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ABSTRACT. The purpose of this note is to prove various versions
of the ergodic decomposition theorem for probability measures on
standard Borel spaces which are quasi-invariant under a Borel ac-
tion of a locally compact second countable group or a discrete
nonsingular equivalence relation. In the process we obtain a simul-
taneous ergodic decomposition of all quasi-invariant probability
measures with a prescribed Radon-Nikodym derivative, analogous
to classical results about decomposition of invariant probability
measures.

1. INTRODUCTION

Throughout this note we assume that (X,§) is a standard Borel
space, i.e. a measurable space which is isomorphic to the unit interval
with its usual Borel structure. A Borel action T of a locally compact
second countable group G on X is a group homomorphism g +— TY
from G into the group Aut(X,8) of Borel automorphisms of (X,8)
such that the map (g, z) — T9z from G x X to X is Borel.

Let T be a Borel action of a locally compact second countable group
G on X, and let u be a probability measure on 8. The measure p quasi-
invariant under T if u(T9B) = 0 for every g € G and every B € § with
w(B) = 0, and p is ergodic under T if u(B) € {0,1} for every B € §
with u(BATYB) = 0 for every g € G.

The following theorem is part of the mathematical folk-lore about
group actions on measure spaces.

Theorem 1.1 (Ergodic decomposition theorem). Let T be a Borel
action of a locally compact second countable group G on a standard
Borel space (X,8), and let 1 be a probability measure on 8§ which is
quasi-invariant under T'. Then there exist a standard Borel space (Y, T),
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ERGODIC DECOMPOSITION

a probability measure v on T and a family {p, : y € Y} of probability
measures on (X, 8) with the following properties.

(1) For every B € 8, the map y — p,(B) is Borel on'Y and

u(B) = [ (B vty

(2) For everyy €Y, p, is quasi-invariant and ergodic under T';
(3) Ify,y' € Y and y # ' then p, and p, are mutually singular.

For G = Z or G = R there are many versions of Theorem 1.1 in
the literature (cf. e.g. [5], [9], [8], [17], [22]). More general decomposi-
tion results can be found in [14]-[15], [16], [19]-][21] and [24]. However,
none of these general results are stated and proved in a form particu-
larly convenient for the purposes of general ergodic theory, and many
specialists in ergodic theory do not seem aware of Theorem 1.1.

The purpose of this note is to give two reasonably elementary and
self-contained proofs of Theorem 1.1 in the special case where the group
(G is countable. In the process we provide a little more information
about the space Y and the measures p,, y € Y, appearing in the state-
ment of the theorem. In the last section we sketch an extension of our
method to actions of locally compact second countable groups (Theo-
rem 5.2).

For the remainder of this section we fix a Borel action T" of a count-
able group G on X and a probability measure p on & which is quasi-
invariant under T'. There exists a Borel map p: G x X — R such
that
duT?
dp
(1.2) plgh,x) = p(g, T"x) + p(h,x) for every g,h € G and z € X,
(1.3)  p(g,z) =0 for every g € G and = € X with T9z = z.

(1.1)  eflo®) = (x) for every g € G and p-a.e. z € X,

Definition 1.2. Let T be a Borel action of a countable group G on
X. A cocycle of T is a Borel map p: G x X — R satisfying (1.2). If
p satisfies both (1.2) and (1.3) it is called an orbital cocycle (cf. [16]).

If p: G x X — R is a cocycle we call a probability measure p
on 8 p-admissible if it satisfies (1.1). If the set M) of p-admissible
probability measures on § is nonempty then it is obviously convex, and
we write ET C M for the set of extremal points in M. Note that
E;F is precisely the set of ergodic elements in MpT, and that distinct
elements of ET are mutually singular.
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Remark 1.3. If p: G x X — R is a cocycle with M # & then
(1.4) p{zr e X : T92 =z and p(g,z) #0}) =0

for every g € G. In particular, if G is countable, then there exists a T-
invariant Borel set N C X such that p(N) = 0 for every y € M and
the restriction of p to G x (X ~ N) is orbital, and the orbital cocycle
PG x X — R, defined by

, p(g,z) if g€ G and z € X N,
p(g,x) = .
0 if ge G and x € N,

satisfies that M) = M. In other words, we may assume for our pur-
poses that p is orbital.

We denote by M;(X,8) the space of probability measures on 8§ and
by B, (x,s) the smallest sigma-algebra of subsets of M;(X,8) with
respect to which the maps p — u(B) from M;(X,8) to R are measur-
able for every B € 8. Then (M;(X,8), B, (x,s)) is standard Borel and
M € Bus,(x,s)- Note that ET could a priori be empty even if M is
nonempty.

With this terminology at hand we can formulate two closely related
versions of Theorem 1.1 in the case where G is countable. The main
feature of these results is that they yield a simultaneous ergodic de-
composition for all quasi-invariant probability measures on X with a
prescribed Radon-Nikodym derivative under 7', analogous to the clas-
sical statements about simultaneous decomposition of all T-invariant
probability measures.

