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ABELIAN SANDPILES AND THE HARMONIC MODEL

KLAUS SCHMIDT AND EVGENY VERBITSKIY

ABSTRACT. We present a construction of an entropy-preserving equivariant surjective
map from the d-dimensional critical sandpile model to a certain closed, shift-invariant

subgroup of T2 (the ‘harmonic model’). A similar map is constructed for the dissipative
abelian sandpile model and is used to prove uniqueness and the Bernoulli property of
the measure of maximal entropy for that model.
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1. INTRODUCTION

any integer d > 2 let

1 1 d
hy = / / log <2d — 22003(2#%)) dxy - -dxg,
0 0 i=1

W W N =

11
12
12
14
17
21
24
24
30
31
31
32
34
34
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hy = 1.166, hg = 1.673, etc. It turns out that for d > 2, hy is the topological entropy
of three different d-dimensional models in mathematical physics, probability theory, and
dynamical systems. For d = 2, there is even a fourth model with the same entropy hg.

1.1. Four models. The d-dimensional abelian sandpile model was introduced by Bak,
Tang and Wiesenfeld in [3, 4] and attracted a lot of attention after the discovery of the
Abelian property by Dhar in [8]. The set of infinite allowed configurations of the sandpile
model is the shift-invariant subset R, C {0,...,2d — 1}Zd defined in (4.4) and discussed
in Section 4.! In [10], Dhar showed that the topological entropy of the shift-action or__ on
R is also given by (3.4), which implies that every shift-invariant measure p of maximal
entropy on Ro has entropy (1.1). Shift-invariant measures on R, were studied in some
detail by Athreya and Jarai in [1, 2], Jarai and Redig in [13]; however, the question of
uniqueness of the measure of maximal entropy is still unresolved.

Spanning trees of finite graphs are classical objects in combinatorics and graph theory.
In 1991, Pemantle in his seminal paper [17] addressed the question of constructing uniform
probability measures on the set 7y of infinite spanning trees on Z% — i.e., on the set of
spanning subgraphs of Z¢ without loops. This work was continued in 1993 by Burton and
Pemantle [5], where the authors observed that the topological entropy of the set of all
spanning trees in Z¢ is also given by the formula (1.1). Another problem discussed in [5]
is the uniqueness of the shift-invariant measure of maximal entropy on 74 (the proof in [5]
is not complete, but Sheffield has recently completed the proof in [22].

This coincidence of entropies raised the question about the relation between these mod-
els. A partial answer to this question was given in 1998 by R. Solomyak in [24]: she
constructed injective mappings from the set of rooted spanning trees on finite regions of
Z% into X (@) such that the images are sufficiently separated. In particular, this provided
a direct proof of coincidence of the topological entropies of a @) and o7, without making
use of formula (1.1).

In dimension 2, spanning trees are related not only to the sandpile models (cf. e.g., [19]
for a detailed account) and, by [24], to the harmonic model, but also to a dimer model
(more precisely, to the even shift-action on the two-dimensional dimer model) by [5].

However, the connections between the abelian sandpiles and spanning trees (as well as
dimers in dimension 2), are non-local: they are obtained by restricting the models to finite
regions in Z? (or Z?) and constructing maps between these restrictions, but these maps
are not consistent as the finite regions increase to Z<.

In this paper we study the relation between the infinite abelian sandpile models and
the algebraic dynamical systems called the harmonic models. The purpose of this paper
is to define a shift-equivariant, surjective local mapping between these models: from the
infinite critical sandpile model R, to the harmonic model. Although we are not able
to prove that this mapping is almost one-to-one it has the property that it sends every
shift-invariant measure of maximal entropy on R, to Haar measure on X - Moreover,
it sheds some light on the somewhat elusive group structure of Rq.

p the physics literature it is more customary to view the sandpile model as a subset of {1,..., d}Zd
by adding 1 to each coordinate.
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Firstly, the dual group of X () is the group
Ga = Ra/ (1Y),

where Ry = Z[uli, e ,ui] is the ring of Laurent polynomials with integer coefficients
in the variables uj,...,ug, and (f (d)) is the principal ideal in R, generated by f(@ =
2d—2§l:1(ui+ui_1). The group Gy is the correct infinite analogue of the groups of addition
operators defined on finite volumes, see [9, 19] (cf. Section 7).

Secondly, the map {;, constructed in this paper gives rise to an equivalence relation ~

on Ry, with

r~y <= x—y € ker(y,),
such that Roo/~ is a compact abelian group. Moreover, R, /~, viewed as a dynamical
system under the natural shift-action of Z?, has the topological entropy (1.1). This extends
the result of [16], obtained in the case of dissipative sandpile model, to the critical sandpile
model.

Finally, we also identify an algebraic dynamical system isomorphic to the dissipative
sandpile model. This allows an easy extension of the results in [16]: namely, the uniqueness
of the measure of maximal entropy on the set of infinite recurrent configurations in the
dissipative case. Unfortunately, we are not yet able to establish the analogous uniqueness
result in the critical case.

1.2. Outline of the paper. Section 2 investigates certain multipliers of the potential
function (or Green’s function) of the elementary random walk on ZZ. In Section 3 these
results are used to describe the homoclinic points of the harmonic model. These points
are then used to define shift-equivariant maps from the space £>°(Z% 7Z) of all bounded
d-parameter sequences of integers to X ) In Section 4 we introduce the critical and
dissipative sandpile models. In Section 5 we show that the maps found in Section 3 send
the critical sandpile model R onto X ), preserve topological entropy, and map every
measure of maximal entropy on R, to Haar measure on the harmonic model. After a
brief discussion of further properties of these maps in Subsection 5.2, we turn to dissipative
sandpile models in Section 6 and define an analogous map to another closed, shift-invariant
subgroup of TZ. The main result in [16] shows that this map is almost one-to-one, which
implies that the measure of maximal entropy on the dissipative sandpile model is unique
and Bernoulli.

2. A POTENTIAL FUNCTION AND ITS {'-MULTIPLIERS

Let d > 1. For every i = 1,...,d we write e(?) = 0,...,0,1,0,...,0) for the i-th unit
vector in Z%, and we set 0 = (0,...,0) € Z.
We identify the cartesian product Wy = RZ” with the set of formal real power series in

the variables ui’, ..., udjEl by viewing each w = (wy) € Wy as the power series
Z wpu" (2.1)
neZzZd

with wy, € R and u™ = u}? - - - u))? for every n = (n1,...,ng4) € Z%. The involution w +— w*

on Wy is defined by
wh =w_n, nezs (2.2)
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For E C Z% we denote by 7g: Wy — RF the projection onto the coordinates in E.

For every p > 1 we regard (P(Z%) as the set of all w € W, with

1/p
loll, = (Z \wn\p) < .

nezd

Similarly we view ¢>°(Z%) as the set of all bounded elements in W, equipped with the
supremum norm || - ||oo. Finally we denote by Ry = Z[ui,...,u3'] C (1(Z%) C Wy the
ring of Laurent polynomials with integer coefficients. Every h in any of these spaces will

be written as h = (hn) = Y, czd hnt™ with hy € R (vesp. hy € Z for h € Ry).
The map (m,w) + u™ - w with (u™ - w)y = Wn_m is a Z%action by automorphisms of

the additive group Wy which extends linearly to an Rg-action on Wy given by
h-w= Zhnun-w (2.3)

nezd

for every h € Ry and w € Wy. If w also lies in R4 this definition is consistent with the

usual product in Ry.

For the following discussion we assume that d > 2 and consider the irreducible Laurent

polynomial d
FD=2d- (u;i+u;") € Ry (2.4)

The equation =1
f@D =1 (2.5)

with w € Wy admits a multitude of solutions.? However, there is a distinguished (or
fundamental) solution w(® of (2.5) which has a deep probabilistic meaning: it is a certain
multiple of the lattice Green’s function of the symmetric nearest-neighbour random walk

on Z% (cf. [6], [12], [25], [27]).

Definition 2.1. For every n = (ni,...,ng) € Z% and t = (t1,...,t5) € T¢ we set
(n,t) = 2?21 njt; € T. We denote by

d
F@O(t)=>" Fie2mitnt) —oq 9. > cos(2mty), t=(t1,...,tq) € T (2.6)
neZd Jj=1

the Fourier transform of f(@.

1) For d = 2, .
( ) " w(2) / 6_2Tm<n’t> -1 dt fOI’ every n c Z2
n = —_— Vi .
(2) For d > 3 m PO '
T - 9%

—2mi(n,t)
(d) ._ € d
Wy = /TdF(d)(t)dt for every n € Z°.

The difference in these definitions for d = 2 and d > 2 is a consequence of the fact
that the simple random walk on Z? recurrent, while on higher dimensional lattices it is
transient.

2Under the obvious embedding of Rg «— £° (Zd, Z), the constant polynomial 1 € R4 corresponds to the

(0) oo (rpd :
element 0% € £°°(Z%,Z) given by S _ {1 if n=0,

0 otherwise.
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Theorem 2.2 ([6, 12, 25, 27]). We write || - || for the Euclidean norm on Z<.
(i) For every d > 2, w'¥ satisfies (2.5).
(ii) Ford =2,

0 if n=0,
w£12): L (nd4nd)—3 (2.7)

In)*

& log|n]| - k2 — e LT L oIl if n 0,

where ko > 0 and ca > 0. In particular, wg) =0 and w( ) <0 for all n # 0.

Moreover,
o
2
4.-w? = Z(P(Xk — n|Xj = 0) — P(X}, = 0| X, = 0)),
k=1

where (X},) is the symmetric nearest-neighbour random walk on Z2.
(iii) Ford > 3,

_ d n4zl l d+2 _
2k = ra+ e =5+ O ) (2:8)

as ||ln|| — oo, where kg > 0, cq > 0. Moreover,

2d - w ZP Xr =n|Xy=0) >0 for every n € Z¢,
k=0

where (X},) is again the symmetric nearest-neighbour random walk on Z°.

Definition 2.3. Let w(¥ € W, be the point appearing in Definition 2.1. We set

Io={g€Ry:g - w' ez} > (), (2.9)
where (f(@) = f(d). R, is the principal ideal generated by f(@). Since wl(ld) = w(_dl)1 for every

n € Z% it is clear that Iy = I = {g* : g € I;}.
Theorem 2.4. The ideal 14 is of the form
Ip = (f9D) + 3, (2.10)

where
Ji={h€Ry:h(1)=0} =(1—u1) Rg+-+(1—ug) Rq (2.11)
with 1 = (1,...,1).

