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ABSTRACT. Letd > 1, and let o and 8 be mixing Z%-actions by automorphisms
of zero-dimensional compact abelian groups X and Y, respectively. By
analyzing the homoclinic groups of certain sub-actions of a and § we
prove that, if the restriction of a to some subgroup I' C Z% of infinite
index is expansive and has completely positive entropy, then every measurable
factor map ¢: (X, a) — (Y, ) is almost everywhere equal to an affine
map. The hypotheses of this result are automatically satisfied if the
action « contains an expansive automorphism o®, n € Z%, or if « is
arises from a nonzero prime ideal in the ring of Laurent polynomials in

d variables with coefficients in a finite prime field. Both these corollaries
generalize the main theorem in [9]. In several examples we show that

this kind of isomorphism rigidity breaks down if our hypotheses are
weakened.

1. INTRODUCTION

Throughout this paper the term compact abelian group will denote an
infinite compact metrizable abelian group.

Let X be an additive compact abelian group with idAentity element Ox,
normalized Haar measure Ax and additive dual group X. For every z € X
and a € X we denote by (a,z) € S = {z € C: |z| = 1} the value of the
character a € X at the point z € X. An algebraic action « of a countable
group I' on X is a homomorphism «: v — a7 from I into the group Aut(X)
of continuous automorphisms of X. An algebraic I™-action « on a compact
abelian group X is ezpansive if there exists an open set O C X with

M a7(0) = {0x),

vyel

and mizing if there exists, for all nonempty open subsets 01,0y C X, a
finite set F' C I with

O N Oﬂ((’)g) + O
for every y € I' \ F.
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Let a and § be algebraic I'-actions on compact abelian groups X and Y,
respectively. A Borel map ¢: X — Y is equivariant if

poa’ =p70¢ Ax-a.e., for every v €T. (1.1)

A surjective equivariant Borel map ¢: X — Y in (1.1) with Ay = Ax¢~!
is called a measurable factor map

¢: (X, ) — (Y, B). (1.2)

If there exists a measurable (or continuous) factor map ¢: (X, a) — (Y, )
then (Y, () is a measurable (or topological) factor of (X, «). If the factor
map ¢ in (1.2) is a continuous surjective group homomorphism then (Y, 3)
is an algebraic factor of (X, a) and ¢ is an algebraic factor map. The actions

a and § are measurably, topologically or algebraically conjugate if the map
¢ in (1.2) can be chosen to be a Borel isomorphism, a homeomorphism or

a continuous group isomorphism (in which case ¢ is called a measurable,
topological or algebraic conjugacy of (X, a) and (Y, f3)).

A mapy: X — Y is affine if there exist a continuous group homomorphism

1 X — Y and an element y € Y with

b(z) =¢'(z) +y

for every x € X. If there exists an affine factor map ¢: (X,a) — (Y, 0)
then (Y, ) is obviously an algebraic factor of (X, «).

For d = 1, any algebraic Z-action is determined by the powers of a single
group automorphism «. If « is ergodic, then it is Bernoulli (cf. e.g. [1]), which
implies that two such actions with equal entropy are measurably conjugate
even if they are algebraically non-conjugate.

If d > 1 and a1, a9 are algebraic Z%-actions with completely positive
entropy with respect to Haar measure, then they are Bernoulli by [11]
and can thus again be measurably conjugate without being algebraically
conjugate. However, if these actions are mixing with zero entropy, then
measurable conjugacy implies — under certain additional conditions — not
only algebraic conjugacy, but also that every measurable conjugacy between
such actions is (almost everywhere equal to) an affine map. For irreducible!
and mixing algebraic Z%actions with d > 1 this kind of strong isomorphism
rigidity was proved in [8]-[9], and in [13] the (cautious) conjecture was
formulated that every measurably conjugate pair of expansive and mixing
zero-entropy algebraic Z%actions with d > 1 is algebraically conjugate, and
that every measurable conjugacy between such actions is affine.

In [2], the first author presented a counterexample to this conjecture: there
exist two measurably conjugate expansive and mixing zero-entropy algebraic
Z8-actions oy and ap on non-isomorphic zero-dimensional compact abelian
groups X and Xa, respectively. On the positive side it was shown in [3] that,
for d > 1, every measurable conjugacy between expansive and mixing zero-
entropy algebraic Z%actions on zero-dimensional compact abelian groups
is (almost everywhere equal to) a continuous map with certain additional
algebraic properties.

lAn algebraic Z%-action o on a compact abelian group X is irreducible if every closed
o-invariant subgroup Y C X is finite.
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In this paper we present further counterexamples to the rigidity conjecture
in [13], including two measurably conjugate, but algebraically non-conjugate,
expansive and mixing zero-entropy Z3-actions on zero-dimensional compact
abelian groups. However, if d > 1, and if o; and s are mixing algebraic Z?-
actions on zero-dimensional compact abelian groups X; and X5 such that the
restriction of a; to some subgroup I' C Z? of infinite index is expansive and
has completely positive entropy, then every measurable factor map between
a1 and «g is affine (Theorem 4.1). Since this condition is automatically
satisfied if o is an expansive Z2-action with zero entropy (or, more generally,
if a1 contains an expansive element of'), all expansive and mixing zero-
entropy algebraic Z2-actions (or all mixing algebraic Z%-actions containing
an expansive element) on zero-dimensional compact abelian groups exhibit
strong isomorphism rigidity (Corollary 4.2). In a second corollary (Corollary
4.3) we show that any measurable conjugacy between two mixing algebraic
Z%-actions aq, as arising from nonzero prime ideals in the ring Rglp ) of
Laurent polynomials in d variables with coefficients in a finite prime field F},
via the construction (2.10)—(2.11) is affine.

