IRREDUCIBILITY, HOMOCLINIC POINTS AND ADJOINT
ACTIONS OF ALGEBRAIC Z%ACTIONS OF RANK ONE
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ABSTRACT. In this paper we consider Z%-actions, d > 1, by automorph-
isms of compact connected abelian groups which contain at least one
expansive automorphism (such actions are called algebraic Z%-actions
of expansive rank one). If o is such a Z%action on an infinite com-
pact connected abelian group X, then every expansive element o™ of
this action has a dense group Agn(X) of homoclinic points. For differ-
ent expansive elements o™, o™ these groups are generally different and
may have zero intersection. By obtaining an appropriate structure for-
mula we prove that these groups are canonically isomorphic for different
m,n, and that the restriction of o to any of these groups defines by
duality another algebraic Z%-action o* of expansive rank one on a com-
pact connected abelian group X™, called the adjoint action of a. The
second adjoint o* = (a*)* obtained by repeating this construction is
algebraically conjugate to a.

A class of examples of algebraic Z%actions of expansive rank one
is obtained by fixing a d-tuple c of algebraic numbers consisting not
entirely of roots of unity and by associating with it a finite set S. of
places of the algebraic number field K = K(c) generated by the entries
of c. For every Se-integral ideal J in K we define an algebraic Z%-action
« of expansive rank one on a compact connected abelian group. In this
case the adjoint action a* arises from the inverse ideal class J~' of J.
If J,J are two Sc-integral ideals, then the algebraic Z%-actions arising
from them are algebraically conjugate if and only if the ideals lie in the
same ideal class.

Earlier work in this direction can be found in [4], [6] and [11].

1. INTRODUCTION

An algebraic Z%-action o on a compact abelian group X is a homomorph-
ism n — o from Z? into the group Aut(X) of continuous group auto-
morphisms of X. An algebraic Z%action o on a compact abelian group X
is expansive if there exists an open neighbourhood O C X of the identity
element Ox € X with

) a™(0) = {0x}.

nezd

If o is an algebraic Z%-action on X, then its topological entropy h(a) coin-
cides with the metric entropy hy, (o) with respect to the normalized Haar
measure Ax on X.

2000 Mathematics Subject Classification. 11R04, 22D45, 37A35, 37A45, 37TB05, 37C29.
Key words and phrases. Algebraic actions of higher-rank abelian groups, expansiveness,
homoclinic module.
The first author was partially supported by the FWF research project P14379-MAT.
1



2 MANFRED EINSIEDLER AND KLAUS SCHMIDT

Let  and 8 be algebraic Z%actions on compact abelian groups X and
Y, respectively. The action 3 is an algebraic factor of « if there exists a
continuous surjective group homomorphism x: X — Y with

xoa® = "oy for every n e Z%. (1.1)

The map x in (1.1) is an algebraic factor map from « to 3. The actions «
and [ are algebraically conjugate if the factor map y: X — Y in (1.1) can
be chosen to be a continuous group isomorphism. The actions « and 3 are
finitely equivalent if each of them is a finite-to-one algebraic factor of the
other.

In this paper we restrict ourselves to algebraic Z%actions where individual
elements have finite entropy.

Definition 1.1. Let a be an algebraic Z%action on a compact abelian
group X. An algebraic Z%action o on X has expansive rank one if there
exists n € Z¢ such that o™ is expansive, has entropy rank one if h(a™) < oo
for every n € Z%, and is irreducible if every closed, a-invariant subgroup
Y C X is finite.

The relationship between these rank one conditions and irreducibility will
be studied in Section 4. We refer to [5] for a more general discussion of
expansive rank and entropy rank (with a slightly different definition).

Lemma 1.2. Let a be an irreducible algebraic Z%-action on a compact con-
nected abelian group X and let (Y,[3) be a non-trivial algebraic factor of
(X,a). Then the factor map is finite-to-one, and 3 is irreducible and fi-
nitely equivalent to a.

Proof. Let ¢ : X — Y be the factor map between the actions o on X and
B on Y. The kernel K = ker ¢ is an a-invariant closed subgroup of X. As
Y # {0} is assumed to be non-trivial, the kernel K is a proper subgroup
and must be finite by irreducibility.

Let Z be a proper closed 3-invariant subgroup of Y. The subgroup ¢~ (2)
C X is again finite by irreducibility. This shows that Z = ¢(¢~1(Z)) is finite
and the action [ is irreducible.

As K is finite, there exists an integer m > 0 with m - K = {0}. As X is
connected and M = X is therefore torsion-free as a group, the multiplication
Xm : @ — ma by m on M is injective and the dual map x,, : © — mz on X is
surjective. It follows that the map y — ¥(y) = xm (¢~ 1(y)) is a well-defined
factor map from (Y, 3) to (X, «). By the first paragraph, v is finite-to-one
and « and [ are finitely equivalent. O

If d > 1, and if a and 3 are two irreducible and mixing algebraic Z9-
actions on compact abelian groups X and Y, respectively, then o and (8
are algebraically conjugate if and only if they are measurably conjugate (cf.
[6] and [7]). In view of this rigidity property the question whether finite
equivalence of a and B can be replaced by algebraic conjugacy acquires
special significance: since it is easy to find finitely equivalent irreducible
Z%-actions which are not algebraically conjugate one obtains examples of
measurably non-conjugate Z%-actions which are difficult to distinguish by
using classical invariants of ergodic theory.
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If a is an algebraic Z%action on an infinite compact connected abelian

group X, then a point = € X is a-homoclinic (or simply homoclinic) if

lim o™z = 0.

n—oo
If « is expansive, the set A, (X) of all a-homoclinic points in X is countable,
and A, (X) is nonzero if and only if « has positive topological entropy (cf.
[9]). In [4] the module of homoclinic points A, (X) was used to define, for
any algebraic Z%-action « on a compact abelian group X, the adjoint action

—

a* = ap,x) on X* = Ay(X) (where A, (X) is considered as a discrete
module). If the action « is expansive and has completely positive entropy,
then a* is closely related to « and is again expansive with completely pos-
itive entropy. Iteration of this construction leads to further algebraic Z9-
actions o, a™**, . .. ,a*k, ..., Where " can be shown to be algebraically
conjugate to o for k > 1 (if not earlier).

For d > 2, algebraic Z%actions with expansive rank one have zero entropy
and therefore cannot have nonzero homoclinic points. Individual expansive
elements of the action will, however, have nonzero homoclinic points; in fact,
the homoclinic group A,n(X) of every expansive automorphism o™, n € Z¢,
is dense in X by [9, Theorem 4.2].

For different expansive automorphisms o™, ™ the homoclinic groups
Aym(X) and Agn(X) can be quite different and may have zero intersection
(cf. [11]). The main purpose of this paper is to investigate the connection
between these groups for different expansive elements of such an action.

If we restrict the Z%-action « to the homoclinic group Aqn(X) of some
expansive automorphism o™, n € Z%, then we obtain a Z%action by auto-
morphisms of the countable abelian group A,n(X) which determines, by du-

ality, an algebraic Z%-action a* of the compact abelian group X* = Agn (X).
A priori this construction depends on the expansive automorphism o™ we
started off with. In the Theorems 5.1 and 5.5 we show, however, that dif-
ferent expansive elements lead to algebraically conjugate actions «*. This
allows us to suppress the dependence of a* on n and to refer to a* as the
adjoint action of a (cf. Definition 5.2 and [4]). If « is an expansive Z%-action
by commuting automorphisms of a finite-dimensional torus X = T™, m > 2,
then a* can easily be checked to be the transpose action n — (a®)7 of Z4
on X.

