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Abstract. The purpose of this note is to point out some of the phenomena which
arise in the transition from classical shifts of finite type X C A% to multi-dimensional

shifts of finite type X C AZd, d > 2, where A is a finite alphabet. We discuss rigidity
properties of certain multi-dimensional shifts, such as the appearance of an unexpected
intrinsic algebraic structure or the scarcity of isomorphisms and invariant measures. The
final section concentrates on group shifts with finite or uncountable alphabets, and with
the symbolic representation of such shifts in the latter case.
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1. Shifts of finite type.

Let d > 1, A a finite set (the alphabet), and let A be the set of all maps z: Z¢ —
A. For every nonempty subset F' C Z%, the map

TR AZd — AF
is the projection which restricts each = € AZ* to F. For every n € Z% we define a
homeomorphism o™ of the compact space Az by
(1.1) (6™ %)m = Tn+m
for every x = (zm) € AZ The map o: n — o is the shift-action of Z¢ on AZd, and a

subset X C AZ" is shift-invariant if 0™ (X) = X for all n € Z%. A closed, shift-invariant

set X C A7 s a shift of finite type (SFT) if there exist a finite set ' C Z¢ and a subset
P C AF such that

(1.2) X=X(F,P)={z€ A% g oo™ (x) € P for every n € Z4}.

A closed shift-invariant subset X C A2 is a SFT if and only if there exists a finite
set F' C Z% such that
(1.3) X={ze€ Az g oo™ (x) € mp(X) for every n € Z4}.

An immediate consequence of this characterization of SFT’s is that the notion SF'T is
an invariant of topological conjugacy. For background and details we refer to [21]—[25].

IfX C AZ s a SFT we may change the alphabet A and assume that
d .
F={0,1}* or F={0}u|J{e"},
i=1
where e() is the i-th basis vector in Z%.
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Let X C AZ be a SFT. A point x € X is periodic if its orbit under o is finite. In
contrast to the case where d = 1, a higher-dimensional SFT X may not contain any
periodic points (we give an example below). This potential absence of periodic points is
associated with certain undecidability problems (cf. e.g. [1], [9], [19] and [32]):

(1) It is algorithmically undecidable if X (F, P) # & for given (F, P);
(2) Tt is algorithmically undecidable whether an allowed! partial configuration can
be extended to a point € X (F, P).

In dealing with concrete SF'T’s undecidability is not really a problem, but it indicates
the difficulty of making general statements about higher-dimensional SFT’s. There
have been several attempts to define more restrictive classes of SFT’s with the hope
of a systematic approach within such a class (cf. e.g. [16]-[17], the algebraic systems
considered in [9], or certain specification properties — such as in [13] — which guarantee
‘sufficient similarity’ to full shifts).

2. Some examples.

EXAMPLE 1 (Chessboards). Let n > 2 and A ={0,...,n —1}. We interpret A as a

set of colours and consider the SFT X = X(™) A7 consisting of all configurations
in which adjacent lattice points must have different colours.

Forn =2, X®) consists of two points. For n > 3, X(") is uncountable.

There is a big difference between n = 3 and n > 4: for n = 3 there exist frozen
configurations in X(3), which cannot be altered in only finitely many places. These
points are the periodic extensions of
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EXAMPLE 2 (Wang tilings). Let T be a finite nonempty set of distinct, closed 1 x 1
squares (tiles) with coloured edges such that no horizontal edge has the same colour as a
vertical edge: such a set T is called a collection of Wang tiles. For each T € T' we denote
by r(7),t(7),1(7),b(7) the colours of the right, top, left and bottom edges of T, and we
write C(T) = {r(7),t(7),1(7),b(T) : 7 € T} for the set of colours occurring on the tiles
in T. A Wang tiling w by T is a covering of R? by translates of copies of elements of
T such that

