ERGODICITY OF COCYCLES. 1: GENERAL THEORY

VADIM KAIMANOVICH AND KLAUS SCHMIDT

ABSTRACT. We prove several ‘automatic’ ergodicity results for cocycles
on a discrete nonsingular ergodic equivalence relation on a probability
space (X, 8, u) with values in virtually nilpotent groups. The hypotheses
required for automatic ergodicity are invariance or quasi-invariance of
the cocycles under asymptotically central automorphisms of the equi-
valence relation. If the cocycles have certain recurrence properties then
the condition of virtual nilpotency can be relaxed.

In a subsequent paper these ideas will be applied to ergodicity of
noncompact and nonabelian covers of horocycle foliations on compact
manifolds with nonconstant negative curvature.

1. INTRODUCTION

Let R be a discrete nonsingular equivalence relation on a standard prob-
ability space (X,8,u), H a Polish group, and ¢: R — H a Borel cocycle
(for the definitions we refer to Section 2). This paper is devoted to finding
general conditions under which such a cocycle is ergodic, where we adopt a
slightly more general definition of ergodicity of cocycles than usual which
does not require the relation R to be ergodic or the group H to be loc-
ally compact (Definition 2.3). In a subsequent paper we apply the general
ergodicity results obtained here to ergodicity of certain noncompact covers
of horocyclic flows and foliations on compact connected negatively curved
Riemannian manifolds with pinched sectional curvatures.

In order to describe conditions guaranteeing ergodicity of cocycles we
denote by [R] the full group of R and recall that a measure-preserving auto-
morphism V of (X, 8, u1) is an automorphism of (R, ) if V"![R]V = [R]. An
automorphism V' of (R, u) is weakly asymptotically central if

lim p(BAV"WV™"B) =0

[n|toco
for every B € 8§ and W € [R], and strongly asymptotically central if W
and V"W'V~" commute asymptotically as |n| — oo for every W, W' € [R]
(Definition 3.3).
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As was first observed in [17], every cocycle ¢: R — H which is invariant
under a weakly asymptotically central automorphism V' of (R, u) is auto-
matically ergodic (cf. Theorem 4.1 in this paper and [12], [17], [18]).

Examples of cocycles invariant under asymptotically central automorph-
isms of equivalence relations are obtained by taking a two-sided shift-space
X C A% with finite alphabet A, furnished with a shift-invariant prob-
ability measure g on X, a p-nonsingular subrelation R of the two-sided
Gibbs (or tail) equivalence relation Ay of X, and an appropriate Borel
map f: X — H, where H is an abelian Polish group. The Gibbs cocycle
ap: R — H, defined by

af(z, ') Zfax flo"a') (1.1)

for every (x,2') € R, where o is the shift on X, is obviously invariant
under the weakly asymptotically central automorphism o of (R, 1) and hence
ergodic by Theorem 4.1 (cf. Section 6).

If the group H is nonabelian there is no analogue of the cocycle ay. In
order to obtain results about automatic ergodicity of cocycles with values
in nonabelian groups one has to replace the notion of a V-invariant cocycle
by that of a pair of cocycles which transforms under V' in a certain way; in
the setting of (1.1) this amounts to considering the cocycles

+

af(z,a') = f(x) " flox) - flo"a) "t flo"a) - floa!) f(a),
ay(z,a') = flo™ @)+ flo™"a) - flo™™a") - flo 2a") flo ™ a') ™!
on R, which have the property that

af (ox,00') = f(x)af (z,a') f(a') 7",

o5 (ow,00") = [(@)ay (@, 2) [()
for all (z,2’) € R (cf. Definition 3.1 and (6.6)—(6.8)). In particular, if we set
aj(z,2') = a;(:ﬁ’,x)a;{(x,a}’), then

aH(ow,00') = f()aj(z, ) (o)) (1.4
for all (z,2") € R.

If H is discrete, then (1.4) implies that
ker*(a;,a}r) = {(z,2") € R: a}(x,2") = 1}

is a V-invariant subrelation of R, and the ‘noncommutative’ analogue of
Theorem 4.1 is that — under certain assumptions on the group H, such
as virtual nilpotency — this equivalence relation ker® (a;, a;{) has the same
ergodic components as R. One of the central problems of this paper is the
search for conditions under which the ergodicity of ker*(a/, f) allows con-
clusions about the ergodicity of the kernels

ker(ajf) ={(z,2") € R: ajf(:v,x’) =1}

(1.2)

(1.3)

of the individual cocycles af

The definition of a complementary quasi-invariant pair of cocycles (c1,
c2): R — H? for a weakly asymptotically automorphism V of (R, p) in
Definition 3.1 and (3.15) is an abstraction of the properties (1.3)—(1.4) of
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the pair of cocycles (a;,a;{), and the x-ergodicity of (c1,c2) expressed in
the Theorems 4.2-4.3 is an abstract version of the ergodic properties of the
equivalence relation ker*(ay, a;[) .

Although *-ergodicity of a pair (c1, ca) of complementary quasi-invariant
cocycles does not in general allow conclusions about ergodicity of its indi-
vidual components ¢;, it does imply that both components have identical
ergodic behaviour in a very precise sense: they are equally ergodic in the
terminology of Definition 5.1 (cf. Theorem 5.3).

For results about ergodicity of the individual components one has to im-
pose much stronger conditions on the relation R, the measure p and the
pair of cocycles (c1,c2): we return to the setting of (1.1)—(1.4) and assume
that X C A” is a mixing shift of finite type, u = ¢ the Gibbs meas-
ure arising from a Hélder continuous function ¢: X — R, f: X — H
a cylinder map (i.e. a map which depends only on finitely many coordin-
ates), R = Ax the Gibbs (or two-sided tail) equivalence relation on X,
and (c1,c2) = (a;,a;{): R — H?. If the group H is discrete and vir-
tually nilpotent, or if the map f has certain recurrence properties, then
there exists a cylinder map b: X — H such that the cocycles a]jf, (x,2) =

b(m)*la]jf(x,x’ )b(z') are both ergodic; the precise statements under some-
what weaker hypotheses appear in Theorem 7.1 and Corollary 7.3.

In Section 8 we use Theorem 7.1 to prove ergodicity of the cocycles
a}t: R — H without any modification by a coboundary under a hypo-
thesis on weights of periodic orbits originally introduced in [15], thereby
extending the main result in [2] from abelian groups to virtually nilpotent
groups.

Section 9 contains a number of examples. The first of these, 9.1, is taken
from [17] and describes briefly the properties of the Radon-Nikodym deriv-
atives of equivalence relations R admitting an asymptotically central auto-
morphism. Example 9.2 shows that, in the case of a full shift X, a Gibbs
measure j = [t on X arising from a Holder continuous function ¢: X — R,
and a map f: X — H taking values in a discrete virtually nilpotent group,
which depends only on the zero coordinate, the cocycles a?: Ax — H in
(1.2) are individually ergodic.

If the random walk on H defined by the map f in Example 9.2 has
certain recurrence properties then the hypotheses on H can be relaxed: this
is illustrated in the case of the lamp-lighter group and other semi-direct
products in Examples 9.3-9.4.

Examples 9.5-9.6 illustrate the break-down of individual ergodicity of
the cocycles a}t: X — H in (1.2) on general subshifts, even if the pair

(af, a;{) is *-ergodic. In Example 9.6 (which was communicated to us by Dan
Rudolph) we consider a subshift of the full 4-shift defined by the (T, T~!)-

transformation (cf. [8]) and observe that the two-sided ‘fine tail’ (arising from
the two-sided tail sigma-algebra and the symbol count) is ergodic (corres-
ponding to the ergodicity of a cocycle af of the form (1.1) for an appropriate
map f), but the one-sided fine tails are highly nonergodic (corresponding to
the fact that the one-sided cocycles a]jf in (1.2) are nonergodic).



ERGODICITY OF COCYCLES. 1: GENERAL THEORY 4

In Example 9.7 we present a refinement of an example in [18] about the
difficulty of detecting local variations in (infinitely) long molecules based on
the analysis of finite substrings of these molecules.

In the Examples 9.8-9.9 we apply our results on two-sided shift spaces to
one-sided spaces. As an illustration we consider a discrete virtually nilpotent
group H with a distinguished finite set of generators A = {hfl, oo hEL
and denote by X C AN the shift of finite type obtained by disallowing all
words of length two of the form h;h; ' and b 'hi, i =1,...,m. If u = pyis a
Gibbs measure on X arising from a Holder continuous function ¢: X — R,
and if R is the equivalence relation

R={(z,2") € XxX : 20+ 2y = (- -2}, for all sufficiently large n > 0},

then p is ergodic under R (Proposition 9.2).

In the final Example 9.10 we consider cocycles on the ‘extended’ Gibbs
relation on a shift of finite type and explain how the earlier results about
ergodicity of cocycles on the two- and one-sided Gibbs relations imply the
ergodicity of cocycles on the two- and one-sided extended Gibbs relations.

2. ERGODICITY OF COCYCLES

Let (X,8) be a standard Borel space and Aut(X,8) the group of Borel
automorphisms of X. A Borel set R C X x X is a discrete Borel equivalence
relation on X if R is an equivalence relation, and if the equivalence class

R(z) = {y € X : (z,y) € R} (2.1)

of every x € X is countable.

Let R be a discrete Borel equivalence relation on X. The full group [R]
of R is the group of all W € Aut(X,8) with Wz € R(x) for every z € X.
According to [3] there exists a countable subgroup I' C [R] with

R =Rl ={(yz,x):vyel,xz € X}. (2.2)

Conversely, if I' C Aut(X,8) is a countable group, then (2.2) defines a
discrete Borel equivalence relation R[] on X.
From (2.2) it follows that the saturation

R(B) = |J R(z) = | ~(B) (2.3)
zeB ~yel
of every set B € 8 lies in 8, and we write
st ={R(B):BeS8}cCS$ (2.4)
for the sigma-algebra of R-saturated Borel sets.
For every C' € § we denote by
Rc=RnN(Cx(C) (2.5)

the equivalence relation induced by R on C.

A sigma-finite measure p on 8 is quasi-invariant under R (or R is u-non-
singular) if p(R(B)) = 0 for every B € § with u(B) = 0. The measure
i is conservative under R if there exists, for every A € § with u(A) > 0,
an element (z,y) € R4 with z # y, and u is ergodic under R (or R is
p-ergodic) if either u(B) = 0 or u(X ~ B) = 0 for every B € 8f. The
following proposition allows us to assume without much loss in generality
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that a discrete equivalence relation R is nonsingular with respect to a given
measure p on S.

Proposition 2.1. Let R be a discrete Borel equivalence relation on X and
a sigma-finite measure on 8. Then there exists a set N € § with the following
properties.
(1) p(N) =0;
(2) The measure p is quasi-invariant under the discrete Borel equival-
ence relation

R,=RxnU{(z,z): 2 € N} CR; (2.6)
(3) 8% = 8fn (mod ).
Proof. This is [18, Lemma 2.3]. O

Let R be a discrete Borel equivalence relation on X and p a sigma-finite
measure on 8§ which is quasi-invariant under R. A condition is satisfied
(mod p) or p-a.e. on R if there exists an p-null set N € 8§ such that the
condition holds for every (z,y) € Rx-n (we may obviously assume that
N is R-saturated). Two discrete Borel equivalence relations R, R’ on X are
equal (mod p) if Rx v = R’y for some p-null set N € 8.

Definition 2.2. Let H be a Polish (i.e. complete separable metric) group
with identity element 1z and Borel field By. A Borel map ¢: R — H is a
cocycle on R if
c(z, 2 )e(x', 2") = c(z,2") (2.7)
for every (z,2'), (z,2") € R.
Two cocycles ¢, ¢’: R — H are cohomologous if there exists a Borel map
b: X — H with
c(xz,2') = b(x) "1 (z, 2" )b(z) (2.8)
for every (z,2') € R.
A cocycle c: R — H is a coboundary if it is cohomologous to the cocycle
d=1y.
For every cocycle c: R — H we denote by

R = {((w,c(z,y)h), (y,h)) : (x,y) € R, h € H} (2.9)
the skew-product relation on X x H defined by c.

