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ABSTRACT. Letd > 1, and let o be an expansive Z%-action by continuousf]
automorphisms of a compact abelian group X with completely positive
entropy. Then the group A, (X) of homoclinic points of « is countable
and dense in X, and the restriction of o to the a-invariant subgroup
Ay (X) is a Z%-action by automorphisms of A,(X). By duality, there
exists ﬂd\—action a® by automorphisms of the compact abelian group
X™ = Aq(X): this action is called the adjoint action of o.

We prove that a* is again expansive and has completely positive
entropy, and that a and o are weakly algebraically equivalent, i.e.
algebraic factors of each other.

A Z%action o by automorphisms of a compact abelian group X is
reflezive if the Z%action o** = (a*)* on the compact abelian group
X = A;(}*) adjoint to a” is algebraically conjugate to a. We give
an example of a non-reflexive expansive Z%-action o with completely
positive entropy, but prove that the third adjoint o™** = (a™*)* is always
algebraically conjugate to a*. Furthermore, every expansive and ergodic
Z-action « is reflexive.

The last section contains a brief discussion of adjoints of certain
expansive algebraic Z%-actions with zero entropy.

1. INTRODUCTION

An algebraic Z*-action a on a compact abelian group X is a homomorphismij
a: n— o from Z% into the group Aut(X) of continuous automorphisms of
X. An algebraic Z%action a on a compact abelian group X is expansive if
there exists an open neighbourhood O C X of the identity element 0x € X

with
) a™(0) = {ox}.
neZd
If o and 3 are algebraic Z%actions on compact abelian groups X and Y,
respectively, then 3 is an algebraic factor of « if there exists a continuous
surjective group homomorphism y: X — Y with

xoa™= "oy for every n e Z%. (1.1)

The map x in (1.1) is an algebraic factor map from « to 3. The actions «
and [ are algebraically conjugate if the factor map y: X — Y in (1.1) can
be chosen to be a continuous group isomorphism, and a and 3 are weakly
algebraically equivalent if each of them is an algebraic factor of the other.
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The actions « and ( are finitely equivalent if each of them is a finite-to-one
algebraic factor of the other.

If  is an expansive algebraic Z%action on a compact abelian group X,
then the set A, (X) of all homoclinic points of « is a countable a-invariant
subgroup of X, and the closure Y = A, (X) is the largest closed a-invariant
subgroup of X such that the restriction ay of a to Y has completely
positive entropy (cf. Definition 3.1, Proposition 4.2 and [3]). Furthermore,
the restriction afa,(x) of a to Ay(X) is a Z%-action by automorphisms

of Ay(X). We consider A,(X) as a discrete module and denote by o

the algebraic Z%-action on the compact abelian group X* = A/a(} ) dual
to ala,(x)- This action is called the adjoint of a. In the case of a single
expansive (and hence ergodic) automorphism of the m-torus T = R™ /Z"™,
a* is the automorphism of T™ defined by the transpose (or adjoint) of the
matrix A € GL(m,Z) defining the automorphism « (cf. Example 5.6).

In Theorem 4.7 we show that the adjoint o* of any expansive algebraic
Z%-action « is expansive and has completely positive entropy. Hence we can
define inductively the higher-order adjoint actions

CM*, att = (Oé*)*, ottt = (Od**)*, . a*" — (a*"’1>*7 .

of a;, which act on the compact abelian groups

—

X*7 X** = Aa*(X*)’ X*** = Aaj(}**)’ BN} X*n = (X*nil)*’ e

The Z%actions a and a* have the same entropy by Theorem 4.6, but may
otherwise be quite different (especially if o does not have completely positive
entropy). However, Theorem 4.7 shows that the sequence o, a*, o™, ... is
eventually periodic in the sense that o* is algebraically conjugate to a***,
and hence a*" is algebraically conjugate to " for every n > 1.

An expansive algebraic Z%action « is reflezive if it is algebraically conjugatel]
to o**. Example 4.11 shows that an expansive algebraic Z%action need not
be reflexive, even if it has completely positive entropy. Single expansive and
ergodic automorphisms (or, more precisely, the Z-actions generated by them)
are, however, always reflexive by Theorem 5.1.

In the last section we consider an expansive (and hence ergodic) irreducible
Z%action o by commuting automorphisms of a finite-dimensional torus
T™. If d > 1, a has zero entropy and no nontrivial homoclinic point by
[3]. However, the homoclinic group Agn(T™) of any individual expansive
automorphism a®, n € Z? is again a dense a-invariant subgroup of T™,
and the Z?-actions obtained by restricting a to Agm (T™) and to Agn(T™)
for different expansive elements o™ and o™ are algebraically conjugate,
although A m (T™)N A4 (T™) may be trivial. By using duality one can thus
again define an adjoint action o* of a. In this example (o)™ = (a™)* for
every expansive ™ in the sense of our original definition of adjoint actions,
and o** is algebraically conjugate to a by Theorem 5.1. This example points
towards a more general theory of adjoint actions of arbitrary expansive
algebraic Z%actions with not necessarily positive entropy, but our understanding]]
of the general situation is still rather rudimentary.
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2. ALGEBRAIC Z%-ACTIONS

In this section we give a short summary of the theory of algebraic Z4-
actions on compact abelian groups and of the role of commutative algebra
in their description.

