ := carr_L(f(x)), we get that φ is a simplicial approximation of f. □

3.2.10 Corollary. Let X and Y be polyhedra. Then [X, Y ] is countable.

3.2.11 Remark. If dim(K) > 0 then there can be no simplicial approximation for the identity |K| → |K^′|. Otherwise the corners p of K have to be mapped to corners of carr_L(p) = {p}. But the inclusion of the corners of K into that of K^′ does not extend to a simplicial map, since the p-simplices of K are not simplices of K^′ for p > 0.

However we have a simplicial approximation χ : K^′ → K of id : |K^′| → |K| by choosing for every vertex σ̂ ∈ K^′ a vertex χ(σ̂) of σ. Let σ̂_0, . . . , σ̂_p be the vertices of some simplex σ^′ ∈ K^′ with σ_0 < · · · < σ_p. Then the χ(σ̂_j) are vertices of σ_p and hence they generate a face of σ_p ∈ K. Thus χ is a simplicial map. Let x ∈ σ^′ ⊆ σ_p. Then |χ|(x) ∈ χ(σ^′) ⊆ σ̄_p = carr_K (x), hence χ is a simplicial approximation of id. Let σ be any q-simplex of K. Then there exists a unique simplex σ^′ ⊆ σ which is mapped to σ and all other σ^′ ⊆ σ are mapped to true faces of σ.

Proof by induction on q. For q = 0 this is obvious, since χ is the identity. If q > 0 and x := χ(σ̂) let τ be the face of σ opposite to x. By induction hypothesis there is a unique τ^′ ⊆ τ of K^′ which is mapped to τ . But then the simplex generated by τ^′ and σ̂ is the unique simplex mapped to σ. In fact a simplex contained in σ with vertices σ̂_0, . . ., σ̂_r that is mapped via χ to σ has to satisfy σ_0 < · · · < σ_r ≤ σ. Hence r is at most dim(σ), hence equal to dim(σ) and σ_r = σ. Since χ(σ̂) = x we have that χ(σ_0), . . . , χ(σ_{r−1}) generate τ and thus τ^′ is the simplex with vertices χ(σ_0), . . . , χ(σ_{r−1}). □ 3.3.2 Proposition. Let K be a simplicial complex and n > dim K. Then every f : |K| → S^n is 0-homotopic. In particular, this is true for K := σ̇^{k+1} with k < n.

Proof. By (3.2.7) we may take a simplicial approximation φ of f : |K| → |σ̇^{n+1}| for some iterated barycentric subdivision. Then |φ| : |K| → |σ̇^{n+1}| cannot be surjective (n >∼ K) and hence f ∼ |φ| is 0-homotopic since σ̇^{n+1} \ {∗} is contractible. □

3.3.3 Theorem. Let (K, L) be a simplicial pair and e^n be a n-cell. Then every f_0 : (|K|, |L|) → (e^n, e^n \ {0}) with n > dim(K) is homotopic relativ |L| to a mapping f_1 with 0 /∈ f_1(|K|).

Proof. We first show this result for (|K|, |L|) = (D^k, S^{k−1}). By (2.4.5.f) we have e^n \ {0} ∼ S^{n−1}. Hence f_0|_Sk−1 : S^{k−1} → e^n \ {0} is 0-homotopic by (3.3.2). By (2.3.3) it extends to a continuous map f_1 : D^k = C(S^{k−1}) → e^n \ {0}. Consider a mapping h : (D^k × I). → e^n which is this extension on the top, and is f_0 on the bottom and on S^{k−1} × I. Since e^n is contractible this mapping h is 0-homotopic by

— Version 2000.9.25 — 3.3.3

(2.1.6f) and hence extends to C((D^k × I).) ∼= D^k × I by (2.3.3). This extension is the desired homotopy.

For the general case we proceed by induction on the number of cells in K \ L. For K = L the homotopy is constant f_0. So let K ⊃ L and take σ ∈ K \ L of maximal dimension. Then M := K \ {σ} is a simplicial complex with L ⊆ M . Obviously M ∪ σ̄ = K and M ∩ σ̄ = σ̇. Consider the diagram

|K| u 3 ht |M | ph h hhj w 1 en σ̄ ¿4 4 447

u 2

|L| u y σ̇ ph h h hj 1’ ’ ’ ’* u (1^′)

By induction hypothesis we have the homotopy (1’) relative |L|. Since (σ̄, σ̇) has by (2.3.6a) the HEP, we may extend the restriction to σ̇ to a homotopy (2) rel. σ̇. The union of these two homotopies gives a homotopy h_t indicated by arrow (3) which satisfies h_0 = f and h_1(|M |) ⊆ e^n \ {0}. By the special case treated above, there is a homotopy g_t relative σ̇ with g_0 = h_1 : (σ̄, σ̇) → (e^n, e^n \ {0}) and g_1(σ̄) ⊆ e^n \ {0}. Let f_1 := h_1|_{|M|} ∪ g_1|σ̄. Then f_1 ∼ f_0 relative |L| and f_1(|K|) ⊆ e^n \ {0}. □

3.3.4 Theorem. Let X be obtained from gluing an n-cell e^n to a subspace A. Then every f : (D^k, S^{k−1}) → (X, A) is homotopic relative S^{k−1} to a mapping f_1 with f_1(D^k) ⊆ A.

Proof. We consider a triangulation K of D^k such that S^{k−1} corresponds to a subcomplex L. Then we consider the subcomplex K_1 := {σ ∈ K : f(σ̄) ⊆ e^n} = {σ ∈ K : σ ⊆ f^{−1}(e^n)} of K and try to define a complement K_0. For this we consider the second open set X \ {z_0} containing A and whose union with e^n is X for some point z_0 ∈ e^n. And we define K_0 := {σ ∈ K : σ ⊆ f^{−1}(X \ {z_0})}. By passing to a appropriate iteration (again denoted K) of barycentric subdivisions,

— Andreas Kriegl, Universität Wien —

4 CW-SPACES [35] 3.3.4

we may assume that K = K_0 ∪ K_1 by (3.2.9). Now consider the diagram A y wX

X \ {z_0} c[ [ [ [] æ æ æ ææÆ r e^n XN N N N N N N N N N N N N NQ

A VN N N NNP u

id

D^k u

f 5 5 557 2 e^n \ {z_0} rh h h h h h h hhk c[ [ [ [[]

{z_0} ¿4 4 4 47

|K|

S^{k−1} u

f

c[ [ [ [ [ [ [ [ [ [ []

|K_0| VN N N NNP u

f

|K_1| e[ [ [ [ [ [ [ [ [ [ [[^ u

f

( ( ( ( ( ( (*

1

|L| IAA AA AAC

|K_0 ∩ K_1| ph h hhj e[ [ [ [ [ [ [ [ [ [ [[^ u

f

By (3.3.3) there exists a mapping (1) homotopic to f|_{|K1 |} relative |K_1 ∩ K_0|. Gluing the homotopy with the f|_{|K0 |} gives a homotopy relative |K_0| to a mapping (2). Composing with the retraction r (homotopic to id relative A) from (2.4.7) gives the desired mapping f_1 : D^k → A homotopic to f relative |L|. Remark that the triangle on top, as those above 1 and 2 commute only up to homotopy. □

4 CW-Spaces

4.1.3 Definition. A CW-complex is a partition X of a Hausdorff space into cells e, such that the following properties hold:

(C1) For every n-cell e ∈ X there exists a so-called characteristic map χ^e : D^n → X, which restricts to a homeomorphism from (D^n)^o onto e and which maps S^{n−1} into the n − 1-skeleton X^{n−1} of X, which is defined to be the union of all cells of dimension less than n in X .

(C2) The closure ē of every cell meets only finitely many cells. (W) X carries the final topology with respect to ē for all cells e ∈ X .

A CW-space is a Hausdorff-space X, which admits a CW-complex X (which is called CW-decomposition of X).

Remark that if X is finite (X is then called finite CW-complex), then the conditions (C) and (W ) are automatically satisfied.

— Version 2000.9.25 — 4.1.3

If X = X^n ≠ X^{n−1} then the CW-complex is said to be of dimension n. If X ≠ X^n for all n, then it is said to be of infinite dimension.

Remark that, since the image χ(D^n) of the n-ball under a characteristic map is compact, it coincides with ē and χ : D^n → ē is a quotient mapping. So ė = ē \ e := χ(D^n) \ χ((D^n)^o) ⊆ χ(D^n \ (D^n)^o) = χ(S^{n−1}) ⊆ X^{n−1}, thus χ(S^{n−1}) ∩ e = ∅, hence ė = χ(S^{n−1}) and χ is a relative homeomorphism (D^n, S^{n−1}) → (ē, ė).

(D^n)^o y w v u ∼= D^n u χ_e S^{n−1} u – u e y we ė u –

4.1.4 Example. For every simplicial complex K the underlying space |K| is a finite CW-complex, the cells being the simplices of K and the characteristic maps the inclusions e ⊆ |K|.

The sphere S^n is a CW-complex with one 0-cell e^0 and one n-cell e^n, in particular the boundary ė = ē \ e of an n-cell, needn’t be a sphere.

The one point union of spheres is a CW-space with one 0-cell and for each sphere a cell of the same dimension.

S^1 ∨S^2 can be made in a different way into a CW-complex by taking a point e^0 ∈ S^1 different from the base point. Then S^1 = e^0 ∪ e^1 and S^1 ∨ S^2 = e^0 ∪ e^1 ∪ e^2. But the boundary ė^2 of the two-cell is not a union of cells.

The compact surfaces of genus g are all CW-complexes with one 0-cell and one 2-cell and 2g 1-cells (in the orientable case) and g 1-cells (in the non-orientable case), see (1.6.11).

The projective spaces P^n are CW-complexes with one cell of each dimension from 0 to n, see (1.6.8).

4.1.5 Definition. For a subset Y of a CW-decomposition X of a space X the underlying space Y := ⋃ {e : e ∈ Y} is called CW-subcomplex, iff Y is a CWdecomposition of Y .

In this situation (X, Y ) is called CW-pair.

Let us first characterize finite CW-subcomplexes:

4.1.5a Lemma. Let Y be a finite subset of a CW-decomposition X of a space X. Then Y forms a CW-subcomplex iff Y := ⋃ {e : e ∈ Y} is closed. Cf. (3.1.13).

Proof. (⇒) If Y is a CW-subcomplex, then for every cell e ∈ Y, there is a characteristic map χ : D^n ↠ ē^Y . Hence ē^Y is compact and thus coincides with the closure of e in X, so Y = ⋃ {ē : e ∈ Y} is closed.

(⇐) Since Y is closed the characteristic maps for e ∈ Y ⊆ X are also characteristic maps with respect to Y. The other properties are obvious. □

— Andreas Kriegl, Universität Wien —

4 CW-SPACES [37] 4.1.4

4.1.9 Lemma. Every compact subset of a CW-complex is contained in some finite subcomplex. In particular a CW-complex is compact iff it is finite.

Proof. Let X be a CW-complex. We first show by induction on the dimension of X that the closure ē of every cell is contained in a finite subcomplex. Assume this is true for all cells of dimension less than n and let e be an n-cell. By (C) the boundary ė meets only finitely many cells, each of dimension less than n. By induction hypotheses each of these cells is contained in some finite subcomplex X_i. Then union of these complexes is again a complex, by (4.1.5a). If we add e itself to this complex, we get the desired finite complex.

Let now K be compact. For every e ∈ X with e ∩ K ≠ ∅ choose a point x_e in the intersection. Every subset A ⊆ K_0 := {x_e : e ∩ K ≠ ∅} is closed, since it meets any ē only in finitely many points. Hence K_0 is a discrete compact subset, and hence finite, i.e. K meets only finitely many cells. Since every ē is contained in a finite subcomplex, we have that K is contained in the finite union of these subcomplexes. The last statement of the lemma is now obvious. □

4.2.1a Corollary. Every CW-complex carries the final topology with respect to its finite subcomplexes and also with respect to its skeletons.

Proof. Since the closure ē of every cell e is contained in a finite subcomplex and every finite subcomplex is contained in some skeleton X^n, these families are cofinal to {ē : e ∈ X } and each of its spaces carries as subspace of X the final topology with respect to the inclusions of ē by W . Hence they induce the same topology. (Let F_1 and F_2 be two families of mappings into a space X, and assume F_2 is cofinal to F_1, i.e. for every f_1 ∈ F_1 there is some f_2 ∈ F_2 and a map h such that f_1 = f_2 ∘ h. Let X_j denote the space X with the final topology induced by F_j. Then the identity from X_1 → X_2 is continuous, since for every f_1 ∈ F_1 we can write id ∘f_1 = f_2 ∘ h) □

Now we are able to extend (4.1.5) to infinite subcomplexes.

4.1.5b Proposition. Let X a CW-decomposition of X and let Y be a subset of X . Then the following statements are equivalent:

(1) Y is a CW-decomposition; (2) Y := ⋃ {e : e ∈ Y} is closed;

(3) For every cell e ∈ Y we have ē ⊆ Y .

Proof. (2⇒3) is obvious.

(1⇒3) follows, since the closure ē^Y in Y is compact and hence equals ē^X . For the converse directions we show tha from (3) we obtain: If A ⊆ Y has closed trace on ē = ē^X = ē^Y (see (4.1.5.a)) for each e ∈ Y, then A is closed in X. By (4.2.1.a) we have to show that the trace on every finite CW-subcomplex X_0 is closed. Since there are only finitely many cells e_i in X_0 ∩ Y and ē_i ⊆ X_0 ∩ Y by (3) and (4.1.5a), we get

X_0 ∩ A = (X_0 ∩ Y ) ∩ A = (⋃ ē_i ) ∩ A = ⋃ (ē_i ∩ A), which is closed.

— Version 2000.9.25 — 4.1.5b

(3⇒2) by taking A = Y in the previous claim.

(3⇒1) shows the condition (W) for Y. The other conditions for a CW-complex are obvious. □

4.1.6 Corollary. Intersections and unions of CW-complexes are CW-complexes. Connected components and topological disjoint unions of CW-complexes are CWcomplexes. If E ⊆ X is family of n-cells, then X^{n−1} ∪ ⋃ E is a CW-complex. Each n-cell e is open in X^n.

Proof. For intersections this follows from (1 ⇔ 2) in (4.1.5b). For unions this follows from (1 ⇔ 3) in (4.1.5b). That X^{n−1} ∪ ⋃ E is a CW-complex follows also from (1 ⇔ 3) in (4.1.5b). Since X^n \ e = X^{n−1} ∪ ⋃ {e_1 ≠ e : e_1 an n-cell in X^n} is a CW-complex, it is closed and hence e is open in X^n.

The statement on components and topological sums follows, since e is connected and by (4.1.5.b) (1⇔3). □

4.2.9 Proposition. Let X and Y be two CW-complexes. Then X × Y with cells e × f for e ∈ X and f ∈ Y satisfies all properties of a CW-complex, with the possible exception of W . If X or Y is in addition locally compact, then X × Y is a CW-complex.

Proof. Take the product of the characteristic maps in order to obtain a characteristic map for the product cell.

In order to get the property (W) we have to show that the map ⨆ e,f ē × f̄ → X × Y is a quotient map. Since it can be rewritten as ⨆ e ē × ⨆ f f̄ → ⨆ e ē × Y → X × Y

this follows from (1.2.14) using compactness of ē and locally compactness of Y . □

Now we give an inductive description of CW-spaces.

4.2.2 Theorem. A space X is a CW-complex iff there are spaces X^n, with X^0 discrete, X^n is formed from X^{n−1} by gluing n-cells and X is the limit of the X^n with respect to the natural inclusions X^n → X^{n+1}.

Proof. (⇒) We take X^n to be the n-skeleton. Then X carries the final topology with respect to the closed subspaces X^n and X^0 is discrete by (4.2.1a). Remains to show that X^n can be obtained from X^{n−1} by gluing all the n-cells via their corresponding characteristic maps restricted to the boundary spheres. So let E be the set of all n-cells of X and let characteristic mappings χ^e : D^n → ē for every e ∈ E be chosen. Let χ := ⨆ e∈E χ_e : ⨆ e∈E D^n → ⋃ e∈E e ⊆ X^n and f := χ|^⨆_{e S}n−1 . — Andreas Kriegl, Universität Wien —

4 CW-SPACES [39] 4.1.6

We have to show that

S^{n−1} y w [ [ [ [^ D^n h h hhk χ_e [ [ [ [ [ [ [ [^

u g^e

⨆ e S^{n−1} y w

u f

⨆ e D^n

u χ ’ ’ ’ ’ ’ ’ ’ ’) X^{n−1} [[ [[[ [[[ [[[[] g^{n−1} y wX^n œ œ œ œœø g ! Z is a pushout. So let g^{n−1} : X^{n−1} → Z and g^e : D^n → Z be given, such that g^{n−1} ∘ χ^e|_Sn−1 = g^e|_Sn−1 . Then g : X^n → Z given by g|_Xn−1 = g^{n−1} and g|_e = g^e ∘ (χ^e|_{(D}n_)o )^{−1} is the unique mapping making everything commutative. It is continuous, since on ē it equals g^{n−1} if e has dimension less than n and composed with the quotient-mapping χ^e : D^n → ē it equals g^e for n-cells e.

(⇐) We first show by induction that X^n is a CW-complex, with n − 1-skeleton X^{n−1} and the cells which have been glued to X^{n−1} as n-cells. For X^0 being a discrete space this is obvious. Since X^n is obtained from X^{n−1} by gluing n-cells ⨆ e S^{n−1} y w

u f

⨆ e D^n

u p X^{n−1} y wX^n we have that X^n is Hausdorff(!) and is the disjoint union of the closed subspace X^{n−1}, which is a CW-complex by induction hypothesis, and the homeomorphic image ⋃ e e of ⨆ e D^n \ ⨆ e S^{n−1} = ⨆ e(D^n)^o. As characteristic mappings for the n-cells e we may use p|_Dn , since it induces a homeomorphism (D^n)^o → e and it maps S^{n−1} to f(S^{n−1}) ⊆ X^{n−1}, which is compact and hence contained in a finite subcomplex of X^{n−1}. The remaining condition (W) follows, since X^n carries by construction the final topology with respect to X^{n−1} and p : ⨆ D^n → X^n, and ⨆ D^n carries the final topology with respect to the inclusion of the summands D^n ⊂ ⨆ e D^n. The inductive limit X := inj lim_n X^n now obviously satisfies all axioms of a CWcomplex only Hausdorffness is to be checked. So let x, y be different points in X. We may assume that they lie in some X^n. So we find open disjoint neighborhoods U^n and V^n in X^n. We construct open disjoint neighborhoods U^k and V^k in X^k

with k ≥ n inductively. In fact, take U^k := U^{k−1} ∪ p ( (p|^⨆_Dn_{\{0}})^{−1}(U^{k−1}) ) . Then

U^k is the image of the open and saturated set U^{k−1} ⊔ ( p^{−1}(U^{k−1}) \ ⨆ {0} ) and hence open, and U^k ∩ X^{n−1} = U^{k−1}. Proceeding the same way with V^k gives the required disjoint open sets U := ⋃ U^k and V := ⋃ V^k. □

More generally we have

— Version 2000.9.25 — 4.2.2

4.2.1.b Proposition. Let (X, A) be a CW-pair. Then A ∪ X^n is obtained from A ∪ X^{n−1} by gluing all n-cells in X^n \ A via the characteristic mappings.

Proof. The proof is completely analogous to that of (⇒) in (4.2.2), if one replaces X^k by A ∪ X^k and E by the n-cells in X \ A. □

In general gluing a CW-pair to a CW-space does not give a CW-space. Consider for example a surjective map f : S^1 → S^2. Then the boundary ė of e := (D^2)^o is not contained in any 1-skeleton. So we define

4.2.4 Definition. A continuous map f : X → Y between CW-complexes is called cellular iff it maps X^n into Y^n for all n.

4.2.5a Lemma. Let f : X ⊇ A → Y be given and let Y^′ ⊆ Y and X^′ ⊆ X be two closed subspaces, such that f(A ∩ X^′) ⊆ Y^′. Then the canonical mapping Y^′ ∪_f ′ X^′ → Y ∪_f X is a closed embedding, where f^′ := f|A^′ with A^′ := A ∩ X^′.

Proof. Consider the commutative diagram:

A^′ y w

u f^′

¡4 4 446 X^′ � � � �

u p^′ A y w

u f

X

u p Y^′ y w IA A AAC Y^′ ∪_f ′ X^′B B BBC Y y wY ∪_f X The dashed arrow ι exists by the pushout property of the upper left square. Since Y^′ ∪_f ′ X^′ = Y^′ ⊔ (X^′ \ A^′) as sets, we get that ι is injective. Now let B ⊆ Y^′ ∪_f ′ X^′ be closed, i.e. B ∩ Y^′ is closed in Y^′ ⊆ Y and (p^′)^{−1}(B) is closed in X^′ ⊆ X. Since ι(B) ∩ Y = B ∩ Y^′ it is enough to show that p^{−1}(ι(B)) is closed in X in order to obtain closedness of ι(B) in Y ∪_f X. This follows since

p^{−1}(ι(B)) = (p|_A)^{−1}(ι(B) ∩ Y ) ∪ (p|_{X\A})^{−1}(ι(B) ∩ (X \ A))

= (p|_A)^{−1}(B ∩ Y^′) ∪ (p^′|_A′ )^{−1}(B ∩ Y^′) ∪ (p|_X′_{\A})^{−1}(B ∩ (X^′ \ A))

= (p|_A)^{−1}(B ∩ Y^′) ∪ (p^′|_X′ )^{−1}(B)

is closed. □

4.2.5 Theorem. Let (X, A) be a CW-pair and f : A → Y a cellular mapping into a CW-complex Y . Then (Y ∪_f X, Y ) is a CW-pair with the cells of Y and of X \ A as cells.

Proof. We consider the spaces Z^n := Y^n ∪_{fn} X^n, where f_n := f|_An . Note that A^n = A ∩ X^n. By (4.2.5a) the Z^n form an increasing sequence of closed subspaces

— Andreas Kriegl, Universität Wien —

4 CW-SPACES [41] 4.2.1.b

of the Hausdorff space Z := Y ∪_f X. Obviously Z^0 is discrete. So by (4.2.2) it remains to show that Z^n can be obtained from Z^{n−1} by gluing all n-cells of Y^n and of X^n \ A^n. For this we consider the following commutative diagram:

⊔S^{n−1} y w u ⊔D^n u 4 4 4 4 4 4 4 4 4 4 46

Y^{n−1} y w fl̆fl flfl flflffl Y^n c[[ [[[ [[[ [[[[] � � � � � � � 1 A^{n−1} [ [ [ [] f^{n−1} y w /’ ’ ’ ’ ’ ’ ’)

A^n 44 44 44 46 f^n

”æ æ æ æ æ æ æø

Z^{n−1} y w flfl flfl flflffl Z^n “ “ “ “^ 4 W

X^{n−1} y w IA A A A A A AC

A^n ∪ X^{n−1} y w i i iij 2 X^n u

( ( ( (* 3

⊔S^{n−1} æ æ æ ææÆ u

y w⊔D^n u ’ ’ ’ ’ ’ ’ ’*

The following spaces are pushouts of the arrows leading into them: Y^n, X^n, Z^{n−1}, Z^n and A^n ∪ X^{n−1}. We have to show that Z^n is the pushout of the inclusion Z^{n−1} → Z^n and the union of the two mappings ⊔D^n → Y^n → Z^n and ⊔D^n → X^n → Z^n. So let mappings on all the D^n and on Z^{n−1} into a space W be given whose composites with the arrows from S^n into these spaces are the same. Then (1), (2), (3), (4) exist uniquely by the pushout property of the corresponding domains. The map (4) is then the required unique mapping from Z^n → W . □

4.2.6 Corollary. Let (X, A) be a CW-pair with A ≠ ∅. Then X/A is a CW-space with A as one 0-cell and the image of all cells in X \ A.

4.2.7 Corollary. Let X_i be CW-spaces with basepoint x_i ∈ X^0_i . Then the join ⋁ X_i is a CW-space.

4.2.8 Corollary. Let X be a CW-complex. Then X^n/X^{n−1} is a join of spheres of dimension n, for each n-cell one.

4.3.1 Theorem. Every CW-pair (X, A) has the HEP.

Proof. The extension of the homotopy is constructed by induction on n for A∪X^n. The induction step follows, since ( ⨆ D^n, ⨆ S^{n−1}) has the HEP by (2.3.6a) and gluing does not change it by (2.3.6b). □

4.3.2 Theorem. For every CW-subcomplex A of a CW-space X we can find a open neighborhood U (A) such that A is a SDR in U (A). These neighborhoods can be chosen coherently, i.e. U (A ∩ B) = U (A) ∩ U (B).

— Version 2000.9.25 — 4.3.2

Proof. For every n-cell e we have a radial deformation h^e_t : X^{n−1} ∪ (e \ 0_e) → X^{n−1} ∪ (e \ 0_e) relativ X^{n−1} with h^e_0 = id and h^e_1 =: r^e : X^{n−1} ∪ (e \ 0_e) → X^{n−1} is a retraction, such that r^e ∘ h^e_t := r^e.

Now we construct inductively open sets U^n(A) in A ∪ X^n by U^{−1}(A) = A and U^n(A) := U^{n−1}(A) ∪ ⋃ e(r^e)^{−1}(U^{n−1}(A)), which satisfy U^n(A) ∩ (A ∪ X^{n−1}) = U^{n−1}(A). The h^e_t can be joined to a deformation U^n(A) → U^n(A) relative U^{n−1}(A) with h^n_0 = id and h^n_1 =: r^n a retraction of U^n(A) → U^{n−1}(A). By induction on n we construct homotopies H^n_t : U^n → U^n, which agree on U^{n−1} with H^{n−1}_t , and H^n_t = id for 0 ≤ t ≤^1_{n+1} , it is h^n_s for^1_{n+1} ≤ t ≤^1_n , where s = n(t(n + 1) − 1), and it equals H^{n−1}_t ∘ r^n for t ≥^1_n .

The union U := ⋃ U^n(A) is then the required open (by (4.2.1)) neighborhood of A in X and the union of the H^n_t is the required deformation relative A. □

4.3.3 Corollary. Every point x in a CW-complex X has a open neighborhood, of which it is a SDR.

Proof. Let first e be an n-cell. Let A := X^n. By restricting the homotopy H_t from (4.3.2) to r^{−1}(e), where r : U (A) → A denotes the retraction, we obtain that e is the SDR of a neighborhood. Since every point in a cell is a SDR of the cell. We obtain the required result by transitivity □

4.3.4 Theorem. Cellular Approximation. For every continuous mapping f_0 : X → Y between CW-complexes there exists a homotopic cellular mapping. If f_0|_A is cellular for some CW -subspace A, then the homotopy can be chosen to be relative A. Proof. Again we apply induction on n in A ∪ X^n to construct a homotopy h^n_t : A ∪ X^n → Y . For the induction step we use for each n-cell e ∈ X \ A a characteristic mapping χ^e : D^n → ē. By induction hypothesis we get a mapping φ : (D^n ×0)∪(S^{n−1} ×I) → Y given by f_0 ∘ χ on the bottom and h^{n−1}_t ∘ χ on the mantle Ḋ^n × I. Since this domain is a DR in D^n × I by (2.3.6a) we can extend it to a mapping φ on D^n × I. The image of D^n × {1} is compact and hence contained in a finite CW-complex. Let e^{n1} , . . . , e^{nr} be the cells of dimension greater than n of this complex. Then φ : (D^n × {1}, S^{n−1} × {1}) → (Y^n ∪ e^{n1} ∪ · · · ∪ e^{nr} , Y^{n−1}) is well defined. Applying (3.3.4) now r-times we can deform φ|_Dn_{×{1}} successively relative S^{n−1}×{1} so, that its image avoids e^{nr} , . . . , e^{n1} . Let φ̃ be the corresponding mapping. We can extend it by φ to a continuous mapping on the boundary of D^n × I, which is homotopic to φ|_{(D}n_{×I)}.. Since φ extends to D^n × I so does φ̃, since (D^n × I, (D^n × I).) is a CWpair and hence has the HEP by (4.3.1), see (2.3.7a). Now define h^n_t |_e := φ̃_t ∘ χ^{−1}_e . This is well-defined, since χ is a quotient mapping and on S^{n−1} it is φ ∘ χ^{−1} = h^{n−1}_t ∘ χ ∘ χ^{−1} = h^{n−1}_t . The union of the h^n_t |_e gives the required h^n_t . □

4.3.5 Corollary. Let f_0, f_1 : X → Y be homotopic and cellular. Then there exists a homotopy H : X × I → Y such that H_t(X^n) ⊆ Y^{n+1}.

Remark that the inclusions of the endpoints in I are homotopic and cellular, but every homotopy has to map that point into the 1-skeleton.

— Andreas Kriegl, Universität Wien —

5 FUNDAMENTAL GROUP [43] 4.3.3

Proof. Consider the CW-pair (X × I, X × İ) and the given homotopy f : X × I → Y . Since by assumption its boundary value f|_{X×İ} is cellular,by (4.3.4) we can find another mapping H : X × I → Y , which is cellular and homotopic to f relative X × İ. Thus H is the required homotopy, since for every n-cell e^n of X the image H(e × {t}) is contained in H(e^n × e^1) ⊆ Y^{n+1}. □

5 Fundamental Group

5.1.1 Definition. A path is a continuous mapping u : I → X. The inverse path u^{−1} : I → X is given by u^{−1}(t) := u(1 − t). The concatenation u_0 · u_1 of two paths u_0 and u_1 is defined by

(u_0 · u_1)(t) := { u_0(2t) for t ≤^1_2 u_1(2t − 1) for t ≥^1_2 . It is continuous provided u_0(1) = u_1(0).

5.1.5 Lemma. Reparamterization. Let u : I → X be a path and f : I → I be the identity on İ. Then u ∼ u ∘ f rel. İ.

Proof. A homotopy is given by h(t, s) := u(ts + (1 − t)f(s)), see (2.1.3). □

5.1.6 Lemma.

(1) Let u, v and w be paths with u(1) = v(0) and v(1) = w(0), then (u · v) · w ∼ u · (v · w) rel. İ.

