ISOMORPHISM RIGIDITY OF IRREDUCIBLE
ALGEBRAIC Z%ACTIONS

BRUCE KITCHENS AND KLAUS SCHMIDT

ABSTRACT. An drreducible algebraic Z%-action o on a compact abelian
group X is a Z%action by automorphisms of X such that every closed,
a-invariant subgroup Y C X is finite. We prove the following result:
if d > 2, then every measurable conjugacy between irreducible and
mixing algebraic Z?-actions on compact zero-dimensional abelian groups
is affine. For irreducible, expansive and mixing algebraic Z%actions
on compact connected abelian groups the analogous statement follows
essentially from a result by Katok and Spatzier on invariant measures
of such actions (cf. [4] and [3]). By combining these two theorems one
obtains isomorphism rigidity of all irreducible, expansive and mixing
algebraic Z%-actions with d > 2.

1. INTRODUCTION

Let d > 1. An algebraic Z%-action a: n — o™ on a compact abelian group
X is a Z%-action by continuous automorphisms of X. An algebraic Z%action
a on X is expansive if there exists an open set O C X with [ .z« a2 (0) =
{0x}, where Ox is the identity element of X, and irreducible if every closed,
a-invariant subgroup Y C X is finite. The action « is ergodic or mizing if
the Haar measure Ax of X is ergodic or mixing under a.

For every closed, a-invariant subgroup ¥ C X we denote by ay and ax/y
the Z?-action induced by a on Y and X/Y, respectively.

Perhaps the most familiar examples of expansive algebraic Z%actions arise
from commuting hyperbolic toral automorphisms. Another class of such
actions are the group shifts appearing in coding theory: let A be a finite
abelian group, and let 2 = AZ? be the compact abelian group consisting of
all maps w: Z% — A, furnished with the product topology and coordinate-
wise addition. We write every w €  as w = (wn) with wy, € A for every
n € Z% and define the shift-action o of Z% on Q by

(Umw)n = Wm+n (11)

for every w €  and m,n € Z% Clearly, o is an expansive algebraic Z9-
action on Q. A group shift is the restriction of the shift-action o in (1.1) to a
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closed, shift-invariant subgroup X C ). Every group shift is a d-dimensional
shift of finite type (cf. [6]-[8]).

In order to classify group shifts and, more generally, expansive algebraic
Z%-actions, we introduce certain notions of conjugacy of such actions. For
i=1,2, let oy be an algebraic Z%action on compact abelian group X; with
normalized Haar measure Ax,. A surjective Borel map ¢: X1 — Xs is a
measurable factor map of ap and ag if

)‘X1¢_1 = Ax,, (1'2)
and if
¢oaf(z) = ajod(x) (1.3)
for every n € Z¢ and \y,-a.e. € X;. A bijective measurable factor map
¢: X1 — Xs is a measurable conjugacy of oy and as.

A continuous surjective group homomorphism ¢: X1 — X5 is an algebraid]
factor map of oy and ay if it satisfies (1.3) for every n € Z¢ and z € X;. A
bijective algebraic factor map ¢: X1 — Xo is an algebraic conjugacy of oy
and ao.

The action g is a measurable (resp. algebraic) factor of «; if there exists
a measurable (resp. algebraic) factor map ¢: X1 — X5 of a1 and ag. The
actions a1, ag are measurably (resp. algebraically) conjugate if there exists
a measurable (resp. algebraic) conjugacy ¢: X7 — X5 of a1 and ag, and
they are weakly measurably (resp. weakly algebraically) conjugate if each of

them is a measurable (resp. algebraic) factor of the other.
Finally we call a map ¢: X; — Xo affine if it is of the form

¢(z) = ¥(x) + 2 (1.4)

for every x € Xj, where ¥: X1 — X5 is a continuous surjective group
homomorphism and 2’ € Xs.

For d = 1, any algebraic Z-action is determined by the powers of a single
group automorphism a. If « is ergodic, then it is Bernoulli (cf. e.g. [1], [2],
[5], [9], [11]), which implies that two such actions with equal entropy are
measurably conjugate even if they are algebraically nonconjugate.

If d > 1 and a1, as have completely positive entropy with respect to Haar
measure, then they are Bernoulli by [12], and can thus again be measurably
conjugate without being algebraically conjugate. However, if these actions
are irreducible, expansive and mixing, and if the groups X; and Xy are
connected, then [4, Theorem 5.1" and Corollary 5.2°], combined with an
observation by J.-P. Thouvenot, implies that every measurable conjugacy is
a.e. equal to an affine map (cf. [3]). The purpose of this note is to prove an
analogous result for irreducible and mixing algebraic Z%actions on compact,
zero-dimensional abelian groups.

Theorem 1.1. Let d > 1, and let oy and oo be mizing algebraic Z¢-actions
on compact zero-dimensional abelian groups X1 and Xa, respectively. If oy
is irreducible, and if ¢: X1 — Xo is a measurable conjugacy of ay and as,
then aq is irreducible and ¢ is \x,-a.e. equal to an affine map.

Corollary 1.2. Let d > 1, and let a; and as be irreducible, miring and
expansive algebraic Z-actions on compact abelian groups X1 and Xo, respectively ]|
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Then every measurable conjugacy ¢: X1 — Xao of a1 and ag is Ax,-a.e.
equal to an affine map.