For the proof of Theorem 2.4 we need several lemmas. We set
Jo=(fD)+ 733 c Ry. (2.12)

Lemma 2.5. Let g = Y ycpa gu® € Ry. Then g € Jg if and only if it satisfies the
following conditions (2.13)—(2.16).

> a=0, (2.13)
kezd
> gki=0  fori=1,...,d, (2.14)
k=(k1,...,kd)€Zd
> gkkikj =0 for 1<i#j<d, (2.15)

k=(k1,....kq)€Z4
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Y k] -K)=0 for 1<i#j<d (2.16)
k=(k1,....kq)EZ4

Proof. Condition (2.13) is equivalent to saying that g € J;. In conjunction with (2.13),
(2.14) is equivalent to saying that g € J2: indeed, if g € 4, then it is of the form

M:“

(1—w)-a (2.17)

=1

with a; € Rg for i =1,...,d. Then

8.9 kl kj—1

k=(k1,....kq)€Zd i

and 6%(1) = 0 if and only if a; € Jq.
If g € 34 is of the form (2.17) and satisfies (2.14) we set

d
aj =) (1-ui) bi (2.18)
i=1
with b; ; € Ry. Condition (2.15) is satisfied if and only if
&g Oa;  Oaj
)= —5—— =% =b;j(1) +b(1) =
8ui6uj ) 8”]’ Ou; 7]< )+ ]7( ) 0

for 1 <i#j<d.
Finally, if g satisfies (2.13)-(2.14) and is of the form (2.17)—(2.18) with b; ; € Rq for all
i,7, then (2.16) is equivalent to the existence of a constant ¢ € R with

Y k= 92 4y —op (1) = ¢

k=(k1,....kq)€Z4 auz
fori=1,...,d.
The last equation shows that b;; — b11 € Jgq for i = 2,...,d. By combining all these
observations we have proved that g satisfies (2.13)—(2.16) if and only if it is of the form

d
g=h1-Y (1—u)*+ho (2.19)
i=1
with ¢ € Z, h1 € Rg and ho € 33- The set of all such g € Ry is an ideal which we denote by
J. Clearly, 73 C J and Zle(l —u;)?> € J. Since (1 —u;)>- (1—u;)ePBfori=1,...,d
as well, we conclude that
d d

FO=3"1—uw)? =Y (1 —u ) (1 —w)? e J. (2.20)

i=1 i=1

This shows that J C Jy, and the reverse inclusion also follows from (2.20) and (2.19). [
Lemma 2.6. I; C J;.

Proof. We assume that g € I; and set v = g - w®. In order to verify (2.13) we argue by
contradiction and assume that ), gk # 0. If d = 2 then

Zk 9k

Up = o log ||n|| 4 Lo.t.,
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for large ||n||. If d > 3, then

_ Rd Dy Ik

n = )2 +lo.t.

for large ||n||. In both cases it is evident that v ¢ ¢*(Z).
By taking (2.13) into account one gets that, for every d > 2,

Un = (g : w(d))n = ngw,(ad_)k
k

= / e~ 2mi(nyt) Y gice?m dt.
Td 2d —2 Z?zl cos(2mt;)

Hence v = (vy) is the sequence of Fourier coefficients of the function

2mi(k,t)
g€
H(t) = 2k ) .
2d — 235 cos(2t;)

If v € ¢1(Z%), then H must be a continuous function on T?. Since t = 0 is the only
zero of F(® on T? (cf. (2.6)), the numerator G = 3, gie?™ ) must compensate for this
singularity. Consider the Taylor series expansion of G at t = 0:

d d
G(t) = Z gk + 2mi th Z gkkj — 272 Zt? ngk}? — 472 Z tit; ngkikj + h.o.t.
% =1k =1k

i#j k

The Taylor series expansion of F(@) at t = 0 is given by

d
F@(t) =4 " #5 + ho.t.

=1
Suppose that !

ag + Z?:l bjtj + Z?:l Cjt? + Zi;ﬁj di’jtitj + h.o.t
t]4---+1t3+hot

h(t) =
is continuous at t = 0. Then
ap=0, b;=0 forallj, cj=c forallj, d;=0 foralli+#j,

and for some constant c. If any of these conditions is violated, then one easily produces
examples of sequences t™ — 0 as m — oo with distinct limits lim,, . h(t™). By
applying this to H we obtain (2.13)—(2.16), so that g € J; by Lemma 2.5. O

To establish the inclusion J; C I;, we have to show that for any g € Jy, g - u € £1(Z%)
where u € Wy of the form

_Zgzln? 1 .
wn—W, or wn—HnW with v > d — 2.

For d = 2, we also have to treat the case w, = log ||n||.

These results are obtained in the following three lemmas.
Lemma 2.7. Suppose that d > 2 and that w € Wy is given by

0 if n=0,
Wn = d
T\ Z= i n£o.

([l

If g € Ry satisfies (2.13), then g-w € (1(Z%).
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Proof. Let M = max{|/k|| : gx # 0}, and suppose that ||nH > M. Then

1”—— >4 nd 4+ O(|n]?)
Zg I — K[|#+ Zg’“ [n][“4(1 + O([n]-1)

- ‘;HSJZ (ng) ( Hld“):O(unHldH)'

Therefore, Y |(g-w)n| < c0. O

For the reverse inclusion Jy; C I we need different arguments for d = 2 and for d > 3.
We start with the case d = 2.

Lemma 2.8. Suppose that g = )y o giuX € Ry satisfies (2.13). We set Sy = {k : gx >

0} and S— ={k: gk <0}. Put
=2 Z gk =2 Z |9k |
KkeS, KeS_
and define two polynomials in the variables (ny,ng):

Py(ning) = ] ((m=k1)® + (n2 = k2)*)™ = ] lIm =X,

keS, keS4

(2.21)
P_(n1,nz) = H ((n1 — k1)* + (n2 — |gk| H In — k||l
keS_ keS_
Let my be the degree of P = Py — P_. If
My —mg > 3, (2.22)

then g -w € (1(Z?), where

o 0 if n=(0,0),
" loglln| if n#(0,0).

Proof. Since ) ) .72 g« = 0 by (2.13), My = deg P, = deg P_ and
mg = deg P < max(deg P}, deg P_) = M,.

Let v = g - w. Hence, for all n with ||n|| > max{|k|| : k € S; U S_}, one has

1 P+(n1,n2) 1 P+(n1,n2) —P,(nl,ng)
. = —|log =20 oo 1 .
’(g w)n‘ 2 Og Pf(nl,nQ) 2 Og + Pf(nl,nQ)
There exist constants C, N such that
Pi(m,na) = P-(n,ma)| g lml™ _ C 1
P_(n1,n2) [nf[Ms oM 2
for |n| > N. Hence we can find another constant C' such that

C
(g @l < 7=

for all sufficiently large ||n||. Since My —m, > 3, we finally conclude that g-w € ¢1(Z?). O

Lemma 2.9. Suppose that g € Jgq (cf. (2.13)—(2.16)), and that w € Wy is given by

0 if n=0,
Wn = .
W if n#0,

for some integer v > d — 2. Then g-w € £Y(Z9).
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Proof. Let S, = {k € Z% : gy # 0}, M = max{|/k|| : k € S,}, and note that

Sy C Ba={y e R": [yl < M}, (2.23)
where || - || is the Euclidean norm on Z¢ c R
We fix n € Z¢ with ||n|| > M and set
a /2
B0 = k| = (Y- k) (2.24)
i=1
In calculating the Taylor expansion of (™ as a function of the variables ki, ..., kq we use

the notation

IMIpm)  girt+iap(n)
okl pki ... Ok

for I = (i1,...,iq) € Zd, k = (ki,...,kq) € Z¢, where Z, = {n € Z : n > 0}. Then the

Taylor expansion of h™ for ||k|| < M is given by

1 oHlpm) n
Z I' 8k[ Z R( )kI

N=i ig, [|=i1+---+iq and , (2.25)

|71<2 |1|=3
where 11, (m)
(n) 1 9Th™®
R
|’} ‘—ysélgd[; okl y'
(cf. (2.23)).
The first and second order derivatives of A(® have the following form.
()
O ) =+ (ni = ki) - I — k|2 for i=1,....d,
Ok;
azh(n)k 2 k k k[|[="* for i,j=1 d, i#j
Sran, () =7 (2 (= k) g = k)< llm =K for 6 =1 i
92p(m)
C ) = (2 (= k) [l — K[ =y n =K% for i =1,..,d.
It follows that
K™ (0) = |n| 77,
(n)
O () = i 2,
9%h®) s,
Sran, O =7 (2 memy T

H2p(m)
akf

For I = (i1,...,1q) GZi and y € RY,

(0) =~ (y+2) - n o] =5 n|72

ol p () N
W(Y) = Pr(ni,...,ng) - [[n—y|7 2|I|’

where Pj is a polynomial of degree at most |I| in the variables ng,...,ngy. Therefore, for
every I € Z4 with |I| = 3,
[RY| < O(|n] 7). (2.26)
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By using the Taylor series expansion of (™ above we obtain that, for all n with suffi-

ciently large norm,

> gkh(“)(k>‘
ey

< 'mn)(o)k; 9| + :1 (%gzi(m<1; gkk:i) ’Z S, <Z aickik; )‘
Dpgasel akz 2 (3 k)| + 00, (227

=1 keSy

The first three terms on the right hand side of the above inequality vanish because of
(2.13), (2.14), and (2.15). The fourth term is estimated as follows: (2.16) implies that

Z gkkf =const forall i=1,...,d,
KeS,

and we denote by C' this common value. Then
<Z gkl*)

Yy +2) 0 077 =y nf|7)C = [y(y +2) = 4d]Cln|| T

Therefore, if v = d — 2, then the fourth term vanishes. If v > d — 2, i.e., if v > d — 1,
then the fourth term is of the order O(||n||=(@*t1), and is thus summable over Z¢. The
remainder term in (2.27) is always summable since v+ 3 > d + 1. O

Proof of Theorem 2.4. We start with the case d > 3. Recall that for n # 0

d 4
d Kd i=1 1 ?)Cd 1 _
W) = iz +O(||n]|~*+?) =

(1) (2) (3)
Wn H ||d 2+ d” Hd+4 d+2||1’l”d Wn' +wn +wn +7Tn.

