INVARIANT SETS AND MEASURES OF NONEXPANSIVE
GROUP AUTOMORPHISMS

ELON LINDENSTRAUSS AND KLAUS SCHMIDT

ABSTRACT. We prove that the restriction of a probability measure in-
variant under a nonhyperbolic, ergodic and totally irreducible auto-
morphism of a compact connected abelian group to the leaves of the
central foliation is severely restricted. We also prove a topological ana-
logue of this result: the intersection of every proper closed invariant
subset with each central leaf is compact.

1. INTRODUCTION

A continuous automorphism « of an additive compact abelian group X
is ezpansive if there exists a neighbourhood N(0) of the identity 0 € X
with (,,cz @"(IN(0)) = {0}, irreducible if every closed a-invariant subgroup
Y C X is finite, totally irreducible if every nonzero power of « is irreducible,
and ergodic if it is topologically transitive (and hence ergodic with respect
to the normalized Haar measure Ax of X).

In this paper we study the collection of invariant measures of a non-
hyperbolic, ergodic and totally irreducible automorphism of the n-torus T"
or, more generally, of a nonexpansive, ergodic and totally irreducible auto-
morphism « of a compact connected abelian group X . Every nonhyperbolic,
ergodic and irreducible automorphism « of T" is partially hyperbolic in the
usual senseﬂ with the additional property that its derivative Da preserves the
length of vectors in E.. For an arbitrary nonexpansive, ergodic and totally
irreducible continuous automorphisms « of a compact connected abelian
group X these ‘sub-bundles’ can be more complicated objects (due to the
fact that the group need not be locally connected), but an analogue of this
strong form of partial hyperbolicity also holds in this more general situation.
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1A 2 diffeomorphism f of a Riemannian manifold M is partially hyperbolic if there is
a D f-invariant splitting TM = Es ® E. @ E,, of the tangent manifold 7'M of M in which
at least two of the sub-bundles are nontrivial, so that D f uniformly expands all vectors
in F,, uniformly contracts all vectors in Fs, and the vectors in E. are neither expanded
as strongly as any vector in F, nor contracted as strongly as any vector in Fj.
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Let a be a nonexpansive, ergodic and totally irreducible automorphism
of a compact connected abelian group X. The normalized Haar measure
Ax of X is obviously invariant under «, and Y. Katznelson [6] proved that
the measure-preserving system (X, o, Bx, Ax) (where B x denotes the Borel
sigma-algebra of X) is measure-theoretically isomorphic to a Bernoulli shift.

There is another family of — admittedly not very interesting — «-invari-
ant ergodic probability measures on X: let X(© X be the dense central
subgroup of «a defined in , on which « acts isometrically. Then the
closure of the a-orbit of any element z € X(© is a compact a-invariant
subset of X(©) (and hence of X) on which « acts with a unique a-invariant
measure denoted by Ao

It is not immediate how to construct other invariant measures; in fact, the
main result in this paper shows that all c-invariant probability measures u #
Ax on X satisfy a somewhat surprising rigidity phenomenon related to the
scarcity of invariant measures under a multidimensional abelian semigroup of
toral endomorphisms. This scarcity of invariant measures was conjectured by
H. Furstenberg and is still open, though there are important partial results
by several authors including D. Rudolph [9] for the one-dimensional case
and A. Katok and R. Spatzier [5] in the higher-dimensional case.

In order to describe this rigidity property we use a construction from [5] to
define a system of ‘conditional’ measures on the leaves of the central foliation
induced by an a-invariant measure p on X. In general, if we start with an
a-invariant probability measure g on X, these leaf measures will only be
sigma-finite. Indeed, for ;4 = Ax, the induced measure on each central leaf
is the (infinite) Haar measure on the leaf. Our main result is that the leaf
measures are finite for any a-invariant probability measure p on X which
does not contain a copy of Ax in its ergodic decomposition.

Theorem (Theorem . Let o be a nonexpansive, ergodic and totally ir-
reducible automorphism of a compact connected abelian group X with nor-
malized Haar measure Ax, and let u be an a-invariant probability measure
on X which is singular with respect to Ax. Then the conditional measure
pz on the central leaf through x (defined in ) is finite for almost every
e X.

Both the statement and the proof of Theorem are modelled on Host’s
proof of Rudolph’s Theorem in [3] and its generalization in [4].

The following two definitions can easily be adapted to the general setting
of partially hyperbolic maps.

Definition 1.1. Two a-invariant probability measures 1, o on X are cent-
rally equivalent if they have an invariant joining v (i.e. an («a X «)-invariant
measure v on X X X which projects to u; and g, respectively) so that, for
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v-a.e. (x,y) € X x X, z and y lie on the same central leaf; in other words,
r—ye X9 for vae (z,y) € X x X,
where X(©) ¢ X is the central subgroup of a defined in (3.3).

Definition 1.2. An « invariant probability measure p on X is wvirtually
hyperbolic if there exists an a-invariant Borel set Z C X with u(2) =1
which intersects every central leaf in at most one point, i.e. with ZN(x+Z2) =
@ for every z € X(0),

In Section [6] we prove that Theorem [5.1] implies the following result.

Theorem 1.3. Let « be a nonexpansive, ergodic and totally irreducible auto-
morphism of a compact connected abelian group X with normalized Haar
measure \x, and let p be an a-invariant probability measure on X which s
singular with respect to Ax. Then the following conditions are satisfied.

(1) There is a virtually hyperbolic a-invariant probability measure ' on
X which is centrally equivalent to u;

(2) If pu is weakly mizing (or, more generally, if the point spectrum of the
action of a on L*(X,8,p) contains no eigenvalue of o of absolute
value 1), then p is virtually hyperbolic;

(3) If u is ergodic, but not necessarily weakly mizing, we write, for every
ze X0, e for the unique a-invariant probability measure on X
— and hence on X — concentrated on the compact orbit closure
{a"x :n €Z} of x under a. Then p is an ergodic component of
(' % Mgy for some xg € X(O)

Finally, in Section [7] we prove the following topological analogue of the
Theorems and (.11

Theorem (Theorem . Let o be a nonexpansive, ergodic and totally ir-
reducible automorphism of a compact connected abelian group X. Then any
closed a-invariant subset Y C X intersects every central leaf in a compact
subset of the leaf.
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2more precisely: for every zo, the ergodic decomposition of ' * 5\10 gives a probability
measure v on the space Mi(X) of probability measures on X, where we consider M;(X)
as a compact metric space using the usual weak™ topology. Then for an appropriate choice
of z¢, the measure p is in the support of v.
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hospitality during parts of this work, and Doug Lind for some interesting
and useful discussions.