(i) every corner of every tile in w lies in Z? C R?,
(i1) two tiles of w are only allowed to touch along edges of the same colour, i.e.
r(t) = I(7') whenever 7,7’ are horizontally adjacent tiles with T to the left of
7', and t(7) = b(7') if 7,7’ are vertically adjacent with T/ above T.
We identify each such tiling w with the point

w= (wn) € T,

where wn is the unique element of T whose translate covers the square n+ [0,1]2 C R?,

n € Z2. The set Wy C 7% of all Wang tilings by T is obviously a SF'T, and is called
the Wang shift of T.
Here is an explicit example of a two-dimensional Wang shift: let Tp be the set of

ang e N —

with the colours H,h,V,v on the solid horizontal, broken horizontal, solid vertical and
broken wertical edges. The following picture shows a partial Wang tiling of R? by Tp

If X = X(F,P)isa SFT and @ # E C Z%, then an element z € AF is an allowed
partial configuration if m(p 4 n)nE(z) coincides (in the obvious sense) with an element of
TpA(E—n)(P) whenever F'N (E —n) # &.



MULTI-DIMENSIONAL SYMBOLIC DYNAMICAL SYSTEMS 3

and explains the name ‘domino tiling’ for such a tiling: two tiles meeting along an edge
coloured h or v form a single vertical or horizontal ‘domino’.

(TITET] L[]

The Wang shift Wp C lejz of Tp is called the domino (or dimer) shift, and is one of
the few higher dimensional SF'T s for which the dynamics is understood to some extent
(cf. e.g. [2], [3], [7]). The shift-action ow, of 72 on Wp is topologically mizing, and
its topological entropy h(ow,) was computed by Kastelleyn in [7]:

1 1 1
hlow,) = 1 /0 /(; (4 — 2cos2ms — 2 cos 2mt) ds dt.

The domino-tilings again have frozen configurations which look like ‘brick walls’.

EXAMPLE 3 (A shift of finite type without periodic points). Consider the following
set T' of siz polygonal tiles, introduced by Robinson in [19], each of which which should
be thought of as a 1 X 1 square with various bumps and dents.

{13388

We denote by T the set of all tiles which are obtained by allowing horizontal and vertical
reflections as well as rotations of elements in T’ by multiples of % Again we consider

the set Wp C 7% consisting of all tilings of R? by translates of elements of T aligned to
the integer lattice (as much as their bumps and dents allow). The set W is obviously a
SFT, and Wr is uncountable and has no periodic points. If we allow each (or even only
one) of these tiles to occur in two different colours with no restriction on adjacency of
colours then we obtain a SFT with positive entropy, but still without periodic points.

The paper [19] also contains an explicit set T of Wang tiles for which the extension
problem is undecidable.

3. Wang tiles and shifts of finite type.
THEOREM 3.1. Every SFT can be represented (in many different ways) as a Wang

tiling.
Proof. Assume that F' = {0,1}? C Z2. We set T = 7 (X (F, P)) and consider each

2.1 T |

T =1 20,0 1,0

as a unit square with the ‘colours’ [*(0,0) (1,0)] and [*(0,1) #(1,1) ] along its bottom and

T(0,0) Z(1,0)
With this interpretation we obtain a one-to-one correspondence between the points z =
(zn) € X and the Wang tilings w = (wn) = (7p 0 0™ (z)) € 2.0

This correspondence allows us to regard each SFT as a Wang shift and vice versa.
However, the correspondence is a bijection only up to topological conjugacy: if we start
with a SFT X C AZ” with F = {0,1}2, view it as the Wang shift Wy C T%° with
T = wp(X), and then interpret Wr as a SFT as above, we do not end up with X, but
with the 2-block representation of X.

DEFINITION 3.1. Let A be a finite set and X C A g SFT, T a set of Wang tiles
and W the associated Wang shift. We say that W represents X iof W is topologically
conjugate to X. Two Wang shifts W and Wy are equivalent if they are topologically
conjugate as SFT’s.

top horizontal edges, and [I(O’U] and [1(1,1)] along its left and right vertical edges.
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Since any given infinite SFT X has many different representations by Wang shifts
one may ask whether these different representations of X have anything in common.
The answer to this question turns out to be related to a measure of the ‘complexity’ of
the SFT X. For this we need to introduce the tiling group associated with a Wang shift.