Theorem 1.4. Let T' be a Borel action of a countable group G on a
standard Borel space (X,8) and p: G x X — R a cocycle of T. Then

(15) EZ S BMl(X,S)a

and there exists, for every u € MpT, a unique probability measure v, on

BMl(X,S) with
(1.6) w(B) = £(B) dv, (&) for every B € 8.
EY
Theorem 1.5. Let T' be a Borel action of a countable group G on a
standard Borel space (X,8) and p: G x X — R a cocycle of T with
T
M, # 2.
(1) There exists a Borel map p: x+— p, from X to ET C My(X,8)
with the following properties.
(a) pr = pros for every x € X and g € G,
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(b) For every v € MpT and every nonnegative Borel map f :
X — R,

(1.7) [ v = EAf18N)@)
for v-a.e. x € X, where
8" ={B€8:TB =B for every g € G},

and where E,(-|-) denotes conditional expectation with re-
spect to v. In particular, by setting f = 1p,

/C pe(B) dv(x) = v(B N C)

for every B € 8 and C € 8T,
(2) If p': © — pl, is another Borel map from X to E} with the
properties (1) above, then

(1.8) v({z € X :py #1,}) =0 for every v e M/

(3) Let T C 8T be the smallest sigma-algebra such that the map x
P from X to EpT in (1) is T-measurable. Then T is countably

generated,
(1.9) T=8" (mod ) forevery v e M/,
and
1 if z e [y]q,
1.10 . =
( ) Pa(lyls) {0 otherwise.

for every x,y € X, where [yly = (\,cceqC is the atom of a
pointy € X in T.

For a countable group GG, Theorem 1.1 is an easy consequence of the
Theorems 1.4 or 1.5.

Proof of Theorem 1.1 for countable groups using Theorem 1.4.

Let © be a probability measure on & which is quasi-invariant under
T and choose a Borel map p: G x X — R satisfying (1.1)-(1.3). Then
JUNS M;F # @, and Theorem 1.4 yields a probability measure v on
Y = E;;F with the properties stated there. O

Proof of Theorem 1.1 for countable groups using Theorem 1.5.

We choose a Borel map p: G x X — R satisfying (1.1)—(1.3) as
above and obtain a Borel map p: z — p, from X to EZ with the
properties (1) in Theorem 1.5. The probability measure v = up~! again
has the required properties. Il
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In Section 5 we prove a precise analogue of Theorem 1.5 for Borel ac-
tions of locally compact second countable groups (Theorem 5.2), which
will yield Theorem 1.1.

We conclude this introduction with a corollary about a kind of unique
ergodicity for quasi-invariant measures (cf. [18]).

Corollary 1.6. Let T' be a Borel action of a locally compact second
countable group G on a standard Borel space (X,8) and p: GxX — R
a cocycle of T'. Then there exists, for every ergodic probability measure
v € MY, a Borel set B C X with v(B) =1 and V'(B) = 0 for every

14 )
/ T N /
V' e B, withv # V.
Proof. If the group G is countable, Equation (1.7) in Theorem 1.4 im-
plies that v = p, for some = € X, and the set [z]y has the required
separation property. If GG is uncountable we have to use the analogous
statement in Theorem 5.2. U

This paper is organized as follows. Section 2 prepares the ground
for the proofs of the Theorems 1.4-1.5. Theorem 1.4 will be proved in
Section 3, and Theorem 1.5 in Section 4. In Section 5 it will be shown
how to generalize Theorem 1.5 to locally compact second countable
groups and to prove Theorem 1.1.

2. EQUIVALENCE RELATIONS AND GROUP ACTIONS

Following [4] we call a Borel set R C X x X a discrete Borel equiva-
lence relation on (X, 8) if R is an equivalence relation and every equiv-
alence class

(2.1) R(x)={y € X : (z,y) € R}

is countable. If R C X x X is a discrete Borel equivalence relation on
X then R(B) € 8 for every B € §, where

(2.2) R(B) = | J R(x)

zeB
is the saturation of B (cf. [4]). The group

[R] ={V € Aut(X,8) : (Vx,z) € R for every z € X}

is called the full group of R.
If T is a Borel action of a countable group G on X then

(2.3) Ry ={(TY%z,z) :x € X, g € G}

is a discrete Borel equivalence relation on X, and a probability measure
i on § is quasi-invariant (resp. ergodic) with respect to Ry if it is
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so with respect to T. In [4] it was shown that every discrete Borel
equivalence relation R on X is of the form Ry for some Borel action T
of a countable group G on (X, 8).

Our task in this section is to replace the action 7" of the countable
group G appearing in the Theorems 1.4-1.5 by a Borel action of a
possibly different countable group for which it will be easier to construct
the desired ergodic decomposition.

Definition 2.1. Let R be a discrete Borel equivalence relation on X.
A Borel map o: R — R is a cocycle on R if

o(z,y) +oly,2) =o(z,z2)
for all x,y,z € X with (z,y), (x,2) € R.

The following lemma is obvious.

Lemma 2.2. Let 0: R — R be a cocycle on a discrete Borel equiva-
lence relation R on X. Then o defines a map ¢: [R] x X — R with
o(V,x)=0(Vx,z) forall V € [R], z € X,
(24) o(VW,z)=ac(V,Wz)+a(W,z) forall VIV € [R], z € X,
d(V,z) =0 for every V € [R] and x € X with V2 =z.
In other words, & is a cocycle in the sense of (1.2) for the natural
action of [R] on X.

In particular, if T is a Borel action of a countable group G on X
with Ry = R (cf. (2.3)), then the map or: G x X — R, defined by
(25) UT(gax) = 5'<Tg,$)
for every g € G and x € X, is an orbital cocycle of T'. Conversely, if p
s an orbital cocycle of T, and if
(2.6) o(Tz,z) = p(g,x)
for every x € X and g € G, then the resulting map 0: R — R is a

cocycle on R.