2. IRREDUCIBLE GROUP AUTOMORPHISMS

Let a and 8 be continuous automorphisms of compact abelian groups X
and Y, respectively. Then « and 8 are conjugate if there exists a continuous
group isomorphism ¢: X — Y with

Bod=¢oa, (2.1)

and G is a factor of « if there exists a continuous surjective group homo-
morphism ¢: X — Y satisfying . The map ¢ in is called an
(algebraic) conjugacy or an (algebraic) factor map. The automorphisms «
and [ are weakly conjugate if each of them is a factor of the other, and
finitely equivalent if each of them is a factor of the other with a finite-to-one
factor map.

We recall a few basic facts about irreducible ergodic automorphisms of
compact abelian groups. Let Ry = Z[u™'] be the ring of Laurent polynomials
with integral coefficients. We write every h € R; as

h="" hpu™ (2.2)

meZ
with h,, € Z for every m € Z and h,, = 0 for all but finitely many m.
Let a be an automorphism (always assumed to be continuous) of a com-
pact abelian group X with (additive) dual group X , and let & be the dual
automorphism of X defined by

(da, ) = (a,ax)

for every 2 € X and a € X, where (a,z) denotes the value of a € X at
re€X. Forevery h=3% _,h,u" € R,z € X and a € X we set

ha)(@) =) hpaz,  h(&)(a) = hné"a, (2.3)
and note that ner ner
(h(@)(a),2) = (h(a)(a), z) = (a, h(a) (). (2.4)
The dual group X is a module over the ring Ry with operation
h-a=h(&)(a) (2.5)
forhe Ry and a € X. In particular,
u™a=a"a (2.6)

for m € Z and a € X. This module is called the dual module M = X of a.
Conversely, if M is an Rj-module, we obtain an automorphism aj; on the
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compact abelian group
Xuy=M (2.7)
whose dual automorphism is defined by
aya=1u-a (2.8)

for every a € M.

Examples 2.1 ([II]). (1) Let M = R;. Since R; is isomorphic to the
direct sum ), Z of copies of Z, indexed by Z, the dual group X = ]/%\1 is
isomorphic to the cartesian product T% of copies of T = R/Z. We write a
typical element x € T? as = = (x,,) with x,, € T for every n € Z and choose
the following identification of Xp, = Ry and TZ: for every a = (z,) in TZ
and h =) ., hpu"™ € Ry,

(z,h) = €2 Lnezhnan, (2.9)
Under this identification the automorphism ag, on X, = TZ becomes the
shift
(TZ)m = Tmt1 (2.10)
with m € Z and z = (z,,) € Xg, = T%.
(2) Let I C Ry be an ideal, and let M = R;/I. Since M is a quotient of

the additive group R; by an &g, -invariant subgroup, the dual group Xy is
the ap,-invariant subgroup

XRl/IZIJ‘Z{l"EXIﬁ =T%: (z,h) =1 for every h eI}

= {CL’ e TZ : Z hnwm—I—n =0 (mOd 1) (2.11)
n€Z for every h € I and m € Z}

= {z € T?: h(r)(x) =0 for every h € I},

and ag, /7 is the restriction of 7 = ag, to Xg, /5 C T? = Xg,.

We can express (2.11) as
Xp, 1= X/T =TI = () ker(h(r)). (2.12)
hel

If I = (f) = fRy is the principal ideal generated by some f € Rj, then
(2.12)) becomes

X5 = X/(F) = ()" = kex(f(7)). (2.13)

(3) Let v be the automorphism of the m-torus X = T™ = R™/Z™ defined
by a matrix A € GL(m,Z). Then the dual module M = X is equal to Z™
with operation f-m = f(A")(m) for every f € Ry and m € Z™ (cf. (2.5)),
where AT € GL(m,Z) is the transpose matrix of A.
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The automorphism « is irreducible if and only if the characteristic poly-
nomial f = fo+ -+ fm_1u™ 4+ u™ of A is irreducible, and « is conjugate
to ag, /(s if and only if A is conjugate in GL(m, Z) to the companion matrix

0 1 -« 0 0
0 0 - 0 0
Cr=1| :+ =+ - : € GL(m, Z). (2.14)
0 0 - 0 i
—fo—=f1 - —fm—2 —fm-1
Theorem 2.2. Let a be an irreducible automorphism of an infinite compact
connected abelian group X. Then there exists a unique irreducible polynomaial
f=/fo+ -+ fau™ € Ry with the following properties.

(1) n>1, fr, >0 and fo #0;

(2) «a is finitely equivalent to ag, /5y, where (f) = fR1 C Ry is the ideal
generated by f (cf. Ezample2.1] (2));

(3) « is ergodic if and only if f is not cyclotomic (i.e. f does not divide
u™ —1 for any m > 1);

(4) « is expansive if and only if f has no roots of absolute value 1.

(5) « is totally irreducible if and only if f has no two distinct roots whose
ratio is a root of unity.

Conwversely, if f = fo+-- -+ fau™ € Ry is an irreducible polynomial satisfying

condition (1) above, then the group Xg, sy in (2.11) is connected and the
automorphism ag, 5y of Xg,(y) is irreducible.

Proof. The statements (1)—(4) and the converse follow from [11l, Proposition
2.7 and Theorem 29.2].

For the proof of (5) we note that « is totally irreducible if and only if
AR, /(f) is totally irreducible. Since g () is dual to multiplication by u™

on X =Ry/(f)=M, O, /(p) Is irreducible if and only if the subgroup
N ={h(u™):he Ri}/(f) C Ri/(f) = M

has finite index in Ry /(f). As the group M is torsion-free, the latter condi-
tion is equivalent to the statement that N 7z Q = M ®7Q = Q", and hence
to the condition that the elements {(14(f)), (W™ 4(f)), ..., (™™ D+ (f)N}
in M are rationally independent. In other words, /() is reducible if and
only if one can find a nonzero element (ko, ..., kn,—1) € Z" with

g(u™) = ko + kiu™ + -+ + kp_qu™ 7V € (f), (2.15)

where we may assume without loss of generality that the resulting poly-
nomial ¢ € R is irreducible. By evaluating on any root 6 of f we
obtain that g(6™) = 0 for every root 6 of f, and Galois theory shows
that the degree of g is equal to the number of distinct elements in the
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set Q;m) ={6™ : 0 is aroot of f}. This proves that o/ ) is irreducible if

)

and only if the cardinality of Q;m is equal to n, which implies (5). O

Example (2) gives an explicit representation — up to finite equivalence
— of every irreducible automorphism of a compact connected abelian group
X. For an alternative description we follow [2] (for background see [10], |11,
Section 7] and [12]).