Let T be a collection of Wang tiles and Wy C TZ® the Wang shift of T'. Following
Conway, Lagarias and Thurston ([4], [29]) we write

() = (C(D)|t(n))(7) = r(r)b(7), T € T)

for the free group generated by the colours occurring on the edges of elements in T,
together with the relations t(7)I(7) = r(7)b(7), 7 € T. The countable, discrete group
T'(T) is called the tiling group of T (or of the Wang shift Wy ). From the definition of
T(T) it is clear that the map §: T'(T) — Z2, given by

0(b(7)) = 0(t(7)) = (1,0),

0(1(7)) = 6(r(7)) = (0, 1),
for every 7 € T, is a group homomorphism whose kernel is denoted by

To(T) = ker(0).

Suppose that E C R? is a bounded set, and that w € TRENE jg 5 Wang-tiling of R2 \ E.
When can we complete w to a Wang-tiling of R? (possibly after enlarging E by a finite
amount)? After a finite enlargement we may assume that E is the empty rectangle in
the left picture of Figure 1 (the tiles covering the rest of R% \. E are not shown).

b, b, b, b, b, b, b, b,

FIGURE 1
If we add a tile legally (as in the right picture), then the words in I'(T") obtained by
reading off the colours along the edges of the two holes coincide because of the tiling
relations:
7'1_17"2_1'f'3_1b1_1b2_lbglbzll3l211t4t3t2t1
(3-1) B et Y e T e P Oy
=1y Ty T3 by by 0370, I3 atltstaty

In particular, if the hole can be closed, then the word must be the identity.

If X ¢ A”” is a SFT and Wr a Wang representation of X then the tiling group
T'(T') gives an obstruction to the weak closing of bounded holes (i.e. the closing of holes
after finite enlargement) for points x € AP E, where E C Z? is a finite set. However,
different Wang-representations of X may give different answers.

EXAMPLE 4. Let X be the 3-coloured chessboard, and let T be the set of Wang tiles

I R OO SR SO S 0 O

with the colours

hop= ——, h1= ===, ha= -~
I :
Vo= |, vi=, va="
1

on the horizontal and vertical edges. Then Wr represents X. The tiling group T'(T) is
of the form

D(TE) = {hs,vs, i = 0,1,2|vihg = vahg = h1vg = havo,
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vah; = vphy = havi = hgvi, voha = viha = hgva = hyva}.

Since hg = h1 = ha, vo =vi = va and hovo = voho, ['(T) = 72, and every hole appears
closable.

With a different representation of X as a Wang shift we obtain more information.
Let T' be the set of Wang tiles

’10"12"20"10"20"21"01"02"21‘
o1||o1||o1||o02]||02|l02]||10]||10]|]|10
’01"20"21"01"02"12"02"10"12‘
12|12 |[12||20||20||20||21||21]]21
with the colours h;; = [ j] on the horizontal and VZ = [JJ on the vertical edges, where

1,7 €{0,1,2} and i # j. Then Wy represents X.
There exists a group homomorphism ¢: I'(T') — Z with

¢(ho1) = ¢(h12) = p(hao) = d(v) = &(v}) = B(v3) =1,
¢(h10) = B(ha1) = ¢(ho2) = ¢(v7) = B(v3) = $(v5) = —1.
This homomorphism detects that the hole with the edge

1 2 1
2 7 0
0o 1 2

cannot be closed, no matter how it is extended on the outside, and how much it is
enlarged initially.

This example raises the alarming possibility that more and more complicated Wang-
representations of a SFT X will give more and more combinatorial information about
X. Remarkably, this is not the case.

THEOREM 3.2. For many topologically mizing Z?-SFT’s there exists a Wang-repre-
sentation W of X which contains all the combinatorial information obtainable from
all possible Wang-representations of X.

For examples we refer to [25] and [5]. In order to make this statement comprehensible
one has to express it in terms of the continuous cohomology of X.