(2) Let u be path with x := u(0), y := u(1) then const_x ·u ∼ u ∼ u · const_y rel. İ. (3) Let u be a path with x := u(0) and y := u(1). Then u · u^{−1} ∼ const_x and u^{−1} · u ∼ const_y rel. İ.

Proof. In (1) and (2) we only have to reparametrize. In (3) we consider the homotopy, which has constant value on each circle with center (^1_2 , 0). □

5.1.7 Definition. Let (X, x_0) be a pointed space. Then the fundamental group (or first homotopy group) is defined by

π_1(X, x_0) := [(I, İ), (X, x_0)] ∼= [(S^1, {1}), (X, {x_0})],

where multiplication is given by [u] · [w] := [u · w], the neutral element is 1_{x0} := [const_{x0} ] and the inverse to [u] is [u^{−1}]. Both are welldefined by (5.1.6).

5.1.8 Lemma. Let u : I → X be a path from x_0 to x_1. Then conj_{[u]} : π_1(X, x_0) → π_1(X, x_1) is a group isomorphism, where conj_{[u]} : [v] → [u^{−1}][v][u] := [u^{−1} · v · u].

— Version 2000.9.25 — 5.1.8

5.1.9 Example. Let X be a CW-complex without 1-cells. Then π_1(X, x_0) = {1}. In fact every u : (I, İ) → (X, x_0) is by (4.3.4) homotopic rel. İ to a cellular mapping v, i.e. v(I) ⊆ X^1 = X^0, hence v is constant.

5.1.10 Lemma. Let f : (I^2). → X be continuous, and let u_j(s) := f(s, j) and v_j (t) := f(j, t). Let h : I^2 → I^2 map (j, t) → (j, j), (t, 0) → (2t, 0) for t ≤^1_2 , (t, 0) → (1, 2t − 1) for t ≥^1_2 , (t, 1) → (0, 2t) for t ≤^1_2 and (t, 1) → (2t − 1, 1) for t ≥^1_2 and a homeomorphism on the interior. Then the following statements are equivalent

(1) There exists a continuous extension f̃ : I^2 → X; (2) f is 0-homotopic;

(3) There exists a continuous extension of f ∘ h to I^2; (4) u_o · v_1 ∼ v_0 · u_1 rel. İ.

Proof. (1 ⇔ 2) was shown in (2.3.3).

(3 ⇔ 4) f ∘ h : (I^2). → X is the boundary data for the homotopy required in (4).

(1⇒3) Take ~f ∘ h := f̃ ∘ h.

(3⇒1) Since ~f ∘ h is constant on h^{−1}(s, t) for all (s, t) ∈ (I^2)., it factors over the quotient mapping h to a continuous extension f̃ : I^2 → X. □

5.1.A6 Corollary. Let X be a topological group (monoid) then π_1(X, 1) is abelian, where 1 denotes the neutral element.

Proof. Consider the map (t, s) → u(t) · v(s). □

5.1.12 Proposition. Let V : π_1(X, x_0) = [(S^1, 1), (X, x_0)] → [S^1, X] be the mapping forgetting the basepoints. Then

(1) [u] is in the image of V iff u(1) can be connected by a path with x_0. (2) V is surjective iff X is path connected.

(3) V (α) = V (β) iff there exists a γ ∈ π_1(X, x_0) with β = γ^{−1} · α · γ. (4) V is injective iff π_1(X, x_0) is abelian. (5) The kernel of V is trivial.

Proof. (1) [u] is in the image of V if u is homotopic to a base point preserving closed path. The homotopy at the basepoint gives a path connecting u(1) with x_0. Conversely any path v from c(1) to x_0 can be used to give a homotopy between u and the base point preserving path v^{−1} · u · v, cf. (2.3.7c), since (S^1, 1) has HEP. (3) Let α = [u] and β = [v]. Then V (α) = V (β) iff u is homotopic to v. Let h be such a homotopy and w(t) := h(1, t). Then by (5.1.10) we have w · v ∼ u · w rel. İ, and conversely. (1⇒ 2) is obvious.

(3⇒ 4) Let α, γ ∈ π_1(X) and β := γ^{−1} · α · γ. By (3) we have V (β) = V (α) and sind V if V is injective we get α = β := γ^{−1} · α · γ, i.e. γ · α = α · γ. Conversely, if V (α) = V (β), then by (3) there exists a γ with β = γ^{−1} · α · γ = α, provided α and γ commute.

(3⇒ 5) Let V (α) = 0 = V (0). By (3) there exists a γ with α = γ^{−1} ·0·γ = γ^{−1} ·γ = 0. □

— Andreas Kriegl, Universität Wien —

5 FUNDAMENTAL GROUP [45] 5.1.9

5.1.13 Corollary. Let X be path connected. Then the following statements are equivalent:

(1) π_1(X, x_0) ∼= 1 for some (any) x_0 ∈ X; (2) Every u : S^1 → X is 0-homotopic rel. İ; (3) [S^1, X] = {0};

(4) Every u : S^1 → X is 0-homotopic;

(5) Any two paths which agree on the endpoints are homotopic rel. İ. A path connected space satisfying these equivalent conditions is called simply connected.

Proof. (1⇔2) is obvious, since by (5.1.8) we have π_1(X, x_0) ∼= π_1(X, x_1). (3⇔ 4) is obvious.

(1⇒ 3) since V : π^1(X, x_0) → [S^1, X] is onto by (5.1.12.2). (4⇒5) follows from (5.1.10) (2⇒4) with constant v_j . (5⇒ 2) is obvious. □

Corollary. Let X be contractible, then X is simply connected, i.e. π_1(X, x_0) = {1} for any x_0.

Proof. By (2.1.6.f) we get that [S^1, X] = {0} provided X is contractible. □

5.1.15 Definition. Every f : (X, x_0) → (Y, y_0) induces a group homomorphism π_1(f) : π_1(X, x_0) → π_1(Y, y_0) given by π_1(f)[u] := [f ∘ u]. Just use that u ∼ v ⇒ f ∘ u ∼ f ∘ v and f ∘ (u · v) = (f ∘ u) · (f ∘ v) to get well-definedness and the homomorphy-property.

5.1.16 Corollary. π_1 is a functor from the category of pointed topological spaces to that of groups, i.e. it preserves identities and commutativity of diagrams.

Proof. trivial □

5.1.18 Proposition. π_1 is homotopy invariant. I.e. If f ∼ g rel. x_0 then π_1(f) = π_1(g). If f ∼ g then π_1(g) = conj_{[u]} ∘π_1(f), where u is the path given by the homotopy at x_0. If f : X → Y is a homotopy equivalence then π_1(f) : π_1(X, x_0) → π_1(Y, f(x_0)) is an isomorphism. In particular this is true if X is a DR of Y .

Proof. If f ∼ g rel. x_0 and [v] ∈ π_1(X, x_0) then f ∘ v ∼ g ∘ v rel. İ, i.e. π_1(f)[v] = π_1(g)[v]. If h is a free homotopy from f to g, then u(t) := h(x_0, t) defines a path from f(x_0) to g(x_0) and π_1(g)[v] = [g ∘ v] = [u^{−1}] · [f ∘ v] · [u] = (conj_{[u]} ∘π_1(f))[v] by (5.1.12), since by (5.1.10) for F (s, t) := (h_t ∘ v)(s) we have (f ∘ v) · u ∼ u · (g ∘ v) rel. İ⇒[g ∘ v] = [u]^{−1} · [f ∘ v] · [u] Let now f : X → Y be a homotopy equivalence with homotopy inverse g : Y → X. Then up to conjugation π_1(f) and π_1(g) are isomorphic. □

— Version 2000.9.25 — 5.1.18

5.2.2 Proposition. The composition deg ∘V : π_1(X, x_0) → [S^1, X] → Zis a group isomorphism.

Proof. Since S^1 is a path-connected topological group we have by (5.1.A6) and (5.1.12) that V is a bijection. By (2.2.4) we have that deg is a bijection. Remains to show that the composite is a group-homomorphism. Recall that deg([u]) is given by lifting u : (S^1, 1) → (X, x_0) to a curve ũ : R → R with ũ(0) = 0 and exp(2πiũ(t)) = u(exp(2πit)) and evaluating ũ at 1. Given u, v ∈ π_1(X, x_0) with lifts ũ and ṽ, then the lift of u · v is given by

t → { ũ(2t) for t ≤^1_2 ṽ(2t − 1) for t ≥^1_2 . □

5.2.4 Corollary. Every space X which contains S^1 as DR has π(X, x_0) ∼= Z. In particular this is true for C \ {0}, the Möbius strip, a full torus and the complement of a line in R^3.

5.3.1 Definition. A subgroup of a group G is a subset H ⊆ G, which is with the restricted group operations itself a group, i.e. h_1, h_2 ∈ H ⇒ h_1h_2 ∈ H, h^{−1}_1 ∈ H, 1 ∈ H. Given an equivalence relation ∼ on G we can form the quotient set G/∼ and have the natural mapping π : G → G/∼. In order that G/∼ carries a group structure, for which π is a homomorphism, i.e. π(x · y) = π(x) · π(y), we need precisely that ∼ is a congruence relation, i.e. x_1 ∼ x_2, y_1 ∼ y_2 ⇒ x^{−1}_1 ∼ x^{−1}_2 , x_1 · y_1 ∼ x_2 ∼ y_2.

A normal subgroup of a group G is a kernel of a group-homomorphism f : G → G_1, i.e. a subgroup H such that g ∈ G, h ∈ H ⇒ g^{−1}hg ∈ H.

For every normal subgroup H ⊆ G we can from the quotient G/H := {gH : g ∈ G}. It carries a unique group structure such that the canonical quotient mapping G → G/H is a (surjective) group morphism. Conversely, every surjective group morphism p : G → G_1 is up to an isomorphism G → G/ ker p.

The subgroup ⟨X⟩_{SG} generated by a subset X ⊆ G is defined to be the smallest subgroup of G containing X, i.e. ⟨X⟩_{SG} = ⋂ {H : X ⊆ H ≤ G} = {x^{ε1}_1 · . . . · x^{εn}_n : x_j ∈ X, ε_j ∈ {±1}}.

The normal subgroup ⟨X⟩_{NG} generated by a subset X ⊆ G is defined to be the smallest normal subgroup of G containing X, i.e. ⟨X⟩_{NG} = ⋂ {H : X ⊆ H ◁ G} = {g^{−1}_1 y_1g_1 · . . . · g^{−1}_n y_ng_n : g_j ∈ G, y_j ∈ ⟨X⟩_{SG}}.

— Andreas Kriegl, Universität Wien —

5 FUNDAMENTAL GROUP [47] 5.2.2

5.3.2d Definition. Let G_i be groups. Then the product ∏ i G_i of is defined to be the solution of the following universal problem: G_i ∏ i G_i u pr_i

H [ [ [ [^ f_i i i iij (f_i)_i !

A concrete realization of ∏ i G_i is the cartesian product with the componentwise group operations.

Definition. Let G_i be groups. Then the coproduct (free product) ∐ i G_i of is defined to be the solution of the following universal problem:

G_i[ [ [ [] f_i w inj_i ∐ i G_i œ œ œ œÆ (f_i)_i ! H 5.3.3 Remark. A concrete realization of ∐ i G_i is constructed as follows. Take the set X of all finite sequences of elements of the G_i. With concatenation of sequences X becomes a monoid, where the empty sequence is the neutral element. Every G_i is injectively mapped into X by mapping g to the sequence with the single entry g. However this injection is not multiplicative and X is not a group. So we consider the congruence relation generated by (g, h) ∼ (gh) if g, h belong to the same group and (1) = ∅ for the neutral element 1 of any group G_i. Then X/ ∼ is a group and the composite G_i → X → X/ ∼ is the required group homomorphism and this object satisfies the universal property of the coproduct.

In every equivalence class of X/ ∼ we find a unique representative of the form (g_1, . . . , g_n), with g_j ∈ G_{ij} \ {1} and i_j ≠ i_{j+1}. Since (g_1, . . . , g_n) is just the product of the images of g_i ∈ G_i we may write this also as g_1 · . . . · g_n.

5.7.8 Definition. Let H, G_1, G_2 be groups and f_j : H → G_j group homomorphisms. Then the pushout G_1 ∐ H G_2 of (f_1, f_2) is a solution of the following universal problem: H w f_2

u f_1

G_2 u g_2 æ æ æ æ æ æ æ ææø k_2 G_1 w g_1 � � � � � k_1

G_1 ∐ H G_2“ “ “ “] !

K It can be constructed as follows:

G_1 ∐ H G_2 := (G_1 ∐ G_2)/N, — Version 2000.9.25 — 5.7.8

where N := ⟨f_1(h) · f_2(h)^{−1} : h ∈ H⟩_{NT} and where g_j is given by composing the inclusion G_j → G_1 ∐ G_2 with the natural quotient mapping G_1 ∐ G_2 → (G_1 ∐ G_2)/N .

5.6.3 Definition. Let G be a group. Then the abelization^{ab}G of G is an Abelian group being solution of the following universal problem: G4 4 446f w π abG i i iik f̃ ! A where A is an arbitrary Abelian group.

A realization of^{ab}G is given by G/G^′, where the commutator subgroup G^′ denotes the normalizer generated by all commutators [g, h] := ghg^{−1}h^{−1}. Remark that G^′ = {[g_1, h_1] · . . . · [g_n, h_n] : g_j , h_j ∈ G}.

Remark. From general categorical results we conclude that the product (and more general limits) in the category of Abelian groups is the product (limit) formed in that of all groups. And abelization of a coproduct (more generally a colimit) is just the coproduct (colimit) of the abelizations formed in the category of Abelian groups.

5.3.7 Definition. Let G_i be abelian groups. Then the coproduct (direct sum) ab ∐ i G_i of is defined to be the solution of the following universal problem:

G_i[ [ [ [] f_i w inj_{i ab} ∐ i G_i œ œ œ œÆ (f_i)_i ! H where H is an arbitrary Abelian group.

Remark. A concrete realization of^{ab} ∐ i G_i is given by those elements of ∏ i G_i, for which almost all coordinates are equal to the neutral element.

5.5.3 Definition. Let X be a set. Then the free group F(X) is the universal solution to X A A AACf w ι F(X) � � � f̃ ! H where the arrows starting at X are just mappings and f̃ is a group homomorphism.

5.5.2 Remark. One has F(X) ∼= F( ⨆ x∈X {x}) ∼= ∐ x∈X F({x}) by a general categorical argument, and F({∗}) ∼= Z, as is easily seen.

— Andreas Kriegl, Universität Wien —

5 FUNDAMENTAL GROUP [49] 5.6.3

Definition. Let X be a set. Then the free abelian group^{ab}F(X) is the universal solution to X A A AACf w ι_{i ab} F(X) � � � f̃ ! A where the arrows starting at X are just mappings and f̃ is a group homomorphism.

Remark. By a general categorical argument we have^{ab}(F(X)) ∼=^{ab}F(X). And abF(X) ∼=^{ab} ∐ x F({x}) ∼=^{ab} ∐ x Z, which are just the finite sequences in Z^X.

5.6.1 Definition. Given a set X and a subset R ⊆ F(X) we define ⟨X : R⟩ := F(X)/⟨R⟩_{NT} to be the group with generators X and defining relations R. If ⟨X : R⟩ ∼= G, then ⟨X : R⟩ is called representation of the group G.

5.6.3a Example. F(X) := ⟨X : ∅⟩ Z_n := ⟨x : x^n⟩

If G_j = ⟨X_j : R_j⟩, then ∐ j G_j = ⟨ ⨆ X_j : ⋃ j R_j⟩ and^{ab}G := ⟨X : R ∪ {[x, y] : x, y ∈ X}⟩ 5.8.1 Remark. Obviously we have ⟨X : R⟩ ∼= ⟨X : R ∪ {r^′}⟩ ⟨X : R⟩ ∼= ⟨X ∪ {a} : R ∪ {a^{−1}w}⟩ provided r^′ ∈ ⟨R⟩_{NT} , a /∈ X and w ∈ F(X). These operations are called Tietze operations.

5.8.2 Theorem. Two finite representations ⟨X : R⟩ and ⟨Y : S⟩ describe isomorphic groups iff there is a finite sequence of Tietze operations converting one description into the other.

Proof. See [Stöcker, Zieschang]. □

Remark. The word problem for finitely presented groups is the problem to determine whether two elements w, w^′ ∈ F(X) define the same element of ⟨X : R⟩, or equivalently whether w ∈ ⟨R⟩_{NT} .

The isomorphy problem is to determine whether two finite group representations describe isomorphic groups.

Both problems have been shown to have no algorithmic solution.

— Version 2000.9.25 — 5.8.2

5.2.6 Proposition. For pointed spaces (X_i, x_i) we have the following isomorphism π_1( ∏ i X_i, (x_i)_i) ∼= ∏ i π_1(X_i, x_i).

Proof. Obvious, since [(Y, y), ( ∏ i X_i, (x_i)_i)] ∼= ∏ i[(Y, y), (X_i, x_i)], by composition with the coordinate projections, and since the multiplication of paths in ∏ i X_i is given componentwise. □

5.1.21 Proposition. Let X_0 be a path component of X and let x_0 ∈ X_0. Then the inclusion of X_0 ⊆ X induces an isomorphism π_1(X_0, x_0) ∼= π_1(X, x_0).

Proof. Since S^1 and S^1 × I is path connected, the paths and the homotopies have values in X_0. □

5.3.11 Theorem, Seifert van Kampen. Let X be covered by two open path connected subsets U_1 and U_2 such that U_1 ∩ U_2 is path connected. Let x_0 ∈ U_1 ∩ U_2. Then π_1(U_1 ∩ U_2, x_0) w i^1_∗

u i^2_∗ π_1(U_2, x_0) u j^2_∗

π_1(U_1, x_0) w j^1_∗ π_1(X, u_0)

is a pushout, where all arrows are induced by the corresponding inclusions.

Proof. We first show that (j^1_∗ , j^2_∗ ) : G := π_1(U_1) ∐ π_1(U_2) → π_1(X) is surjective.

In fact let [w] ∈ π_1(X). Take a partition 0 = t_0 < t_1 < · · · < t_n = 1 such that w[t_i, t_{i+1}] ⊆ U_{εi} for some ε_i ∈ {1, 2}. Let w_j be the restriction of w to [t_j, t_{j+1}] and let v_i be a path from x_0 to w(t_i) in U_{εi} ∩U_{εi−1} . We may take v_0 and v_n to be constant x_0. Let u_i := v_i · w_i · v^{−1}_i . Then u_j is a closed path in U_{εj} and w ∼ u_0 · . . . · u_{n−1} in X rel. İ. Hence [w] is the image of [u_0] · . . . · [u_{n−1}] ∈ π_1(U_1) ∐ π_1(U_2).

Since the diagram commutes, the natural mapping from π_1(U_1) ∐ π_1(U_2) to π_1(X) contains N := ⟨i^1_∗[v] · i^2_∗[v]^{−1} : [v] ∈ π_1(U ∩ V )⟩_{NS} in its kernel.

Remains to show the converse inclusion. So let z ∈ G := π_1(U_1) ∐ π_1(U_2) be such that (j^1_∗ , j^2_∗)(z) = 1 in π_1(X). We have to show zN = 1 in G/N . Since π_1(U_1) ∐ π_1(U_2) is generated by the images of π_1(U_1) and π_1(U_2) we find closed paths u_i in U_{εi} for certain ε_i ∈ {1, 2} with z = [u_1] · . . . · [u_n]. Let u be the path in X obtained by concatenating all the u_i. Since [u]_X = (j^1_∗ , j^2_∗)(z) = 1 this path is 0-homotopic in X relative İ. Let H be the homotopy. We partition I × I into squares Q, such that H(Q) ⊆ U_{εQ} for certain ε_Q ∈ {1, 2}. We may assume that the resulting partition of I is finer than 0 <^1_n <^2_n < · · · <^n = 1. For every corner k of this partition we choose a curve v_k connecting x_0 with H(k). If H(k) ∈ U_j then we may assume that v_k(I) ⊆ U_j. If H(k) = x_0, we may assume that v_k is constant. For every edge c we define the curve closed curve u_c := v_{c(0)} · (H ∘ c) · v^{−1}_{c(1)} through x_0. Since u_c is contained in some U_j we may consider [u_c]_{Uj} and its image in G and form the class ĉ := [u_c]_{Uj} N ∈ G/N . This class is well defined, since the pushout square with corner G/N commutes, hence if u_c is contained in U_1 ∩ U_2 then [u_c]_{U1∩U2} is mapped to [u_c]_{Uj} and furthermore to the same [u_c]_{Uj} N ∈ G/N .

— Andreas Kriegl, Universität Wien —

5 FUNDAMENTAL GROUP [51] 5.2.6

Let now Q be a fixed square with edges d, r, u, l: w u

w d u l u r

Then d · r ∼ l · u rel. İ in Q, hence u_d · u_r ∼ u_l · u_u rel. İ in U_{εQ} . Thus d̂ · r̂ = l̂ · û in G/N . Multiplying all these equations resulting from one row, gives that the product corresponding to the top line equals that corresponding to the bottom line in G/N since the vertical parts in the middle cancel, and those at the boundary are 1. Since the top row represents 1, we get that the same is true for the bottom one. But u_i is homotopic in U_{εi} rel. İ to the concatenation of the corresponding u_c in the bottom row. Hence [u_i]_{Uεi} = ∏ c[u_c]_{Uεi} and thus z = ∏ i[u_i]_{Uεi} = ∏ c[u_c]_{Uεi} and finally z N = ∏ c[u_c]_{Uεi} N = ∏ c ĉ = 1 in G/N . □ 5.3.9 Corollary. If U ∩ V is simple connected, then π_1(U ∪ V ) ∼= π_1(U ) ∐ π_1(V ). Let X = U ∪ V with U ∩ V path connected and U and V simple connected. Then U ∪ V is simple connected. □

In particular, π_k(S^n) := [(S^k, 1), (S^n, 1)] = {0} for k ≥ 2.

5.4.8 Theorem. Let a CW-complex X be the union of two connected CW-sub-complexes A and B. Let x_0 ∈ A ∩ B and A ∩ B be connected. Then π_1 maps the pushout square into pushout.

Proof. By (4.3.2) we may choose open neighborhoods U (A), U (B) and U (A∩B) = U (A) ∩ U (B) which contain A, B and A ∩ B as DRs. Then application of (5.3.11) and of (5.1.20) gives the result.

U (A ∩ B) y w y

u

U (A) y

u A ∩ B ph h hhj ∼ y w y

u

A y

u

IAA AA AAC ∼

U (B) y wU (A ∪ B)

B IAA AA AAC ∼ y wA ∪ B ph h hhj ∼ □ 5.4.9 Proposition. Let A and B be (connected) CW-complexes. Then π_1(A ∨ B, x_0) ∼= π_1(A) ∐ π_1(B).

Proof. Since A ∩ B in A ∨ B is {x_0} and hence simple connected this follows from (5.4.8). □

— Version 2000.9.25 — 5.4.9

5.4.A1 Example. We have π_1(S^1 ∨ S^1) ∼= Z ∐ Z. However, for spaces being not CW-spaces in general π_1(A∨B) ≠ π_1(A) ∐ π_1(B): Take for example for A and B the subset of R^2 formed by infinite many circles tangent at the base point. The closed curve which passed through all those circles alternatingly can not be expressed as finite product of words in π_1(A) and π_1(B).

5.5.9 Proposition. Let X_j be a CW-complex with basepoint x_j ∈ X^0_j . Then π_1( ⋁ X_j ) ∼= ∐ j π_1(X_j ). In particular we have π_1( ⋁ J S^1) ∼= ∐ J Z∼= F(J), where the free generators of π_1( ⋁ j S^1) are just the inclusions inj_j : S^1 → ⋁ J S^1.

Proof. By (4.2.7) we have that ⋁ j∈J X_j is a CW-complex. The natural mapping ∐ j π_1(X_j ) → π_1( ⋁ X_j ) is onto, since the image of every closed curve is contained in a finite subcomplex by (4.1.9) and for finite J we have an isomorphism, by iterating (5.4.9). It is injective, since a homotopy in ⋁ J X_j has again by (4.1.9) image in a finite subcomplex. □

5.3.12 Corollary. If in addition to the assumptions in (5.3.11) we have that U_2 is simply connected. Then the lower arrow in the pushout square is an epimorphism and its kernel is generated by the image of left side arrow. So if in addition U_1 ∩ U_2 is simple connected then π_1(U_1) ∼= π_1(U_1 ∪ U_2).

5.4.1+5.4.2 Corollary. Let Y be path connected with y_0 ∈ Y and f : S^{n−1} → Y be continuous. Then the inclusion Y ⊆ Y ∪_f e^n induces an isomorphism π_1(Y, y_0) → π_1(Y ∪_f e^n, y_0) if n ≥ 3 and an epimorphism if n = 2. In the later case the kernel is the normal subgroup generated by [v][f][v^{−1}], where v is a path from y_0 to f(1).

One could say that by gluing e^2 to Y the element [f] ∈ π_1(Y ) gets killed.

Proof. We take U := Y ∪_f (e^n \ {0}) and V := e^n. U ∩ V y w y

u

V y

u S^{n−1} ph h hhj ∼ y w y

u

{∗} y

u

VN N N NNP ∼

U y wU ∪ V

Y IAA AA AAC ∼ y wX [[ [[ [[ [[

Then V and U ∩ V = e^n \ {0} ∼ S^{n−1} are simple connected, by (5.1.9). Thus the inclusion U ⊆ Y ∪_f e^n induces an isomorphism by (5.3.12). Since Y is a DR of U by (2.4.7) the inclusion of Y → U induces an isomorphism by (5.1.20). Now for n = 2. Again V is simple connected, but U ∩V ∼ S^1 and hence π_1(U ∩V, y_0) is the infinite cyclic group generated by the image of a circle of radius say 1/2. This path is homotopic to [v][f][v^{−1}] in Y ∪_f e^2, hence everything follows. □

— Andreas Kriegl, Universität Wien —

5 FUNDAMENTAL GROUP [53] 5.4.A1

5.4.4 Example. We have π_1(S^1 ∪_zn e^2) ∼= Z_n. In particular π_1 of the projective plane is Z_2.

This can be easily visualized: by vertical homotopy the top semi-circle is homotopic to the inverse of the bottom one. So the whole circle is α · α ∼ α^{−1} · α ∼ 1. Equally one may cut a small disk from D^2. The gluing of the boundary gives a Möbius strip and the generator α is just the middle line on the Möbius strip. Its square is homotopic to the boundary of the Möbius strip which is contractible on the small disk.

5.4.3 Corollary. We have π_1(Y ∪_{f1} e^2 ∪ · · · ∪_{fn} e^2) ∼= π_1(Y )/N , where N is the normal subgroup generated by conj_{[vj ]}[f_j], where f_j : S^1 → Y is the gluing map and v_j a path joining y_0 and f_j(1) in Y .

This is also valid for infinite many cells by the proposition (5.4.7a) below.

Proof. By induction from (5.4.2). □

5.4.6 Proposition. Let X be a CW-complex and x_0 ∈ X^0. Then X^1 → X induces an epimorphism π_1(X^1, x_0) → π_1(X, x_0) and X^2 → X an isomorphism π_1(X^2, x_0) → π_1(X, x_0).

Proof. This follows from (4.1.9) using (5.4.1) and (5.4.2). □

5.4.7 Example. Since P^n = P^2 ∪ e^3 ∪ · · · ∪ e^n we have π_1(P^n) ∼= π_1(P^2).

The following result has been used repeatedly above. In particular in (5.2.6), (5.5.9), (5.4.6).

5.4.7a Proposition. Let X_α be subspaces of X such that every compact set is contained in some X_α. And for any two of these subspaces there is a third one containing both. Let x_0 ∈ X_α for all α. Then π_1(X, x_0) is the inductive limit of all π_1(X_α, x_0).

Proof. Let G be any group and f_α : π_1(X_α) → G be group-homomorphisms, such that for every inclusion i : X_α ⊆ X_β we have f_β ∘ π_1(i) = f_α. We have to find a unique group-homomorphism f : π_1(X) → G, which satisfies f ∘ π_1(i) = f_α for all inclusions i : X_α → X. Since every closed curve w in X is contained in some X_α, we have to define f([w]_X ) := f_α([w]_{Xα} ). We only have to show that f is welldefined: So let [w_1]_X = [w_2]_X for curves w_1 in X_{α1} and w_2 ∈ X_{α2} . The image of the homotopy w_1 ∼ w_2 is contained in some X_α, which we may assume to contain X_{α1} and X_{α2} . Thus f_{α1} ([w_1]_{Xα1} ) = f_α([w_1]_{Xα} ) = f_α([w_2]_{Xα} ) = f_{α2} ([w_2]_{Xα2} ). □

5.5.11 Definition. A CW-complex X with X = X^1 is called a graph. A graph is called tree if it is simple connected.

5.5.12 Lemma. A connected CW-subspace of a graph is a tree iff it is contractible.

Proof. (⇒) Let X^0 be the 0-skeleton of a tree X. And let x_0 ∈ X^0 be fixed. Every x ∈ X^0 can be connected by a path with x_0, which gives a homotopy X^0 → X. By (4.3.1) it can be extended to a homotopy h_t : X → X with h_0 = id_X and h_1(X^0) = {x_0}. Let e ⊆ X be a 1-cell with characteristic map χ_e : I ∼= D^1 → X. Then

— Version 2000.9.25 — 5.5.12

[h_1 ∘ χ_e] ∈ π_1(X, x_0) = {1}, hence there is a homotopy h^e_t : (I, İ) → (X, {x_0}) with h^e_0 = h_1 ∘ χ_e and h^e_1(I) = {x_0}. Let k^e_t : X^0 ∪ e → X be defined by k^e_t (X^0) = {x_0} and k^e_t = h^e_t ∘ χ^{−1}_e on e. Taking the union of all k^e_t gives a homotopy k_t : X^1 → X between h_1 and a constant map. □

5.5.13 Lemma. Every connected graph contain a maximal sub-tree. A sub-tree is maximal iff it contains all vertices.

Proof. Let M be the set of trees of X ordered by inclusion. Since the union of trees is a tree (use (4.1.9)), we get by Zorns lemma a maximal tree Y . Let Y be a tree that contains all vertices. Let e be any edge not contained in it. Consider a path v in this tree connecting the end points of e. Then e and v have to be homotopic. But since v meets e only at the endpoints, this is not possible. Let Y be a maximal tree and suppose that there is some x_0 ∈ X^0\Y^0. Let w : I → X be a path connecting x_0 and Y . Let t be minimal with w(t) ∈ Y and s < t be maximal with w(s) ∈ X^0 \ Y^0. Then w([s, t]) is the closure of a 1-cell e and Y ∪ ē is a larger tree, since Y is a SDR of Y ∪ ē. □

5.5.14 Proposition. Let X be a connected graph and x_0 ∈ X^0. Let Y ⊆ X be a maximal tree. For every 0-cell x choose a path v_x in Y connecting x_0 with x. And for every 1-cell e ∈ X^1 \ Y with characteristic mapping χ^e : I ∼= D^1 → X^1 let s(e) := [v_χe_{(0)}][χ^e][v_χe_{(1)}]^{−1} ∈ π_1(X, x_0). Then s : F(X^1 \ Y )^{∼=}−→ π_1(X), x → s(x), i.e. π_1(X) is the free group generated by {s(e) : e ∈ X^1 \ Y }.