Let a be an irreducible automorphism of an infinite compact connected
abelian group X, and let f € R; be the irreducible polynomial appearing in
Theorem We fix a root § € Q of f, denote by K = Q(f) the algebraic
number field generated by 6, and write P, P}K), and PO(OK), for the sets of
places (= equivalence classes of valuations), finite places and infinite places
of K. For every place v of K and every valuation ¢ € v, the v-adic completion
K, of K (i.e. the completion of K with respect to metric §(a,b) = ¢(a —b)?
for some suitable v > 0) is a locally compact, metrizable field and hence a
locally compact additive group. We fix a Haar measure A\, on the additive
group K, and denote by modg, : K, — R the map satisfying

My(aB) = modg, (a)\y(B) (2.16)

for every a € K, and every Borel set B C K,,. The restriction of modg, to
K is a valuation in v, denoted by |- |,.
Let
P={ve P o, #1}, s=PIUP. (2.17)

For every infinite place v € PéoK), the v-adic completion K, is either equal
to R or to C (in particular, K, = C for any v € S(?)). We write

ty: K — Ky(=R or C) (2.18)

for the embedding of K in its completion K, and use the same symbol ¢, to
denote the corresponding identification of K, with R or C.
The set

w =[] K. (2.19)

veS
is a locally compact algebra over K with respect to coordinate-wise addition,
multiplication and scalar multiplication (with scalars in K'). We write every
w e W as w = (wy) = (wy, v € S) with w, € K, for every v € S and define

lwll = max [, .. (2.20)

Let (3 be the automorphism of W given by
pw = (Qw,) (2.21)

for every w = (w,) € W.
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We put
R={aeK:|al, <1 for every v e PH) S} Doy, (2.22)
where o is the ring of integers in K, and denote by
vt K — W (2.23)

the diagonal embedding a +— ¢(a) = (a,...,a), a € K. By abuse of notation
we identify each K, v € S, with the subgroup

{weW :wy =0 for every v’ # v} C W.

Theorem 2.3. Suppose that a is an automorphism of an infinite compact
connected abelian group X. Then « is irreducible if and only if there exist
an element 0 € Q% = Q ~ {0} and a finitely generated Z[0F']-submodule
L ¢ K = Q(0) such that « is algebraically conjugate to the automorphism
6(97[/) on the quotient group

Y, = W/u(L) (2.24)
induced by 3 (cf. (2.17)-(2.21)).

(1) The following conditions are equivalent.

(a) « is ergodic,

(b) 0 is not a root of unity.

(2) The following conditions are equivalent.

(a) « is expansive,

(b) The orbit of 0 under the action of the Galois group Gal[Q : Q]
does not intersect S = {z € C: |z| = 1}.

(3) The following conditions are equivalent.

(a) X 2 T" for somen > 1,

(b) § =P,

(c) 0 is an algebraic unit.

(4) The following conditions are equivalent.

(a) « is totally irreducible,

(b) The orbit of 0 under the action of the Galois group Gal[Q : Q]
does not contain two distinct elements whose ratio is a root of
unity.

Proof. [2, Corollary 3.5], [11, Theorem 7.1 and Propositions 7.2-7.3] and
Theorem [2.2] in this paper. O

Corollary 2.4. In the notations of Theorem for any 0 € Q* and finitely
generated Z[0F']-submodule L ¢ K = Q(0), and any S" C S there is an
automorphism ¢ of Y, commuting with B9 1) so that ¢ expands the subgroup

Wg ={weW :w,=0 for everyv € S\ 5'}.
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Proof. Let R D ox be the ring of S-integers as in (2.22)). We claim that
there is a 7 € R so that

7], >1 forallves" (2.25)

Indeed, if # a unit in 0x, or more generally if S” C PCEOK), is a direct
consequence of the Dirichlet unit theorem, and the general case follows from
the extension of this theorem to the S-arithmetic context that can be proved
in the same way.

Since L is a finitely generated Z[#*!]-submodule, and # generates K it
follows that L is commensurable to R, i.e. [L : LNR[,[R : LN R] < oc.
Define 7: W — W using 7 as in ; since 7 € R the map T preserves R,
and so a suitable power of 7, which without loss of generality we can assume
to be T itself, preserves L.

It follows that ¢ = ((; 1) is an automorphism of Y7, commuting with 3y
with the required properties. [l

3. STRUCTURE AND EXAMPLES OF NONEXPANSIVE AUTOMORPHISMS

Let a be a nonexpansive irreducible ergodic automorphism of a compact
connected abelian group X. We apply the Theorem and assume that

o = /3(6‘,L)7 X = W/L(L), (31)

for some § € Q% and some finitely generated Z[#*']-submodule L ¢ K =
Q(0). Denote by Ax the normalized Haar measure of X and write

m: W — X =W/u(L) (3.2)
for the quotient map (cf. (2.17)—(2.24))). In the notation of (2.17)) and (2.19))

we set
SO ={ves:|0,=1}C PO(OK),
WO = fw = (w,) € W :w, =0 for every v e S~ SO}
~ H K, =~ C'S(O)‘, (3.3)
veSO)
x©) — W(w(O))'
The central subgroup group X(© C X is a-invariant and dense by irre-

ducibility. Furthermore, since |L/t(R)| < oo (cf. and [2]) and «(R) N
W = {0} by the product formula ([I, Theorem 10.2.1]), L N W©) = {0}.

Examples 3.1. (1) Let « be a nonexpansive irreducible ergodic automorph-
ism of X = T™ defined by a matrix A € GL(m,Z) with real eigenval-
ues 01, . ..,0,,, and complex eigenvalues O, 1, Omyt1s - - - > Omytmo s Omy+mas
where m = mq + 2mg, and where 6; is the complex conjugate of 6; for
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i=m1+1,...,m +mgy. We fix an eigenvalue € of A, set K = Q(0), and
obtain that S = PCEOK), W =2 R™ x C™2, and that

wo- @ c

j=mi+1,....mi1+ma
0;]=1
is the subspace of W = R™ on which A acts isometrically. Since « is ergodic,
dimg(W©)) < dimg(W) —2 =m — 2.
Take, for example, the irreducible ergodic and nonexpansive automorph-
ism o of X = T? determined by the matrix

0100

A:< 3359) € GL(4.2).
—1111

If > 1 is the dominant eigenvalue of A, then the algebraic number field
K = Q[f] has two real places vy, vy (corresponding to the real roots 6; = 6
and 0 = 671 of the characteristic polynomial f = u* —u3 —u? —u+1 of A)
and one complex place vs (corresponding to the two complex roots f3 and
03 of f of absolute value 1). Then S = {v3}, W) =~ K, = C, and the
central subgroup X(© ¢ X of « is a densely embedded copy of C.

For another example of this form we take the automorphism a of X = T
defined by the matrix

010000
000900

B=1 600010 | € GL(6,Z)
000001
111111

with dominant eigenvalue § > 1. The algebraic number field K = Q[f] has
two real places v, ve (corresponding to the real roots 6; = 6 and 6y = -1
of the characteristic polynomial f = 4 —u® —u* —u® —u? —u+1 of B) and
two complex places vs, v4 (corresponding to the four complex roots 03, 64 and
03,0, of f of absolute value 1). Then S© = {v3,04}, W = K, ®K,, = C?,

and the central subgroup X(©) c X of a is a densely embedded copy of C2.