4. Wang tiles and cohomology.

Let X C AZ? be a SFT and G a discrete group with identity element 15. A map
c: Z? x X — G is a cocycle for the shift-action o of Z? on X if ¢(n,-): X — G is
continuous for every n € Z? and

c(m+n,z) = c(m,c"z)c(n, x)

for all z € X and m,n € Z2. One can interpret this equation as path-independence.
A cocycle ¢: Z2 x X — G'is a homomorphism if c¢(n, -) is constant for every n € Z2,
and c is a coboundary if there exists a continuous map b: X — G such that

c(n, z) = b(o™z) " 1b(z)

for all z € X and n € Z2. Two cocycles ¢,c¢’: Z2 x X — G are cohomologous with
continuous transfer function b: X — G, if

c(n, z) = b(o"z) "1 (n, z)b(x)

for alln € Z2 and = € X.
For every Wang representation Wy of X we define a tiling cocycle cp: 22 x Wy —
I'(T) (and hence a cocycle c/.: Z2 x X — I['(T)) by setting

cer((1,0),w) = b(wo), er((0,1),w) = l(wo)

for every Wang tiling w € W C TZZ, and by using the cocycle equation to extend cr to
a map Z2 x Wr — T'(T) (the relations t(7)I(7) = r(7)b(7), T € T, in the tiling group
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are precisely what is needed to allow such an extension). Conversely, if G is a discrete
group and c: Z? x X — G a cocycle, then Theorem 4.2 in [25] shows that there exists
a Wang representation wr of X and a group homomorphism 7: I'(T') — G such that

(4.1) c=mnoecr.

In order to establish a link between cocycles and the ‘closing of holes’ discussed in
the last section we return for a moment to the Wang tiles in Figure 1 and assume that
the partial configuration wn, n € Z2 \ E, shown there extends to an element w € W
with l(wg) = r1 and b(wg) = t1 (i.e. the tile wo occupies the bottom left hand corner
of the ‘hole’ E in Figure 1). Then

cr((4,3), w) = l3lalitatstots = l3latltstats = babsbabirsrary,

depending on the route chosen from 0 to (4, 3), which is equivalent to (3.1).

If W/ is another Wang representation of X, then there exists a topological conjugacy
¢: Wp — Wy, and the coordinates wn, n € Z2 ~ E, determine the coordinates
d(w)m, m € Z2 ~ E', for some finite set E/ C Z? which we may again assume to
be a rectangle. If the tiling cocycle cpr of W/ is a homomorphic image of wr in the
sense of (4.1), then wys cannot lead to any new obstructions (other than those already
exhibited by cr). A slightly more refined version of the same argument shows that wp/
will not lead to any new obstructions even if it is only cohomologous to a homomorphic
image of cp. This observation is the motivation for the following definition.

DEFINITION 4.1. A cocycle ¢*: 72 x X — G* with values in a discrete group G*
is fundamental if the following is true: for every discrete group G and every cocycle
c: Z? x X — G there exists a group homomorphism 0: G* — G such that c is
cohomologous to the cocycle @oc*: 72 x X — G.

In this terminology we can state a more precise (but still rather vague) form of
Theorem 3.2 (cf. [25]).

THEOREM 4.1. In certain examples of topologically mizing Z2-SFT’s there exists an
explicitly computable Wang representation Wr of X whose tiling cocycle /. Z2xX —
T(T) is fundamental.

For a list of examples (which includes the chessboards in Example 4 and the domino-
tilings in Example 2) we refer to [5] and [24]-[25].

Although one can make analogous definitions for classical (one-dimensional) SFT’s,
they never have fundamental cocycles. The existence of fundamental cocycles is a rigidity
phenomenon specific to multi-dimensional SFT’s.

5. Group shifts and their symbolic representations.

In this section we leave the general setting of multi-dimensional shifts of finite
type with all its inherent problems and restrict our attention to SFT’s with a group
structure. This class of SF'T’s is of interest in coding theory and allows much more
detailed statements about conjugacy and dynamical properties than arbitrary SFT’s.

Let d > 1, and let X be a compact abelian group with normalized Haar measure
Ax. A Z%action a: n — o™ by continuous automorphisms of X is called an algebraic
Z%-action on X. An algebraic Z%-action o on X is expansive if there exists an open
neighbourhood U of the identity Ox in X with (.54 o™ (U) = {O0x }.