Proof. The quotient X^1/Y is a CW-complex with one vertex y_0 = [Y ] and p : X^1 → X^1/Y is a homotopy-equivalence by (2.4.15) since Y is contractible and (X^1, Y ) has HEP by (4.3.1). Thus π_1(X, x_0) ∼= π_1(X^1/Y, y_0) = F(X^1 \ {Y }) by (5.5.9), (4.2.6) and (4.2.3), see also (4.2.8). □

5.5.17 Corollary. Every connected CW-space is homotopy equivalent to a CWcomplex with just one 0-cell.

Proof. By (2.4.15) we have that X → X/Y with a maximal tree Y as constructed before is a homotopy equivalence. □

5.5.16 Corollary. Let X be a connected graph with d_0 vertices and d_1 edges. Then π_1(X) is a free group of 1 − d_0 + d_1 generators.

Proof. In order to join d_0 vertices we need at most d_0 − 1 edges. By induction we deduce that a maximal tree has d_1 − (d_0 − 1) edges. □

5.6.4 Theorem. Let X be a CW-complex with maximal tree Y . Let generators s(e^1) be constructed for every e^1 ∈ X^1 \ Y^1 as in (5.5.14). For every 2-cell e^2 ∈ X^2 define r(e^2) := [u][χ_e2 |_S1 ][u]^{−1} ∈ π_1(X^1, x_0), where u is a path from x_0 to χ_e2 (1) in X^1 and χ_e2 : D^2 → ē^2 a characteristic mapping. Then π_1(X, x_0) ∼= ⟨{s(e^1) : e^1 ∈ X^1 \ Y^1} : {r(e^2) : e^2 ∈ X^2}⟩.

Proof. By (5.4.6) the mapping π_1(X^1, x_0) → π_1(X, x_0) induced by X^1 → X is surjective. So we have to show that its kernel is the normal subgroup N generated by r(e^2).

— Andreas Kriegl, Universität Wien —

5 FUNDAMENTAL GROUP [55] 5.5.13

(N ⊆ ker π_1(ι)) Since χ_e2 |_S1 is 0-homotopic in e^2, we have that π_1(ι)[r(e^2)] = [u][u]^{−1} = 1.

(ker π_1(ι) ⊆ N ) Let [w] ∈ π_1(X^1, x_0) with π_1(ι)[w] = 1. The corresponding homotopy h in X meets only finitely many cells by (4.1.9), hence we get from (5.4.3) (= (5.4.2) for finitely many 2-cells) that [w] is contained in the normal subgroup generated by r(e^2) for these 2-cells e^2. Hence it is contained in N . □

5.6.5 Example. For every group G = ⟨S : R⟩ there is a 2-dimensional CWcomplex X := CW⟨S : R⟩ with π_1(X) ∼= G.

Proof. Let X^1 := ⋁ S S^1. Consider every r ∈ R ⊆ F(S) ∼= π_1(X^1) as mapping f_r : S^1 → X^1 and glue a 2-cell to X^1 via this mapping. I.e. X := X^1 ⋃ f ⨆ R e^2, where f := ⨆ r∈R f_r . □ Remark that this construction depends on the choice of w ∈ [w]. However different choices give rise to homotopy equivalent spaces by (2.4.13)

5.8.7 Lemma. Let ⟨S^′ : R^′⟩ be obtained by a Tietze process from ⟨S : R⟩. Then CW (⟨S^′ : R^′⟩) is homotopy equivalent to CW (⟨S : R⟩) or to CW (⟨S : R⟩) ∨ S^2.

This shows that CW (G) = CW (< ⟨S : R⟩) := CW (S : R) would not be welldefined. Proof. If X = CW ⟨S : R⟩ and Y = CW ⟨S : R ∪ {r}⟩ with r ∈ ⟨R⟩_{NG}. Then Y = X ∪_f e^2, where f : S^1 → ⋁ S S^1 = X^1 ⊆ X is such that [f] = r ∈ π_1( ⋁ S S^1) = F(S). Since r ∈ ⟨R⟩_{NG}, we have that [f]_X = 1 ∈ π_1(X) = π_1( ⋁ S S^1)/⟨R⟩_{NG}, hence f ∼ 0 in X. Thus Y = X ∪_f e^2 ∼ X ∪_0 e^2 = X ∨ S^2 by (2.4.3). If X = CW ⟨S : R⟩ and Y = CW ⟨S ∪ {s} : R ∪ {s^{−1}w}⟩. Then Y = (X ∨ S^1) ∪_f e^2, where f : S^1 → ⋁ S S^1 = X^1 is such that [f] = s^{−1}w ∈ F(S ∪ {s}). Let s is represented by the inclusion S^1 → X ∨ S^1 and w by f_− := f|_S1_− : S^1_− → X^1. Thus Y = X ∪_{f−} D^2 and since S^1_− ⊆ D^2 is a SDR we have that X is also a SDR in Y , by (2.4.6). □

5.8.6 Proposition. Every connected CW-complex of dimension less or equal to 2 is homotopy equivalent to CW ⟨S : R⟩ for some representation ⟨S : R⟩ of its fundamental group.

Proof. Choose a maximal tree M ⊆ X^1. Then by the proof of (5.5.14) we have that X is homotopy equivalent to X/M , which has as 1-skeleton ⋁ S S^1. For every 2-cell e we choose a characteristic map χ^e. Thus X/M = ( ⋁ S S^1) ∪_χe_{|S1} ⋃ e D^2. By (2.4.13) we can deform χ^e|_S1 to a base point preserving map f^e : S^1 → X^1. Hence by (2.4.13) X/M is homotopy equivalent to CW ⟨S : {f^e : e}⟩. □

5.7.1 Example. The fundamental group of the orientable compact surface of genus g ≥ 1 is ⟨α_1, β_1, . . . , α_n, β_n : [α_1, β_1] · . . . · [α_n, β_n]⟩. That of the non-orientable compact surface of genus g is ⟨α_1, . . . , α_n : α^2_1 · . . . · α^2_n⟩. — Version 2000.9.25 — 5.7.1

5.7.2 Corollary. None of the spaces in (5.7.1) are homotopy equivalent.

Proof. The abelization of the fundamental groups are Z^{2g} and Z^{g−1} ⊕ Z_2. In fact ab⟨α_1, β_1, . . . , α_g, β_g : [α_1, β_1] · . . . [α_g, β_g]⟩ = ⟨α_1, β_1, . . . , α_g, β_g : [α_1, β_1] · . . . [α_g, β_g ], [α_i, α_j], [β_i, β_j], [α_i, β_j ]⟩

T 1= ⟨α_1, β_1, . . . , α_g, β_g : [α_i, α_j], [β_i, β_j ], [α_i, β_j]⟩ =^{ab}⟨α_1, β_1, . . ., α_g, β_g : ∅⟩ =^{ab}F(α_1, β_1, . . ., α_g, β_g) = Z^{2g} and ab⟨α_1, . . . , α_g : α^2_1 · . . . · α^2_g⟩ =^{ab}⟨α_1, . . . , α_g : (α_1 · . . . · α_g)^2⟩ T 2=^{ab}⟨α_1, . . . , α_g, α : α^2, α^{−1}α_1 . . . α_g⟩ =^{ab}⟨α_1, . . . , α_{g−1}, α : α^2⟩ =^{ab}(⟨α_1, . . . , α_{g−1} : ∅⟩ ∐ ⟨α : α^2⟩) = Z^{g−1} ⊕ Z_2. □

Geometric interpretations are the following: S^2 is simply connected hence π_1 has no generator and no relation.

S^1 × S^1 is a torus. The generators of π_1 are S^1 × {1} and {1} × S^1, which are in the 3-dimensional picture a meridian and an equator. This can be also seen by gluing the 4 edges of a square as αβα^{−1}β^{−1}. The relation αβ = βα is seen geometrically by taking as homotopy a part of the equator, then the meridian at that position and then the rest of the equator.

Now a oriented surface of genus g is obtained by cutting 2g holes into the (northern hemi-)sphere and gluing g cylinders to these wholes. The generators α_j are curves from the equator of S^2 along the cylinder. The generators β_i are loops at around one foot of the cylinder. α_iβ_iα^{−1}_i is then a loop around the other foot and α_iβ_iα^{−1}_i β^{−1}_i a loop around both feet. The product of all these loops is the homotopic to the equator, and hence on the southern hemisphere to a point.

We have seen the meaning of the generator α and the relation α^2 ∼ 1 on P^2 already. Let us next consider Klein’s bottle, obtained from gluing the sides of a square as ααββ. By taking the diagonals we cut it into three triangles. Then gluing α and α and β and β be obtain two Möbius-strips which have to be glued at their boundary. The generators α_1 and β_1 are the middle lines but with reverse direction. Thus α^2_1 and α^2 is just the common boundary of the two strips, but reversely oriented. So α^2_1α^2 ∼ 1. Remark that α_1α_2 is just a circle around the bottle neck. Its square is not 0-homotopic. Only in the abelisation we have (α_1α_2)^2 = 1. SKIZZE!!! The non-orientable surface of genus g is obtained from a sphere by cutting g holes into the northern hemisphere and gluing g Möbius-strips. The generators α_j are just conjugates of the middle lines on the Möbius strip. Their squares are homotopic to

— Andreas Kriegl, Universität Wien —

6 COVERINGS [57] 5.7.2

the boundary circles. And hence the product of all α^2_i is homotopic to the equator on S^2, which is in turn homotopic to a point.

This shows that beside the sphere, the torus and the projective plane these fundamental groups are not abelian.

6 Coverings

We pick up the method leading to the calculation π_1(S^1) ∼= Zin (5.2.2). Basic ingredient was the lifting property of the mapping t → exp(2πit), R → S^1, see (2.2.4). Its main property can be stated abstractly as follows:

6.1.1 Definition. Coverings. A covering map p : Y → X is a surjective continuous map, such that every x ∈ X has an open neighborhood U ⊆ X for which p|_p−1_{(U)} : p^{−1}(U ) → U is up to an homeomorphism just the projection pr : ⨆ J U → U for some set J ≠ ∅. I.e. Y N N N NNP p p^{−1}(U )[ [ [ [] p|_p−1_{(U)} u – ⨆ J U æ æ æ æÆ pr u ∼= U u – inj_j

X U u – The images of the summands U in p^{−1}(U ) ⊆ Y are called the leaves and U is called a trivialising neighborhood. The inverse images of points under p are called fibers. X is called base and Y total space.

6.1.5a Example. Let Y := {(sin(2πt), cos(2πt), t) : t ∈ R} ∼= R and p = pr_{1,2} : Y → S^1 ⊆ R^2. Then p is a covering map. Compare with (6.1.7) for S^1 = R/Z. The map z → z^n : S^1 → S^1 is an n-fold covering map. Compare with (6.1.7) for S^1 = S^1/Z_n.

The map S^n → P^n is a two-fold covering map. Compare with (6.1.7) for P^n = S^n/Z_2.

Let p_1 : Y_1 → X_1 and p_2 : Y_2 → X_2 be two covering maps, then so is p_1 × p_2 : Y_1 × Y_2 → X_1 × X_2. Examples: R^2 → S^1 × S^1, R^2 → R× S^1 and R× S^1 → S^1 × S^1. There is a twofold covering map from I × S^1 to the Möbius strip. Compare with (6.1.7) for the action of Z_2 on [−1, 1] × S^1 given by (t, φ) → (−t, φ + π). The torus is a two fold covering of Kein’s bottle. Compare with (6.1.7) for the action of Z_2 on S^1 × S^1 given by (φ, ψ) → (−φ, ψ + π).

S^3 is a twofold covering of SO(3). Compare with (6.1.7) for the action of S^3 on S^3 ⊂ R^4 = H given by x → (y → conj_x(y)). In particular P^3 ∼= SO(3). Z_p acts transitively on S^{2k−1} and the orbit space is the lens space, so we get a covering S^{2k−1} → L(p; q_1, . . ., q_k).

— Version 2000.9.25 — 6.1.5a

Lemma. Let X and Y be path connected and locally path connected and Hausdorff. Let Y be compact and f : Y → X be a local homeomorphism. Then f is a covering.

Proof. Since f is a local homeomorphism, the inverse image of every point x ∈ X is discrete and closed and hence finite since Y is compact.

Let us show next that f is surjective. In fact the image is open in X, since f is a local homeomorphism. It is closed, since Y is compact and X is Hausdorff. Since X is assumed to be (path-)connected it has to be all of X.

Let x ∈ X. For every y ∈ f^{−1}(x) let U_y be a neighborhood, that is mapped homeomorphically onto some neighborhood of x. By taking the inverse images of the (finite) intersection of the corresponding neighborhoods of x we may assume that the image is the same neighborhood U for all y ∈ U_y. Hence p : Y → X is a covering. □

Example. Not every local homeomorphism is a covering map. Take for example the disjoint union Y := ⨆ n∈N(−∞, n) with the obvious projection to X := R. The points n ∈ N have no trivialising neighborhoods. By taking the join of X with S^1 we may even assume that Y is path connected.

6.1.3 Lemma. Let p : Y → X be a covering. Then

(1) The fibers are discrete in Y .

(2) Every open subset of a trivialising set is trivialising. (3) Let A ⊆ X. Then p|_p−1_{(A)} : p^{−1}(A) → A is a covering map. (4) If B ⊆ Y is connected and p(B) ⊆ U for some trivialising set U , then B is contained in some leave.

(5) The projection is a surjective open local homeomorphism and hence a quotient mapping.

Proof. (1) Points in the fiber are separated by the leaves.

(2) and (3) Take the restriction of the diagram above.

(4) B is covered by the leaves. Since each leave is open, so is the trace on B. Since B is connected only one leave may hit B, thus B is contained in this leave.

(5) Obviously the projection is a local homeomorphism. Hence it is open and a quotient mapping. □

Lifting properties.

Let p : (Y, y_0) → (X, x_0) be a covering and f : (Z, z_0) → (X, x_0). Take a trivialising neighborhood U of x_0 and let Ũ be the leave of p over U which contains y_0. Then (p|_Ũ ) : Ũ → U is a homeomorphism and hence (p|_Ũ )^{−1} ∘ f : Z ⊇ f^{−1}(U ) → Ũ ⊆ Y is a continuous local lift of f.

Let f̃ be any continuous (local) lift of f with f̃ (z_0) = y_0. Then W := f̃^{−1}(Ũ ) is a neighborhood of z_0 and f̃ (W ) ⊆ Ũ , hence f = p ∘ f̃ implies (p|_Ũ )^{−1} ∘ f = (p|_Ũ )^{−1} ∘ p|_Ũ ∘ f̃ = f̃ on W . I.e. locally the lift of f̃ is unique.

We are now going to show that the lift is globally unique and we will determine when it exists.

— Andreas Kriegl, Universität Wien —

6 COVERINGS [59] 6.1.3

6.2.4 Lemma. Let p : Y → X be a covering map and f : Z → X be continuous, where Z is connected. Then any two lifts of f, which coincide in one point are equal.

Proof. Let f^1, f^2 be two lifts of f. Then the set of points {z ∈ Z : f^1(z) = f^2(z)} is clopen. In fact if U^j is the leave over U containing of f^j (z), then f^j = (p|_U j )^{−1} ∘f on the neighborhood (f^1)^{−1}(U^1) ∩ (f^2)^{−1}(U^2). Hence f^1 = f^2 locally around z iff f^1(z) = f^2(z). □

6.2.2+6.2.5 Theorem. Lifting of curves. Every path w : I → X has a unique lift^yw̃ with^yw̃(0) = y for given y ∈ p^{−1}(w(0)). Paths homotopic relative their initial value have homotopic lifts. In particular we have an action of π_1(X, x_0) on p^{−1}(x_0) given by [u] : y →^yũ(1), i.e. the end-point of the lift of u, which starts bei y. The total space Y is path connected iff X is path connected and this action is transitive (i.e. there exists a y_0 ∈ p^{−1}(x_0) with y_0 · π_1(X, x_0) = p^{−1}(x_0), which is equivalent to: For all y_1, y_2 ∈ p^{−1}(x_0) there exists a g ∈ π_1(X, x_0) with y_1 · g = y_2).

We will study this group-homomorphism π_1(X, x_0) → Bij(p^{−1}(x_0)) in (6.5.5) and in (6.5.8).

Proof. By (6.2.4) we have to show existence of a lift. By considering a path w as a homotopy being constant in the second factor, it is enough to show that homotopies h : I × I → X can be lifted.

For this choose a partition of I^2 into squares Q_{i,j}, such that h(Q_{i,j}) is contained in a trivialising neighborhood U_{i,j} of X. Now construct inductively a lift h̃^1 along ⋃ i Q_{i,1}, by taking the leave Ũ_{i,1} over the trivialising neighborhood of Q_{i,1} which contains the image under h̃ of the right bottom corner of Q_{i−1,1} and hence also of the right side edge of Q_{i−1,1} (by (6.1.3.3)). Then h̃|_{Qi,1} can be defined as (p|_{Ui,1} )^{−1} ∘ h|_{Qi,1} . Now proceed by induction in the same way to obtain lifts h̃^j for all stripes ⋃ i Q_{i,j}. By induction we can show that the lifts agree on the horizontal lines: In fact the image of h on a horizontal edge is contained in the intersection of the trivialising sets containing the image of the square above and below. And since the lifts h̃^j and h̃^{j−1} are contained in the respective leaves, and thus in the leave over the intersection, they have to be equal. We call the unique homotopy^{y0}h̃.

Now suppose h is a homotopy rel. İ between two paths w_0 and w_1 from x_0 to x_1 and let y_0 ∈ p^{−1}(x_0). The homotopy^{y0}h̃ has as boundary values lifts w̃_0 and w̃_1 with w̃_0(0) = y_0. Since s → h(0, s) is a lift of the constant path x_0, it has to be constant, hence w̃_1(0) = y_0. So these are precisely the lifts of w_j. Since s → h(1, s) is a lift of the constant path x_1, it is constant, i.e. h̃ is a homotopy rel. İ.

Composition law: The lift of^{y0} ~ u · w is^{y0}ũ ·^{y1}ṽ, where y_1 :=^{y0}ũ(1).

The lifting property of (6.8.1) gives us a mapping π_1(X, x_0) to the bijections of p^{−1}(x_0) by setting [u](y) :=^yũ(1). This is well defined, since curves u homotopic relative İ have lifts^yũ homotopic relative İ and hence have the same end point.

Moreover we have [u · v](y) =^y ~u · v(1) = (^yũ ·^{y1}ṽ)(1) =^{y1}ṽ(1) = [v](y_1) = [v]([u](y)), where y_1 =^yũ(1) = [u](y). Hence, we consider this mapping as a right action, i.e. we write y · [u] for [u](y). Then we have y · ([u] · [v]) = (y · [u]) · [v].

— Version 2000.9.25 — 6.2.5

Now the statement on path-connectedness:

If Y is path connected then so is the surjective image X. Furthermore a curve v connecting y_1, y_2 ∈ p^{−1}(x_0) has a closed curve u := p ∘ v as image and v =^{y1}ũ, so y_1 · [u] = y_2.

Conversely let y_1 ∈ Y be arbitrary. Since X is path connected we have a curve u connecting p(y_1) with x_0. Its lift^{y1} ũ connects y_1 with y :=^{y1}ũ(1) ∈ p^{−1}(x_0). Since π_1(X, x_0) acts transitive on p^{−1}(x_0) there is a [u^′] ∈ π_1(X, x_0) with y · [u^′] = y_0, i.e. the curve^yũ^′ connects y with y_0. □

6.3.5 Proposition. Let X be path-connected. Then the fibers of any covering p : Y → X can be mapped bijectively onto one another by lifting a curve connecting the foot points.

Proof. Let F_0 := p^{−1}(x_0), F_1 := p^{−1}(x_1) and let u be a path from x_0 to x_1 then y →^yũ(1) defines a mapping F_0 → F_1 and y →^y ~u^{−1}(1) a mapping F_1 → F_0 and these mappings are inverse to each other, since the lift of the curve u · u^{−1} ∼ 0 is 0-homotopic rel. İ and hence closed. □

6.2.6 Lifting Theorem. Let Z be path connected and locally path connected. Let p : Y → X be a covering and f : Z → X continuous. Let x_0 ∈ X, y_0 ∈ Y and z_0 ∈ Z be base points and all maps base point preserving. Then f has a base point preserving lift f̃ iff im(π_1(f)) ⊆ im(π_1(p)), or more precisely π_1(f)π_1(Z, z_0) ⊆ π_1(p)π_1(Y, y_0).

Proof. (⇒) If f = p ∘ f̃ then im(π_1(f)) = im(π_1(p) ∘ π_1(f)) ⊆ im(π_1(p)).

(⇐) Let z ∈ Z be arbitrary. Since Z is path-connected we may choose a path w from z_0 to z and take the lift^{y0} ~f ∘ w and define f̃ (z) :=^{y0} ~f ∘ w(1).

First we have to show that this definition is independent from the choice of w. So let w_j be two paths from z_0 to z. Then f ∘ (w_0 · w^{[−1]}_1 ) = (f ∘ w_0) · (f ∘ w_1)^{−1} is a closed path through x_0, hence by assumption there exists a closed path v through y_0 with p ∘ v ∼ (f ∘ w_0) · (f ∘ w_1)^{−1} rel. İ and hence (p ∘ v) · (f ∘ w_1) ∼ (f ∘ w_0). Thus^{y0} ~ f ∘ w_0(1) =^{y0} ~

(p ∘ v) · (f ∘ w_1)(1) = (^{y0} ~p ∘ v ·^{y0} ~f ∘ w_1)(1) =^{y0} ~f ∘ w_1(1).

Remains to show that f̃ is continuous. Let z ∈ Z be fix and let Ũ be a small leave over a trivialising neighborhood U of f(z) containing f̃ (z). Let W be a pathconnected neighborhood of z with f(W ) ⊆ U and let w be a path from z_0 to z. Then for every z^′ ∈ W we can choose a path w_z′ in W from z to z^′. Hence f̃ (z′) = ~ f ∘ (w · w_z′ )^{y0} (1) = (^{y0} ~f ∘ w ·^{f̃ (z)} ~f ∘ w_z′ )(1) =^{f̃(z)} ~f ∘ w_z′ (1). But since f ∘ w_z′ is contained in the trivialising neighborhood U and Ũ is the leave over U containing the lift f̃ (z), we have that^{f̃ (z)} ~f ∘ w_z′ = (p|_Ũ )^{−1} ∘ f ∘ w_z′ , and hence f̃ (z′) = ((p|_Ũ )−1 ∘ f)(z′) and thus is continuous. □

Thus it is important to determine the image of π_1(p) : π_1(Y, y_0) → π_1(X, x_0).

6.3.1 Proposition. Let p : (Y, y_0) → (X, x_0) be a covering. Then the induced map π_1(p) : π_1(Y, y_0) → π_1(X, x_0) is injective and the image are formed by those classes in π_1(X, x_0) for which (some) any representative w the lift^{y0}w̃ is closed.

— Andreas Kriegl, Universität Wien —

6 COVERINGS [61] 6.3.5

So the image is formed by those g ∈ π_1(X, x_0) =: G which act trivial on y_0, i.e. y_0 · g = y_0. This is the so called isotropy subgroup G_{y0} of G at y_0.

Proof. Injectivity: Let [v] ∈ π_1(Y, y_0) be such that 1 = [p ∘ v], i.e. p ∘ v ∼ const_{x0} . By (6.2.2) we may lift the homotopy. Since the lift of const_{x0} is just const_{y0} we have [v] = 1.

If some u has a closed lift v, then π_1(p)[v] = [p ∘ v] = [u], hence [u] ∈ im(π_1(p)). Conversely let [u] ∈ im π_1(p). Then there exists a closed curve v through y_0 with [p ∘ v] = π_1(p)[v] = [u], hence u ∼ p ∘ v rel. İ, and so^{y0}ũ ∼^{y0} ~p ∘ v = v rel. İ, thus

y_0ũ is closed as well. □

Since the action of the fundamental group on the typical fiber plays an important role we first study transitive actions in general. Note, that such actions of a group G on a set F can be considered as pendants of 1-dimensional vector-spaces F over a field G. Keeping this in mind makes the following lemma intuitively clear.

6.3.3 Lemma. Transitive Actions. Let G act transitively on F (and F^′) from the right. An G-equivariant mapping or G-homomorphism φ is a mapping φ : F → F^′, which satisfies φ(y · g) = φ(y) · g. We write Hom_G(F, F^′) for the set of all Ghomomorphisms F → F^′ and Aut_G(F ) for the set of all G-equivariant isomorphisms F → F . This is the commutant of the image of G in bij(F ), or the set of all bijective G-homomorphisms of F . Then

(1) We have G_{y·g} = g^{−1}G_yg.

(2) {G_y : y ∈ F } is a conjugacy class of subgroups of G, i.e. an equivalence class of subgroups of H with respect to the relation of being conjugate.

(3) Let H be a subgroup of G. Then the set H\G := {Hg : g ∈ G} of right classes carries a unique (transitive) right G-module structure, such that the canonical projection π : G → H\G, g → Hg is G-equivariant.

(4) For any conjugate subgroup H^′ := g^{−1}Hg of H we have a G-equivariant bijection H\G → H^′\G given by Hg^′ → H^′g^{−1}g^′.

(5) For y ∈ F the mapping G → F given by g → y·g factors to a G-isomorphism G_y\G → F . (6) For φ ∈ Hom_G(F, F^′) we have G_y ⊆ G_{φ(y)}. Conversely if y_0 ∈ F and y_1 ∈ F^′ satisfy G_{y0} ⊆ G_{y1} , then there is a unique φ ∈ Hom_G(F, F^′) with φ(y_0) = y_1.

(7) Let A ⊆ Aut_G(F ). Then A = Aut_G(F ) ⇔ ∀y_0, y_1 : G_{y0} = G_{y1} ⇒∃φ ∈ A :

φ(y_0) = y_1. I.e. the only subgroup of Aut_G(F ), which acts transitively on the points with the same isotropy-subgroup, is Aut_G(F ) itself.

(8) Aut_G(F ) ∼= Norm_G(G_{y0} )/G_{y0} , where for a subgroup H of G one denotes with Norm_H (G) := {g ∈ G : g^{−1}Hg ⊆ H}, the smallest subgroup of G, which contains H as normal subgroup. (9) F ∼=_G F^′ ⇔ {G_y : y ∈ F } = {G_y′ : y^′ ∈ F^′} ⇔ {G_y : y ∈ F } ∩ {G_y′ : y^′ ∈ F^′} ≠ ∅. Proof. (1) We have g^{−1}G_yg = G_{y·g}, since h ∈ G_{y·g} ⇔ y·g·h = y·g ⇔ y·(ghg^{−1}) = y, i.e. ghg^{−1} ∈ G_y.

(2) From (1) we conclude that the subgroups G_y are conjugated to each other. Conversely if H = g^{−1}G_yg = G_{y·g}, it is of this form.

(3) The only possible action on H\G such that π is G-equivariant is given by Hg · g^′ = π(g) · g^′ := π(g · g^′) = π(gg^′) = H(gg^′). That the so defined action makes sense, follows from Hg_1 = Hg_2 ⇒ H(g_1g) = (Hg_1)g = (Hg_2)g = H(g_2g).

— Version 2000.9.25 — 6.3.3

(4) The mapping is well defined, since Hg_1 = Hg_2 ⇔ g_2g^{−1}_1 ∈ H ⇔ g^{−1}g_2g^{−1}_1 g ∈ g^{−1}Hg = H^′ ⇔ H^′g^{−1}g_2 = H^′g^{−1}g_1. It is a G-equivariant, since g^′ → g^{−1}g^′ from G → G is G-equivariant.

(5) Consider G → y · G given by g → y · g. This mapping has image y · G = F , since G acts transitively. Furthermore g^′ and g have the same image y · g^′ = y · g iff g^′g^{−1} ∈ G_y.

(6) We have G_y = {g : y · g = y} ⊆ {g : φ(y) · g = φ(y · g) = φ(y)} = G_{φ(y)}. Conversely let G_{y0} ⊆ G_{y1} and y ∈ F . Since G acts transitively there exists a g ∈ G with y = y_0 · g. Define φ(y) = φ(y_0 · g) := φ(y_0) · g = y_1 · g. This definition makes sense, since y_0 · g^′ = y_0 · g implies g^′g^{−1} ∈ G_{y0} ⊆ G_{y1} and hence y_1 · g^′ = y_1 · g. By construction φ is G-equivariant.

(7) Remark that the right side just says that A acts transitively on S := {y : G_y = G_{y0} }.

(⇒) Let G_{y0} = G_{y1} . By (6) there exists a unique φ ∈ Hom_G(F, F^′) with φ(y_0) = y_1 and a unique φ^′ ∈ Hom_G(F^′, F ) with φ^′(y_1) = y_0. These are inverse to each other, since every element in Aut_G(F ) is uniquely determined by its value on y_0 (use that G acts transitive).