(2) Let f = 5u?—6u+5 € Ry, and let o = @R, /(1) be the automorphism of
the compact connected abelian group X = Xp, /(y) defined in (2.11)). Since
f is irreducible and all roots of f have absolute value 1 (they are of the form
0= % +i- %), « is ergodic and nonexpansive by Theorem . If 6 is a root of
fand K = Q(0), then P ¢ P, 5O = PV w = wO x [, K,
where W(© = C and [I,ep Kv is zero-dimensional, and X = W/L for
some discrete co-compact [-invariant subgroup L C W. In this example
the central subgroup X(© c X is a densely embedded copy of C.

(3) Let f = 6u* + 3u® + 10u® 4+ 6u + 6 € Ry, and let a = ag, 5 be the
automorphism of the compact connected abelian group X = Xg, /(y) defined
in (2.11)). Again f is irreducible, all roots of f have absolute value 1, and « is
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ergodic and nonexpansive by Theorem If 6 is a root of f and K = Q(6),
then P ¢ P, 8O = PCY) W = WO x [],p K, where W = C? and
[L,cp Ku is zero-dimensional, and X = W/L for some discrete co-compact
[-invariant subgroup L C W. Here the central subgroup X c X is a
densely embedded copy of C2.

The group W =~ CI9 ©1'ip (3.3)) is an algebra with respect to coordinate-
wise addition and multiplication. We define a map 1o: K — W(® by setting

(a) L(a) if ve SO,
va), =
0 if ve S~ SO

for every a € K (cf. (2.18)), set
§=10(0), (3.4)
where 6 is the algebraic number appearing in Theorem and , and
denote by
F={m:mecz} (3.5)
the closure of the multiplicative subgroup {¢" : m € Z} C WO, Then T is

a compact abelian multiplicative subgroup of WO For every v=(w)erl
we denote by M, : WO — WO multiplication by 7, i.e.

Myw = (yowy) (3.6)
for every w = (w,) € W0,

Proposition 3.2. If a is totally irreducible, then for any two distinct ele-
ments v,v' € SO, the natural projection of T to K, ® K, is surjective.

Proof. Let &,, be defined by
0 forv=uv,1,
(51}7}’)1/ = {

0 otherwise.

Clearly the projection of I' to K, ® K, is equal to {{}", : m € Z}. Let §, =
1y(A) € C and &,y = 1,/(f) € C. Since v,v’ € SO we know that |&,| = || =
1 (cf. (2.13)).
In order to prove our claim it suffices to show that, for any nonzero element
(m,m') € 72,
&ren # 1. (3.7)
That £ # 1 for m # 0 follows from ergodicity (&, is a root of an irreducible
polynomial with integer coefficients, which is noncylotomic if «a is to be
ergodic). To prove for the case where both m,m’ # 0, we note that
since &, and &,/ are conjugate under the Galois group of the splitting field of
the polynomial f, we also have that £} = 7 for some &3 € C with f(&3) =0
(it could be that {5 = &,). We can now apply the same argument for £5 and
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obtain that &' = {2”/ for some root &4 € C of f, etc. Since f has finitely

2Nk
many roots, we will eventually get an equation of the form fjmk = fj( ™) for
some positive integer k and some root &; of f. As all roots of f are conjugate
under the Galois group, this shows that

If m* # (—m/)* then @ is a root of unity, which is a contradiction to ergodi-
city. Otherwise m = £m’, and either §* = £} or ' = §,™.

First suppose that &' = £!'. Since v and v’ are inequivalent valuations,
& # &, and hence &,f;l is a nontrivial root of unity, contrary to the
hypothesis that « is totally irreducible (cf. Theorem [2.2)).

If & = &, then the complex conjugate &' = &y of & is again a root
of f satisfying that £ = ¢™, and the same argument as above shows that
&€ ~!is a nontrivial root of unity. Again this violates the total irreducibility

of a. 0

4. CONDITIONAL MEASURES ON THE LEAVES OF THE CENTRAL FOLIATION

We assume that a and X are of the form and use the notation of
7. Write F for the foliation of X by the cosets of the central
subgroup X = 7(W©)) ¢ X (cf. (3-3)), and fix a nonatomic a-invariant
probability measure p on the Borel field § = Bx of X. Note that we do not
make any assumptions regarding ergodicity of u.

Since the central subgroup X (© is dense by irreducibility, the foliation of
X into cosets of X(© has no Borel cross-section, and one cannot generally
decompose p directly into a family of measures supported on the individual
leaves of F. In order to overcome this difficulty we break up each of these
leaves into countably many atoms of an appropriate sub-sigma-algebra A C
8, decompose the measure p with respect to this sigma-algebra, and re-
combine the conditional measures supported by the individual atoms on
each leaf into a leaf-measure.

It will be necessary to work not just with one such sigma-algebra A but
with a sequence (fl(k), k > 1) of sigma-algebras whose atoms consist of larger
and larger pieces of leaves of F. In order to describe these sigma-algebras we
fix an integer ¢ > 1 with |g|, = 1 for every v € P and set A = %L C K. Then
t(A) is a discrete co-compact subgroup of W (cf. (2.23)), and we choose a
Borel set A C W with compact closure such that

AN(A+(a)) =@ for every nonzero a € A,

U A+ i(a) =W. (4.1)
a€A
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The first equation in implies that the restriction to A of the map
m: W — X in is injective, and that w(A) is therefore a Borel subset
of X. After replacing A by A + wq for some wy € W, if necessary, we may
take it that the sets

Q={m(A+(a)):aecA} (4.2)

form a Borel partition of X into N = |L/qL| sets with the following prop-
erties.
(i) u(0Q) =0 for every Q € Q;
(ii) For every a € A, the restriction of the map 7 in to A+ (a) is
injective, and (A + ¢(a)) = 7(A 4 «(d’)) if and only if a — a’ € L;
(iii) For every Q € Q and w € W, the set WO N (771(Q) — w) is a
countable union of sets with disjoint and compact closures.
Let T}, denote the map
Tyxr=x+y (4.3)
for every x,y € X. We denote by By o) (w, ) the ball of radius r > 0 around
w in W©: while it will not be important for us which norm we use in W,
the natural norm to take is

|lw] = max |wy| (4.4)
veS(0)

(cf. (2.20)). Finally we write Br(x,r) for the ball of radius r around z in
the leaf z + (W) of F, i.e.
Br(z,r) =2+ (B (0,7)) = To o 7(Byy (0,7)). (4.5)

Proposition 4.1. There exist a sequence of fundamental domains (A(”), n
> 1) for u(A) and a corresponding sequence of partitions (QM™, n > 1) of X
in (4.2) with the properties (i)—(iii) above, such that

Y u((@Q+ (B (0,n) AQ) <27 (4.6)
QeQ™
for everyn > 1.