The key tools for the proof of Theorem 4.1 are the continuity of measurable
equivariant maps proved in [3] and a detailed investigation of the homoclinic
groups of certain sub-actions of the Z%actions a1 and as in Proposition 3.5.

In [5] Manfred Einsiedler has recently given a proof of Theorem 4.1 by a
different method based on relative entropy considerations in the sense of [7].

2. ALGEBRAIC Z% ACTIONS ON ZERO-DIMENSIONAL GROUPS

Let a be an algebraic I'-action on a compact abelian group X. For every
subgroup I" C T we denote by o the restriction of a to IV. If Z C X
is a closed a-invariant subgroup we write az and ax,; for the algebraic
Z%-actions induced by a on Z and X/Z, respectively.

We denote by Ry = Z[ulﬂ, . ,uzlﬂ] the ring of Laurent polynomials with
integral coefficients in the variables u1, ..., uqy and write the elements f € Ry
as

f=Y" fau® (2.1)
nezd
with u® = uf' -+ u;? and f € Zfor alln = (ny,...,ng) € 7%, where fn =0
for all but finitely many n € Z<.

If o is an algebraic Z%action on a compact abelian group X, then the
additively-written dual group M = X is a module over the ring Ry with
respect to the operation

fra=f@a) =) faa(a) (2.2)

for f € Ry and a € M, where oM denotes the automorphism of X dual to
a™. The module M = X is called the dual module of «.

Conversely, if M is a module over Ry, then we obtain an algebraic Z%
action apr on Xy = M by setting

@(a) =u"-a (2.3)
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for every n € Z% and a € M. Clearly, M is the dual module of ;.

Let a be an algebraic Z%-action on a compact abelian group X with dual
module M = X. For every f = > _sa fau™ € Ry we define a continuous
group homomorphism f(«): X — X by setting, for every z € X,

fla)(@) =) fac®s. (2.4)

nezd

Note that f(a) is dual to multiplication by f on M = X (or, equivalently,

that f(a) = f(@) in (2.2)). Hence f(«) is surjective if and only if f does not
lie in any prime ideal associated? with M. For details we refer to [12].

In this paper we restrict our attention to algebraic Z%-actions on zero-
dimensional compact abelian groups. We recall the following results (cf. [12,
Propositions 6.6 and 6.9]).

Lemma 2.1. Let o be an algebraic Z%-action on a compact abelian group
X. Then the group X is zero-dimensional if and only if every prime ideal
p associated with the dual module M = X of a contains a rational prime
constant p(p) > 1.

Lemma 2.2. Let a be an algebraic Z*-action on a zero-dimensional compact
abelian group X with dual module M = X.

(1) The following conditions are equivalent.
(a) « is expansive;
(b) The module M is Noetherian.
(2) The following conditions are equivalent.
(a) aps is mixing;
(b) ag,/p is mizing for every p € Asc(M);
(c) pn{u® —1:0#n € Z% = & for every p € Asc(M).
(3) The following conditions are equivalent.
(a) aps has positive entropy (with respect to the normalized Haar
measure \x of X);
(b) ag,/p has positive entropy for some p € Asc(M);
(¢) Somep € Asc(M) is principal (and hence of the form p = (p) =
pRy for some rational prime constant p > 1).
(4) The following conditions are equivalent.
(a) aps has completely positive entropy (with respect to Ax);
(b) ar,/p has positive entropy for every p € Asc(M);
(c) Everyp € Asc(M) of the form p = (p) = pRy for some rational
prime constant p = p(p) > 1.

Lemma 2.3. Let o be an expansive algebraic Z®-action on a zero-dimen-
sional compact abelian group X with dual module M = X. If Asc(M) =
{p1,...,Pm}, then there exist Noetherian Rq-modules N O M 2 N’ with the
following properties.

2A prime ideal p C Rq is associated with an Rg-module M if p = ann(a) = {f €
Rg: f-a = 0p} for some a € M, and the module M is associated with a prime ideal
p C Rg if p is the only prime ideal associated with M. The set of prime ideals associated
with a Noetherian Rq-module M is finite and denoted by Asc(M).
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(1) N=ND @ ...es N where each of the modules NU) has a finite
sequence of submodules N = Ns(j) D - D Néj) = {0} with
NIYNG. = Ryfp; for k=1,...,s;;

(2) N and N’ are isomorphic as Rg-modules.