Suppose that « is an algebraic Z%-action on a compact abelian group X. An a-
invariant probability measure p on the Borel field Bx of X is ergodic if

p(U o) e on)
nezd
for every B € Bx, and mizing if

Tim_u(Ba " (B') = u(B)u(B)

for all B, B’ € Bx. The action « is ergodic or mizing if Ax is ergodic or mixing.
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Let a1, ap be algebraic Z®-actions on compact abelian groups X7 and X, respectively.li
A Borel bijection ¢: X1 — X2 is a measurable conjugacy of a1 and aq if

Ax; 671 = Ax,

and

(5.1) ¢oal(z) =af o¢(zx)

for every n € Z% and Ax,-a.e. T € X1.

A continuous group isomorphism ¢: X1 — Xa is an algebraic conjugacy of a; and
ag if it satisfies (5.1) for every n € Z% and z € X;.

The actions a1, as are measurably (resp. algebraically) conjugate if there exists a
measurable (resp. algebraic) conjugacy between them.

Finally we call a map ¢: X1 — Xoa affine if there exist a continuous group
isomorphism t: X; — X2 and an element 2’ € X5 such that

d(x) = p(z) + 2
for every x € X;.
Here we are interested in algebraic Z%-actions of a particularly simple form. Let A be
a compact abelian group, and let Qf:l) = AZd be the compact abelian group consisting
of all maps w: Z% — A, furnished with the product topology and coordinate-wise

(d)
A

addition. We write every w € Q% as w = (wn) with wn € A for every n € Z% and define

the shift-action o of Z% on Qgi) by (1.1). Clearly, o is an algebraic Z%-action on QEAd).
A group shift is the restriction of the shift-action o to a closed, shift-invariant subgroup
xcoly.

Throughout the following discussion we shall assume that the ‘alphabet’ A is either
finite or A = T. In the former case every group shift X C Q(:) is automatically a d-
dimensional shift of finite type (cf. [9]-[10] and [23]). In our earlier discussion of SFT’s
we were interested in topological conjugacy invariants. Here we are interested in the
connection between measurable and algebraic conjugacy.

EXAMPLE 5. The shift automorphisms

(02)n = Tni1
on the compact abelian groups
X = (Z/AZ)%,
Y = ((Z/2Z) x (Z/27))%.
are measurably (even topologically) conjugate, but the groups X andY are not algebraicallyf]
isomorphic. ~
EXAMPLE 6. For every monempty finite set E C Z% we denote by Xgp C X =

(Z/2Z)Zd the closed shift-invariant subgroup consisting of all x € X whose coordinates

sum to 0 in every translate of E in Z%. If E has at least two points then Xg is

uncountable and the restriction o of o to Xg is an expansive algebraic Z%-action.
For d =2 and the subset

E = {(0,0),(1,0),(0,1)} C Z2,

the Z2-action o on Xg is called Ledrappier’s example: o is mizing and expansive,
but not mizing of order 3 (for every n >0, x(q 0y + T(2n,0) + T(0,2n) = 0).

In this example, 3-mizing breaks down in a particularly reqular way: if we call a
finite subset S C Z% mixing for a group shift X if

(5.2) lim )\X( N a*kmBm) =[] xx(Bm)
k—oo mes mes

for all Borel sets Bm, m € S, and nonmixing otherwise, then the last paragraph shows
that S = {(0,0), (1,0), (0,1)} is nonmizing for Ledrappier’s example.
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We also consider the subsets
E1 ={(0,0),(1,0),(2,0), (1,1),(0,2)},
E3 ={(0,0),(2,0),(0,1), (1,1),(0,2)},
E3 ={(0,0),(1,0),(2,0),(0,1),(1,1),(0,2)}.

of Z2. The shift-actions o; = og, of 72 on X; = XE, are again mizing, but the set
S ={(0,0),(1,0), (0, 1)} is nonmizing for each of these actions (cf. [11]).

For every n € 7?2, the automorphisms o' are measurably conjugate. However, as
was shown in [12], these three Z?-actions are not even measurably conjugate.

w

In general, if X C AZ? s g group shift with finite alphabet A, then X has nonmizing
sets if and only if it does not have completely positive entropy or, equivalently, if and
only if it is not measurably conjugate to a full shift Y = BZQ, where B is a finite set
(c¢f. [15], [11] and [20]). However, even if X has completely positive entropy, it need
not be topologically conjugate to a full shift.