(⇐) Let φ ∈ Aut_G(F ). Then by (6) G_{y0} = G_{φ(y0)} hence there exists a ψ ∈ A with ψ(y_0) = φ(y_0). By transitivity of the action we have φ = ψ ∈ A.

(8) By (7) we know that in order that y_0 → y_1 := y_0 · g can be extended to a φ ∈ Aut_G(F ) we need that G_{y0} = G_{y1} = G_{y0·g} = g^{−1} G_{y0} g. Thus we have shown that precisely the g ∈ Norm_G(G_{y0} ) give rise to an (uniquely determined) φ_g ∈ Aut_G(F ). I.e. ev_{y0} : Aut_G(F ) ∼= {y : G_y = G_{y0} }.

Let us next show that g → φ_g is a group (anti-) homomorphism. So let g_1, g_2 ∈ Norm_G(G_{y0} ). We have to show that φ_{g1} ∘ φ_{g2} maps y_0 to y_0 · g_1 · g_2. We have

(φ_{g1} ∘ φ_{g2} )(y_0) = φ_{g1} (φ_{g2} (y_0)) = φ_{g1} (y_0 · g_2) = φ_{g1} (y_0) · g_2 = y_0 · g_1 · g_2.

Remains to calculate the kernel of this homomorphisms, i.e. {g ∈ Norm_G(G_{y0} ) : φ_g = id} = {g : y_0 = y_0 · g} = G_{y0} .

(9) (⇒) Let φ : F → F^′ be a G-equivariant isomorphism. Then G_y ⊆ G_{φ(y)} ⊆ G_φ−1_{(φ(y))} = G_y by (6).

(⇐) By assumption there are y ∈ F and y^′ ∈ F^′ with G_y = G_y′ hence F ∼=_G G_y\G = G_y′ \G ∼=_G F^′. □ Corollary. We have a bijection between isomorphy classes of transitiv right actions of G and conjugacy classes of subgoups of G.

Proof. To each action on a space F we associate {G_y : y ∈ F }. This is well-defined by (2). By (9) this induces a well-defined injective mapping from the isomorphy classes to the conjugacy classes. This induced mapping is onto, since in each conjugacy class we can pick a subgroup H and form F := H\G with its canonical right action of G and isotropy subgroup H at H · e. □

— Andreas Kriegl, Universität Wien —

6 COVERINGS [63] 6.3.3

Corollary. The following statement are equivalent:

(1) G_y is normal for all y ∈ F ; (2) G_y = G_y′ for all y, y^′ ∈ G; (3) Aut_G(F ) acts transitive on F ;

(4) If g had a fixed point then it acts as identity.

Proof. (2⇒1) is obvious, since G_y = G_{y·g} = g^{−1} · G · g.

(1⇒3) If G_y is normal, then Norm_G(G_y) = G and hence Aut_G(F ) = G/G_y which obviously acts transitive, since G does.

(3⇒4) Let y_0 · g = y_0 and y ∈ F . Since Aut_G(F ) acts transitive there is an automorphism φ with y = φ(y_0) = φ(y_0 · g) = φ(y_0) · g = y · g.

(4⇒2) Let g ∈ G_y, i.e. y is a fixed point of g. Hence g acts as identity, so g ∈ G_y′ for all y^′ ∈ F . □

Corollary. Let p : Y → X be a covering with path connected Y and x_0 ∈ X. The images π_1(p)(π_1(X, y)) for y ∈ p^{−1}(x_0) from a conjugacy class of subgroups in π_1(X, x_0). □

This conjugacy class is called the characteristic conjugacy class of the covering p.

Definition. Let p : Y → X and p^′ : Y^′ → X be two coverings. A homomorphism f of coverings is a fiber preserving map f : Y → Y^′, i.e. Y w f 4 4 446p Y^′ h h hhk p^′ X We denote the set of all homomorphisms from p : Y → X to p^′ : Y^′ → X by Hom(p, p^′). Remark that a homomorphism f is nothing else but a lift of p : Y → X along p^′ : Y^′ → X.

A.6.2 Lemma. Let p : Y → X and q : Z → X be coverings of a locally path connected space X and f : Z → Y be continuous and surjective with p ∘ f = q. Then f is a covering. If Y is path-connected then f is automatically surjective.

Proof. Take a path connected trivialising set U ⊆ X. We show that every leave Ũ^q of q over U is mapped by f into a leave Ũ^p of p over U . In fact since the leaves are homeomorphic to U , they are path-connected as well, hence f(Ũ^q ) is completely contained in a leave Ũ^p of p over U = (p ∘ f)(Ũ^q ). Thus f^{−1}(Ũ^p) is the topological disjoint union of certain leaves Ũ^q of q over U .

Let z_0 be a base point in Z and define y_0 := f(z_0) and x_0 := p(y_0). If Y is path connected and y ∈ Y arbitrary, we can take a path v from y_0 to y. Let^{z0} ~p ∘ v be the lift with respect to q and z be its end point. Then f ∘^{z0} ~p ∘ v is a lift of p ∘ f ∘^{z0} ~p ∘ v = q ∘^{z0} ~p ∘ v = p ∘ v, and hence equals v. Hence f(z) = v(1) = y. □

— Version 2000.9.25 — A.6.2

A.6.3 Proposition. Let X be locally path connected. Let p : Y → X and p^′ : Y^′ → X be two path-connected coverings with typical fibers F := p^{−1}(x_0) and F^′ := (p^′)^{−1}(x_0) and G := π_1(X, x_0). Then Hom(p, p^′) ∼= Hom_G(F, F^′) via Φ → Φ|_F .

I.e. the functor from Cov_{pc}(X) → Act_{tr}(G) is full and faithful. For this let Cov(X) denote the category of homomorphisms between coverings of X. Let Cov_{pc}(X) the full subcategory of path-connected coverings. Let Act(G) denote the category of Ghomomorphisms between G-modules, i.e. actions G on sets F . Let Act_{tr}(G) denote the full subcategory of transitive actions.

Proof. Let us first show that for Φ ∈ Hom(p, p^′) we have that Φ|_F ∈ Hom_G(F, F^′). So let [u] ∈ G and y ∈ F . Then Φ(y · [u]) = Φ(^yũ(1)) =^{Φ(y)}ũ(1) = Φ(y) · [u], since Φ ∘^yũ is the lift of u with start value Φ(y).

This mapping is injective, since Φ_1|_F = Φ_2|_F implies Φ_1(y_0) = Φ_2(y_0) and hence Φ_1 = Φ_2, by the uniqueness of lifts of p.

Now the surjectivity: Let φ : F → F^′ be G-equivariant. As Φ : Y → Y^′ we take the lift of p : Y → X which maps y_0 ∈ F to φ(y_0) in F^′. This lift exists by (6.2.6), since π_1(p)(Y, y_0) = G_{y0} ⊆ G_{φ(y0)} = π_1(p^′)(Y^′, φ(y_0)) and Y is locally path-connected by (6.1.3.4).

Finally Φ|_F = φ, since both are G-equivariant and coincide on y_0. □

6.5.5 Corollary. Let Y be path connected and X be locally path connected. For any covering map p : Y → X we have

Aut(p) ∼= Aut_{π1 (X,x0)}(p^{−1}(x_0)) ∼= Norm(π_1(p)(π_1(Y, y_0)))/π_1(p)(π_1(Y, y_0)).

The inverse of this isomorphism is given by mapping [u] ∈ Norm(π_1(p)(π_1(Y, y_0))) to the unique covering transformation f which maps y_0 to^{y0} ũ. The elements of Aut(p) are called covering transformations (or german: Decktransformationen).

Proof. Since the elements of Aut are just the isomorphisms of an object with itself, this follows directly from (A.6.3) and (5.2) □

6.5.6 Corollary. If p : Y → X is a simple-connected covering with locally path connected base, then the group of covering transformations is isomorphic to the fundamental group π_1(X, x_0).

Proof. In this situation π_1(Y, y_0) = {1} and hence Norm_G(G_{y0} ) = G and so we have Aut_G(F ) ∼= Norm_G(G_{y0} )/{1} ∼= G. □

6.5.8 Corollary. A path-connected covering of a locally connected space X is called normal (or also regular), iff one of the following equivalent conditions are satisfied:

(1) π_1(p)(π_1(Y, y_0)) is normal for (some) all y_0 in the fiber over x_0. (2) The conjugacy class of the covering consists of a single group. (3) The covering transformations act transitive on the fiber over x_0. (4) If one lift of a closed path through x_0 is closed, then so are all lifts. □

In particular this is true if π_1(X, x_0) is abelian or the covering is 2-fold or π_1(Y, y_0) = {1}. See (6.7.3) for examples of coverings which are not normal.

— Andreas Kriegl, Universität Wien —

6 COVERINGS [65] A.6.3

6.5.3 Proposition. Let p : Y → X be a normal covering with Y path-connected and X locally path connected. Then p factors over Y → Y / Aut(p) to give an homeomorphism Y / Aut(p) ∼= X.

Proof. Since every Φ ∈ Aut(p) is fiber preserving, we have that p is constant on the Aut(p)-orbits and hence factors to a surjective mapping Y / Aut(p) → X. Y 4 4 446p h h hhk q Y / Aut(p) v ww X

If Aut(p) acts transitive (i.e. p is normal) then this factorization is injective, since every two points in the same fiber are in the same orbit under Aut(p). Since Y → X and Y → Y / Aut(p) are quotient mappings this bijection has to be a homeomorphism. □

Thus for certain groups G acting on a space Y we have that Y → Y /G is a covering. Let G be a group such that the canonical projection π : Y → Y /G is a covering. Thus for every y ∈ Y there has to exist an open neighborhood U ⊆ Y /G such that π^{−1} is a disjoint union of open subsets Ũ homeomorphic via π to U . So U = π(Ũ ) and p^{−1}(U ) = p^{−1}(p(Ũ )) = G(Ũ). Thus we would like that g(Ũ ) ∩ g^′(Ũ ) = ∅ for all g ≠ g^′. A group G satisfying this conditions is said to act strictly discontinuous on Y , i.e. every y ∈ Y has a neighborhood V such that g(V ) ∩ V = ∅ for all g ≠ e. Obviously the action of the covering transformations has this property, since Φ(Ũ )∩ Ũ ≠ ∅ implies that there exists some y ∈ Ũ with Φ(y) ∈ Ũ . From p(Φ(y)) = p(y) and since p|_Ũ : Ũ → U is injective we conclude that Φ(y) = y, but then Φ = id by (6.2.4).

Conversely

6.1.7 Proposition. Let G be a group acting strict discontinuous on a space Y . Then the canonical projection π : Y → Y /G is a covering. If Y is path connected and locally path connected then Aut(p) = G.

Warning: See below for an example, where Y /G is not Hausdorff.

Proof. We denote with p : Y → Y /G the quotient mapping. We have that p(V ) is trivialising with leaves ΦV for Φ ∈ G.

Obviously every Φ ∈ G acts as covering transformation. Conversely let Φ ∈ Aut(p). Then p(y) = p(Φ(y)) and hence there is some Φ_y ∈ G with Φ_y · y = Φ(y). Since the two mappings Φ and Φ_y cover the identity and coincide on y they are equal by (6.2.4). □

5.7.5 Example. See all the examples in (6.1.5a). In particular we have Zas group of covering transformations of R → S^1 and Z_2 as group of covering transformations of S^n → P^n and Z_n of f_n : S^1 → S^1.

In particular we have that the homotopy group of M ( a b c d ) is Z_{|a|}. The homotopy

group of L(p, q) = Z_p.

— Version 2000.9.25 — 5.7.5

Lemma. Let G be a topological group and H a discrete subgroup. Then H acts strictly discontinuous on G by multiplication.

Proof. Let V be a neighborhood of e in G such that V ∩ H = {e}. Since (x, y) → xy^{−1} is continuous G × G → G we can find a neighborhood U of e with U^{−1}U ⊆ V . Then hU ∩ U ≠ ∅ implies the existence of u ∈ U with u^′ := hu ∈ U . Hence h = u^′u^{−1} ∈ U U^{−1} ⊆ V and h = e. □

Example. Consider the ordinary differential equation dx dt = cos^2 x, dy dt = sin x

Since this vector field is bounded, the solutions exist globally and we get a smooth function φ : R× R^2 → R^2 associating to each t ∈ R and (x, y) ∈ R^2 the solution with value (x, y) at 0 at time t.

If the initial value satisfies cos^2 x = 0 then the solution is y(t) = y(0) + t · sin x. Otherwise we have^{dy}_{dx} =^{sin x}_{cos2 x} =^d_{dx}^1_{cos x} , hence it has to be contained in {(y, x) : y(x) =^1_{cos x} }. Moreover the time it takes from x = x_0 to x = x_1 is given by t(x_1) − t(x_0) = ∫_{x1} x_0 dt dx = ∫_{x1} x_0 1 cos^2 x dx = tan x| x_1 x=x_0 .

Remark that the quotient space R^2/R is not Hausdorff (and R^2/Zas well). It consists of a countable union ⨆ ZR of R^′s together with the points π/2 + π · Z. A neighborhood basis of π/2 + kπ is given by endintervall of the two neighboring R^′s. We may form the space X := ([−π/2, π/2] × R)/ ∼, where (−π/2, −t) ∼ (π/2, t). Since the action of R is compatible with this equivalence relation R acts fixed-point free on this Möbius strip X as well. The orbits of the discrete subgroup Z⊆ R are obviously closed subsets. However the action is not strictly discontinuous, since for any neighborhood of [(π/2, 0)] some translate by t ∈ Zmeets it again.

We turn now to the question of surjectivity of

Cov_{pc}(X) → Act_{tr}(G).

6.4.4 Universal Covering. For this we try to find “maximal” elements first. For transitive actions the maximal object is G with the right multiplication on itself by (A.G.1.4), since for every such action of G on some F we have a G-equivariant mapping G → F .

The corresponding maximal covering π : X̃ → X should thus have as fiber G and the action should be given by right multiplication. In particular we must have G_y = {1} for all y ∈ G. Choose a basepoint y_0 ∈ X̃ and let x_0 := p(y_0). Since G_{y0} = π(p)π(X̃ , y_0), we have that X̃ should be simply connected. For every point y ∈ X̃ we find a path v_y from y_0 to y and since X̃ is simple connected the homotopy class [v_y] rel. İ is well defined. Thus we have a bijection X̃ ∼= C((I, {0}), (X̃, y_0))/ ∼ rel.İ

. By the lifting property (6.2.2), this homotopy classes

correspond bijectively to homotopy classes of paths starting at x_0, i.e.

X̃ w ∼= � � � � � π C((I, {0}), (X̃, y_0))/ ∼_{rel.İ} w ∼=

u π ∘ ev_1 C((I, {0}), (X, x_0))/ ∼_{rel.İ} 4 4 4 4 4 4 4 4 447 ev_1 X — Andreas Kriegl, Universität Wien —

6 COVERINGS [67] 6.4.4

Let U be a path-connected neighborhood of x_1 ∈ X. We calculate p^{−1}(U ). Note that p^{−1}(x_1) = {[v] : v is a path in X from x_0 to x_1}.

p^{−1}(U ) = {[w] : w(1) ∈ U } (now write w = w · u^{−1} · u then) = {[v] · [u] : v(0) = x_0, v(1) = x_1, u(0) = x_1, u(I) ⊆ U } = {[v] · [u] : [v] ∈ p^{−1}(x_1), u(0) = x_1, u(I) ⊆ U } = ⋃ [v]∈p^{−1} (x_1) [v]Ũ ,

where^{[v]}Ũ := {[v] · [u] : u(0) = x_1, u(I) ⊆ U } for [v] ∈ p^{(−1)}(x_1). If U is pathconnected, then π|[v]_Ũ :^{[v]}Ũ → U is onto. In order that it is injective, we need that u_0(1) = u_1(1) ⇒ [u_0] = [u_1], i.e. every closed curve in U through x_1 should be 0-homotopic in X. A space X which has a neighborhood of sets with this property is called semi-locally simply connected. Note that the closed curves are assumed to be local (i.e. contained in U ), whereas the homotopy may leave U . Since any subset of such a set U has the same property, we get for a locally connected semilocally simply connected space a neighborhood-basis of connected sets U with this property.

For a path-connected, locally path connected and semi-locally simply connected space X we thus define X̃ to be the set C((I, {0}), (X, x_0))/ ∼_{rel.İ} and π : X̃ → X

by π([u]) := u(1). Since for every U as above we want^{[u]}Ũ to be a leave over U , we declare those sets to be open in X̃. In order that theses sets form the basis of a topology we have to take two such neighborhoods U_0 and U_1 and y ∈^{y0}Ũ_0 ∩^{y1}Ũ_1. Then π(y) ∈ U_0 ∩ U_1 and hence we can find such neighborhood U ⊆ U_0 ∩ U_1 of π(y). Then y ∈^yŨ and^yŨ ⊆ Ũ^{y0}_0 ∩ Ũ^{y1}_1 .

Note that^{[v1 ]}Ũ ∩^{[v2]}Ũ ≠ ∅ iff there exist curves u_i with [v_1] · [u_1] = [v_2] · [u_2], where u_i are curves in U from x_1 to the same endpoint. Hence [u_1] = [u_2] ∈ π_1(X, x_1) and thus v_1 ∼ v_2 rel.İ, i.e. [v_1] = [v_2]. Obviously we have that π|y_Ũ :^yŨ → U is a homeomorphism, and hence π : X̃ → X is a covering map.

Remark that for any path u starting at x_0 we have that t → [u_t] is the lift with starting value [const_{x0} ] =: y_0, where u_t(s) := u(ts). Thus X̃ is path-connected, since for [u] ∈ X̃ the path [u_t] connects [const_{x0} ] with [u] in X̃. Finally X̃ is simply connected. Let v be a closed curve in X̃ through y_0. Then u := p ∘ v is a closed curve trough x_0. Then v(t) = [s → u(ts)], since both sides are lifts of u with starting point y_0. Hence [const_{x0} ] = [u_0] = v(0) = v(1) = [u_1] = [u]. Since homotopies can be lifted, we have const_{y0} ∼ v rel. İ. So we have proved:

6.6.2 Theorem. Let X be path-connected, locally path-connected and semi-local-ly simply-connected Then there exists a path-connected, simple-connected covering of X.

Every simple connected path-connected covering of X covers any other path-con-nected covering.

Proof. The last statement follows, since we can lift the projection of any simple connected covering by (6.2.6) and the lift is a covering by (A.6.2). □

— Version 2000.9.25 — 6.6.2

Corollary. Let X be simple connected and locally path connected and Y → X be a path connected covering. Then p is a homeomorphism. In particular every simply connected open subset on the base space of a covering is a trivialising neighborhood.

Proof. Since π_1(X, x_0) = {1} acts transitively on p^{−1}(x_0) the fiber has to be 1-pointed. □

6.8.1 Proposition. Let p : Y → X be a covering. Then the following statements are true:

(1) If X is a CW-complex then so is Y . The cells of Y are the path-components (leaves) of p^{−1}(e) for all cells e of X.

(2) If X is a manifold so is Y . (3) If X is a topological group, so is Y .

Proof. (1) Let e be a cell of X. Since e is locally path-connected so is p^{−1}(e) and every component of p^{−1}(e) is homeomorphic to e via the projection, since the restriction of the projection is a covering map and e is simple connected. We may lift a characteristic map to a characteristic map of the lifted cell. And clearly the properties (C) and (W) are satisfied.

(2) We may take the chart domains to be trivialising sets in X. The leaves can then be used as chart domains of Y .

(3) The group structures X × X → X and X → X can be lifted to mappings Y × Y → Y and Y → Y : In fact chose 1 ∈ p^{−1}(1). Then π_1(μ ∘ (p × p))([u_1], [u_2]) = [(p ∘ u_1) · (p ∘ u_2)] = π_1(p)[u_1 · u_2]. Thus μ ∘ (p × p) has a unique lift to μ̃ : Y × Y → Y by (5.1.A6). Similarly π_1(ν ∘ p)([u]) = [p ∘ u]^{−1} = π_1(p)[u]^{−1}. □

6.3.4 Corollary. Two path-connected coverings of a locally path-connected space are equivalent, iff their conjugacy classes are the same.

Proof. Use that p ∼= p^′ ⇔ F ∼=_G F^′ by (A.6.3). □

A.6.7 Lemma. Let X locally path connected and let q : Z → Y and p : Y → X be given.

(1) If Y is path-connected, p and p ∘ q are coverings, then q is a covering. (2) If X is locally simply-connected, p and q are coverings, then p ∘ q is a covering.

(3) If q and p ∘ q are coverings, then p is a covering.

Proof. (1) is (A.6.2).

(2) Let p and q be coverings, with X locally simply connected. Then the leaves of p over a simply connected neighborhood U are again simply connected, hence are trivialising neighborhoods of q by the corollary in (6.6.2) and hence (p ∘ q)^{−1}(U ) = q^{−1}(p^{−1}(U )) = q^{−1}( ⨆ J V_j ) = ⨆ j q^{−1}(V_j) and q^{−1}(V_j ) ∼= ⨆ J_j Vj . Thus p ∘ q is a

covering as well.

(3) Let p ∘ q and q be coverings. We claim that p is a covering. Let U be pathconnected and trivialising for p ∘ q and take a (necessarily open, since with X also Z and Y are locally path-connected) path component V of p^{−1}(U ). Let W be a path-component of q^{−1}(V ). Then W is contained in q^{−1}(V ) ⊆ q^{−1}(p^{−1}(U )) = (p ∘ q)^{−1}(U ) and hence is contained in some leave Ũ of p∘q over U . Thus p∘q|_W : W → X

— Andreas Kriegl, Universität Wien —

6 COVERINGS [69] 6.8.1

is an embedding, and hence also q|_W : W → V . Since q is open and V ⊆ p^{−1}U = q(q^{−1}(p^{−1}U )) = q((p ∘ q)^{−1}U ), we conclude from the path-connectedness of V that q|_W → V is onto and hence a homeomorphism. Thus p|_V = p ∘ q ∘ (q|_W )^{−1}|_V is a homeomorphism. □

6.7.2. Now we want to find coverings for an arbitrary given transitive action of G on some F . By (N.5.3) we have that F ∼=_G H\G, where H is any isotropy subgroup G_y for the action on F . Since the universal covering X̃ corresponds to the action of G on G by right multiplication and has as automorphism group G, the subgroup H acts strictly discontinuously on X̃ and X̃ → X̃/H =: Y is a covering. Furthermore the mapping π : X̃ → X factors over X̃ → Y to give some p : Y → X. By lemma (A.6.7) we have that p is a covering map and its standard fiber is H\π^{−1}(x_0) = H\G ∼= F . Furthermore, since the action of G on G = π^{−1}(x_0) is given by right-multiplication, the same is true for the action on p^{−1}(x_0) = H\G. Thus the action corresponding to Y is just the natural action of G on H\G. Up to the isomorphism H\G ∼=_G F we have thus found the desired covering of X, i.e. we have shown

6.6.3 Corollary. If a locally path connected space X has a simply connected covering. Then for every subgroup H of G := π_1(X, x_0) there exists a covering p : (Y, y_0) → (X, x_0) with H = π_1(p)π_1(Y, y_0).

Moreover the isomorphy classes of path-connected coverings of X are in bijection to conjugacy classes of subgroups of π_1(X, x_0). □

Theorem. Let X be path-connected, locally path-connected and semi-locally simply connected. Then we have an equivalence between the category of path-connected coverings of X and transitive actions of G := π_1(X, x_0).

Cov_{pc}(X) ∼ Act_{tr}(G).

In particular we have a bijection between isomorphy classes of path-connected coverings of X with standard fiber F and conjugacy classes of transitive actions of G := π_1(X, x_0) on F .

Proof. It is a general categorical result, that a full and faithful functor which is up to isomorphisms surjective on objects is an equivalence. In fact an inverse is given by selecting for every object in the image and inverse image up to an isomorphism and by the full and faithfulness this can be extended to a functor. In particular we have that the skeleton of the two categories are isomorphic. So we have a bijection between isomorphy-classes of path-connected coverings and isomorphy-classes of transitive actions. Remark that an isomorphisms of transitive actions is nothing else but a bijection of the representation spaces which intertwines the actions, i.e. ρ(g, y) = φ^{−1}(ρ(g, φ(y))). If F = F^′ this is just a bijection φ of F such that the two actions are conjugate to each other via φ. □

Remark. We will now give an example that for two coverings p : Y → X and p^′ : Y^′ → X there may be more then one element in Hom(p, p^′) up to isomorphy. By (6.6.3) it is enough to consider the corresponding question for transitive actions. For this we will consider subgroups H < H^′ < G for which Norm_G(H) = H and Norm_G(H^′) = H^′ and for which a g /∈ H^′ exists with gHg^{−1} ⊆ H^′.

— Version 2000.9.25 — 6.6.3

In particular Aut_G(H) = {1} and Aut_G(H^′) = {1}. Next we define two G-equi-variant mappings φ_j : G/H → G/H^′. Such a mapping φ is uniquely determined by its value φ(H) = H^′g on H, since then φ(Hg^′) = φ(H · g^′) = H^′g · g^′ = H^′(gg^′). This definition makes sense, since Hg_1 = Hg_2, i.e. g_1g^{−1}_2 ∈ H ⇒ gg_1g^{−1}_2 g^{−1} ∈ gHg^{−1} ⊆ H^′, i.e. H^′gg_1 = H^′gg_2. So we may use the assumed g and e. These two mappings are not the same, since g /∈ H^′ ⇒ Hg ≠ He.

Remains to show that H, H^′, G and g can be found. So let F be finite, G := Bij(F ) and let {F_j : j ∈ J} be a partition of F in disjoint subsets of different non-zero cardinality. Then H := {φ ∈ G : ∀j ∈ J : φ(F_j) = F_j } is a subgroup with Norm_G(H) = H. In fact let g ∈ G we such that gHg^{−1} ⊆ H and assume there is some F_j with g(F_j ) ≠ F_j. Since |g(F_j)| = |F_j| there have to exist j ∈ J and y_1, y_2 ∈ F_j such that g(y_1) and g(y_2) are in different sets F_{j1} and F_{j2} . Now take h ∈ H given by exchanging y_1 and y_2. Then ghg^{−1} maps g(y_1) to g(y_2), and hence F_{j1} is not invariant, so ghg^{−1} /∈ H.

If F = {1, 2, 3, 4, 5, 6, 7, 8, 9, 10} and F_1 = {1}, F_2 = {2, 3}, F_3 = {4, 5, 6} and F_4 = {7, 8, 9, 10}. Let H be given by the partition {F_1, F_2, F_3, F_4} and H^′ be given by {F_1 ∪ F_2, F_3 ∪ F_4} and let g := (1, 4)(2, 5)(3, 6) /∈ H^′. Then gHg−1 ⊆ H^′, since g^{−1}(F_1 ∪ F_2) = F_3, g^{−1}(F_3) = F_1 ∪ F_2 and g^{−1}(F_4) = F_4, hence ghg^{−1}(F_3) = gh(F_1 ∪ F_2) = g(F_1 ∪ F_2) = F_3, ghg^{−1}(F_1 ∪ F_2) = gh(F_3) = g(F_3) = F_1 ∪ F_2 and ghg^{−1}(F_4) = F_4.

6.7.3 Example. Since every subgroup of an abelian group is normal and also any subgroup of index true, the simplest non-normal covering could best be found among the 3-fold coverings of S^1 ∨ S^1. Thus we try to indentify all these coverings and also those of the torus S^1 × S^1 and Klein’s bottle. For G we have in these cases ⟨α, β : ∅⟩, ⟨α, β : αβ = βα⟩ and ⟨α, β : α^2β^2 = 1⟩. First we have to determine all transitive actions of ⟨α, β : ∅⟩ on {0, 1, 2}, i.e. grouphomomorphisms from from the free group with two generators a and b into that group of permutations of {1, 2, 3}. We write such permutations in cycle notation, i.e. these are

{(1), (12), (13), (23), (123), (132)}.

Where (1) has order 1, (123) and (132) have order 3 and the rest order 2. Up to symmetry we may assume that the image a of α has order less or equal to the image b of β.

If ord a = 1, i.e. a = (1) then ord b has to be 3 (otherwise the resulting action is not transitive) and the two possible choices are conjugate via (12). If ord a = 2, then ord b can be 2, but has to be different from a (otherwise not transitive) and any two choices {a, b} and {a^′, b^′} are conjugate via the common element c ∈ {a, b} ∩ {a^′, b^′}, or b can have order 3, and again the choices of b are conjugate by a, and that of a are conjugate by b or b^{−1}. If the order of a and b are 3, they can be either the same or different.

— Andreas Kriegl, Universität Wien —

6 COVERINGS [71] 6.7.3

So we get representatives for all transitive actions

a b normal for S^1 ∨ S^1 Klein S^1 × S^1 (1) (123) + − + (123) 1 + − + (12) (13) − + − (12) (123) − − − (123) (12) − − − (123) (123) + − + (123) (132) + + +

Remark that the action is normal iff every g ∈ G acts either fixed-point free or is the identity. Thus at least the generators a and b have be of order 3 or 1. This excludes the 3 actions in the middle. Since the group generated by a and b is {(1), (123), (132)} in all other cases, these are normal.

The last two columns are determined by checking a^2b^2 = 1 and ab = ba.

6.1.5 Example. There is a tree-fold covering of S^1 ∨ S^1, which is not regular.

Proof. Let {y_1, y_2, y_3} be the fiber over x_0, let a and b denote parameterizations of the two factors S^1 in S^1 ∨ S^1 and let a_1, a_2, a_3 be the leaves over a and b_1, b_2, b_3 be the leaves over b. Let b_i be from y_{i+1} to y_{i+2} (mod 3). Let a_1 be a closed path at y_1 and a_2 and a_3 connect y_2 and y_3 in opposite directions. So a has closed as well as not closed lifts. □

Remark. See [Massey,p.181]: 2nd countability is inherited by the total space of a covering.