In view of the Lemmas 2.1-2.3 it is useful to have an explicit realization
of Z%-actions of the form ap o/p» Where p C Ry is a prime ideal containing a
rational prime constant p > 1.

Denote by R((ip ) = Fylui!,. .. ,ufl] the ring of Laurent polynomials in the

variables ui, ..., uq with coefficients in the prime field F}, = Z/pZ and define

a ring homomorphism f — f/, from R, to Rflp ) by reducing each coefficient

of f modulo p. As in (2.1) we write every h € R[(ip) as h =Y cza hnu™ with
hn € F), for every n € 7%, The set
8(h) = {n € Z%: ¢;(n) # 0} (2.5)
is called the support of h € R((ip).
If p C Ry is a prime ideal containing the constant p, then

P={fp: fep} CRY (2.6)
is again a prime ideal, and the map f — f/, induces an R;-module isomorphism
Ry/p= R((ip)/ﬁ- (2.7)

Let Q = FpZd, furnished with the product topology and component-wise
addition. We write every w € Q as w = (wyn) with wy, € F), for every n € Z4
and define the shift-action o of Z% on Q by

(Umw)n = Wm-+n (28)

for every m € Z% and w = (wn) € Q. For every h =3 70 hnu™ € Rglp) we

define a continuous group homomorphism h(o): Q@ — Q as in (2.4) by

h(o) = Z hno™.

nezd

The additive group Rgp ) can be identified with the dual group Q of Q by
setting

(h,w) = 271 (Lnezd hnwn ) /p (2.9)

for every h € RL(ip ) and w € Q. With this identification the shift o™: Q — Q

is dual to multiplication by u™ on Q= Rgp ), and h(o) is dual to multiplication

by h on Rflp ) for every h € Rfip ),
If q C Rﬁlp) is an ideal with generators {h(l), cees h(k)}, then

—

qL:Rép)/q:X ={w e Q: (h,w) =1 for every h € q}

Rgp)/q
. | (2.10)
= (" ker(h(0)) = [ ker(h?(0)).
=1

heq
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is a closed, shift-invariant subgroup of 2, and

O[Rglp)/q = O'XR(dp)/q (211)

is the restriction of the shift-action o to X R®) /g © Q.
d

We will use the following result from [3] on measurable equivariant maps

between algebraic Z?-actions on zero-dimensional groups (cf. [3, Corollary
1.2]).

Lemma 2.4. Letd > 1, and let o and 3 be mizing zero-entropy algebraic Z.4-
actions on compact abelian groups X and Y, respectively. Then there exists,
for every measurable Z-equivariant map ¢: (X,a) — (Y, 3), a continuous
Z2-equivariant map ¢': (X,a) — (Y, B) such that ¢ = ¢' Ax-a.e.

3. HOMOCLINIC POINTS

Definition 3.1. Let a be an algebraic Z%-action on a compact abelian group
X, and let I' C Z¢ be a subgroup. An element z € X is (a,I')-homoclinic
(to the identity element Ox of X), if
. n.

nh_}ngo a’xr =0x.

nel’
The a-invariant subgroup A, ry(X) C X of all (o, I')-homoclinic points is
an Rg-module under the operation

[z = fla)(z)
forevery f € Rgand z € A, 1y(X) (cf. (2.4)), and is called the I'-homoclinic
module of a (cf. [10]).

Proposition 3.2. Let o be an expansive algebraic Z*-action on a compact
abelian group X, and let T' C Z¢ be a subgroup. Then Ay # {0x} if and
only if the entropy h(a') of the algebraic T'-action o' on X is positive, and
Ao,y 18 dense in X if and only if ol has completely positive entropy (where

entropy is always taken with respect to Haar measure).
Proof. This is [10, Theorems 4.1 and 4.2]. O

If an expansive and mixing algebraic Z%action o on a compact abelian
group X has zero entropy, then the homoclinic group A, (X) of this Z%-
action is trivial by Proposition 3.2, but A, ) will be dense in X for appropriate

subgroups I' C Z¢. We investigate this phenomenon in the special case where
p > 1 is a rational prime, f € Rglp ) an irreducible Laurent polynomial such
that the convex hull @(f) C R? of the support 8(f) C Z% of f contains an

interior point (cf. (2.5)), and where a = av ) I is the shift-action of Z? on
d

the compact abelian group X = X C FpZd defined in (2.10)—(2.11).