Let Ry = Z[ui’,. .. ,ufl] be the ring of Laurent polynomials with integral
coefficients in the variables uq, ..., uqs. We write the elements f € Ry as
[ = Z fou®
nezd
with u® = uf' -+ u;? and f € Zforalln = (ny,...,ng) € Z¢, where fn =0

for all but finitely many n € Z<.
The additively-written (Pontryagin) dual group M = X is a module over
the ring Ry with operation

fra= Z fn&?‘(a)

neZd

for f € Ry and a € M, where of denotes the automorphism of X dual to
a®. The module M = X is called the dual module of c.

Conversely, if M is a module over Ry, then we can define an algebraic
Z%-action apr on Xy = M by setting

a® (a) =u™-a (2.1)

for every n € Z% and a € M. Clearly, M is the dual module of a;.

By using this duality one can express many topological and dynamical
properties of X and « in terms of the dual module M = X. For example,
X is metrizable if and only if M is countable, and X is connected if and
only if M is torsion-free as a group. If « is expansive, the dual module M
is Noetherian. However, for a characterization of expansiveness and other
more subtle dynamical properties we need the notion of an associated prime
ideal.

A prime ideal p C Ry is associated with an Rg-module M if p = {f € Ry :
f-a=0p} for some a € M, and the module M is associated with a prime
ideal p C Ry if p is the only prime ideal associated with M. The set of prime
ideals associated with a Noetherian Rj-module M is finite and denoted by
Asc(M).

If a is an algebraic Z%-action on X, then its topological entropy h(a)
coincides with the metric entropy hy, (o) with respect to the normalized
Haar measure Ax on X. We recall the following results from [8].

Lemma 2.1. Let M be a Noetherian Rg-module with associated prime ideals
Asc(M) = {p1,...,pm}-

(1) The following conditions are equivalent.
(i) ans is expansive;
(ii) ap,p, is expansive for every j=1,...,m;
(iii) Ve(pj) NS = @ for every j =1,...,m, where

Ve(ps) ={z € ((Cx)d : f(z) =0 for every f € p;},
C*=C~ {0} and S={2€C: |z| =1}.
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(2) The following conditions are equivalent.
(i) apr is mizing (with respect to Haar measure);
(i) ap,yp; is mizing for every j =1,...,m;
(iii) p;N{u* —=1:0#4n € Z¥} = for every j =1,...,m.
(3) The following conditions are equivalent.
(i) aps has positive entropy (with respect to Haar measure);
(ii) QR /p; has positive entropy for some j =1,...,m;
(iil) p; is principal and ag, . is mizing for some j =1,...,m.

(4) The following conditions are equivalent.

(i) apr has completely positive entropy (with respect to Haar measure);}

i) ap, /. has positive entropy for every j =1,...,m;
ii) apg,/y; has positi tropy yj=1
iii) p; is principal and o,y is mizing for every j =1,...,m.
i) p; is principal and ag,y, s mizing S
(5) There exists a Noetherian Rg-module N 2O M with the following
properties.

(i) h(an) = h(an); ‘
(i) N=ND @ ..o N™, where each of the modules NY) has a
finite sequence of submodules N = Néjj.) DD Néj) = {0}
with N,g])/N,g{)l = Rq/p; for k =1,...,s;. In particular, an
is expansive (or mizing) if and only if apy is expansive (or
mixing).
For an explicit realization of Z%-actions of the form ap, Jp> P € Asc(M),
we refer to Example 5.2 (2) in [8].

3. THE HOMOCLINIC MODULE

Definition 3.1. Let o be an algebraic Z%action on X. An element 2 € X
is a-homoclinic (to the identity element Ox of X), or simply homoclinic, if

lim o™z = 0yx.
n—oo

The a-invariant subgroup A,(X) C X of all a-homoclinic points is an Ry4-
module under the operation

frx= Z fana®z, f € Ry x€ Ay(X).
nezd
The module A, (X) is called the homoclinic module.
For X = T2 with the usual Z%shift action «, the homoclinic module

Ay (X) is obviously uncountable. According to [3, Lemma 3.2] this cannot
happen for expansive actions.

Lemma 3.2. The homoclinic module of an expansive algebraic Z%-action is
at most countable.

The next proposition is taken from [3, Theorems 4.1 and 4.2].

Proposition 3.3. Let o be an expansive algebraic Z%-action on a non-trivial
compact group X. Then A, (X) is nontrivial (resp. dense in X) if and only
if o has positive entropy (resp. completely positive entropy).
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One of the major concerns of this paper is the relation between the
associated module M = X and the homoclinic module A (X) of an expansivel]
algebraic Z%action a on a compact abelian group X. In the simplest case,
where M = Ry/(f) for some nonzero f € R, this question is answered in
[3, Lemma 4.5].

Lemma 3.4. Let f € Ry be a (possibly reducible) Laurent polynomial
such that the Z%-action o = QR,/(f) s expansive and mizing. Then the
homoclinic module A, (X) is countable and dense, and there exists a module
isomorphism 7: Rg/(f) — An(X).

Definition 3.5. Let o be an expansive algebraic Z%-action on a compact
group X. A homoclinic point w € X is fundamental if it generates A, (X)
as a module, i.e. if

Af(X)={f-w:f e Ry}
Remarks 3.6. (1) If an expansive algebraic Z%action o on a compact abelian
group X has a fundamental homoclinic point w?, then every point of the
form +oPw? with n € Z¢ is again fundamental homoclinic.