The adjoint action a* again has expansive rank one, and the group X*
is infinite, compact and connected (in fact, a* is easily seen to be finitely
equivalent to «, but @ and o™ are usually not algebraically — and hence, by
our earlier remark, not measurably — conjugate). One may thus repeat this
construction and define a second adjoint action o™ = (a*)* of a which is
algebraically conjugate to « (cf. the Corollaries 5.3 and 5.6). This situation
is in marked contrast to the case where a has completely positive entropy:
there a and o** may be algebraically nonconjugate, although a* and o™** =
(a**)* are always conjugate (cf. [4]). Furthermore, since algebraic Z%actions
with completely positive entropy are Bernoulli by [13],  and o* are always
measurably conjugate in this case.

The main tool for our investigation is a careful analysis of the structure
of algebraic Z%-actions of expansive rank one in the Theorems 3.4 and 4.5.
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Although this description is not new in principle (cf. e.g. [1]-[2] and [14]),
the precise form required for the proofs of the Theorems 5.1 and 5.5 and of
Corollary 5.6 does not appear to be available in the earlier literature.

For irreducible algebraic Z%-actions on compact connected abelian groups
the Theorems 3.4 and 3.8 and Corollary 5.4 elaborate the close connections
with algebraic number theory (and, in particular, with ideal classes) already
apparent in [6].

2. ALGEBRAIC Z% ACTIONS

For the description of algebraic Z%-action we need some algebra. Denote

by Rg = Z[ulﬂ, e udﬂ] the ring of Laurent polynomials with integral coef-
ficients in the variables u1,...,uq and write every f € Ry as
f=> fau" (2.1)
neZzd
with o™ = u? -+~ u)? and fn € Zforalln = (ny,...,nq) € 74, where fn, =0

for all but finitely many n € Z?. A prime ideal p C Ry is associated with an
Rg-module M ifp = {f € Ry : f-a = 0} for some a € M, and the module M
is associated with a prime ideal p C Rq if p is the only prime ideal associated
with M. The set of prime ideals associated with a Noetherian Rgz-module
M is finite and denoted by Asc(M). If M is a Noetherian Rg-module there
exists a chain of submodules

MOZ{O}CMlC"'CMk:M (22)

such that M;/M; 1 = Ry/q; for i = 1,...,k, where each q; C Ry is a prime
ideal containing one of the associated primes of M.

If o is an algebraic Z%action on a_compact abelian group X then the
additively-written dual group M = X is a module over the ring R; with
operation

fra= Z faa®(a)
neZzd

for f € Ry and a € M, where of denotes the automorphism of X dual to
a®. The module M = X is called the dual module of a. Conversely, if M is 5 a
module over Ry, then we can define an algebraic Z%action apy on Xy = M
by setting

@a =u"-a (2.3)
for every n € Z? and a € M. Clearly, M is the dual module of ayy.

By using duality one can express many topological and dynamical prop-
erties of X and « in terms of the dual module M = X. For example, X is
connected if and only if M is torsion-free as a group, and the dual module M
is Noetherian whenever « is expansive (cf. [15]). We also recall the following
result from [15].

Lemma 2.1. Let M be a Noetherian Rg-module with associated prime ideals
Asc(M) = {p1,...,pm}. The following conditions are equivalent.

(1) aps is expansive;
(2) ar,p,; is expansive for every j =1,...,m;
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(3) Ve(pj) NS =@ for every j =1,...,m, where

Velps) = {z € (C)%: f(z) =0 for every f € pj}, (2.4)
C*=C~ {0} and S={2€C:|z| =1}.

3. IRREDUCIBLE ACTIONS

In this section we describe — up to algebraic conjugacy — all irreducible
algebraic Z%actions on an infinite compact abelian connected group X.
Background and details of the following discussion can be found in [15,
Section 7] and [16].

Let K be an algebraic number field, i.e. a finite extension of Q. A valuation
of K is a map ¢: K — R, with the property that ¢(a) = 0 if and only if
a =0, ¢(ab) = ¢(a)p(b), and ¢(a + b) < c¢- max{p(a),p(b)} for some ¢ > 1
in R and all a,b € K. The valuation ¢ is non-trivial if ¢(K) 2 {0,1}. A
non-trivial valuation ¢ is non-archimedean if ¢(a + b) < max{¢p(a),p(b)}
for all a,b € K, and archimedean otherwise. Two valuations ¢, of K are
equivalent if there exists an s > 0 with ¢(a) = ¢(a)® for all @ € K. An
equivalence class v of non-trivial valuations of K is called a place of K; such
a place v is finite if it consists of non-archimedean valuations, and infinite
otherwise.

If v is a place of K, then a sequence (an,n > 1) in K is v-Cauchy if
limy, ;o0 ¢(ar, — a;) = O for some (and hence for every) valuation ¢ € wv.
With this notion of a Cauchy sequence one can define the completion K, of
K at the place v.

Ostrowski’s Theorem ([3, Theorem 2.2.1]) states that every non-trivial
valuation ¢ of Q is either equivalent to the absolute value ™ — | 2| = ||,
(n—m’)

or to the p-adic valuation ||, = p for some rational prime p, where

m = p™'m”, n = p”n”, and neither m” nor n” are divisible by p. The
completions Qo and Q, of Q are equal to R and the field of p-adic rationals,
respectively.

For every valuation ¢ of K, the restriction of ¢ to Q C K is a valuation
of Q and is thus equivalent either to |- |« or to ||, for some rational prime
p. In the first case the place v 3 ¢ is infinite (or lies above 00), and in the
second case v lies above p (or p lies below v).

We denote by w the place of Q below v and observe that the field K, is
a finite-dimensional vector space over the locally compact, metrizable field
Qy and hence locally compact and metrizable. Choose a Haar measure A,
on K, (with respect to addition) and denote by modg, : K, — R the map
satisfying

Mv(aB) = modg, (a)A\y(B) (3.1)

for every a € K, and every Borel set B C K. The restriction of modg, to
K is a valuation in v, denoted by | - |s.
Above every place v of QQ there are at least one and at most finitely many

places of K. We write PU), P}K), and PCEOK), for the sets of places, finite

places and infinite places of K. An infinite place v of K is either real (if
K, = R) or complezx (if K, = C). The field K is totally real if K, = R for

every v € PO(OK), and totally complez if K, = C for every v € PCEOK).
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For every v € P the sets
Ry ={a € K, : |al, < 1}, Ry ={a€K,:|al, =1} (3.2)

are compact. If v € P(K), then R, is the unique maximal compact subring

of K, and is also open, and the ideal

Py={aeK,:l|al, <1} CR, (3.3)
is open, closed and maximal. The set
ok = (] {a€K:la], <1} (3.4)
UEPJ(CK)

is the ring of integral elements in K.

Now suppose that d > 1 and ¢ = (c1,...,¢cq) € (Q*)?, where Q is the
algebraic closure of Q and Q% = Q. {0}. We set K = K¢ = Q(c1,...,¢cq) =
Q[ciﬁl, .. .,cffl] and

Se=PHUu{ve PJSK) t|eily # 1 for some i =1,...,d}. (3.5)
The set S is finite by [16, Theorem III.3]. We denote by
et K —Ve=[] K. (3.6)
VESe

the diagonal embedding a — (a,...,a), a € K, and put
Re={aec K :|a|, <1 for every v e PH) S} > ok. (3.7)

The set V¢ is a locally compact algebra over K with respect to coordinate-
wise addition, multiplication and scalar multiplication, and tc(Rc) is a dis-
crete, co-compact, additive subgroup of V.. Put

Y. =V, / te(Re) (3.8)
and write
Toi Vo — Yo (3.9)

for the quotient map. According to [15, (7.6)] we may identify Y, with the
dual group of R, i.e.