Definition 2.3. Let R be a discrete Borel equivalence relation on a standard
Borel space (X, 8§), u a sigma-finite measure on 8§ which is quasi-invariant
under R, and H a Polish group.

(1) A Borel map ¢: R — H is a cocycle (mod p) if there exists a set
N € 8f with u(N) = 0 such that the restriction of ¢ to Rx.y is
a cocycle. Two cocycles (mod p) ¢,¢’: R — H are cohomologous
(mod p) if there exists a set N € 8% with u(N) = 0 such that the
restrictions to Rx. v of ¢ and ¢’ are cohomologous cocycles.

(2) A cocycle ¢: R — H is p-recurrent (or simply recurrent) if there
exists, for every A € § with u(A) > 0 and every neighbourhood
N(1p) of the identity in H, an element (z,y) € R with z,y € A,
z #y and c¢(z,y) € N(1g).
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(3) A cocycle ¢: R — H is p-ergodic (or simply ergodic) if there exists,
for every neighbourhood N (1) of the identity in H and every pair
A, B € 8 with u(R(A) N B) > 0, an element (z,y) € R with

x €A, ye B and c(z,y) € N(1g). (2.10)

Remarks 2.4. (1) If c: R — H is a cocycle (mod u) we can choose a
p-null set N € 8 such that the map

CI(JI,y) _ C($7y) if (xvy) GRX\N,
1y otherwise

is a cocycle on R. Similarly we can change cohomology (mod x) into
cohomology.

(2) Suppose that H is a discrete group and ¢: R — H a cocycle. Then
c is recurrent if and only if p is conservative under the kernel

ker(c) = {(z,y) € R: c(z,y) = 1u} (2.11)
of ¢, and c¢ is ergodic if and only if
gker©) — 8% (mod p). (2.12)

Note that the kernel of a cocycle is an equivalence relation.
(3) Warning: Our definition of ergodicity has the following features:
e The constant cocycle ¢ = 1 is ergodic.
e Unlike recurrence, ergodicity of cocycles is not a cohomology
invariant: for example, if ¢: R — H is a coboundary, then c is
ergodic if and only if c = 1.

The next propositions describe some basic properties of ergodic cocycles.

Proposition 2.5. Let R be a discrete Borel equivalence relation on a stand-
ard Borel space (X, 8), p a probability measure on 8 which is quasi-invariant
and ergodic under R, H a Polish group, and c: R — H an ergodic cocycle.
Then there exist a unique smallest closed subgroup Hy C H and a cocycle
d: R— Hy with c = ¢ (mod p) and (x,y) € Hy for every (x,y) € R.

Proof. For every B € 8§ with u(B) > 0 we set

H(B) ={h € H : for every neighbourhood of the identity N(1pg) C H
there exists an (z,y) € Rp with c(z,y) € hN(1g)}.

Ergodicity of ¢ and p, together with the cocycle equation (2.7), imply that
H(B) = H(B') for all B,B' € § with u(B)u(B’) > 0, and that Hy is a
subgroup of H which is obviously closed and has the required properties. [

Proposition 2.6. Let R be a discrete Borel equivalence relation on a stand-
ard Borel space (X, 8), p a probability measure on 8 which is quasi-invariant
under R, H a locally compact second countable group with left Haar measure
Ar, and ¢c: R — H a cocycle.

(1) The cocycle c is recurrent if and only if the product-measure p1 X \gr is

conservative under the skew-product relation R\9 on X x H defined
in (2.9);
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(2) If R and c are ergodic, and if Hy C H is the subgroup appearing in
Proposition 2.5, then the product measure p X A\, is ergodic under
R,

Proof. The first assertion is obvious, and the second an immediate con-
sequence of Proposition 2.5. O

Proposition 2.7. Let R be a discrete Borel equivalence relation on a stand-
ard Borel space (X, 8), pu a probability measure on 8 which is quasi-invariant
and ergodic under R, H a locally compact second countable group with left
Haar measure A, T = 8 ® By the product Borel field on X x H, and
¢: R — H a cocycle. We denote by T: h — T" the Borel action of H on
X x H defined by

T"(x,h) = (z,h'h) (2.13)
for every h,h' € H and x € X. Then the following properties are equivalent.

(1) The cocycle ¢ is cohomologous (mod w) to an ergodic cocycle ¢': R
— H;

(2) There exist a Borel set C € TR and a closed subgroup Hy C H
with the following properties:
(a) u(m(C)) =1, where my: X x H — X is the first coordinate

projection (note that w1 (C') is p-measurable by [9]),

(b) for every h € Hy, (u x Ag)(T"CAC) =0,
(c) for every h € H ~ Hy, (u x A\g)(T"C'nC) = 0.

Proof. Suppose that ¢ is cohomologous (mod u) to an ergodic cocycle ¢
with transfer function b: X — H. We denote by Hy the closed subgroup
of H described in Proposition 2.5 with ¢’ replacing c. Fix a set A € 8% with
pu(A) =1 and c(x,y) = b(x) "1/ (z,y)b(y) for every (z,y) € R4 and put

C ={(z,b(z)"'h):x € A, h € Hy} € JRE

Then C and Hj satisfy (2).

Conversely, if C € TR and Hy C H satisfy (2), then we choose a set
A€ 8% with A ¢ m(C) and pu(A) = 1 and set C' = C' N (A x H). Then C’
and Hj again satisfy (a)—(c). We denote by n: H — Hy\H the quotient
map from H onto the right coset space and conclude from (b)—(c) and [11,
Lemma 1.5.1] that there exists a Borel map ¢: X — H with

C'={(z,¥(x)h):x € A, h € Hy} (mod px \g).

We put
if A
b(z) {w@:) if € A,
1y otherwise,
and obtain that the cocycle ¢/(z,y) = b(x)lc(z,y)b(y) is ergodic. O

Remark 2.8. Cocycles satisfying the equivalent conditions (1) and (2) in
Proposition 2.7 are called regular in [16]. Condition (2) can be interpreted
as saying that the H-action T induced by 7 on (X x H, ‘J’R@,,u X App) is
transitive (i.e. consists of a single orbit up to a null-set).
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3. INVARIANCE AND QUASI-INVARIANCE OF COCYCLES

Definition 3.1. Let R be a discrete Borel equivalence relation on a standard
Borel space (X, 8) and H a Polish group.

(1)

(2)

An element V € Aut(X, 8) is an automorphism of Rif (V xV)(R) =
R or, equivalently, if V(R(z)) = R(Vz) for every x € X. We write
Aut(R) for the group of all automorphisms of R and observe that
[R] C Aut(R).
If V € Aut(R), then a cocycle ¢: R — H is V-invariant if

&V (x,2) = c(Va, V') = e(z,2) (3.1)

for every (z,2’') € R. The cocycle ¢: R — H is V -quasi-invariant
if the cocycles ¢ and ¢" are cohomologous, i.e. if there exists a Borel
map f: X — H with

c(z,2’) = f(x)flc(Vx, V') f(z') (3.2)

for every (z,2') € R.
Two cocycles ¢1,co: R — H form a V -quasi-invariant pair

(c1,¢9): R — H?
if there exists a Borel map f: X — H with
ci(w,a’) = fx)ler(Va, Va!) f(2'),
ea(w,2’) = f(a) " tea(Vir, Va!) f (')

for every (z,2') € R. If H is discrete and (c1,c2): R — H? is a
V-quasi-invariant pair we set

(3.3)

c(z,2') = c1 (2, x)ea(z, 2) (3.4)
for every (x,2’) € R and denote by

ker*(c1,c2) = {(z,2") € R: c1(z,2") = co(z,2')}

:{(l’,m’) GR:c*(x7x’):1H} (3.5)

the *-kernel of (c1,c2). The kernels of V-invariant cocycles and the
x-kernels of V-quasi-invariant pairs are V-invariant subrelations of
R.

If Ve Aut(R) preserves a probability measure p on 8 which is
quasi-invariant under R, then a V-quasi-invariant pair of cocycles
(c1,¢2): R — H? is *-ergodic if there exists, for every neighbour-
hood N (1) of the identity in H and all A, B € § with pu(R(A)NB) >
0, an element (z,y) € R with

r €A, ye B and c*(x,y) € N(1g). (3.6)
If H is discrete then (¢1,c2) is x-ergodic if and only if
§ft = gker'(ene2)  (mod p) (3.7)
with ker*(cp, c2) given by (3.5).
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Remarks 3.2. (1) If the automorphism V' of R in Definition 3.1 is fixed and
no confusion is possible we shall simply speak of invariant or quasi-invariant
cocycles and of quasi-invariant pairs of cocycles.

(2) The equations (3.2)—(3.4) imply that, for every quasi-invariant cocycle
¢ and every quasi-invariant pair (cg, c2),

c(V'z, V'a') = f(n, z)c(x, 2 )f(n,z/) 71,

3.8
H(Vha, V') = f(n,2')c* (x, 2 )f(n, 2’) ! (3:8)
for every n € Z and (z,2') € R, where
fVnlg)... f(x) if n>0,
f(n,x) =41y if n=0, (3.9)

fvra)=te f(Vlz) b = f(—n,VP2)"! if n <O.
The map f: Z x X — H in (3.9) has the property that
f(m,V"x)f(n,x) =f(m +n,x) (3.10)
for every m,n € Z and x € X, and is called a cocycle of V.

(3) Let R be a discrete Borel equivalence relation on a standard Borel
space (X,8), V € Aut(R) and p a probability measure which is quasi-
invariant both under R and V. We denote by

RV) = {(V"&,2'): (x,2') € Ron € Z} (3.11)

the equivalence relation generated by R and V.

If H is a Polish group and ¢: R(Y) — H a cocycle, then the restriction
of ¢ to R ¢ RY) is a quasi-invariant cocycle. For the converse one has to be
a little more careful: put

N= J feeX:Va=2}, N=R(N)=RV®N).
0#n€Z

V)

Then there exists, for every (z,2') € Ry [ ¢,

a unique integer p(z,z’) with

(vP@r) g o) € R. (3.12)

We extend p to a cocycle p: RYY) — H by setting p(z,2’) = 0 for every

(z,2') € RV) Rgg\)]v. If c: R — H is a quasi-invariant cocycle and

f: X — H a Borel map satisfying (3.2), then we can define a cocycle
¢: RY) — H by

-1 z,x’ 3 V)

ooy {T0@a) ) V) i @) e Ry

1y otherwise.

In this somewhat technical sense quasi-invariant cocycles are precisely those
cocycles on R which can be extended to R(Y).

If V is an automorphism of a discrete Borel equivalence relation R on a
standard Borel space (X,8) and ¢: R — H a quasi-invariant cocycle with
values in a Polish group H, then the pair (¢,c): R — H? is again quasi-
invariant, but obviously not very interesting. In order to avoid trivialities we
assume that the components c1, co of a quasi-invariant pair satisfy a certain
independence condition which is the subject of our next definition.
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Definition 3.3 ([17]). Let R be a discrete Borel equivalence relation on
a standard Borel space (X,8) and p a probability measure on § which is
quasi-invariant under R. An element V' € Aut(R) is a weakly asymptotically
central automorphism of (R, ) if V preserves p and

lim pu(BAV"WV™"B)= lim pu(V""BAWV™B)=0 (3.14)
for every W € [R] and B € 8 (in [17]-[18] the term asymptotically central
was used instead of weakly asymptotically central; for a brief discussion of
weak and strong asymptotic centrality we refer to [6]).

Let V' be an automorphism of R which preserves the measure u. A V-
quasi-invariant pair of cocycles (c1,c2): R — H? is complementary if, for
every W € [R],

lim ¢ (V7"WV 2, 2) = lim co(V"WV "z, 2) = 1y (3.15)
n—oo

n—oo

for p-a.e. z € X.

Remark 3.4. Examples of invariant cocycles and complementary quasi-inva-
riant pairs of cocycles can be found in [17]-[18] (see also Section 6 and [6]). If
(c1,c2): R — H? is a quasi-invariant pair of cocycles for an automorphism
V € Aut(R), and if the group H is abelian, then the map ¢*: R — H in
(3.4) is an invariant cocycle on R. There also exist cocycles with values in
nonabelian groups which are invariant under weakly ergodic asymptotically
central automorphisms ([6]). However, if H is nonabelian, and if V' is is an
ergodic strongly asymptotically central automorphism of (R, u), where R
is a discrete Borel equivalence relation and p a probability measure which
is quasi-invariant under R, then every invariant cocycle c: R — H takes
values in an abelian subgroup of H ([6]).