Corollary 1.3. Let d > 1, and let a1 and as be measurably conjugate
irreducible, mizing and expansive algebraic Z%-actions on compact abelian
groups X1 and Xa, respectively. Then cy and ag are algebraically conjugate.

Proof of Corollary 1.2. If a is an irreducible algebraic Z%-action on a compactfl
abelian group X, then the connected component of the identity X° C X is a
closed a-invariant subgroup. By irreducibility, either X = X° or X° = {0x}.
In the first case the result appears in [3], and in the second case it follows
from Theorem 1.1 above. U

Proof of Corollary 1.3. If a; and ap are measurably conjugate then Corollarylj
1.2 shows that there exists an affine conjugacy ¢: X7 — X of a1 and a»
of the form (1.4). The group isomorphism v: X; — Xs is an algebraic
conjugacy of a; and ap. O

Actions with completely positive entropy and irreducible actions lie — in
a sense — at opposite ends of the spectrum of ergodic algebraic Z?-actions.
As mentioned above, the kind of isomorphism rigidity described in Theorem
1.1 and its corollaries is impossible for actions with completely positive
entropy. However, it may conceivably hold for all mixing algebraic Z%actions
with zero entropy (i.e. without Bernoulli factors — cf. [10]). The currently
available techniques do not appear to shed any light on this question.

This paper is organized as follows: Section 2 provides background on
irreducible algebraic Z%actions, Section 3 contains the proof of Theorem
1.1, and Section 4 illustrates Theorem 1.1 with examples. In one of these
examples (Example 4.4) we apply Theorem 1.1 to check measurable nonconjugacyj]
of certain algebraic Z2-actions with positive (but not completely positive)
entropy.

2. IRREDUCIBLE Z%- ACTIONS

Following [7], [13] and [15] we denote by Ry = Z[ui!, ... ,uil] the ring
of Laurent polynomials with integral coefficients in the commuting variables

ui,...,uq. Bvery f € Ry is written as
f= efmpu™ (2.1)
meZd

with ™ = ui"™ ---u}'? and ¢f(m) € Z for every m = (my,...,mq) € VAR
where ¢f(m) = 0 for all but finitely many m.

Suppose that a is an algebraic Z%action on a compact abelian group X.
We denote by X the additively written dual group of X and write (a, ) the
value of a character a € X at a point z € X. The dual action &: n— &™ of
74 on X is defined by

(&"a,z) = (a,a"z)
for every n € Z¢, x € X and a€X.
For every f =3 czacr(m)u™ € Ry, zx € X and a € X, we set

fl@) (@)=Y cfmaz,  f(@)(a)= ) cp(n)dta,  (22)

nezd nezd
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and note that f(a): X — X is a group homomorphism with dual homomorphismlj

—

fla) = f(@): X — X. (2.3)
The group X is a module over the ring Ry with operation
fra=f(@)(a) (2.4)
for f €eRgand a € X. In particular,
u™-a=a"a (2.5)

for m € Z? and a € M. The module M = X is called the dual module M
of a, and is Noetherian (and hence countable) whenever « is expansive (cf.
[13, Proposition 5.4]).

Conversely, if 91 is an My-module, we define an algebraic Z%-action agy
on the compact abelian group

Xop =M (2.6)

by setting
agpa = u™ - a (2.7)

for every m € Z% and a € 9.

A prime ideal p C Ry is associated with an Rz-module I if there exists
an a € M with p = ann(a) = {f € Ry : f-a = 0}. The set asc(IM) of all
prime ideals associated with 9t has the property that

U p = {f € R, : multiplication by f on 9 is not injective}. (2.8)
pEasc(M)

As was shown in [13], [10] and [15], many properties of an algebraic Z9-
action « can be eprressed in terms of the prime ideals associated with the
dual module 9 = X of a. As a starter we note that the group X is zero-
dimensional if and only if every prime ideal p associated with 9t contains a
nonzero constant ([15, Proposition 6.9]), and that « is ergodic (resp. mixing)
if and only if awg,/, is ergodic (resp. mixing) for every p € asc(9M) ([15,
Proposition 6.6]).

The following result is contained in [15, Proposition 6.6 and Theorem
29.2]. We give a brief proof for the reader’s convenience.

Proposition 2.1. Let a be an irreducible and ergodic algebraic Z-action
on a compact zero-dimensional abelian group X. Then a is expansive and
there exists a unique prime ideal p C Ry with the following properties.

(1) p contains a rational prime p > 1;

(2) Ra/p is infinite;

(3) For every ideal I D p in Ry, Rq/I is finite;

(4) There exist continuous, surjective, finite-to-one group homomorphismsj

V: X — Xy, p and ' Xog, 7 — X with

Yool = oz’{)f{d/poqﬁ7 w’oa&d/p =a"o/, (2.9)

for every n € 7%,
(5) a is mizing if and only if u™ — 1 ¢ p for every nonzero m € Z;
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Conversely, if p C Ry is a prime ideal satisfying the conditions (1)—(3)
above, then the Z%-action a = Qsg,/p 0N the zero-dimensional group X,y
is irreducible, ergodic, and satisfies (5) (cf. (2.6)—(2.7)).

Proof. Since X is zero-dimensional, every prime ideal associated with the
dual module MM = X contains a nonzero constant. The ergodicity of o implies
that every nonzero submodule 91 C 901 is infinite: otherwise Z = N=X fhles
would be a finite quotient of X by an a-invariant subgroup, contrary to
ergodicity.