—

Ye = Re. (3.10)
If every ¢;, i =1,...,d, is a unit in ox then S, = PéoK) and
Ve Ry, =), (3.11)

where
rK)=[K:Q =|{ve PX) : K, =R} +2/{ve P& : K, =C}. (3.12)

In general,

G €ERX={acRe:a ' eR} (3.13)
is a unit in R, for every 1 < i < d. We put, for every n = (nq,...,nq) € Z8,
=t (3.14)

write every a € V¢ as a = (ay) = (ay, v € S) with a, € K, for every v € S,
and define a Z%action . on V, by setting

B(I:la = Lc<cn)a = (Cnav> (3.15)
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for every a = (ay) € Ve and n € Z% As 32(1c(Re)) = te(Re) for every
n € Z%, B induces an algebraic Z%action . on the compact abelian group
Y. in (3.8) by

Be(a+te(Re)) = B?a + te(Re) (3.16)
for every n € Z% and a € V, whose dual action BC: n— B(‘:’ is given by
B2 = c®b (3.17)

for every n € Z% and b € Re = Yo (cf. (3.10)).
We denote by 7¢: f — f(c) the evaluation map and define the ideal
P. = kerne. Then

Ra/Pe = ne(Rg) = Z[ct) = Z[cf, ..., ¢ € Re, (3.18)

and R is a module over the integral domain Z[c*!]. We need the following
basic lemma from algebraic number theory.

Lemma 3.1. The Z[c*!]-module R is equal to ox[cT] and is thus finitely
generated.

Proof. The inclusion ox[c*!] C R. is obvious. For the reverse inclusion let
x € Re and put

E,={vesS.N PJEK) aly > 1}

If £, = @ then = € ox and we are done. Now assume that k& > 1 and that
y € og[ctl] for every y € Re with |E,| < k. If |E;| = k and v € E,, then
we can find an n € Z? with |c®|, > |z|,. By the Chinese remainder theorem
there exists a € 0x such that

lal, =1 and |ac™|, < 1 for every w € Sc ~ {v}.

Then z(ac®)~! € R, and, since ok is dense in R, we can find b € ox and
d € R, such that

z(ac™) ™t =b+d with |d|, <|c®|; .
This shows that
|x — abc™|, = |adc™|, <1,
|z — abc™|y = |x|w for w e E; \ {v},
|z — abc™|, <1 for w e P}K) N Es.

Our induction hypothesis implies that = — abc® € ox[c™!] and hence that
T € ox[ct!]. By induction, R C ox[c™!], as promised.

Since o is a finitely generated Z-module, R. is finitely generated over
Z[c*t]. O

Let L C K be a finitely generated Z[c*!]-submodule. We denote by G r)
the Z%-action on L defined by
Qo )0 = ca (3.19)

for every n € Z% and a € L and write Q(c,r) for the dual algebraic Z%-action
on

Xg=2L. (3.20)
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Since K = Q|c| we can write every a € K as a = b/n for some b € R
and n € Z. As L is assumed to be finitely generated, we can find a common
integer N > 0 such that NL C R¢. If

0p: Xp =L — Re = Y (3.21)
is the injective map defined by multiplication with N, then we obtain a dual
algebraic factor map

Or:Ye — Xg (3.22)
between the algebraic Z%-actions 3. and QAe,L)-
For the particular choices L = R and L = Z[cT!] we obtain the actions

Be = e on Y, :3/2\,
¢ Tl e (3.23)

Qe = Qe zlct1]) on Xe = Z?:E]

Proposition 3.2. For any two nonzero finitely generated Z[c*']-modules
L C L' the module L' /L is finite.

Furthermore the Z%-action e on Yy is irreducible, the factor map 6 : Ye
— Xg in (3.21)(3.22) is finite-to-one, and the action o) on Xg is
irreducible and finitely equivalent to (.

For the proof of Proposition 3.2 we need another lemma.

Lemma 3.3. Let 0 C K be a finitely generated subring with identity of the
algebraic number field K. Then every nonzero ideal J C o has finite indez.

Proof. Assume that we have already shown that some finitely generated
subring 0 C K containing 1 has the property that |o/J] < oo for every
nonzero ideal J C 0. By assumption Z C o.

Let a € K be an algebraic number with primitive minimal polynomial
f(z) € Zlz], and let J C o[a] be a nonzero ideal. We set S = o ~ {0}
and consider the number fields S~lo = L and S~!o[a] = Lla] = L'. As
{0} € S~1g c L', it follows that 71§ = L’ and JN S # {0}

By our hypothesis on o, the nonzero ideal J N o has finite index in 0. We
claim that

there exists a monic polynomial h € Z[z] with h(a) € J. (3.24)

Indeed, since Z C o and J N o has finite index in o, there exists a positive
integer n € J. We denote by J = (n, f) C Z[z] the ideal generated by the
elements n, f € Z[x] and assert that

J contains a monic polynomial h. (3.25)

By evaluating the generators of the ideal J at a we conclude that h(a) € g,
which shows that (3.24) is a consequence of (3.25).

In order to prove (3.25) we first assume that n = p® is a prime power.
We write f as a sum f = fi; — pfo with fi, fo € Z[x], where the leading
coefficient of f7 is co-prime to p. Multiplication with a = ffl + fffzp fo +
o+ (pfa)et € Z[z] gives that f{—p°f§ € J. We have thus found polynomials
a,b € Z[z] such that h;, = ff = af +bp® € J has a leading coefficient which
is co-prime to p and hence to n = p°. If m is the degree of h;, we can apply
Euclid’s algorithm to find integers k, ¥’ such that the leading coefficient of

hy = khy, + E'nz™ € ] (3.26)
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is one.
If n contains a product of at least two distinct primes we write n =
p{* - p* for the prime power decomposition of n and use the isomorphism

Z/nZ = H?:l Z/ p;j Z to obtain an isomorphism

k

0: (Z/nZ)2] — [[(@/p )]

Jj=1

of the polynomial rings. Denote by f € R = (Z/nZ)[z] the polynomial ob-
tained by reducing each coefficient of f modulo n and put 6(f) = (f1, ..., fx)
with f; € Rj = (Z/ p;j Z)|x] for every j = 1,..., k. The preceding paragraph
shows that the principal ideal generated by f] in R; contains a polynomial
Bj with leading coefficient 1, i.e. that there exists a g; € R; with Ej = fjgj.
The polynomial ¢ € R with 0(g) = (g1,...,Jx) satisfies that fg € R has
leading coefficient 1. This shows that there exists a ¢’ € Z[z] such that the
polynomial h = fg+ ng’ € J has leading coefficient 1 and proves (3.25) and
hence (3.24).
If m is the degree of the polynomial h found in (3.24), then

lo[a]/d| =|o+ao+ -+ a" "0/g| < |o/oNI|" < 0.

This shows that the ring o[a] again has the property that |o[a]/d| < oo for
every nonzero ideal J C o[a].

The proof of the lemma is completed by induction on the number of
generators of the subring o. O

Proof of Proposition 3.2. This is a slight extension of [15, Theorem 7.1].

Let L C L' C K be two nonzero finitely generated Z[c*!]-submodules.
Since L C K is nonzero, Z[c*!]a C L for some nonzero a € L. Since L'
is finitely generated as a Z[c*!]-module and L' € K = Q|c], we can find
M € Z such that

Zlctac L c L' C %Z[cﬂ].

Lemma 3.3 shows that Z[c*!]a has finite index in 7;Z[c*!], which completes
the proof of the first statement of the proposition.

For the second statement we consider the action (. on Y. If Z7 C Y, is
a proper invariant closed subgroup, then the annihilator L = Z+ C R is
a nonzero Z[c*!]-submodule. Therefore has £ finite index in R, and Z is
finite. This shows that G is irreducible. Lemma 1.2 implies the remaining
statements. (]

Our next theorem shows that every irreducible algebraic Z%-action a on
a compact abelian connected group is of the form o ) described in (3.19)-
(3.20).