4. AUTOMATIC ERGODICITY OF COCYCLES

Theorem 4.1. Let R be discrete Borel equivalence relation on a standard
Borel space (X,8), p a probability measure on 8§ which is quasi-invariant
under R, and V' a weakly asymptotically central automorphism of (R, ). If
H is a Polish group and c: R — H an invariant cocycle then c is ergodic.

Proof. If p is ergodic under R this is essentially Theorem 2.3 in [17].

Let A, B € 8 be sets with u(WAN B) > 0 for some W € [R]. We fix a
metric 0 on H, set Bs(h,r) = {h' € H : 6(h,h’) < r} for every h € H and
r > 0, and choose an element g € H with pu(A(e")) > 0 for every ¢’ > 0,
where

Ale)={z c AW YB) : «(Wa,z) € Bs(g,¢')}.
Fix € > 0, choose ¢’ sufficiently small so that
S(ab~t1y) <e

whenever a,b € Bs(g,¢’), and set A’ = A(¢’). The weak asymptotic central-
ity of V implies that

lim p(A'NVTWvmA) = u(A').

n—oo
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Since p is V-invariant, the ergodic theorem and Hélder’s inequality yield
that

n—1
. 1 / —n AN\ Vv
]\}I_I)I(IDON E_O/L(A nv A) _/1A/E,u(1A/|8 )du

(4.1)
= / E,(Ly[8")* du > ( / Eu<1Af!8V>du>2 = n(A"?,

where 8 = {B € § : V-!B = B} and 14 is the indicator function of A’.
Hence pu(A’ NV ~"A") > u(A’)2/2 for all n in an infinite subset N C N. For
every sufficiently large n € N, the set

An)=Anv"AnvrwlvrA
has positive measure, and every x € A’(n) satisfies that
xeA, Vizc A, V7"WV"zc A, Wz € B,
oz, V"WV ) = ¢(V "WV z,2) "t = c(WV"z, V)"t
As §(c(VT"WVz, z,),g9) < & and §(c(W=z,x),g) < €, we obtain that
O(ec(Wa,V"WV"™), 1) < e.

We have thus found an element (y,y’) € R with ¢/ = V""WV"z € A,
y=Wzx € B and d(c(y,y'), 1) < e. As A, B and € were arbitrary we have
proved the ergodicity of c. O

In order to prove x-ergodicity of quasi-invariant pairs of cocycles we have
to make certain assumptions on the group H. Here we restrict ourselves to
the cases where H is a compact extension of an abelian group or a discrete
nilpotent group.

Theorem 4.2. Let R be discrete Borel equivalence relation on a standard
Borel space (X, 8), p a probability measure on 8 which is quasi-invariant un-
der R, and V' a weakly asymptotically central automorphism of (R, ). If H
18 a compact extension of a Polish abelian group then every complementary
quasi-invariant pair of cocycles (c1,c2): R — H? is %-ergodic.

Proof. Let f: X — H be a Borel map satisfying (3.3) and define f: Z x
X — H by (3.9) - (3.10).

Since H is a compact extension of an abelian group, each conjugacy class
[9] = {h~tgh:h € H} of H carries a probability measure which is invariant
under conjugation. We denote by C(g) the centralizer of g and conclude
that H/C(g) carries a probability measure Ay which is invariant under left
translation and positive on open sets.

Let N(1pg) be a symmetric neighbourhood of the identity in H which
is invariant under inner automorphisms of H, and let A, B € § have the
property that pu(R(A) N B) > 0. By decreasing A and B, if necessary, we
may assume in addition that there exist a W € [R] and a ¢ € H with
WA= B and ¢*(Wzx,z) € gN (1) for every xz € A.

Consider the skew-product transformation S on X = X x H/C(g), given
by

S(x,9'C(g)) = (Va, f(x)g'C(g))
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for every (z,4'C(g)) € X, set v = pux Ay, write T for the product Borel field
on X, and put Z=A x N(1g)C(g). As in (4.1) we observe that

N—-1
lim i Z WANV"AN{z € X : f(n,z) € N(1x)?C(g)})
N=oo N n=0 N-1
Z Jm 5 7;) v((A x N(1)C(g)) N S™™(A x N(15)C(g))) (42)

— WA x N(11)C(9)) = c.

say. By using (3.14), (3.15) and (4.2) we find infinitely many n > 0 with
u(C(n)) > ¢/2, where

Cn)=ANVT"ANV "W W"An{z € X : f(n,z) € N(15)*C(g)}
N{zeX :c(VT"WV"z,x) € N(1g)}.

For every x € C'(n) the following conditions are satisfied:

(a) Ve € A, VT"WV"x € A, ¢c(WV™z, V") € gN(1n), f(n,z) €
N(15)%C(g), and hence c¢* (V"W V"z,z) € gN ()5,

(b) 1 (V"WVnz,z) € N(1p) and hence co(V"WV"z,x) € gN(15)¢,

(¢) (Wa, V"WV ) = et (V"WV"x, z)c*(Wa,x)eo(x, V"WV ),
and hence c¢*(Wx, V"WV"z) € N(1x)%.

This shows that D(n) = V-"WV"C(n) is a set of positive measure in
A, WV"W=V"D(n) C B, and ¢*(WV "W =1V y) € N(1g)® for every
y € D(n). Since A, B and N (1) were arbitrary, this proves the %-ergodicity
of (c1,¢2). O

Theorem 4.3. Let R be discrete Borel equivalence relation on a standard
Borel space (X,8), p a probability measure on 8 which is quasi-invariant
under R, V' a weakly asymptotically central automorphism of (R, ), and H
a discrete nilpotent group. Then every complementary quasi-invariant pasir
of cocycles (c1,c2): R — H? is x-ergodic.

Proof. For every group G we denote by C(G) the centre of G. Since H is
nilpotent there exists a filtration of subgroups

H:HnDHn_lD"'DH():{lH} (4.3)

such that H,,/Hy,—1 = C(H/Hp,—1) form = 1,...,n. For every m we define
d™: R — H/H,,_; and cgm): R — H/Hy,—1 by

(@, y) = @,y Hno1, o (@,y) = iz, y) Hme, i = 1,2,
(m)

where ¢* is given by (3.4). Note that ¢,
m=1,...,n.
Since H/H,,_; is abelian, ¢™ is an invariant cocycle, and Theorem 4.1

and (2.12) show that

is a cocycle for ¢ = 1,2 and

§R = gR™ ™Y (mod p)

with R®~1) = ker(¢™) c R. Since H,,_1/H,_3 = C(H/H,_5) and
c("_l)(a:, y) € Hy_1/Hp_2,
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(3.8) implies that ¢"~D(z,y) = )(Va,Vy) for every (z,y) € RV,
For all W, W’ € [R("~1)] (3 hows that, for p-a.e. x € X,

5) s
D (Wa, ) = D VW2, VEz) = "D (VW V),
DWW, z) = D VEW W, Viz) = D (VW W, Vi),
TVWWa, Wa) = mDVEW W, VEW )
= DWW W, VW),

for infinitely many k < 0. We conclude that, for p-a.e. x € X, and for
infinitely many k < 0,

AVWWa, W) (We, x)
= DWVEFW W, VEW ) D (VEW 2, VEz)
= DWW, VEW2) D (VEW R, Vi)
= VW W, Vi) = (W Wa, z).

(4.4)

This shows that ¢"~1 is a V-invariant cocycle on R"~1) with values in the
abelian group H,_1/H,_2, and Theorem 4.1 yields that

§R = g™ (mod )

Wlth R(R—Q) = ker(c(n_l)) C R(’I’L—l)‘
We proceed by induction and obtain equivalence relations

R=R™ >RV 5... 5 RO = {(2,9): ¢*(x,y) = 15}
and, by (4.4), V-invariant cocycles ¢™: R(™) — H, /H,, | such that

g = gR™ Y (mod )
with R~ = ker(c(™)) for every m = 1,...,n. By setting m = 1 we have
proved the theorem. O

Corollary 4.4. Let R be discrete Borel equivalence relation on a standard
Borel space (X,8), p a probability measure on 8§ which is quasi-invariant
under R, V' a weakly asymptotically central automorphism of (R, ), and H
a Polish group of the form H = Hi X Hs, where Hy is a compact extension
of an abelian group and Ho is a discrete nilpotent group. Then every com-
plementary quasi-invariant pair of cocycles (c1,c2): R — H? is *-ergodic.

Proof. Apply first Theorems 4.3 and then Theorem 4.2. O

We end this section with an elementary observation about complementary
quasi-invariant pairs of cocycles taking values in arbitrary discrete groups.

Theorem 4.5. Let R be discrete Borel equivalence relation on a standard
Borel space (X, 8), i a probability measure on 8 which is quasi-invariant and
ergodic under R, and V' an ergodic weakly asymptotically central automorph-
ism of (R,p). If H is a discrete group and (c1,c2): R — H? a comple-
mentary quasi-invariant pair of cocycles, then the sigma-algebra Skt (c1.¢2)
is either nonatomic or trivial (mod p).
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Proof. Tf A € 8k (¢1:2) and ;(A) > 0, then the V-invariance of ker*(cy, ¢o)
implies that V54 e 8ker™(c1.¢2) for every k € Z. If A is an atom of Sker™(c1.c2)
then V¥ A is either equal to or disjoint from A. This shows that the orbit of

A consists of finitely many atoms of equal size which are permuted cyclically
by V. This is impossible by (3.14). O

5. ERCODICITY OF THE COMPONENTS OF A COMPLEMENTARY PAIR

Let R be a discrete Borel equivalence relation on a standard Borel space
(X,8), u a probability measure on 8§ which is quasi-invariant under R, and
V' a weakly asymptotically central automorphism of (R, ). If H is a Polish
group of the form H = H; x Hy, where H; is a compact extension of an
abelian group and Hj is a discrete nilpotent group, then Corollary 4.4 shows
that any complementary quasi-invariant pair (¢1,cy): R — H? of cocycles
is x-ergodic. In this section we investigate the ergodic behaviour of the in-
dividual components ¢;: R — H of a complementary quasi-invariant pair
(01, 62)2 R — HZ.

In contrast to Corollary 4.4, the components of a complementary pair of
cocycles are — in general — not ergodic (cf. Example 9.6), but Theorem 5.3
below shows that they have identical ergodic behaviour.

Definition 5.1. Let R be a discrete Borel equivalence relation on a standard
Borel space (X,8), H a Polish group and p a probability measure on 8
which is quasi-invariant under R. Two cocycles ¢,c’: R — H are equally
ergodic if the following conditions are equivalent for every pair A, B € §
with u(R(A) N B) > 0:
(1) there exists an (z,y) € R with x € A, y € B and ¢(z,y) € N(1n),
(2) there exists an (z,y) € R with z € A, y € B and ¢(z,y) € N(1g),
(3) there exists an (z,y) € R with v € A, y € B, ¢(z,y) € N(1y) and
d(z,y) € N(1g).

Remarks 5.2. (1) If the group H is discrete then two cocycles ¢,¢’: R — H
are equally ergodic if and only if

Sker(c) _ Sker(c,c’) _ Sker(c’) _ Sker(c)\/ker(c’) (mod ,u)a (51)

where ker(c, ¢’) = ker(c) Nker(¢’) and ker(¢') V ker(¢’) is the smallest equi-
valence relation containing ker(c) and ker().