If p is a prime ideal associated with 91 then there exists, by definition,
an element a € M with N = Ry - a = Ry/p. The preceding paragraph
shows that 91 is infinite, and the irreducibility of o implies that the closed,
a-invariant subgroup Y = 9M* C X is finite. Hence Y = 90/ is finite.

If I D pis an ideal, then 9V = I -a = I /p is a submodule of M and hence
— by irreducibility — of finite index in 91. It follows that 2R;/1 is finite, as
claimed in (3).

If g # p is a second prime ideal associated with 9t then q = ann(b) for
some b € M~ N. Every nonzero b/ € M = R, - b has q as its annihilator.
However, since Ry/q = M is infinite by ergodicity and 91 /91 = 9 /(D) NN)
is finite by (3), there exists an h € Ry~ q with h-b € 9 and hence ann(h-b) =
p. This contradiction implies that p is the only prime ideal associated with
M, and we denote by p > 1 the rational prime contained in p.

The surjective homomorphism ¢: X — X = X/, dual to the inclusion]
M C M satisfies the first equation in (2.9). For the definition of the homomorphism]
1 Xt — X we conclude as above that there exists, for every b € I~ N,
an element hy € Ry N\ p with h - b € M. The polynomial

h= H hy € Ry N p
beM-MN

satisfies that k-2 C N. The map mp: M — N consisting of multiplication
by h is injective by (2.8), and the surjective homomorphism v¢’: Xq — X
dual to my, satisfies the second equation in (4).

Equation (2.14) shows that ag is expansive, and the expansiveness of
agy is clear from the fact that the group homomorphisms v, in (4) are
finite-to-one by irreducibility and (3).

The statement (5) follows from [15, Proposition 6.6], and the final assertion]]
is a consequence of the properties of p and [15, Proposition 6.6]. O

Remarks 2.2. (1) Let « be an irreducible and ergodic algebraic Z?-action on
a compact zero-dimensional abelian group X, and let p C Ry be the prime
ideal satisfying the conditions (1)—(4) in Proposition 2.1. Condition (5) in
Proposition 2.1 shows that « is mixing if and only if o™ # idx whenever
0 # m € Z¢, where idy is the identity automorphism of X.

(2) Condition (3) in Proposition 2.1 is equivalent to p having Krull dimension]]
(or depth) 1.

(3) If g C R, is a prime ideal satisfying the conditions (1)—(3) in Proposition}]
2.1, and if @ = agp,/q, then the the prime ideal p C Ry satisfying the
conditions (1)—(4) in Proposition 2.1 is equal to q.
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Motivated by Proposition 2.1 we take a closer look at Z?-actions of the
form asg,/p, where p C Ry is a prime ideal satisfying the conditions (1)~
(3) described there. Denote by mﬁf’ = Fyluil,. .. ,udﬂ] the ring of Laurent
polynomials in the variables u1,...,uqy with coefficients in the prime field

Fp = Z/pZ, and define a ring homomorphism f — f,, from Ry to S)f{l(ip ) by
(»)

reducing each coefficient of f modulo p. Again we write every h € R as
h =3 Lcpzacn(n)u® with ¢, (m) € F, for every m € Z%. The set
S(h) ={n e Z: ¢;(n) # 0} (2.10)
is called the support of h € %&p).
If
p=A{fp:fep} (2.11)
then p C SREip ) is again a prime ideal, and the map f ~— f/,, induces an
Rg-module isomorphism
Py/p = R /. (2.12)
Let Q = FpZd, furnished with the product topology and component-wise
addition. We write every w € 2 as w = (wn) with wy € F), for every n € 74
and define the shift-action o of Z¢ on © by (1.1). The additive group D‘iglp )
can be identified with the dual group 2 of 2 by setting

(h,w) = ™ (Xpezd cn(m)wn) /p (2.13)

)

for every h € %gp and w € . With this identification the automorphism

o™ of S)figo ) dual to the shift o™ on Q consists of multiplication by u".
IfI C ?R&p ) is an ideal, then

—

- =x"/r=x ={weQ:(hw) =1 forevery heI} (2.14)

is a closed, shift-invariant subgroup of €2, and « is the restriction of o

to X

R /1
R 1 We conclude this section with a corolldar/y of Proposition 2.1.
Corollary 2.3. Let a be an irreducible and ergodic algebraic Z*-action on
a compact zero-dimensional abelian group X. Then h(a™) < oo for every
n € Z%, where h(-) denotes topological entropy.

Conversely, if o is an expansive, ergodic (and mizing) algebraic Z-action
on a compact zero-dimensional abelian group X with h(a™) < oo for every
n € Z% and if p C Ry is a prime ideal associated with the module I = )A(,
then the Z%-action asm,/p on X, /p 18 irreducible, ergodic (and mizing).

Proof. If « is irreducible we may assume without loss in generality that
a = ag,p and X = Xy, /, for some prime ideal p C Ry satistying the
conditions (1)—(3) in Proposition 2.1. We denote by p C D‘i((ip ) the prime
ideal (2.11) and set M = Ry/p = %&p)/ﬁ.

If d = 2 our assertion is obvious (cf. [6]). Assume therefore that d > 3.