(2) Recall that an Rj-module M is cyclic if there exists an a € M with
M =R;-a={f-a:f € Ry}. Obviously, a has a fundamental homoclinic
point if and only if the homoclinic module A, (X) is cyclic. Lemma 3.4 shows
that expansive algebraic Z?-actions of the form ap /() have fundamental
homoclinic points.

4. THE ADJOINT ACTION OF AN EXPANSIVE ALGEBRAIC Z% ACTION

Definition 4.1. Let a be an expansive algebraic Z%action on a compact
abelian group X. We view the homoclinic module A,(X) as a discrete

abelian group and define the adjoint action o* of Z¢ on X* = Ay(X) as
af = aAa(X) (Cf. (2.1)).

For a polynomial f € R4 as in Lemma 3.4, the adjoint action o® on X*
of the action a = ag, /() on X = Xpg, /(s is algebraically conjugate to a. In

general this is not true, as the following proposition shows (cf. also Example
4.11).

Proposition 4.2. Let a be an expansive algebraic Z%-action o on a compact
abelian group X, and let Y = A, (X) C X be the closure of the homoclinic
group of X. Then 'Y 1is the biggest closed a-invariant subgroup such that the
restriction ay of a to'Y has completely positive entropy, Aq, (Y) = An(X),
and hence o = of,. Furthermore h(o) = h(ay).

Proof. The equality of Ay, (Y) and A, (X) follows from the definition of Y,
and the first statement is clear from Proposition 3.3.

By [4] there exists a subgroup Y’ such that ays has completely positive
entropy and h(ax/ys) = 0. From above we get Y’ C Y and therefore
h(ax/y) = 0. Yuzvinskii’s addition formula (cf. [4] or [8, Theorem 14.1])
shows that h(a) = h(ay). O

Proposition 4.3. Let o be an expansive algebraic Z*-action on a compact
abelian group X with completely positive entropy. Then the adjoint Z%-action

a* on X* = Ay (X) is expansive, mizing and has completely positive entropy.
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Furthermore there exists a nonzero polynomial f € Rq with the following
properties.

(1) f-M = {0}, where M = X is the dual module of a;

(2) The Z%-action ag is expansive, where R = Rq/(f) with (f) = fRq
(. (2.1));

(3) The homoclinic module Ay (X) is Noetherian and isomorphic to the
module Hompg,(M, R) of all R4-module homomorphisms x: M —

R.

Proof. Since « is expansive and has completely positive entropy, Lemma
2.1 shows that the dual module M = X is Noetherian, its set Asc(M)
of associated prime ideals is finite, and every prime ideal p € Asc(M)
is principal and nonzero. We set Asc(M) = {(f1),...,(fx)} and use [8,
Proposition 6.1] to find a prime filtration

{0}=MycMyC---CM,=M (4.1)

such that, for every i = 1,...,n, M;/M;_1 = Ry/q; for some prime ideal
q; C Rq with q; D (fj;) for some j; € {1,..., k}. This shows that there exists
ann > 1 with f- M =0, where

k n
r=(I1+) - (12)
i=1
and that M is thus a module over the ring

R = Rq/(f).

Note that the polynomial f in (4.2) is not unique.

From Lemma 2.1 (1) and the expansiveness of « it is clear that Ve (f) N
S? = @, and hence that the action ap on Xz = R = Ry/(f) is expansive and
mixing. Lemma 3.4 allows us to choose and fix a fundamental homoclinic
point w?® € Xp of ar and to define a map x: Homp,(M,R) — X by
setting

(x(v7),a) = (w?, 0" (a)) (4.3)
for every a € M and vt € Hompg, (M, R). Here the left-hand side denotes
the value of the character x(v") € X = M at the point a € M, and the

right-hand side the value of w> € X = R at vT(a) € R.
We claim that x(vt) € A, (X) for every v € Hompg, (M, R), and that
the resulting map

x: Homp, (M, R) — Ay(X) (4.4)
is a module isomorphism (here we are abusing notation by using the same
symbol x to denote the maps in (4.3)—(4.4) with different ranges).
In order to see that x (Hompg, (M, R)) C Ay (X) we recall that the automorphismij
a® of X = M is dual to multiplication with 4™ on M for every n € Z¢, so
that
lim (a"x(v"),a) = lim (x(v

n—oo n—oo
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for every a € M and v™ € Homp, (M, R). Since the topology on X = M is
that of pointwise convergence, we obtain that

lim o™x(v") = 0x
n—oo
and hence x(vt) € Ay (X) for every v € Hompg, (M, R).
For n € Z¢ and vy, vy € Hompg, (M, R),

i (@) - (w03 (@) = (@x(vf) +x(v3), a),

which shows that x: Homp, (M, R) — Ay (X) is a module homomorphism.

Next we claim that x(Homp, (M, R)) = Ay(X). For every w € Ay (X)
and a € M, the map h € R — (w,h-a) € S defines a homoclinic point
Wa € Aap(XR) C Xg = R with

(wg, h) = (w, h - a)

(x(u™vf +vy),a) = <wA

for every h € R. Since w® € A, (XR) is a fundamental homoclinic point of
aR, there exists a unique g, € R with w, = g, - wA, and

<wu“a1+a27 h) - <w7 uh-a;+h- CL2> = <anwa1 + Wa,, h)
forn € Z%, a1,as € M and h € R. This shows that
Jurai+as = ungal ~+ Gasy

for every n € Z% and ay,as € M, and hence that the map vT:a € M —
vT(a) = gq € R is an element of Hompg, (M, R) with

(x(vh),a) = (W v (@) = (W, ga) = (g0 - W™, 1) = (w4, 1) = (w,a)

for every a € M. It follows that x(Homp, (M, R)) = Ay (X)).
Since (w™,u"g) = 1 for all n € Z? if and only if 0 = g € R, (4.3) shows
that the map x is injective, which completes the proof of (1).