See [Massey,p.187]: Let p : Y → X and p^′ : Y^′ → X be two coverings. Then there may exists homomorphisms in Hom(p, p^′) and Hom(p^′, p) without p ∼= p^′. In fact we can translate this to transitive actions. So we need subgroups H < G and H^′ < G which are not conjugate, but such that H is contained in some conjugate g^{−1}Hg of H^′ and conversely. Then H\G → (g^{−1}H^′g)\G ∼= H^′\G is G-equivariant as is H^′\G → ((g^′)^{−1}Hg^′)\G ∼= H\G, but H\G is not isomorphic to H^′\G. Remains to prove the existence of such groups. G can then be realized as fundamental group of a 2-dimensional CW -complex.

6.9.1 Theorem. Every subgroup H of a free group G is free. If H has finite index k in G, then rank(H) = (rank(G) − 1) · k + 1. In particular, there exist subgroups of any finite rank in the free group of rank 2.

Proof. Let G be a free group and H a subgroup of G. Then G is the fundamental group of a join X of 1-spheres. Since X has a universal covering X̃ → X, there exist also a covering Y → X with isotropy subgroup H. By (6.8.1) Y is a graph, and hence its homotopy group ∼= H is a free group.

If H has finite index k in G, then rank(H) = (rank(G) − 1) · k + 1, since by (5.5.16) Y has k-times as many cells of fixed dimension as X.

Let G := ⟨{a, b} : ∅⟩ and k ≥ 1. Then there exists a unique surjective homomorphism φ : G → Z_p with φ(a) = 1 and φ(b) = 0. Thus H := ker φ has index k in G and hence rank H = 1 + k. □

— Version 2000.9.25 — 6.9.1

7 Simplicial Homology

Since it is difficult to calculate within non Abelian groups we try to associate abelian groups to a topological space. Certainly we could take^{ab}π_1(X), but in order to calculate this we can hardly avoid the non-commutative group π_1(X) as intermediate step. So we have to find a more direct approach. We start with the most explicitly describable spaces, i.e. the simplicial complexes K. By (3.2.7) there is to each closed curve |Δ̇| = S^1 → |K| a homotopic simplicial approximation c from some barycentric refinement of Δ̇ to K. Note that any barycentric refinement of Δ̇ is just a finite sequence of adjacent edges. If we want to get rid of commutativity we should consider c as formal linear combination ∑ σ n_σ ·σ with integer coefficients n_σ of oriented edges σ in K (we dropped those edges with same start and end point). That c is a closed (and connected) curve corresponds to the assumption that every vertex occurs equally often as start and as end point. So we can associate to such a linear combination ∑ σ n_σ · σ a boundary ∂ ∑ σ n_σ · σ := ∑ σ n_σ · ∂σ, where ∂σ is just x_1 − x_0, when σ is the edge from x_0 to x_1. Thus c := ∑ σ n_σ · σ is closed iff ∂c = 0.

Next we should reformulate what it means that c is 0-homotopic, i.e. there exists an extension c̃ : |Δ| = D^2 → |K|. Again by (3.2.7) we may assume that c̃ is simplicial from some barycentric refinement of Δ. The image of c̃ can be viewed as 2-chain, i.e. formal linear combination ∑ n_σ · σ with integer coefficients n_σ of ordered 2-simplices σ of K. Note that an orientation of a triangle induces (or even is) a coherent orientation on the boundary edges. That c̃ is an extension of c means that the edges of these simplices, which do not belong to c, occur as often with one orientation as with the other. And those which do belong to c occur exactly that often more with that orientation than with the other. So we can define the boundary ∂( ∑ σ n_σ · σ) of a linear combination of 2-simplices as ∑ σ n_σ · ∂σ, where ∂σ = ⟨x_0, x_1⟩ + ⟨x_1, x_2⟩ + ⟨x_2, x_0⟩, when σ is the triangle with vertices x_0, x_1, x_2 in that ordering. Then c is 0-homotopic iff there exists a 2-chain with boundary c. We call such a chain c exact or 0-homolog. The difference between closed and exact 1-chains is an obstruction to simple connectedness of |K|. At the same time this easily generalizes to k-chains:

7.1.1 + 7.1.4 Definition. An orientation of a q-simplex (with q > 0) is an equivalence class of linear orderings of the vertices, where two such orderings are equivalent iff they can be translated into each other by an even permutation. So if a q-simplex σ has vertices x_0, . . . , x_q then an orientation is fixed by specifying an ordering x_{σ(0)} < · · · < x_{σ(q)} and two such orderings σ and σ^′ describe the same oriented simplex iff sign(σ^′ ∘ σ^{−1}) = +1. We will denote the corresponding ordered simplex with ⟨x_{σ(0)}, . . . , x_{σ(q)}⟩. Let σ^{−1} denote the simplex with the same vertices as σ but the opposite orientation.

— Andreas Kriegl, Universität Wien —

7 SIMPLICIAL HOMOLOGY [73] 7

The q^{th}-chain group

C_0(K) :=^{ab}⟨{σ : σ is 0-simplex in K}⟩ C_q(K) :=^{ab}⟨{σ : σ is ordered q-simplex in K} : σ^{−1} + σ⟩

is the free abelian group with all ordered q-simplices as generators modulo the relation σ + σ^{−1} = 0.

7.1.5 Lemma. By picking an ordering of each simplex we get an unnatural isomorphism with the free abelian group with the unordered q-simplices as generators.

Proof. Consider the inclusion mapping from the free group of q-simplices into the free group of ordered simplices. This induces a linear mapping into C_q(K) which is surjective, since in [ ∑ σ ordered nσ · σ] the summands nσ · σ for simplices being

ordered opposite to the given ordering can be replaced by −n_σ · σ^{−1}. It is injective, since ∑ σ not ordered nσ · σ ∼ 0 implies that all nσ = 0, since σ

−1 does not belong to these simplices. □

Note that

∂⟨x_0, x_1⟩ = x_1 − x_0 = ⟨^x_0, x_1⟩ + ⟨x_0, ^x_1⟩^{−1}; ∂⟨x_0, x_1, x_2⟩ = ⟨x_0, x_1⟩ + ⟨x_1, x_2⟩ + ⟨x_2, x_0⟩ = ⟨x_0, x_1, ^x_2⟩ + ⟨^x_0, x_1, x_2⟩ + ⟨x_0, ^x_1, x_2⟩^{−1} = ⟨^x_0, x_1, x_2⟩ + ⟨x_0, ^x_1, x_2⟩^{−1} + ⟨x_0, x_1, ^x_2⟩

Let σ be the detrahedron with the natural orientation x_0 < x_1 < x_2 < x_3. Its faces should have orientation ⟨x_1, x_2, x_3⟩, ⟨x_0, x_2, x_3⟩^{−1}, ⟨x_0, x_1, x_3⟩ and ⟨x_0, x_1, x_2⟩^{−1}. This leads to the generalized definition:

7.1.2+7.1.6 Definition. The ordering of the face σ^′ opposite to the vertex x_j in σ = ⟨x_0, . . ., x_q⟩ should be given by σ^′ := ⟨x_0, . . . , x_{j−1}, ^x_j, x_{j+1}, . . ., x_q⟩^{(−1)j} . Let us show that this definition makes sense. So let σ be an even permutation of {0, . . . , q} and σ^′ be the face opposite to j. Then ⟨x_0, . . ., x_q⟩ = ⟨x_{σ(0)}, . . . , x_{σ(q)}⟩ and we have to show that ⟨x_0, . . . , x_{j−1}, ^x_j, x_{j+1}, . . . , x_q⟩^{(−1)j} = ⟨x_{σ(0)}, . . . , ^x_j, . . . , x_{σ(q)}⟩^{(−1)i} , where i is the position of j in σ(0), . . . , σ(q), i.e. i = σ^{−1}(j). Without loss of generality let i ≤ j (otherwise use σ^{−1}). Consider the permutations of {0, . . ., q} given by the table 0 . . . i − 1 i . . . j − 1 j j + 1 . . . q 0 . . . i − 1 i + 1 . . . j i j + 1 . . . q σ(0) . . . σ(i − 1) σ(i + 1) . . . σ(j) σ(i) σ(j + 1) . . . σ(q) The first one is the cyclic permutation (i, i + 1, . . . , j − 1, j), hence has sign (−1)^{j−i}. The second one is σ and the composite leaves j invariant has sign (−1)^{j−i} · sign σ = (−1)^{j−i} and induces the identity ⟨x_0, . . ., x_{j−1}, ^x_j, x_{j+1}, . . . , x_q⟩ = (−1)^{j−i}⟨x_{σ(0)}, . . . , ^x_j, . . . , x_{σ(q)}⟩. — Version 2000.9.25 — 7.1.6

Now we define the boundary of an oriented q-simplex σ = ⟨x_0, . . . , x_q⟩ (for q¿0) to be ∂σ = q∑ j=0 (−1)^j⟨x_0, . . . , x_{j−1}, ^x_j, x_{j+1}, . . . , x_q⟩. For q ≤ 0 one puts ∂σ = 0. Extended by linearity we obtain a linear mapping ∂ := ∂_q : C_{q+1}(K) → C_p(K).

7.1.7 Definition. With Z_q (K) := Ker(∂_q ) we denote the set of closed q-chains. With B_q (K) := Im(∂_{q+1}) we denote the set of exact (or 0-homologous) q-chains. Two q chains are called homologous iff their difference is exact.

7.1.8 Remark. If q < 0 then C_q(K) := {0}. If q = 0 then C_q(K) = Z_q (K), If q = dim(K) then B_q(K) = {0}

7.1.9 Theorem. 0 = ∂^2 = ∂_{q−2} ∘ ∂_{q−1} and hence B_q ⊆ Z_q.

Proof. Let σ = ⟨x_0, . . . , x_q⟩ with q ≥ 2. Then ∂∂σ = ∂ q∑ j=0 (−1)^j⟨x_0, . . . , ^x_j, . . . , x_q⟩

= q∑ j=0 (−1)^j (_{j−1}∑ i=0 (−1)^i⟨x_0, . . . , ^x_i, . . . , ^x_j, . . ., x_q⟩ q∑ i=j+1 (−1)^{i−1}⟨x_0, . . . , ^x_j, . . . , ^x_i, . . ., x_q⟩ )

= ∑ i<j ((−1)^{i+j} − (−1)^{j+i})⟨x_0, . . . , ^x_i, . . . , ^x_j, . . . , x_q⟩ = 0 □

8.3.1 Definition. A chain complex is a family (C_q)_{q∈Z}of Abelian groups together with group-homomorphisms ∂_q : C_q → C_{q−1} which satisfy ∂_q ∘ ∂_{q+1} = 0. We can consider also C := ∐ q∈ZC_q, which is a graded Abelian group and ∂ := ∐ q∈Z∂_q, which is a graded group homomorphism C → C of degree −1 and satisfies ∂^2 = 0. For a chain complex (C, ∂) we define its cohomology H(C, ∂) := ker ∂/ im ∂. This is a graded abelian group with H(C, ∂) = ∐ k∈ZH_q(C, ∂), where H_q(C, ∂) := ker ∂_q/ im ∂_{q+1}.

7.1.10 Definition. The factor group H_q(K) := Z_q (K)/B_q (K) is called the q-th homology group of K.

7.2.1 Example. TODO!!!

7.2.2 Remark. We have H_q(K) = 0 for q < 0 and q > dim K. Furthermore H_{dim K} (K) is a free abelian group as subgroup of C_{dim K} (K).

7.2.3 Lemma. If K has components K_1, . . . , K_m then C_q(K) ∼= ⨁ j≤m C_q(K_j) and H_q(K) ∼= ⨁ j≤m H_q(K_j ). — Andreas Kriegl, Universität Wien —

7 SIMPLICIAL HOMOLOGY [75] 7.1.7

7.2.4 Lemma. H_0(K) is a free abelian group. Generators are given by choosing in each component one point.

Proof. Because of (7.2.3) we may assume that K is connected. Let ε : C_0(K) → Z be the linear map given by x → 1 for all vertices x ∈ K. Obviously ε is surjective. Remains to show that its kernel is B_0(K). Every two vertices x_0 and x_1 are homologous, since there is a 1-chain connecting x_0 with x_1. Thus c := ∑ x n_x · x is homologous to ( ∑ x n_x) · x_0 = ε(c) · x_0 and hence Ker(ε) ⊆ B_0. Conversely let c = ∂( ∑ σ n_σ · σ) = ∑ σ n_σ · ∂σ. Since ε(∂⟨x_0, x_1⟩) = ε(x_1 − x_0) = 0 we have the converse inclusion. □

7.2.10 Example. The homology of X := S^1 × I. Note that S^1 × I ∼ S^1 and hence we would expect H_2(X) = 0 and H_1(X) =^{ab}π_1(S^1) = Z. Let us show that this is in fact true. We consider the triangulation given by 6 triangles. We will show in a later section that the homology does not depend on the triangulation. We orient the triangles in the natural way. H_2(X): Let z_2 = ∑ dim σ=2 nσ · σ ∈ Z2(X), i.e. ∂z2 = 0. Since those edges, which

join the inner boundary with the outer one belong to exactly two 2-simplices, the coefficients of these two simplices have to be equal. So n := n_σ is independent on σ. However ∂( ∑ σ σ) is the difference of the outer boundary and the inner one, hence not zero, and so z_2 = n( ∑ σ σ) is a cycle only if n = 0, i.e. H_2(X) = {0}.

H_1(X): Let [z_1] ∈ H_1(X), i.e. z_1 = ∑ dim σ=2 nσ · σ ∈ Z1(X) with ∂z1 = 0. Since we

may replace z_1 by a homologous chain, it is enough to consider linear combinations of a subset of edges, such that for each triangle at least 2 edges belong to this subset. In particular we can use the 6 interior edges. Since each vertex is a boundary point of exactly two of these edges the corresponding coefficients have to be equal (if we orient them coherently). Thus z_1 is homologous to a multiple of the sum c_1 of theses 6 edges. Hence H_1(X) is generated by [c_1]. The only multiple of c_1, which is a boundary, is 0, since the boundary of ∑ dim σ=2 nσ · σ contains nσ · σ1, where σ1

is the edge of σ, which is not an interior one.

7.2.14 Example. The homology of the projective plane X := P^2. We use the triangulation of P^2 by 10 triangles described in (3.1.22). And we take the obvious orientation of all triangles. Note however that on the “boundary edges” these orientations are not coherent. H^2(X): Let z_2 = ∑ dim σ=2 nσ · σ ∈ Z2(X), i.e. ∂z2 = 0. Since those edges, which

belong to the “interiour” in the drawing belong to exactly two 2-simplices, the coefficient of these two simplices have to be equal. So n := n_σ is independent on σ. However ∂( ∑ σ σ) is twice the sum a + b + c of three edges along which we have to glue, and hence is not zero. So z_2 = n( ∑ σ σ) is a cycle only if n = 0, i.e.

H_2(X) = {0}.

H_1(X): Let [z_1] ∈ H_1(X), i.e. z_1 = ∑ dim σ=1 nσ · σ ∈ Z1(X) with ∂z1 = 0. Now we

may replace z_1 by a homologous chain using all edges except the 3 inner most ones and the 3 edges normal to the “boundary”. Now consider the vertices on the inner most triangle. Since for each such point exactly two of the remaining edges have it as a boundary point, they have to have the same coefficient, and hence may be replaced by the corresponding “boundary” parts. So z_1 is seen to be homologous to a sum of “boundary” edges. But another argument of the same kind shows that

— Version 2000.9.25 — 7.2.14

they must occur with the same coefficient. Hence H_1(X) is generated by a + b + c. As we have show above 2(a + b + c) is the boundary of the sum over all triangles. Whereas a + b + c is not a boundary of some 2-chain ∑ σ n_σ · σ, since as before such a chain must have all coefficients equal to say n and hence its boundary is 2n(a + b + c). Thus H_1(P^2) = Z_2, which is no big surprise, since π_1(P^2) = Z_2.

8.2.1 Definition. A sequence A^f−→ B^g−→ C of abelian groups is called exact at B iff ker g = im f. A finite (or infinite) sequence of groups C_q and group homomorphisms f_q : C_{q+1} → C_q is called exact if it is exact at all (but the end) points.

8.2.2 Remark. (1) A sequence 0 → A^f−→ B is exact iff f is injective.

(2) A sequence A^f−→ B → 0 is exact iff f is surjective.

(3) A sequence 0 → A^f−→ B → 0 is exact iff f is bijective.

(4) Let A_{q+1}^{fq+1}−−−→ A_q^{fq}−→ A_{q−1}^{fq−1}−−−→ A_{q−2} be exact. Then the following statements are equivalent.

(1) f_q = 0;

(2) f_{q+1} is onto; (3) f_{q−1} is injective.

8.2.1a Lemma. Let 0 → C_0 → C_1 → · · · → C_n → 0 be an exact sequence of finitely generated free abelian groups. Then ∑_n q=0(−1)^q rank C_q = 0.

Proof. For an Z-linear map (i.e. abelian group homomorphism) f we have by the classical formula from linear algebra that rank(ker f) + rank(im f) = rank(dom f). Thus taking the alternating sum of all rank(dom f_q ) gives a telescoping one and hence evaluates to 0. □

7.2.5 Proposition. Let K be a one dimensional connected simplicial complex. Then H_1(K) is a free abelian group with 1 − α_0 + α_1 many generators, where α_i are the number of i-simplices.

Compare with (5.5.16).

Proof. Consider the sequence

0 wZ_1 u ∼= y wC_1 w∂ C_0 wwε’ ’ ’ ’’) ε H_0 w u ∼= 0

H_1 Z

It is exact by (7.2.4) and hence we get by (8.2.1a) the equation 0 = rank(H_1) − α_1 + α_0 − 1 □

7.2.6 Definition. Let K be a simplicial complex in R^n. Let p ∈ R^n be not contained in the affine subspace generated by all σ ∈ K. Let p ⋆ ⟨x_0, . . . , x_q⟩ := ⟨p, x_0, . . . , x_q⟩. Let p ⋆ K := K ∪ {p ⋆ σ : σ ∈ K} ∪ {p}. it is called the cone over K with vertex p and is obviously a simplicial complex. Note that we can extend p ⋆ ( ) to a linear mapping C_q(K) → C_q(p ⋆ K).

— Andreas Kriegl, Universität Wien —

7 SIMPLICIAL HOMOLOGY [77] 8.2.1

7.2.7 Proposition. He have H_q(p ⋆ K) = {0} for all q ≠ 0. Proof. Let c be a q-chain. Then ∂(p ⋆ c) = c − ε(c)p if q = 0 ∂(p ⋆ c) = c − p ⋆ ∂c if q > 0 Note that this shows that any p-chain c (with p > 0) is homologous to p⋆∂c. We may assume c = ⟨x_0, . . . , x_q⟩. For q = 0 we have ∂(p ⋆ c) = ∂⟨p, x_0⟩ = x_0 − p = c − ε(c)p. For q > 0 we get ∂(p ⋆ c) = ∂⟨p, x_0, . . . , x_q⟩ = ⟨x_0, . . ., x_q⟩ − q∑ i=0 (−1)^i⟨p, x_0, . . ., ^x_i, . . . , x_q⟩ = c − p ⋆ ∂c. Now let c ∈ Z_q. We have to show that it is a boundary. Clearly c is a combination of simplices of the form ⟨x_0, . . . , x_q⟩ and ⟨p, x_0, . . . , x_{q−1}⟩, i.e. c = c_q + p ⋆ c_{q−1} with c_q ∈ C_q and c_{q−1} ∈ C_{q−1}. Hence c = c_q + p ⋆ c_{q−1} = ∂(p ⋆ c_q ) + p ⋆ ∂c_q + p ⋆ c_{q−1}. So p ⋆ (∂c_q + c_{q−1}) ∈ Z_q . But by the equation above the boundary of such a cone vanishes only if ∂c_q + c_{q−1} = 0, hence c is a boundary. □ 7.2.8 Corollary. Let σ_n be an n-simplex and define K(σ_n) := {τ : τ ≤ σ_n}. Then K(σ_n) is a connected simplicial complex of dimension n with |K(σ_n)| being an n-ball. We have H_q(K(σ_n)) = 0 for q ≠ 0.

Proof. Let σ_n = ⟨x_0, . . . , x_n⟩. Then K(σ_n) = x_0 ⋆ K(σ_{n−1}), where σ_{n−1} = ⟨x_1, . . . , x_n⟩. □ 7.2.9 Proposition. Let σ_{n+1} be an n + 1-simplex and define K(σ̇_{n+1}) := {τ : τ < σ_{n+1}}. Then K(σ̇_{n+1}) is a connected simplicial complex of dimension n with |K(σ̇_{n+1})| being an n-sphere and we have

H_q(K(σ̇_{n+1})) ∼= { Z for q ∈ {0, n} 0 otherwise A generator of H_n(K(σ̇_{n+1})) is given by

∂σ_{n+1} := n+1∑ j=0 (−1)^j ⟨x_0, . . . , ^x_j, . . . , x_{n+1}⟩.

Proof. Let K := K(σ̇_{n+1}) and L := K(σ_{n+1}). Then L \ K = {σ_{n+1}} and we have 0 wC_{n+1}(L) w∂ C_n(L) w∂ . . . w∂ C_{q+1}(L) w∂ C_q(L) w∂ . . .

0 w ∂ C_n(K) w∂ . . . w∂ C_{q+1}(K) w∂ C_q(K) w∂ . . . By (7.2.8) the top row is exact (for q > 0). Thus we have exactness for all 0 < q < n. By exactness the arrow ⟨σ_{n+1}⟩ ∼= C_{n+1}(L)^∂−→ C_n(L) is injective, and H_n(K) = Z_n(K) = Z_n(L) = ∂(C_{n+1}(L)) ∼= C_{n+1}(L) = Z. □ We will show later that if |K| ∼ |L| then H_q(K) ∼= H_q(L) for all q ∈ Z, hence it makes sense to speak about the homology groups of a polyhedra.

— Version 2000.9.25 — 7.2.9

8.2.3 5’Lemma. Let A_1 w φ_1

u f_1 ∼=

A_2 w φ_2

u f_2 ∼=

A_3 w φ_3

u f_3

A_4 w φ_4

u f_4 ∼=

A_5 u f_5 ∼=

B_1 w ψ_1

B_2 w ψ_2

B_3 w ψ_3 B_4 w ψ_4

B_5 be a commutative diagram with exact horizontal rows. If all but the middle vertical arrow are isomorphisms so is the middle one. Proof. (f_3 is injective) f_3a_3 = 0⇒0 = ψ_3f_3a_3 = f_4φ_3a_3

f_4 inj.

⇒ φ_3a_3 = 0

exact at A_3

⇒ ∃a_2 : a_3 = φ_2a_2 ⇒0 = f_3a_3 = f_3φ_2a_2 = ψ_2f_2a_2

exact at B_2

⇒ ∃b_1 : f_2a_2 = ψ_1b_1

f_1 surj.

⇒ ∃a_1 : b_1 = f_1a_1 ⇒f_2a_2 = ψ_1f_1a_1 = f_2φ_1a_1

f_2 inj.

⇒ a_2 = φ_1a_1

exact at A_2

⇒ a_3 = φ_2a_2 = φ_2φ_1a_1 = 0

a_1 w φ_1

u f_1 ∼= a_2 w φ_2

u f_2 ∼= a_3 w φ_3

u f_3 0 u f_4 ∼=

b_1 w ψ_1

f_2(a_2) w ψ_2 0 w ψ_3 0 (f_3 is onto)

b_3^{f4 surj.}⇒ ∃a_4 : f_4a_4 = ψ_3b_3

exact at B_4

⇒ f_5φ_4a_4 = ψ_4f_4a_4 = ψ_4ψ_3b_3 = 0

f_5 inj.

⇒ ph_4a_4 = 0

exact bei A_4

⇒ ∃a_3 : a_4 = φ_3a_3 ⇒ψ_3f_3a_3 = f_4φ_3a_3 = f_4a_4 = ψ_3b_3

exact at B_3

⇒ ∃b_2 : b_3 − f_3a_3 = φ_2b_2

f_2 surj.

⇒ ∃a_2 : b_2 = f_2a_2 ⇒b_3 = f_3a_3 + ψ_2b_2 = f_3a_3 + ψ_2f_2a_2 = f_3(a_3 + φ_2a_2)

a_2 w φ_2

u f_2 ∼= a_3 w φ_3

u f_3 a_4 w φ_4

u f_4 ∼= φ_4a_4 u f_5 ∼=

b_2 w ψ_2 b_3 w ψ_3

ψ_3b_3 w ψ_4 0 □ — Andreas Kriegl, Universität Wien —

7 SIMPLICIAL HOMOLOGY [79] 8.2.3

Remark. An exact sequence of the from 0 → A → B → C → 0 is called short exact.

(1) We have that the top line in the diagram

A_{q+1} A A AACC w f_{q+1} A_q w f_q A A AACC A_{q−1}

0 wA_{q+1}/ Ker f_{q+1} ph h hhj A_q/ Ker f_q ph h hhj w0

Im f_{q+1} Im_q is exact at A_q iff 0 → Im f_{q+1} → A_q → Im f_q → 0 is short exact.

(2) Up to an isomorphism we have the following description of short exact sequences:

0 wA wi u ∼= B w p C w u ∼= 0

i(A) y wB ww B/i(B) (3) The sequence 0 → A → A ⊕ C → C → 0 is short exact. (4) The sequence 0 → Z^m−→ Z→ Z_m → 0 is short exact.

8.2.4 Lemma. For a short exact sequence 0 → A^f−→ B^g−→ C → 0 the following statements are equivalent:

(1) There is an isomorphism φ : A⊕C → B with f(a) = φ(a, 0) and g(φ(a, c)) = c; (2) g has a right inverse r; (3) f has a left inverse.

Proof. (1⇒ 2) The mapping c → φ(0, c) is right inverse to g. (2⇒ 1) Consider φ : (a, c) → f(a) + r(c). By the 5’lemma it is the desired isomorphism A C u O O O OOQ 0 wA w f u

B w g œ œ œ œœÆ

C w0

0 wA wA ⊕ C w u φ C w0 (1⇔3) is shown similarly. □

— Version 2000.9.25 — 8.2.4

8.2.5 Example. The sequence 0 → Z^m−→ Z→ Z_m → 0 does not split. In fact, every a ∈ Z_m has order ord(a) ≤ m < ∞ but all b ∈ Zhave order ord(b) = ∞.

If C is free abelian than any short exact sequence 0 → A → B → C → 0 splits by (8.2.6)

If 0 → A → B → C → 0 is exact and A and C is finitely generated then so is B. In fact, the generators of A together with inverse images of those of C generate B.

8.3.4 Definition. Let C and C^′ be two chain complexes. A chain mapping is a family of homomorphisms f_q : C_q → C^′_q which commutes with ∂, i.e. ∂^′_q ∘ f_q = f_{q−1} ∘ ∂_q. 7.3.1 Definition. Let φ : K → L be a simplicial map between simplicial complexes. Define group homomorphisms C_q(φ) : C_q(K) → C_q(L) by C_q(φ) := 0 for q ≤ 0 or q > dim K and by C_q(φ)(⟨x_0, . . . , x_q⟩) := ⟨φ(x_0), . . . , φ(x_q)⟩ if φ is injective on {x_0, . . . , x_q} and C_q(φ)(⟨x_0, . . . , x_q⟩) := 0 otherwise.

7.3.2 Proposition. For every simplicial map φ : K → L the induced map (C_q(φ))_{q∈Z}is a chain mapping.

Proof. We have to show that ∂_q(C_q (φ)(σ)) = C_{q+1}(φ)(∂_qσ) for every q-simplex σ = ⟨x_0, . . . , x_q⟩. If all vertices φ(x_j) are distinct or are at least two pairs identical this is obvious. So we may assume that exactly two are the same. By reordering we may assume φ(x_0) = φ(x_1). Then C_q(φ)(σ) = 0 and hence also ∂C_q(φ)(σ). On the other hand ∂σ = ⟨x_1, . . ., x_q⟩ − ⟨x_0, x_2, . . . , x_q⟩ + ∑_q j=2(−1)^j ⟨x_0, . . . , ^x_j, . . ., x_q⟩. The first two simplices have the same image under C_{q−1}(φ). The sum is mapped to 0, since φ(x_0) = φ(x_1). □

8.3.5 Lemma. Any chain map f induces homomorphisms H_q(f) : H_q(C) → H_q(C^′). The chain maps form a category.

Proof. Since f ∘ ∂ = ∂ ∘ f we have that f(Z_q ) ⊆ Z^′_q and f(B_q ) ⊆ B^′_q and hence H_q(f) : H_q(C) → H_q(C^′) makes sense,

0 w B_q (C) w u Z_q (C) w u H_q(C) w u 0

0 wB_q (C^′) wZ_q (C^′) wH_q(C^′) w0 □

8.3.8 Theorem. Let 0 → C^{′ f}−→ C^g−→ C^{′′} → 0 be a short exact sequence of chain mappings. Then we obtain a long exact sequence in homology: . . .^{∂∗}−→ H_q(C^′)^{Hq (f)}−−−−→ H_q(C)^{Hq(g)}−−−−→ H_q(C^{′′})^{∂∗}−→ H_{q−1}(C^{′′})^{Hq−1(g)}−−−−−→ . . . In particular we can apply this to a chain complex C and a chain subcomplex C^′ and C^{′′} := C/C^′, since ∂ factors over ∂^{′′} : C^{′′} → C^{′′}, via ∂^{′′}(c + C^′) := ∂c + C^′.

— Andreas Kriegl, Universität Wien —

7 SIMPLICIAL HOMOLOGY [81] 8.2.5

Proof. Consider

0 wC^′_q w f

u ∂ C_q w g

u ∂ C^{′′}_q w

u ∂ 0

0 wC^′_{q−1} w f C_{q−1} w g C^{′′}_{q−1} w0 Let ∂_∗[z^{′′}] := [(f^{−1} ∘ ∂ ∘ g^{−1})(z^{′′})] for z^{′′} ∈ C^{′′} with ∂z^{′′} = 0.

We first show that it is possible to choose elements in the corresponding inverse images and then we will show that the resulting class does not depend on any of the choices.