(2) Suppose that the group H is locally compact and second countable,
and that Ay is a left or right Haar measure of H. We denote by R(©) and
R(“) the skew-product relations (2.9) on X x H with quasi-invariant sigma-
finite measure X Ay and regard ¢ and ¢ as cocycles ¢ on R) and ¢’ on
R by setting

c((x,9), (@',9) = c(x,2) for every ((,9),(',g)) € R,
((x,9), (2, ¢)) = ¢(x,2) for every ((z,9),(«',g)) € R\
Then the following conditions are equivalent:

(a) ¢ and ¢ are equally ergodic,
(b) ¢ is ergodic on R(¢) and vice versa.
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Theorem 5.3. Let R be a discrete Borel equivalence relation on a standard
Borel space (X,8), p a probability measure on 8§ which is quasi-invariant
under R, and V a weakly asymptotically central automorphism of (R, ).
Assume furthermore that H is a Polish group of the form H = Hy x Ho,
where Hy a compact extension of an abelian group and Hs is a discrete nilpo-
tent group, and that (c1,c2): R — H? is a complementary quasi-invariant
pair of cocycles. Then c¢1 and co are equally ergodic.

Proof. Since the proof of this result is similar to those of the Theorems 4.2—
4.3 we restrict ourselves to describing the details in the case where H = Ho
is a discrete nilpotent group.

Let A, B € § with u(R(A)NB) > u(ker(c1)(A)NB) > 0. Then we can find
elements g € H and W € [ker(c¢;1)] and a Borel set A’ C A with u(A’) > 0,
B'=WA’' C B and co(Wx,z) = g for every z € A'.

There exists a filtration of subgroups H = H, D H,_1 D -+ D Hg =
{1g} such that Hy,,/Hp—1 = C(H/Hyp—1) for m = 1,...,n. We define
cgn): R — H/H,_; as in the proof of Theorem 4.3 and use (3.14)-(3.15)
and (3.4) to ensure that

lim p(V*W=v*B'AB") =0,

k—o0

klim p{r e X :a(V W Ve, z) =15}) = L.

For every k > 0 we put
By,=B'nV*WVB' n{z e X :e(V*WVFz,2) = 1y}
and obtain that limy_. u(B’ ~ Bg) = 0, and that there exist infinitely
many k > 0 with u(By NV FBy) > u(B")?/2. If Ay, = WY BNV FBy),
W, =V WIWrkW, z € Ay, y = Wa € By, then
zedA, Wyre B, Viye B, eci(Wly,y) =1y, co(Wly,y) =g,
(VW TV y) = ey, VW TV e(VIW TV )
= £k, y) (Vg WIVE) e (W VY, VEy)E(R, )
= t(k,y) (W Vry, VEY)E(R, y)
= f(k,y) "9 (K, y),
with f: Z x X — H defined by (3.9), and
ca(Wiz,x) = 1,
co(Wha, ) = co(Wiyx, Wa)eo(Wa,z) = £(k,y) L9 £k, y)g € Hp_1.
Choose a subset A C A with positive measure and an element W™ e

[ker(c;)] such that W™ AM™ ¢ B and co(W™x, x) = g,_1 for some g, 1 €

H,_1 and every x € Al and repeat the above argument to find a Borel

A=D < AM with (A=) > 0 and an element W™~ € [ker(c;)] with
wrDACD € B ey(W V2, z) € Hyos,

for every z € A1),
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By repeating this argument we eventually obtain a Borel set A1) ¢ A
with (AM) > 0 and an element W) € [ker(c;)] with

whA® - B, CQ(W(I)x,:p) =1y,
for every z € A, This shows that
Sker(cl) > Sker(cl,cg) _ Sker(cl)ﬂker(cg) (mod ,U)

By symmetry,
Sker(cz) _ Sker(clicQ) (mOd M).

We choose countable groups I'; C [ker(c¢;)] satisfying (2.2) and obtain that
every B € Sker(cie2) differs by a null-set from a set B’ which is both I';- and
[o-invariant. Hence Sker(cue2) — gker(er)vker(c2) (mod 1), which completes
the proof of the theorem. O

6. GIBBS COCYCLES ON SHIFT SPACES

Let A be a finite set and A% the compact space of all two-sided sequences
x = (z,) with z,, € A for every n € Z. We write 8 = B 4z for the Borel field
of A% and o: A? — A” for the shift

(02)p = Tpt1 (6.1)

on A%. A closed, shift-invariant subset X C AZ is a subshift, and the restric-
tion of ¢ to a subshift X is again denoted by o.
We fix a subshift X ¢ AZ. The Gibbs relation

Ax ={(x,2") € X x X : x, # 2}, for only finitely many n € Z}  (6.2)

is a discrete Borel equivalence relations on X, and o € Aut(Ax).

Let H be a Polish group. A map f: X — H is a cylinder map if it is
continuous when viewed as a map into the discrete group H, i.e. if there
exists an integer N > 0 such that f is constant on each cylinder set

Cy(x)={ye X :z, =y, for n=—N,...,N}, ze€X. (6.3)

If H has a distinguished bi-invariant metric ¢ (i.e. 6(hh1, hha) = §(h1,h2) =
d(hih,hoh) for all h,hy,hy € H), then a map f: X — H has summable
variation if

> wn(f) < oo, (6.4)

n>0

wn(f) = sup 6(f(z), f(y)) (6.5)
z,yeX
r=y for k=—n,....n

for every n > 0. For H = R%, d > 1, the metric § is assumed to be the Euc-
lidean metric. If H is discrete, a map f: X — H has summable variation
if and only if it is continuous.

We fix a cylinder map (or, if H admits a bi-invariant metric, a map with
summable variation) f: X — H, define the map f: Z x X — H by
(3.9)-(3.10) with o replacing V, and set, for every (z,2') € Ax and L > 0,

af(z,a") ") = £(L,2)"'£(L, ),
a;(z,2")) =£(L,0 ") (L0~ a!) " = f(~L,2) 'f(~L, ).

where

(6.6)
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Put

at(z,2') = lim at(z, )P, a7 (z,2") = lim a7 (z,2") P,
f L—oo f ! L—oo f (67)

af(z,z') = a;(a: ,ac)a}'(:z:,x ).

Then the maps a}t: Ax — H are well defined cocycles, i.e.

a;f(x, x')a}r(:c’,x”) = a;f(a:, z"), a;(m,x’)a; (2, 2") = a; (z,2"),
and
a;f(aw,ax’) = f(x)a;f(x,x’)f(m’) !
a;(ax,aa:’) = f(x)a;f(x,x/)f(:c’) ! (6.8)

._\

ajor,0x) = [(a')ay (e, 2') f(2')
for all (z,2'), (z,2") € Ax. The cocycles ay, ;f Ax — H will be called
the Gibbs cocycles defined by f.
The following observation allows us to apply Corollary 4.4 to the pair of
Gibbs cocycles (ay, a?).

Theorem 6.1. Let A be a finite set, X C A% a subshift, u a nonatomic
shift-invariant probability measure on X, and R C Ax a p-nonsingular shift-
tnvariant subrelation. Then the shift o is a weakly asymptotically central
automorphism of (R, ).

Suppose furthermore that H is a Polish group and f: X — H a cylinder
map (if H admits a bi-invariant metric it suffices to assume that f has
summable variation). Then the pair of Gibbs cocycles (a f,af) R — H?
n (6.6)(6.7) is quasi-invariant and complementary.

Corollary 6.2. Let A be a finite set, X C A% a subshift, u a nonatomic
shift-invariant probability measure on X, and R C Ax a p-nonsingular
shift-invariant subrelation.

Suppose furthermore that H is a Polish group of the form H = Hy X Ho,
where Hy is a compact extension of an abelian group and Hs is a discrete
nilpotent group, and that f = (f1, f2): X — H is a map with the property
that f1: X — Hjy has summable variation (with respect to some fixed bi-
invariant metric 6 on Hy), and fo: X — Hs is a cylinder map. Then the
pair of Gibbs cocycles (a}a?): R — H? in (6.6)(6.7) is x-ergodic and
equally ergodic.

Proof. Theorem 6.1, Corollary 4.4 and Theorem 5.3. O

Remark 6.3. If the group H in Corollary 6.2 is discrete then the shift-
invariant subrelation ker*(a/, f) C Ax satisfies that (z,2') € ker*(a}, j{)
if and only if

flo"z)-- flo™"z) = f(o"a") - f(o™"2) (6.9)
for all sufficiently large n > 0 (cf. [17] and [18]).

Although the assumptions on the group H in Corollary 6.2 may be unne-
cessarily strong, it is easy to see that (6.9) cannot hold without any restric-
tions on H: if H is the free group on two generators a,b, A = {a,b}, X = AZ
and f(z) = xo for every z € X, then (6.9) shows that (z,2’) € ker*(a;, }F)

if and only if x = 2/, i.e. that (a} ay, f) cannot be ergodic with respect to
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any nonatomic shift-invariant measure on X. In order to get beyond the
hypotheses of Corollary 6.2 we have to impose a recurrence condition on the
map f: X — H in (6.6)—(6.8).

Definition 6.4. Let (X,8) be a standard Borel space, V € Aut(X,8), p
a V-nonsingular probability measure on 8§, H a Polish group, f: X — H
a Borel map, and f: Z x X — H the cocycle defined in (3.9)—(3.10). The
map f and the cocycle f are recurrent if there exist, for every A € § with
u(A) > 0 and every neighbourhood N (1) of the identity in H, an x € A
and an n € Z with V"2z # z and f(n,z) € N(1g). The map f and the
cocycle f are inner recurrent if there exist, for every A € 8§ with p(A) > 0,
every g € H and every neighbourhood N (1) of the identity in H, an x € A
and an n € Z with V"z # z and f(n,z)gf(n,z)~* € N(1g)g.

Examples 6.5. (1) Every recurrent map is inner recurrent; however, recur-
rence is obviously a much stronger condition than inner recurrence. Whereas
every Borel map with values in a Polish group H with compact conjugacy
classes is inner recurrent, the results on recurrence of random walks in [19]
raise the following question (cf. [7]): suppose that X C A? is a mixing shift
of finite type (cf. (7.1)) and pu = pe the Gibbs measure arising from a map
¢: X — R with summable variation (cf. (7.2)); is every continuous recur-
rent map f: X — H with values in a discrete group H cohomologous to a
map f': X — H' C H, where H' is a finite extension of Z¢ with d < 27

(2) Let H' be a discrete group, H” a Polish group, and let «: H' —
Aut(H") be a homomorphism from H’ into the group of continuous auto-
morphisms of H”. We denote by H' x, H” (or simply by H' x H") the
semi-direct product of H’, H”, defined as

H=H xH" (6.10)
with group operation
(R, 1Y) - (h, h3) = (Ry b, B " (R5)). (6.11)
We identify the groups H’, H” with the subgroups
H = {(h/, 1H”) ‘h e Hl} = H/,
Hl/ — {(1H’,h”) . h// c H//} o H//
of H.If X isaset and f: X — H = H' x H"” a map then we write f as

f=1" (6.13)

with components f': X — H’ and f”: X — H".

If one of the two groups H', H” is abelian and the other one is compact,
then the conjugacy class of every h € H = H' x H"” has compact closure,
and every Borel map f: X — H is inner recurrent.

(3) Let H be a Polish group with centre C(H), and let f: X — H be
a Borel map such that wo f: X — H/C(H) is recurrent, where 7: H —
H/C(H) is the quotient map. Then f is inner recurrent.

(6.12)

Theorem 6.6. Let A be a finite set, X C A% a subshift, H a locally compact
second countable group, and f: X — H an inner recurrent cylinder map (if
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H admits a bi-invariant metric it suffices to assume that f is inner recurrent
and has summable variation).

Let furthermore i be a nonatomic shift-invariant probability measure on
X and R C Ax a p-nonsingular shift-invariant subrelation. Then the pair
of Gibbs cocycles (a;, a;{) s x-ergodic and equally ergodic on R.

Proof. We prove the theorem in the special case where H is discrete and f is
continuous; the modifications necessary for the general case will be indicated
at the end of the proof.

For convenience we go to a higher block representation of X and assume
that f depends only on the coordinate zg of every z € X.

Denote by TV C [R] a countable set of maps of the following form:

(a) R=A{(vz,z):yel’, € X},
(b) for every v € T there exist nonempty cylinder sets
A() =[i-N@)s - iN )]
={r=(zp) € X 2 =1 for k=—-N(y),...,N(7)},
B(’Y) = [ij('y)a cee 7.]N('y)]
={r=(rp) € X 12 = for k=—-N(v),...,N(y)}

with N(v) > 1, i_n(y) = J-nN(7)s iN(y) = JN(y), and Borel sets
A(7) C A(), B'(7) € B(3), such that u(A'(7)) > 0, yA'(7) =
B'(y) and

xp if v ¢ A'(y)UB'(y) and k € Z,
orif x € A/(y)UB'(y) and |k| > N(v),

g if x € A(y) and k=—N(v),...,N(7)

i, if € B'(y) and k=—-N(v),...,N(v).