R/ (f)
We write [.,.] and || - || for the Euclidean inner product and norm on R?
and set, for every nonzero element m € Z¢,
I'm={nez [mn] =0} (3.1)

Let
Sg—1={ve R%: vl =1}
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be the unit sphere in R¢ and put, for every v € Sy_1,
Hy, ={w e Z%: [v,w] < 0},
Xy={x € X:x2,=0 for every n € Hy}.
Following [6] we observe that the set

N(a) ={v eSs_1: Xy #{0x}}
consists of all v € S;_1 such that

(wee(): [w.v]= max [w.v])

contains a (one-dimensional) edge of C(f) (recall that C(f) C R? is the
convex hull of the support of f in (2.5)). The complement

E(a) = Sg—1 ~ N(«) (3.2)

of N(«) is dense, open, and consists of finitely many connected components.
Hence the set

E*(a) = E(e) N (=E(@)) = Sa—1 ~ (N(a) U (=N(a))) (3.3)

is again dense, open, and has finitely many connected components, called
the Weyl chambers of a.. For every nonzero m € Z¢ with

m* = 2 € E*(q) (3.4)

= Timll
we denote by W(m) the connected component of E(a) containing m* and
write W*(m) = W(m) N W (—m) for the Weyl chamber of E*(«) containing
m*. In this notation we have the following lemma.

Lemma 3.3. Let [ € R&p) be an irreducible Laurent polynomial such that

the convex hull C(f) C R of the support S(f) C Z¢ of f contains an interior

point, and let o = QR p) be the shift-action of Z¢ on the compact abelian
d

group X = X C FpZd defined in (2.10)—(2.11).

R /(F)

(1) For every nonzero element m € Z%, the action o™ is expansive if
and only if m satisfies (3.4);

(2) If m satisfies (3.4) then A, r,,) is dense in X and there exists a
fundamental homoclinic point z2 € A(a,rm) such that

{h(a)(@®): h e RP} = Ao (3.5)
and
h(a)(z®) = 0x if and only if h € (f). (3.6)

(3) If n € Z% is a second nonzero element satisfying (3.4), then

Aalm) = Aaln)
whenever W*(m) = W*(n).
Proof. The assertion (1) follows from [4], [6] or an elementary direct argument.
In order to prove the existence of a fundamental homoclinic point 2 in (2)
we choose an element m’ € Z¢ with Z¢ = T'y, + {km’: k € Z} and write f
as [ = le?:kl uF™ ¢(8) for appropriate integers k1 < kg, where $(¢)) C I',
for every k = k1, ..., ko, and where g(kl) and g(kQ) each have a single nonzero
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entry. As X = ker(f(o)) by (2.10), every x € X is determined completely
by its coordinates in the subset S = I'y + {kim’, ..., (ks — 1)m’'} C Z%
furthermore, the projection 7g: X — FZ;q onto the coordinates in S is
bijective and

Aa,rm) = {7 = (zK) € X: 2k # 0 for only finitely many k € S}.

The point 2 € X with :ckAlm, =1 and 2 = 0 for every k € S\ {kym’}
will satisfy (3.5)-(3.6). Note that we have proved in passing that a!™ is the
shift-action of I'y, on A'™ for some finite abelian group A, and that Am)
is dense in X.

For (3) we consider the convex cone

C'(m) = {v e R{~ {0}: v* € W(m)}
with dual cone
C(m) = {w € R%: [w,v] <0 for every v € C'(m)}. (3.7)
If 1 € C(f) is the unique vertex with
[I, m] = max {[k,m]: k € 8(f)},
then C(m) is the smallest cone in R? containing 8(f)—1 = §(u~'f). Furthermore,
if n € Z%\ {0} and n* € E*(a), then
C(m) = C(n) if and only if W(m) = W(n) (3.8)
(cf. (3.7)), but the interiors of C(m) and C'(n) may obviously have nonempty
intersection even if W (m) # W (n).
For every homoclinic point z € A, 1,,)(X) we set
S(z) ={necz z, #0}
and note that there exist elements k* € Z¢ with
§(z) C (kt —C(m))uU (k™ — C(—m)). (3.9)

This hows that z is homoclinic for every o™ with n* € W*(m). Since
T € A(a,pm)(X ) was arbitrary, and since the situation is symmetric in m
and n, this proves (3). O

Lemma 3.4. Let d > 1, p > 1 a rational prime, and let f € Rép) be an

irreducible Laurent polynomial such that the convex hull C(f) C RY of the

support 8(f) C Z contains an interior point. Let o = QR /) be the shift-
d

7.4 .
R /() C Fy defined in

(2.10)—(2.11), and let z € X be a point with the following property: there
exist an integer k > 1 and elements n;, i = 1,...k, in Z9 < {0} such that

action of Z¢ on the compact abelian group X = X

k
8(z)={nez: 2z, #0} C (U rnl.> +Q(N) (3.10)
=1
for some integer N > 0, where
QM)={-M,.... M} cz? (3.11)

for every M > 0. Then there exists a Laurent polynomial g € Rgp) ~ (f) with
g9(a)(z) = 0x.
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Proof. We write f in the form (2.1), assume without loss in generality (by
multiplying f by a monomial uX, if necessary) that

S =8(f)NTn, £ 2,

he= Y fau™

nel"nk

and set

Since the convex hull of the support of hj has no interior point, hx ¢ (f).
Choose M > 1 with 8(f) C Q(M) (cf. (3.11)), and let 7 > 1 be an integer
with p” > 2dN. For every k € Z¢ with

k ¢ <U rm> +Q(p'M +N),

=1

the support of the Laurent polynomial u¥ f?" does not intersect

k—1
<L:J1 rm> + Q(N).