Applying g, we conclude that g - w € £*(Z%), because g - wM, g-w® € ¢1(Z%) by Lemma
2.9 for v = d — 2 and v = d, respectively; g - w® € ¢1(Z%) by Lemma 2.7; (g - 7)n =
O(|In|~@*2), and hence g - r € £1(Z%) as well.
Now consider the case d = 2. Then
w® =~ Lioglml s — ™10 3 L oty = o 4 0@ 4 o 4
8 m[[*2 4 [n[>

For any g € Jo,

g-w?, g-w® g.rert(z? (2.28)

by the results of the Lemmas 2.7 and 2.9.
The remaining term ¢ - w®) has to be treated slightly differently. First of all, note that
since

Jo=(f)+ (1 = 1)° - Ro+ (w1 = 1)*(ug — 1) - Ry + (w1 — 1)(uz — 1)*- Ry + (uz — 1)° - Ry,
it is sufficient to check that ¢ - w®) (1(Z?) only for the set of generators, i.e., for

g=FP, (ur —1)% (g — 1)*(ug — 1), (ug —1)(ug — 1)%, (ug — 1)*.



ABELIAN SANDPILES AND THE HARMONIC MODEL 11

For g = f®), f@ .2 = 50) € ¢1(Z?) (cf. (2.5) and Footnote 2 on page 4), and hence,
given (2.28), f-wl) € £1(Z?) as well.

For g = (u; — 1)> € Ry we apply Lemma 2.8. Note that Sy = {(1,0),(3,0)}, S_ =
[(0,0), (2,0)},

Py = ((n1 =3 +n3)((n1 = 1)* +n3)°, P = ((m —2)> +n3)°(n} + n3)
and

P, — P; =9 — 60n; + 108n? — 84n3 + 30n{ — 4n — 36n3 + 60n1n3

— 36n3n3 + 8nind — 18n3 + 12n1n;

Hence My = deg P, = deg P_ =8, my = deg P = 5, My — mgy = 3. Therefore, by Lemma
2.8, [(g- wM)a| = O(|n||=3), and hence g - wM) € ¢£1(Z?), which is equivalent to g € I.
The same calculation shows that (ug — 1)3 € I,. Furthermore, since f 2) e I, and

uy (wy — 1) 4 @ = —uy M ug — 1) (ug — 1)2,

we obtain that (u; — 1)(ug — 1)? € I and, by symmetry, that (u; — 1)?(ug — 1) € I5. This
proves that Jy C I, and Lemma 2.6 yields that Jy = Is. ]

3. THE HARMONIC MODEL

Let d > 1. We define the shift-action a of Z% on TZ* by
(&™Z)n = Tmin (3.1)

for every m,n € Z? and z = (z,) € TZ* and consider, for every h € Ry, the group
homomorphism
ha)= Y hma™: T2 — T2, (3.2)
meZd
Since Ry is an integral domain, Pontryagin duality implies that h(a) is su/rj\ective for
every nonzero h € Ry (it is dual to the injective homomorphism from Ry = TZ? to itself
consisting of multiplication by h).
Let f(9 € Ry be given by (2.4) and let Xy C TZ* be the closed, connected, shift-

invariant subgroup
d

X paa) = ker FD(a) = {m = (zn) € T2 : 2dzy, — Z(xn+e(j> +2, o) =0

= AR
for every n € Z }

We denote by « () the restriction of a to X - Since every a;{(‘d), m € Z¢, is a continuous
automorphism of X ), the Z%-action a f(a) preserves the normalized Haar measure A X )
of X p(a).

The Laurent polynomial f(?) can be viewed as a Laplacian on Z% and every z = (xn) €
X (@) 1s harmonic (mod 1) in the sense that, for every n € Z%, 2d - xy, is the sum of
its 2d neighbouring coordinates (mod 1). This is the reason for calling (X ), ) the
d-dimensional harmonic model.
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According to [21, Theorem 18.1] and [21, Theorem 19.5], the metric entropy of a )
with respect to A X () coincides with the topological entropy of a ¢ and is given by

1 1
h)\X (af<d)) = htop(ozf(d)) = / . / log f(d)(QWitl, ey 27Titd) dtl te dtd < Q. (3.4)
£ 0 0

Furthermore, a ) is Bernoulli with respect to >\Xf(d) (cf. [21]).

Since every constant element of TZ? lies in X £l Op(a) has uncountably many fixed
points and is therefore nonexpansive: for every € > 0 there exists a nonzero point x = ()
in Xf(d) Wlth

|zn| < & for every n € Z4,
where
|t (mod 1)| = min{|t —n|:n € Z}, t €R. (3.5)

3.1. Linearization. Consider the surjective map p: Wy = RZ* ., TZ* given by
p(w)n = wy (mod 1) (3.6)

for every n € Z¢ and w = (wy) € W4. We write o for the shift action

—m w)n = Wm+n (37)

(c™w)n = (u
of Z% on Wy (cf. (2.3)). As in (3.2) we set, for every g = Y nezd nu™ € Rq, b =

Yonezd hnu™ € £1(27),

h(o) = ) hno™: Wy — Wy, (3.8)
nezd
Then
h(o)(w) =h* - w,
. (3.9)
g9(@)(p(w)) = p(g" - w)
for every w € Wy (cf. (2.2) and (2.3)).
We set Wy(Z) = ZE' ¢ Wy. According to (3.3),
Wi = p~H(Xpa) = {w € Wa: plw) € Xy} (3.10)
= f (o) (Wa(2)) = {w € Wa: £ w e Wa(Z)}. |
For later use we denote by
Rc Wy, ZcWyz), TcT? (3.11)

the set of constant elements. If ¢ is an element of R, Z or T we denote by ¢ the corresponding
constant element of R, Z or T.

Equation (3.10) allows us to view W as the linearization of X ).

3.2. Homoclinic points. Let 3 be an algebraic Z%action on a compact abelian group Y,
i.e., a Z%action by continuous group automorphisms of Y. An element y € Y is homoclinic
for 8 (or B-homoclinic to 0) if limy o0 f™y = 0. The set of all homoclinic points of 3 is a
subgroup of Y, denoted by Ag(Y).

If § is an expansive algebraic Z%action on a compact abelian group Y then Ag(Y) is
countable, and Ag(Y’) # {0} if and only if § has positive entropy with respect to the Haar
measure \y (or, equivalently, positive topological entropy). Furthermore, Ag(Y’) is dense
in Y if and only if 8 has completely positive entropy w.r.t. Ay. Finally, if 8 is expansive,



ABELIAN SANDPILES AND THE HARMONIC MODEL 13

then ™z — 0 exponentially fast (in an appropriate metric) as ||n|| — oco. All these results
can be found in [14].

If 8 is nonexpansive on Y, then there is no guarantee that Ag(Y') # {0} even if 3 has
completely positive entropy. Furthermore, S-homoclinic points y may have the property
that g™y — 0 very slowly as ||n|| — oo.

The Z%action « pta) on X is nonexpansive and the investigation of its homoclinic

points therefore requires a little more care. In particular we shall have to restrict our
n

Tt =0 sufficiently fast as ||n| — oco.

attention to « f(d>—hom0clinic points x for which «

For this reason we set

AD(X pw) = {:1: € Aa(Xp@): Y laal < oo}, (3.12)
nezd

where | - | is defined in (3.5).
In order to describe the homoclinic groups Aq (X @) and A&l)(X F(@)) We set
® = p(w?) e X p(a)- (3.13)
The fact that 22 € X (@) 1s a consequence of Theorem 2.2 (1) and (3.10).

Proposition 3.1. Let a ) be the algebraic Z%-action on the compact abelian group X
defined in (3.3). Then every homoclinic point z € Aa(X ) is of the form z = p(h - w@)

for some h € Ry. Furthermore,
AP (X ) = p({h-wD : h e 1,}) (3.14)
(cf. Theorem 2.2, (2.9) and (3.12)).

Proof. If 2 € An(X 4(a)), then we choose w € £°(Z%) with limp e wn = 0 and p(w) = z.
From (3.10) we know that f(9).w € W4(Z), and the smallness of (most of) the coordinates
of w guarantees that h = f(4) . w € Ry = (*(Z%) N (>(Z%,Z), where

(2%, 2) = {w = (wy) € £°(2%) : wy € Z for every n € Z9}.
If we multiply the last identity by w(® we get that
w® . Dy = =wD . h=hw®

for some h € Ry.
If z € A((Xl)(Xfm)) then w € ¢'(Z%) and hence, by definition, h € I;. Conversely, if

h € I, then z = p(h - w®) € AS)(Xﬂd)). O]

Remark 3.2. A homoclinic point z of an algebraic Z%-action 8 on a compact abelian group
Y is fundamental if its homoclinic group Ag(Y’) is the countable group generated by the
orbit {8%z : n € Z} (cf. [14]).

Proposition 3.1 shows that =2 = p(w(d)) also has the property that its orbit under a )
generates the homoclinic groups A, (X f<d)) and AS)(X f(d)), although 22 itself may not
be homoclinic (e.g., when d = 2).
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3.3. Symbolic covers of the harmonic model. We construct, for every homoclinic
point z € A&l)(X f(d)), a shift-equivariant group homomorphism from E"O(Zd,Z) to X @
which we subsequently use to find symbolic covers of a ).

According to Proposition 3.1, every homoclinic point z € A&l)(X fa) is of the form z =
g(a)(x?) = p(g* - w¥) for some g € I;. We define group homomorphisms &, : £>°(Z%) —
(24 and &, : (°(Z4) — TZ by

E(w) = (g-wD)(o)(w) = (¢" - w ) - w and  &y(w) = (po&y)(w). (3.15)
These maps are well-defined, since

gg(w)n = Z Wn—k * (g* ' w(d))k

kezd
converges for every n, and equivariant in the sense that

ggoan:gnogg, fgoo'n:ognofg,

_ > (3.16)
§go h(o) = h(o) o §gy &goO h(o) = h(a) o Egs
for every n € Z%, g € I; and h € R;. We also note that
&(v) =) vma(gla)(z?))
e d neZd
for every v = (vn) € (*°(Z%, Z).
Proposition 3.3. For every g € 1,
0 if (d)
&(62(2%,2)) = 0} ity e (), @ (3.17)
Xy if g€ lg:=1Ia~ (f'V),

(cf. (2.9) and (3.15)—(3.16)).
We begin the proof of Proposition 3.3 with two lemmas.