(vo) =

Then the complementary pair (a;, a;{) satisfies that
a; (o "z, 0 ") = a}r(anvx, o"x) =1y (6.14)

whenever v € IV, n > N(v) and x € X.

Let A, B € § satisfy that u(R(A) N B) > 0. We choose a Borel set A’ C
ANA'(v) and elements vy € IV, g € H, with u(A’) > 0, B'=~A’ C BNB'(v)
and a}(yz,z) = g for every z € A’ (cf. (6.7)).

We claim that there exist a y € A’ and an integer n > 2N () with

f(n,y)g = gf(n,y), 0"y € A" and o "yo"y € A (6.15)

In order to prove (6.15) we denote by Ay the Haar (= counting) measure
on H and set v = p x Ag. Since f is inner recurrent, the v-preserving
skew-product transformation

S(z,h) = (ox, f(z)hf(z)™h) (6.16)

on X x H is conservative. We induce S on the set X = X x {g} and view
the induced transformation as a p-preserving automorphism of X: for every
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z € X we set
(min {k>1:f(k,x)g =gf(k,x)} if the sets
{k>1:f(k,x)g = gf(k,x)} and
r(x) = {k>1:f(—k,x)g = gf(—k,xz)}  (6.17)
are both infinite,

\ 0 otherwise,

and put Tz = S"@gz. Then T € [R]o]], where
Rlo] = {(c"z,z) k€ Z, z € X}
is the equivalence relation generated by o.
ForeveryneZ and x € X, T"x = o™ (%) 2 where
Py r(Thz) if n> 0,
r(nvx) = 0 if n = 0,
—r(—n,T"x) if n <O0.
is the n-th return time of (z,g) to X under S.
Put C = 0N (A(y) U B(y)) and denote by T¢ the automorphism of
C induced by T. Then there exists a Borel map r': Z x C — 7Z with
Thx = ot (%) g for every n € Z and z € C.

For n > 0, v/(—n,x) depends only on the coordinates zj, k < 0, which
are unaffected by o=V ~oN() . Hence

' (—n, 0 N yeNNg) = v/ (—n, z)
for every « € C' and n > 0, and the map
T — T7"0 N ye NN TRz if 2 € C,
" T otherwise,
lies in [R] for every n > 0. For every cylinder set D C C, T),D = D for every

sufficiently large n > 1, and by approximating arbitrary Borel sets in C' by
closed and open subsets of C we obtain that

lim u(T.DAD) =0 (6.18)

for every Borel set D C C.

In order to complete the proof of (6.15) we set

D=0c"NMA" c 7N A(y)
and use (6.18) and the conservativity of T¢ to conclude that there exists a
point x € D with ot (7)€ D,
o7 (1:2) g Ny N o' (n:2) 3 ¢ D,

and f(r'(n,x),z)g = gf(r'(n,z),z) for every n in an infinite subset N C N.

The point y = oNMz € A’ satisfies that o*' %)y e A", £(r'(n,z),y)g =
gf(r'(n,2),y) and o "' (2ot (M0)y e A’ for every n € N. This proves

(6.15).
We fix an integer n > 2N(~) in N and set

a=fy-1) - fy-nm), b= flyne)) - - f(vo),
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a' = f((vy)-1) - F((W)-n()) V= F((Wney) - F((w)o)s
c= f(yn—N(v)—l) T f(yN('y)+1)-
Then f(n,y) commutes with g, a}(yy, y) =9, a;(a‘”fya"y,y) =1y, and
aj(vy, 0 "yo"y) = aj (0 "oy, yy)at (vy, 0 "o "y)
= a; (y,vy)af (vy, y)ay (y, 0 "yo"y)

= a’}('yy y)af (o "oy, y) "

= a}(vy, y)@?(ff vo"y,y) ey (y, 0 Mo y)
= af(yy,y)ai(o o y,y) !

=a’}(7y yE(n,y) " at(voy,o"y) " (n,y)
=99 =1n

Since ¥/ = o "yo"y € A, vy € B and (yy,y’) € R, we have proved the
+-ergodicity of (a, a;{).

If one assumes at the beginning of this proof that ay (yx,z) = 1y and
a}i(fyx,:r:) = a;{(’yx,aj) = g, then the same proof shows that the element
(vy,y') € R satisfies that ¢y € A, vy € B, (yy,y') € R and a;('yy,y’) =

aj[('yy, y') = 1. As in the proof of Theorem 5.3, this implies that a; and

at

are equally ergodic.

Finally we mention the changes necessary if H is an arbitrary locally
compact second countable group with left Haar measure Ap. In this case
the map S in (6.16) has to be replaced by the map S: X x H x R of the

form

S(z,h,t) = (o, f(x)hf(2) ™", Au(f(@))t),
where Ag is the modular function of H. Then S preserves the measure v =
pux A X Ag and is conservative. We induce S on X = X x N (1y)gx[1—e¢, 1+¢]
for some compact neighbourhood N (1) of the identity in H and some € > 0.
The map 7 in (6.17) is now a map from X x N(1g)g x [1 —¢,1+ €] to Z,
and the rest of the proof goes through with obvious changes. O

By combining the proofs of the Theorems 4.3 and 6.6 we obtain the fol-
lowing result.

Theorem 6.7. Let A be a finite set, X C A% a subshift, i a nonatomic
shift-invariant probability measure on X and R C Ax a p-nonsingular shift-
tnvariant subrelation.

Let furthermore H = H' x H" be a semi-direct product of two discrete
groups, where H" is nilpotent, and let f = (f', f"): X — H be a cylinder
map (cf. (6.13)). If f' is recurrent, then the pair of Gibbs cocycles (a;,a;{)
s x-ergodic and equally ergodic on R.

Proof. We use the same notation as in the proof of Theorem 6.6.

Let A, B € 8 satisfy that u(R(A)N B) > 0. We choose a Borel set A’ C A
and elements y € I, g € H, with u(A’) >0, B' = yA’ C B and a}(yz,z) =
g for every x € A’. As in the proof of Theorem 6.6 we show that there exists,
for p-a.e. x € A’, an infinite subset N, C N with f(n,2) € H”, 0"z € A,
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a;(J*"’yU”a:,x) = 1y, and 0 "yo"x € A’ for every n € N, where H” is
defined in (6.12). Then

ay(yz, 0 "yo"x) = a; (0" "o, fyac)a;f(’y:c, o "yo"x)

=a;(z, ’ya:)a;f(’yx x)a}“(az o "yo"x)
= aj(yw, x)a;(a yox, z) !

(6.19)

*( -1

=az(y x,x)af o "yo"x, x) ! ;(a:,a_n*yanm)
= aj(yz,z)a; (o "yo "z, x)” !
= af(fyxax)f(n733) af(’)/Un.%' o :Ij') 1f(n,x) c H".

The same induction argument as in the proof of Theorem 4.3 allows us to
find an element W € [R] and a subset A” C A with u(A”) >0, WA” C B,
and a}(Wz,z) = 1p for every z € A".

The proof that ay and a}r are equally ergodic is analogous. O

Corollary 6.8. Let A be a finite set, X C A” a subshift, ;1 a nonatomic
shift-invariant probability measure on X and R C Ax a p-nonsingular shift-
invariant subrelation.

Let furthermore H be a Polish group of the form H = Hy x Hy, where
Hy is a compact extension of an abelian group and He = Hi x HY is a
semi-direct product of two discrete groups, where HY is nilpotent.

Suppose that f = (f1, fo): X — H is a map with the following properties:

(a) the map fi1: X — Hy has summable variation with respect to some
fized bi-invariant metric 6 on Hy,
(b) the map f4: X — HY is recurrent, where fo = (f5, f)): X — Hy
is written in the form (6.13).
Then the pair of Gibbs cocycles (aJT, a;ﬁ) 18 *-ergodic and equally ergodic on
R.

Proof. By assumption, H; contains a normal abelian subgroup H7 such that
H{ = H;/H{ is compact. We denote by m: Hi — Hj the quotient map.
Then the map f = (m o f1, f}): X — H/| x H} is recurrent.

We fix an invariant symmetric neighbourhood N(1p,) of the identity in
Hy, set N(1p;) = m1(N(1n,)) C Hj, and observe that N(1p) and N(1x) =
N(1g,) x {1g,} are invariant neighbourhoods of the identity in H; and H,
respectively.

Choose a Borel set A’ C A and elements v € T, g € H, with u(A4’) > 0,
B = 4A" C B, and aj(yz,z) € gN(lg). For p-ae z € X there ex-
ists an infinite set N C N with £'(n,z) € N(ly;) x {1}, 0"z € A,
a; (0~ "yo"z,z) € N(1pg), and o~ "yo"z € A’ for every n € Ny,

The calculation (6.19) allows us to find an element W € [R] and a subset
A" C Awith u(A”) > 0, WA” C B and a}(Wz, ) € N(1g,)?x HY, and the
same induction argument as in the proof of Theorem 6.7 yields an element
W' € [R] and a set A" C A with u(A") >0, W'A" C B and a}(Wz, ) €
N(1g,)™ x {1g,} for some m depending only on the length of the filtration
(4.3) of HY. Since N(1p,) was arbitrary, we conclude that (a;,a?) is *-
ergodic. The proof of equal ergodicity is completely analogous. (]
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Corollary 6.9. Let A be a finite set, X C A% a subshift, i a nonatomic
shift-invariant probability measure on X and R C Ax a p-nonsingular shift-
tnvariant subrelation.

Let furthermore H be a Polish group of the form H = H' x, H", where
H' and H" are abelian groups and a is an action of H' by automorphisms
of H', and let f = (f', f"): X — H be a cylinder map with the property
that ao '+ X — Aut(H") is recurrent with respect to the natural Polish
topology on Aut(H"). Then the pair of Gibbs cocycles (a;, a}r) is *-ergodic
and equally ergodic on R.

Proof. The proof is essentially identical to that of Theorem 6.7. We denote
by G the countable subgroup of H' generated by the values of f’, furnished
with the discrete topology, and consider f as a map from X into H = G'x H”
with the property that the map ao f: X — Aut(H") is recurrent. Since it
suffices to prove the corollary with H replacing H we assume for simplicity
that H' is countable and discrete.

The same calculation as in (6.19) shows that we can find, for every
neighbourhood N(1g~) of the identity in H”, and for all A, B € § with
w(R(A) N B) > 0, a pair of points (z,2') € R with z € A, 2/ € B
and a}(z,2') € {lp/} x N(1y~). Similarly one proves equal ergodicity of
(af, a;[). O

7. ERGODICITY OF COCYCLES ON SHIFTS OF FINITE TYPE

In this section we investigate the individual ergodicity of the Gibbs co-
cycles ay, a}“ on a shift space after modification by a suitable coboundary.

Let X C A% be a shift of finite type, i.e. assume that there exists an
integer k > 1 and a subset P C A such that

X ={(zn) € AZ: (p,...,Tpyp_1) € P for every n € Z}. (7.1)

If ¢: X — R is a map with summable variation, then there exists a unique
probability measure p, on the Borel field 8 of X which is quasi-invariant
and ergodic under the Gibbs relation Ax of X, and whose Radon-Nikodym
derivative (9.1) under Ax satisfies that

puy(w,7) = af(w,2') = (d(c*x) — p(o*2')) (7.2)
p-a.e. on Ax (cf. [1], [10],[14], [20]). "

Theorem 7.1. Let A be a finite set, X C A a mizing shift of finite
type, and let pugy be the Gibbs measure arising from a map ¢: X — R
with summable variation (cf. (6.4)—(7.2)). Let furthermore H be a Polish
group and f: X — H a cylinder map such that the pair of Gibbs cocycles
(a;,a}r): Ax — H? in (6.6)(6.8) is x-ergodic and equally ergodic (cf. Co-
rollary 6.2 and Theorems 6.6-6.7). Then there exists a cylinder map b: X
— H such that the cocycles

a?, (2,2) = b(x)flajf(x,ml)b(x/) (7.3)

on Ax are ergodic, where

f'=(boo) b (7.4)
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If the group H admits a bi-invariant metric and f: X — H has summa-
ble variation, and if the Gibbs cocycles (a;,a}L): Ax — H? are x-ergodic
and equally ergodic, then there exists a continuous map b: X — H such
that the cocycles ajf, in (7.3)~(7.4) are ergodic.