Proposition 2.3. Let R be a discrete Borel equivalence relation on X
and 0: R — R a cocycle. Then there exists a countable set I' C [R]
with the following properties.

(1) v? = Idx for every v € T, where Idx is the identity map on X;
(2) {(yz,z) ;e X, vel'} =R;
(3) If T* C [R] is the group generated by T, then the map

z— o(yz,x) =0(7,2)

from X to R is bounded for every v € T'*.
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Proof. This proof is a minor extension of the corresponding argument
in [4]. The space X is Borel isomorphic to a Polish space, so we can
find a sequence of measurable rectangles { Ay x By, : k > 1} with
XN A=|JA x By,
k>1

where A = {(z,7) : z € X} C X% We denote by m: X x X — X
the two coordinate projections and write | = 7y|g, r = my|gp: R — X
for the restrictions of m; and 7 to R. Since ['({z}) is countable for
every € X, Lusin’s theorem [10] yields the existence of a countable
Borel partition {C,, : m > 1} of R such that [ is injective on each C,,.
Furthermore, r is injective on 0(C,,) for every m > 1, where §: R — R
is the flip 6(z,y) = (y, x).

We set Dy mn = (Ax X Br) N Cyp, NO(C,,) and conclude that both 1
and r are injective on each Dy, ,. By Corollary 1.3.3 in [12], both [
and r are Borel isomorphisms from Dy, , onto their image, and the
sets {(Dymn) and r(Dym ) are disjoint.

For every k,m,n > 1 and z € X we set

r(I7(z)) if x € I(Dgmn)
Viemm(2) = < U(r~H(x)) if 2 € (Dymn)

x otherwise,

and note that this transformation is a Borel automorphism of order 2,
and that (Vi .2, 2) € R for every z € X.
Next we set, for every j, k,m,n > 1 and x € X,

Wy = {vm if o(Vimat, 7)] < J.
x otherwise.
Again W . is a Borel automorphism of X of order 2.
The set
I'={W;kmn:j,k,m,n>1}U{idx}.

has the properties (1)—(3) in the statement of the lemma. If I C
Aut(X,8) the group generated by I' then (2.4) and the first equation
in (1.2) imply the boundedness of & (v, -) for every v € I'*. O

A probability measure p on 8 is quasi-invariant under a discrete
Borel equivalence relation R if u(R(B)) = 0 for every B € § with
u(B) =0, and ergodic if u(R(B)) € {0,1} for every B € 8.

Lemma 2.4. Let R be a discrete Borel equivalence relation on a stan-
dard Borel space (X, 8), i a probability measure on 8 and T be a Borel
action of a countable group G on X with R = Ry (cf. (2.3)).
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If i is quasi-invariant under R then it is also quasi-invariant under
every V € [R], and there exists a cocycle p,: R — R with

d
(2.7) pu(Vz,z) =log dM—V(:U) for p-a.e. x € X, for every V € [R].
v

In particular, p is quasi-invariant under T'. Conversely, if  is quasi-
mvariant under T then it is quasi-invariant under R.

Proof. Since R = R for some Borel action T' of a countable group GG
on X there exists a countable subgroup A C [R] with R = {(Vz,x) :
x € X,V € A}. Since p is quasi-invariant under every V € [R], we
can choose, for every V € A, a Borel map py: X — R such that the
following conditions hold.

(a) pv = log %¥ (mod p),

(b) py(z) =0 for every x € X with V& =z,

(c) pyw(x) = pv(Wz) + pw(z) for all VW € A and = € X.
By setting p,(Vz,z) = py(x) for every V € A and z € X we have
defined consistently a cocycle p,,: R — R with the required properties.
The remaining assertions are obvious. U

Lemma 2.4 suggests the following definition.

Definition 2.5. Let R be a discrete Borel equivalence relation on a
standard probability space (X, 8), and let p: R — R be a cocycle. A
probability measure p on 8 is p-admissible if it satisfies (2.7) with p
replacing p,. The convex set of p-admissible probability measures on &
is denoted by M f € B (x,8), and we write Ef for the set of extreme
points of M.

By combining the Lemmas 2.2 and 2.4 we obtain a final observation
in this section.

Lemma 2.6. Let R be a discrete Borel equivalence relation on a stan-
dard probability space (X,8), 0: R — R a cocycle, and T a Borel
action of a countable group G with R = Rp. Then ME = MO.TT and
ER = BT (cf. (2.5)).

The discussion in this section, combined with Remark 1.3, shows that
the following two statements are precisely equivalent to the Theorems
1.4 and 1.5.

Theorem 2.7. Let R be a discrete Borel equivalence relation on a
standard probability space (X,8) and p: R — R a cocycle. Then

Ef € B (x.8),
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and there exists, for every u € Mf, a probability measure v on By, (x,s)
with
u(B) = &(B)dv(€) for every B € S.
Ef
Theorem 2.8. Let R be a discrete Borel equivalence relation on a
standard probability space (X,8) and p: R — R a cocycle with Mf #*
.
(1) There exists a Borel map p: x +— p, from X to Ef C My(X,8)

with the following properties.

(a) py = pu for all (x,2') € R;

(b) For every v € Mf and every nonnegative Borel map f :

X — R,

/ f dp, = E,(f18%)(x)

for v-a.e. x € X ; in particular, by setting f = 1p,
/ p(B)dv(z) =v(BNC)
c

for every B € 8§ and C € 8%.
(2) If p': © — pl, is another Borel map from X to EF with the
properties (1) above, then

v({z € X :py #p,}) =0 for every v e M.