Proof. Let A C W be a fundamental domain for A such that the corres-
ponding partition Q satisfies conditions (ii)—(iii) above and such that

Ax(0Q) =0 for every Q € Q. (4.7)

Let B(rr) be an automorphism of X commuting with o expanding w©
as in Corollary Set A, = ﬁ@” L)(A) with corresponding partitions Q,,.
Clearly these also satisfy (ii)—(iii); furthermore, since Q satisfied (4.7)), if &,
increases fast enough we can guarantee that

S Ax (@ + (B (0,0))) 5Q) <27
QEQn



INVARIANT SETS AND MEASURES 14

for every n > 1. Since for any two Borel sets Q, B C X,

/M((Q +5+B)A(Q+5)) dAx(s)
— [ [ltgsee8(0) - tguato o) trx(s)
=\ ((Q+B)AQ),

where 194545 and 1gys are the indicator function of the sets Q + s + B
and @ + s, there is a sequence (z,,, n > 1) so that the translated partitions
oM = Q, + x, satisfy and the conditions (i)—(iii) for every n > 1. For
later use we choose a bounded sequence (wy, n > 1) in W with 7(wy,) = x,
for every n > 1 and set AM = A, + Wp, 1 > 1. O

Definition 4.2. Let A C § be a countably generated sigma-algebra, and let
C C A be a countable algebra which generates A. The atom [z]4 of a point
x € X in A is defined as

La= () = [ A

CceC:xeC AcA:ze A

Lemma 4.3. For every n > 1, let A be the fundamental domain for
(A) C W and Q™M) the partition of X described in Proposition . Then
there exist a countably generated sigma-algebra A™ C 8 with

(2] am = 7 ((A® +1(a)) N (WO + w)) (4.8)
for every x € X, where [x]AQ(n> is the atom of A" containing x and a € A

and w € W satisfy that 7(w) = = and w € AM™ 4 (a).

Proof. Fix a € A for the moment. We set W/ = (Hues\s<0) KU), denote by
ki W =WO x W — W’ the second coordinate projection (cf. (3.3)), and
write By for the (countably generated) Borel field of W’. The sigma-algebra
A ={s"Y(B)N(A+w(a)) : B € By} of subsets of A+(a) is again countably
generated, and its atoms are of the form (A+:(a))N(W O +w), w € A+(a).
Since the restriction of 7 to A + ¢(a) is injective, m maps A to a countably
generated sigma-algebra Ag of subsets of Q@ = 7(A + «(a)) € Q™ whose
atoms are of the required form. The sigma-algebra A is defined as the
unique sub-sigma-algebra of 8 = By which contains the partition Q™ and
induces Ag on each @ € o), |

For any countably generated sigma-algebra A C 8 we consider the decom-
position of p with respect to the sigma-algebra A, i.e. a set of probability
measures {u2 : 2 € X} on X with the following properties.

(1) For all z,2’ € X with [z]4 = [2] 4,

py = gy and g ([]a) = 1,
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(2) For every B € 8, the map x +— uZ(B) is Borel (and hence A-
measurable),
(3) For every bounded Borel map f: X — R,

/ f i = B, (f1A) (@)

for p-a.e. x € X, where E,,(-|-) denotes conditional expectation.
In order to make notation less cumbersome we set, for every n € Z and
k>1,
AP =0 MAgw), AP =4 = A0, (4.9)

n

(k) (k) ..
and denote by {uz" :z € X} and {Mf(k)v“qn : x € X} the decompositions

)

of p with respect to the sigma-algebras Aﬁ{‘“) and A®) v Aflk , respectively.

Definition 4.4. A Borel measure p on W is locally finite if p(C) < oo
for every compact set C C W), Let Mo (W) be the set of all locally
finite (and hence sigma-finite) Borel measures on W furnished with the
smallest topology in which the map p — [ fdp from Moo (WO) to R is
continuous for every continuous map f: W — R with compact support.
In this topology Mu.(W(?)) is a separable metrizable space.

For every w € W(© we denote by
Twv = v+ w, (4.10)

the translation by w on W), The maps p — pT}, and p — pf are homeo-
morphisms of M, (W) for every w € W, where £ is defined in (2.21)).
For the next theorem, we take r¢ to be large enough so that

[2] 4y € Br(z,70) (4.11)

for all z € X (cf. (4.5))).

Proposition 4.5. There is a Borel map x — p, from X to MOO(W(O)) and
an a-invariant Borel set X' of full p-measure with the following properties

(for notation we refer to (2.21)), (4.9) and (4.10))).

(1) For every x € X', every bounded Borel set B C WO and every
sufficiently large k,

(T, 0 m(B)); (4.12)

1
pz(B) = 1A (Br(z,70))

(2) For every z € X,

Pz = pazB; (413)
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(3) There exists a Borel map K, : X x WO — R so that, for every
z € X' and every w € WO with z + n(w) € X,

eK“(z’w)mew(w) = pu T (4.14)
We begin the proof of Proposition with a lemma.

Lemma 4.6. There exists a Borel set X' C X with u(X') = 1, which is
invariant under T,, for every w € WO | so that for all x € X' and r > 0,

Br(z,r) C [.%‘]A(k) (4.15)
for every sufficiently large k.

Proof. The set
New={z € X :Br(z,r) ¢ [z] 400 }

is equal to
U @n@+7Bro0,)= |J (@ +7Byw(©,r) Q)
c U (@ +7Bww(0,m)AQ).
Q'eQ®)

and hence Borel. Since » 7~ u(Nyx) < oo for every r > 0 by (4.6)), it follows

that
X’:X\U ﬂ UNM

r>0n>1k>n

is a Borel set of full measure. From the definition of X'’ it is also clear that
any x € X' satisfies (4.15)), and that X’ consists of a union of full F leaves,
i.e. that it is invariant under T, for any w € W), (Il

Proof of Proposition [L.5. We take X’ to be the set of all z € X with the
following properties.

(1) For every r > 0 and n € Z, and for every sufficiently large k£ > 1
(depending on r and n),

Br(z,r) C [2] y0; (4.16)
(2) For every k,l > 1 and n € Z,
2 (] @) > 00 i (] gy 0) >0, (417)
AR A 1 AR
x = Méq(k>([$]ﬂ(k)v,4£f>) e ‘[xh(k)wtg)
; o (4.18)
T a0 et h%(@mﬁf)

Ha ([x]A(k)v‘Ag))



INVARIANT SETS AND MEASURES 17

k . .
where /ﬂl( : ‘ ‘ are the restrictions of
x [z] 0) z  z] 0)
AR Al Ak yal

(1) ;
pt and p to the atom [2] ), 40 of @ in ARV AL;

(3) For every k > 1 and n € Z,

(k) (k)
= Ao (4.19)
Note that by (4.11)) and (4.17) (with { = 1 and n = 0),

(k)
" (B (a,ro)) > 0

for every k > 1 and x € X'. Furthermore, by (4.16) and (4.18) (again with
n=0),

1 A<k>‘ _ 1 A(n‘
W2 (Br(er0)) " Fatreaw A0 (Br(a,rg)) T Flatvao
for all x € X’ and all sufficiently large k, [, so that
. 1 Ak
pz(B) = lim 2 (Ty om(B)) (4.20)

koo 1A (B (z,19))

exists for every z € X’ and every Borel set B ¢ W ().
Equation (4.14]) easily follows from the fact that, for every = € X', every
w e WO with z — m(w) € X’, and every sufficiently large ,

y=1x—7(w) € [z] 4,
and hence

AR q(k)

Y M
The sequence
(k)
i oy (Br(z = m(w),0)) . 1A (Br(z — w(w), r))
i (Br(z,70)) (B (x,70))

is eventually constant, and we set

log

(k)
klim log e A((j,?)f(gf(w(w))’;o)) for x € X' and we WO
— x x,T
Ku(z,w) = = g e with z — 7(w) € X',
0 otherwise.