Proof. We begin by assuming that f is a cylinder map and assume without
loss in generality (by going over to a higher block representation of X, if
necessary) that X satisfies (7.1) with £ = 2, and that f depends only on
the coordinate zg of each z € X. For simplicity we also assume that H is
discrete; the general case is proved by an approximate argument similar to
(but simpler than) the second part of this proof.

From (6.6)—(6.7) we know that

ker(a;) D A, ker(a?) DAY,

where
A}: (r,2") € Ax : xp, = 2], for all n <0}, - s
Ay = (x,m’)EAX:a:n:x;l for all n > 0}. (7.5)
Put
Ay = A3 VAL (7.6)
and apply Theorem 5.3 and (5.1) to see that
gker(af)nker(ay) ~ gA% (mod 414). (7.7)

Since X is mixing, there exists an integer N > 0 such that the relation
A’éN(w) induced by A% on each cylinder set Cn () in (6.3) is pg-ergodic for
every x € X (cf. (7.7)), and hence that the relation (ker(a;f) Nker(ay))oy (x)
is pg-ergodic on Cn(x) for every x € X.

The collection P = {Cn(x) : € X} is a finite partition of X. We fix a
P € P and an element x € P and use *-ergodicity to find, for every @ # P in
P, Borel sets Ag C P, Bg C @, and elements gg € H, Vg € [ker*(a;,a}r)]
with

pp(AgN{z e X : a?(VQx,az) € gN(1u), a; (Voz,x) € gN(1m)}) > 0
for every neighbourhood N (1p) of the identity in H. Put
1y if P
ba)=3 D TED (7.8)
g frxeQ#P.
Then b is a cylinder map, and (6.6)—(6.7) show that

@t (z,2') = b(z)~Lak(z, 2 )b(a), (7.9)
where f’ is defined in (7.4). Our choice of b implies that the cocycles aff, are

fg-ergodic.
If H admits a bi-invariant metric and f: X — H has summable vari-
ation, then we set, for every N > 0,

AY) = {(z,2) € Ax r 2y =), for k=—N,...,N},
AL =AM AT,

and conclude that there exists, for every ¢ > 0, an integer Ny > 0 with
6(ay (2,2'),1n) < € for every (z,2) € AEO and 5(@3{(33,33’),11{) < ¢ for
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every (z,2') € Ay, - It Ny is sufficiently large then the argument in Theorem
5.3 allows us to find, for every x € X and every pair of Borel sets A, B C
Cn, (x) with p14(A)pg(B) > 0, an element W € [Ax] and a Borel set A’ C A
with p4(A’) >0, WA" C B and (5(a]jf(Wx,:L‘), 1) < 2¢ for every x € A’. We
write Py for the partition of X into cylinders of the form Cy,(z), x € X,
and construct a map by: X — H as in (7.8) with the following properties:

(a:0) by is constant on every P € Py,

(b:0) if fi = (bo 0 o)~ fbo, and if ay,: Ax — H is defined as in (6.6)-
(6.7), then there exist, for every pair of sets A, B € 8§ with ug(A) >0
and f14(B) > 0, an element W € [Ax]| and a Borel set A’ C A with
pe(A) >0, WA" C B and 5(@?1 (Wx,x), 1) < 3¢ for every z € A'.

Choose Ny > Ny such that 6(ay, (z,2'),1y) < 2 for all (z,2') € Ag?h)

and repeat this argument to find a map b;: X — H with the following
properties:

(a:1) by is constant on each cylinder set Cy, (z), z € X,

(b:1) if fo = (by o)~ fby, then there exist, for every pair of sets A, B € §
with p14(A) > 0 and pg(B) > 0, an element W € [Ax] and a Borel
set A" C A with p4(A") >0, WA’ C B and 5((1?52(W:L‘,a:), 1g) < 3¢/2
for every x € A’,

(c:1) 8(bi(z),1m) < 3¢ for every z € X.

By repeating this construction we obtain recursively an increasing sequence
of integers (NN, k > 0) and sequences of continuous maps by, fr: X — H
with the following properties for every k& > 1:

(a:k) by is constant on each cylinder set Cn, (), € X,

(b:k) if fri1 = (bgoo) fxbk, then there exist, for every pair of sets A, B € §
with p14(A) > 0 and pg(B) > 0, an element W € [Ax] and a Borel
set A" C A with py(A) >0, WA" C B and 5(ai+l(Wx,x), 1) <
3e/2F for every x € A/,

(c:k) §(bp(z),15) < 3e/2F1 for every x € X.

The map b = lim,, .o bo - - - by, is continuous, and we set f' = (bo o) 1 fb
and obtain that ajf, (z,2") = b(:n)_laf(:c, 2" )b(z") for every (z,2’) € Ay, and
that a]jf/ is ergodic. O

Remark 7.2. As we observed in the proof of Theorem 7.1, the existence of
a cylinder map b: X — H such that the cocycles aff,: Ax — H in (7.3)-
(7.4) are ergodic is equivalent to the existence of a finite algebra 4 of closed

and open subsets of X such that gher(a}) A (mod pg).

Corollary 7.3. Let A be a finite set, X C A% a mizing shift of finite type, o
the Gibbs measure arising from a map ¢: X — R with summable variation,
H a Polish group, and f: X — H a cylinder map.

Suppose that one of the following conditions (1) or (2) is satisfied.

(1) (a) The group H is of the form H = Hy x Ha, where Hy is a compact
extension of an abelian group and Hy = HY x HY a semi-direct
product of two discrete groups with Ho nilpotent,

(b) The map f = (f1, f2): X — H has the property that f5: X —
HY, is recurrent (in the notation of (6.13));
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(2) The group H is locally compact and f is an inner recurrent cylinder
map.
Then there exists a cylinder map b: X — H such that the cocycles ajf,: Ax
— H in (7.3)~(7.4) are ergodic.

Proof. Apply Corollary 6.8 and the Theorems 6.6 and 7.1. (]

Remark 7.4. If the map f1: X — H; in Corollary 7.3 (1) has summable
variation, then the map b = (b1,b2): X — H = H; x Hs in the conclusion
of the corollary satisfies that b;: X — Hj is continuous, by: X — Ho
has summable variation, and the cocycles ajf,: Ax — H in (7.3)—(7.4) are
ergodic.

8. ERGODICITY OF COCYCLES AND WEIGHTS OF PERIODIC POINTS

This section is motivated by the papers [15] and [2]. The hypothesis (3)
in Theorem 8.1 is introduced in [15], and in [2] Theorem 8.1 is proved under
the additional hypothesis that the group H is discrete and abelian.

Suppose that H is a Polish group and f: X — H a map which is either
a cylinder map or has summable variation (the latter hypothesis requires
the existence of a bi-invariant metric on H). For every periodic point z € X
with minimal period p > 1 (i.e. with 0Pz = x, but o*z # z for 0 < k < p)
we define the f-weight of x by

wy(z) = floP~ ) f(x). (8.1)
Denote by A(@) the equivalence relation (3.11) generated by Ax and o, and

write c‘zjf: Ag?) — H for the extensions (3.13) to Ag?) of the Gibbs cocycles
a?: Ax — H.
Theorem 8.1. Let A be a finite set, X C A” a mizing shift of finite type, o
the Gibbs measure arising from a map ¢: X — R with summable variation,
H a compact extension of a nilpotent locally compact second countable group
of the form H = Hy x Hs, where Hy is abelian, and f = (f1,f2): X — H
a map with the following properties:

(1) the map f1: X — Hj has summable variation,

(2) the map fo: X — Hy is a cylinder map,

(3) the collection of f-weights

Wy = {ws(z)* : 2 € X is periodic} (8.2)
is dense in H (cf. (8.1)).

Suppose furthermore that the pair of cocycles (a;,a

equally ergodic (cf. Corollary 6.2 and Theorems 6.6-6.7
)

ay and EL}L are ergodic on Ag? .

) is *-ergodic and
. Then the cocycles

~+

~—

Proof. According to Theorem 7.1 and Remark 7.4 there exists a map b =
(b1,b2): X — H = H; x Hj such that by is continuous, be is a cylinder
map, and the cocycles a]jf,: Ax — H in (7.3)~(7.4) are pg-ergodic. If P is
the partition of X into the closed and open sets of constancy of by, then a,jf2
— and hence d]jc; — is ergodic on each P € P (cf. Remark 7.2).



ERGODICITY OF COCYCLES. 1: GENERAL THEORY 27

We denote by Hy C H the closed subgroup of H associated with the
ergodic restriction of d]jf, to (Ag?)) p by Proposition 2.5 (since (C_LJ;,,C_L}_,) is
x-ergodic, it is easy to see that the subgroups arising from EL;{, and ay are
identical for every P € P).

For every P € P we denote by Gp C H the closed subgroup of H as-
sociated with the ergodic restriction of a]% to (Ag?)) p by Proposition 2.5.
Clearly, the closure of the set

{(wyr (2),wyy (z))*! : 2 € P is periodic}

is contained in Gp, where " = (f1, f5).
We fix P € P, set G = Gp, and conclude that there exists, for every
P’ € P, an element hp € Hy such that

{(wy (), wyy (2))* : 2z € P’ is periodic}
= {(wy, (), hprwp, (z)hp )= s o € P is periodic}

is contained in GGps. Here we are using that H; is abelian and bs is constant
on each P’ € P.

Since every periodic point of X lies in some P’ € P and Wy is dense in H,
H is the union of finitely many conjugacy classes of G. By Baire’s category
theorem G is open, and we claim that G = H.

Since H is a compact extension of a nilpotent group, there exists a left-
invariant mean m: UCB(H) — C on H, where UCB(H) is the space of
uniformly continuous bounded complex valued functions on H (cf. e.g. [13]).
Since finitely many conjugacy classes of G cover H, the indicator function
Lygg—1 of at least one of these conjugacy classes satisfies that m(1yg,-1) >
0 (since gGg~! is open, its indicator function lies in UCB(H)). The left-
invariance and finite additivity of m guarantee that gGg~' — and hence
G — has finite index in H. Hence G contains a subgroup K C H which is
normal and has finite index in H.

I am grateful to G. Kowol and H. Rindler for the following argument
which completes the proof of the theorem.

Suppose that H' D G is a maximal proper subgroup of H such that H is
the union of finitely many conjugacy classes of H'. We denote by N(H') O H'
the normalizer of H' in H. Our assumption on H’ implies that N(H') = H’,
and hence that h='H'h # H' for every h € H ~ H'. Hence

|H/K|=|H/H'|-|H'/K| =) |(h" H'h)/K]

heC
> 'H'h)/K| = |H/K|,
heC
where C' C H is a set which intersects each coset of H' in H in exactly one
point, and where | - | denotes cardinality. This contradiction implies that
=G=H. O

9. EXAMPLES

9.1. The Radon-Nikodym cocycle. Let R be a discrete Borel equival-
ence relation on a standard Borel space (X, §8) and p a sigma-finite measure
on 8 which is quasi-invariant under R. Then y is quasi-invariant under every
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W € [R]. By choosing a countable subgroup I' C [R] satisfying (2.2) and se-
lecting a suitable version of the Radon-Nikodym derivative of CZ‘T'Y for every
v € I' we obtain a cocycle p,: R — R with

d
pu(yz,x) = log dey(ac) for every v € I' and p-a.e. z € X. (9.1)
I

The cocycle p, is uniquely determined (mod p) and is called the Radon-
Nikodym cocycle of (R, ).

If V€ Aut(R) preserves p then the cocycles (z,y) — pu(z,y) and
(z,y) = pu(Vx,Vy) coincide (mod u). Hence we may assume without loss
in generality that p, is V-invariant.