Furthermore, if
S(uhY ) N (Tny, + Q(N)) = S(u*hY ) N [
then

k
S(uf7") N (T, + Q(N)) = S(u*hy ) N [(U = (3.12)

1
= 8(u*hY ) N (T, + Q(N)).
According to the definition of X in (2.11), fP™(a)(2) = 0x, and hence
0= f"()(2)-k = (W) @)(2)o= Y fazipn
nes(f)

= > ez = WERE )(@)(2)0 =AY (a)(2) x;
nes(hy)

where the identity marked = follows from (3.12). The Laurent polynomial
h,, = h¥" ¢ (f) thus has the property that
k—1

S(Hy(a)(2)) C (U r) LoV
=1

for some integer N’ > 1.
We repeat the argument with k, z and N replaced by k — 1, k) («)(z) and
N, respectively. After k steps we obtain Laurent polynomials A}, ..., A} in

R((f) such that g = Hle h; ¢ (f) and 8(g(r)(z)) is finite. In other words,
the point g(a)(z) is homoclinic and hence, since a has entropy zero, equal
to Ox by Proposition 3.2. O

Now we can state the main results of this section.
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Proposition 3.5. Let f € Rgp) be an irreducible Laurent polynomial such
that the convex hull C(f) C R of the support S(f) C Z% of f contains an
interior point, and let o = QR p) be the shift-action of Z¢ on the compact
d
Zd .
" © Fy defined in (2.10)~(2.11). Then there

exists, for every Weyl chamber Wi of o, a Weyl chamber W3 of a such
that the following properties are satisfied for all nonzero m,n € Z% with
m* € Wi and n* € Wy.
(1) The homoclinic groups A r,,)(X) and A ) (X) are dense in X ;
(2) A (X) N A, (X) = {0x}.

Proof. We fix a nonzero element m € Z¢ with m* € W;. Then the homoclinic

abelian group X = X

group A, r,,) is dense in X and isomorphic to Rép ) /(f) by Lemma 3.3.
Suppose that A, r,,)NA @, r,) 7 {0x} for every nonzeron € 74 satisfying
(3.4) (with n replacing m). Under this hypothesis we shall prove the existence
of a Laurent polynomial g € R((f) N (f) such that g(a)(X) = {0x}. By
duality, (g) = gR((ip ) ¢ (f), and this contradiction will prove the proposition.
In order to construct such a Laurent polynomial g we choose an enumeration
Wi, ..., W} of the Weyl chambers of o, set n; = m, and choose elements
n; € Z4 \ {0} such that n} € W for i = 2,..., k. By hypothesis, Awrm N
A@r,,) # {0x} for i =2,...k, and (3.5)~(3.6) allows us to find Laurent

polynomials h() ¢ Rgp) < (f) with R (a)(z?) € Aarn,) ~ {0x} for i =

2, ..., k. The Laurent polynomial h = H?:z h®) e R((ip) ~(f) has the property
that

Ox #y° = h(a)(=%) € Ay, (3.13)
for i =1,...,m. It follows that y® € A(ar,) and hence that
lim o*y® =0y (3.14)
k—oo
kely

for every nonzero n € Z? for which ol is expansive.

From (3.9) we conclude that there exist elements k;-t €74 i=1,...,k,
with
k
S(y*) < (((k = Cm)) U (k; = C(—my)). (3.15)
i=1

We write F(f) for the set of ((d — 1)-dimensional) faces of the convex
polyhedron C(f), choose, for every face F' € F(f), an element vy € N(«a)
orthogonal to F', and set

['(F)=Ty,
as in (3.1). From (3.15) and the definition of X = XR(p)/(f) in (2.10) we
d
conclude that that there exists an integer N > 0 with
S(y>) c ( U F(F)) + Q(N). (3.16)
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Lemma 3.4 implies the existence of a Laurent polynomial g € R&p N (f)
with

9(@)(y®) = (gh)(@)(=®) = 0x.
As explained above, this completes the proof of the proposition. O

Proposition 3.6. Letd > 1, p > 1 a rational prime, f € Rép) an irreducible

Laurent polynomial such that the shift-action a = QR p) of Z% on the
d

compact abelian group X = X C FpZd in (2.10)—~(2.11) is mizing, and

RY /()
let m C Z¢ be a nonzero element such that the restriction o™ of a to the
subgroup I'yy in (3.1) is expansive. Then the homoclinic group A ) (X)
is dense in X. Furthermore there exists an open subset W C Syg_1 such that
every nonzero element n € Z% with n* € Sy_1 has the following properties.

(1) A,y (X) is dense in X;
(2) A(oz,l"m) (X) N A(a,Fn)(X) = {OX}

Proof. If the convex hull @(f) C R? of the support 8(f) C Z% of f contains an
interior point then Proposition 3.6 is essentially a re-statement of Proposition
3.5.