Lemma 3.4. For every w € {*°(Z%) and g € 1y,
(FD(@) 0 &)(w) = F @ (g 0wy w = g" - (FD - w'D) -w = g* - w = g(0) (w). (3.18)
Furthermore, £,((>°(Z%,Z)) C Xa-

Proof. For every h,v € Ry, Theorem 2.2 (1) implies that
FD e @y =g f Dy @y = pr (3.19)

Fix g€ Iy and let K > 1 and Vg = {—K +1,...,K — 1}2"  ¢>(Z%,Z). Then Vi is
shift-invariant and compact in the topology of pointwise convergence, and the set V. C Vg
of points with only finitely many nonzero coordinates is dense in V. For v € V. C Ry,

&) = (g" - wP) v (3.20)

and
(f D () o £,)(v) = FD g @y =g D@Dy = g* oy (3.21)
by (3.15) and (3.19). Since both &, and multiplication by g* are continuous on Vi, (3.21)
holds for every v € Vi. By letting K — co we obtain (3.21) for every v € £°(Z% 7Z), hence

for every v € ﬁﬁm (Z%,7) with M > 1, and finally, again by coordinatewise convergence,
for every w € £°°(Z%), as claimed in (3.18).
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For the last assertion of the lemma we note that

&) = p((g™ - w ) - v) = (g-v")(a)(@?) € Xy (3.22)
for every v € V. (cf.(3.13)). The continuity argument above yields that {,(v) € X @ for
every v € (>°(Z4,7). O

Lemma 3.5. If g € Iy then £,(¢(2,2)) = X j). In fact,
g(A2a) = X ya),

where Ay, = {0,...,m — 1}Zd C (2(Z4,7) for every m > 1. Furthermore, the restric-
tion of & to Aag (or to any other closed, bounded, shift-invariant subset of (2(Z2, 7)) is

continuous in the product topology on that space.

Proof. We fix z € X () and define w € W) by demanding that p(w) = z and 0 < wy < 1
for every n € Z%. If v = f@(0)(w) then —2d + 1 < v, < 2d — 1 for every n € Z%.
Since £, commutes with f(4)(a) by (3.16), (3.21) shows that

€g(v) = (po&g)(v) = gla)(). (3.23)
Hence
X D &(E(2%,2)) 5 &(Vaa) D 9(e)(Xyi@), (3.24)
where Vi = {—K +1,..., K — 1}2* c (>(74,7).
We claim that
9()(X @) = X (3.25)
Indeed, consider the exact sequence
{0} — kerg(a) N Xy — Xpw) 9oy X @ — {0},
set Y = ker g(«) NX ), Z = g(a)(Xf(d)) C Xy, write ay and ayz for the restrictions of

a to Y and Z, and denote by o/ the Z%action induced by o on X F(@) /Z.
Yuzvinskii’s addition formula ([21, (14.1)]) implies that

htop(@p) = htop(@y) + hiop(@z) = hop(c) + hiop(az),

where we are using the fact that the topological entropies of these actions coincide with
their metric entropies with respect to Haar measure. Since the polynomials f(¥ and g have
no common factors, hiop(ay) = 0 by [21, Corollary 18.5], hence hiop(ax f(d)) = htop(az) is
given by (3.4) and 0 < htop(ozf(d)) < 00. Since the Haar measure )\Xf(d) of Xy is the
unique measure of maximal entropy for ayw) we conclude that A X ) (9(a)( X)) =1
and g(a)(X @) = Xjw), as claimed in (3.25).

We have proved that &,(Vaq) = Xy If v € (°(Z%,7) satisfies that v}, = 2d — 1 for
every n € Z4, then v/ +Vag = Ayq_1, and (3.24) implies that &;(Agg—1) = &;(Vag) +&,(v)) =
X +&(V) = X

We still have to show that £;(Agq) = X . Fix M > 1 for the moment and put
Qu={-M,...,.M}*cz (3.26)

Let
(2%, 7.4) = {v € £°(2%,7) : vy > 0 for every n € Z%}.
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For every v € £*(Z%,Z,) and n € Z? we set
h(%n) . {Un . f(d) if Un 2 2d

0 otherwise,
and we put
HOM = N plom) - T(o) =0 — HOM),

It neQ

Du(v) = D va- [0 (3.27)

neQn
where | - || max is the maximum norm on RY, then T'(v) = v if and only if v, < 2d for every
n € Qu, and
Dy (T(v)) > Dpr(v) +2 (3.28)

otherwise. We define inductively T%(v) = T(T" '(v)), n > 2, and conclude from (3.28)
that there exists, for every v € £*°(Z% Z, ), an integer Kps(v) > 0 with

oM = Tk (v) for every k > Ky (v). (3.29)

For v € A4q_1 and any M > 1, the corresponding M) satisfies

0<oM <2d—1if neQy,

5 > vy i |0l = M + 1,

S —wa<(2d-1)- @M+ 1), (3.30)
{n:HnHmax:M“rl}

M = vy i |0 > M + 1,

where || - || max is the maximum norm on RY.

Let VM) = {5(M) : y € Ayg_1}. Since v — M) € (£(@D) it is clear that &,(v) = &, (5(M))
for every v € Ayg_1 and g € I.

Since g € I, Theorem 2.4 implies that there exists a constant C' > 0 with

I(g" - w'D)p| < C-|n||7% " for every nonzero n € Z2.

Hence
£, (@M — €, M| < 4d-2M +1)¢-C- (M +1)"1 =0
as M — oo, where N
SO _ ) On if ne Q.
" Un otherwise.

It follows that
lim &,(v—o™M) =0
im0 = o)
in the topology of coordinate-wise convergence. Since
M) ¢ {v € Agg—1:0< vy <2d for every n € Qu}
for every v € Ayq—1 and M > 1, we conclude that £;(Aaq) is dense in Xy As Eg(Aog) is
also closed, this implies that {;(A2q) = X @), as claimed. O

Remark 3.6. Although we have not yet introduced sandpiles and their stabilization (this
will happen in Section 4), the second part of the proof of Lemma 3.5 is effectively a
‘sandpile’ argument, and ™) is a stabilization of v in Q.
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Proof of Proposition 3.3. If g lies in I;, Lemma 3.5 shows that &,(Agg) = &,(£°(Z%,Z)) =
X . On the other hand, if g = h - £ for some h € Ry, then ¢* - w® € R4, and hence
&;(v)n € Z for every n € Z% and v € ¢>°(Z4,Z), implying that &,(v) = 0. O

3.4. Kernels of covering maps. Having found compact shift-invariant subsets V' C
¢>(Z4,7) such that the restrictions of &, to V are surjective for every g € I; (cf. Lemma
3.5), we turn to the problem of determining the kernels of the group homomorphisms
£y 0°(Z8,7) — Xy, g € Iy (cf. (3.15)). We shall see below that ker(¢,) depends on
g and that ker &g, D ker(§,) for g € Iy and 0 # h € Ry. In view of this it is desirable to
characterize the set
Kq= () ker(&) (3.31)
g€ly
of all v € £°°(Z4,7) which are sent to 0 by every &;, g € I.
In the following discussion we set, for every ideal J C Ry,

Xy={z¢€ TZ . g(a)(z) =0 for every g € J} = m ker g(a), (3.32)
geJ
and put
Xp@ =92/ (fD) = X p/ X1, (3.33)

In order to explain (3.33) we note that the dual group of X (@) is a subgroup of )?f(:) =
Ry/(f9), hence X @ is a quotient of X ;) by a closed, shift-invariant subgroup, which is
the annihilator of Iy/(f (d)) and hence equal to Xy,. The Z%-action o () on X ) induces
a Z%action Qp(a) On Xf(d). Note that 6‘?(@ is dual to multiplication by u™ on Jd/(f(d)).
With this notation we have the following result.

Theorem 3.7. There exists a surjective group homomorphisms n: {>°(Z%,7) — Xf(d)
with the following properties.

(1) The homomorphism n is equivariant in the sense that no o™ = d?(d) on for every
n e 7%

(2) ker(n) = Kau;

(3) The topological entropy of Gy coincides with that of oy (cf. (3.4)).

For the proof of Theorem 3.7 we choose and fix a set of generators Gq = {g), ...,
g™ of I (for d = 2 we may take, for example, Gy = {g1),¢®, ¢®} with ¢V =
(1—w1)?-(1—ug), ¢ = (1 —w1)- (1 —uz)? and ¢®) = (1 —w1)? + (1 — up)?); for d > 3 we
can use the set of generators Gg = {fD}U{(u;—1)- (u; —1)-(up—1) 24,5,k = 1,...,d}).
With such a choice of G4 we define a map

€, (20, 2) — Xl (3.34)
by setting
Er,(v) = (§gy (V)55 Eym (V) (3.35)
for every v € £°°(Z4, 7).

Lemma 3.8. There exists a continuous shift-equivariant group isomorphism

Oa: &1,(6°(2%, 7)) — X ja).- (3.36)
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Proof. We define a continuous group homomorphism 6’: X fay —> X }’}d) by setting €' (x) =
(gWM(a)(z),...,g")(a)(x)) for every z € X f(a)-
According to (3.15) and (3.16),

&g oh(o)(v) = plg™ - w1 -v) = g(a) 0 &(v)
for every every g,h € I; and v € Ry, and hence, by continuity, for every ¢, h € I; and
v € 1°°(Z4, 7). Since &,(¢>(Z4,7)) = X ¢(a) by Lemma 3.5 we conclude that
£1,(0°(27,2)) D &1, 0 (o) (1=(27,2)) = 6' (X piw))-
On the other hand,
&1,(v) = (9 (@) 0 v* (@) (@), .., "™ (@) 0 v () (&) € 6'(Xjia))
for every v € Ry and hence, again by continuity, for every v € £*°(Z9,Z). We have proved
that
&, (02(20,2))) = 0(X pia))-

The homomorphism ¢’ has kernel X7, and induces a group isomorphism 6”: X Flay —

0'(X y(@)). The proof is completed by setting 04 = Uy O

Proof of Theorem 3.7. We set n = 640&1, (cf. (3.34)-(3.36)). By definition, K4 = ker(¢z,)
= ker(n).

The equivariance of 1 is obvious. Furthermore, hiop(&) < htop(af<d)), since X ) 1s
an equivariant quotient of X ;). On the other hand, Xf(cn >~ ¢7,(0°(Z%,Z)), and the first
coordinate projection 7y : &7,(¢*°(Z%,Z) — X () 1s surjective by Lemma 3.5. This implies
that hop(B1) = htop(d) > hyop(a f<d)), so that these entropies have to coincide. O

In order to characterize the kernel K, of n further we need a lemma and a definition.

Lemma 3.9. For every y € (*(Z%) with p(y) € Xgs there exists a unique c(y) € [0,1)
with f@ .y +&(y) € £°°(Z%, Z), where &(y) denotes the element of R with &(y)n = c(y) for
every n € Z°.