Theorem 3.4. Suppose that d > 1, and that o is an algebraic Z*-action
on an infinite compact connected abelian group X. Then « is irreducible
if and only if it is finitely equivalent to each of the irreducible algebraic
Z%-actions o on Xe and B on Y for some ¢ = (c1,...,cq) € (Q¥)%
Furthermore there exists a finitely generated Z[c*']-submodule L C K such
that « is algebraically conjugate to the Z%-action Qe,r) on Xg defined in
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(3.19)—(3.20). Without loss of generality one may assume in addition that
LCRe.

Proof. Let a be an irreducible algebraic action on the compact connected
abelian group X with dual module M = X and let p be an associated prime
ideal for M. There exists a € M such that

{f€Ry:f-a=0}=p.

This shows that the map f+p — 0(f) = fa from Ry/p to M is an injective
module homomorphism. By duality, : X — Xp,/, a factor map. From
Lemma 1.2 we see that ¢ is finite-to-one and the action ag,/, on Xg,/, is
irreducible.

As X is connected, the dual module is torsion-free as an abelian group
and p does not contain a constant. Hilbert’s Nullstellensatz shows that there
exists a point

ceVp)={c eQ": f(c')=0 for every f e p}.

Let m: Ry/p — Rg/pc be the canonical projection map, where

pe = {f € Ry: flc=0)). (3.27)

Then 7: X — X is injective. As ap,/, is irreducible by the previous
paragraph, every non-trivial closed a-invariant subgroup must be finite and
7 must be surjective. By duality, 7 is injective and p = pe.

Lemma 1.2 also shows that the actions ag,/,. and a are finitely equi-
valent. Let ¢ : X — X be a factor map. The dual homomorphism
¢: M — Rg/pe = Z[c*] of ¢ is injective. Hence L = (M) C Z[cF] ¢ K
is a nonzero finitely generated Z[c*!]-submodule and the Z?-actions o and
Q(c,c) are algebraically conjugate. O

By using the locally compact group V. in (3.6) we can give another de-
scription of all irreducible algebraic Z%-actions.

Corollary 3.5. Let d > 1, and let a be an irreducible Zd—actioin on an
infinite compact connected abelian group X. We denote by ¢ € (QX)? the
point described in Theorem 3.4 and define the ring Re C K, the set Se C
P(K), the algebra Vo = Hves K, and the embedding tc: K — V¢ as in
(3.5)~(3.6). Then there exists a finitely generated Z[c™']-submodule X C K
such that o is algebraically conjugate to the Z-action O/(CJC) on the compact
abelian group

Xie = Ve/1s(X), (3.28)

defined as in (3.16) by
O/?C;K)(CL +15(X)) = B(nc,s)a +15(X) (3.29)

for every n € Z% and a € V. Furthermore one can always assume that
X C Re.
Conversely, if X C K is a nonzero finitely generated Z[cT']-submodule,

then the Z%-action o/(c %) ON X in (3.28)(3.29) is irreducible and finitely

equivalent to ae and Se.
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Proof. According to Theorem 3.4 there exists a finite-to-one factor map
¢: Ye — X. The map ¢ induces a continuous surjective group homo-
morphism 1: V; — X with ¢ o B2 = a®™ o 1) for every n € Z? whose
kernel X’ = ker(z)) is invariant under the Z?-action 3. in (3.15) and con-
tains tg(Re) as a subgroup of finite index.

Choose an integer N > 1 with X" = NX' C 15(R¢) and denote by
K C Re the ne(Rg)-submodule satisfying 1g(XK) = X". If my: Ve — Ve
denotes multiplication by N, then

X 2 Ve /XK' =Zmy(Ve)/mn(K") 2 Ve /K" 2 Ve /15(K) = X,

and the isomorphism of X and X} carries the Z%action «a to O/(CK).

The other statements are clear from Proposition 3.2, since X has finite
index in Re. U

Theorem 3.4 and Corollary 3.5 give a variety of representations of irredu-
cible algebraic Z%-action on infinite compact connected abelian groups. For
a fixed c all these representations are finitely equivalent. Theorem 3.8 will
show that these representations are sometimes, but not always, algebraically
conjugate.

We can give an easy characterization of those actions which are algebra-
ically conjugate to a.

Definition 3.6. Let a be an algebraic Z?-action on a compact abelian group
X. The dual group X of X is cyclic under the dual action & of a (or a has
cyclic dual) if there exists a character a € X such that X is generated by
the set {&"a :n € Z}.

Proposition 3.7. Let d > 1, and let o be an irreducible algebraic Z-action
on an infinite compact connected abelian group X. If ¢ € Q* is the point
appearing in Theorem 3.4, then « is algebraically conjugate to ae if and only
if a has cyclic dual.

Proof. The action a. has cyclic dual, since the element 1 € Z[c*!] = )/(\c is
cyclic under Gg.

If @ and o are algebraically conjugate there exists a continuous group
isomorphism ¢: X — XRd/p(‘ with qb oo™ = aPo ¢ for every n € Z%, and
the dual isomorphism ¢: Ry /P — X sends 1 € Z[c*t] to a cyclic element

a € X for 4. R
Conversely, if a € X is a cyclic element of &, then the map

h(c) — h(a)(a) = Y hnaPa
neZd
for h =" c74 hau™ € Rq induces a module-isomorphism ¥ Z[ct] — X
whose dual ¥: X — Xp, /p = X/RIP is an algebraic conjugacy of a and
Q. O

We end this section with a connection between irreducible algebraic Z9-
actions and ideal classes in algebraic number fields. This will give us a col-
lection of nonconjugate but finitely equivalent algebraic actions.
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Every nonzero ideal J C Rg is called an S-integral ideal of K and has
finite index in Rg by Lemma 3.3. Two S-integral ideals J,J of K lie in the
same ideal class if there exists an element ¢ € K with aJ = J.

Theorem 3.8. Suppose that K is an algebraic number field, ¢ € (K*)? a
vector of nonzero algebraic numbers with K = Q(c), and let Se € P be
the set of places defined by (3.5). Then the Z%-action Qeg) on Xy = J is
irreducible for every nonzero ideal I C Re. Furthermore, if J,J are nonzero
ideals in Re, then o gy and o g) are finitely equivalent, and o gy and
Q(c,g) are algebraically conjugate if and only if J and  lie in the same ideal
class.

Proof. Theorem 3.4 shows that the action ac gy is irreducible.

If J,d are nonzero ideals in Re, then a ¢ g) and ¢ gy are obviously algeb-
raically conjugate whenever J and J lie in the same ideal class.

Conversely, if ¢: X5 — Xj is an algebraic conjugacy of q(c gy and a(c g),
then the dual map ¢: J — J is an 7¢(Rg4)-module isomorphism (cf. (3.18)),
i.e. (f(c)a) = f(c)d(a) for every f € Ry and a € J. Since K is the field of
fractions of Z[c™!] we can extend 6 to a K-linear map ¢: K — K by fixing

a nonzero element a € J and setting 1[1(]6(6) a) = f(c)qg(a) for every f,g € Ry

g9(c) g(c)
with g(c) # 0. An elementary calculation shows that @@(g 8) = gZ;(f; 8)
whenever ]gc ((3 el Ifb= 1&(1), then the K-linearity of 1) guarantees that
¥(a) = ba for every a € K, and hence that J = ¢(J) = ¢(J) = bJ. This
shows that J and J lie in the same ideal class. O

Theorem 3.8 describes the algebraic Z%-actions arising from a fixed vector
c = (ci,...,cq) of algebraic numbers. In the remainder of the section we start
with an integral (or an S-integral) ideal in an algebraic number field and
consider algebraic Z?-actions arising from units systems in the number field.

Let K’ © Q be an algebraic number field, and let S’ ¢ P) be a finite
number of places containing PO(OK/). We define the ring of S’-integers R, C
K’ as in (3.7) with S’ replacing Sc. By [12, Theorem 3.5], the group of units
R'G of Rl in (3.13) is isomorphic to the cartesian product F x 7%, where F
is a finite cyclic group consisting of all roots of unity in K’ and d = |S| — 1.