If C(f) does not contain an interior point, then we may assume without
loss in generality (after multiplying f by a monomial 4™, if necessary) that
8(f) is contained in some subspace V C R? of dimension d’ < d, where we
assume that d’ is minimal (i.e. that there does not exist a n € Z? such that
S8(u™h) is contained in a subspace of lower dimension). Since « is mixing,
Lemma 2.2 (2) implies that d’ > 2.

Put T' =V NZ% 2= Z% and choose a subgroup I C Z% with T NI = {0}
and T + I = Z% We identify I' with Z%, regard f as an element of R® ),

d/
B () O Xro ) (p)

and apply Proposition 3.5 to the Z% -action « to find,
to the group

for every m € I' such that the restriction of a )
Ry/(f)

'm={nel: [nm]=0}

is expansive, a Weyl chamber W5 of the Z% -action « such that, for

R /(f)

every nonzero n € Z% with n* € W, the restriction of « to I'y is

RY/(f)
again expansive and the homoclinic groups

B R® " e

T KRG /()
have trivial intersection.
Since the restriction ol of a to I is algebraically conjugate to the product
action of I' on X = (XR(p)/(f))F,, we obtain that the restrictions of « to the
d/

groups I'yy + IV and 'y, + I are expansive, and that the homoclinic groups
A(q,rm4r)(X) and Ay r,417)(X) have trivial intersection. It is easy to see
that this implies the statement of the proposition in the case where C(f)
does not have an interior point (in fact, the open set W C S;_1 can again
be interpreted as a Weyl chamber of «). O
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4. ISOMORPHISM RIGIDITY

In this section we prove the following rigidity result for measurable factor
maps between algebraic Z%actions on zero-dimensional compact abelian
groups.

Theorem 4.1. Letd > 1, and let a and 3 be mizing algebraic Z%-actions on
zero-dimensional compact abelian groups X andY , respectively. Suppose that
there exists a subgroup T' C Z¢ of of infinite index such that the restriction
al of a to T is expansive and has completely positive entropy. Then every
measurable factor map ¢: (X,o) — (Y, 5) is Ax-a.e. equal to an affine
map.

Before turning to the proof of this result we mention a couple of corollaries
which generalize the main result in [9] in different directions.

Corollary 4.2. Let d > 1, and let o and 3 be mizing algebraic Z*-actions
on zero-dimensional compact abelian groups X and Y, respectively. Suppose
that there exists a nonzero element n € Z% such that the automorphism o™ is
expansive. Then every measurable factor map ¢: (X, a) — (Y, ) is Ax-a.e.
equal to an affine map.

Proof. Since every mixing (= ergodic) group automorphism has completely
positive entropy, this is Theorem 4.1 with I" of rank one. O

Corollary 4.3. Letd > 1, p a rational prime, and p,q C R&p) nonzero prime

ideals such that the Z%-actions o = oy, and 8=« ), on the compact
Rd /p Rd /q.

B p and Y = XRfjp)/q in (2.10)-(2.11)

are mizing. Then o and B are measurably conjugate if and only if they are

algebraically conjugate, and hence if and only if p = q. Furthermore, every
measurable conjugacy ¢: (X, a) — (Y, B) is Ax-a.e. equal to an affine map.

zero dimensional groups X = X

Proof. The existence of a subgroup I' C Z¢ of infinite index with the properties
required by Theorem 4.1 is proved in [6] (the rank of T' is the maximal
number of algebraically independent elements in the set {u®+p: n € Z¢} C
R((ip)/p). Let ¢: (X,a) — (Y, 3) be a measurable conjugacy. By Theorem
4.1, there exist y € Y and a continuous homomorphism 6: X — Y such
that ¢(z) = y + 6(z) for Ax-a.e. x € X. It is easy to verify that 0 is an
algebraic conjugacy of (X, «) and (Y, f3).

In order to see that algebraic conjugacy implies that p = q we note that,
for every f € Rglp), the maps f(«) and f(f) in (2.4) are surjective if and
only if f ¢ p (resp. f ¢ q). O

We begin the proof of Theorem 4.1 with a lemma.

Lemma 4.4. For i = 1,2,3, let oy be a mizing algebraic Z%-action on a
compact abelian group X;, and let ¢: (X1 x Xo, a1 X ag) — (X3, 3) be
a continuous factor map such that ¢(x1,x2) = Ox, whenever x1 = Ox, or
x9 = Ox,. Suppose furthermore that there exist subgroups I'1,I'y in Z% such
that the homoclinic groups A4, r,)(X;) are dense in X; fori = 1,2, and that
A(ag,l"l)(X3) N A(ag,Fg)(X3) = {OXS}‘ Then ¢(X1 X XQ) = {OXS}'
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Proof. Since ¢ is a continuous factor map,