A nonzero element m = (my, ..., my) € Z%is primitive if gcd(my, . .., mq)
= 1. We claim that there exists, for every pair m, n of linearly independent
primitive elements in Z¢, a nonzero element h € %;p ) with h(u™,u™) € p.
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In order to prove this claim by contradiction we assume for notational
simplicity that m = e = (1,0,0,...,0) and n = e® = (0,1,0,...,0)
(the proof in the general case is completely analogous). With Denote by [
the Z2-action (n1,ng) — ﬁ(nl:m) = o(mm2,0,-.0) on X The dual module
N of § is nothing but 9, considered as a module over S‘iép ) - %gp ). Our
hypothesis that pN iﬁgp ) = {0} implies that {0} the only prime ideal in %gp )
associated with .

We represent X as the closed, shift-invariant subgroup (2.14) of = FpZd

(with I replaced by p) and denote by np: X — Ff the projection of
every x € X C FpZd to its coordinates in a subset E C Z%. We write (3
for the ZF-action (ny,...,ng) — prtnk) = o(n0m0,50) on X where
k=1,...,d.

We fix an integer M > 0 such that

Q(M):{n:(nl,...,nd)ezd:|ni|§M for i =3,...,d} D S(g:)

fori=1,...,L, where {g1,...,915} is a set of generators of the ideal p. For
k=2,...,d we set

E;:{n:(nl,...,nd)EZd:nkH20, |ni| <M for i=k+2,...,d},
Ek_:{n:(nl,...,nd)eZd:nkHSO, |ni| <M for i=k+2,...,d},
Er={n=ny,...,ng) €Z%: |ny| <M for i=Fk+1,...,d},

Xy =7p(X), Y,F = ﬁEk(kerﬂE:), Y, = ﬂEk(kerﬂEk_).

The subgroups Yki C X are closed and [g-invariant, and J; induces an

expansive ZF-action 3 x,, on Xj. We denote by ‘ﬁki the dual %ép_) ,-modules
defined by the ZF~!-actions (ﬁk)yk:l: induced by £ on Ykil. Although these

actions are not necessarily expansive and their dual modules need not be
Noetherian, it is easy to check that each of these modules has only finitely

many associated prime ideals in S}i,(fp ). We view all these prime ideals as

prime ideals in %Elp ) and choose an fe %gp ) which does not lie in any of
these prime ideals, and whose support S(f) contains at least two elements.
We claim that the group homomorphism f(«a) = f(82): X — X defined
by (2.2) has the following properties:

(a) f(a): X — X is surjective,

(b) ker f(«) is uncountable.

Since Yy = ker f(a) is a closed, a-invariant subgroup of X this will violate

irreducibility and prove that p N %gp ) cannot be equal to {0}.

Since p N %gp ) = {0}, Condition (a) is satisfied for every nonzero f €

D‘iép ), Furthermore, since the restriction of B to Y2 is expansive and its
dual module is therefore Noetherian, it is easy to check that the kernel
ker(f(a)x,) of the surjective automorphism f(«)x,: Xo — Xs is uncountable,j
where f(a)x, is the homomorphism of X}, induced by f(«). By using an
induction argument involving duality and our choice of f one can check that
mx, (ker(f(a)x,,,)) = ker(f(a)x,) for k = 2,...,d, which proves (b) and
completes the proof of our assertion that there exists, for every pair m, n of
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linearly independent primitive elements in Z?, a nonzero element h € %gp )

with h(u™,u™) € p.

Next we assert that h(a™) < oo for every primitive m € Z¢. In order to
verify this we represent « as the shift-action on X = p* (cf. (1.1) and (2.14))
and assume for simplicity that m = e(!) = (1,0,...,0). The last paragraph
shows that there exist nonzero elements h; & %ép ) with hi(ui,u;) € p for
i =2,...,d. After multiplying each h; by a power of u; we can write it as

B (1) + b (ur s + -+ b (ug ul
with hgj) € iﬁgp) and hgo)hl(-Li) # 0. Then we claim that

d
h(ee") < (H(LZ- + 1)> log 2. (2.15)

=2
In order to prove (2.15) we set, for every N = (Na, ..., Ny) € N9—1,

QIN)={n=(n1,...,nq) €Z%:0<n; <N; for i =2,...,d} (2.16)

(N)

and write TNy X — FpQ for the projection which restricts each x €

X C FpZd to its coordinates in Q(IN). The map TQ(N) 18 a continuous group

homomorphism, and ker(WQ(N)) is an o' -invariant subgroup of X. If N; >
L; fori=2,...,d, then

| ker(mo(Ny)/ ket (TQ(Ny,...N; 1 Ny +1,N 41, Ng) )| < 00
for j =2,...,d, and hence

| ker(mon))/ ker(mgnny )| < o0
whenever Ni' > N; > L;fori=2,..., d. It follows that group automorphism

ON = a?;;)ker(ﬂQ(N)) induced by e on X/ ker(mgny) satisfies that

RN . B
hae)= | dm hon) = hlov)

where L = (Lg, ..., Lg). This proves (2.15).

Since h(a™) < oo and h(a*™) = |k|h(a™) for every primitive m € Z¢
and every k € Z, h(a®) < oo for every n € Z¢.

Conversely, let p > 1 be a rational prime and p C Ry a prime ideal with
p € pand h(ag‘d/p) < oo for every n € Z¢. We set o = am,/py X = X, /p and
define g(«) by (2.2) for every g € Ry. Since g(«) is dual to multiplication by
gon X = Rq/p, g(«) is surjective if and only if g € Ry~\p, and g(a)(z) = 0x
for every x € X otherwise.