Definition 3.9. A d-tuple ¢ = (cy,...,¢q) in R'g, is a free S'-unit system

if it generates a free abelian group, i.e. if the equation ¢® = ¢{' --- ¢} =
with n = (n1,...,n4) € Z¢ implies that n = 0.
A free S’-unit system ¢ = (c1,...,¢q) is a fundamental S'-unit system of

K' if every a € R'%, can be written uniquely as a = uc/’f1 e cfld with u € F
and ki,..., kg € Z.

We fix a free S’-unit system ¢ = (c1,...,¢q) of K" and set K = Q|c].
Every S'-integral ideal J C R, of K’ is obviously a module over the ring
ne(Rg), and we obtain an algebraic Z%action Qe,g) On Xg = J as in (3.19)-

(3.20). In order to simplify terminology we count R, itself among the ideals
of R, .
SI
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Theorem 3.10. Let K be an algebraic number field, S ¢ PUY) ¢ finite
number of places containing P with IS| > 2, and ¢ = (¢1,...,¢q) a fun-
damental S-unit system with d = |S| — 1.

Suppose that K has at least one real place. Then the Z%-action Q(c,g) 1S
irreducible for every nonzero ideal 3 C Re. Furthermore, if 3,4 are nonzero
ideals in Re, then the Z%-actions Q(ce,7) and o gy are finitely equivalent, and
they are algebraically conjugate if and only if I and J lie in the same ideal
class.

For the proof of Theorem 3.8 we need two lemmas.

Lemma 3.11. Let K’ be an algebraic number field and let S ¢ P57 be
finite subset containing PéOK/) with d = |S'| — 1 > 1. We fix a fundamental
S-unit system ¢ = (c1,...,¢cq) in K' and write K = Q[c] C K’ for the field
of fractions of the integral domain Z[c*!].

If K # K’ then K' is totally complex, K is totally real and [K' : K] = 2.

Proof. This is essentially [12, Proposition 3.5]. For every place v’ of K' we
denote by v the restriction of v to K C K’, and we write S = {v: v € S’}
for the resulting places of K.

Since the group of units RZ of Re = Ry, N K contains the free abelian
group generated by {ci,...,cq}, [12, Theorem 3.5] implies that |S’| = |S],
i.e. that restrictions to K of distinct places of K’ yield distinct places of K.
However, there is a priori no guarantee that the completions K, and K,
coincide for every v’ € §’.

Assume that there exists a nonempty subset D C S such that K, # K],
for v e D and K], = K, for v € S\ D. According to [12, Assertion (iii) on
p.105] there exists a unit a = ¢ - - ng € RX C R'%, with (ky,...,kg) € Z,
lal, > 1 for v € D, and |a|, < 1 for v € S~ D. The product formula [3,
Theorem 10.2.1], applied to a € K’ and a € K, implies that

[Tlalo=TTlalo- IT lalo=1,

vES veD veSN\D
H laly = H |afo - H laly = H |afy - H laly =1,
vES veD vESND vED veES~D

which is impossible due to the fact that |al, > |a|? for every v € D. This
contradiction shows that D =@ or D = S.

In the former case K, = K/, for every v € P and [K:Q]=1r+2s=
[K' : Q], where r and s are the numbers of real and complex places of K,
and hence K = K'.

In the latter case K/, = C and K, = R for every v € PéoK), s = 0,
[K':Q]=2r=2[K :Q)|, and [K : K'| = 2. O
Lemma 3.12. Let ¢ = (c1,...,¢q) be a free S'-unit system of K', and let
K =Q|c] Cc K'.

(1) K' = K if and only if the Z%-action Q(e,5) on Xy = J is irreducible
for every nonzero ideal I C R, ;

(2) K' # K if and only if the Z%-action Q) on Xg = J is reducible for
every nonzero ideal J C R, .
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Proof. Suppose that K = K’, and that J C R = RY, is a nonzero ideal. As
the construction after (3.5) applies, Proposition 3.2 shows that the action
Q(c,9) 1s irreducible.

If K" # K, Lemma 3.11 shows that the ring R, = Ry, N K is an infinite

Z[c*t1]-submodule of infinite index in R.. Hence Y = RE = RE/\RC is an
infinite, closed, proper e, R, ,)-invariant subgroup of X R, This implies that
e, R, is reducible.

Let J C R, be anonzero ideal and a € J~.{0}. By the previous paragraph
we see that aR. has infinite index in aRy, and therefore also in J. Since Y =
(aﬂQc)L is an infinite, closed, proper «(c g)-invariant subgroup, the action
Q(c,9) 1s reducible. O

Proof of Theorem 3.10. Lemma 3.11 shows that K = K’, and the assertions
follow from the Lemmas 3.12 and Theorem 3.8. U

Remarks 3.13. (1) Even if K’ # K in Lemma 3.11 for some choice of fun-
damental S-units {ci,...,cq}, a different choice {c},...,c,} of fundamental
S-units may lead to equality of K’ and K.

(2) The most interesting special cases of the Theorems 3.8 and 3.10 oc-
cur when S = PéoK), in which case R = ox is the ring of integers of K,
Xg, = T2 and {c1,...,cq} is a fundamental unit system, where r, s are
the numbers of real and complex places of K and d = r + s — 1. For inform-

ation on ideal classes of algebraic number fields we refer to [12].

4. ALGEBRAIC ACTIONS OF EXPANSIVE RANK ONE

Throughout this section « is an algebraic Z?-action on an infinite compact
connected abelian group X. We discuss the relationship between irreducib-
ility and the rank one conditions introduced in Definition 1.1. In the rank
one case we give a description of the action a similar to Theorem 3.4.

In some of the following results we assume the irreducible Z%-actions to
be expansive. By applying Lemma 2.1 to the case of an irreducible action «
we see that « is expansive if and only if no Galois conjugate of ¢ consists
entirely of elements of absolute value one. This is the same as saying there
exists no valuation v € P& with |cily =1 for all i.

If one asks if a single automorphism o™ is expansive, the answer is slightly
different (Lemma 2.1 might not be applicable directly as M = X might not
be Noetherian over Z[u*]). However, by using the product structure of V
in (3.6) it is easy to see that o™ is expansive if and only if |c”|, # 1 for all
veSs.

Proposition 4.1. Let o be an irreducible algebraic Z*-action on a compact
connected abelian group X. Then « has entropy rank one.

If a is in addition expansive, then o has expansive rank one. In fact, there
exists a finite union U of hyperplanes in R? such that o™ is expansive for
everyn € Z4\ U.



ALGEBRAIC Z%ACTIONS OF RANK ONE 15

Proof. Let ¢ and S¢ be as in Theorem 3.4 and (3.5), respectively. The second
proof of [15, Proposition 17.2] shows that

hay (@) = Z log |c"|, < o0
{ve€Sc:|e?|y>1}

for every n € Z7 (cf. (3.14)).

For every v € S; we see that log|c"|, = Zgzl n;log|cily. Let U be
the finite union of the hyperplanes defined by the linear functions n —
log |c®|,, v € Se. For n € Z%\ U we have that |c®|, # 1 for every v € S and
hence that o™ is expansive. O

Proposition 4.1 has a partial converse.

Proposition 4.2. Let p C Ry be a prime ideal and ag,, the algebraic Z4-

action on the compact connected group Xp,;, = Ra/p defined in (2.3). If
ag,/p has expansive rank one or entropy rank one, then ag,, is irreducible.