(3) Let T C 8% be the smallest sigma-algebra such that the map x —
pe from X to Ef‘ in (1) is T-measurable. Then T is countably
generated, T = 8% (mod v) for every v € MY, and p,([z]y) = 1
for every x € X.

3. THE PROOF OF THE EQUIVALENT THEOREMS 1.4 AND 2.7

The proof of Theorem 1.4 uses Choquet’s theorem.

Proposition 3.1 (Choquet’s theorem). Let Y be a metrizable compact
convex subset of a locally convexr space W which is a Choquet simplex.
Then the set E C'Y of all extreme points of Y is a G5 set. Furthermore

there exists, for every yo € Y, a unique probability measure v on By
with v(E) =1 and

(3.1) L(yo) = / L(y)dv(y) for every L € W™,
E
where W* is the dual space of W.

Proof. [13], Proposition 1.3, Theorem on p. 19, and Section 9. O



ERGODIC DECOMPOSITION

The following Lemma 3.2 will provide the topological setting neces-
sary for applying Choquet’s theorem.

Lemma 3.2. Let R be a discrete Borel equivalence relation on X,
o: R — R a cocycle, and let I'* C [R] be defined as in Proposition
2.3. Then there exist a compact metric space Z, an injective Borel map
¢: X — Z, an action V of I'* by homeomorphisms of Z, and a cocycle
p I x Z — R with the following properties.

(1) ¢(yx) = Vg(x) for every v € I and x € X;

(2) P/ (v, 0(x)) = o(yx,x) for every v € T* and x € X;

(3) The map p'(v,-) from Z to R is continuous for every v € I'*.

Proof. This is an elementary application of Gelfand theory. We choose
a countable algebra A C § which separates the points of X. Let F be
the smallest algebra of bounded Borel functions f: X — C with the
following properties:

(a) for every A € A, the indicator function 14 € F,

(b) for every v € I'*, the map = +— o(yz, z) lies in F,

(c) forevery feF,ceCandyeI™* ¢f € Fand foye T,

(d) F is closed in the topology of uniform convergence.
It is clear that F is separable complex Banach algebra in the maximum
norm. We denote by Z the maximal ideal space of F, i.e. the space of
all algebra homomorphisms from F to C. The space Z is compact and
metrizable in the weak*-topology, and the map ¢: X — Z, defined
by ¢(z)(f) = f(x) for every x € X and f € F, is Borel and injective.
For every z € Z, f € F and v € I'* we set

(V72)(f) = 2(f o).
Then the properties (1)—(3) are obvious from these choices. O

We define Mp‘{ C M,(Z,Bz) as in Definition 1.2, where B, denotes
the Borel field of Z.

Lemma 3.3. The convez set M;{ C Mi(Z,Bz) is a Choquet sim-
plex (cf. Proposition 3.1 and Lemma 3.2). Furthermore, if u € ME C
My(X,8), then uo~" € M)y C My(Z, By).

Proof. We denote by C(Z,C) the space of continuous complex-valued
functions on Z. The continuity of each p'(v,-): Z — R implies that
the set

My = {5 € My(Z,Bz) : /fOV”_1 g = /fdﬁV”

10
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= /f(z)ep/(%z) d¢(z) for every vy € I'" and f € C(Z, (C)}

is a closed convex subset of the weak*-compact metric space M;(Z, Bz).

The proof that M;{ is a Choquet simplex is essentially identical to
that of Proposition 10.3 in [13], and the second assertion is an imme-
diate consequence of the Lemmas 2.4 and 3.2. U

Proof of Theorem 1.4. We assume the notation and hypotheses of The-
orem 1.4, put R = Ry (cf. (2.3)) and define a cocycle 0: R — R by
(2.6). By applying Lemma 3.2 we obtain a compact metric space Z, an
injective Borel map ¢: X — Z, a group I'* C [R], an action V of T'*
by homeomorphisms of Z, and a cocycle p/: I'* x Z — R for V' with
the properties described there.

Lemma 3.3 and Proposition 3.1 show that M;{ is a Choquet simplex,
that EX; C Mp‘f is a Borel set and that there exists, for every u' € Mp‘{,
a unique probability measure v/, on By, (z3,) with v/, (E}) =1 and

/fdu’:/ﬂ(/fdg) v, (€)

for every f € C(Z,C), and hence with

W(B)= | &B)dv,(S)
EY,
for every B € By. ’
The set Y/ = {v € M1(Z,Bz) : v(¢(X)) = 1} is Borel since ¢p(X) €
Bz (Corollary 1.3.3 in [12]). If

peM =M;ny’,
then
[ gt a9 = o) =1,
so that v, (E') =1 for every p' € M', where
E'=E;nY’

According to Lemma 2.6, M} = M and E} = EF. We define the
equivalence relation Ry on Z and the cocycle o’: Ry — R by (2.3)
and (2.6) with V' and p’ replacing T" and p. Then the map v — v/ =
v¢~" defines a Borel bijection between M7 = M and M1 NY’ = M’
which carries E’E to E'. It follows that EpT C MpT is a Borel set, proving
(1.5).