For every closed a-invariant subgroup Y C X we have that

h(a®) = hay) + hlak)y)
for every n € Z¢ (cf. e.g. [10], [17]). Fix g € R4 \ p and set Y = ker(g(a)).
Then h(a™) = h(a;‘(/y) and hence h(a®) = 0 for every n € Z%.
Let n € Z¢ be a primitive element. We view the fM4-module N = Y =
kem)) as a module over the ring Z[u*™] 2 R;. Since h(a) = 0, the

entropy formula in [10] shows that every prime ideal q’ C Z[u*™] associated
with 9 is nonprincipal: as p € ¢’ this means that q' 2 pZ[u*™], and hence
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that u*® — 1 € ¢’ for some k > 1. From the definition of an associated prime
we obtain that every prime ideal q C Ry associated with the Rg-module
contains p and u*™ — 1 for some k > 1. Since this is true for every primitive
n € Z My/q is finite for every prime ideal q C PRy associated with 0.
As M is Noetherian, % — and hence Y = ker(g(«)) — is finite for every
g € Rq N\ p. N

Duality and the Noetherian property of 9t = X allow us to write every
closed, a-invariant subgroup Y C X as an intersection of finitely many
subgroups ker(g(a)) with g € Ry \ p. Hence every such subgroup is finite
and o = ag,/p is irreducible.

Finally, if o is an expansive and ergodic algebraic Z%-action on a zero-
dimensional compact abelian group X with hA(a™) < oo for every n € Ze,
then h(a&d /p) < oo for every n € Z% and every prime ideal p C PRy associated

with 90t = X , and the argument above implies that ag,/p is irreducible and
ergodic. If o is also mixing, then agy, /, is mixing by [15, Proposition 6.6]. [

3. THE PROOF OF THEOREM 1.1

The proof of Theorem 1.1 relies on the notion of a mizring set introduced
in [6]-[8], and on the application of mixing sets to invariant measures in [14].

Let o be an algebraic Z%action on a compact abelian group X, and let
1 be an a-invariant probability measure on the Borel field Bx of X. A
nonempty finite set S C Z¢ is p-mizing under o if

: —kn
gim o () a5 ) = [T s
nes nes
for every collection (Bp, n € S) in Bx, and p-nonmizing otherwise. A
nonempty set S C Z% is minimal p-nonmizing if S is p-nonmixing, but
every nonempty subset S’ C S is p-mixing. A \x-(non-)mixing set is called
a (non-)mixing set of a.

If the group X is connected and Ax is mixing under «, then every
nonempty set S C Z? is mixing under a by [16]. If X is disconnected,
then a mixing algebraic Z%action o on X has nonmixing sets if and only
if Ax does not have completely positive entropy (cf. [8] and [15, Section
27]). In particular, if « is an irreducible and mixing algebraic Z%-action on
a compact zero-dimensional abelian group X, then a has nonmixing sets.

Lemma 3.1. Letd > 1, a an irreducible and ergodic algebraic Z%-action on
a compact zero-dimensional abelian group X, and let p C Ry be the prime
ideal described in Proposition 2.1.

(1) The Z%-actions a and Qg /p = have the same nonmixing sets

(cf. (2.11)-(2.12));
(2) For every nonzero element h € p C iﬁép), the support S(h) of h is a
nonmizing set of as, s, and hence of a (cf. (2.10)).

Ry /5

Proof. The first assertion is an immediate consequence of (2.9). For the
second statement we note that

=S omu ™ e p

neZzd
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for every h € p and n > 1. By setting I = p in (2.14) and putting B, =
{w € X, /p : wo = 0} for every n € S(h) we see that that S(h) is nonmixing
for ag,/p and hence for a. O

Lemma 3.2. Let o and as be algebraic Z%-actions on compact abelian
groups X1 and Xo, respectively.

(1) If aq and a9 are measurably conjugate then they have the same
nonmizTing sets;

(2) If ag is a measurable factor of a1, and if S C Z% is a nonempty finite
set which is minimal nonmiring for both a1 and aw, then there exist
nonzero elements a;(n) € X;, n € S, i = 1,2, such that

Y at™(ai(n) = Y 45" (az(n)) =0 (3.1)
nes nes

for every k in an infinite subset K C N.

Proof. 1t is clear that a7 and ag have the same nonmixing sets if they are
measurably conjugate. If ¢: X; — Xs is a measurable factor map of oy
and ag, and if S is minimal nonmixing for a1 and s, there exist an € > 0
and Borel sets By, n € 5, in Xy such that

0 < Ax,(Bn) <1 for every n € S,

’)\X2<ﬂ oz;kn(Bn)) — ] 2x(Bn)

nes nes

>¢€

for every k in an infinite subset L C N. We write 15, for the indicator
function of By, set fn = 1p, — Ax,(Bn) € L*(X2,Bx,,\x,), and obtain
that ||fnllec <1 and [ fndAx, = 0 for every n € S, and that

(1)

nes

> ¢

for some & > 0 and every k € L.
Fix an enumeration S = {ny, ..., nys} and define inductively trigonometricl
polynomials f}, : Xo — C, i =1,..., M, with

1—1
[fudre =0 and fa = o< / oM (H ||f;j||oo>

j=1
fori=1,...,M. Then

(@ )on

nes

> ¢ /2M

for every k € L. Since each f] is a trigonometric polynomial with zero
constant term there exist nontrivial characters as(n) € Xo, n € S, and an
infinite sequence L' C L C N such that > ¢ &5 (az(n)) = 0 for every
kel