So let z^{′′}_q ∈ C^{′′}_q be a cycle, i.e. ∂z^{′′}_q = 0. Since g is onto we find x_q ∈ C_q with gx_q = z^{′′}_q . Since g∂x_q = ∂gx_q = ∂z^{′′}_q = 0, we find x^′_{q−1} ∈ C^′_{q−1} with fx^′_{q−1} = ∂x_q. And hence x^′_{q−1} ∈ f^{−1}∂g^{−1}z^{′′}_q . Furthermore f∂x^′_{q−1} = ∂fx^′_{q−1} = ∂∂x_q = 0. Since f is injective we get ∂x^′_{q−1} = 0 and hence we may form the class ∂_∗[z^{′′}_q ] := [x^′_{q−1}].

x_q w g

u ∂ z^{′′}_q

u ∂ x^′_{q−1} w f

u ∂ ∂x_q w g

u ∂ 0

∂x^′_{q−1} w f 0 Now the independency from all choices, So let [z^{′′}_q ] = [z̄^{′′}_q ], i.e. ∃x^{′′}_{q+1} : ∂x^{′′}_{q+1} = z^{′′}_q − z̄^{′′}_q . Choose x_q, x̄_q ∈ C_q as before, so that gx_q = x^{′′}_q and gx̄_q = x̄^{′′}_q . Also as before choose x^′_{q−1}, x̄^′_{q−1} ∈ C^′_{q−1} with fx^′_{q−1} = ∂x_q and fx̄^′_{q−1} = ∂x̄_q. We have to show that [x^′_{q−1}] = [x̄^′_{q−1}]. So choose x_{q+1} ∈ C_{q+1} with gx_{q+1} = x^{′′}_{q+1}. Then g∂x_{q+1} = ∂gx_{q+1} = ∂x^{′′}_{q+1} = z^{′′}_q − z̄^{′′}_q = g(x_q − x̄_q), hence there exists an x^′_q ∈ C_q with fx^′_q = ∂x_{q+1} − x_q + x̄_q. And f∂x^′_q = ∂fx^′_q = ∂(∂x_{q+1} − x_q + x̄_q) = 0 − ∂x_q + ∂x̄_q = −f(x^′_{q−1} − x̄^′_{q−1}). Since f is injective we have x^′_{q−1} = x̄^′_{q−1} + ∂x^′_q, i.e. [x^′_{q−1}] = [x̄^′_{q−1}]. Exactness at H_q(C^′):

(⊆) f_∗∂_∗[z^{′′}] = [ff^{−1}∂g^{−1}z^{′′}] = [∂g^{−1}z^{′′}] = 0.

(⊇) Let ∂z^′ = 0 and 0 = f_∗[z^′] = [fz^′], i.e. ∃x: ∂x = fz^′. Then x^{′′} := gx satisfies ∂x^{′′} = ∂gx = g∂x = gfz^′ = 0 and ∂_∗[x^{′′}] = [f^{−1}∂g^{−1}gx] = [f^{−1}∂x] = [z^′]. Exactness at H_q(C): (⊆) since g ∘ f = 0.

(⊇) Let ∂z = 0 with 0 = g_∗[z] = [gz], i.e. ∃x^{′′}: ∂x^{′′} = gz. Then ∃x: gx = x^{′′}. Hence gz = ∂x^{′′} = ∂gx = g∂x ⇒ ∃x^′: fx^′ = z − ∂x ⇒ ∂fx^′ = ∂(z − ∂x) = 0 and f_∗[x^′] = [fx^′] = [z − ∂x] = [z]. Exactness at H_q(C^{′′}):

(⊆) We have ∂_∗g_∗[z] = [f^{−1}∂g^{−1}gz] = [f^{−1}∂z] = [f^{−1}0] = 0.

(⊇) Let ∂z^{′′} = 0 and 0 = ∂_∗[z^{′′}], i.e. ∃x^′: ∂x^′ = z^′, where z^′ ∈ f^{−1}∂g^{−1}z^{′′}, i.e. ∃x: gx = z^{′′} and fz^′ = ∂x. Then ∂(x − fx^′) = fz^′ − f(∂x^′) = 0 and g(x − fx^′) = z^{′′} − 0, i.e. g_∗[x − fx^′] = [z^{′′}]. □

— Version 2000.9.25 — 8.3.8

7.4.1 Definition. Let K_0 ⊆ K be a simplicial subcomplex. Then C(K_0) is a chain subcomplex of C(K) and hence we may form the chain complex C(K, K_0) given by C_q(K, K_0) := C_q(K)/C_q(K_0). Note that we can identify this so-called relative homology group with the free abelian group generated by all q-simplices in K \ K_0. The boundary operator is given by taking the boundary of ∑ σ k_σ · σ in C(K), but deleting all summands of simplices in C(K_0). Using the short exact sequence 0 → C(K_0) → C(K) → C(K, K_0) → 0 we get a long exact sequence in homology and we denote the q-th homology group of C(K, K_0) by H_q(K, K_0) and call it the relative homology of K with respect to K_0.

7.4.2 Remark.

(1) If K_0 = K then C_q(K, K_0) = C_q(∅) = {0} and hence H_q(K, K) = {0}. (2) If K_0 = ∅ then C_q(K, K_0) = C_q(K) and hence H_q(K, ∅) = H_q(K). (3) If K is connected and K ⊇ K_0 ≠ ∅, then H_0(K, K_0) = {0}. In fact let z ∈ C_0(K, K_0), i.e. z = ∑ x∈K\K_0 kx · x. Let x0 ∈ K0 be chosen fixed.

Since K is connected we find for every x ∈ K a 1-chain c with boundary ∂c = x − x_0, hence ∑ x k_x · x ∼ ( ∑ x k_x) · x_0 = 0 in C_0(K, K_0).

(4) Note that in (7.2.9) we calculated the relative chain complex C_q(K, L), where K := K(σ_n) and L := K(σ̇_n) and obtained C_q(K, L) = {0} for q ≠ n and C_n(K, L) = ⟨σ_n⟩ ∼= Z. Hence H_q(K, L) ∼= {0} for q ≠ 0 and H_n(K, L) ∼= Z. 7.4.7 Example. Let M be the Möbius strip with boundary ∂M . We have a triangulation of M in 5 triangles as in (3.1.22). Since ∂M is a 1-sphere it has homology H_1(∂M ) ∼= Z, where a generator r is given by the 1-cycle formed by the 5-edges of the boundary.

Furthermore H_1(M ) ∼= Z, where a generator is given by the sum m of the remaining edges. In fact every triangle has two of these edges. So for every cycle the coefficient of these two edges has to be equal.

If a combination of triangles has a multiple of m as boundary, their coefficients have to be 0.

Now consider the following fragment of the long exact homology sequence:

H_1(∂M ) wH_1(M ) wH_1(M, ∂M ) wH_0(∂M ) wH_0(M )

⟨r⟩ ⟨m⟩ ⟨x_0⟩ ⟨x_0⟩ Since H_0(∂M ) ∼= Z∼= H_0(M ), where a generator is given by any point x_0 in ∂M ⊆ M , we have that the rightmost arrow is a bijection, so the one to the left is 0 and hence the previous one is onto. Remains to calculate the image of ⟨[r]⟩ = H_1(∂M ) → H_1(M ) = ⟨[m]⟩. For this we consider the sum over all triangles. It has boundary 2m − r and hence [r] is mapped to 2[m]. Thus we have H_1(M, ∂M ) ∼= Z/2Z= Z_2.

8.3.11 Proposition. Let (C, C^′) and (D, D^′) be pairs of chain complexes and f : (C, C^′) → (D, D^′) be a chain mapping of pairs. This induces a homomorphism

— Andreas Kriegl, Universität Wien —

9 SINGULAR HOMOLOGY [83] 7.4.1

which intertwines with the long exact homology sequences. . . . w ∂_∗ H_q(C^′) u f_∗ w H_q(i) H_q(C) u f_∗ w H_q(p) H_q(C^{′′}) u f_∗ w ∂_∗ H_{q−1}(C^{′′}) u f_∗ w H_{q−1}(g) . . .

. . . w∂^∗ H_q(D^′) w H_q(j) H_q(D) w H_q(q) H_q(D^{′′}) w∂^∗ H_{q−1}(D^{′′}) w H_{q−1}(g) . . . Proof. The commutativity of all but the rectangle involving ∂_∗ is obvious. For the remaining one let z^{′′} ∈ C^{′′} be a cycle. We have to show that ∂_∗f_∗[z^{′′}] = f_∗∂_∗[z^{′′}]. So let x^′ ∈ i^{−1}∂p^{−1}z^{′′}, i.e. ix^′ = ∂x for some x with px = z^{′′}. Then f_∗∂_∗[z^{′′}] = [fx^′] and we have to show that j(fx^′) ∈ ∂q^{−1}fz^{′′}, which follows from jfx^′ = fix^′ = f∂x = ∂fx and q(fx) = f(px) = fz^{′′}. □ 7.4.6 Corollary. Proposition (8.3.11) applies in particular to a simplicial mapping φ : (K, K_0) → (L, L_0) of pairs.

7.4.9 Excision Theorem. Let K be the union of two subcomplexes K_0 and K_1. Then (K_1, K_0 ∩ K_1) → (K, K_0) induces an isomorphism H(K_1, K_0 ∩ K_1) → H(K_1 ∪ K_0, K_0).

Proof. Note that we have K_1 \ (K_0 ∩ K_1) = K_1 \ K_0 = (K_0 ∪ K_1) \ K_0 and also 0 wC_q(K_0 ∩ K_1) wi^1

u i_2

C_q(K_1) w

u j_1

C_q(K_1, K_0 ∩ K_1) = ⟨K_1 \ K_0 ∩ K_1⟩ w

u

0

0 wC_q(K_0) w j_2

C_q(K_0 ∪ K_1) wC_q(K_0 ∪ K_1, K_0) = ⟨K_0 ∪ K_1 \ K_0⟩ w0 This is even an isomorphism as chain complexes, as follows from the commutativity of the diagram. □

7.4.8 Corollary. Let K_0 ⊆ K be a pair of simplicial complexes. Assume there exists a set U ⊆ K_0 such that ∀τ ∈ U , τ < σ ⇒ σ ∈ U . Then K_1 := K \ U and K_0 ∩ K_1 := K_0 \ U are simplicial complexes and H(K, K_0) ∼= H(K \ U, K_0 \ U ).

Proof. Under these conditions K_1 and K_0 ∩ K_1 = K_0 ∩ (K \ U ) = K \ U are simplicial complexes. □

9 Singular Homology

9.1.1 Definition. The standard (closed!) q-simplex Δ_q is the simplex spanned by the standard unit vectors e_j ∈ R^{q+1} for 0 ≤ j ≤ q. So

Δ_q := {(λ_0, . . ., λ_q) : 0 ≤ λ_j ≤ 1 : ∑ j λ_j = 1}.

— Version 2000.9.25 — 9.1.1

9.1.2 Definition. For q ≥ 1 and 0 ≤ j ≤ q let the face-map δ^j_{q−1} : Δ_{q−1} → Δ_q be the unique affine map, which maps e_i to e_i for i < j and to e_{i+1} for i > j, i.e. e_0, . . ., e_{q−1} → e_0, . . ., ^e_j , . . ., e_q .

9.1.3 Lemma. For q ≥ 2 and 0 ≤ k < j ≤ q we have δ^j_{q−1} ∘ δ^k_{q−2} = δ^k_{q−1} ∘ δ^{j−1}_{q−2}. □ Proof. The mapping on the left side has the following effect on the edges: e_0, . . . , e_k, . . . , e_j, · · · → e_0, . . . , ^e_k, . . . , e_j, · · · → e_0, . . . ^e_k, . . . , ^e_j, . . . And on the right side: e_0, . . ., e_k, . . ., e_j , · · · → e_0, . . . , e_k, . . . , ^ e_{j−1}, · · · → e_0, . . . ^e_k, . . ., ^e_j , . . . □

9.1.4 Definition. Let X be a topological space. A singular q-simplex is a continuous map σ : Δ_q → X. The q-th singular chain group S_q (X) is the free abelian group generated by all singular q-simplices. Its elements are called singular q-chains. The boundary operator ∂ is the linear extension of

∂(σ) := q∑ j=0 (−1)^jσ ∘ δ^j.

By (9.1.3) the groups S_q (X) together with ∂ from a chain complex S(X).

∂∂σ = ∂ (^q∑ j=0 (−1)^j σ ∘ δ^j )

= q∑ j=0 (−1)^j q−1∑ k=0 (−1)^kσ ∘ δ^j ∘ δ^k = ∑ 0≤k<j≤q (−1)^{j+k}σ ∘ δ^j ∘ δ^k + ∑ 0≤j≤k<q (−1)^{j+k}σ ∘ δ^j ∘ δ^k = ∑ 0≤k<j≤q (−1)^{j+k}σ ∘ δ^k ∘ δ^{j−1} + ∑ 0≤j≤k<q (−1)^{j+k}σ ∘ δ^j ∘ δ^k = ∑ 0≤k<j≤q (−1)^{j+k}σ ∘ δ^k ∘ δ^{j−1} + ∑ 0≤k<j≤q (−1)^{k+j−1}σ ∘ δ^k ∘ δ^{j−1} = 0. □

The q-th singular homology group H_q(X) is defined to be H_q(S(X)). The elements of B_q (X) := B_q (S(X)) are called q-boundaries and those of Z_q(X) := Z_q (S(X)) are called q-cycles.

Remark that singular 0-simplices can be identified with the points in X and singular 1-simplices with paths in X.

— Andreas Kriegl, Universität Wien —

9 SINGULAR HOMOLOGY [85] 9.1.2

9.1.6+9.1.8+9.1.9 Definition. Let f : X → Y be continuous. Then f induces a chain-mapping f_∗ := S(f) : S(X) → S(Y ) and hence group-homomorphisms f_∗ := H_q(f) : H_q(X) → H_q(Y ).

∂(S(f)(σ)) = ∂(f ∘ σ) = q∑ j=0 (−1)^j f ∘ σ ∘ δ^j = S(f) (^q∑ j=0 (−1)^j σ ∘ δ^j ) = S(f)(δ(σ)).

So H_q is a functor from continuous maps between topological spaces into group homomorphisms between abelian groups.

9.1.7 Example. The identity id_{Δq} : Δ_q → Δ_q is a singular q-simplex of Δ_q, which we will denote again by Δ_q. If σ is a singular q-simplex in X, then S(σ)(Δ_q ) = σ. We will make use of this several times in order to construct natural transformations, by defining them first for the standard simplex, see (9.3.7) and (9.4.1).

9.1.10 Theorem. Let X = {∗} be a single point. Then H_q(X) = {0} for q ≠ 0 and H_0(X) = S_0(X) ∼= Z.

A space X is called acyclic iff it is path-connected and H_q(X) = {0} for q ≠ 0.

Proof. The only singular q-simplex is the constant mapping. Its boundary is ∂σ_q = ( ∑_q i=0(−1)^j )σ_{q−1}. For even q we have that Z_q(X) = {0} for odd q we have that B_q (X) = Z_q (X), hence in both cases H_q(X) = {0}. For p = 0 we have B_0(X) = {0} and Z_0(X) = S_0(X) ∼= Z. □

9.1.11 Corollary. Let f : X → Y be constant then H_q(f) = 0 for q ≠ 0.

Proof. Obvious, since f factors over a single point. □

9.1.12 Proposition. Let X_j be the path components of X. Then the inclusions of X_j → X induce an isomorphism ⨁ j H_q(X_j ) → H_q(X); cf. (7.2.3).

Proof. This is follows as (7.2.3): Let σ be a singular simplex of X. Then σ is completely contained in some X_j , hence the induced map ⨁ j S_q (X_j ) → S_q (X) is onto. Conversely this linear map is injective, since the chains in the various X_j have disjoint images. Thus we have a bijection, which induces an isomorphism of homology groups. □

9.1.13 Proposition. Let X be a topological space. Then H_0(X) is a free abelian group with generators given by choosing one point in each path-component; cf. (7.2.4).

Proof. Because of (9.1.12) we may assume that X is path-connected. The mapping ε : S_0(X) → Z, ∑ σ n_σ ·σ → ∑ σ n_σ is onto and as in (7.2.4) its kernel is just B_0(X), so ε induces an isomorphism H_0(X) ∼= Z; cf. (7.2.4). □

9.1.14 Corollary. Let X and Y be path-connected. Then every continuous mapping f : X → Y induces an isomorphism H_0(f) : H_0(X) → H_0(Y ).

Proof. Obvious since the generator is mapped to a generator. □

— Version 2000.9.25 — 9.1.14

9.1.15 Definition. Let A ⊆ R^n be convex and p ∈ A be fixed. For a singular q-simplex σ : Δ_q → A we define the cone p ⋆ σ : Δ_{q+1} → A by

(p ⋆ σ)((1 − t)e^0 + tδ^0(x)) := (1 − t)p + tσ(x).

For a q-chain c = ∑ σ n_σ · σ we extend it by linearity p ⋆ c := ∑ σ n_σ · (p ⋆ σ)

and obtain a homomorphism S_q (A) → S_{q+1}(A); cf. (7.2.6).

9.1.16 Lemma. Let c ∈ S_q(A) then ∂(p ⋆ c) = c − ε(c) p for q = 0, ∂(p ⋆ c) = c − p ⋆ δc for q > 0, where ε (∑ x n_x · x ) = ∑ x n_x; cf. (7.2.7).

Proof. It is enough to show this for singular simplices c = σ_q. For q = 0 we have that p ⋆ σ : Δ_1 → X is a path from p to σ hence ∂(p ⋆ σ) = σ − p = σ − ε(σ)p. For q > 0 we have (p ⋆ σ) ∘ δ^0 = σ and (p ⋆ σ) ∘ δ^i = p ⋆ (σ ∘ δ^{i−1}) for i > 0, hence δ(p ⋆ σ) = σ − p ⋆ δσ. □ 9.1.18 Corollary. Let A ⊆ R^n be convex. Then A is acyclic; cf. (7.2.7) & (7.2.8).

Proof. Let q > 0 and z be a q-cycle. Then z = ∂(p ⋆ z) by (9.1.16) and hence Z_q (A) = B_q(A), i.e. H_q(A) ∼= {0}. □

9.2 Relative Homology.

9.2.1+9.2.2+9.2.3 Definition. Let (X, A) be a pair of spaces. Then we get a pair of chain complexes (S(X), S(A)) and hence a short exact sequence 0 → S(A) → S(X) → S(X, A) → 0, where S_q (X, A) := S_q (X)/S_q (A). Its elements are called relative singular q-chains. But unlike (7.4.1) we can not identify them with formal linear combinations of simplices in X \ A. But as in (7.4.1) we get a long exact sequence in homology · · · → H_q(A) → H_q(X) → H_q(X, A) → H_{q−1}(A) → . . . , where H_q(X, A) := H_q(S(X, A)). Note that z ∈ S_q (X) with ∂z ∈ S_q (A) describe the classes [z + S_q (A)] ∈ H_q(X, A).

As in (7.4.2) we get H_q(X, X) = {0}, H_q(X, ∅) ∼= H_q(X) and for path connected X and A ≠ ∅ we get H_0(X, A) = {0}.

For a continuous mapping of pairs (A, X) → (B, Y ) we get a homology ladder as in (8.3.11).

— Andreas Kriegl, Universität Wien —

9 SINGULAR HOMOLOGY [87] 9.1.15

9.2.4 Remark.

(1) Let A ⊆ X be such that H_q(A) → H_q(X) is injective for all q. Then we get short exact sequences 0 → H_q(A) → H_q(X) → H_q(X, A) → 0.

(2) Let A ⊆ X be a retract. Then by functorality H_q(A) → H_q(X) is a retract and hence by (1) we have (splitting) short exact sequences.

(3) Let x_0 ∈ X. Then by (9.1.10) we have that H_q({x_0}) = {0} for q ≠ 0 and H_0({x_0}) → H_0(X) has a left inverse, since the constant mapping X → {x_0} is a retraction. The long exact homology sequence gives that H_q(X) ∼= H_q(X, {x_0}) for q ≠ 0 and a short exact splitting sequence 0 → H_0({x_0}) → H_0(X) → H_0(X, {x_0}) → 0 by (2).

(4) Let f : (X, A) → (Y, B) be such that f_∗ : H_q(A) → H_q(B) and f_∗ :

H_q(X) → H_q(Y ) are isomorphisms for all q. Then the same is true for f_∗ : H_q(X, A) → H_q(Y, B) by the 5’Lemma.

9.2.5 Theorem. Exact Homology Sequence of a Tripple. Let B ⊆ A ⊆ X. Then we get a long exact homology sequence · · · → H_{q+1}(X, A)^{∂∗}−→ H_q(A, B) → H_q(X, B) → H_q(X, A) → . . . The boundary operator ∂_∗ can also be described by [z]_{(X,A)} → [∂z]_{(A,B)} for z ∈ S_q (X) or as composition H_{q+1}(X, A)^{∂∗}−→ H_q(A) → H_q(A, B).

Proof. We have a short sequence 0 → S(A, B) → S(X, B) → S(X, A) → 0. given by S(B) u S(B) y w u S(A) u S(A) y w u S(X) u S(X) u 0 wS(A, B) y w u S(X, B) ww u S(X, A) w u 0

0 0 0

Hence the bottom row is exact at S(A, B) and S(X, A). It is also exact at S(X, B), since any z + S(B) which is mapped to 0 + S(A) satisfies z ∈ S(A) and hence lies in the image.

So this short exact sequence induces a long exact sequence in homology. The boundary operator maps by construction (8.3.8) the class [z + S(A)] with ∂z ∈ S(A) to [∂z + S(B)]. This is precisely the image of value of the boundary operator [∂z] for the pair (X, A) under the natural map H(A) → H(A, B). □

— Version 2000.9.25 — 9.2.5

9.3 Homotopy theorem.

We are now going to prove that homotopic mappings induce the same mappings in homology. For this we consider first as homotopy which is as free and as natural as possible, i.e. the homotopy given by inj_t : X → X × I, x → (x, t). We have to show that inj_0 and inj_1 induce the same mapping in homology. So the images of a cycle should differ only by a boundary. Let σ : Δ_q → X be a singular simplex. Then we may consider the cylinder σ(Δ_q) × I over σ(Δ_q ). It seems clear, that we can triangulate Δ_q × I. The image of the corresponding chain c_{q+1} under σ × I gives then a q + 1-chain in X × I, whose boundary consists of the parts σ × {1} = inj_1 ∘σ and σ × {0} = inj_0 ∘σ and a triangulation of (σ × I)_∗∂c_q . Note that it would have been easier here, if we had defined the singular homology by using squares instead of triangles, since it is not so clear how to describe an explicit triangulation of Δ_q × I, in fact we will show the existence of c_{q+1} by induction in the following lemma. We make use of the following

8.4.6 Definition. Let R, S : X → Y be two functors. A natural transformation φ : R → S is a family φ_X : R(X) → S(X) of Y-morphisms for every object X ∈ X such that for every X -morphism f : X → X^′ the following diagram commutes: R(X) w φ_X

u R(f) S(X) u S(f) R(X^′) w φ_X′ S(X^′ ) 9.3.7 Lemma. Let φ_0, φ_1 : S( ) → S( × I) be two natural transformations and assume furthermore that H_0(φ_0) = H_0(φ_1) : H_0({∗}) → H_0({∗} × I). Then φ_0 and φ_1 are chain homotopic, i.e. there exists natural homomorphisms Z = (Z_q)_q with Z_q : S_q (X) → S_{q+1}(X × I) and ∂Z_q + Z_{q−1}∂ = φ_0 − φ_1 on S_q (X).

Proof. We construct Z_q by induction on q.

For q < 0 let Z_q := 0. Now let Z_j for all j < q be already constructed. Consider the natural transformation φ := φ_1 − φ_0. We first treat the case X := Δ_q. So we have to find Z_q (Δ_q) =: c_{q+1} ∈ S_q (Δ_q × I) with ∂c_{q+1} = φΔ_q − Z_{q−1}∂Δ_q. For q = 0 this follows by the assumption φ = 0 : H_0(Δ_0) → H_0(Δ_0 × I). For q > 0 we can use that S(Δ_q × I) is acyclic (since Δ_q × I is a convex subset of R^{q+2}) by (9.1.18). So we only have to show that the right side is a cycle. In fact by induction hypothesis (applied to ∂Δ_q ) we have ∂ ( φΔ_q − Z_{q−1}∂Δ_q ) = φ∂Δ_q − ( φ∂Δ_q − Z_{q−2}∂∂Δ_q ) = 0.

Now we extend Z_q : S_q (X) → S_{q+1}(X × I) by naturality to the case of a general X: I.e. for σ : Δ_q → X we define Z_q(σ) := S_{q+1}(σ × I)(c_{q+1}).

Then Z_q is in fact natural, since S_q(f × I)Z_q (σ) = S_{q+1}(f × I)S_{q+1} (σ × I)c_{q+1} and Z_q S_q(f)(σ) = Z_q (fσ) = S_q (fσ × I)c_{q+1} and (f × I) ∘ (σ × I) = (f ∘ σ) × I. Furthermore Z_q is also a chain-homotopy, since

∂Z_q (σ) = ∂S_q (σ × I)(c_{q+1}) = S_q(σ × I)∂c_{q+1} = S_q (σ × I)(φΔ_q − Z_{q−1}∂Δ_q) = φS_q (σ)(Δ_q) − Z_{q−1}∂S_q (σ)(Δ_q ) = φ(σ) − Z_{q−1}∂(σ). □

— Andreas Kriegl, Universität Wien —

9 SINGULAR HOMOLOGY [89] 9.3

8.3.12 + 8.3.15 Definition. Two chain mappings φ, ψ : C → C^′ are called homotopic and we write ψ ∼ φ if there are homomorphisms Z : C_q → C^′_{q+1} such that ψ − φ = ∂Z + Z∂. 8.3.13 Proposition. Let φ ∼ ψ : C → C^′ then H(φ) = H(ψ) : H(C) → H(C^′).

Proof. Let [c] ∈ H(C), i.e. ∂c = 0 then H(ψ)[c] − H(φ)[c] = [(ψ − φ)c] = [Z∂c + ∂Zc] = [∂Zc] = 0. □ 8.3.14 Proposition. Chain homotopies are compatible with compositions.

Proof. Clearly, for φ ∼ ψ we have χ ∘ φ ∼ χ ∘ ψ and φ ∘ χ ∼ ψ ∘ χ and being homotopic is transitive. □

9.3.1 Theorem. Let f ∼ g : (X, A) → (Y, B). Then f_∗ = g_∗ : H_q(X, A) → H_q(Y, B). Proof. By (9.3.7) we have that the chain mappings induced by the inclusions inj_j : X → X × I are chain homotopic to each other for j ∈ {0, 1} by a chain homotopy Z. Let h be a homotopy between f and g. Then f = h∘inj_0 and g = h∘inj_1 and by (8.3.14) we have that S(f), S(g) : S(X) → S(Y ) are chain homotopic. Since the constructed homotopy is natural its restriction to S(A) gives a chain homotopy S(f) ∼ S(g) : S(A) → S(B) and hence also S(f) ∼ S(g) : S(X, A) → S(X, B). By (8.3.13) we have that H(f) = H(g) : H(X, A) → H(X, B). □

9.3.2 Corollary. Let f ∼ g : X → Y . Then f_∗ = g_∗ : H_q(X) → H_q(Y ).

Proof. Obvious, since H_q(X, ∅) ∼= H_q(X). □

9.3.3 Corollary. Let f : X → Y be a homotopy equivalence. Then f_∗ : H_q(X) → H_q(Y ) is an isomorphism for all q. In particular all contractible spaces are acyclic.

Proof. Obvious by functoriality and (9.3.2) since an inverse g up to homotopy induces an inverse H(g) of H(f). □

9.3.4+9.3.5+9.3.6 Corollary. Let A ⊆ X be a DR. Then H_q(A) → H_q(X) is an isomorphism and hence H_q(X, A) = {0} for all q.

Let B ⊆ A ⊆ X and A be a DR of X. Then H_q(A, B) → H_q(X, B) is an isomorphism.

Let B ⊆ A ⊆ X and B be a DR of A. Then H_q(X, B) → H_q(X, A) is an isomorphism.

Proof. The first part follows as special case from (9.3.3) and from the long exact homology sequence of a pair, (9.2.1). The other two cases then follow by using the long exact homology sequence of a triple, (9.2.5). □

9.4 Excision theorem.

In order to prove the general excision theorem we need barycentric refinement for singular simplices, since a singular simplex in X need neither be contained in S(U ) nor in S(V ) for a given covering {U, V } of X.

— Version 2000.9.25 — 9.4

9.4.1 Definition. For the standard q-simplex Δ_q we define the barycentric chain B(Δ_q ) ∈ S_q (Δ_q) recursively by

B(Δ_0) := Δ_0 = {e_0}

B(Δ_q ) := ^Δ_q ⋆ q∑ j=0 (−1)^j S(δ^i)(B(Δ_{q−1}) for q ≥ 1,

where ^Δ_q denotes the barycenter^1_{q+1} ∑_q j=0 e^j.

Now we define in a natural way B(σ) := B(S(σ)(Δ_q )) = S(σ)B(Δ_q ) for σ : Δ_q → X and extend it linearly to B : S_q(X) → S_q(X) by setting B (∑ σ n_σ · σ ) := ∑ σ n_σ B(σ). 9.4.2 Proposition. The barycentric refinement is a natural chain mapping B : S( ) → S( ), which is chain-homotopic to the identity.

Proof. Let us first show naturality: So let f : X → Y be continuous. Then

(f_∗B)σ = (f_∗σ_∗B)Δ_q = (f ∘ σ)_∗BΔ_q = B(f ∘ σ) = Bf_∗σ.