Proof. Suppose that ag,/, has expansive rank one and that a%d /p is ex-

pansive for some n € Z%. It is easy to see that the Z[u™]-module Ry/p is
associated to the prime ideal p N Z[u*™]. By Lemma 2.1, the variety V¢ (p)
of p N Z[u*™] cannot meet the circle {z € C : |z| = 1}. This shows that
f € p N Zu™™] for some nonzero polynomial f. Again by expansiveness,
R4/p must be a Noetherian module over Z[u*™]. Hence every u; +p € Ry/p
satisfies a monic relation over Z[u™] and the variety (2.4) of p is finite. Let
c € Q% be a point of this variety. Then p C p. are two prime ideals with
finite varieties (cf. (3.27)). If p # pc it is easy to find polynomials f resp. g
which vanish at V(p) \ V(pc) resp. V(pe). As f,g ¢ p but fg vanishes on
V(p) and therefore belongs to p, we get a contradiction to the fact that p is
a prime ideal. This shows that ag,/, = ag,/p, is irreducible.

Now assume ap, /, has entropy rank one. Let n = e; be one of the standard

basis vectors of Z¢. As h(og, /p) is finite, p N Z[u™] cannot be trivial. For
if p N Z[u®™] = {0}, the shift ¢ on TZ would be a factor of g,/ and hence
h(a%d/p) = c0. By applying this with ¢ = 1,...,d, we obtain that V(p) is
finite and conclude as above that ag,/, = ag,/p, is irreducible. U

Definition 4.3. ([15, Definition 3.1]) Let a be an algebraic Z%-action on
the compact abelian group X. The action « satisfies the descending chain
condition if there exists, for every non-increasing sequence X D X; D --- D
Xi D -+ of closed a-invariant subgroups of X, an integer K > 1 such that
X, = Xk for all k > K. Every expansive Z%action on a compact abelian
group satisfies the descending chain condition by [15, (4.10)].

Theorem 4.4. Let o be an algebraic Z*-action on an infinite compact con-
nected abelian group X.
(1) If a has expansive rank one it has entropy rank one.
(2) If a has entropy rank one then the aczzon ag,/p 5 irreducible for
every associated prime ideal p of M = X.
(3) If every associated prime ideal p of M = X satisfies that ag,/, is
irreducible and o is expansive, then o has also expansive rank one.
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(4) Assume that « satisfies the descending chain condition. If ag,/, is

irreducible for every associated prime ideal p of M = X then a has
entropy rank one.

Proof. A/s\sume a has expansive rank one and p is an associated prime ideal
of M = X. Then ap,/, has also expansive rank one and apg, /, is irreducible
by Proposition 4.2. From Proposition 4.1 we know that ag,/, has entropy
rank one. This shows that h(a%d /p) < oo for all n € Z? and every associated
prime ideal p. As M has a finite prime filtration (2.2) we get that h(a™) < 0o
by Yuzvinskii’s addition formula (cf. [10] or [15, Theorem 14.1]) and hence
that o has entropy rank one.

If o has entropy rank one and p is an associated prime ideal of M = X ,
then ap,/, also has entropy rank one and Proposition 4.2 shows that ag,/,
is irreducible.

If the action ag,/p is irreducible and expansive for every associated prime
ideal, Proposition 4.1 shows that there exists, for every p € Asc(M), a
hyperplane U, C R? such that agd /p is expansive for n ¢ U, N Z4%. As
expansiveness implies that M is a Noetherian Rgz-module, there are only
finitely many associated prime ideals p € Asc(M). Therefore there exists
n such that a%d /p is expansive for every associated prime ideal p. From

the finite filtration (2.2) it follows that o™ is expansive (for prime ideals
q 2 p € Asc(M) the space Xp, /q is finite by irreducibility and expansiveness
is therefore trivial).

Finally we assume that ap,/, is irreducible for every associated prime

ideal p of M = X and that o satisfies the descending chain condition. By
duality the module M is Noetherian. Proposition 4.1 shows that ag,/, has
entropy rank one and we conclude as before from the filtration (2.2) and
Yuzvinskii’s addition formula that « has entropy rank one. (]

The remainder of this section will be devoted to a structure formula —
analogous to Theorem 3.4 — for algebraic Z%actions of expansive rank one.
This structure formula will be needed in Section 5 in order to prove that
any two expansive elements of an algebraic Z%action of expansive rank one
have isomorphic homoclinic modules.

For every rational prime p we write Z, = {z € Q, : |z], < 1} C Q, for
the ring of p-adic integers. For notational consistency we set Qo = R.

Theorem 4.5. Let o be an algebraic Z-action on_an infinite compact con-
nected abelian group X with dual module M = X. Assume that « either
has expansive rank one, or that o« has entropy rank one and satisfies the
descending chain condition. Then there exists a finite set of primes S C N
with the following properties.

(1) For every p € SU{oo} there exists a finite-dimensional vector space
M, over Qp and a Qp-linear Z%-action 3, on M.

(2) Let B =[] esuoo} Bp e the product action on M = [Tpesut00r Mp-
Then we can find a discrete, co-compact, B-invariant subgroup N C

M such that « is algebraically conjugate to the Z%-action (B induced
by 5 onY = M/N.
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Theorem 4.5 turns out to be a consequence of the following proposition.

Proposition 4.6. Let M be a Noetherian module over Ry which is torsion-
free over Z. Assume furthermore that there exists a finite set of primes
S C N such that M & Z[% :p € S] is a free module of finite rank over the
ring Z[% :p€eS]= Z[l/ HpeS p]. Then there exists, for every p € SU{o0}, a
finite-dimensional vector space M, over Q, which is a Qp-linear R4-module
such that the following holds.

(1) There is an injective module homomorphism

o M—V= ][] M (4.1)
peSU{oco}

(2) The image (M) C V is a discrete and co-compact subgroup.

Proof of Theorem 4.5, given Proposition 4.6. Since X is connected, the Ry-
module M = X is a torsion-free additive group. Furthermore, since the
action ax is expansive or satisfies the descending chain condition, M is
Noetherian.

In order to choose the set S we first consider the case where M = R;/p
for some prime ideal p = p. C Ry of the form (3.27) with ¢ = (¢1,...,¢cq) €
(@*)4. Let f; € Z[u] be the primitive minimal polynomial of ¢;, and let S
be the set of primes dividing the leading or trailing coefficients of any of the
fi,i=1,...,d. If k; is the degree of f;, then any ¢™, m € Z¢, belongs to
the additive group generated by the set

1
{acn:aEZ[E:pES},
n=(ny,...,ng) with 0<n; <k; for i=1,...,d}

This shows that Ry/p @z Z[% :p € S] is a free module of finite rank over the
ring Z[% :p€eS].

In the case of a general Noetherian Rgz-module M we take the union of
the sets S = S, of the preceding paragraph for every associated prime ideal
p of M. By using the finite filtration (2.2) and enlarging S, if necessary, to
kill all finite factors R;/q arising from prime ideals ¢ C Ry which properly
contain one of the associated primes of M, we have found a set S satisfying
the hypotheses of Proposition 4.6.

Let M,, p € S, and ¢ be chosen as in Proposition 4.6. As the dual al group

@p is isomorphic to Q,, we can identify M, and M with their duals M resp.
M. For every n € Z% and p € S we define the Qp-linear map 6;}. M, — M,

as the dual of multiplication with u™ on My, = M),

Let N=gp(M)t CV =M= [1,es0100) Mp be the annihilator of ¢(M).
As ¢(M) is a discrete, co-compact submodule of V', N is invariant under the
action 3 and is again discrete and co-compact. Furthermore,

M = ¢(M) = V/¢(M)* =V/N,
and these isomorphisms conjugate the Z%action a and f. U

Proof of Proposition 4.6. We set Mo, = M ®z R. Clearly, My, is a finite-
dimensional vector space over R and a module over R4, and multiplication
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with u; € Ry is R-linear for ¢ = 1,...,d. Furthermore the homomorphism
Goo: M — Moy, defined by ¢oo(m) = m® 1g for every m € M, is injective.