Define gn: X1 — C by gn(z) = (a2(n),é(z)) for every z € X; and
n € S, and observe that ||gnllcc = |lgnllz = 1 and [ gndAx, = 0 for every
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n € S, and that

/<Hgn o >d’\X17’éH(/9nd>\xl>:0

nes nes

for every k € L'. By approximating each g, by a trigonometric polynomial
as above we obtain nontrivial characters a;(n) € X1, n € S, and an infinite
subsequence K C L' such that (3.1) holds for every k € K. O

Lemma 3.3. Let o1, as be irreducible and mizing algebraic Z%-actions on
compact zero-dimensional abelian groups X1 and Xo, respectively, and let
¢: X1 — Xo be a measurable factor map of a1 and as such that there
exists a nonempty finite set S C Z% which is minimal nonmizing for a; and
ag. Then ¢ coincides Ax,-a.e. with an affine map ¢¥: X1 — Xo.

Proof. Let ¢: X1 — X5 be a measurable factor map of a7 and ao, and let
S C Z% be minimal nonmixing for a; and ag. Put X = X7 x X5, denote by
a=a; X az: n+— ol x ab the product-action of Z¢ on X, and let

I(¢) = {(z,¢(x)) ;v € Xa} € X

be the graph of ¢. We denote by p the unique a-invariant probability
measure on ['(¢) with mr;l = My, for i = 1,2, where m;: X — X, are
the coordinate projections. Since 71 is a measurable conjugacy of the Z%-
actions o on (X, Bx,p) and g on X, S is minimal g-nonmixing.

If we can show that p is a translate of the Haar measure of a closed,
a-invariant subgroup Y C Z, then ¢ is affine (mod Ay, ), and the lemma is
proved.

In order to verify that p is a translate of a Haar measure we use Lemma
3.2 to find nonzero elements a;(n) € X;, n € S, i = 1,2, such that (3.1)
holds for every k in an infinite subset K C N. It follows that

Z W (fr(aa)( Z A7 (fo(G2)(az(n))) =0 (3.2)

nes nes
for every k € K and f1, fo € Ry.
As X = X x X» and every proper subset of S is pu-mixing, the Fourier
transform fi: X — C satisfies that

A (f1(61)(ar(m)), fo(dz2)(az(m)))
= (=™ (f1(a1)(a1(m))), —45™(fa(d2)(az(m))))
hm u< Z (@Ifn(f1(@1)(a1(n)))7dlzm(f2(5é2)(@2(n))))>

keK neS~{m}

= JI alf@)(@m), f2(62)(ax(m)))

neS~{m}

for every m € S. By varying m € S we see that

| fi(@1)(ar1(m)), fo(@z)(as(m)))| € {0,1}
for every m € S and f1, fo € Ry.
We fix an element n € S, consider the G-invariant subgroup

N = {(fi(@1)(a1(n)), fo(d2)(a2(n))) : f1, f2 € Ra} C X,
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and set
N = {(a,b) € N: |a(a,b)| =1}.
Since |j1|?: M — C is positive definite, N’ is a subgroup of N, and the a-
invariance of y implies that 9V is d-invariant. We also note that 91 = 91, x,,
where 9; C sz is an infinite &;-invariant subgroup, and the irreducibility of
«; implies that
X /M= (M1/M) x (Ma/N)
is finite. Let
Z=MN=X/N",
denote by ay the Z%-action induced by a on Z, and write Z/ = W+ C Z
for the annihilator of 9 in Z. If m: X — Z is the quotient map and
v = pun~!, then 7: 91 — C is the restriction of ji: X — C to M, and the
further restriction of 2 to 9 is a positive definite function of absolute value
1. Hence 7 is a character on 9. We extend this character to an element
» € Z =9 and write p_, for the point-mass concentrated in —z. Then the
convolution ' = v * p_, satisfies that

;,<a b) . 1 if (CL,b) S ‘ﬂ’,
0 if (a,b) € M.

In other words, v/ = Az is the Haar measure of the az-invariant subgroup
7' C Z,and v is a translate of \y.

Since the map 7m: X — Z is finite-to-one and p is ergodic, an elementary
skew-product argument shows that p is also a translate of the Haar measure
of a closed, a-invariant subgroup Y C X. As explained above, this completes
the proof of the lemma. O

Proof of Theorem 1.1. Let ¢: X; — X5 be a measurable conjugacy of a;
and ap. We fix a minimal nonmixing set S C Z? for oy and oy and apply
[8, Theorem 3.3] to find a prime ideal q C R, associated with My = )?2
such that S is minimally nonmixing for ag,/q. Choose an element a € My
with ¢ = ann(a) and M = R, - a = Ry/q. The inclusion N C My determines
a dual factor map ¢: Xo — X/ = M of ay and ahy = ay. We set ¢/ =
Yoo X1 — X X' = X1 x X}, write ¢ = a1 x o) for the product
Z%-action on X', and denote by p/ the o/-invariant probability measure on
[(¢') = {(x,¢'(x)) : * € X1} C X' which satisfies that y'7;' = \x, and
™t = Axy, where m: X — Xj and m): X — X} are the coordinate
projections.