11
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For every pu € MpT we put v, = v, (this definition makes sense
since v, (¢(E})) = 1) and obtain that

w(B)= | &B)dv(§) = | £(6(B))dv, ()= 1(¢(B))
o B

for every B € 8, which proves (1.6). The uniqueness of v, follows from

that of v/,. O

4. THE PROOF OF THE EQUIVALENT THEOREMS 1.5 AND 2.8

The proof of Theorem 1.5 follows the approach in [17]-[18] and uses
the sufficiency of the sigma-algebra 8 for the family of measures ME
(cf. Definition 1.2 and e.g. [1]).

Definition 4.1. Let (X, 8) be a standard Borel space and M C M; (X,
8) a set of probability measures. A sigma-algebra T C 8 is sufficient
for M if there exists, for every bounded Borel map f: X — R, a
JT-measurable Borel map ¢;: X — R with

br = E,(fIT)  (mod v)

for every v € M.

Proposition 4.2. Let T be a Borel action of a countable group G on
a standard Borel space (X,8) and p: G x X — R a cocycle of T
with M} # @. Then the sigma-algebra 8" is sufficient for the family
MpT C My(X,8).

For the proof of Proposition 4.2 we denote by R = Ry and 0: R —
R the equivalence relation (2.3) and the cocycle (2.6), choose a count-
able subset I' C [R] with properties described in 2.3 and write I'* C [R]
for the group generated by I'. For every sigma-algebra T C § we denote
by L>®°(X,T) the set of all bounded T-measurable maps f: X — R
and set || f]|o = sup,ex |f(2)| for every f € L>*(X,T).

Lemma 4.3. For each v € I we set 87 = {B € § : yB = B}. Then
the mapping P,: L*(X,8) — L>(X,87), given by

_ [ (fory) ")

(4.1) Py(f) T er0)
satisfies that
(4.2) Py(f) = Eu(f]$7)  (mod v)

T
for everyv € M, .

12
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Proof. Since 7? = Idy,

F) + f@) - 0
1 —|— 66(7771)
f(/yaj) . 66(77$) _l_ f(l') . 66(777x)+&(77x)
= = P,(f)(z)

eo(1,x) o (vyz)+6(7,7)

By(f) () =

for every € X, by (2.4). The boundedness of &(v,-) implies that
P,(f) e L>*(X,8).

An elementary calculation shows that [, P,(f)dv = [, f dv for ev-
ery ve M], B €8, and proves (4.2). O

We shall use the operators P,,v € I' to construct a common con-
ditional expectation with respect to the sigma-algebra 8% = 8§'' =
N er 87. For this purpose we need the following classical ergodic theo-
rem from [6], [2].

Theorem 4.4. Suppose that (X, 8) is a standard Borel space, v a prob-
ability measure on 8§ and Q a positive linear contraction on L'(X, 8, v).
For every f € L'(X,8,v), the sequence

n—1
(1.3 SiFQ =23 Q2
k=0

CONverges v-a.e.

We fix an enumeration (v;, ¢ € N) of I' and define inductively for
every f € L>(X,8) a sequence of maps

Pl(f)<x> - limsupsn(fa P’Yl)7

(44) P.(f)(x) = li:n_:ljp Sn(f, Py, 0 Py_1).

n—oo

Lemma 4.5. For every f € L™(X,8), n>1 andv € M}, |Py(f)|ls
< |[[fllec and

where
(4.6) Sn=1{]8™".
k=1

Proof. The proof is by induction. For n = 1 the assertion is clear from
Lemma 4.3. The definition of P, implies that P,(1) =1 for all v € T,
and by induction we have P, (1) =1 for all n > 1. Since P, is positive
it follows that ||Py(f)]leo < ||f]|eo for every n > 1.

13
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Suppose that P,_; has the required properties for some n > 2. In
order to to prove (4.5) for P, we set () = P,_; o P, and note that
Sk(l) =1,
(4.7) 1Sk (S, @)lloe < [ flloos
1Q 0 Si(f, Q) = S/, @)lloe < Flfllso

for every k > 1.
We fix v € ME. By applying the dominated convergence theorem
and Theorem 4.4 we obtain that

where || - ||; denotes the norm in L'(X,8,v), and (4.7) shows that
(4.8) P, 10P, oP,(f)=P.,(f) (modv).

According to Lemma 4.3 and our induction hypothesis, F,_; and P,
are conditional expectations and thus projections on L?(X, 8, v). From
(4.8) we conclude that P,(f) is invariant both under P,_; and P, and
therefore both §,_;- and 87 -measurable (mod v).

Finally we use induction on k to see that

/Bsk<f,cz>du:/3fdu

for all k € N and B € §,,. The dominated convergence theorem implies

that
[ Pt =i [ sus.@uav= [ sa
and hence that P,(f) = E,(f|S,) (mod v).

Since v € MPT was arbitrary this proves the lemma. Il

Proof of Proposition 4.2. The sequence of sigma-algebras (8, n > 1)
in Lemma 4.5 decreases to 87 = 8% = 8!, and the decreasing martin-
gale theorem (cf. e.g. Theorem 2.3 in [11]) implies that

(4.9) Py (f) = limsup P,(f) = E,(f|8") (mod v)
for every f e L*(X,8) and v € M]. O

In order to apply Proposition 4.2 in the proof of Theorem 1.5 we
require an elementary lemma.

Lemma 4.6. If (X,8) is a standard Borel space then there exists a
countable algebra A C 8 with the following properties.

(1) o(A) =8, where o(A) is the sigma-algebra generated by A;

14
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(2) Every finitely additive set function v: A — [0,1] is sigma-
additive and thus defines a unique probability measure v on §.