Jim az’¢(zr,x2) = lm ¢(ai’zy, 0p'ws) = Ox,

mel' mel';
— lim afg(e1,a2) = lim ¢(aler, )
nels nels

for every z; € A, 1,)(Xi), i = 1,2. Hence

(25(1'1,1'2) € A(a37r1)(X3) N A(QS,FQ)(X3) = {OXs}

As Ay, 1,)(Xi) C X; is dense for i = 1,2 and ¢ is continuous this implies
our assertion. U

Proof of Theorem 4.1. We assume without loss in generality that the group
Z4/T is torsion-free and that T' = Z% with d’ < d. Choose a primitive®
element n € Z¢\ T and set I' = T' + {kn: k € Z} = Z¥*!. Since a is
mixing, the same is true for o/ = aF/, and the expansiveness of ol implies
that of a!”. Furthermore, since a! is expansive, the T-action ol has finite
entropy and hence ol has zero entropy. We restrict a and 3 to I and
assume that d = d’ + 1, that « is an expansive and mixing Z%action, and
that I' C Z¢ is a subgroup of rank d — 1 such that ol is expansive and has
completely positive entropy. Since the restriction to subgroups I'' C T' of
finite index changes neither expansiveness nor completely positive entropy
we shall assume for simplicity that

I'={n=(n,...,ng) € Z%: ng =0} = 2471,

As the Z% l-action ol has finite and completely positive entropy, the same
is true for B', and Lemma 2.2 shows that every prime ideal ¢ C Rgq_1
associated with the dual module N’ = Y of the Z4~1-action A is of the form
q = p(q) for some rational prime p(q) > 1. The existence of the filtrations
described in Lemma 2.3 guarantees that N’ is Noetherian as a module over
Rg_1 and hence that ' is expansive. It follows that § is expansive, that
the dual module N = Y of the Z%-action 0 is Noetherian, and that every
prime ideal p C Ry associated with N is of the form p = (p, f) = pRq+ fRq
for some rational prime p > 2 and some Laurent polynomial f € R; whose
reduction f,, modulo p is nonzero (otherwise 3 would have positive entropy
by Lemma 2.2).

We apply Lemma 2.3 and choose isomorphic Rg-modules L O N D
L' with the properties mentioned there. As L and L’ are isomorphic, the
restrictions to I' of the Z%actions o, 8, ' = ays all have the same entropy.
The inclusion L' C N induces a dual algebraic factor map ¢: (Y,3) —
(X1, (), and the filtration of L' = L described in Lemma 2.3 induces a
filtration Y, = X O ... Yy = {0} of Y by #-invariant subgroups such that
each (Y}/E—hﬁyj/yjfl) is algebraically conjugate to (XR;p)/(f),aR;p)/(f))

for some rational prime p > 2 and some nonzero element f € R((ip ) such that
QR p) is mixing. For every j = 0,...,k we denote by m;: Y, — Y/Y;
d

the quotient map.

3A nonzero element n = (n1,...,nq) € 7% is primitive if ged(ni,...,nqg) = 1.
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Suppose that ¢: (X, ) — (Y, ) is a measurable factor map. Lemma 2.4
allows us to assume that ¢ is continuous, and we set ¢; = mjopogp: X —
Y;/Y; for j=0,...,k—1.

Weset j =k —1,Y"” =Y}/Yr_1, and write 8" = 3., for the Z-action
induced by A" on Y”. Then the restriction 3”" of 87 to I is expansive, and
Proposition 3.6 and Lemma 3.3 (1) allow us to find a nonzero element n € Z¢
such that the restrictions a'™ and 3" of a and 3" to I'y, are expansive,
the homoclinic group A, r,)(X) is dense* in X, and the homoclinic groups
Agrry(Y") and Agrr,y(Y") have trivial intersections. We write ®: X x
X — Y for the map

(21, 22) = dp—1(21 + 22) — P—1(71) — Pr—1(22) + x-1(0x)
and obtain from Lemma 4.4 that ® = Oy~ or, equivalently, that

Yod(xy +x2) —Yod(x1) —og(ra) +Yod(0x) € Vi

for every x1, 9 € X. By repeating this argument we obtain inductively that

Yo d(z1+x2) —pog(x1) —Yod(x2) +1Po¢(0x) €Y
for every j =k —1,...,0, which implies that

(w1 + x2) — d(71) — d(22) + ¢(0x) € ker(¢))

for every z1,z9 € X. From Lemma 2.3 we know that the I'-action induced
by B on Y, = X has the same entropy as 8", and hence that the restriction
ﬂllzer( ) of A to ker(z)) has zero entropy. Since the map

(w1, 22) = ¢(x1 + 22) — ¢(21) — P(22) + H(0x)
is a measurable factor map from (X x X,a' x o) to (ker(@b),ﬁ{er(w)),

and since the first of these I'-actions has completely positive entropy by
assumption and the second one zero entropy, it follows that

¢(x1 + x2) — P(x1) — P(22) + ¢(0x) = Oy
for every x1,x9 € X, i.e. that ¢ is affine. O

The following examples show that Theorem 4.1 and Corollary 4.3 do not
hold if any of the assumptions are dropped. Our first example implies that
the surjectivity of ¢ is necessary in Corollary 4.3 (and hence in Theorem
4.1).