Ifay,...,a; € M is aset of generators of M over the ring R (or, equivalently,|]
over R;), then an element v € Homp, (M, R) is uniquely determined by the
vector v = (vF(a1),...,v"(a;)) € R'. Therefore Hompg, (M, R) is isomorphic

to a submodule of R'. This shows that Hompg, (M, R) is itself a Noether-
ian Rg-module, and that every prime ideal associated to Homp, (M, R) is
also associated to R!. The latter prime ideals are, in turn, given by the
associated prime ideals (f1),..., (fx) of R. By Lemma 2.1, the action o* on
X* is expansive, mixing, and has completely positive entropy. O

Next we show that the entropies of a and a* coincide. In the case of an
expansive algebraic Z%action a with completely positive entropy we prove
the stronger statement that a and o* are weakly algebraically equivalent.
To do this we need a strengthening of Lemma 2.1 (5).

Proposition 4.4. Let o be an expansive algebraic Z-action on a compact
abelian group X with completely positive entropy, and let M = X be the dual
module with assoctated prime ideals

Asc (M) = {(f1),---, (fx)}-
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Then there exists a module N of the form

k
N=T] II [Ra/(s)]"™ (4.5)

i=1 je (i)

for some finite sets FW ¢ N = {1,2,3,...} and some positive integers
nij,t=1,...,k, j€ F® | and injective Rg-module homomorphisms

1[)11M—>N, ¢2N—>M

Furthermore, if 3 = ay is the algebraic Z%-action on' Y = N defined as in
(2.1), then o and B are weakly algebraically equivalent.

Proof. The set S = ﬂle Ry ~ (fi) is multiplicatively closed. We let R =
S™IR, be the ring of fractions with denominators in S. Our assumptions
imply that sm # 0 for every m € M ~\ {0} and s € S, so that the obvious
embedding 1: M — ST1M is injective.

We claim that R is a principal ideal domain. Indeed, let P be a nontrivial
prime ideal in R, and let g € P ~ {0}. Since Ry is a unique factorization
domain, the same applies to R, and we can write g as g = %/ Hi?:l [ with
s,ss € Sanda; >0fori=1,...,k. As g € P, one of the factors of g must
lie in P as well. Since s, s’ are units in R, we have that fi € P for some
ie{l,...,k} with a; > 0, and hence that (f;) C P.

If (fi) € P we take g € P~ (f;). Since

"=g|[fi+fieP,
J#i
but s” ¢ (f;) for j € {1,...,k}, we have that s” € S and P = R. This
contradiction shows that every prime ideal in R is equal to one of the
principal ideals (f;) = fiR with i € {1,..., k}.

Let J be an arbitrary ideal in R. Then the greatest common divisor g
of the elements in J is well-defined up to multiplication by a unit, and
g~ 1J is either an ideal in, or equal to, R. If g tJ = R, the ideal J is
principal and equal to (g) = gR. It g71J C R, ¢g~'J must be contained in
a prime ideal P of R. However, by the above discussion, P = (fi) for some
i € {1,...,k}, which shows that ¢g~1J C (f;) and contradicts the fact that
g was the greatest common divisor. This shows that S~'Ry is a principal
ideal domain.

The module S~'M is torsion over the principal ideal domain R (i.e. the
prime ideal {0} C R is not associated with S~'M as a module over R), and
the only prime ideals in R are the principal ideals (f;) = f;R, i =1,..., k.
The structure theorem for modules over principal ideal domains (cf. e.g. [2])
proves that S~ M is a direct product of cyclic submodules N i =1,...,m,
say, each of which has the form R/( fi") for some f; and m; > 1. For every
j =1,...,m we choose a generator a; of the cyclic submodule Nj, and we
set m

N = HRd'ai c S~
j=1
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Then N can obviously be written as a product of the form (4.5). Since N
and (M) both generate S~'M over R and are finitely generated over Ry,
one can find s, s’ € S such that

Y(M)C LN, N C go(M),
and the module Rj;-module homomorphism 91: M — N, ¢po: N — M,
defined by 1 (a) = sy(a) and 12(b) = ¥~ 1(s'b) for a € M and b € N, are
injective.
By duality, the homomorphisms 121: Y — X, 122: X — Y, are surjective,l
and the actions a and 3 satisfy that o™ o{ﬁ\l = 121 o™ and g™ 0122 = qZQ oa™
for every n € Z%, i.e. a and 3 are algebraic factors of each other. O

Lemma 4.5. Let o; be expansive algebraic Z%-actions on compact abelian
groups X; (i =1,2). If

X1 X1 — Xo, X2t Xo — X,
are algebraic factor maps, then h(ay) = h(ag), and the restrictions

X1|AQI(X1): Aon (Xl) - AO&2(X2)7 XQIAQQ(XQ): Aocz (XQ) - Aal (X1)7
are injective.