Proof. Since the zero-dimensional compact metric space C = {0, 1}
is Borel isomorphic to X we may assume without loss in generality
that X = C with its usual Borel field. Denote by A C 8 the countable
algebra of closed and open subsets of C. If A € A is the union of
a sequence (A;, ¢ > 1) of sets in A, the compactness of A and the
openness of each A; implies that only finitely many A; can be nonempty.
This shows that A satisfies our requirements. Il

Proof of Theorem 1.5. Let
N={Be8":v(B)=0 forevery v e M }.

We choose a countable algebra A C & according to Lemma 4.6 and
define, for every A € A, fa = Px(14) by (4.4) and (4.9). As A and G
are countable and f4 = E, (14]8") for every v € M, there exists a set
N e N with

fa(T2) = fale),  fu,a @) =) fa, (@),

for every x € X \ N, g € G and every choice Ay, ..., A, of disjoint sets
in A. For every x € X ~. N, the finitely additive positive set function

A fA(l')

on A extends to a probability measure ¢, on 8§ = o(A) (cf. Lemma
4.6). Finally we fix an arbitrary point o € X ~\ N and set ¢, = ¢, for
x € N. Then qre, = q, for every g € G and v € X. Then ¢q: x — ¢, is
a Borel map from X to M;(X,8) with ¢, = g79, for every g € G and
reX.

Let v € M. By definition,

(4.10) {r € X:Po(14)(x) #q.(A)} €N

for every A € A. If B € § is arbitrary, then we can find a sequence
(Ap, n>1) in A with v(BAA,)) — 0 and hence with

12, (1518") = By(14,18")]ls — 0.

Since E,(14,|87) = Py(1a,) (mod v) and Py (14,)(z) = q.(A,) for
everyn > 0and x € X\ N, (4.10) holds for every B € §. By combining
this with (4.9) we deduce (1.7) with ¢: X — M replacing p.

We continue by showing that

N={zreX:q¢ E]} eN.

15
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For every Ac A, g€ G, C €8 and v e M}, (1.7) shows that
| [ ) dvia) = [ 140z dvio)
c c
= / 9% dy(x) = v(TI(ANC)) = /Ey(ngA 10|87 dv
AnC

:/OE,,(ITQMST) di/:/cqx(TgA) dv(x).

As the map = — ¢, is 8T-measurable this shows that

{eex: [eomman #urma ) e

for every A € A and g € GG. The countability of A and G allows us to
find a set N' € N with

(4.11) / "N 4 () dau(y) = g (T7A)

for every g € G, A € A and x € X . N, which is easily seen to imply
(4.11) for every g € G, A € S and x € X\ N. This proves that ¢, € MpT
for every x € X ~ N’, as claimed.

We write 7 C 87 for the smallest sigma-algebra with respect to
which the map ¢: X — ME is measurable. Equation (1.7) implies
that every 8”-measurable map f: X — R is T-measurable (mod v)
for every v € M, which proves (1.9) with 77 replacing T. As M is
standard Borel, T’ is countably generated, and we choose a countable

algebra C C 7" with o(C) = 7.

For every C' € C, Py (1¢) = 1¢, and the validity of (4.10) for every
A € § allows us to increase the set N’ € N, if necessary, and to assume
that ¢.(C) = 1¢(x) for every C € C and z € X ~ N'.

If g, were nonergodic for some x € X ~ N’ we could find a set
B € 8T with 0 < ¢.(B) < 1, and (1.9) allows us to assume that
B € 7. Since 0(C) = 7', there exists a sequence (Cy,, n > 1) in C with
lim,, o0 ¢:(CAB) = 0. However, as we have just checked, ¢.(C,) €
{0, 1} for every n > 1, which leads to a contradiction. This shows that
4z € EPT for every z € X ~~ N'.

Finally we pick a point z; € X ~ N/, set

)@ ifre XN,
Pz = ¢z, otherwise,

and denote by T C T’ the smallest sigma-algebra with respect to which
p: X — E! is measurable. Since {z € X : p, # ¢,} € N, the map p
again has the properties (1) in Theorem 1.5, and T satisfies (1.9).
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In order to prove (1.10) we fix x € X ~ N’ and recall that p,(C) =
¢.(C) = 1¢(x) for every C' € C. Then
pell2l) = palfalo) =px( N c) _1,
zeCeC
since [z]g ~ N’ C [z]y C [x]» UN" and N' € N.
For z € N', [z]y = N' U [21] and

px([l']‘y) = q$1([~r]‘3’) = C]zl([l'l]j'/) =1.

Finally, if 2,y € X and = ¢ [y|7, then there exists a set B € T with
y € B and z ¢ B, and hence p, # p,. It follows that p, and p,
are mutually singular, p,([z]7) = py([yls) = 1, [z]y N [y]ly = @ and
p2([y]7) = py([z]7) = 0. This completes the proof of (1.10).

The uniqueness assertion (2) in Theorem 1.5 is clear from (1.7),
applied to f = 14 for every A € A. O

5. THEOREM 1.5 FOR LOCALLY COMPACT GROUPS

One way of extending Theorem 1.5 to Borel actions of locally com-
pact second countable groups is to use lacunary sections — cf. e.g. [3]
and [7]. Here we sketch a somewhat more elementary approach: if T'
is a Borel action of a locally compact second countable group G on X
we restrict this action to a countable dense subgroup A C G, apply
Theorem 1.5 to the action of A, and complete the proof by showing
that the resulting decomposition also works for the original G-action
T.