Next we prove that it is a chain mapping, i.e. ∂B = B∂. On S_q (X) with q ≤ 0 this is obvious. Note that the formula for B(Δ_q ) can be rewritten as

BΔ_q = ^Δ_q ⋆ BδΔ_q .

so we use induction for q > 0: ∂Bσ = ∂σ_∗BΔ_q = σ_∗∂BΔ_q = σ_∗∂ ( ^Δ_q ⋆ B∂Δ_q ) (9.1.16) = σ_∗ ( B∂Δ_q − ^Δ_q ⋆ ∂B∂Δ_q ) ind.= Bσ ∗∂(Δ_q ) − σ_∗ ( ^Δ_q ⋆ B∂∂(Δ_q ) ) = B∂σ_∗(Δ_q ) − 0 = B∂σ. Finally we prove the existence of a chain homotopy id ∼ B : S → S. Let i : X → X × I be given by x → (x, 0) and p : X × I → X given by (x, t) → x. By (9.3.7) we have a chain homotopy S(i) ∼ S(i) ∘ B. Composing with S(p) gives a chain homotopy S(p) ∘ S(i) ∼ S(p) ∘ S(i) ∘ B and S(p) ∘ S(i) = id gives the required result. □

9.4.3 Lemma. Let Y ⊆ X. For any cycle z of X relative Y , i.e. z ∈ S_q (X) and ∂z ∈ S_{q−1}(Y ), and hence [z + S_q (Y )] ∈ H_q(X, Y ), we have that Bz is a cycle rel. Y , which is homologous to z rel. Y , i.e. Bz − z ∈ ∂S_{q+1}(X) + S_q(Y ).

By iteration we get the corresponding results for B^r :=^{r times}B ∘ . . . ∘ B.

Proof. In (9.4.2) we constructed a natural chain homotopy Z between B and the identity, i.e. ∂Z_qz = Bz −z −Z_{q−1} ∂z. By assumption we have ∂z ∈ S_{q−1}(Y ), hence Z_{q−1}∂z ∈ S_q (Y ). So Bz is homologous to z relative Y . Since ∂Bz = ∂z+∂Z_{q−1}∂z ∈ S_{q−1}(Y ) we have that Bz is a cycle relative Y . □

— Andreas Kriegl, Universität Wien —

9 SINGULAR HOMOLOGY [91] 9.4.1

9.4.4 Lemma. Let X be the union of two open subsets U and V . Then for every c ∈ S_q (X) there is an r > 0 with B^r c ∈ S_q (U ) + S_q (V ) ⊆ S_q(X).

Proof. It is enough to show this for c being a singular simplex σ : Δ_q → X. The sets σ^{−1}(U ) and σ^{−1}(V ) form an open covering of Δ_q. Let λ be the Lebesgue number for this covering, i.e. all subsets of Δ_q of diameter less than λ belong to one of the two sets. Since B^r (Δ_q) is a finite linear combination of singular simplices, whose image are closed simplices of the r-th barycentric refinement of K := {τ : τ ≤ Δ_q}, we have by (3.2.3) that each summand of B^r (Δ_q) has image in σ^{−1}(U ) or in σ^{−1}(V ). Hence B^r (σ) = B^r S(σ)(Δ_q ) = S(σ)B^r (Δ_q) is a combination of terms in S_q (U ) and in S_q(V ). □

9.4.5 Excision theorem. Let X_j ⊆ X for j ∈ {0, 1} such that the interiors o X_j cover X. Then the inclusion i_∗ : (X_2, X_2 ∩ X_1) → (X_2 ∪ X_1, X_1) induces isomorphisms H_q(X_2, X_2 ∩ X_1) → H_q(X_2 ∪ X_1, X_1) for all q.

In particular this applies to X_1 := Y ⊆ X and X_2 := X \ Z for subsets Z and Y

satisfying Z̄ ⊆^oY and so gives isomorphisms H_q(X \ Z, Y \ Z) → H_q(X, Y ).

Proof. We have to show that i_∗ : H_q(X_2, X_2 ∩X_1) → H_q(X_2 ∪X_1, X_1) is bijective. i_∗ is onto: Let β ∈ H_q(X_2 ∪ X_1, X_1). Then there is a z ∈ S_q (X) with ∂z ∈ S_q(X_1) representing β, i.e. β = [z + S_q (X_1)]. By (9.4.4) there exists an r > 0 and u_j ∈

S_q (^oX_j) such that z ∼ B^r z = u_1 + u_2 ∼ u_2 relative X_1 by (9.4.3). We have ∂u_2 ∈ S_{q−1}(X_2) and ∂u_2 = ∂B^r z−∂u_1 = B^r ∂z−∂u_1 ∈ S_{q−1}(X_1), hence ∂u_2 ∈ S_{q−1}(X_1 ∩ X_2). So u_2 represents an element α := [u_2 +S_q (X_2 ∩X_1)] ∈ H_q(X_2, X_2 ∩X_1), which is mapped by i_∗ to β.

i_∗ is injective: Let α ∈ H_q(X_2, X_2 ∩ X_1) be such that i_∗α = 0. Let x_2 ∈ S_q(X_2) be a cycle relative X_1 ∩ X_2, which represents α, i.e. α = [x_2 + S_q (X_2 ∩ X_1)]. Since i_∗(α) = 0 we have a (q + 1)-chain c in X and a q-chain x_1 in X_1 with ∂c = x_2 + x_1.

Again by (9.4.4) there is an r > 0 such that B^r c = u_1 +u_2 with u_j ∈ S_q (^oX_j). Hence ∂u_1 + ∂u_2 = ∂B^r c = B^r ∂c = B^r (x_2 + x_1). So a := B^r x_2 − ∂u_2 = ∂u_1 − B^r x_1 is a chain in X_1 ∩ X_2 and x_2 ∼ B^r x_2 = ∂u_2 + a ∼ 0 relative X_1 by (9.4.3), i.e. α = 0. The alternate description is valid, since the interiors of X_1 := Y and X_2 := X \ Z

cover X iff^oX_2 = X \ Z̄. Obviously Y \ Z = X_1 ∩ X_2. □

9.4.6 Corollary. Let (X, A) be a CW-pair. Then the quotient map p : (X, A) → (X/A, A/A) induces an isomorphism in homology for all q.

Proof. By (1.3.3) we have that p : (X, A) → (X/A, A/A) is a relative homeomorphism and by (4.3.2) we have a neighborhood U of A in X, of which A is a SDR. Let V := p(U ) ⊆ X/A =: Y and y := A/A ∈ X/A. Since p^{−1}(V ) = U we have that V is an open neighborhood of y in Y . Factoring the defromation retraction of U to A gives a deformation retraction V to y. Now consider H_q(X, A) w ∼= (9.3.6) u p_∗ H_q(X, U ) u p_∗ H_q(X \ A, U \ A) u ∼= (9.4.5) u p_∗ ∼= (1.3.3) H_q(Y, {y}) w ∼= (9.3.6) H_q(Y, V ) H_q(Y \ {y}, V \ {y}) u ∼= (9.4.5)

— Version 2000.9.25 — 9.4.6

The vertical arrow on the right side is an isomorphism, since is is induced by an isomorphism of pairs. The horizontal arrows on the right side are isomorphisms by the excision theorem (9.4.5). Hence the vertical arrow in the middle is an isomorphism. By (9.3.6) the horizontal arrows on the left are isomorphisms, hence also the vertical arrow on the left. □

9.4.7 Corollary. We have H_q(X, A) ∼= H_q(X/A) for all q ≠ 0 in the situation of (9.4.6).

Proof. This follows using (1) in (9.2.4). □

9.4.8 Proposition. Let f : (X, A) → (Y, B) be a relative homeomorphism of CWpairs. Assume furthermore that X \A contains only finitely many cells or f : X → Y is a quotient mapping. Then f_∗ : H_q(X, A) → H_q(Y, B) is an isomorphism for all q.

Proof. By (1.3.1) we have an induced continuous bijective mapping X/A → Y /B making the following diagrams commute: A w f y u B y u X w f

u p Y

u q H_q(X, A) w f_∗ y u p_∗ (9.4.6) H_q(Y, B) y u q_∗ (9.4.6) X/A w f ∼= Y /B H^q(X/A, A/A) w (9.2.4) ∼= H^q(Y /B, B/B) Both X/A and Y /B are CW-complexes by (4.2.6). In case X \ A has only finitely many cells we have that X/A is compact and hence X/A → Y /B is a homeomorphism. If f : X → Y is a quotient map then so is X → Y → Y /B and hence also X/A → Y /B. Thus by (2) in (9.2.4) the bottom arrow on the right is an isomorphism and by (9.4.6) the vertical arrows on the right are isomorphisms as well, so the same has to be true for the top one. □

9.4.9 Proposition. Let X_j be CW-complexes which 0-cells x_j ∈ X_j as basepoints. Then we have natural isomorphisms^{ab} ∐ j H_q(X_j ) → H_q( ⋁ j X_j ) for q ≠ 0.

Proof. We have ⋁ j X_j := ⨆ j X_j /A where A := {x_j : j ∈ J}. Hence H_q(A) = 0 for q ≠ 0 and so

H_q( ⋁ j X_j )^{(9.4.7)}∼= H_q( ⨆ j X_j , A)^{A “acyclic”}∼= H_q( ⨆ j X_j )^{(9.1.12)}∼=^{ab} ∐ j H_q(X_j ). □

9.4.10 Proposition. Let X = X_1 ∪ X_2, where X_j ⊆ X is open. Then there is a long exact sequence (the so called Mayer-Vietoris sequence)

· · · → H_q(X_1 ∩ X_2) → H_q(X_1) ⊕ H_q(X_2) → H_q(X) → H_{q−1}(X_1 ∩ X_2) → . . . .

Proof. Let S := S(X), S_1 := S(X_1) ⊆ S(X) and S_2 := S(X_2) ⊆ S(X). Then S(X_1 ∩ X_2) = S_1 ∩ S_2. Let S_1 + S_2 be the chain complex which has the subgroup

— Andreas Kriegl, Universität Wien —

9 SINGULAR HOMOLOGY [93] 9.4.7

of S generated by S_1 and S_2 in every dimension. We claim that the following short sequence 0 → S_1/(S_1 ∩ S_2) → S/S_2 → S/(S_1 + S_2) → 0 is exact. In fact by the first isomorphy theorem we have S_1/(S_1 ∩S_2) ∼= (S_1 +S_2)/S_2 and hence the inclusion S_1 + S_2 ⊆ S induces an injection S_1/(S_1 ∩ S_2) → S/S_2. The quotient of it is by the second isomorphy theorem (S/S_2)/((S_1 + S_2)/S_2) ∼= S/(S_1 + S_2), which proves the claim. By (9.4.5) we have that the inclusion (S_1, S_1 ∩ S_2) → (S, S_2) induces an isomorphism H(S_1/(S_1 ∩ S_2)) =: H(X_1, X_1 ∩ X_2) → H(X_1 ∪ X_2, X_2) := H(S/S_2). Hence the long exact homology sequence (8.3.8) gives H(S/(S_1 + S_2)) = 0.

If we consider now the short exact sequence

0 → S_1 + S_2 → S → S/(S_1 + S_2) → 0

we deduce from the long exact homology sequence that H(S_1 + S_2) → H(S) is an isomorphism.

Now consider the sequence

0 → S_1 ∩ S_2 → S_1 ⊕ S_2 → S_1 + S_2 → 0,

where the inclusion is given by c → (c, −c) and the projection by (c_1, c_2) → c_1 + c_2. This is obviously short exact, since (c_1, c_2) is mapped to 0 iff c_1 + c_2 = 0, i.e. c := c_1 = −c_2 ∈ S_1 ∩ S_2 is mapped to (c_1, c_2).

S_1 ∩ S_2 y w z u S_2 z u S_2 z u S_1 y w u S_1 + S_2 y w u S ww u S/(S_1 + S_2)

S_1/S_1 ∩ S_2 (S_1 + S_2)/S_2 y wS/S_2 ww S/(S_1 + S_2)

So we get a long exact sequence in homology, where we may replace H(S_1 + S_2) by H(S) =: H(X) by what we said above. Note that the boundary operator is given by [z] → [∂z_1], where B^r z = z_1 + z_2. □

9.4.12 Remark. (1) It is enough to assume in (9.4.10) that there are neighborhoods of X_1 and X_2 which have X_1 and X_2 and their intersection has X_1 ∩ X_2 as DRs. In particular this applies to CW -subspaces X_i of a CW -complex X by (4.3.2).

(2) Let X_1 ∩ X_2 be acyclic. Then the Mayer-Vietoris sequence gives H_q(X) ∼= H_q(X_1) ⊕ H_q(X_2) for q ≠ 0. In fact only the case q = 1 needs some argument: We have the exact sequence 0 H_1(X_1 ∩ X_2) wH_1(X_1) ⊕ H_1(X_2) wH_1(X)flfl fl fl fl fl fl fl fl fl fl fl fl fl flflı H_0(X_1 ∩ X_2) Z wH_0(X_1) ⊕ H_0(X_2) wH_0(X) w0

— Version 2000.9.25 — 9.4.12

and the mapping H_0(X_1 ∩ X_2) → H_0(X_1) ⊕ H_0(X_2) is injective, since the generator is mapped to a generator of H_0(X_1) and of H_0(X_2).

(3) Let X_1 and X_2 be acyclic, then we have H_q(X_1 ∩ X_2) ∼= H_{q+1}(X) for q > 0 and furthermore H_1(X) is free abelian and

H_1(X_1) ⊕ H_1(X_2) wH_1(X) wH_0(X_1 ∩ X_2) w H_0(X_1) ⊕ H_0(X_2) wH_0(X) w0

0 Z^k Z^2 Z

gives via the rank formula (8.3.1a) H_1(X) ∼= Z^{k−1}, where we used that X = X_1 ∪X_2 is connected being the union of two connected sets.

(4) Consider the covering S^n = D^n_+ ∪ D^n_−. By (1) we get a long exact Mayer- Vietoris sequence. And since D^n_+ and D^n_− are contractible, they are acyclic. So H_q(S^n) ∼= H_{q−1}(D^n_+ ∩ D^n_−) = H_{q−1}(S^{n−1}) for q, n > 0. Inductively we hence get H_q(S^n) ∼= H_{q−n}(S^0) = {0} for q > n, since S^0 is discrete and H_q(S^n) ∼= H_1(S^{n−q+1}) = {0} for 0 < q < n, since

0 wH_1(S^{n−q+1}) wH_0(S^{n−q}) wH_0(D^{n−q}_+ ) ⊕ H_0(D^{n−q}_− ) wH_0(S^{n−q+1}) w0 Z Z⊕ Z Z and H_n(S^n) ∼= H_1(S^1) ∼= Z, since

0 wH_1(S^1) w H_0(S^0) wH_0(D^0_+ ) ⊕ H_0(D^0_−) wH_0(S^1) w 0 Z⊕ Z Z⊕ Z Z 9.5.1 Proposition. Let n ≥ 0 then

H_q(Δ_n, Δ̇_n) ∼= { Z for q = n 0 otherwise

Proof. We proof this by induction on n.

For n = 0 this follows from (9.2.1), since for q = 0 we have H_0(X, A) = 0 for path-connected X with non-empty A, and for q ≠ 0 we have H_q(X, ∅) = H_q(X). Now let n > 0. Then Δ_{n−1} can be considered as face opposite to e_n in Δ_n and let A_n := Δ̇_n \Δ_{n−1}. Since A_n is a DR of Δ_n, we conclude from the homology-sequence of the triple A_n ⊆ Δ̇_n ⊆ Δ_n that H_q(Δ_n, Δ̇_n) ∼= H_{q−1}(Δ̇_n, A_n). From (9.4.8) or (9.4.7) we get that the inclusion induces an isomorphism H_{q−1}(Δ_{n−1}, Δ̇_{n−1}) ∼= H_{q−1}(Δ̇_n, A_n). Hence recursion applies. The image of these two mappings applied to the standard simplices is the same. This gives an explicit description. □

9.5.2 Corollary. For n ≥ 0 we have H_q(D^n, S^{n−1}) ∼= { Z for q = n 0 otherwise

We denote the canonical generator by [D^n]. □

— Andreas Kriegl, Universität Wien —

9 SINGULAR HOMOLOGY [95] 9.5.1

9.5.3 Corollary. For n > 0 we have

H_q(S^n) ∼= { Z for q = n or q = 0 0 otherwise

We denote the canonical generator by [S^n].

So this gives a different proof from (9.4.12.4)

Proof. Consider the homology sequence of the pair S^n ⊆ D^{n+1}:

H_{q+1}(D^{n+1}) wH_{q+1}(D^{n+1}, S^n) w ∼= H_q(S^n) wH_q(D^{n+1})

(9.1.18)

0 0 □

9.5.6 Corollary. We have H_q( ⋁ j S^n) = 0 for q /∈ {0, n} and H_n( ⋁ j S^n) ∼= ab ∐ j Z. By (9.4.9) the generators are (inj_j )_∗[S^n]. □

1.1.17 Proposition. Let m ≠ n then R^m ≁= R^n and S^m ≁= S^n.

We have proved this by applying (1.1.16) the theorem of the invariance of domains.

Proof of (11.1.17) for R^n and S^n. Let m ≠ n and m > 0. Then H_m(S^m) ∼= Z but H_m(S^n) = {0}, so S^m ≁ S^n. Assume R^n ∼= R^m then S^{m−1} ∼ R^m \ {0} ∼= R^n \ {0} ∼ S^{n−1}, hence m = n. □

11.1.1 Proposition. S^n is not contractible and is not a retract in D^{n+1}

Proof. Since H_n(S^n) ∼= Z≁= {0} = H_n({∗}) the first statement is clear. And the second follows, since retracts of contractible spaces are contractible. In fact let h_t : X → X be a contraction and let i : A → X have a left inverse p : X → A. Then p ∘ h_t ∘ i : A → A is a contraction of A. □

11.1.2 Corollary. Brouwers fixed point theorem. Every continuous map f : D^n → D^n has a fixed point.

Proof. Otherwise we can define a retraction as in (2.2.8). □

11.7.1 Proposition. Let B ⊆ S^n be a ball. Then S^n \ B is acyclic.

Proof. Induction on r := dim B.

(r = 0) Then B is a point and hence S^n \ B ∼= R^n is contractible and thus acyclic. (r + 1) Let z ∈ Z_q (S^n \ B) for q > 0 and z := x − y ∈ Z_0(S^n \ B) for q = 0 with x, y ∈ S^n \ B. We have to show that ∃b ∈ S_{q+1}(S^n \ B) with ∂b = z. Consider a homeomorphisms f : I^{r+1} = I^r × I ∼= B. Then B_t := f(I^r × {t}) is an r-ball. Thus by induction hypothesis there are b_t ∈ S_{q+1}(S^n \ B_t) with ∂b_t = z considered as element in S_q (S^n\B_t) ← S_q(S^n \B). Since the image of b_t is disjoint to B_t, we can choose an open neighborhood V_t of t such that I^r ×V_t ⊆ f^{−1}(S^n \Im(b_t)). Using compactness we find a partition of I into finitely many intervals I_j such that

— Version 2000.9.25 — 11.7.1

for all j there exists t_j with I_j ⊂ V_{tj} . Then b_j := b_{tj} ∈ S_{q+1}(Y_j ) where Y_j is the open subset S^n \ f(I^r × I_j ). Now let X_j := ⋂ i<j Y_i. Then X_j ∪ Y_j = ⋂ i<j Y_i ∪ Y_j = Y_{j−1} ∪ Y_j = S^n \ f(I^r × {t_j}) and X_j ∩ Y_j = X_{j+1}. We apply the Mayer-Vietoris sequence (9.4.10) to these open sets X_j and Y_j for j ≥ 1 recursively

H_{q+1}( f(I^r ×{t_j }) X_j ∪ Y_j ) w ind. H_q( X_{j+1} X_j ∩ Y_j ) wH_q(X_j ) ⊕ H_q(Y_j ) 0 We can consider [z] ∈ H_q(X_j ∩ Y_j ). It is mapped to [z] ∈ H_q(X_j ), which is 0 by recursion (note that X_1 = Y_0), and to [z] ∈ H_q(Y_j ), which equals [∂b_j ] = 0. Since by induction the first space is zero, this mapping is injective and so [z] = 0 ∈ H_q(X_{j+1}). Since X_j = S^n \ B finally, we are done. □

11.7.4 Theorem. Let S ⊆ S^n be an r-sphere with 0 ≤ r ≤ n − 1 and n ≥ 2. Then

H_q(S^n \ S) =

Z⊕ Z for q = 0 and r = n − 1 Z for q ∈ {0, n − 1 − r} and r < n − 1 0 otherwise.

Proof. Induction on r.

(r = 0) Then S ∼= {−1, +1} and S^n \ S ∼ S^{n−1}, so the result follows from (9.4.12) or (9.5.3).

(r + 1) We have S^{r+1} = D^{r+1}_− ∪ D^{r+1}_+ and B^{r+1}_± := f(D^{r+1}_± ) are r + 1-balls and S^′ := f(S^r ) an r-sphere. We apply the Mayer-Vietoris sequence (9.4.10) to S^n \S^′ = (S^n \ B_+) ∪ (S^n \ B_−) and S^n \ S = (S^n \ B_+) ∩ (S^n \ B_−). For (q > 0) we get

H_{q+1}(S^n \ B_−) ⊕ H_{q+1}(S^n \ B_+)

(11.7.1) q ≥ 0 u

0

H_{q+1}(S^n \ S^′) u H_q(S^n \ S) u H_q(S^n \ B_−) ⊕ H_q(S^n \ B_+)

(11.7.1) q > 0 0 Hence H_q(S^n \ S) ∼= H_{q+1}(S^n \ S^′) ∼= { Z q + r ∈ {0, n − 1} 0 otherwise . (q = 0) gives in the same sequence 0 → H_1(S^n \ S^′) → H_0(S^n \ S) → Z⊕ Z→ Z→ 0, — Andreas Kriegl, Universität Wien —

9 SINGULAR HOMOLOGY [97] 11.7.4

where the last Zfollows from the case (r). Since H_0(S^n \ S^′) is free abelian, the same has to be true for the subgroup H_1(S^n \ S) and for the rank we get

rank H_1(S^n \ S^′) − rank H_0(S^n \ S) + 2 − 1 = 0. So H_0(S^n \ S) ∼= Z⊕ H_1(S^n \ S^′) ∼= Z⊕ { Z for 1 = n − 1 − r 0 otherwise. □

11.7.2+11.7.5 Proposition. Let n ≥ 2. If B ⊆ R^n is a ball, then

H_q(R^n \ B) = { Z for q ∈ {0, n − 1} 0 otherwise.

If S ⊆ R^n is an r-sphere with 0 ≤ r ≤ n − 1, then

H_q(R^n \ S) =

Z⊕ Z for (q = n − 1, r = 0) or (q = 0, r = n − 1) Z for (q = n − 1, r ≠ 0) or (q ∈ {0, n − 1 − r}, r ≠ n − 1) 0 otherwise.

Proof. Let A ⊆ R^n ∼= S^n \ {P_+} ⊂ S^n be compact. The long exact homology sequence (9.2.3) of the pair (S^n \ A, R^n \ A) gives → H_{q+1}(S^n \ A, S^n \ (A ∪ {P_+}))^{∂∗}−→ H_q(S^n \ (A ∪ {P_+})) → H_q(S^n \ A) → We have S^n \(A∪{P_+}) = (S^n \{P_+})\A ∼= R^n\A and furthermore by the excision theorem (9.4.5) applied to A ⊆ R^n ⊆ S^n we get H_q(S^n \ A, S^n \ (A ∪ {P_+})) ∼= H_q((S^n, S^n \{P_+}), which is isomorphic by (9.3.6) to H_q(S^n, {P_−}), since S^n \{P_+} is contractible to P_−. This homology equals for q > 0 by (9.2.4a) that of H_q(S^n) and is 0 for q = 0 by (9.2.A5) since S^n is path-connected. So we get the following long exact sequence → H_{q+1}(S^n, {P_−})^{∂∗}−→ H_q(R^n \ A) → H_q(S^n \ A) →→ H_q(S^n, {P_−}) → Since H_q(S^n, {P_−}) = { Z for q = n 0 otherwise we have H_q(R^n \ A) ∼= H_q(S^n \ A) for q /∈ {n − 1, n} and the exact sequence 0 → H_n(R^n \ A) → 0 → Z→ H_{n−1}(R^n \ A) → H_{n−1}(S^n \ A) → 0, which gives H_n(R^n \ A) = 0 and H_{n−1}(R^n \ A) ∼= Z⊕ H_{n−1}(S^n \ A). This gives the claimed result. □

— Version 2000.9.25 — 11.7.5

11.7.6+11.7.7 Corollary (Jordan’s separation theorem generalized). Let X ∈ {R^n, S^n}. For any r-sphere S with r < n − 1 we have that X \ S is connected (We cannot cut X into two pieces along such a sphere).

If S is an n − 1-sphere then X \ S has two components, both of which have S as boundary. If X = S^n then the components are acyclic.

Proof. For spheres of dimension r < n − 1 the result follows from (11.7.4) and (11.7.5) since H_0(X \ S) ∼= Zin these cases.

If S is a sphere of dimension n − 1, then H_0(X \ S) ∼= Z^2 by (11.7.4) and (11.7.5). Hence X\ has two components, say U and V .

That for X = S^n the components are acyclic follows from H_q(U ) ⊕ H_q(V ) ∼= H_q(X \ S) = {0} for q ≠ 0.

(U̇ ⊆ S) In fact U̇ ∩ U = ∅, since U is open and thus U̇ = U \ U^o = U \ U . From U ⊆ ∼V we get U ⊆ ∼V = ∼V since V is open and hence U ∩ V = ∅. So U̇ ⊆ X \ (U ∪ V ) = S. (S ⊆ U̇) Let x ∈ S and W be a neighborhood of x ∈ X. Choose n − 1-balls B and B^′ with S = B ∪ B^′ and such that x ∈ B ⊆ W . Let c be a path in R^n from U to V , which avoids B^′ ⊆ S (this is possible by (11.7.2) since X \ B^′ is path connected). Let t_0 := sup{t : c(t) ∈ U }. Hence y := c(t_0) ∈ Ū \ U = U̇ ⊆ S = B ∪ B^′. Hence y ∈ B ⊆ W and so W ∩ U̇ contains y and is not empty, hence x ∈ U̇ . □

11.7.8 Remark. For dimension 2 we have Schoenflies’s theorem (see [Moise E.E., geometric topology in dimension 2 & 3, Grad. Texts in Math. 47, Springer (1977) New York, §9]), i.e. for every Jordan curve in S^2, i.e. injective continuous mapping c : S^1 → S^2 there exists a homeomorphism f : S^2 ∼= S^2 with f|_S1 = c. Thus up to a homeomorphism a Jordan-curve looks like the equator S^1 ⊆ S^2. SKIZZE!!!

In dimension greater than 2, Alexanders horned sphere is a counterexample: One component of the complement is not simply connected. This gives at the same time an example of an open subset of S^3, which is homologically trivial (i.e. acyclic) but not homotopy-theoretical (π_1(U ) ≠ 0).

(1.1.16) Corollary (Invariance of the domain). Let X, Y ⊆ R^n be homeomorphic. If X is open then so is Y .

Proof. Take x ∈ X and y := f(x) ∈ Y . By assumption there is a ball B := {z : |z − x| ≤ r} ⊆ X. Let S := ∂B. Then R^n \ f(S) = (R^n \ f(B)) ∪ (f(B) \ f (S)). The first part is connected by (11.7.1) and the second one coincides with f(B \ S) ∼=

B \ S =^oD^n and hence is connected as well. Thus they are the path components of R^n \ f(S) and hence opensince the set on the right side is a neighborhood of y in Y , we have that Y is open. □

9.6.1 Proposition. Let X be a CW -complex. Then H_p(X^q , X^{q−1}) = 0 for p ≠ q.

Proof. For q < 0 this is clear. For q = 0 we have H_p(X^q , X^{q−1}) = H_p(X^0, ∅) = 0 by (9.2.1), (9.1.10) and (9.1.12).

So let q > 0. For p = 0 we have H_0(X^{q−1}) ↠ H_0(X^q )^0−→ H_0(X^q , X^{q−1}) → 0 and the first mapping is onto (since X^q has less components). So the next arrow is 0.

— Andreas Kriegl, Universität Wien —

9 SINGULAR HOMOLOGY [99] 11.7.6

Now let p ≠ 0. By (9.4.7) we have H_p(X^q , X^{q−1}) ∼= H_p(X^q /X^{q−1}) and so the result follows from (9.5.6), since X^q /X^{q−1} ∼= ⋁ S^q . □

9.6.2 Corollary. The inclusions induce an epimorphism H_q(X^q ) → H_q(X) and an isomorphism H_q(X^{q+1} ) → H_q(X).

Proof. By (9.6.1) and

H_{p+1}(X^q , X^{q−1}) → H_p(X^{q−1}) → H_p(X^q ) → H_p(X^q , X^{q−1})

the first arrow in sequence

H_q(X^q ) → H_q(X^{q+1}) → · · · → H_q(X^p) → · · · → H_q(X)

is onto and the others are isomorphisms. So we have the result for finite CW - complexes. In the general case we use that every singular simplices lies in some X^p, hence all mappings are surjective. Similar one shows injectivity, since [z] = 0 ∈ H_q(X) implies z = ∂c for some c ∈ S_q (X) = ⋃ j S_q (X^j ), hence [z] = 0 ∈ H_q(X^j ). □

9.6.3 Corollary. Let X be a CW -space without q-cells. Then H_q(X) = 0. In particular H_q(X) = 0 for q > dim X.

Proof. We have H_q(X^{q−1}) ∼= · · · ∼= H_q(X^{−1}) = 0 by (9.6.1) and the homology sequence

H_{q+1}(X^{p+1}, X^p) → H_q(X^p) → H_q(X^{p+1}) → H_q(X^{p+1}, X^p)

for q > p + 1. Since X^q = X^{q−1} we have H_q(X^q ) = 0. So the result follow from (9.6.2) and H_q(X^{q−1}) = H_q(X^q ) ↠ H_q(X). □

9.6.4 Definition. The q-th cellular chain group of a CW -complex X is defined as

C_q(X) := H_q(X^q , X^{q−1}),

and its elements are called cellular q-chains. For every q-cell e in X with characteristic map χ^e : (D^q , S^{q−1}) → (X^q , X^{q−1}) we define a so-called orientation χ^e_∗([D^q ]) ∈ C_q(X) as the image of χ^e_∗ : H_q(D^q , S^{q−1}) ∼= Z→ H_q(X^q , X^{q−1}), where [D^q ] denotes the generator in H_q(D^q , S^{q−1}) induced from a homeomorphism Δ^q → D^q .