Proof. Let x € Xgs and y € ¢>(Z%) with p(y) = . According to the definition of X3 this
means that
g(a)(@) =p(g"-y) =0
for every g € 93.
Since gj = (uj — 1) - f{@ € 33 for j =1,...,d, gj(a)(z) = p(g;-y)=0for j=1,....d,
which implies that f()(a)(z) is a fixed point of the Z%-action « on X3 Hence there exists
a unique constant c(y) € [0,1) with f(9) .y + &(y) € £°(Z%, 7). O

Definition 3.10. We call points v € (*°(Z%) and = € T2 periodic if their orbits (under
o and «, respectively) are finite.
If T C Z% is a subgroup of finite index we denote by £(Z4)(1) | ¢>(z% 7)) and KL(iF)

the sets of all I'-invariant elements in the respective spaces.
Theorem 3.11. (1) For every y € £>(Z%) with p(y) € Xy,

v=fD .yt iy +me Ky (24 7) (3.37)
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for every m € Z (cf. (2.10), (3.11), (3.32) and Lemma 3.9).

(2) Let T' C Z% be a subgroup of finite index. An element v € £°(Z%,Z) 1) lies in Ky if
and only if it is of the form (3.37) with y € £>°(ZH)D), p(y) € ng and m € Z.

We start the proof of Theorem 3.11 with two lemmas.

Lemma 3.12. For every g € I and every constant element m € (74, 7), &(m) = 0.
In other words, Z. C K.

Proof. We know that g € I, if and only if it satisfies (2.13)-(2.16). We fix g = Y} 74 g
€ Iy, put v = g* - w® € (Y(Z?), and set ¢ = Yz gkkJQ- € Z (note that this value is
independent of j € {1,...,d} by (2.16)).

For every n € Z¢,

) —2mi(k,t)
e = (0" 0= Y gl = / o—2milnt) 2k I’ dt.
o Td 2d — 2354 cos(2mt;)

Hence v = (vy) is the sequence of Fourier coefficients of the function

Z gke—27ri<k,t)
Hy(t) = — .
2d — 235, cos(2mt;)

Since these Fourier coefficients are absolutely summable by assumption, we get that

D wvn = Hy(0). (3.38)

nezd

On the other hand, given the Taylor series expansion of H, at t = 0, we have

B —om2 Y04 42 (> gkk:?) +hot —2m2e¢3°% 12 4+ hoot

H @) j=1"j j=17"j
g 4725 42 4 hot 42y 2 4t hot
w2y g tj +ho. T3 51t +ho.
and hence
Hy(0) = —c/2.

We are going to show that H,(0) € Z. Indeed, since ), gxk; = 0 for all j by (2.14), we
have that

1 1 ki(k; — 1
Hy(0) = — > ok = = > oki(k; —1) = — ngf(g) A (3.39)
k k k

Finally, for any g € I; and m € Z we have

§g(m) =m- Y vn=mHy(0) € Z (3.40)
nezd
by (3.38), and hence y(m) =0 € X (). O
Lemma 3.13. For every g € 3, Hy(0) =0 (cf. (3.38)).

Proof. Every element of J3 is of the form h-g with h € Ry and g = (u; — 1) - (uj —
1) - (up — 1) for some i,5,k € {1,...,d}. We set v = g* - w'® and obtain from (3.39)
that Hy(0) = > czavn = 0. If w = (hg)* - w@ = h* - v, then Hy,(0) = Y nezd Wn =
Zkezd hy ZneZd Un—k = 0. ]



ABELIAN SANDPILES AND THE HARMONIC MODEL 20

Proof of Theorem 3.11. Let = € ng, y € (°(Z%) with p(y) =z, m € Z, and v = )y 4
é(y) +m € £°°(Z%,7) (cf. Lemma 3.9). Then

g(a@)(x) = plg”-y) =0
for every g € J3. We set w = g*-w® and obtain from (3.16), (3.18) and Lemma 3.12, that

&(0) = & -y +éy) +m) = & (D -y +aly) =
=pg" w @ f Dyt gt w® () = plg" -y +w- Ey))
=p(9"-y) =0,

since ) czawn = 0 by Lemma 3.13. This proves that every v € (>2(Z%,Z) of the form
(3.37) lies in K.

For (2) we assume that I' C Z? is a subgroup of finite index. In view of (1) we only have
to verify that every v € £°(Z%,Z)") N K4 has the form (3.37).

Assume therefore that v € (2%, 2)") N K. We choose a set Cr C Z% which intersects

each coset of T' in Z? in a single point and set E = {w e *(zH® . ccp Wn = 0}

As K((J ) is finite-dimensional and ker(f(D(0)) = R there exists, for every y € Eé ), a unique

y' € E(()F) with f(@ . ¢ =y.

Put a = (ZHECF vn)/|Z%/T|, regarded as an element of R. If v/ = v — @, then v/ € E(()F)
and f(@ .y = for some y € E(()F).
Since v € Kq, &(v) = 0 for every g € Iy. For g € I3, Lemma 3.13 shows that

) =g w® v=g" 0@ v+ g WD a=g"y+ g 0w g
= g* -y € (2% 7).
Hence p(g* - y) = g(a)(p(y)) = 0 for all g € I3, so that p(y) € Xgs.
We obtain that
v=f9D.y+a
for some y € (*°(Z%) with p(y) € Xz and some a € R, which completes the proof of
(2). O

Theorem 3.11 implies that there exist nonconstant elements v € Ky~ f(4 (o) (£>(Z%, Z)).
However, if two elements v,v’ € £*°(Z% 7Z) differ in only finitely many coordinates, then
they get identified under &;, (i.e., their difference lies in Kj) if and only if they differ by
an element in (f(@) c ¢>°(Z% Z). This is a consequence of the following assertion.

Proposition 3.14. For every g € Iy, ker(&,) N Ry = (f@) = f@ . Ry.
Proof. Suppose that h € RqNker(¢,). Then

=&(h) =g* - w'D - h ez, 7). (3.41)

Since g € Iy, g* - w@ € £1(Z%) and hence v € Rg = (1(Z%) N ¢>*(24,Z). If we multiply
both sides of (3.41) by (9 we get that

f(d)-vzg-h.

As Ry has unique factorization this implies that h € f(@ . Ry. O



ABELIAN SANDPILES AND THE HARMONIC MODEL 21

Remarks 3.15. (1) One can show that the periodic points are dense in Ky, so that every
v € K4 is a coordinate-wise limit of elements of the form (3.37) in Theorem 3.11.

(2) Theorem 3.11 (1) gives a ‘lower bound’ for the kernel Ky of the maps &, g € Iy.
There is also a straightforward ‘upper bound’ for that kernel: an element v € £>(Z%, 7Z)
lies in K if and only if

&) =g cw @ Ly = wy € 0>(24,7) for every g € I.
By multiplying this equation with (¢ we obtain that
Koc{vel®Z4Z): g-ve fD. 122 7) for every g € Iz} = Kg. (3.42)

It is not very difficult to see that the inclusion in (3.42) is strict. In fact, K4/ K4 turns out
to be isomorphic to T¢.

(3) In [18], the kernel K, of &7, was studied using methods of commutative algebra.

4. THE ABELIAN SANDPILE MODEL

Let d > 2, v > 2d, and let E C Z% be a nonempty set. For every n € E we denote by
Ngz(n) the number of neighbours of n in E, i.e.,

Ng(n)=|En{n+e®:1=1,....d}| (4.1)
where e(®) is the i-th unit vector in Z%. We set
Ay ={0,...,y—1}* (4.2)
(cf. Lemma 3.5) and put
77,(57) ={ve{0,...,7—1}¥ : vy > Ng(n) for at least one n € E},
R = N Pr (4.3)
@#FCE
0<|F|<o0

In the literature the set Rg) is called the set of recurrent configurations on E. A config-
uration v € {0,...,vy — 1}¥ is recurrent if and only if it passes the burning test, which is
described as follows: given v € {0, ...,y — 1}¥, delete (or burn) all sites n € E such that

Un Z NE(H),

thereby obtaining a configuration v' € {0,...,v — 1}E(1> with EM) ¢ E. We repeat the
process and obtain a sequence E > EM > ... 5 E®) 5 ... If at some stage E*) =
E*+1) £ o we say that v fails the burning test, and v is a forbidden (or nonrecurrent)
configuration.

The closed, shift-invariant subset

RY =RY) c A, c (2%, Z) (4.4)

is called the d-dimensional sandpile model with parameter v. For v = 2d, Roo = Rgd) is

called the critical sandpile model, and for v > 2d, the model Rg) is said to be dissipative.
In order to motivate this terminology we assume that E C Z% is a nonempty set. An

element v € Zf is called stable if y, < v for every n € E. If v € Zf is unstable at some
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n e E, ie., if vy, >+, then v topples at this site: the result is a configuration T, (v) with
vp —7 if k=n,
Ta(W)k =S vk +1 if |n—K|max =1,
VK otherwise.
If vm,vm > v for some m,n € E, m # n, then Ty, (Th(v)) = Tm(Tn(v)), i.e., toppling
operators commute. A stable configuration @ € {0,...,v — 1}¥ is the result of toppling of
v, if there exist n!), ..., n® ¢ E such that

5= (ﬁl oo ) (0)

If the set E is finite (in symbols: E € Z9), then every v € Zf will lead to a stable
configuration ¥ by repeated topplings. However, if F is infinite, then repeated toppling of
a configuration v € Zf will, in general, lead to a stable configuration @ € {0,...,y — 1}¥
only if 4 > 2d, i.e., in the dissipative case.?

We denote by o = O R) the shift-action of Z¢ on RY ¢ (2(Z23,7) € Wy (cf. (3.7)).

For the following discussion we introduce the Laurent polynomial
d
FO) =y =3 (i +u;') € Ry = Z[ut, ... uj]. (4.5)
i=1

For v = 2d, f47) = f(d) (cf. (2.4)).

Proposition 4.1. Let d > 2 and v > 2d. The following conditions are equivalent for every
vEA,.
(1) ve RY;
(2) For every nonzero h € Ry with hy € {0,1} for everyn € Z4, ({47 - h)y +vn > v
for at least one n € supp(h) = {m € Z% : hy, # 0}.
(3) For every h € Ry with hy > 0 for some n € Z, (@ . k), 4+ vy > v for at least
onen € {m € Z¢ : hy, > 0}.
Furthermore, if v,v' € RY and 0 +v—v € Ry, thenv —v' ¢ f(&) . Ry

Proof. Fix an element v € A,. If h € Ry with hy € {0,1} for every n € Z¢ and E =
supp(h), then (@) -h)p+wvy € {0,...,7—1} for every n € F if and only if v, < Ng(n)—1
for every n € E, in which case mg(v) ¢ Pr and v ¢ RY (cf. (4.3)). This proves the
equivalence of (1) and (2).
Now suppose that h € £>°(Z%, Z) with M}, = max,cza bm > 0, and that f(47) . h+v €
A.,. We set
Smax(h) = {n € 2% : hy = My} (4.6)

and observe that
Un + (f(dm “h)n > vn + My - (v — Nsmax(h)) <7
for every n € Spax(h), so that

vn < Ng,..(n) — 1 for every n € Spax(h). (4.7)

3Even in the dissipative case stable configurations will, in general, only arise as a coordinate-wise limits
of infinite sequences of topplings of v.
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If h € Ry, then Spax(h) is finite and (4.7) yields a contradiction to the definition of RY).
This proves the implication (1) = (3), and the reverse implication (3) = (2) is obvious.
The last assertion of this proposition is a consequence of (3). O

The proof of Proposition 4.1 has the following corollary.