For every prime p € S, V, = M ®7Q, is a finite-dimensional vector space
over Q, and a module over Q, [ufl, .. u ¥ ] We are going to construct an
invariant subspace M, C V), which Wlll be spanned by all expanding and
contracting subspaces of the QQ,-linear maps consisting of multiplication by
ui,izl,...,d.

Let A; be the Q,-linear map on V), defined by multiplication with u;. Since
Aj restricts also to the Q-vector space M ®z Q, the minimal polynomial
of A; can be chosen such that x; € Z[t] and x; is primitive; in particular,
p does not divide x;. Hensel’s Lemma allows us to write x; as a product
x;(t) = fi(t)g;(t) with f;,g; € Z,[t], where f; has its leading and trailing
coefficients in Z; and g; = "/ (mod p) for some n;. Obviously f;, g; € Zp|t]
are co-prime, hence

a;fj +bjg; =1 (4.2)
for some aj,b; € Qp[t]. We can thus form the polynomial

h(ui,..., Hg] uj) € Zpluit, ... uit], (4.3)

where n € Z? is chosen such that

h=1 (mod p). (4.4)
By taking the product of the Equations (4.2) for j = 1,...,d, we obtain
polynomials a}, b* € Qp[ul S ud 1] with
d
1= aif}+bh, (4.5)
j=1
+1
where f; = f;(u;) € Z olutt, . Uy

Slnce multiplication by each of the variables u; defines a Q,-linear map on
Vp, the polynomials h and f]’ induce Q,-linear maps on Vj,. By construction,
the linear maps corresponding to the polynomials x;(u;) and h f]' are equal
to zero, and (4.5) implies that the subspaces

M, = ker h, ker f]’

|
<.
=
N

satisfy that V,, = M, ® N,; in fact, the projections

7T§P): ‘/p %M% (p) V —>N
are given by
(p) Za fix € My, Wép)(x) = b"hx € N,,.
7j=1
Clearly, M,, N, are Qp[ul ) ujl} submodules (and hence Rg-submod-

ules) of V,, and 7r§ ),Wép ) are module homomorphisms.
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We set
v= ][] M,
peSU{oc}
write every v € V as v = (vp) = (vp, p € SU {o0}), define ¢,: M — M,

by ¢p(m) = Wip)(m ® 1g,) for every p € S and m € M,, and consider the
R4-module homomorphism ¢: M — V given by

¢(m) = (¢p(m), p € SU{o0})

for every m € M (recall that ¢oo: M — My, was already defined at
the beginning of this proof). To conclude the proof we have to show that
N = ¢(M) is a discrete and co-compact subgroup of V.

From the discussion concerning (3.8) we know that Z[% :p e Slisa

discrete subgroup of [],cguqo0) @p- As M ® Z[% :p € 5] is a free module

over the ring Z[% : p € S| by hypothesis, the subgroup

{(m®1g,, p€ SU{oc}):me M} C H M ® Q,
peSU{oco}

is discrete. We claim that, for fixed p € 9, the set Wép )(M ®1g,) is contained

in a compact subgroup C, C Nj. If we can prove this, then M ® 1g, C
M, x C), of every p € S, and since N = ¢(M) is obtained by projection
along the compact kernel Hpe g Cp, N must be a discrete subgroup of V.
To verify this claim we choose L > 1 with deg f; < L for j = 1,...,d,
and select a set {m],..., m,} of generators of the module M over R;. Put

B:{unwg’)(m;m@p):1§i§k,0§nj<Lfora111§jgd}

and let C}, C M ®Q), be the compact Z,-module generated by B. Since each
[; has leading and trailing coefficients in Z; and annihilates NN, it follows

that wgp )(M ® 1g,) is contained in the Z,-module C), generated by B.

We proceed with the proof that the quotient V/N is compact. Let mq, ...,
m, € M be a basis of the Q-vector space M ®z Q. We assert that every
element of V/N can be represented by an element of the subgroup

G=Mox ][] (Z ngz)p(mi)) :

peS \i=1

For this it is enough to show that any element v = (vq, ¢ € SU{o0}) € V
of the form

vy = {0 for ¢ #p (4.6)

ﬂ%p)(m®a) for g =p

with p € S, m € M and a € Qp, can be represented modulo N by an element
in G.

Multiplying m and dividing a in (4.6) by the same integer does not change
v. This allows us to assume without loss of generality that m lies in the
subgroup of M generated by {mj,...,m,}.

Let j > 0 be such that p/a € Zp. We denote by h the polynomial in (4.3)
and assume without loss in generality (by multiplying m with an integer
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co-prime to p) that
,
1
utm € Y Z[=]m; (4.7)
: p
=1

for every n € Z4 for which u™ has a nonzero coefficient in (1 —h)J (i.e. with
(1—h)}, # 0 in the notation of (2.1)). Since v € G for a € Zy, we may restrict
ourselves to the case where a = z% for some j > 1.

We fix k > 1 for the moment and choose h(k) € Ry with h(k)n, = hy
(mod p*) for every n € Z¢.

According to (4.4), %@ € Rq. Since h annihilates M),

bylam) = agy(in) = 256, (m) = T o0
4, ((1 !

For k > j large enough we get cancéllation with the denominators in (4.7)
and therefore

Yp = Sl _pgl — bk Pp(m) € ZZpﬁbp(mi)-
=1

For q # p (4.7) shows that
— h(k)\’ a
— ((W) m) €3 Zydy(my),
i=1

and hence that v = ¢ ((HL(’C))J m) +y with y € G.

P
We have shown that
V/IN=G/(GNN).
Although G is not compact, the quotient G/H is compact, where H C
G NN is the subgroup generated by {¢(m;) : i = 1,...,k}. Hence V/N is
compact. U

5. HOMOCLINIC POINTS FOR ACTIONS OF EXPANSIVE RANK ONE

In this section we study the groups of homoclinic points for different ex-
pansive elements of an algebraic Z%action of expansive rank one. The results
in this section generalize the results for commuting toral automorphism in
[11].

Let a be an algebraic Z%-action on a compact abelian group X. We define
the groups Ay (X) and Agn(X) of homoclinic points of a and o, n € Z4, as
in the Introduction. Both A, (X) and Agn(X) are Rg-modules with respect
to the operation

(foa) = foa=f)@) = 3 fma™s
meZd
for f =3 czd fmu™ € Rgand € Ay(X) or x € Agn(X).
If an algebraic Z%action o with d’ > 2 has expansive rank one, then

h(a) = 0 and o* is trivial. Following [4, Section 6] one can, however, use an
individual expansive element o™ of the action « to obtain the Rgz-module
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Agn(X) and again define an associated Z%-action § = QA n(x) On Y =

Agn(X). In this section we investigate how this construction depends on
the choice of n, under the hypothesis that the group X is connected.
We begin our discussion in the case where « is irreducible and mixing.

Theorem 5.1. Let d > 1, and let o be an expansive, irreducible and mizing
algebraic Z%-action on an infinite compact connected abelian group X. Let
a/(c,JC) be a realization of a as in Corollary 3.5, where ¢ = (c1,...,¢q) €
(@), K = Q[c] = Qlet, ..., cq], Se is defined in (3.5), and X C Re is a
finitely generated Z[c™']-submodule.

For every v € S¢ we define the group homomorphism w,: n +— log |c®|,
from Z% to R and set H, = {n € Z : w,(n) = 0}. Then

E,={meZ%: o™ is expansive} = Z% \ U H,. (5.1)

Se
Furthermore the following is true. ve

(1) If m € Z¢ \ E,, then Aom(X) = {0};
(2) If m € E,, then Aym(X) is dense in X and isomorphic to X as a

module over Ry,
(3) If m,n € E,, then

Agm(X) if wy(m)w,(n) >0 for every v € S,
Agm(X)NAgn(X) = or if w,(m)w,(n) <0 for every v € Se.
{0} otherwise,

(4) Let m € E,, and let o = ap . (x) be the algebraic Z%-action on

X* = A;(\X) defined by (2.3). Then E, = Ey+ and the homoclinic
module A(yn(x) of any (a*)* with n € Eq = Eqx is isomorphic to
X.