Equation is immediate from (4.16]), (4.18) and (4.19)) (with £ = and
n=1).

Finally we extend the map x — p, to X by setting p, = 0 for every
z € X ~ X' and note that the resulting map from X to My (W) is
Borel. g
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5. FINITENESS OF THE CENTRAL LEAF MEASURES

Theorem 5.1. Let « be a nonexpansive, ergodic and totally irreducible auto-
morphism of a compact connected abelian group X with normalized Haar
measure \x, and let p be an a-invariant probability measure on X which
is singular with respect to Ax. Then there exists a Borel set X' C X with

w(X") =1 such that p,(W©®)) < oo for every x € X' (cf. [&12)).
We begin the proof of Theorem with a series of lemmas in which we
denote the I-th derivative of a map f by f().

Lemma 5.2. For every s > 1 we can find a constant As > 0 such that, for

every polynomial p(x) = Z?ial aix! of degree < 2s — 1 and every £ > 0,

su t) > As- max  (e'ay]).
0= A (&)
Proof. The statement of the lemma is clearly unchanged by rescaling p and
g, so that we may assume that ¢ = 1 and max; |¢;] = 1. We can now set

25—1

As = inf{ sup |p(t)]: p(x) = Z ax! with max|q| = 1} > 0. O
te(—1,1) =0 !

Lemma 5.3. Let e >0, s > 1, and let As > 0 be the constant appearing in

LemmaB.2l Then

swp [1(0)] 2 5 (1)

te(—ee) (28 - 1)' .
for every B > 0 and every map f: (—e,e) — R with 2s derivatives at every
point such that

B
0 > = _
pmax lfY )| > a for every t € (—¢,¢) (5.2)
and AB
sup [ F(0)] < S5 (53)
te(—e,e) €
Proof. Consider the Taylor expansion
25—1
F(0)
pa) =) o'
1=0 ’

of f of degree 2s—1. From Lemma 5.2 we know that there is some t € (—¢, )
with [p(t)| > 2L and Taylor’s Theorem allows us to find a £ € [0, 1] with

(2s—1)!1”
f(2s) (ft) t25.

£ =2(0) + 5

Thus
[F(8)] = [p(t)] — €% - (supse(—ce) ISP (B)]) / (25)!
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AsB  AsB AsB

2D (2s) = 225 — 1)1 H

Lemma 5.4. Let p(t) = Yy _; (a cos(2mmyt) + by, sin(2wrmyt)) be a trigono-
metric polynomial, where the my, k =1,...,s, are distinct positive integers.
Let ||p|| = maxy—1,__s(|lap + ibg|). Then there exists a constant c; > 0,
which depends on s and M = maxy—1,_s|my|, but not on the coefficients
ag,br, k=1,...,s, such that

1
/ eP®) dt‘ < ey |Ipl| 7M. (5.4)
0

Proof. We first claim that, unless all coefficients a; and by are 0, the deriv-
ative p’ of p does not have zeros of order > 2s — 1. Indeed,
S
p () = " (—1)"(2mmy)* (ax cos(2mmyt) + by sin(2mmyct))
k=1
for every 1 > 0. If p@®D(ty) = 0 for [ = 1,...,s, the nonsingularity of the
Vandermonde matrix (due to our hypothesis that the my, are all distinct)
implies that
ay, cos(2mmyto) + by sin(2rmyty) = 0
for k=1,...,s. Similarly, if p®~D(tg) =0 for I =1,...,s, then
—ay sin(2mmyto) + by cos(2mmyty) = 0

for k=1,...,s, and by combining these statements we get that ax = by =0
for k=1,...,s. In fact, this argument gives more: since one can bound the
norm of the inverse of the Vandermonde matrix for all choices 0 < my <

- < mg < M by some function of M, there exists a constant ¢j;, > 0
depending only on M, such that

W) > ¢
max P ()] = cprlipll

for every t € R and every choice of the coefficients a, by in p.

Trivially there exists, for every { > 0 and M > 1, a constant ¢} ,, > 0
such that 7

PO )] < e arllpl

for every [ > 0 and t € R.

In order to complete the proof of Lemma we recall the van der Corput
Lemma in [7, p. 220]: if ¢ is a real-valued function on an interval [a,b] C R
with a monotonic derivative satisfying that ¢'(t) > A > 0 for every t € [a, b],

then
’ ip(t) 4
¢ < —.
/a e dt‘
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Since a trigonometric polynomial of degree M such as p”(t) can have at
most 2M roots in the interval [0, 1), the interval [0, 1] can be divided into at
most 2M + 1 subintervals Iy, I, ..., on each of which p’ is monotonic. By
applying the van der Corput Lemma on each of these subintervals separately
we have that, for any A > 0,

A

where ) is the Lebesgue measure on R.
It remains to estimate \({0 <t < 1:|p/(t)| < A}). In fact, we claim that
there exists a constant ¢’ > 0 with

. M+4
/ er(®) dt’ LSMrd M{O<t<1:]p@)] < A}, (5.5)
0

M{o<t<1:[p(t) < A}) < (II?I) o (5.6)

for every A > 0. Estimates of this kind can be found e.g. in [§]; for com-
pleteness we provide a proof below.
As p’ is monotonic on every subinterval I,
I=L,n{0<t<1:p(t) < A}

is connected and hence an interval, and we apply Lemma with f = p’ on
some sufficiently small subinterval I;) C I;. The conditions and
are clearly satisfied for some B = ||p[|-A\(I}/)**~1, and Lemma guarantees
the existence of a constant ¢; > 0 with

A= supp/(t) > ellp| (7)™
tel;,

1
__1 A\ 2T
)\(I,) S c 2s—1 | () .
M [l
By summing over k£ we obtain ([5.6)).
According to (5.5)) and (5.6]),

2m . 2 A 251—1
2mip(t) dt‘ <Z 4 " (>
€ & ’
/0 — A 21l

and by taking A = ||p||'/?* we get (5.4)). O

or

We derive from this the following estimate.