Since a; is irreducible, h(ad) = h(ad') < oo for every n € Z¢ by Corollary
2.3. Hence o} is irreducible and mixing by Corollary 2.3, S is minimal
nonmixing for u, ag and o, and Lemma 3.3 implies that ' is a translate of
the Haar measure of a closed, a-invariant subgroup Y C X. It follows that
¢’ coincides \x,-a.e. with an affine map.

We denote by ¢': X3 — X/ the homomorphism part of ¢’ (cf. (1.4)).
As «aq is irreducible, v’ is finite-to-one. Hence ¢’ = 1 o ¢ and 1) are both
finite-to-one, and «y is again irreducible by Proposition 2.1. We repeat the
first part of the proof with of and X/ replaced by as and X2 and obtain
that ¢ coincides Ax,-a.e. with an affine map. O
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4. EXAMPLES

Let o be a mixing algebraic Z%action on a compact abelian group X. We
denote by Aut(X) the group of continuous group automorphisms of X and
write Aff(X) for the group of bijective affine maps ¢: X — X (cf. (1.4)).

Let

A(a) = {a"™ :n € 29} C Aut(X) (4.1)
and denote by
C(a) D Aa) = 24 (4.2)
the measurable centralizer of «, i.e. the group of all A\x-preserving Borel
automorphisms of X which commute with o™ Ax-a.e., for every n € Z¢.
If X is zero-dimensional and « is irreducible and mixing, then Corollary
1.2 implies that every § € C(«) is Ax-a.e. equal to an affine map, i.e. that
C(a) C Aff(X). If a has the single fixed point Ox then every ¢ € Aff(X)
which commutes with o must send Ox to Ox, so that

C(a) C Aut(X). (4.3)

The measurable centralizer is obviously a measurable conjugacy invariant.
In the following examples we apply Theorem 1.1 to distinguish between, and
calculate the measurable centralizer of, irreducible and mixing algebraic Z%
actions which look indistinguishable to other dynamical invariants.

For the first two examples we assume that d = 2. If 0 #£ f € iﬁg), then

the principal ideal p = (f) = fi}{gz) is prime, and the Z2-action a = Q) /5
is irreducible, if and only if f is irreducible.

Example 4.1. Let
fi=1+wu1 +uf 4+ ugug + uj,
fo=14uf +ug + uyus + u3,
fa =14 u1 + uf + ug + u3,
fo =14 uy + uf + ug + ugug + u3,
fs =1+ ug +uf +u3,

in 9‘{9) . The prime ideals p; = (f;) = fﬂig) define irreducible and mixing

Z2-actions a; = Q@ 5. O X, = Xﬁﬁf)/ﬁi'

Since p; # p; for 1 < i < j < 5, the Ro-modules M; = 9‘{52)/@- are
nonisomorphic. As every algebraic conjugacy ¢: X; — X; of a; and «;
would induce a module isomorphism ngS: M; — M;, Corollary 1.3 implies
that a; and a; cannot be measurably conjugate for 1 < ¢ < j < 5. However,
all directional entropies of these actions are the same, and the set S =
{(0,0),(1,0),(0,1)} is minimal nonmixing for a; with i = 1,...,4, but not
for a5 (cf. [6], [8]).

We shall calculate the centralizers C(«;) fori = 1,...,5. Clearly, C(«a1) C
Aut(X1), since Ox is the only fixed point of ;. Every § € Aut(X;) which
commutes with «y induces a module automorphism ﬁ: M, — My of the
form

A~

B(a) =gp-a, a €M, (4.4)
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for some gg € 9{%2).

Although the polynomial f; is irreducible in R , it is not absolutely
irreducible: let Fy = {0,1,w,w?} be the field with 4 elements, 9%59 =
F4[uf1,u§c1] and f] = 1+ wuy +ug, ff = 14+ w?up +uy € ?ﬁgl). Then
fi=fifl.

The inclusion 9“1%2) C 9‘{54) induces an Ra-module homomorphism 9‘{52) —
f)%gl) / f{iﬁgl) with kernel p; C 9‘{;2), and hence an injective JRa-module homomorphisml
7 0y — R /G, where 7, = fiRY.

Let h € Fy [u2ﬂ] C 9‘{54) be the Laurent polynomial obtained by replacing
every occurrence of u; in gg by w?(1 + ug). Then h — g3 € 4.

Suppose that h vanishes at a point W' € Fg ~\ {0,1}, where F is the
algebraic closure of Fy. As f1(w?(1+w'),w’) = gg(w?(1 +w'),w’) =0, every
element in the ideal J = (f1,g5) C %52) generated by fi and gg vanishes at
the point (w?(1 +'),w’), i.e. J # 9‘{%2). Since

gg My = J/p C My, (4.5)

this shows that B: My — My is not surjective and G: X7 — X7 is not
injective. This contradiction implies that

h(ug) = w™(1 + ug)" uy?

for some (n1,n2) € Z? and m € Z. By remembering that h+q, = j(g95+ )
we obtain that

gg=u"

for some n € Z2.

We have proved that C(a;) = A(ay) (cf. (4.1)), and the same kind of
argument shows that C'(«a;) = A(«;) for i = 2, 3.

Since ay and as have nonzero fixed points, C(c;) # A(cy;) for j =4,5.

In order to calculate C'(ag)NAut(Xy) we proceed exactly as for aq, assume
that § € C(as) N Aut(Xy), and define gg € 9{{52) by (4.4). We set f} =
1+ wuy + w?ug, fi = 1+ w?uy + wup € 9";54), note that fy, = fif{, and
obtain an injective PRo-module homomorphism j5: MMy — S)%gl) /44, where
_ 4
q4 = fimé .