If T is a Borel action of a locally compact second countable group
G on X then [23] shows that there exists a G-equivariant embedding
of X as a G-invariant Borel set in a compact G-space Y. We assume
for simplicity that X itself is compact and metrizable, and that the
map (g, z) — T92 from G x X to X is continuous. If p is a probability
measure on 8 = By which is quasi-invariant under 7" then there exists
a Borel map p: G x X — R with

ePl9:m) — dpt? (z) for p-a.e.x € X,
dp
plgh, ) = p(g, T"x) + p(h,z) for p-a.e. z € X,
u({rx € X : 792 =z and p(g,x) # 0}) =0,

for every g, h € G, and Theorem B.9 in [25] allows us to assume that p
satisfies (1.1)—(1.2) and (1.4). Again we call a Borel map p: G x X —
R satisfying (1.2) a cocycle of T and define the sets EpT C MpT as in
Definition 1.2.
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We fix a cocycle p: G x X — R with M # @. Write B¢ for the
Borel field, A for the right Haar measure, and 14 for the identity element
of GG, and choose a strictly positive bounded continuous function n €
LY (G, Bg, \) with the following properties':

: In(g) —n(gh)|
5.1 d\=1 and lim sup —4+——-~—
(5-1) / ! h—1lg geIG) n(9)

For every g € G and z € X we set

olz) = / n(h) - e#h) d(h),

(5.2) b(z) = {loga(:c) if a(z) < oo,

=0.

0 otherwise.
p(g,x) = b(T9z) + p(g, ) — b(z).

Then p: G x X — R is again a cocycle. For every v € MpT we denote
by 7 the probability measure defined by

(5.3) v(B) = / n(g) - v(TYB) d)\(g) for every B € 8§,
or, equivalently, by ’
(5.4) di(z) = @ du(z).

From (5.3)—(5.4) we conclude that

(5.5) eHon) — P97 q(T9 ) _doTY (z) = [ n(hg™t) - e?™2) dX(h)
' - B FORTEDY

a(z) dv
for every v € M, every g € G, and v-a.e. z € X.

The properties of 7 in (5.1) imply that there exists, for every € > 0,
a neighbourhood U(e) of the identity 1¢ in G with

avT9
(5.6) sup — — ‘ <e
gEU(e) dv 00
for every v € ME, where || - ||o denotes the L>*-norm w.r.t. v.

'In order to find such a function we let & C G be a compact symmetric neigh-
bourhood of 1¢ and cover the compact set U? = {gg’ : g,¢g’ € U} with k right-
translates Uz, ... Uz, of U. By induction, A(U™) < kAXU™ L) for all n > 2.
Then H = |J,~, U™ is an open subgroup of G, and the space H\G of right
cosets is finite or countable. Choose elements y; € G, i > 1, such that the cosets
Hy;,i > 1, form a partition of G, and set h(z) = (13%1) for every ¢ > 1 and
x € U™y; ~ U™ 1y;. The resulting function h: G — R is strictly positive, and
ﬁ < % < (k+1) for all z,y € G with « - y‘l € U. The continuous map
n(x) = [, h(yx) dX(y) < AMU)(k + 1)h(z) is integrable and meets our requirements

after multiplication by a suitable constant.
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Proposition 5.1. Let T be a Borel action of a locally compact second
countable group G on a standard Borel space (X,8), and let p: G X
X — R be a cocycle of T with MpT # &. Let furthermore A C G be
a countable dense subgroup, and let T and p' be the restrictions of T
and p to A and A x X, respectively. Then

p?

E':Ez,lﬂ{ys/adl/<oo}:EZ

(cf. Definition 1.2).

M/:M,)T/lﬁ{y:/ady<oo}:MT
(5.7)

Proof. 1t is clear that MPT C M’. In order to prove that M’ = MpT
we define, for every v € M’ a probability measure 7 by dv(z) =
c,e"@dy(z), where ¢, > 0 is the normalizing constant (cf. (5.2)-(5.3)).
Then 7 again satisfies (5.5) for every ¢ € A and v-a.e. x € X, ie.
S MﬁT,', where p' is the restriction of p to A x X. Hence there exists, for
every € > 0, a neighbourhood U(¢) satisfying (5.6), and the chain-rule
for Radon-Nikodym derivatives implies that 7 is quasi-invariant not
only under 7", but also under every 79, g € G, and that % = erl9)
(mod v) for every g € G. This implies that v € MﬁT and completes the
proof that M" = MT.

Every v € E’ is obviously ergodic under 7' and hence lies in EPT.
Conversely, if v € EPT, then the continuity of the unitary representation
U defined by T on L?*(X, 8, v) implies that v is also ergodic under the
dense subgroup A C G. O

Theorem 5.2. Let T be a Borel action of a locally compact second
countable group G on a standard Borel space (X,8) and p: GXxX — R
a cocycle of T with MpT #+ 2.

(1) There exists a Borel map p: x+— p, from X to ET C My(X,8)
with the following properties.
(a) pr = pros for every x € X and g € G,
(b) For every v € M;F and every nonnegative Borel map f :
X — R,

[ #av. = EAf18N)@)
for v-a.e. x € X, where

§"={Be€8:TB =B for every g € G}.
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(2) If p': x — pl, is another Borel map from X to E} with the
properties (1), then

v({z € X :py #1,}) =0 for every v e M/

(3) Let T C 8T be the smallest sigma-algebra such that the map x
pe from X to EZ in (1) s T-measurable. Then T is countably
generated,

T=38" (mod v) for every v € M;F,

and
1 if x € [y]g“,
0 otherwise.

pa(lyls) = {

for every xz,y € X.