Example 4.5. Let d = 3, p = 2, and consider the polynomials fi, fo € RéQ)

defined by fi = 1+ w1 + uo, fo = 1+u1+uz+u%+u1u2+u§+u3.
Let p = (f1, f2) C Rz(f) denote the ideal generated by fi and fo, and let
q=(f2) C RéQ) be the principal ideal generated by fo. It is easy to see
that p and q are prime ideals. We define the shift-actions a3 = « and
R /q on X; = XRéz)/p C F2ZS and Xy = XR:(,,Q)/q
by (2.10)—(2.11). From Lemma 2.2 it is clear that o and ag are mixing and
have zero entropy.

R /p

3 .
a2 =« - FQZ , respectively,

AThe density of the homoclinic group A, ry(X) in X is clear from Proposition 3.2,
since o is expansive and has completely positive entropy.
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We write * for the component-wise multiplication (2% 2')y = 2n2), in F2ZB
and observe that

o™ (zx2') = (6"2) * (c™2')
for every z,2' € FZ* and n € Z3 (cf. (2.8)). We claim that
rx1' € Xy for every z,2’ € X;. (4.1)

In order to verify this we define subsets S; C Z3, i =0,...,3, by

So = 8(f2), S1=38(f1),
Sy = {(1,0,0), (L 1a0)7 (27 170)} = S(UIfl)a
S3 = {(Oa 170)7 (Oa 2a0)7 (17 170)} = S(UQfl)a

and consider the set Z of all z € FQSO with ZnESi zn =0 fori=0,...,3.
A calculation shows that, for every z, 2’ € Z, the component-wise product
w =z %2z € Fy° satisfies that Y nes, Wn = 0. This implies (4.1).

Take a non-zero m € Z?3 such that of*z = z for some non-zero z € Xy and
define ¢: X7 — X3 by ¢(z) = x x afPx. Clearly ¢ is a Z3-equivariant map
from (X1, a1) to (X2, a2). We choose y € X such that z* (af*y —y) # Ox,.
Since ¢(0x,) = Ox, and ¢(z +y) — ¢(2) — ¢(y) = z x (1"y — y) # Ox,, the
map ¢ is not affine.

In the next example we construct a non-affine factor map ¥: (X, a) —
(X', a') between expansive and mixing zero-entropy algebraic Z3-actions,
where o/ has an expansive Z?-sub-action with completely positive entropy.

Example 4.6. We use the same notation as in the previous example. Let

v =pq = (fife, £2) € R{Y be the ideal generated by fif, and £2 and let 3

denote the algebraic Z3-action o R® /. O Y=X R® /e - F223. From Lemma
3 3

2.2 it follows that the action (Y, ) is mixing and has zero entropy. We define
continuous group homomorphisms 6;: ¥ — X; and 02: Y — X5 by

01(y) = fa(o)(y),  O2(y) = fi(o)(y).

It is easy to verify that for i = 1,2, 6;: (Y, ) — (Xi, ;) is an algebraic
factor map. Let v¢: (Y, 3) — (X2,a32) be the Z3-equivariant continuous
map defined by

P(x) = O2(2) + ¢ 0 b (),

where ¢: X1 — X5 is as in the previous example. Since 6, is a surjective
homomorphism and ¢ is non-affine, it follows that ¢ o 6 is non-affine, i.e.
that v is a non-affine map. It is easy to see that the restriction of 65 to Xo
is a surjective map from Xy to itself. Since 61(z) = 0 for all z € Xy C Y,
this shows that v is a non-affine factor map from (Y, 3) to (X2, a2) (in fact,
it can be shown that 7 o % is non-affine for every surjective ag-equivariant
group homomorphism 7: X — X3).

Our final example shows that there exist measurably conjugate expansive
and mixing zero-entropy algebraic Z3-actions on non-isomorphic compact
zero-dimensional abelian groups.
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Example 4.7. Let (X1,1) and (X2,a2) be as in Example 4.5, and let
(X, a) denote the product action (X7, a1) X (X2, az). Following [2] we define
a zero-dimensional compact abelian group Y and an algebraic Z3-action 3
on Y by setting Y = X; x Xy with composition

(z,y) © (@) = (@+a"zxa"+y+y)
for every (x,2'), (y,vy') € Y, and by letting

ﬁn(xa y) - (Oéilxa Oély)

for every (z,y) € Y and n € Z3. The ‘identity’ map ¢: X — Y, defined by

o(z,y) = (2,y)

for every (z,y) € X, is obviously a topological conjugacy of (X,«) and
(Y, 3) with Axy¢~! = Ay (by Fubini’s theorem). However, ¢ is not a group
isomorphism. In fact, the groups X and Y are not isomorphic: since X is a
subgroup (Fy & F»)%’ | every element in X has order 2, whereas (z,0x,) € Y
and (z,0x,) ® (z,0x,) = (0x,,x) # Oy for every nonzero = € X;.
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