Proof. Since the x; are factor maps, it follows that h(a;) > h(az) and
h(c2) > h(a1), and hence that h(a;) = h(az2). Yuzvinskii’s addition formula
shows that the restrictions O‘i‘ker(xi) have zero entropy, and Proposition 3.3
implies that the invariant subgroup ker(y;) cannot contain any nonzero
homoclinic points, so that ker(x;)NAq, (X;) = {0} and xi[a,, (x,) s injective.

O

Theorem 4.6. Let o be an expansive algebraic Z%-action on a compact
abelian group X with completely positive entropy. Then o and o are weakly
algebraically equivalent and h(a) = h(a®).

Proof. Let N be the module appearing in Proposition 4.4, let Y = N and
let 3 = ay be the Z-action (2.1) on Y. Since 3 and « are algebraic factors
of each other, Lemma 4.5 shows that Ag(Y’) and A,(X) can be embedded
injectively into each other. This shows that §* on Y* and a® on X* are
algebraic factors of each other.

Since N is a product of cyclic modules, Ag(Y') is isomorphic to N by
Lemma 3.4. Therefore the Z%-action 3* on Y* is algebraically conjugate to
B on Y. Together with the previous paragraph we see that o* is a factor of
(B*, which is conjugate to 0 and therefore a factor of o. Similarly one obtains
that « is a factor of «*, which forces their entropies to coincide. O

We denote by Ay« (X™*) the homoclinic module of the expansive algebraic
Z%-action a* on X* and define the bi-adjoint (or second adjoint) Z’-action

o™ = (a*)* on the compact abelian group X** = Aa/*(}*) as above with
o and X* replacing @ and X. According to Proposition 4.3, a** is again
expansive, mixing, and has completely positive entropy.

In this manner we obtain a sequence of expansive algebraic Z%actions
, o, o L. on compact abelian groups X, X*, X**, X*** ... Theorem 4.7}
on the following page shows that this sequence is eventually periodic in the

sense that o and o*** are algebraically conjugate.
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Theorem 4.7. Let o be an expansive algebraic Z%-action on a compact
abelian group X, and let Y = Ay(X) C X be the closure of the homoclinic
module as a subset of X. Then the adjoint action o of Z¢ on X* =Y * is an
expansive algebraic Z%-action with completely positive entropy. Furthermore

there exists a canonical algebraic factor map
o: X" —YCX (4.6)

from the bi-adjoint X** to Y C X. Finally, the corresponding algebraic
factor map

¢*: X*** SN X*
from the third adjoint group X*** = (X**)* onto X* is an isomorphism of
X* and X***.

For the proof of Theorem 4.7 we use the following elementary facts. If
¥: G — H is a continuous homomorphism of locally compact abelian
groups, then v is injective if and only if its dual homomorphism 1Z ' H— G
has dense image. In the case where either both groups are compact or both
discrete, 1 is injective if and only if 12 is surjective. Let

1 A (X)) Y 2 X (4.7)
be the inclusion of A, (X) into X. The first inclusion ¢; in (4.7) has dense
range by the definition of ¥ = A, (X) in Theorem 4.7.

If M = X is the dual module of X and M’ = Y the dual of Y, then the

dual homomorphism R X

i M2 M X (4.8)
is again the composition of two maps. The map iy in (4.8) is surjective, and
the map 77 is injective with dense range. Furthermore, the maps ¢ and %
satisfy that

Wu - w) = a((w)), (v -a) = (%) (i(a)),
for every n € Z4, w € A,(X) and a € M.

Lemma 4.8. Let o be an expansive algebraic Z-action. Then (M) C
A (X%).
Proof. For every a € M and w € A,(X),
(w, (@) (i(a))) = (u™ - w,i(a)) = (W(u" - w),a) = (@™(w),a) — 1
as n — 0o, since 1(w) € X is a homoclinic point. Hence i(a) € Ay« (X™*) for

every a € M. O

Proof of Theorem 4.7. The first part of the theorem follows from Proposition]]
4.3.

Equation (4.8) and Lemma 4.8 show that 7 is the composition of three
maps

~ ~ 1
~ K3 1 (2
it M2 M Ag(XF) — XF, (4.9)
where 7]: Ay+(X*) — X* is the inclusion map, i1 = @ o7, and 7] is

injective. By duality,

1 Ag(X) 5 X Ly 2 (4.10)

where the map ¢ =4} : X* — Y is surjective.
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According to the Propositions 4.2-4.3, the Z%action o* = a3 has completelyl
positive entropy. Hence the closure Y* = A« (X*) of the homoclinic module
of a* coincides with X*, and the analogues of the relations (4.9)-(4.10)
simplify to 7 3
71 A (X) = Ages (X)) =5 X
77 7 (4.11)
where 7]: Ay« (X**) — X** is the inclusion map and

is surjective.
In order to simplify notation we set

(M")" = Hompg,(M',R),  (M')** = Hompg,(Homg,(M', R), R),
(M')* = Homp, (Hompg, (Homg, (M', R), R), R).
Proposition 4.3 yields an isomorphism x: (M')" — A, (X) with

(x(v"),i1(a)) = (W™ 07" (a)) (4.12)
for every vt € (M’)T and @ € M’, and a polynomial f € Ry which
annihilates M’. Since f also annihilates the Rg-module (M')* = Hompg, (M’, R)}
and this module again satisfies the hypotheses of Proposition 4.3, we can
find an isomorphism

X (M) — Ags (X7)
with
O (W), (X)) = (w0 (1)) (4.13)
for every vt € (M')* and vt € (M')*F. We write ¢p: M’ — (M')** for
the inclusion map defined by

(@)t = v*(a) (114)
with vt € (M’)* and a € M'. Then

(@1 (a), 1 (x(v7))) = (ia(a), x(vF)) = (W™, 07 (a))
= (™, ¥(@)(vh)) = (F(¥(a), ] (x(v")))

for every a € M’ and vt € (M')". Here the first bracket pairs the element
i (a) € Apx(X*) with of (x(vT)) € f(An(X)) C X**. The equality of the
second and third brackets in (4.15) follows from (4.12), that of the the third
and fourth bracket from (4.14), and the last term uses (4.13).