Proof. This is an almost immediate consequence of Remark 1.3, Theo-
rem 1.5 and Proposition 5.1. The only point worth mentioning is that,
according to (5.2) and (5.3)-(5.4), [adv = 1 for every v € M. In the
notation of Theorem 1.5 we conclude that, for every v € MpT C M;’,
[adp,(y) < oo for v-a.e. x € X, and hence that v({z € X : p, €
M'})=1.

After modifying the measures pu, € MPT/' for every x in a T-invariant
Borel set N C X with v(N) = 0 for every v € M we may assume
that p, € M’ = M for every x € X.

In order to verify condition (1.a) we note that p, = pre, for every
x € X and g € A, which is easily seen to imply that, for every v € Mg
and g € G, p, = pro, for v-a.e. x € X. A Fubini-type argument shows
that there exists a T-invariant Borel set N’ C X with v(N') = 0 for
every v € MpT and prg, = p, for every € X ~\ N and g € G. A final

modification of {p, : * € N} guarantees (1.a). O

Proof of Theorem 1.1. This is completely analogous to the proof in the

case where GG is countable. O
REFERENCES

[1] P. Billingsley, Probability and measure, Wiley, New York, 1979.

[2] R.V. Chacon and D.S. Ornstein, A general ergodic theorem, Illinois J. Math.
4 (1960), 153-160.

[3] J. Feldman, P. Hahn and C.C. Moore, Orbit structure and countable sections
for actions of continuous groups, Adv. in Math. 28 (1978), 186-230.

[4] J. Feldman and C.C. Moore, Ergodic equivalence relations, cohomology, and
von Neumann algebras. I, Trans. Amer. Math. Soc. 234 (1977), 289-324.

[5] S.R. Foguel, Ergodic decomposition of a topological space, Israel J. Math. 7
(1969), 164-167.

20



[6]

[18]
[19]
[20]
[21]
[22]
[23]
[24]

[25]

ERGODIC DECOMPOSITION

E. Hopf, On the ergodic theorem for positive linear operators, J. Reine Angew.
Math. 205 (1960), 101-106.

A.S. Kechris, Countable sections for locally compact groups, Ergod. Th. &
Dynam. Sys. 12 (1992), 283-295.

J. Kerstan and A. Wakolbinger, Ergodic decomposition of probability laws, Z.
Wabhrsch. verw. Gebiete 56 (1981), 399-414.

Y. Kifer and S.A. Pirogov, Uber die Zerlequng quasiinvarianter Mafe in er-
godische Komponenten, Uspekhi Mat. Nauk 27 (1972), 239-240.

N. Lusin, Le¢ons sur les ensembles analytiques et leurs applications, Gauthier-
Villars, Paris, 1930.

W. Parry, Topics in ergodic theory, Cambridge University Press, Cambridge,
1981.

K.R. Parthasarathy, Probability measures on metric spaces, Academic Press,
New York-London, 1967.

R.R. Phelps, Lectures on Choquet’s theorem, van Nostrand Reinhold, New
York, 1966.

A. Ramsay, Virtual groups and group actions, Adv. in Math. (1971), 253-322.
A. Ramsay, Subobjects of virtual groups, Pacific J. Math. 87 (1980), 389-454.
K. Schmidt, Cocycles on ergodic transformation groups, MacMillan (India),
Delhi, 1977.

K. Schmidt, A probabilistic proof of ergodic decomposition, Sankhya Ser. A 40
(1978), 10-18.

K. Schmidt, Unique ergodicity for quasi-invariant measures, Math. Z. 167
(1979), 168-172.

H. Shimomura, FErgodic decomposition of quasi-invariant measures, Publ.
RIMS, Kyoto Univ. 14 (1978), 359-381.

H. Shimomura, Remark to the paper ‘Ergodic decomposition of quasi-invariant
measures’, Publ. RIMS, Kyoto Univ. 19 (1983), 203-205.

H. Shimomura, Remark to the ergodic decomposition, Publ. RIMS, Kyoto Univ.
26 (1990), 861-865.

M.L. Sturgeon, The ergodic decomposition of conservative Baire measures,
Proc. Amer. Math. Soc. 44 (1974), 141-146.

V.S. Varadarajan, Groups of automorphisms of Borel spaces, Trans. Amer.
Math. Soc. 109 (1963), 191-220.

J. von Neumann, On rings of operators. Reduction theory, Ann. of Math. 50
(1949), 401-485.

Robert J. Zimmer, Ergodic theory and semisimple groups, Birkhauser, Boston,
1984.

GERNOT GRESCHONIG: MATHEMATICS INSTITUTE, UNIVERSITY OF VIENNA,
STRUDLHOFGASSE 4, A-1090 VIENNA, AUSTRIA
E-mail address: gernot.greschonig@univie.ac.at

KrAaus SCHMIDT: MATHEMATICS INSTITUTE, UNIVERSITY OF VIENNA, STRUDL-J

HOFGASSE 4, A-1090 VIENNA, AUSTRIA

and

ERWIN SCHRODINGER INSTITUTE FOR MATHEMATICAL PHYSICS, BOLTZMANN-
GASSE 9, A-1090 VIENNA, AUSTRIA

E-mail address: klaus.schmidt@univie.ac.at

21