For d = 1, algebraic conjugacy of group shifts X C AZ? to full shifts Y = BZd7
where A and B are finite abelian groups, is a matter of considerable interest in coding
theory (cf. e.g. [18]), and results for d > 1 are just beginning to emerge.

Example 6 is based on a special case of another rigidity phenomenon specific to
Z4-actions with d > 1. We call an algebraic Z%-action o on a compact abelian group
trreducible if every closed, a-invariant subgroup Y C X is finite. The following statement
is proved in [8] and [12].

THEOREM 5.1. Let d > 1, and let o1 and az be mizing algebraic Z%-actions on
compact abelian groups X1 and Xa, respectively. If ay is irreducible, and if ¢p: X1 —
X2 is a measurable conjugacy of a1 and az, then ag is irreducible and ¢ is Ax, -a.e.
equal to an affine map. Hence measurable conjugacy of a1 and ag implies algebraic
conjugacy.

Irreducibility of algebraic Z%-actions with d > 1 implies that these actions have zero
entropy (as Zd—actions). For actions with positive entropy one cannot expect this kind of
isomorphism rigidity, since positive entropy implies the existence of nontrivial Bernoulli
factors (cf. [23]). However, it is sometimes still be possible to apply Theorem 5.1 to prove
measurable nonconjugacy of actions with positive entropy.

EXAMPLE 7 (Conjugacy of Z2-actions with positive entropy). We modify Ezample
6 by setting Y = (Z/4Z)Zd and consider, for every nonempty finite set E C 7% the
closed shift-invariant subgroup Yi C Y consisting of all y € Y whose coordinates sum
to 0 (mod 2) in every translate of E in 7%, The group Yg is always uncountable, and
the restriction T of the shift-action o to Yg is an expansiwe algebraic Z*-action with
entropy log 2. As in Example 6 we set d = 2 and consider the the subsets E, E1, Ea, E3 C
Z? defined there. Theorem 6.5 in [15] implies that the Pinsker algebra w(7g,;) of T, is
the sigma-algebra BYEi /Zp, of Zg, -invariant Borel sets in Yg,, where

Zp, = {z = (¥n) € Yg, : tn = 0 (mod 2) for every n € Z?}.
Then the Z2-action T/Ei induced by Tg, on Yg,/ZE, is algebraically conjugate to the
shift-action o, on the group Xg, in Example 6.

Since any measurable conjugacy of T, and Tg; would map 7(rg,) to n(7g;) and
induce a conjugacy of T/Ei and T;Ej and hence of op, and OB Ezxzample 6 implies that
7 and T; are measurably nonconjugate for 1 < i < j < 3.

ExAMPLE 8 (Group shifts with uncountable alphabet). We write Rq = Z[ulﬂ, .
7udjd] for the ring of Laurent polynomials with integral coefficients in the commuting
variables ui,...,uq, and represent every f € Ry as f = ZmEZd fmu™ with u™ =

my d

Uy -~u;n and fm € Z for every m = (mq,...,mg) € Z%.

Let o be the shift-action (1.1) of Z% on Q) = T2 For every nonzero f € Ry and
z € X we set

(5.3) f@) (@)=Y fao"z

nezd
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and note that f(o): Q@ — Q) 45 a continuous surjective group homomorphism. For
every tdeal I C Ryq we set

(5.4) Xy = () ker(f(0))
fer

and denote by or the restriction of o to Xr. If {g1,...,9L} is a set of generators of I
(such a finite set of generators always exists, since Ry is Noetherian), then

X1 = () ker(g;(0)).

Jj=1

The dynamical properties of group shifts of the form Xy are described in [22], [15] and
[23]. In the special case where the ideal I is principal, i.e. where I = (f) = fRq for
some f € Rq, the entropy of o sy is given by

1. ..r1 27it 27it :
h(0<f>)={£g S log |f(e2mit, ..., e2mita)|dty ---dty if f#0,

otherwise.
Furthermore, o) is expansive if and only if
(5.5) f(z)#0 forall z=(z1,...,2q) € C? with |z1|=-- = |zg] = 1.

If oy is expansive then it is automatically mizing and Bernoulli (in particular, it has
finite and positive entropy).