In the special case where p is a probability measure on 8 which is ergodic
under V and V is weakly asymptotically central on (R, ), Theorem 4.1
implies that p is either invariant (and hence of type II;) or of type III,
under R with 0 < A <1 (cf. [17]).

If A is a finite set, X C A% a shift of finite type and pgp the Gibbs measure
arising from a map ¢: X — R with summable variation (cf. (7.2)), then
we can combine the resulting cocycles adf: Ax — R with the cocycles
ajf: Ax — H in Theorem 7.1 or Corollary 7.3. For example, if H =
Hy x Hy is a Polish group and f = (f1, f2): X — H is a map satisfying the
hypotheses of Corollary 7.3 (1) and Remark 7.4, then we can replace f; by
(¢, f1): X — R x H; and obtain a continuous map b = (bg, b1,b2): X —
R x Hy X Hy such that by: X — Hy is a cylinder map and the cocycles
(adi),, ajf,) : Ax — Rx H are ergodic, where ¢/(z) = (bgoo) " +¢(x) —bo(x),
a(:;, (z,2') = af;(a;, x') —bo(x)+bo(2'), and where a]?, is defined by (7.3)—(7.4)
with b; replacing b.

9.2. Ergodicity of cocycles on full shifts. Let A be a finite set, X = A%,
i = pig the Gibbs measure arising from a map ¢: X — R with summable
variation, H a discrete group, and f: X — H a map which depends only
on the zero coordinate, i.e. f(x) = f(2/) for all z,2’ € X with zo = .
Then p is is quasi-invariant and ergodic under Ax.
If H and f satisfy the conditions of Corollary 7.3, then there exists a

subgroup Hy C H with the following properties:

(a) a}r(az,x’) € Ho and a; (z,2") € Hy for every (z,2') € Ax,

(b) if X is the counting measure on Hy x Hp, then the measure p X A on

=
X x H} is ergodic under the skew-product relation Ag?f ) defined
in (2.9).
Condition (b) implies that the cocycle (ay, a]f): Ax — H? is ergodic.
Indeed, Theorem 5.3 and (5.1) imply that

Sker(a;) _ Sker(a;,a}r) _ Sker(aj{) _ Sker(a;)vker(a?) (mod /J,)
Furthermore, ker(a;) > A%, ker(aj[) D Ay (cf. (7.5)), and
Ax =A VAL = ker(a,) vV ker(a?). (9.2)

Hence B i
Sker(af) _ Sker(u‘f) — {)(7 @} (mOd ,u) (9'3)
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by (5.1), which proves the ergodicity of (ay, a;).

-t
The ergodicity of the relation Ag?f ) on X X Hg is equivalent the con-

dition that there exists, for all A, B € § with u(Ax(A) N B) > 0 and all
(g9,h) € HE, a point (v,2') € Ax with z € A,2’' € B, a;(aﬁ,:c’) = g and
a;(z,2') = h.

9.3. The lamp-lighter process. Let d > 1, A = {j:e(i) ci=1,...,d} C
7%, where e® is the i-th unit vector in Z%, X = AZ, and let 1 be the uniform
Bernoulli measure on X.

Let G = Y ;4 Z be the direct sum of copies of Z, indexed by 7%. Every
element g € G is viewed as a map g: Z¢ — Z with g(n) # 0 for only finitely
many n € Z¢, and the shift-action a of Z¢ on G is defined by

a®(g)(n) = g(m +n)

for every m,n € Z% and g € G. The semi-direct product H; = Z% x, G
consists of all pairs (n,g) € Z? x G with group operation (n,g) - (n’,¢’) =
(n+1,g +a”g).

Consider the cylinder map f: X — H; with f(z) = (0, 1{5,)) for every

x = () € X, where
1 if n =z,
1 =
{0} () {0 otherwise.

For d < 2, the first component f’: X — Z® of f is recurrent, and Theorem
6.7 shows that the pair of Gibbs cocycles (a;,a}r): Ax — H? in (6.6)-
(6.7) is *-ergodic and equally ergodic. By Corollary 7.3 and Example 9.2,
the individual cocycles ajf: Ax — H;j are, in fact, ergodic.

If d > 3, then f; is transient (i.e. not recurrent), and Theorem 6.7 cannot
be applied.

For 1 < d < 2 we can interpret the ergodicity of a}r geometrically as
follows: define the one-sided space X, and the one-sided Gibbs relation
Ax, by (9.5)-(9.6) below and identify every € X in the obvious manner
with a path in Z¢ starting at 0. If we call two such paths equivalent if they
differ in only finitely many steps and visit every lattice site equally often,
then the resulting equivalence relation is ergodic with respect to the uniform
Bernoulli measure on X..

We modify this example by replacing the group G with the direct sum
G o = > 74 Z/2Z. Every element of G 5 is identified with a finite subset of
7%, with symmetric difference A as group operation. The shift-action a of
Z% on G /2 1s defined as above by

dmF=F—-m

for all m € Z% and F C Z¢, and the semi-direct product Hy = Z% x, G /2 18
called the d-dimensional lamp-lighter group.

If f: X — Hy is defined by f(z) = (xo,{x0}) for every x € X, then
the same argument as above shows that the cocycles ajf: Ax — Hy are
ergodicif 1 < d < 2.
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The same results hold if we replace the uniform Bernoulli measure on X
by any Gibbs measure p4 arising from a map ¢: X — R with summable
variation such that f': X — Z¢ is pg-recurrent (and therefore d < 2).

9.4. An application of inner recurrence. Let A be a finite set, X C A%
a subshift, and p a shift-invariant probability measure on X. Let furthermore
d>1,n>2, and let a: Z% — GL(n,Z) be a group homomorphism. Then
o defines Z%-actions by automorphisms of Z" and of T" = R"/Z", and we
denote by H; = 7% x, T" and Hy = Z% x4 Z™ the resulting semi-direct
products.

Every cylinder map f: X — Hj is inner recurrent by Example 6.5 (2).
According to Theorem 6.6, the Gibbs cocycles (a;,a;{): Ax — H? are
x-ergodic and equally ergodic on any shift-invariant subrelation R C Ax.

If X is a shift of finite type and 1 = pg is the Gibbs measure arising from
a map ¢: X — R with summable variation, then Theorem 7.1 shows that
there exists a cylinder map b: X — H; such that the cocycles a]jf, tAx —
H in (7.3)—(7.4) are ergodic.

If f: X — Hj is a cylinder map, then Theorem 6.7 shows that the
Gibbs cocycles (a}?, ajf): Ay — H3 are *-ergodic and equally ergodic on
any shift-invariant subrelation R C Ax, provided that — in the notation of
(6.13) — the map f': X — Z¢ is recurrent (which essentially implies that
d < 2). In this case Theorem 7.1 again yields a cylinder map b: X — Hy
such that the cocycles a]jf,: Ax — Hj in (7.3)—(7.4) are ergodic.

If the Z%-action « is irreducible! we can weaken the recurrence condition
on the map f': X — Z%.

Proposition 9.1. Let X be a shift of finite type, p = pg the Gibbs measure
arising from a map ¢: X — R with summable variation, and let a: Z¢ —
GL(n,Z) be an irreducible linear Z%-action on R™. Suppose furthermore that
F=0"f": X — H=7%x,R" is a cylinder map (where f': X — 74
and f": X — R™) such that no f': X — R is recurrent® for every linear
map n: RY — R. Then the pair of Gibbs cocycles (a;,a;{): Ax — H? is
x-ergodic and equally ergodic, and there exists a cylinder map b: X — H
such that the cocycles a]jf,: Ax — H in (7.3)(7.4) are both ergodic.

Proof. We view « as a linear Z%action on C" and set H = Z% x, C".
Since « is irreducible, we can diagonalize the commuting matrices o™, n €
7%, simultaneously and find a-invariant subspaces Vi, i = 1,...,k, of C"

and continuous group homomorphisms 3;: R — C* (where C* is the
multiplicative group of nonzero complex numbers) such that C* = V; @
.-+ @ Vi and the restriction of o™ to V; is multiplication by ;(n) for every
i=1,...,k and n € Z°.

Put G; = C* x V;, where C* acts on V; by multiplication, G' = @le G,
and define an injective group homomorphism 6: H — G by

O(n, (vi,...,v)) = ((Bi(n),v1),..., (Br(n),vg))

1Irreducibility means that every nonzero a-invariant subspace V C R¢ is equal to R%.
2This is equivalent to assuming that [no fdu = 0 for every linear map n: R? — R.
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for every n € Z¢ and v = (v1,... ) € EBf:l Vi = C™. If we regard f as a
cylinder map from X into H, then 6o f: X — G is of the form

Oof="(fi, -\ fr),

where f; = (f/, f/'): X — G; = C* x V; is a cylinder map for i = 1,..., k.

Our hypothesis on f’ is easily seen to imply that f/: X — C* is re-
current for ¢ = 1,..., k. Corollary 6.9 shows that the pair of Gibbs cocycles
(az_, a;[i) : Ax — G? is x-ergodic and equally ergodic, and Theorem 7.1 and
Remark 7.2 show that there exists a finite algebra A; of closed and open
subsets of X such that the cocycles aj: are ergodic on each atom of A;. By
combining these subalgebras we obtain a finite algebra A of closed and open
subsets of X such that the cocycles a}jfi are all ergodic on each atom of A.

Hence the cocycles a;to IE Ax — G? are both ergodic on each atom of A,

which implies the ergodicity of ajf: Ax — H on each atom of 4. Remark
7.2 completes the proof of the proposition. O

9.5. Ergodicity of cocycles on subshifts. Let A be a finite set, X C A%
a subshift, ;4 a nonatomic shift-invariant measure on X, H a finite extension
of a discrete nilpotent group and f: X — H a cylinder map. Choose a
shift-invariant subrelation A, C Ax such that p is quasi-invariant under
A, and Ay = A, (mod p) (cf. Proposition 2.1), and let

Af ={(z,2") € Ay : xy = x;, for all n <0},
A, ={(z,2') € Ax : x, = ), for all n > 0}.
As we saw in Example 9.2 above, the cocycles ajf: A, — H satisfy that
ker(a;) D Al ker(a?) DA,
and hence that

Sker(a;) _ Sker(a}L) - SA;\/A:{ (mod ,U)

The size of the relation A}, = AV A:[ C A, depends, of course, on the
nature of the shift space X and the measure p.

If X is a shift of finite type and p = p4 the Gibbs measure corresponding
toamap ¢: X — R with summable variation we set A, = Ax and observe
that

A=Ay VAL CAx
has only finitely many ergodic components (cf. [12]). If A% = Ax, and if the
map f: X — H depends on the single coordinate xg of every = € X, then
(7.7) shows that the Gibbs cocycles anE: Ax — H are ergodic without any
modification.

Here is an elementary example where A% # Ax: in the notation of (7.1)
we assume that k =2, A = {1,2,3}, and that the set of allowed transitions
P C A? is given by

010
P = (0 0 1>
101

in the sense that the transition (i,7) is allowed if and only if P(i,j) = 1,
1 < i,j < 3. The shift of finite type X C AZ determined by these data has
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the property that 1 has to be followed by 2 and 2 has to be preceded by 1.
Hence the cylinder set

[1,2] :{$€X:x’_1:1,x0:2}

is an atom (mod pg) of 82x for any Gibbs measure e arising from a map
¢: X — R with summable variation.
If we define f: X — Z /27 by

Fa) = {1 if 2o € {1,2},

o otherwise,

then the cocycles ajf: Ax — 7 /27 are nonergodic with respect to fi4.

For general subshifts the situation can be much more complicated. The
following example was pointed out by D. Rudolph.

9.6. Tail-fields of (T,77'). Let
Y =27 =1{1,-1}%,

and let S, T be the shifts (6.1) on Y and Z, respectively. We write By, By
the Borel fields and py, uz for the equidistributed Bernoulli measures on Y
and Z, set X =Y x Z, denote by & and u = py X pz the product Borel
field and the product measure on X, and write 7y : X — Y, 7z: X — Z
for the coordinate projections.