Corollary 4.2. Ifv € T\’,(()Z), and if h € ((Z%,Z) satisfies that maxy,czd hm > 0 and
v+ flé . he 7?4(%), then every connected® component of Smax(h) is infinite (cf. (4.6)).

Proof. If Smax(h) has a finite connected component C' then (4.7) shows that
(f47 - h)n+on > (F4 - h)a + vn = 7 — Ne(n)

for every n € ', where

- ha ifnedC,
hn = .
0  otherwise.
As in (4.7) we obtain a contradiction to (4.3). O

Remark 4.3. Proposition 4.1 implies that (f(@7) (0)(h)+Rg))ﬁRg) = @ for every nonzero
h € R4. However, if h € {0, I}Zd satisfies that the set S(h) = {n € Z¢ : hy, = 1} is infinite
and connected, then one checks easily that there exists a v € R with fDe)(h) +ve
Rg). In spite of this the following result holds.

Proposition 4.4. The set

V={veRY :v+w¢RY for every nonzero w e f(c)(t>(Z% 7))} (4.8)

is a countable intesection of dense open sets (i.e., a dense Gs-set) in Rg).

Proof. Let v € R and h € ¢(Z4,Z) such that max,gahn > 0, @V . h £ 0 and
v+ f@) . he RY. We set M), = max,,czd hm, define Syax(h) C Z¢ as in (4.6), and put

OSmax(h) = {n € Smax(h) : M — n|jpayx = 1 for some m € Z% \ Spax(h)}.

As (f (@) h)n > 0 for every n € dSpyax(h), the set OSmax(h) must have empty intersection
with
Flv)={neZ%: v, =vy—1}.

Now suppose that v € Rgé) has the following properties:

(a) The set F'(v) is connected;
(b) Every connected component of Z? \. F(v) is finite.
(c) minyczavn = 0.

According to Corollary 4.2, every connected component C' of Spyax(h) is infinite. If C' #
Z® then the hypotheses (a)-(b) above guarantee that the boundary dC' = C' NOSyax(h) of
C is a union of finite sets, each of which is contained in one of the connected components
of Z¢ \ F(v).

Let C and D be connected components of Smax(h) and Z? \ F(v), respectively, with
DnNoC # @. Since C is infinite and connected and F'(v) is connected, we must have that
hm = My, = 0 for every m € F(v).

4A set S C Z% is connected if we can find, for any two coordinates m and n in S, a ‘path’ p(0) = m,
p(1),...,p(k) =nin S with ||p(5) — p(j — 1)|lmax = 1 for every j =1,... k.
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Define h by

- {hn ifneD
" ]10  otherwise.

Then (f@) . h)y = (F@) - k), for every n € D, and 0 < (f@) . h), < (f@) . ), for
every n € F(v). For n € Z¢~ (F(v)UD), (f.h), = 0. By combining these statements
we see that v+ (@7 . h e RC(Q)). Since 0 # h € Ry we obtain a contradiction to Proposition
4.1.

This shows that v 4 f(@7) . ¢ RY for every v € RY) satisfying the conditions (a)—(b)
above and every nonzero h € (*°(Z% 7) with max,czd hn > 0.

If v = 2d and h € (°(Z%,Z) satisfies that f(9).h # 0, then we may add a constant to h,
if necessary, to ensure that max,cza hn > 0. Since such an addition will not affect f(9) . h
we obtain that v4 f(9) . h ¢ RY = R for every v € R satisfying the conditions (a)—(c)
above and every nonconstant h € £>(Z%, 7).

If v > 2d and h € (>*(Z% 7Z) satisfies that max, g4 hn < 0, then (f(47) . h), < 0 for
every n € Z4, and v+ f(47) . h ¢ Rg) for every v € R(()Z) satisfying the condition (c) above.

Let V' © RY) be the set of all points satisfying the conditions (a)—(c) on the previous

page. This set is clearly dense and
Vecv={veRY : v+w¢gRY forevery nonzero w e f9(o)(¢>(z4,7))}. (4.9)

The set V is therefore dense, and it is obviously shift-invariant.
In order to verify that V is a G5 we write its complement as an F, of the form

RO~v=J U U #{@hnerRY xBye=z"2):
M>1 N>1 0#£ceZ9M v+ f(d) he R((Q)) and WQM(f(d,*y) “h) = C})’

where By (¢2°(Z4, 7)) = {h € £>°(Z%,Z) : |h]|co < N}, Qs appears in (3.26) and 7 : RY x
(24, 7) — RY is the first coordinate projection. O

5. THE CRITICAL SANDPILE MODEL

Throughout this section we assume that d > 2 and v = 2d. We write Roo = R(o%d) for
the critical abelian sandpile model, define the harmonic model X ¢ C TZ* by (2.4) and
(3.3), and use the notation of Section 3.

5.1. Surjectivity of the maps {;: Roc — X ;). Forevery g € I (cf. (3.17)) we define
the map ¢,: (*(Z4,Z) — X (@ by (2.9) and (3.15). We shall prove the following results.

Theorem 5.1. For every g € I, §9(Roo) = X ). Furthermore, the shift-action or, of
Z% on R has topological entropy
1
h = lim ——1 R
top(aRoo) Ngnoo ’QN| 0og ‘WQN( oo)‘ (5 1)

1 1
:/ / log f(d)(eQﬂ'it17..',€27r'Ltd) dtldtd:h(af(d))
0 0

For the proof of this result we need a bit of notation and several lemmas. For every
Q C Z% and v € W, we set

S@ () = {v' € Wy: 774 (V') = mza g (v)}, (5.2)
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If V.C Wy is a subset we set S‘(/Q) (v) =S@@w)NV.
We fix g € I. Let € with 0 < & < 1/4d. Since g* - w(® € ¢*(Z%) we can find K > 1 with
1€,(v)0 — &5(v))o] < & for every v,v" € Agg with mg, (v) = 7o, (V') (5.3)
(cf. (3.26))

Lemma 5.2. Let v € Aoy, Q C Z% a finite set and v' € S/(Si(v) (cf. (4.2) and (5.2)).
(1) &) = & (v) if and only if v/ — v € (f().
(2) If &(v') # &y(v) then
|§g(vl)n —&g(v)n] > 1/4d
for somene€ Q+Qx ={m+k:me Q,k € Qg}, where K is defined in (5.3),
Qr in (3.26) and | -| in (3.5).
Proof. We put y = £,(v), = p(y) = £,(v), ¥ = £,(v') and 2’ = £;(v). Assume that
|2, — zn| < 1/4d (5.4)
for every n € Q 4+ Q. Since (5.4) holds automatically for n € Z? \ (Q + Q) by (5.3), it
holds for every n € Z¢.
We choose 2z € W) with p(2) = 2’ — x and [|znllec < 1/4d (cf. (3.10)). Then f@. 2 e
¢>=(Z%,7), and the smallness of the coordinates of z implies that f @ .2 =0.
Since p(z) = p(y’ —y) we obtain that z — (v —y) € £>°(Z%,Z). As the coordinates of z
are small and limp_o0 [§/ — Y| = limp_yeo [£5(v" — v)| = 0 due to the continuity of &;, we

conclude that h = z — (v — y) € Ry.
According to (3.18),

FP = —y)=fD h=g"-( -0

As Ry has unique factorization and ¢* is not divisible by f(¥), v/ — v must lie in the ideal
(f@) C Ry. Theorem 2.2 (i) and (3.15) together imply that &,(v') =2’ =2 = §,(v). O

If ¢ >0 and Q C Z? we call a subset Y C X (Q,€")-separated if there exists, for
every pair of distinct points z,2’ € Y, an n € Q with |z, — 2| > €’. The set Y is (Q,€’)-
spanning if there exists, for every z € X ), an 2’ € Y with |z, — xy| < € for every
n e qQ.
Lemma 5.3. Let Q C Z% be a finite set and v € Aog. Then the set fg(Sl(\cj;QK)(v)) is
(Q, €)-spanning.
Proof. According to Lemma 3.5, §5(A2q) = X y(a). If we fix w € Agg and set

, {vn it ne @+ Qr,
wy, =

wy, otherwise,
then w' € SI(SJQK)(U) and |€g(w)n — §g(w')n| < € for every n € Q by (5.3). O
Lemma 5.4. For every finite set Q C Z% and every w € Reoo, the restriction of & to
57(262 (w) is injective and the set 59(5'7(2%)3 (w)) is (Q + Qx, 1/4d)-separated.

(

Proof. If v,v’ are distinct points in SRQOZ (w), then Proposition 4.1 and Lemma 5.2 show
that |£4(v)n — &g(v")n| > 1/4d for some n € Q + Qk. O
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We write every h € Rg as h =Y ;4 hnu™ and set supp(h) = {n € Z% : hy, # 0}. For
Q C Z% we put

R(Q) = {h € Ry :supp(h) C Q},
RY(Q)={h € R(Q) : hy >0 for every n € Z9}, (5.5)
SHQ) ={h € R(Q) : hy € {0,1} for every n € Z%}.
For L > 1, v € Ayg and ¢ > 0 we set

Y,(q) ={w e S(QL+K+1)(U) : for every n € Z% 0 < wy < 2d if In||max # L+ K +1
and —q < wnp <2d if |0|max = L+ K + 1}, (5.6)
Yiﬁ(‘]) = {w € YU(Q) CTQryx (w) € TQrix (ROO)}

Lemma 5.5. Let L>1,q>0 and v € Ayy. Then

Vi)=Y~ |J (YVlg+1)—h-fD) (5.7)
0#£heST(QrL+K)

Proof. Suppose that v € Y,(q). According to the proof of Proposition 4.1 there exists, for
every nonzero h € ST(Qryk), an n € supp(h) C Qpix with (v +h- f@), >2d — 1. In
particular, v + h - f{@(q) ¢ Y,(¢+ 1) and v ¢ Y,,(¢+ 1) — h - f(@. This shows that

Vi cY@~ |J (Mlg+1)—h-f9).
0£heST(QL+k)

Conversely, if v € Y (q) N Upznes+ @y, ) Yola+1) =R @), but v ¢ Y/(q), then the
proof of Proposition 4.1 allows us to find a nonzero h € ST (Qp, ) with (v+h- @), < 2d
for every n € supp(h). If (v + h- f@), < 0 for some n € Qr, , then n ¢ supp(h) and
—2d < (v+h- f@D), < 0. We replace h by i/ = h+ u® € ST(Qryk) and obtain that
0< (w+h-f9D), < 2d for every n € supp(h’). By repeating this process we can find
K" € ST(Qryk) with supp(h”) D supp(h) such that 0 < (v+h" - fD), < 2d—1 for every
ne€ Qrix. Since 0 > (R - f( D), > —1if ||n|lmax = L+ K + 1 and (b - f), = 0 outside
QL4 k11 we see that v 4+ A" - f(D € V(¢ + 1). This contradicts our choice of v and proves
(5.7). 0

Lemma 5.6. For every v € Aog and L > 1 there exists an h € RT(Qr) with v =
v+h- fDev!((2d—1)- (2L + 1)9).