Although the group shifts oy, f € Ry, in Example 8 are of finite type in the sense
that they are determined by restrictions in a finite ‘window’ of coordinates (consisting
of those n € Z? with fn # 0), their uncountable alphabets put them outside the
customary framework of symbolic dynamics. In view of this (and for a variety of other
reasons) it seems desirable to find ‘symbolic’ representations of such systems, analogous
to the representation of hyperbolic toral automorphisms as SFT’s by means of Markov
partitions.

Following [6] we consider the Banach space £>°(Z%,R) and write

2(2%,7) C £ (2%, R)
for the subgroup of bounded integer-valued functions. Consider the surjective map
n: £°(24 R) — T2¢ given by

N(v)n =vn (mod 1)
for every v = (vn) € £>°(Z%,R) and n € Z9. Let & be the shift-action of Z¢ on ¢ (Z%,R),
defined as in (1.1), and set, for every h = > 4 hnu™ € Ry and v € £ (z%,7),

h()(v) = Z hno™v.

nezd

The expansiveness of o) can be expressed in terms of the kernel of f(7): o(y) is
expansive if and only if ker(f(7)) = {0} C £>°(Z%,R).

According to Lemma 4.5 in [14] there exists a unique element w® € £°(Z%, R) with
the property that

1 if n=0,

0 otherwise.

F@) (w)n = {

The point w2 also has the property that there exist constants ¢; > 0,0 < ¢z < 1 with

wd]| < erel”!
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for every n = (n1,...,nq) € Z%, where ||n|| = max;—1, ... 4 |n;|. From the properties of
w? it is clear that

Ew) = Z vno Pw?

nezd

is a well-defined element of £°(Z% R) for every v € £°°(Z%,Z), and we set
E=no: ¢>(2%2) — X(p.
The map &: £*° (Z"l7 Z) — X(y) is a surjective group homomorphism, and

o™ = U?f) o0& for every n € Z4,
ker(§) = f(3)(¢>(2%, 7).
The point 2 = £(w?) is homoclinic:
(5.6) Jim_ ofy (@) = 0.

Furthermore, 22 is a fundamental homoclinic point in the sense that every homoclinic

point of o(s) (i.e. every x € X5 satisfying (5.6) with z replacing ) lies in the
countable subgroup of X(;y generated by {oFf):vA :n € Z%}. Tt can be shown that

an expansive algebraic Z%-action a on a compact abelian group X has a fundamental
homoclinic point if and only if it is of the form o = o), X = X(), for some f € Ry
satisfying (5.5) (cf. [26]).

From the definition of £ it is clear that its restriction to every bounded subset of
£°°(Z%,7) is continuous in the weak*-topology. One can easily find bounded (and thus
weak*-compact) subset V C £%°(Z?,Z) with £(V) = Xy

PROPOSITION 5.1. For every h = ZneZd hnu®™ € Ry we set

ht = Z max (0, hn)u®, h™ =— Z min (0, hn)u®,
nezd nezd
RT3 = max (A1 — 1,0), [P 117 = max (|~ [lx — 1,0),

IRl = IAF 1L+ IR 113
Then the set
V={ver®2Z,2):0<vn <|f|; for every n € 29}

satisfies that £(V) = X(y).

The restriction of the homomorphism £ to V is surjective, but generally not injective,
and the key problem in constructing symbolic representations of the Z%-action o) is
to find closed, shift-invariant subsets W C 'V with the following properties:

(a) Wis a SFT or at least sofic, i.e. a topological factor of a SFT,
(b) §&(W) = X(y), and the restriction of § to a dense Gs-set in ‘W is injective.

Examples of such choices of W C £°°(Z,7Z) for appropriate polynomials f € f; can
be found in [26], [27], [28], [30] and [31]. Examples in higher dimensions (with d > 2)
are much more difficult to find, and there are many unresolved problems in this area.
We end this section with one of the few successful examples.

EXAMPLE 9 ([6]). Let d =2 and f =3 —u1 —u2 € Ro. Then || f||7 =3, but the set

(5.7) W={vect®(Z2):0<vm<2}CV

also satisfies that &(W) = X()- Furthermore, the restriction of £ to W is almost
injective in the sense of Condition (b).
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