Proof. Define V, by (3.6) and (3.5) and choose a Z[c*!]-submodule KX C R,
according to Corollary 3.5. Since « is algebraically conjugate to the Z%-action
azcvx) on X/ = Ve/itc(X) defined by (3.28)—(3.29) we assume for simplicity
that X = X/ and o = o/(c %)

For every n € Z¢ we denote by

Wy ={(ay, ve Se) € Ve:a, =0 for every v € S. with |c"|, > 1},
Wi ={(ay, ve Se) € Ve:a, =0 for every v € S, with |c"|, < 1}

the unstable and stable subspaces of 3% in V. (cf. (3.15)).

If n £ 0, then c™ is not a root of unity due to our assumption that « is
mixing, and Kronecker’s theorem (cf. [8]) guarantees that |c™|, # 1 for some
v € Sc. The product formula [3, Theorem 10.2.1] shows that W # {0} and
Wy # {0}, since [],cq. [c[v = 1. As 1c(X) is a discrete subgroup of V¢
and thus has no contracting automorphisms, tc(K) N WE = 1o(X) N WS =
{0}. Hence the quotient map 7: Vo — X = V¢/1c(X) is injective on the
subspaces W} and W] of V.

First we assume that n € E,,. In this case WY +W> = V. and there exists,
for every a € K, a unique point w, € Ve with W N (W3 + te(a)) = {wa}
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and 7m(w,) € Agn(X). Conversely, if y € Agn(X) and w € 7~ 1({y}), then

the continuity of B2 implies that there exist points a,a’ € K with
lim B (w — te(a)) = lim BE(w — te(d)) = 0,
k—o0 k——o0

and hence with w € (W} +tc(a))N(WS+1c(a’)) or, equivalently, w = wg—q.
This shows that Aun(X) = K. The isomorphism Ayn(X) = K is obviously
an Rg-module isomorphism, as claimed in (2).

The closure Z = Ayn(X) of the group of a™-homoclinic points in X is a
closed, infinite, a-invariant subgroup of X, and hence Z = X by irreducib-

ility. For the proof of (4) we observe that
X =K 2 10(K) = Ve/te(K)L,
and that a* is algebraically conjugate to the quotient action on Vg /1c(%K)*

induced by 3; here 1c(X)" is the annihilator of ic(X) in Ve 2 V. As above
we see that Agem = 1(X)* and hence that X = 1o(X)* C V.. This

isomorphism carries the dual action & of Z% on X to o on X** = Ageym,
as claimed in (4).

For (3) we use the same argument as in [11]. If m,n € E, satisfy that
wy(m)wy,(n) > 0 for every v € S, then WY = WY, Wi = W3, and the
homoclinic points of ™ and o™ coincide.

If w,(m)wy(n) < 0 for every v € Se, then W}, = W3 and W3, = WY, and
the homoclinic points of a™ and o™ again coincide.

If m and n satisfy neither of these conditions then we can interchange m
and n and replace n by —n, if necessary, and assume that Wy + WY # V%,
Wi+ W3 # Ve and Wi + WE # Ve

If a point x € X is homoclinic both for ™ and o™ then there exist
elements w € V; and a1, a9, a3 € K with m(w) = x and

{w} =Wa 0 (Wi — te(a1)) = (Wi = telaz)) 0 (Wy — te(as)).
Hence
to(az) € Wi+ W = P K, ¢ P K, =Ve
{veSc:|cm|,<1land |c?|, <1} vESe
and from the definition of tc(az2) in (3.6) we conclude that as = 0. Similarly
we see that a; = ag = 0, since
te(ag) € Wi, + Wy # Ve, te(ar) € Wiy + Wi # Ve

This shows that w € W5 N WY = {0} and Aym(X) N Agn(X) = {0}.
Finally we note that Aun(X) = {0} if o™ is nonexpansive. Indeed, if
n ¢ E,, then |c"|, = 1 for some v € Se. If z € Agn(X) and w € 71 ({z})
then w € W3 N (WY — ic(a)) for some a € K with a € W N W. However,
Wi+ W # Ve, and the same argument as in the last paragraph shows that
a=0,weWinW;={0}, and z = 7m(w) = 0. O
In Theorem 5.1 we have used implicitly the following terminology from
[4].
Definition 5.2. Let a be an algebraic Z%action on an infinite compact

connected abelian group X of expansive rank one. The adjoint action of «
is the algebraic Z%-action o* = « A,m(x) On the compact connected abelian
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group X* = Am) in (2.3) determined by the Rgz-module Aym(X) for
some (and hence, by Theorem 5.1 or Theorem 5.5 below, for any) expansive
automorphism o™, m € Z¢.

According to Theorem 5.1 (4), the adjoint action o* of an algebraic Z9-
action « on an infinite compact connected abelian group X of expansive
rank one again has expansive rank one and the compact group X* is infinite
and connected. We define the second adjoint action o™ = (a*)* of a as
before and obtain the following corollary.

Corollary 5.3. Let o be an irreducible algebraic Z*-action on a compact
connected abelian group X. Then the second adjoint o™ of a on X** =

A/an(\X) 18 algebraically conjugate to «.

Proof. Theorem 5.1 (4) shows that the dual modules X and X = Aa#yn(x)
with n € E, = E,~ are isomorphic, which proves that a and o** are algeb-
raically conjugate. O

In the setting of Theorem 3.8 the adjoint action a* can be described
explicitly. The proof is left to the reader as an exercise.

Corollary 5.4. Suppose that K is an algebraic number field, ¢ € (K*)?
a vector of nonzero algebraic numbers with K = Q(c), and let S, ¢ P¥)
be the set of places defined by (3.5). For every nonzero ideal I C R the
adjoint action Oé)(kc,f]) of the irreducible algebraic Z*-action Q(c,g) described in

Theorem 3.8 is of the form a)(kc,J) = Q(eg-1), where Il ={a€ K:aJ C R}

We end this section with a discussion of the module of homoclinic points
for expansive elements in a general algebraic Z%action of expansive rank
one. The description of such actions in Theorem 4.5 allows to use almost
exactly the same argument as in the irreducible case.

Theorem 5.5. Let a be an algebraic action on an infinite compact connected
abelian group X of expansive rank one. The homoclinic modules

Agn 2 Aym
are isomorphic as Rg-modules for any two expansive automorphisms o™, o™,

m,n € Z¢.

Proof. By Theorem 4.5 we may assume that « is the Z?-action induced by
on Y = M /N for some discrete, co-compact, 3-invariant subgroup N C M.
Here M is a product of finite-dimensional vector spaces M, over Q, for
p € SU{oc}, where S is a finite set of rational primes.

Fix n € Z% such that o™ is expansive. We claim that Agn = N.

By expansiveness, M is a sum of the stable and unstable subgroups

Wé={veM: "™ —0 as k— oo},
We={veM:3"™y—-0as k— oo},
M=W*s W

If a € N we let w, € M be the element uniquely determined by w, €
Wsn({a}+WH*). Then z, = w, +N is a homoclinic point for a. Conversely,
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if z € Agn is homoclinic and w € M, is a point with w + N = z, then there
exists ai,as € N such that w —a; € W* and w — ag € W*. In other words,
T = Tgy—q, - 1t can easily be checked that the map a — z, is an Rg-module
isomorphism. O

The proof of the following corollary is completely analogous to that of
Theorem 5.1 (4) and Corollary 5.3.

Corollary 5.6. Let o be an algebraic Z%-action on an infinite compact
connected abelian group X of expansive rank one with adjoint action o on
X*. Then o* has expansive rank one, and the adjoint action o™ of o is
algebraically conjugate to c.
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