Proof. For every v € (>°(Z%,Z) we define Dg, ,, (v) by (3.27). Since Dg, ,, (v+u™- f@) <
Dgq, ., (v) —2 for every n € Qr, Dg,,,(v+h- @) < Dg, ., (v) = 2||h||s for every h €
ST(QL)-

Suppose that v € Agy. If w ¢ Y,(0) then (5.7) shows that we can find a nonzero
r) e §T(Qr) with v = v + AW . f@ ¢ Y, (1), and the first paragraph of this proof
shows that DQL+1(U(1)) < Dgq,,,(v) — 2|RMW)];.

If v() ¢ Y/(1) we can repeat this argument and find a nonzero h® € S+(Qp) with
o = oV 4 B f@ € Y, (2) and Do, ,, (0®) < Da,, (v) — 2[AD]|; — 2(AP].

Proceeding by induction, we choose nonzero elements h(V), ... (™) e ST(Qr) with
v®) =u 4 (KD ... 4 pR)Y . £ €Y, (m) for every k=1,...,m.
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We claim that v*) € Y,,((2d — 1) - (2L + 1)?) for every k > 1, and that this process has
to stop, i.e., that

o' =0 =y (B 4. 4 MY D e yi((2d - 1) - (2L 4+ 1)) (5.8)

for some m > 1.
In order to verify this we assume that we have found A1), ... h(¥) € S*(L) with v*) =
vt (A 4o+ R F@ € Y (k). Since Ypcn,,, 8 = Yneg,,, U 0 < vh) <241

forn e Qp, vl(jk) < vp if ||nf|max = L+ 1 and vﬁk) = vy, for every n ¢ Qr+1, we know that
(2d —1)-2d- (2L + 1)¢1 > S Sl

{n:||n||max=L+1} {00 max=L+1}
> Y -y (5.9)
{n:”nHmax:L+1} nEQL

> —(2d —1)- (2L + 1)¢,
so that v®) € Y, ((2d — 1) - (2L + 1)%) for every k > 1.
Furthermore, .
DQL+1 (’U(k)) = DQL+1 (U> - 22 Hh(j)Hl < DQLH (U) — 2k
j=1

<(L+1)?-(2d—1)- (2L +3)% -2k
and
Dqp (0¥ > —(L+1)*- (24— 1) - 2L+ 1)+ |Qrs1 ~ Q|
for every k, so that the integer k£ has to remain bounded. This shows that our inductive

process has to terminate, which proves (5.8). O

Before we complete the proof of Theorem 5.1 we state another consequence of the
Lemmas 5.5 and 5.6.

Proposition 5.7. Let v € £>°(Z%,7Z) and M > 1. Then there exists a unique h € Rq with
the following properties.

(1) supp(h) = {m € Z% : hy, #0} C Qur;

(2) Ifv' =v+h- f 9 then ng,, (v)) € 7, (Reo);

(3) vm = v, for every m € Z with ||m||pmax > M +1;

(4) X (e fmacetr13 [0l < @M +3)7 - vl oo

Proof. The proof of Lemma 5.5 allows us to find a polynomial h~ € Ry with nonnegative
coefficients and supp(h~) C Qs such that (v—h~ - f(@),, < 2d for every n € Q. Next we
proceed as in the proof of Lemma 5.6 and choose a polynomial h™ € Ry with nonnegative
coefficients and supp(h*) C Qs such that v/ = v+ (bt —h™)- (@ satisfies (2). Condition
(3) holds obviously, and (4) follows from the fact that > ,co . vn =2 neq, ., vl

In order to verify the uniqueness of h = h™ — h™ we assume that A’ € Ry is another
polynomial with supp(h’) C Qs such that v = v + b/ - f(9) satisfies Condition (2) above.
We assume without loss in generality that hy, > hl, for some m € Qs and set g = h — b/
and

2d otherwise.

{vﬁ if ne Qy,
Wy =
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Then w € Roo and (w + g - ¢(9)y = vy < 2d for every n € Q). Since supp(g) C Qs and
gn > 0 for some n € Qs this contradicts Proposition 4.1. ]

Proof of Theorem 5.1. We fix € > 0 and choose K according to (5.3). Lemma 5.6 and
(5.9) show that X ;) = &g(Aag) = &g(A2a(L+ K +1,(2d — 1) - (2L + 2K + 1)%)), where

Aoy(M,q) = {v € 1°°(2%,7) : vm < 2d for every n € Z9,

vn > 0 for every n € Z¢ with ||n|max > M + 1, (5.10)

>

Z{nezd:”nnmszﬂ} vn > —q and mq,, (v) € mg,, (Roo)}

Exactly the same argument as in the proof of Lemma 3.5 shows that £;(Ro) = Xpa.
Since §3(Roo) = X @) we know that

1 1
htop(oRy) > htop(af(d)) = / .. / log f(d)(627rzs1’ el eQde) dsy---dsg (5.11)
0 0

(cf. [15] or [21, Theorem 18.1]).

In order to prove the reverse inequality we note that &, is injective on S%Qof ) (v) for every
v € Reo and L > 1 and that 59(57(505)(1))) is a (Qr+x,1/4d)-separated subset of Xy, by
Proposition 4.1 and Lemma 5.2. In particular, if v € R is given by

Un = 2d — 1 for every n € Z4, (5.12)

S(QL )| = |7, (Rso)| for every L > 1.

then }WQL
For every L > 0 we denote by n(L + K) the maximal size of a (Qr+x,1/4d)-separated

set in X ¢(a). From the definition of topological entropy we obtain that

h = 1 1 = i log | S%H) (@
top(0Ro ) = lim Ty \QL\ 0g |7, (Roo)| = lim !QL og | S_. " (0)]
= lim lo 5@ (5 < lim logn(L + K 5.13
1 (d)
= lim logn(L + K) = hiop(ay’),
L‘)OO ‘QL+K’ g ( ) tOp( f )
which completes the proof of the theorem. O

Remark 5.8. The expression (3.4) for the topological entropy of og__ can be found in [10,
p. 56]. By using the fact that « ) and og_, have the same topological entropy one can
prove Theorem 5.1 a little more directly: the Lemmas 5.3 and 5.4 imply that the restriction
of a to the closed, shift-invariant subset {;(R) C X (@) has the same topological entropy
as a p(d). Since the Haar measure A X 0y is the unique measure of maximal entropy for « F(@)

by [15], £(Rxo) has to coincide with Xy, as claimed in Theorem 5.1.

Theorem 5.9. For every w € Roo and L > 1 we denote by Véw) the equidistributed

probability measure on the set S%Qof)(w) in (5.2). Fiz w € Reo and let p(*) be any limit

point of the sequence of pmbability measures
Z orvy”
kGQ
as L — 0o. Then p™) is a measure of mazimal entropy on Res and (59)*,u(“’) = )\Xf(d) for

every g € 1.
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In fact, if p is any shift-invariant probability measure of maximal entropy on Reo, then

(g)ett = Ax ) for every g € Iy.

Proof. We fix w € Reo. Let L > 1 and let vy, = (fg)*ngw) be the equidistributed probability
measure on the (Qr+x,1/4d)-separated set 59(57(%@05)(10)) of cardinality > |rq, ,(Ro)|.
We set [L(L“’) = (fg)*,u(Lw) = @ > ke, (al;(d))*ﬁéw). By choosing a suitable subse-
(w)
k

quence (L, k& > 1) of the natural numbers we may assume that limy_,oc i) w)

= ul
and limy_o0 37" = ™) = ()™

We denote by u/ = (W{O})*/}(“’) the projection of (") onto the zero coordinate in X
and choose a partition {Iy,...,Igs} of T into half-open intervals of length 1/8d such
that the endpoints of these intervals all have p/-measure zero. For i = 1,...,8d we set
A; = {z € Xy : o € I;} and observe that A (0A;) = 0. We write ¢ = {A41,..., Agq}
for the resulting partition of X ().

For every L > 1 we set (f = vkeQL+K oz;(l;)(g“). Since each atom of (7 contains at

most one atom of D(Lw) (by Lemma 5.4) and all these atoms have equal mass, H_w)((r) =
VL

log |4 (w)].
Exactly the same argument as in the proof of the inequality (%) in [28, Theorem 8.6]
shows that, for every M, L > 1 with 2M + 2K < L,

[Qnl

log |52 (w)| = H, g (Car) < H.w (Car)
‘QL| L 1237

Qu+k | (1Qr+k| — |Qr—nm—k]| log(8d).
QL
By setting L = Lj and letting k& — oo we obtain from (5.13) that

|@ul - heop(ayw) < lim Hﬂ%(CM) = Hpow (Cur)

+

for every M > 1, and hence that

hiop (v < lim —  H- = h-w) (a .
top(@p@) < lim TR IR, ) (Cvr) = g (apa)
Since A X () is the unique measure of maximal entropy on X s, i) coincides with A X,y

and p(*) is a measure of maximal entropy on Rac.
In order to complete the proof of Theorem 5.9 we assume that p is an arbitrary ergodic
shift-invariant probability measure with maximal entropy on RC()Z). We let M > 5, put

F =7g,,(Rx) and set, for every z € F,
O, ={v € Rx:mg,(v) =z}

Fix z € F with ¢ = p(O;) > 0. The ergodic theorem guarantees that
1

lim —— lo(o®Mmy) = ¢ (5.14)
N—oo [Qn| mgN

for p-a.e.v € Roo. Let 2/ € F be given by

o 2d —1 if ||n|max = M,
L if neQp-1.
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We claim that u(O,/) > 0. In order to see this we assume that p(O,/) = 0 (which
implies, of course, that z # 2/). If v € Ry is fixed for the moment, and if S, = {n € Z¢ :

g3Mn 3Mmy, in Qs by those of 2/ for

v € O}, then we can replace the coordinates of o
every m € S, and we can do so independently at every m € S,. The resulting points v’
will always lie in Ro,. An elementary entropy argument shows that we could increase the
entropy of p under the Z%action n — oM™ by making all these points v’ equally likely,
which would violate the maximality of the entropy of p (a more formal argument should
be given in terms of conditional measures).