Lemma 5.5. For every nontrivial character a € X there exists a constant
Cq > 0 with

/ (a, 7(Myw)} dy < cq - min(1, o] ~2)
T

for every w € WO, where s = ]S(O)|, and where I' and M., are defined in

nd @),
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Proof. We recall that W =[], .4 Ky, consider each K, (by abuse of nota-
tion) as an additive subgroup of W, and identify X with W/.(L) as in ([2.24).
Let a be a nontrivial character of X = W/u(L), and let f: w — f(w) =
(a, m(w)) be the corresponding character of W. We write fo = f|}0) for the
restriction of f to W), The isomorphisms t,: K, — C, v € S in

allow us to write fo: W — C as the map

w = fO(w> = €2m Zves(o) R(avte(wo))

)

where a, € C for every v € SO, and where ® denotes the real part. Since
the image m(K,) of K, is dense in X for every v by irreducibility, fo|x, is a
nontrivial character, hence a, # 0 for every v € S,

Let v,v" be distinct elements of S, By Proposition the projection
of T to K, ® K,y € W© maps T onto the set

{w e W :|wy| = |wy| =1 and all other coordinates are 0}.
Hence there exists a closed one-dimensional subgroup
I'g= {(Lgl(zm”))ves(o) Dzl = 1} crcw®

such that the integers m,, v € S ©) are all distinct.
Now we use Lemma [5.4] to check that there exists a constant ¢ with

by R (2 (wy)e2rimet)
)| = | [ B mareni ) g
0

< e el 7V

o

for every w € W) and by integrating over I' we see that
‘/ f(Myw) d’Y‘ = / f(Myy Myw) do d’Y‘
T ' JTo

<0Aumw*mm=owwmﬁ 0

Lemma 5.6. For every nontrivial character a € X there ezists a constant
cq > 0 such that

/F /W(O) (a, m(Myw)) d7(w)

< ¢ [ min(1, Jw — w'||7Y?*) d7 (w) d7 (w')
for every probability measure T on WO | where s = |S(0)\.

2
dry

(5.7)

Proof. By Fubini’s theorem,

J

2
dry

/ (a, m(Myw)) d7(w)
w(0)
- /F /W(O) /W(O) <a’ F(Mvw)><a’ W(M,Yw/» d%(w) df(w’) dy
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/W(O) / ) / am( —w'))) dy dr(w) d7(w').

From Lemma [5.5 we know that there exists a constant ¢, > 0 with
/mmmaw—wwwwg%mmuww—wuv%
r
for every w # w’ in W, and by integrating we obtain (5.7). O

Corollary 5.7. Let T be a probability measure on WO 2y e X, and let
p= (T HT_4, (so p is supported on the central leaf through xo). For every

N € N we set
N1
= D
i=0
Then for every nontrivial chamcter aeX

/(a,ax)d,oN() <cq- /mlnl lw—w'||” 1/25 d7(w) d7(w'),

where ¢, 15 as in Lemma [5.06|

lim sup
N—o0

Proof. By Cauchy-Schwarz,

‘/<a=l‘> dpn () 2 ]1[]:[2;/<a7m> dpa’
-1

2 2

1 N—-1
<% >
=0

2

/ (a,z) dpa’ ()

/ (@, m(w)) d7 B (uw)
w(0)

=¥ -
=0
The map

Y =

t/ (@, 7(w)) d(7 M) (w)
w(0)

from I" to RT is continuous and bounded, so by the unique ergodicity of the
action of B onT

2
N

2

)>d762( ) (a,m(w)) dTM,| dy.

W(O) W (0)

We can now apply Lemma to conclude the proof of this corollary. ([
Proof of Theorem [5.1] Consider the a-invariant Borel set
B={a: p. (W) = 0},
We will show that .
po= mM}B: Ax (5.8)

whenever p(B) > 0.

Assume therefore that u(B) > 0, and let X’ C X be the a-invariant Borel
set of full measure described in Proposition From (4.14) it follows that,
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if z € BN X', then any other point in X’ N (z —7(W©)) also lies in BN X".
Hence
(k)

i (B) € {0,1}
for p-a.e. x € X and every k > 1. We can thus choose, for every k& > 1, a set
BW® ¢ A with

uw(B® A B) =o0.

We fix temporarily a large number r» > 0 and a small € > 0. According

to (4.15) there exist an increasing sequence (ng, k > 1) of natural numbers
and a Borel set D C B with /(D) > 1—¢ so that, for any x € D and k > 1,

[2] gy + T(Byyr0)(0,7)) C [2] 4nis )
(ng41)
0 < (2] g + 7By (0,7))) < e

(in the second of these conditions we use the fact that p, (W) = oo for
every x € B). For every K > 1 and = € X we set

1 K

K _ Alng)

Ty = E Zux :
k=1

Since B") ¢ A(M) is equal to B (mod p) and hence also (mod 4/), and
since p’ is a-invariant, we have that

= / (™ oy dyl ()
for every k > 1 and n € Z, and hence that
W = [ anau (@) (59)
for every K > 1 and n € Z. We define 75 € M, (W) by
72 (C) =7 (T o m(C))

for every Borel set C' € W(0) | where 7 and T, are taken from (3.2)) and (4.3)).
For any z € D,

1 KK (ng) (ngr)
= 5 2 2 ) {(@ w4 w(wg))

RS (wgwn) € (WO)? and g — wl| < r})

k=
2 Alng) Al :
1<k<k'<K Y € [x] g, [Jw]| < 7“})
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(n /) 1
< E + ﬁ Z 2 ([ g + T (B (0,7))) < K +e
k<K'

Using this, we see that for any x € D,

1/2s B ,
/W<0) /W(O) min(1, Hw w H d’T (w')
< M(z,r)+r 1/25( — M(z,7)) (5.10)

<K '4eqr V%

Equation (j5.9)) shows that, for an arbitrary positive integer K,

‘/X<a,m> d’ 2 /X/X<a’y>d [;]gffan] () dyt (z)
S/Xh]r\?j;lop /X<a,y>d[]17:72_:75a”] (y)z

dy/ (),
where the first limit is actually over a constant sequence. By Corollary
(5.11)) and (5.10)),

2

= lim
N—oo

(5.11)

! i 1 s K n /
'/}((a,:ddu(x) S/X\Dh]{[nj;lop /X<a,y>d[N 2% o ](y) dyl (z)
1 N-1 2
. e /
*/Dhj?j;lop /X<a y)d N;)ua ](y) dil'(x)

<P (X ND)+cq- (K_l—i—s—i—r_l/zs)
<eteq (K7H+etr /).

Since €, K, r were arbitrary we see that [y (a,x)dy/(x) = 0 for every a € X,
and that y is therefore equal to \x. U

6. VIRTUALLY HYPERBOLIC MEASURES AND CENTRAL EQUIVALENCE

In this section, we deduce Theorem [I.3]from Theorem For any locally
compact metric space Y, we let M¢(Y) C My (Y) denote the finite Borel
measures on Y.