From (4.15) it is clear that the maps ¢ = i M — Ay (X*) and
X op: M — Ay« (X*) coincide.

Since the map ¢} is surjective, the homomorphisms qg =7 and ¢ have to
be injective.

In order to complete the proof of the theorem we apply the above argument|
to the adjoint module A,(X) = (M’)" and prove that the map ™ :
(M')* — (M')™** corresponding to (4.14) is a bijection.

Define p : (M")*+*+ — (M')" by p(c) = co) for c € (M')*++. Then p
is a left inverse of ¢. To see this, let a € M’ and v* € (M')*. Then

((pov)(@N)(a) = (¥7(v7))(¥(a) = d(a)(v") = v (a),

(4.15)
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which shows that p o™ is the identity on (M’)™.

We claim that p is injective. Assume to the contrary that 0 # ¢ €
(M')**+, but that p(¢) = 0. Then ¢ : (M")** — R is an Rg-module
homomorphism with ¢(¢)(M’)) = 0 and thus induces a well-defined map
¢ (MY (M) — R.IE b e (M)t /(M) with ¢(b) # 0, then
Ann(b) € Ann(c/(b)). Since Ann(¢/(b)) is a principal ideal whose generator
is a product of the polynomials fi,..., f;, the Z%-action QUMY+ Jp(M7) OIL
the dual of (M’)™" /4)(M') has positive entropy. However, we can use the
isomorphism x* to see that

(M')TH/p (M) 2 Ags (X*) [S(M),

and that the dual group (M’)*+ /(M) is therefore isomorphic to ker(¢) C
X*. Since o and ay have the same entropy by Proposition 4.6 and
¢: X** — Y is a factor map, Yuzvinskii’s addition formula shows that
" |ker(¢) has zero entropy.

This contradiction shows that p is injective and inverse to 1. Hence ¢
is a bijection, as claimed. U

Motivated by Theorem 4.7 we introduce the following definition.

Definition 4.9. The action o on X is reflezive if o and o** are algebraically
conjugate.

Remarks 4.10. (1) By Theorem 4.7 the adjoint action a* on X* is reflexive.

(2) Although our definition of reflexivity only assumes the existence of
an algebraic conjugacy between « and «o**, it is equivalent to the condition
that the factor map ¢ in (4.6) is an isomorphism. This follows from the last
assertion in Theorem 4.7, since in this case « is conjugate to o™ = (a*)*,

which in return is reflexive in the strong sense.

The next example shows that an algebraic Z% action need not be reflexive,
even if it has completely positive entropy.

Example 4.11. We give an example of an algebraic Z?-action o on a
compact abelian group X with completely positive entropy such that M = X
is not a cyclic module, but A,(X) is cyclic. The Z%actions a and o* are
thus not algebraically conjugate, whereas o*, o™ and a™** are algebraically
conjugate by Lemma 3.4 and Theorem 4.7. In particular, @ and o™ are not
algebraically conjugate.

Let f = 44wuj—ug. Then ag, /() is an expansive Z2-action with completely
positive entropy by Lemma 2.1. We define R = Ry/(f) and M = (2,14u;) =
2R+ (1+wu1)R C R. The ring R is a unique factorization domain and M is a
non-principal ideal in R. To see this, we first note that us can be expressed
in terms of u; (modulo (f)), and hence

R=Z[uf, ]

is isomorphic to a localization of the unique factorization domain Z[us].
Since 2 and 1 + uy are different primes in R, the ideal M must either be
non-principal or equal to R. The evaluation map

ev(m): R2 — Z/QZ
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up =1,  up—=1,

induces an Ry-module homomorphism ev(1): R — Fy, since eV(l,l)( 1)
= 0. As ev(y 1) (R) = F2 but ev(y 1)(M) = {0}, we see that M is nonprincipal
and therefore not a cyclic Ro-module. As R is associated to the prime ideal
(f) = fR2 as an Ry-module, the same holds for the Re-module M.

Let X = M and a = aps. Then « is expansive, has completely positive
entropy by Lemma 2.1, and Proposition 4.3 shows that

Ao (X) = Homp, (M, R).

We claim that

Hompg, (M, R) = R,
where g € R corresponds to the map v,: M — R defined by 14(a) = ga
for every a € M.

It is easy to see that the map g — 14 from R to Homp, (M, R) defines
an injective Ro-module homomorphism. To see that this homomorphism is
also surjective we take an arbitrary element ¢ € Homp, (M, R). Then there
exist elements a,b € R with

¥(2)=a,  P(l+u) =0
P21 4up)) =2b= (1+u)a.

Therefore 2 | a, (1 +uy) | b and

a _ _b __
7= Tra —9 €0

which shows that 1) = 1)4. We have proved that
Aa(X) = R = Ra/(f)

is cyclic, whereas M is not a cyclic module over Ry. As explained at the
beginning of this example, this proves that e = a;y is not reflexive.