For every cell there are exactly two orientations, which differ only by their sign. And C_q(X) is a free abelian group generated by a selection of orientations for each q-cell.

Proof. Let χ_1 and χ_2 be two characteristic mappings for e. We can consider them as rel. homeomorphisms χ_j : (D^q , S^{q−1}) → (X^{q−1} ∪ e, X^{q−1}). By (9.4.8) these factorizations induce isomorphisms. Hence H_q(χ_1)[D^q] = ±H_q (χ_2)[D^q ], since the generator [D^q] has to be mapped to a generator of H_q(D^q , S^{q−1}), and the only ones are ±[D^q].

Obviously C_0(X) = H_0(X^0) is free abelian.

— Version 2000.9.25 — 9.6.4

For q > 0 the projection p : (X^q , X^{q−1}) → (Y, {y_0}) := (X^q /X^{q−1}, X^{q−1}/X^{q−1}) induces by (9.4.6) an isomorphism p_∗ : C_q(X) → H_q(Y, y_0). Since Y is a join of q-spheres we have that p_∗χ^e_∗[D^q] form a basis in the free abelian group H_q(Y, y_0), as follows from (9.5.6). In fact consider the following commutative diagram:

(D^q , S^{q−1}) w χ^e

u h (X^q , X^{q−1}) u p (S^q , {∗}) w (9.5.6) (X^q /X^{q−1}, {∗}), where the vertical arrows are rel. homeomorphisms and hence induce isomorphisms in homology and the bottom arrow maps the generator [S^q ] ∈ H_q(S^q ) ∼= H_q(S^q , {∗}) to one of the generators in H_q(X^q /X^{q−1}) ∼= H_q(X^q /X^{q−1}, {∗}). □

9.6.6 Definition. Using the long exact sequences for the pairs (X^{q+1} , X^q) and (X^q , X^{q−1}) we have

C_{q+1}(X)

. . . wH_{q+1}(X^{q+1}, X^q ) w ∂_∗ H_q(X^q ) wH_q(X^{q+1}) w . . .

. . . wH_q(X^{q−1}) w

(9.6.3)

H_q(X^q ) y w j_∗ H_q(X^q , X^{q−1}) w. . .

0 C_q(X)

Let ∂ : C_{q+1}(X) → C_q(X) given by that composition j_∗ ∘ ∂_∗. We have ∂^2 = 0 by the exactness of the second sequence at H_q(X^q , X^{q−1}) and thus we obtain a chain complex. Its homology H(C(X)) is called cellular homology of the CW -complex X. For any q + 1-cell e with characteristic map χ^e we get

∂χ^e_∗[D^{q+1}] = j_∗(χ^e|_Sq )_∗∂_∗[D^{q+1}] = j_∗(χ^e|_Sq )_∗[∂D^{q+1}] = j_∗(χ^e|_Sq )_∗[S^q ],

by the homology ladder

H_{q+1}(D^{q+1}, S^q) w χ^e_∗

u ∂_∗ H_{q+1}(X^{q+1}, X^q ) u ∂_∗ C_{q+1}(X) u ∂ H_q(S^q ) w

(χ^e|S^q )_∗ H_q(X^q ) w j_∗ C_q(X).

9.6.9+9.6.11 Proposition. The homomorphism j_∗ : H_q(X^q ) → H_q(X^q , X^{q−1}) is injective and maps onto the q-th cellular cycles. The map i_∗ : H_q(X_q ) → H_q(X) is onto and its kernel is mapped by j_∗ onto the q-th cellular boundaries. Thus one obtains isomorphisms j_∗ : H_q(C(X)) → H_q(X),

— Andreas Kriegl, Universität Wien —

9 SINGULAR HOMOLOGY [101] 9.6.6

which are natural for cellular mappings.

Proof. By (9.6.2) we have that i_∗ : H_q(X^q ) → H_q(X) is onto. By (9.6.3) we have that H_q(X^{q−1}) = 0 and from 0 = H_q(X^{q−1}) → H_q(X^q )^{j∗}−→ H_q(X^q , X^{q−1}) =: C_q(X) we deduce that j_∗ is injective. So we get Ker(∂) = Ker(j_∗∂_∗) = Ker(∂_∗) = Im(j_∗). From (9.6.2) and the homology of the pair (X, X^{q+1})

H_{q+1}(X^{q+1}) ww

(9.6.2) H_{q+1}(X) w0 H_{q+1}(X, X^{q+1}) 0 wH_q(X^{q+1}) w ∼= (9.6.2) H_q(X) 0 we get H_{q+1}(X, X^{q+1}) = 0. By the exact homology sequence (9.2.5) for the triple X^q ⊆ X^{q+1} ⊆ X H_{q+1}(X^{q+1}, X^q) ww H_{q+1}(X, X^q ) wH_{q+1}(X, X^{q+1}) 0 we get that H_{q+1}(X^{q+1}, X^q) → H_{q+1}(X, X^q ) is onto. The q-th cellular boundary is the image of the top row in

H_{q+1}(X^{q+1}, X^q) w∂^∗

u

H_q(X^q ) w j_∗ H_q(X^q , X^{q−1})

0 wH_{q+1}(X, X^q ) w ∂_∗ H_q(X^q ) w i_∗ (9.6.2)

H_q(X) w0

Since the rectangle commutes by naturality of ∂_∗ and since Im ∂_∗ = Ker i_∗ we get

Im(∂) = Im(j_∗∂_∗) = j_∗(Im ∂_∗) = j_∗(Ker i_∗).

Hence the q-th cellular boundaries are the image of Ker i_∗ under j_∗. Now we get the desired natural isomorphism

0 wKer i_∗ y w

u

∼= j_∗

H_q(X^q ) ww i_∗

u

∼= j_∗ fl fl flffl j_∗ H_q(X) w

u

∼= j_∗

0

H_q(X^q , X^{q−1})

C_q(X)

0 wIm ∂_{q+1} y wKer ∂_q ww c[ [ [ []

H_q(C(X)) w 0 □

— Version 2000.9.25 — 9.6.11

9.6.10 Proposition. For q ≥ 1 we have that in the short exact sequence

0 → Ker(i_∗) → H_q(X^q )^{i∗}−→ H_q(X) → 0

H_q(X^q ) is free abelian and Ker(i_∗) is generated by H_q(χ^e)[S^q ], where χ^e : S^q → X^q is a chosen gluing map for any q + 1-cell e in X.

Proof. By (9.6.9) we have that H_q(X^q ) ∼= Ker ∂_q ⊆ C_q(X) and hence is free abelian. Furthermore H_q(X^{q+1}) ∼= H_q(X) by (9.6.2), and hence the kernel of i_∗ : H_q(X^q ) → H_q(X) equals the kernel of H_q(X^q ) → H_q(X^{q+1}) ∼= H_q(X), and equals by the homology sequence of the pair (X, X^q ) the image of ∂_∗ : C_{q+1}(X) := H_{q+1}(X^{q+1}, X^q ) → H_q(X^q ). By (9.6.4) we have that C_{q+1}(X) is the free abelian group generated by χ^e_∗[D^{q+1}], where χ^e : (D^{q+1}, S^q ) → (X^{q+1}, X^q ) are chosen characteristic maps for all q + 1-cells e in X. By (9.6.6) (see (9.2.1)) we have that ∂_∗(χ^e_∗[D^{q+1}]) = [∂χ^e[D^{q+1}]] = χ^e_∗[S^q]. □

We are now going to show that the singular homology of a singular complex K is naturally isomorphic to the cellular homology of the associated CW-space |K|. The idea behind this isomorphism is very easy: To a given simplex σ = ⟨x_0, . . . , x_q⟩ ∈ K one associates the affine singular simplex σ̄ : Δ_q → |K|, which maps e_j → x_j for all 0 ≤ j ≤ q. We will show that this induces a map H_q(K) → H_q(|K|), [σ] → [σ]. In order that it is well defined we have to show that an even permutation of the vertices does not change the homology class of σ̄. We do this in the following

9.7.1 Lemma. Let τ be a permutation of {0, . . ., q}. Then τ induces a affine mapping τ : (Δ_q, Δ̇_q) → (Δ_q, Δ̇_q), with H_q(τ )[Δ_q] = sign(τ )[Δ_q] ∈ H_q(Δ_q, . . . Δ_q) and if τ is even then τ ∼ id : (Δ_q, Δ̇_q) → (Δ_q, Δ̇_q).

Proof. Since any permutation is a product of transpositions, we may assume that τ is a transposition, say (0, 1). Let an affine σ : Δ_{q+1} → Δ_q be defined by e_0; e_1, e_2 · · · → e_1; e_0, e_1, . . .. The boundary of this singular q + 1-simplex in Δ_q is ∂σ = σ ∘ δ^0 + ∑ i /∈{0,2}(−1) iσ ∘ δ^i + σ ∘ δ^2 = Δ_q + c + τ for c := ∑ i /∈{0,2}(−1) iσ ∘ δ^i ∈ S_q (Δ̇_q). Hence H(τ )[Δ_q] = −[τ ] = −[Δ_q].

For the second part we may assume that τ is a 3-cycle (every even permutation is a product of such cycles). Let D ⊆ Δ_q be the triangle with the corresponding vertices. Then τ acts on D as rotation by 2π/3 and hence is homotopic to the identity (up to a radial deformation of D to a 2-Disk). By keeping the remaining barycentric coordinates fixed this homotopy can be extended to a homotopy on Δ_q. □

Although this lemma shows that the mapping H_q(K) → H_q(|K|) is well-defined, it is not so obvious to show that it will be an isomorphism, since there are a lot more singular simplices in |K| then just the simplices of K. So we will make a little detour via the cellular homology.

9.7.2 Definition. Let σ = ⟨x_0, . . ., x_q⟩ be an oriented q-simplex in a simplicial complex K. This induces an affine mapping σ̄ : (Δ_q, Δ̇_q) → (|K|^q, |K|^{q−1}), which can be considered as characteristic mapping for σ ⊆ |K|. Note however that σ̄ depends on the chosen ordering of the vertices. Hence we get a mapping

Φ : C_q(K) → C_q(|K|) = H_q(|K|^q, |K|^{q−1}), Φ(σ) := σ_∗[Δ_q] = [σ̄].

— Andreas Kriegl, Universität Wien —

9 SINGULAR HOMOLOGY [103] 9.6.10

This is well-defined (i.e. depends no longer on the ordering but only on the orientation) by (9.7.1). Note that we used an identification (7.1.5) of C_q(K) with the free abelian group generated by the simplices with some fixed orientation. 9.7.3 Theorem. The mapping Φ defines a natural isomorphism C( ) → C(| |). Proof. That it is an isomorphism is clear, since the free generators σ (7.1.5) are mapped to the free generators [σ̄] (9.6.4).

It is natural for simplicial mappings ψ : K → L. In fact take a simplex σ = ⟨x_0, . . . , x_q⟩ ∈ K. If ψ is injective on the vertices x_j of σ, then Φψσ = Φ⟨ψ(x_0), . . . , ψ(x_q)⟩ = [⟨ψ(x_0), . . . , ψ(x_q)⟩] = [|ψ| ∘ σ̄] = |ψ|_∗Φσ. In the other case ψσ = 0, hence φψσ = 0 and |ψ|_∗Φσ = |ψ|_∗[σ̄] = [|ψ| ∘ σ̄], but |ψ| ∘ σ̄ has values in |L|^{q−1}, hence [|ψ| ∘ σ̄] = 0 ∈ H_q(|L|^q, |L|^{q−1}). Let us show that it is a chain mapping. For σ = ⟨x_0, . . . , x_q⟩ we have

∂Φσ = j_∗∂_∗[σ̄] = j_∗[∂σ̄] = [∂σ̄] = [∑ j (−1)^j σ ∘ δ^j ] and Φ∂σ = Φ (∑ j (−1)^j⟨x_0, . . . , ^x_j, . . . , x_q⟩ ) = [∑ j (−1)^jσ̄ ∘ δ^j ]

So ∂Φ = Φ∂. □ 9.7.4 Corollary. Let K be a simplicial complex. Then we have natural isomorphisms H_q(K)^{Φ∗}−−→ H_q(C(|K|)) → H_q(|K|), from the simplicial to the cellular and furthermore to the singular homology.

Proof. This follows by composing the isomorphisms in (9.7.3) and (9.6.9). □ Let us now come back to the description of the isomorphism H(K) ∼= H(|K|) indicated in the introduction to this section.

9.7.7 Proposition. The isomorphism H(K) ∼= H(|K|) between simplicial and singular homology can be described as follows: Choose a linear ordering of the vertices of K, and then map a simplex σ = ⟨x_0, . . . , x_q⟩ with x_0 < · · · < x_q to σ̄, which is just σ considered as map Δ_q → |K|. Proof. We consider the following commutative diagram H_q(|K|^q) ww i_∗ � � � j_∗

u j_∗

H_q(|K|)

u

∼= H_q(|K|^q, |K|^{q−1})

C_q(|K|) Ker ∂_q $æ æ æ ææÆ

ww H_q(C(|K|))

C_q(K) u Φ ∼= Z_q(K) u Φ ∼=

u – ww H_q(K) u Φ_∗ ∼=

— Version 2000.9.25 — 9.7.7

and take α ∈ H_q(K). It can be represented by a simplicial cycle z := ∑ σ n_σσ ∈ Z_q (K) ⊆ C_q(K). On the other hand we can consider the singular q-chain z̄ := ∑ σ n_σσ̄ ∈ S_q(|K|). It is a cycle, since ∂z̄ = ∑ σ n_σ∂σ̄^!= ∑ σ n_σ∂σ = ∂( ∑ σ n_σσ) = ∂z = ¯0 = 0. Since the image of σ̄ is the closure of the simplex σ it is contained in the q-skeleton |K|^q, and hence we may consider β := [z̄] ∈ H_q(|K|^q). Note that j_∗(β) = j_∗[ ∑ σ n_σσ̄] = ∑ σ n_σ[σ]_∗(Δ_q) = ∑ σ n_σΦ(σ) = Φ(z). Thus the composition of isomorphisms H_q(K)^{Φ∗}−−→ H_q(C(|K|)) → H_q(|K|) maps α = [z] → [Φ(z)] → i_∗j^{−1}_∗ (Φ(z)) = i_∗[β] = [z̄]. □

9.8.1 Proposition. We have a natural homomorphism h_1 : π_1(X, x_0) → H_1(X) given by [φ] → φ_∗[S^1] = [φ]. For the last equality we consider φ : (S^1, 1) → (X, x_0) either as singular chain Δ̇_2 ∼= S^1 → X or as singular simplex Δ_1 → S^1 → X. If X is path-connected then this homomorphism is surjective and its kernel is just the commutator subgroup. Thus H_1(X) is just the abelization of π_1(X, x_0).

Proof. That h is natural is clear. Let us show that it is a homomorphism. So let two closed curves φ, ψ : (S^1, 1) → (X, x_0) be given.

We need the formula (5.1.A5) for the concatenation of paths considered as mappings (S^1, 1) → (X, x_0). The corresponding paths I → S^1 are obtained by composing with t → e^{2πit}, hence φ · ψ is given by (φ, ψ) ∘ ν : (S^1, 1) → (S^1, 1) ∨ (S^1, 1) → (X, x_0), where ν : S^1 → S^1 ∨ S^1 is given by t → (e^{2πi2t}, 1) ∈ S^1 ∨ S^1 ⊆ S^1 × S^1 for 2t ≤ 1 and t → (1, e^{2πi(2t−1)}) ∈ S^1 ∨ S^1 for 2t ≥ 1.

We also need the formula (9.5.A1) for ν_∗ : H_1(S^1) → H_1(S^1 ∨ S^1). Consider the relative homeomorphism σ : (Δ_1, Δ̇_1) → (S^1, 1) given by (1 − t)e_0 + te_1 → e^{2πit}. It induces an isomorphism H_1(Δ_1, Δ̇_1) → H_1(S^1, 1) ∼= H_1(S^1), which maps the generator [Δ_1] to [S^1]. Now take the barycentric refinement Bσ of σ. We have ν_∗[S^1] = ν_∗[σ] = ν_∗[Bσ] = [inj_1 ∘σ] + [inj_2 ∘σ] = [S^1] ⊕ [S^1] ∈ H_1(S^1 ∨ S^1) = H_1(S^1) ⊕ H_1(S^1). Thus we have

h_1([φ][ψ])^{(5.1.A5)}= h_1([(φ, ψ) ∘ ν]) = ((φ, ψ) ∘ ν)_∗[S^1] = (φ, ψ)_∗ν_∗[S^1] (9.5.A1) = (φ, ψ)_∗ ( [S^1] ⊕ [S^1] ) = φ_∗[S^1] + ψ_∗[S^1]

= h_1[φ] + h_1[ψ].

Although the theorem is valid for arbitrary path-connected topological spaces, see [Schubert, IV.3.8], we give the proof only for connected CW-complexes X. Since π_1 and H_1 do not depend on cells of dimension greater then 2 by (5.4.6) and (9.6.3), we may assume dim X ≤ 2. The theorem is invariant under homotopy equivalences, hence we may assume by (5.5.17) that X has exactly one 0-cell and that this cell is x_0. So X^1 is a one point union of 1-cells and X is obtained by gluing 2-cells e via maps f^e : S^1 → X^1. By (2.3.7) and (2.4.13) we may assume that f^e(1) = x_0. Now consider the commutative diagram

0 wN y w u h_1|_N π_1(X^1, x_0) ww i_∗

u h_1 π_1(X, x_0) u h_1 w0

0 wU y wH_1(X^1) ww i_∗ H_1(X) w 0

— Andreas Kriegl, Universität Wien —

9 SINGULAR HOMOLOGY [105] 9.8.1

By (5.6.4) the top i_∗ is onto and its kernel N is the normal subgroup generated by the [f^e]. By (9.6.10) the bottom i_∗ is onto and its kernel U is the subgroup generated by (f^e)_∗[S^1]. From (5.5.6) we know that the abelization of a free group is the free abelian group and by (5.5.9) and (9.5.6) the two spaces in the middle are free resp. free abelian, with the corresponding generators. So we have that the result is true for X^1. Furthermore h_1(N ) = U , since the generators of N are mapped to those of U . By diagram chasing the general result follows: Let G := π_1(X^1, x_0). The map h_1 : π_1(X, x_0) → H_1(X) is obviously surjective and its kernel is given by all gN for which h_1(gN ) = h_1(g)U = 0, i.e. h_1(g) ∈ U . By surjectivity of h_1 : N → U we have an n ∈ N with h_1(n) = h_1(g), i.e. gn^{−1} ∈ G^′. So gN ∈ (G/N )^′ and also conversely. □

9.8.2 Corollary. For the closed orientable surface X of genus g we have H_1(X) ∼= Z^{2g} for the non-orientable one we have H_1(X) ∼= Z^{g−1}⊕Z_2 for the projective spaces we have H_1(P^n) ∼= Z_2 for 2 ≤ n ≤ ∞.

Proof. Use the formulas given in (5.4) and (5.5) □

9.9.2 Proposition. Let f : S^1 → S^1 be continuous of degree k. Then f_∗ : H_1(S^1) → H_1(S^1) is given by [S^1] → k · [S^1].

Proof. We know that f acts by multiplication in homotopy and using the naturality of h_1 gives the same result for homology. Z w ∼=

u k· π_1(S^1, 1) w ∼= h_1 u π_1(f)

H_1(S^1) u H_1(f) Z w ∼= π_1(S^1, 1) w ∼= h_1

H_1(S^1)

For a direct proof see (9.5.5) and (2.2.4). □

9.9.9 Proposition. We have for the homology of the closed orientable surface of genus g: H_q(X) ∼= Z for q = 0, 2 Z^{2g} for q = 1 0 otherwise

and for the non-orientable ones:

H_q(X) ∼= Z for q = 0 Z^{g−1} ⊕ Z_2 for q = 1 0 otherwise

Proof. Recall that in both cases X can be described as the CW-complex obtained by gluing one 2-cell e to a join of circles S^1 along a map f : S^1 → ⋁_n S^1 of the form i^{n1}_{j1} · . . . · i^{nm}_{jm} . Thus the non-vanishing cellular chain groups are C_0(X) ∼= Z, C_1(X) ∼= R^k and C_2(X) ∼= Zwith generators the basepoint 1, the 1-cells e^1_j and the 2-cell e^2. As in the proof of (9.8.1) and using (9.9.2) one shows that f_∗[S^1] =

— Version 2000.9.25 — 9.9.9

n_1 · [ē^1_{j1} ] + · · · + n_m · [ē^1_{jm} ]. Hence ∂_2e^2 = n_1e^1_{j1} + · · · + n_me^1_{jm} , whereas ∂_1 = 0. In case of an oriented closed surface X of genus g we thus have ∂_2e^2 = e^1 + e^1_2 − e^1 − e^1_2 + · · · = 0, hence H_q(X) = H_q(C(X)) = C_q(X) is as claimed. In case of a non-orientable surfaces X of genus g we have ∂_2e^2 = 2e^1+· · ·+2e^1_g , which shows that H_2(X) = Ker ∂_2 = {0} and H_1(X) = Ker ∂_1/ Ker ∂_2 = Z^g/2Z(e^1 + · · ·+ e^1_g ) =^{ab}⟨e^1, . . . , e^1_g : 2(e^1 + · · · + e^1_g ) = 0⟩ = ⟨e^1, . . . , e^1_{g−1}, x := e^1 + · · · + e^1_g : 2x = 0⟩ = Z^{g−1} ⊕ Z. □ 9.9.10 Proposition. For the projective spaces we have

H_q(P^n(C )) ∼= { Z for q = 0, 2, . . ., 2n 0 otherwise and H_q(P^n(H)) ∼= { Z for q = 0, 4, . . ., 4n 0 otherwise

Proof. Since there are no-cells in all but the dimensions divisible by 2 (or 4) the boundary operator of the cellular homology is 0 and hence the homology coincides with the cellular chain complex. □

9.9.14 Proposition. For the projective spaces we have

H_q(P^n(R)) ∼=

Z for q = 0 or q = n ≡ 1 mod 2 Z_2 for 0 < q < n with q ≡ 1 mod 2 0 otherwise

Proof. The idea is to consider a CW-decomposition of S^n compatible with the equivalence relation x ∼ −x, which gives P^n = S^n/ ∼. For this we consider the spheres S^0 ⊂ S^1 ⊂ · · · ⊂ S^n and the cells e^q_± := {x ∈ S^q : ±x_{q+1} > 0} with characteristic map f^q_± : x → (x, ± √ 1 − |x|^2). They form a cell decomposition of S^n and hence e^q_± := (f^q_±)_∗[D^q ] is a basis in C_q(S^n). We have the reflection r : x → −x and may consider it as mapping r : (S^q , S^{q−1}) → (S^q , S^{q−1}) to obtain an homomorphism r_∗ : C_q(S^n) → C_q(S^n).

We claim r_∗e^q_+ = (−1)^q e^q_−: We have r ∘ f^q_+ = f^q_− ∘ r, where r : D^q → D^q is given by x → −x. So r_∗[D^q] = (−1)^q [D^q] which is obvious for q = 1 and follows from (9.9.3) for q ≥ 2. Hence r_∗e^q_+ = r_∗(f^q_+ )_∗[D^q] = (f^q_−)_∗r_∗[D^q] = (−1)^qe^q_−. Next we claim that ∂e^{q+1}_+ = ±(e^q_+ − e^q_−) = δ^{q+1}_− : Since f^{q+1}_± |S^q = id we get ∂e^{q+1}_+ = ∂e^{q+1}_− = j_∗[S^q ] by putting ∂_∗[D^{q+1}] = [S^q ] and using (9.6.6), where j_∗ : H_q(S^q ) → H_q(S^q , S^{q−1}) = C_q(S^q ). Now consider

H_q(S^{q−1}) wH_q(S^q ) wH_q(S^q , S^{q−1}) w ∂_∗ H_{q−1}(S^{q−1}) wH_{q−1}(S^q )

0 Z 0

So ∂_∗ ≠ 0 and in particular applied to the generators e^q_± we have ∂_∗e^q_+ = ∂_∗e^q_− ≠ 0. So Ker ∂_∗ ∼= Zis generated by e^q_+ − e^q_−, but it coincides with the image of j_∗ and hence is generated by j_∗[S^q ]. Thus j_∗[S^q ] = ±(e^q_+ − e^q_−).

— Andreas Kriegl, Universität Wien —

9 SINGULAR HOMOLOGY [107] 9.9.10

Now P^n is a CW -complex with cells e^n = p(e^q_±) and with characteristic mappings p ∘ f^q_+ : D^q → P^q. Hence the generators of C_q(P^n) are given by (p ∘ f^q_+)_∗[D^q ]. Since p ∘ r = p we have by the first claim that p_∗(e^q_−) = (−1)^q p_∗(r_∗e^q_+) = (−1)^q p_∗(e^q_+) = (−1)^q e^q . Thus we have in

0 wC_n(P^n) w∂ . . . w∂ C_q(P^q) w∂ . . . w∂ C_0(P^n) w∂ 0

that all spaces are isomorphic to Zgenerated by e^q . And hence for 0 < q ≤ n we get by the second claim that

∂e^q = ∂p_∗(e^q_+) = p_∗∂(e^q_+) = ±p_∗(e^{q−1}_+ − e^{q−1}_− ) = ±(1 − (−1)^{q−1})e^{q−1}.

For even q with 0 < q ≤ n we have no non-trivial cycle in C_q(P^n), since ∂e^q = ±2e^{q−1}. For odd 0 < q ≤ n we have that e^q is a cycle and 2e^q = ±δ^{q+1} is a boundary for q < n. □

— Version 2000.9.25 — 9.9.14

Index

0-homolog 72 0-homologous q-chains 74 0-homotopic 16 A abelian group, free 49

– groups, coproduct of 48 – groups, direct sum of 48 – groups, exact sequence of 76 – groups, short exact sequence of 79 abelization of a group 48 act strictly discontinuous 65 acyclic space 85 and defining relations R, group with generators X 49 approximation, simplicial 30 B barycentric chain 90 base space 57 basepoint preserving homotopy 17 by a subset, normal subgroup generated 46 by a subset, subgroup generated 46 C cellular chain group 100

– mapping 40 – q-chains 100 chain group, cellular 100

– mappings, homotopic 89 –, barycentric 90 characteristic conjugacy class 63

– map 35 closed q-chains 74 commutator subgroup 48 commutators 48 complex, simplicial 28 concatenation of paths 43 congruence relation 46 conjugacy class, characteristic 63 connected space, simply 45

–, semi-locally simply 67 contractible 16 coproduct of Abelian groups 48

– of groups 47 covering map 57 coverings, homomorphism of 63 CW-complex 35 CW-decomposition 35 CW-pair 36 CW-space 35 CW-subcomplex 36 cylinder, mapping 25 D defining relations 49 deformation retract 23

– retract, strict 23 direct sum of Abelian groups 48 discontinuous, act strictly 65 E equivalence of pairs, homotopy 23

–, homotopy 23 equivalent, homotopy 23 exact 72

– q-chains 74 – sequence of Abelian groups 76 – sequence of Abelian groups, short 79 F face, induced ordering of the opposite 73 –-map 84 fibers 57 free abelian group 49

– group 48 – product of groups 47 G generated by a subset, normal subgroup 46 – by a subset, subgroup 46 G-equivariant mapping 61

–-homomorphism 61 — Andreas Kriegl, Universität Wien —

[109] 9.9.14

group with generators X and defining relations R 49 –, abelization of a 48 –, cellular chain 100 –, free 48 –, free abelian 49 –, quotient 46 –, representationof 49 groups, coproduct of 47

– coproduct of Abelian 48 – direct sum of Abelian 48 – exact sequence of Abelian 76 – free product of 47 – product of 47 – pushout of 47 – short exact sequence of Abelian 79 H homologous q-chains 74 homomorphism of coverings 63 homotopic 16

– chain mappings 89 homotopy 16

– equivalence 23 – equivalence of pairs 23 – equivalent 23 –, basepoint preserving 17 I induced ordering of the opposite face 73 inverse path 43 isotropy subgroup 61 L leaves 57 M map, characteristic 35

– covering 57 mapping cylinder 25

–, cellular 40 –, G-equivariant 61 mappings, homotopic chain 89 Mayer-Vietoris sequence 92

N neighborhood, trivialising 57 normal subgroup 46

– subgroup generated by a subset 46 O of a group, abelization 48 of a q-simplex, orientation 72 of Abelian groups, coproduct 48 of Abelian groups, direct sum 48 of Abelian groups, exact sequence 76 of Abelian groups, short exact sequence 79 of coverings, homomorphism 63 of groups, coproduct 47 of groups, free product 47 of groups, product 47 of groups, pushout 47 of pairs, homotopy equivalence 23 of paths, concatenation 43 of the opposite face, induced ordering 73 opposite face, induced ordering of the 73 ordering of the opposite face, induced 73 orientation of a q-simplex 72 P pairs, homotopy equivalence of 23 path, inverse 43 paths, concatenation of 43 product of groups 47

– of groups, free 47 pushout of groups 47 Q q-chains, 0-homologous 74

– cellular 100 – closed 74 – exact 74 – homologous 74 q-simplex, orientation of a 72

– standard (closed!) 83 quotient group 46 R — Version 2000.9.25 — 9.9.14

R, group with generators X and defining relations 49 relation, congruence 46 representationof group 49 retract, deformation 23

– strict deformation 23 S semi-locally simply connected 67 sequence of Abelian groups, exact 76 – of Abelian groups, short exact 79 –, Mayer-Vietoris 92 short exact sequence of Abelian groups 79 simplicial approximation 30

– complex 28 simply connected space 45

– connected, semi-locally 67 space, acyclic 85

– base 57 – simply connected 45

– total 57 standard q-simplex 83 star 32 strict deformation retract 23 strictly discontinuous, act 65 subgroup 46

– generated by a subset 46 – generated by a subset, normal 46 –, commutator 48 –, isotropy 61 –, normal 46 subset, normal subgroup generated by a 46 – subgroup generated by a 46 sum of Abelian groups, direct 48 T total space 57 trivialising neighborhood 57

— Andreas Kriegl, Universität Wien —