Lemma 6.1. There is a Borel map ¢, : My(RY) — R? which commutes
with the action of the isometry group of R% and is invariant under scalar
multiplication: that is, if F : R* — R? is an isometry of R and t > 0, then

cm(p) = Focy(tpF). (6.1)
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Remark 6.2. For measures p € My (RY) which have finite first moments, the
vector of moments

em(p) = </xldp(:cl,...,xd),...,/mddp(xl,...,md)> € R

would satisfy all these requirements. Unfortunately, there are measures for
which this naive definition of center of mass does not make sense; the lemma,
should be interpreted as an alternative, generalized notion of a center of mass
which works for any measure in M;(R?).

Proof. For a given r,e > 0, and for every p € My (Rd), let
Sre(p) ={z € R : p(B(z,7)) > €},

are(p) = / zdp(z),  mre(p) = p(Sre(p)).
Sr.e(p)

Note that the maps p — m,.(p) and p — TZTT’EE((’; )), the latter when defined,
are invariant under the action of isometry group of R% on M ¥ (RY). In order

to get a map c¢,, which is defined everywhere we arbitrarily fix » > 0, set

nT‘(p) = min {n : mr,l/n(p) > 0}7 aT‘(p) = ar,l/m«(ﬁ)? mr(p) = mr,l/n,«(p)7

ar(p)
mr(p) U

Proof of Theorem[1.3] We first show that for every a-invariant measure u
which is singular with respect to the Haar measure Ax there is a virtually

and put ¢, (p) =

hyperbolic measure ' which is centrally equivalent to it. Indeed, consider
the map 7: X — X defined by
T(z) = T o cm(ps) + .

Let X’ be the subset of full measure of X in Proposition Then for any
x € X' we have that

Toa(r) =70 Cmftar) + ax = a(m o cp(pg)) + ax = avo ()

where the second equality follows from and . Similarly, by ,
7(z) = ToCm(px) + T = mo cn(py—r(w)) +

Ku(y,w)  Py—m(w)) T T (6.2)

=Tmocp(e
=mocm(pyTy) + 2 =mocnu(py) + x4+ m(w) = 7(y)

for any z,y € X' with y —z = n(w) € X, By setting o/ = pr~' we

get a new a-invariant probability measure on X which is clearly centrally
equivalent to p. The a-invariant set Y = 7(X’) C X is analytic and has full
p/-measure, and implies that Y intersects each central leaf in at most
one point. By choosing an a-invariant Borel subset Z C Y with ¢/(Z) = 1
we see that p is virtually hyperbolic.
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We now specialize to the case where pu is ergodic. The map 7*: X' —
WO defined by 7*(z) = —cpm(pe) (so = 7(z) + 7 o 7%(x)) satisfies that
™(az) = Br*(x) C T't*(x) for every x € X’ (where I is defined in (3.5)),
and the ergodicity of ;1 and the compactness of I" together imply that there
exist an element w* € W so that for y-almost every = € X it holds that
(x) € Tw* = {Myw* : v € T'}.

For every v € I" we define a map 7, : X’ — X by

() = 7(2) + M7 (2),

and let p1y = pu7y; 1. Then p. = p with e € " the identity, and

1 ¥ Amu) :/F/ivd’)/a

with S\ﬂ(w*) as in Theorem Since the identity is in the support of Haar
measure on I', and since the map v +— ., is continuous with respect to
the weak* topology, i an ergodic component of u * S\W(w*) in the sense of
Theorem [L.3l

For every v € T we write M, w* as M w* = (v wj, v € S) with wj =0
for every v € S~ S (cf. (3-3)). similarly we set 7*(z) = (7*(z),) for every
x € X”. Then there exists, for every v € S with w’ # 0, a well-defined
map f,: X' — C with

T (@)o = fo(2)w]

for every x € X", where we are identifying K, with C (cf. (2.18)). Since
fo is obviously an eigenfunction of a for every v € S(© with wy # 0, we
have arrived at the following alternative: either the map z — 7o ¢y, (z) =
x—7(x) is zero almost everywhere, which implies that p = 1/, hence virtually
hyperbolic, or p is not weakly mixing; indeed, this argument shows that the
point spectrum of p (more precisely: the point spectrum of the action of «
on L?(X,8, 1)) contains some eigenvalue of o of absolute value 1. O

7. CENTRAL LEAVES AND CLOSED INVARIANT SUBSETS

This section is devoted to proving the following topological analogue to
Theorem [5.11

Theorem 7.1. Let o be a nonexpansive, ergodic and totally irreducible
automorphism of a compact connected abelian group X. Then any closed
a-invariant subset Y C X intersects every central leaf in a compact subset

of the leaf.

The key to this theorem is the following lemma in which we call a subset
A Cc WO R-separated if ||z —y|| > R for any two distinct elements x, € A.
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Lemma 7.2. Let o and X be as in Theorem [Tl Then for any e > 0 there
exist positive integers R, K so that for any R-separated subset A ¢ W)
with at least K elements, the set

A= {]a™(m(A) + x0)
n=1

1s e-dense in X.

Proof. Let {f1,..., fr} be a partition of unity of X (i.e. a set of nonnegative
continuous functions so that Zle fi = 1) so that the support of each f; has
diameter at most e. Clearly, to show that A is e-dense it is sufficient to find
some probability measure p supported on A so that

/fﬂp>0
X

for every i = 1,...,k. Since the linear span of X is dense in C(X), there
exists a finite subset Z C X containing the identity element 0 € X so that
for each 7 we can find an approximation

]El(x) = Z ui,a<a, x>
a€=
to f; in the linear span of = so that
1£i = Filloo < Il £ill1/100.

Let 2/ ==\ {0}.
We denote by ¢, the constant in Lemma[5.6] and Corollary [5.7] and define
R, K by

R% = K = 100 max <ZGEE |Ui,aca‘> .
i

1filly

Now suppose that A € W(©) is an R-separated set of cardinality > K and
xg € X is arbitrary. We define

N-1
_ 1 _ 1 ’
T 2 b = (7T o = X g

where d,, is the point-mass at w. For every N, py is supported on A, and if
N is large enough, then

(0,2) do(@)| < 20 [ [ minu, o — ]| 72) dr ) dr(u
/ /!

< 2e0(K™' + R7Y%) = 4¢, K71

for every a € Z.
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For N sufficiently large we obtain that

'/fide—/fz'd:U ui,a/<a,x>de’

<2,
ac

=/

< 4Kt Z |,0Cal < ||fi||1/25-

ac=!
But then
[ sidon| = | [ Geon| < 15 100 | [ Fata| < 15l 20 2 15, 2 0
fori=1,...,k, and we are done. O

Proof of Theorem[7.1] Suppose that Y C X is a-invariant and closed, and
that the intersection of Y with some central leaf X(© + 4 is not compact.
Fix a wg € 7' (x0) and take C' =[x~ 1Y) — wo] N W,

By our assumptions, C' is a closed unbounded subset of WO, Let e >0
be arbitrary, and let K, R be as in Lemma Take A to be a finite R-
separated subset of C' of cardinality > K. Then the set A C X defined in
that lemma is a subset of Y and is e-dense. So Y is e-dense, and since ¢ was
arbitrary, ¥ = X. ([
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