Let h € Fy [ufl] C 9‘{54) be the Laurent polynomial obtained by replacing
every occurrence of up in gg by w + w?u;. As above we find that h can only

vanish at 0 and w?, and hence that h(u1) = w™u}*(1 4+ wuy)™ for some
m,ni,ng € Z. It follows that gg is of the form

n

gp =1u
for some n € Z2, and hence that
C(Oz4) N Aut(X4) = A(Oz4) ~ 72

Finally we calculate C(as)NAut(Xs5). Assume that 8 € C(as) NAut(X5),

(2)

define gg € Ry~ by (4.4), and consider the Laurent polynomial h € Fy[ui!]
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obtained by replacing every occurrence of u3 in gg =gg: by 1+u1 + u?. As
above we find that
h(ur) = uf" (1 +ur +ui)"™,
and hence that
gp2 = u?lugm
for some (n1,m2) € Z2. This shows that 32 € A(as) for every 8 € C(as) N
Aut(X5).
Put =1+ agl’o) + ago’l). Then gg = 1+ u1 + uo, (2% = a0 and
C(Oég,) N Aut(X5) = Z2,
|(C(as) N Aut(X5))/A(as)| = 2.
Example 4.2. We use the notation of Example 4.1 and set f =14 wuy +
wlug € 9{%4)' The inclusion 9%52) - i)%gl) induces an injective Ro-module
homomorphism j: 9y = 9‘1&2)/5 — M= 9‘{%4) /q, where p = f4?ﬁ§2) C 9{52)
(cf. Example 4.1), and q = fi)figl). Since (M) has index 2 in I, there exists
a two-to-one surjective dual homomorphism 9 : Xgn = M — Xy = My with
ay - =1 - agy for every n € Z2.

Since the PRa-modules M and My are nonisomorphic, Corollary 1.3 shows
that the irreducible and mixing Z?-actions agy and oy are not measurably
conjugate, although they are weakly algebraically conjugate.

Example 4.3. Let f = 1+ u +uz € RS, § = fRY ¢ R and M =
9‘{9) /P. As in Example 4.1 one can show that

C(am) = Alam).
A proof of this can also be found in [15, Corollary 31.3].

Example 4.4 (Conjugacy of Z2-actions with positive entropy). As in Example]}
4.1 we set

f1=1+uy +ul + ujuy + u3,

fo =1+ uf + ug + ugus + u3,
fa=1+us +ud +uy + u3,

fa =14 uy 4+ u 4 ug + uyug + u3,

but this time we view these polynomials as elements of the form (2.1) in Ra
and set

X, = {(a;n) € (Z/4Z)Zz : Z cf, (M) Tmin = 0(mod 2) for everyn € ZQ}.
meZ2

Denote by «; the restriction to X; of the shift-action (1.1) of Z2 on Q =
(Z/AZ)". The dual module M; = X; of ; is of the form

M = R/ 1,

where I; = (4, fi) = 4R2 + fiR2. The prime ideals associated with 9; are
q = (2) and p; = (2, f;). Since h(asm,/q) = log2 and h(agp, /p,) = 0, Theorem
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6.5 in [10] implies that the Pinsker algebra m(c;) of «; is the sigma-algebra
Bx, v, of Yi-invariant Borel sets in X;, where ¥; = ‘ﬁf‘ and
‘ﬁi:{aei)ﬁi:pi-a:0}229ﬁi%9‘i2/pi.

In other words, the Z2-action 3; induced by «; on the Pinsker algebra (o)
is isomorphic to ag, /p, -

Since any measurable conjugacy of a; and «; would map (o) to 7(c )
and induce a conjugacy of 3; and (3;, Example 4.1 implies that «; and «;
are measurably nonconjugate for 1 <i < j < 4.

Examples 4.5. We assume that d = 3.
(1) Let fi =1+4us +us+us, fo=1+u +u3 € 9%;5,2), p=(f1,f2) =
ARY + L7 =2RP /P, a = agm and X = Xon. We denote by
V(p) ={cc (Fy~{0})>: f(c) =0 for every f €p}
={(1+d*a,a+d?®) :acFy~{0}}
the variety of p. Since p is radical, i.e. since
p={fe 9‘1:(,)2) : f(e) =0 for every c€ V(p)},

the ideal p is easily seen to be prime. From Proposition 2.1 we conclude that
« is irreducible and ergodic. However, « is not mixing by Proposition 2.1,
since ulu%u§2 —1lep.

Although « is not mixing, the Z?-action 8: n = (ny,ny) — B* = a(0m112)

(4.6)

on X is of the form g = Ao g withq = (1+ug —|—u1_1u2)9%§2). By Proposition

2.1, B is irreducible and mixing, and Theorem 1.1 allows us to prove as in
Example 4.3 that C(«) = C(8) = A(B) = A(w).

(2) Let Let f1 = 14w 4ug, fo=1+us +uz+uj € %éz), p=(f1,f2) =
fli)‘{:(f) + fgi)%gz), M = ‘fig)/ﬁ, a = agy and X = Xgyn. Then

V) ={(1+a+a*a+a*a):acFy~{0}}

p is prime, « is irreducible and mixing, and C'(a) = A(«).
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