5. THE ADJOINT OF A SINGLE AUTOMORPHISM

Theorem 5.1. Let a be an expansive and ergodic automorphism of a compacil]
abelian group X. Then « is reflexive.

For the proof of Theorem 5.1 we fix an expansive and ergodic automorphismfi
a of a compact abelian group X . Since « is ergodic, it has completely positive
entropy by Lemma 2.1, and A, (X) is dense in X by Proposition 3.3. We

define the adjoint and bi-adjoint automorphism o* and o** on X* = A, (X)

-

and X** = (X*)* = A,+(X*) as in Definition 4.1 and note that these
automorphisms are again expansive and ergodic by Theorem 4.7.

Lemma 5.2. Let B be an expansive automorphism of a compact abelian
group Y. If hiop(B) = 0 then Y is finite.

Proof. We denote by M = Y the dual module of Y and claim that every
prime ideal p € Asc(M) is nonprincipal. Indeed, if p = (f) for some f € Ry,
then f does not have roots of absolute value 1 by Lemma 2.1 (1). When
combined with Lemma 2.1 (2)—(3) this shows that ag, /s and finally 3 has
positive entropy.
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This contradiction shows that every p € Asc(M) is indeed nonprincipal.
Since R;/p is finite for every nonprincipal prime ideal p C Rj, the prime
filtration for M as in (4.1) implies that M and Y = M are finite. O

Lemma 5.3. Let 31, B2 be expansive and ergodic automorphisms of compact
abelian groups Y1, Ya with h(B1) = h(B2). Then every algebraic factor map
x: Y1 — Y5 from B1 to (o is finite-to-one.

Proof. From Yuzvinskii’s addition formula it follows that the entropy of the
restriction 31ier(g) is equal to zero, since h(51) = h(B1|ker(g)) + h(B2) < o0
By Lemma 5.2, ker(¢) is finite. O

Lemma 5.4. Let 3 be an expansive and ergodic automorphism of a compact
abelian group Y. Then there exists, for every pair of points y*,y~ € Y, a
point z € Y with
lim g"(y"™ —2) = lim B"(y~ —2) =0.
n——oo

Proof. This is a special case of [3, Remark 5.6]. O

Lemma 5.5. Let 3 be an expansive and ergodic automorphism of a compact
abelian group Y, Z C Y a finite B-invariant subgroup, ©:Y — Y/Z
the quotient map, and By, the automorphism of Y/Z induced by 3. Then
the restriction of m to Ag(Y) is injective, m(Ag(Y)) C Ag, ,(Y/Z), and
Ay, (Y/Z)[7(B5(Y)) 2 2.

Proof. 1t is clear that Ag(Y) N Z = {0} and that the restriction of 7 to
Ap(Y) is therefore injective. According to Lemma 5.4 we can find, for every
z € Z, a point y(z) € Y with

im  5"(y(2) — 2) = lim 5"y(z) = 0.

As f3 is continuous, there exist, for every y € 7~ 1(Ag, 12(Y/Z)), elements
2% (y) € Z with

lim 3"(z7(y) —y) = lim §"(2"(y) —y) = 0.

Hence

7By, (V/Z)) = {y(2) : 2 € Z} + As(Y) + 7,
and the restriction of m to A’ = {y(z) : z € Z} + Ag(Y) is a bijection of A’
and Ag,, ,(Y/Z). It follows that

Asy,, (Y/2)[e(Ap(Y)) = A /A5(Y) = 2. O

Proof of Theorem 5.1. According to (4.10), the inclusion map ¢: A, (X) —
X is a composition of homomorphisms

/

(2
X** 1 )(7

1t A (X)
where the map ¢ = ¢}: X** — X is an algebraic factor map. As h(a) =
h(a**) by Theorem 4.6, Lemma 5.3 shows that Z = ker(¢) is a finite
o**-invariant subgroup of X**. If Z # {0}, then Lemma 5.5 implies that
d(Ag#+(X*)) is a proper subgroup of A,(X), which violates the facts
that f(Aa(X)) C Ag=(X*™) and 1(An(X)) = A4(X) in (4.10). This
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contradiction shows that ¢ is injective and hence an algebraic conjugacy
of o and a. O

Example 5.6. Ezamples of adjoint automorphisms ([3]). Let m > 2, and
let a be the automorphism of X = T™ defined by a hyperbolic matrix
A € GL(m,R) (this means that A has no eigenvalues of absolute value 1).
We denote by 7: R"™ — T™ = R™/Z™ the quotient map and write R™ =
Ve @ V. for the decomposition of R™ into the contracting and expanding
subspaces of A (i.e. lim,, o [[A"V|| = lim;,,—,_ [|[A"W|| = O for every v € V,
and w € V;). Then V. NZ"™ = V., N Z™ = {0}, since Z™ has no contracting
automorphisms. Hence 7 is injective on V. and V;, and n(V,) and 7(V;) are
dense in T™ (otherwise we would obtain an A-invariant subtorus of T™ on
which A cannot have determinant 41, which is impossible).

For every n € Z% V. N (V. + n) = {v,} for some unique v, € R™,
and =, = m(vn) is homoclinic for a. Conversely, if x € Ay(X) and x €
71({z}) C R™, then the continuity of A implies that there exist points
m, n € Z¢ with lim,, .., A"(x—m) = 0 and lim,, ., A"(x —n) = 0. Hence
x€(Ve+m)N(Ve+n), and = on_m.