Let V: X — X be the map

V(y,z) = (Sy,T%=z)

for every y = (yn) € Y and z = (z,) € Z. Then V is a Borel automorphism
of (X,8) which preserves u and is called the (T,T~!)-transformation on
(X,8,11) (cf. [3]).

We define a continuous map ¢: X — X by setting ¢(z) = (v/,2') for
every z = (y,2) € X, where

y/ =Y 21,1 = Zs(n,y)»

where s(y) = yo for every y € Y and s: Z x Y — Z is defined by (3.9).
Then ¢ oV = g o ¢, where 0 = S x T is the shift on X, and ¢ is injective
p-a.e., i.e. there exists a V-invariant p-null set N € 8 with ¢(z) = ¢(2')
whenever x # 2/ and z,2’ € X ~ N. The map ¢ allows us to identify the
automorphism V on (X, 8, u) with the shift o on (X, 8, v), where v = u¢~!.

Denote by Ax the Gibbs equivalence relation (6.2) on X and choose a
o-invariant subrelation A, C Ax according to Proposition 2.1 such that v
is quasi-invariant under A, and Ax = A, (mod v). Clearly, o is a weakly
asymptotically central automorphism of (A,,v), and we claim that v is
ergodic under A,.

In order to prove this we write Ay for the Gibbs relation on Y and note
that py is quasi-invariant and ergodic under Ay. We define the cocycle
(ag,af): Ay — (2Z)% by (6.6)—(6.7), denote by A the counting measure
on Z?, and obtain from Example 9.2 that the product measure puy x A on
Y x (2Z)? is ergodic under the skew-product relation Ag?s %) Hence we
can find, for all A, B € By with uy (Ay(A) N B) > 0 and all n € Z, a point
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(z,2') € Ay with z € A2’ € B, a; (z,2') = a}(z,2') = n. In particular,
(z,2') € ker*(ag ,al).

A moment’s reflection on Ax shows that there exists a v-null set N € §
with v quasi-invariant under A, = Ax y U {(z,z) : z € X} and (z,2') €
Axy if and only if z = (y, 2), 2’ = (v, 2’) with

(y,vy') € ker*(ay ,a]), T W), = o, (9.4)

s 717s

Above we saw that we can — in an appropriate sense — prescribe the value
of af arbitrarily on ker*(a;,al), and by taking into account the ergodicity
of T' we conclude that v is indeed ergodic under A,.

We define f: X — Z by f(z) = s(y) for every z = (y,2z) € X and
obtain from Theorem 4.1 (or from the discussion above) that v is ergodic

under ker*(a;, a}L) (cf. (6.6)—(6.7)). However, v is seriously nonergodic under
the equivalence relation ker(a;{) C Ay: for every (z,2') € ker(a}“), the points
x,x’ are of the form z = (y, 2), 2’ = (v, 2’) with (y,3’) € Ay and a;f(a:,a;’) =
af(y,y’) = 0, and by comparing this with (9.4) we see that z = 2’. Hence

gher(ay) o wgl(Bz) (mod v), and the two sigma-algebras are, in fact, equal
(mod v).

The next example is a slight refinement of an example discussed in [18].

9.7. Local variations in long molecules. Let A be a finite set, X C A% a
subshift, o the shift (6.1) on X, and p a shift-invariant probability measure
on the Borel field § of X such that §4% = N = {@, X} (mod ) (i.e. Ax
is p-ergodic). Choose a shift-invariant p-nonsingular subrelation A, C Ax
with 82X = 82+ = N (mod p) according to Proposition 2.1. If X is a mixing
shift of finite type, then every Markov measure and, more generally, every
Gibbs measure on X arising from a function ¢: X —— R with summable
variation has this property with A, = Ax — cf. e.g. [12].

We fix n > 1, denote by G(™ the free abelian group generated by A™,
and define a continuous map fi: X —— G by fi(z) = (zg,...,2n-1) €
A™ ¢ G™ for every x € X. Then the equivalence relation ker*(a;l,aﬁ) C
A, in (6.9) consists of all pairs (z,y) € A, which differ in only finitely
many coordinates, and for which the n-blocks ((z,...Zg+n-1), k € Z) and
((Yk, - - - Yk+n—1), k € Z) occurring in x and y differ only by a finite permuta-
tion. Theorem 4.1 shows that ker*(a;l,ajfl) is ergodic; this fact can be ex-
pressed by saying that, for a typical point x € X, a ker*(a;1 , a};)—equivalent
point y could lie anywhere in the space X.

Now consider the d-dimensional Euclidean group E(d) = SO(d) x R,
furnished with the group operation

(B,v) - (B',v") = (BB',v + Bv)
for all v,v' € R? and B,B’ € SO(d). If fo: X — G is a cylinder map,
then Corollary 6.8 implies that the pair of cocycles (a]?, a}r): A, — G?is

s-ergodic, where f = (f1, f2): X — G = G™ x E(d). This observation has
the following geometrical interpretation.

We define the cocycle fo: Z x X — FE(g) by (3.9) and write fo(n,z) =
(Bpz,v,(x)) with B,(z) € SO(d) and v,(z) € RY If v(z) = vi(x) and
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A(x) = A1(z) then

v(x) +v(Tz)A() + - + (T o) AT x) - - Ax)
if n>0,
() =40 if n=0,
— (T ") A(T"z)™ - Alx) ™t — - — (T '2)A(z) !
it n <0.

By connecting successive points in the sequence (v, (z), n € Z) by straight
line segments we obtain an infinite polygonal curve in R? which may, of
course, have self-intersections. If we call two such polygonal curves associated
with x,y € X e-equivalent if (z,y) € ker*(a;l,ajfl) and [|vp(z) —vn(y)| > ¢
for only finitely many n € Z (where || - || is the Euclidean norm on R%), then
Corollary 6.8 implies that there exist, for every ¢ > 0 and all sets B, B’ € §
with u(B) - u(B') > 0, e-equivalent points (z,y) with z € B and y € B'. In
other words, e-equivalent curves may have very significant local differences.

If one were to interpret A as a finite set of molecules and X as a collection
of two-sided infinite concatenations of these molecules, then the x-ergodicity
of (aj?,a;f) would imply the unreliability of any chemical analysis of the
structure of such a concatenation based on an investigation of substrings of
a given length. The sequence of coordinates (v, (z), n € Z) would correspond
to a spatial arrangement of the chain x determined by its molecular struc-
ture, and the x-ergodicity assertion of Corollary 6.8 could be interpreted as
a statement about quite dissimilar chains having identical substrings (up to
permutation) and spatial arrangements with only local — but significant —
differences.

9.8. Cocycles on one-sided shift spaces. Let A be a finite set, X C A%
a subshift, write 7, : AZ — AN for the projection of each point onto onto
its nonnegative coordinates, and consider the one-sided shift-space

X, =7 (X)c AN, (9.5)

Denote by T, the Borel field of X, and set 8, = 7711(‘3;) and u$ = /1,(;571'_7_1.
The shift o4 on X is defined as in (6.1), and the Gibbs relations on X and
X, are denoted by Ax and
AX+ :(7T+ X7T+)(AX). (96)
Assume that H is a Polish group and f: X, — H a cylinder map.
We view f as an 8;-measurable map on X. If the pair of Gibbs cocycles
(a;, a}r) : Ay — H? is x-ergodic and equally ergodic, then a minor modific-
ation of the proof of Theorem 7.1 shows that there exists amap b: X, — H
such that the cocycle a;{,: Ax, — Hin (7.3)-(7.4) is ,u;f—ergodic. If H ad-
mits a bi-invariant metric we can again weaken the hypotheses on f along
the lines of Remark 7.4.

9.9. Words in groups. Let H be a discrete finitely generated group with
a distinguished set of generators A = {hF!,... hEl}, and let X c AZ be
the shift of finite type obtained by disallowing all words of length two of
the form h;h; ' and h;'h;, i = 1,...,m. We fix a map ¢: X — R with
summable variation, denote by p4 the corresponding Gibbs measure, and
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define f: X — H by f(z) = xo for every © = (z,) € H. We define
the Gibbs cocycles (a;,a?): Ax — H? by (6.6)-(6.7) and observe that

ker*(ay a;f) is the set of all pairs (z,z") € Ax satisfying

in the notation of (6.9).

If H is a finite extension of a nilpotent group (or, equivalently, if H has
polynomial growth — cf. [4], [5]), then Corollary 4.4, Theorems 5.3 and 7.1,
and Remark 7.2 imply that (a;,a;{) and (a;,a;) are *-ergodic, and that
there exists a finite algebra A of closed and open subsets of X such that
ker(ajf) — and hence ker(ajf) — is ergodic on every atom P of A. Since

Ax = Ay VAL in (7.6), (7.7) implies as in Example 9.2 that the cocycles
a]jf are, in fact, ergodic on Ax.
The ergodicity of the cocycle a? can be translated into a statement about

the one-sided shift-space X, (cf. Example 9.8): since a;f depends only on
nonnegative coordinates, it is a well-defined map from Ax, to H which is
ergodic with respect to the one-sided Gibbs measure u(';. We summarize this
in a proposition.

Proposition 9.2. Let H be a finite extension of a discrete nilpotent group
with a distinguished set of generators A = {hT', ... hEl}, and let X c A”
be the shift of finite type obtained by disallowing all words of length two of
the form hihi_1 and h;lhi, i=1,...,m. We fit a map ¢: X1 — R with
summable variation and denote by u;f the corresponding one-sided Gibbs
measure. If we call two elements x, " in X1 equivalent if o™z = o"x’ and

for some n > 0, then this equivalence relation is jig4-ergodic.

Furthermore we can find, for every e > 0 and all Borel sets A, B in X
with positive measure, equivalent points x,x' € X with v € A, ¥’ € B, and
0,3 (2,2)] < = (cf. (9.1)).

Proof. The only point worth noting is that we have reversed the order of
the products in (9.7) (which amounts to interchanging h; and h;l for every
i=1,...,m). O

9.10. Gibbs cocycles on the extended Gibbs relation. Let A be a
finite set, X C AZ a shift of finite type, ¢: X — R a map with summable
variation, and p4 the corresponding Gibbs measure. We denote by NV C X
the shift-invariant Borel set consisting of all points whose positive or negative
coordinates are eventually periodic (i.e. for which there exist positive integers
p, N such that xpy, = x, either for all £ > N or for all £ < —N). Since
iy (N) = 0 we shall ignore this set in the following discussion.
The extended Gibbs relation Ax on X is defined as

Ax ={(z,2') € X x X : there exist [,r € Z and K € N

9.8
with z_py =2, and zpy, = ) forall k> K}. (98)

It is not difficult to check that Ax is pg-nonsingular, and that Ax C Ag?) -
Ax (cf. (3.11)).
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If H is a Polish group and f: X — H a cylinder map, then the Gibbs
cocycles (a; ay,a ): Ax — H? can be extended to Ay by setting

a;(z, 7)) = f(l,x)fla;(alx, '),
EL}_(QT, x') = f(r, x)fla;f(aTa:,x'),
for every (z,2') € Ax of the form (9 8) (cf. (3.13)). The pair of extended
Gibbs cocycles (a (_jT, f) Ax — H? is again quasi-invariant, but no longer
complementary. As in (3.4) and (6.7) we put

a*(z,2) = d;(m’,x)d}“(:ﬂ,x') (9.10)

(9.9)

for every (z,7') € Ax and obtain the same relations as in (6.8) with a
replacing a in each case. The x-ergodicity of (a;, a}r) obviously implies that
of (d;, d;f). Furthermore, if H is discrete, then the %-ergodicity is equivalent
to the ergodicity of

ker* (’f,&j[) ={(z,2) € Ax : aj(x,2) = 1},

and (z,2') € ker*(a;, a}*‘) if and only if (z,2') € Ay is of the form (9.8) and
f(e*7z) - fo7Fa) = f(aFa) - fo7Fa). (9.11)

for all sufficiently large & > 0. Finally, if there exists a continuous map

b: X — H such that the cocycles a;[, in (7.3)—(7.4) are ergodic (as in

Section 7), then the same is true for the cocycles
iy (z,a") = b(z) " ay (z,2))b(a), (9.12)
and if H is discrete and ker(af) has only finitely many ergodic components,

then the same is true for the extended Gibbs cocycles EL?
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