This shows that A, (X) = Z™ = X. However, the action of & on Ay (X) 2
7™ is given by the matrix A, and not by the transpose matrix A corresponding]]
to the dual automorphism & on X = 7™, This shows that a*, the automorphisml

of T™ = A, (X) dual to the restriction of o to A, (X), is determined by the
matrix AT, whereas « is determined by A.
If A is the companion matrix

0 1 0 0
0 0 - 0 0
Ch=| : : . : : |€GLmZ
0 0 - 0 1
—ho —h1 ... —hm—2 —hm—1

of its characteristic polynomial h = hg + - - - + hyp_1u™ ' + ™, then A and
AT are easily seen to be algebraically conjugate in GL(m,Z), and hence
a is conjugate to its adjoint a* (in fact, both are conjugate to ap, ») by
Lemma 3.4). In general, however, the matrices A and A" are not conjugate in
GL(m,Z), and the automorphisms o and o* are not algebraically conjugate.
For example, if A = (' 7), then A is not conjugate to A" in GL(2,Z) by
[6, p.81]. Hence a and o* are not algebraically conjugate in this case.

6. THE ADJOINT OF AN ALGEBRAIC Z%-ACTION WITH ZERO ENTROPY

Expansive algebraic Z%-actions with zero entropy have no nontrivial homoclinicj]
points by Proposition 4.2. However, some lower-rank sub-actions may be
expansive and have positive entropy, and may therefore have nonzero homocliniclj
points. Since the homoclinic groups of different subactions can have zero
intersection, the situation is obviously much more complicated than in the
completely positive entropy case, and a complete picture is not yet available.

In this section we describe a particularly simple example of this situation:
irreducible Z%actions generated by commuting hyperbolic automorphisms
of some finite-dimensional torus T™ (cf. Definition 6.1 on the next page). If
« is such an action on X = T™, then the homoclinic group A,n(X) is dense
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in X for every n € Z% with o™ hyperbolic (i.e. expansive), and is again a
module over R; with respect to the action

frw=fla)w)= Y aw
meZzad

for every f = > cza fau™ and w € Agn(X). As before we call Agn(X)
the homoclinic module of the hyperbolic automorphism a™. Although this
module is — a priori — associated with the expansive automorphism o™
and not with the Z%action a, Theorem 6.2 shows that, for irreducible and
expansive Z%-actions, different choices of o™ lead to the same module. One
can thus regard A,n(X) as a homoclinic module of « (rather than of a™)
and use it to define an algebraic Z%action o* dual to the restriction of « to
Ayn (X)) for any expansive o™.

Definition 6.1 ([5]). An algebraic Z%-action on a compact abelian group
X is drreducible if every closed, a-invariant subgroup Y C X is finite.

Theorem 6.2. Let d > 1, and let a be an irreducible and expansive Z°-
action by automorphisms of X = T™ with m > 2, and let & be the linear
Z4-action on R™ defined by a. Then the set

E,={neZ%: o™ is expansive}
spans Z%. Furthermore the following conditions are satisfied.
(1) If m € Z¢ \ E,, then Aom(X) = {0};
(2) If m € E,, then the homoclinic module Aqm(X) of &™ is dense in
X and isomorphic to Z", where Ry acts on Z'™ by

fk=fla)k) =) faa"k
nezd
for every f =73 cya fuu™ and k € Z™;
(3) If m,n € E,, then Aym(X) is either equal to Agn(X), or Agm(X)N

Aun(X) = {0}.
Proof. Since « is irreducible, the matrices o™ € GL(m, Z) are simultaneously
diagonalizable (cf. [5]), and we obtain a decomposition R = RP x C? of R™
into p real and ¢ complex eigenspaces of the linear action @ of Z¢ on R™
induced by «. For every eigenvector v € R™ of & the eigenvalue of v is a
group homomorphism w, : Z4 — C* with

a"v = wy(n)v

for every n € VAR Wypy ooy Wy, and wy, iy .., Wy, are the real and
complex eigenvalues of @, then g
E,={m e Z%: o™ is expansive} = Z¢ \ U{n € 2% : |wi(n)| = 1}
i=1

generates Z<.
Example 5.6 shows that Ayn(X) is dense in X and isomorphic to Z™ for
every n € E,. The remaining assertions follow from [5]. O

Remarks 6.3. (1) As described at the beginning of this section, we define the
adjoint Z%-action a* of a by setting o* = QA n(x) for any n € E, (cf. (2.1)
— this definition is independent of n by Theorem 6.2). Then the element
(o)™ of a* coincides with the adjoint automorphism (a™)* of o™ for every
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n € E,, and Example 5.6 shows that (a*)™ is defined by the transpose of the
matrix A™ € GL(m,Z) corresponding to o™. If we repeat this construction
with o™ replacing o we see that the bi-adjoint o** of « is equal to a.

(2) If a is an expansive algebraic Z%action with completely positive
entropy, then o* has completely positive entropy by Theorem 4.7, h(a) =
h(ca*) by Theorem 4.6, and [7] shows that a and o* are Bernoulli and hence
measurably conjugate. In contrast, if a is an irreducible, expansive and
mixing Z%action by automorphisms of a finite-dimensional torus X = T,
and if d > 2, then a and o* are generally not measurably conjugate (cf.
Example 5.6 and [1]).
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