Exactly the same kind of argument as in the preceding paragraph allows us to conclude

that the cylinder sets O,» with z), € F and
zn=2d — 1 for every n € Qp with ||n|max = M,

all have equal measure. A slight modification of the proof of the first part of this theorem
now shows that h((&y)«p) = h()\Xf(d)), i.e., that (&)u = )\Xf(d)' O

5.2. Properties of the maps {,, g € I; .

5.2.1. The ‘group structure’ of Rec. In (3.4) we saw that o and o) have the same
topological entropy. If p is a shift-invariant measure of maximal entropy on R, then
the dynamical system (R, i, 0%, ) has a Bernoulli factor of full entropy (cf. [23]). As
(Xfw, )\Xf(d) ;ap()) is Bernoulli by [20], the full entropy Bernoulli factor of (Roo, 1, 0.,
is measurably conjugate to (Xf(d) , )\Xf(d) ) af(d)). In particular, there exists a u-a.e. defined
measurable map ¢: Rooc — Xa) with ¢.p = )\Xf(d) and ¢ oo, = Qp) © P p-a.e.

What distinguishes the maps &4, g € I, from these abstract factor maps ¢: Roo —
Xy is that the ¢, are not only continuous and surjective, but that they also reflect the
somewhat elusive group structure of R, in the following sense.

It is well known that the set R of recurrent sandpile configurations on a finite set
E C 7% in (4.3) is a group (cf. [8], [9], [10]). However, the group operation does not extend
in any immediate way to the infinite sandpile model R .

Fix g € I; and suppose that v,v € Ry, and that w = v +v' € Ayg_; (with coordinate-
wise addition). Proposition 5.7 shows that there exists, for every M > 1, an element
wM) ¢ (>°(7Z4,7) satisfying the conditions (1)—(4) there. Since w — w™) ¢ (@) for
every M > 1, £(wM)) = ¢ (w) for every M > 1. Exactly as in the proof of Lemma
we observe that any coordinate-wise limit @ € Ro of the sequence (w™), M > 1) still
satisfies that {,(0) = &y(w) = &;(v) + &4(V).

The ‘sum’ w of v and v’ is, of course, not uniquely defined, but any two versions of this
sum are identified under ;.

Moreover, if ~ is the equivalence relation on R, defined by v ~ o' if and only if
v—1v € ker({,) = Kq (cf. (3.31)), then R/~ is a compact abelian group isomorphic
to f(f(d) = Xf(d)/XId (cf. Lemma 3.8): if [v] is the equivalence class of v € Rq, then the
map 601, Roo — Xy in (3.36) sends [v] to 040&r,(v) and maps the group operation
[v] @ [v] := [v + v'] on Roo/~ to that on X ).
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5.2.2. The problem of injectivity. In Subsection 5.2.1 we saw that R, has a natural group
structure modulo elements in the kernel of {,. Another problem which depends on the in-
tersection of R4 with the cosets of ker {7, is the question of ‘pulling back’ to R dynamical
properties of a F@) such as uniqueness or the Bernoulli property of the measure of maximal
entropy of Reo.

It is clear that the map &7, (and hence all the maps &, g € fd) must be noninjective
on R, since these maps are continuous, Ry is zero-dimensional, and the groups X )
and X ) are connected. The following lemma shows that some of the maps §g, g € I4,
are ‘more injective’ than others and is the reason for determining the ideal I; precisely in
Section 2.

Lemma 5.10. Let g € I and h € Ry. For every v,w € Roo with &;(w) € &,(v) +ker h(a),
Egn(v) = Egp(w). It follows that

{w € Roo : €gn(w) = Egn(v)}| = [Kker h(a )] (5.15)

for every v € Ro.

Proof. If x = £4(v), y € ker h(apw)) and w € R satisfies that {g(w) = 2 +y (cf. Theorem
5.1), then

Egn(w) = h(a)(&y(w)) = h(a)(z +y) = h(a)(z) = &gn(v). .

6. THE DISSIPATIVE SANDPILE MODEL

In this section we fix d > 2 and « > 2d, and consider the dissipative sandpile model
R C A, described in Section 4 and investigated in [26, 7, 16].

6.1. The dissipative harmonic model. Consider the Laurent polynomial f(d"Y) € Ry
defined in (4.5) and the corresponding compact abelian group

d

d
Xf(d,'v) = kerf(dﬂ) (a) = {x = (xn)neZd € TZ $Y%n — Z(‘rn—i-e(i) + xn—e(i)) =0

P (6.1)

for every n € Zd}.

We write QX (4 for the shift-action (3.1) of Z¢ on Xy C TZ*.

Lemma 6.1. The shift-action a of Z¢ on Xf<d,7> 18 expansive, i.e., there exists an € > 0
such that
Sup |zn — x| > €
neZd
for every x,2" € X with v # 2.
The entropy of cpw,.y) is given by

1 1
htop(Qpam) =hay — (apayn) = / / log f47) (2t e2mitay gty - . - dt,,
£(d) 0 0

and the Haar measure )\Xf( 4y U8 the unique shift-invariant measure of mazximal entropy

)
on X y(aq) -
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Proof. Since f(¢Y) has no zeros in
st = {(21,...,zd) €eC?: |z =1 for i = 1,...,d},
Qp(a) is expansive by [21, Theorem 6.5]. The last two statements follow from [21, Theorems
19.5, 20.8 and 20.15]. O
6.2. The covering map ¢ : Rg) — Xjam- Since Q) is expansive and has com-
pletely positive entropy, the equation
A =1 (6.2)

has a unique solution w = w(®?) € ¢1(Z%), given by

d —2m (n,t)
) / / dty - - - dtg,
0o y—2- Zl 1 cos(2mt;)

where t = (t1,...,tq) (cf. (2.5), [14] and [6]). Since w(4?) € £1(Z%), we can proceed as in
(3.15) and define a homomorphism &) : REQ) — X¢a) by

€W = (@) v) = 3 vacse

n d
for every v € R((Q,), and by €z
0 = po 5‘(7)

Proposition 6.2. The map 5(7) has the following properties.
(a) §N(RY) = X
(b) Forv,v' € RY, ¢t )(v) = EMN (W) if and only if
v =v+4 f@) . p (6.3)
for some h € £>(Z%,7);
(¢) €D (v) # €M (v) for all v,v € RY with v —v' € Ry.
Furthermore, the topological entropies of the shift-actions gy on Xy and o

Rg) coincide.

,R(()z) on

Proof. The proofs are completely analogous to (but simpler than) those of the correspond-
ing results in the critical case. U

Corollary 6.3. For every v € (>°(Z9,Z) there exists a h € (>°(Z9,Z) such that w =
v+ fa) . p e RY.

Proof. This follows from Proposition 6.2 (a)—-(b). O

Remark 6.4. The element w in Corollary 6.3 can be constructed explicitly by using the
method described in the proofs of Lemma 3.5, Theorem 4.1 and Subsection 5.2.1.

In [16], two elements v, v’ € £*°(Z% Z) are called equivalent (denoted by v ~ v’) if they
satisfy (6.3) for some h € (>°(Z%, 7).> We write [v] C £*°(Z9,Z) for the equivalence class
of v in this relation. The following theorem summarizes the results of [16].

SDefinition 3.2 in [16, page 404] contains a misprint: the requirement that h € £°°(Z% Z) is omitted,
although it is used subsequently.
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Theorem 6.5. The quotient RQ)/N s a compact space. Moreover, (Rg)/w, @) is a com-
pact abelian group, where
Wl &gl =y +7l
Furthermore, there exists a shift-invariant measure of mazximal entropy on REQ), denoted
by u, such that
n({y € RO [y NnRY is a singleton }) = 1. (6.4)

Proof. The first two statements are the results of [16, Proposition 3.2 and Theorem 3.1].
Furthermore, the main result of [16], Theorem 3.2, states that, if uy is the uniform measure
on Ty (Rg() N)), where V' C Z¢ is a rectangle, than the set of limit points of sequences
wy, V. 2 Z% is a singleton. Denote by g this unique limit point. We claim that p is a
shift-invariant measure on RC(Q)), which moreover, has maximal entropy.

The invariance follows immediately from the uniqueness of the weak limit point. Denote
by o the Z%shift action on R((Q,). For every Borel set A C Rg), every n € Z%, and any

sequence of rectangles Ej,  Z%:
p(o™A) = lim p, (0" A) = lim pup, 1a(A) = p(A).
—00 k—o0

Using the methods of [28, Chapter 8] (see also the proof of Theorem 5.9 above), one can
show that

o 1 ~ () _
hu(op) = lim, “TE] > wllye)) log u(lye]) = Jim_ 3] log|Rp"| = htop(05),
yEeRg)
where O ) is the restriction of o to Rg). Finally, (6.4) is the result of [16, Proposition
3.3]. O

We are now able to extend the results of [16] further.

Theorem 6.6. Letd > 2, v > 2d, and let Rgé) be the dissipative sandpile model (4.4).
(i) The set C = {y € RY [y] N RY isa singleton} is a dense Gs-subset of RY;
(ii) The group (RQ)/N, @) is isomorphic to X p(an);
(iii) The subshift R(oz) admits a unique measure p of mazximal entropy.
(iv) The shift action of Z on (RC(Q)), w) is Bernoulli.

Proof. The first statement is proved in Proposition 4.4. Using the properties of £7 : Rg) —

X (Lemma 6.2), the second statement is immediate. The same proof as in Theorem 5.9

shows that htop(aR@) = hiop(X f(d;y)), and that 59)1/ =A X d) for every shift-invariant
)

probability measure v of maximal entropy on 72&1 .

Since the restriction of the continuous map £ Rg) — Xy to C is injective,
£)(C) is a Borel subset of X .y with full Haar measure.

If v is a shift-invariant probability measure of maximal entropy on Rg), then ff)u =
)\Xf(m). Hence v(C) = 1, and the injectiveness of £() on C implies that v = p, where p is
the measure appearing in Theorem 6.5. This proves (iii).

The Bernoulli property of the shift-action of Z¢ on (Rg), u) follows from the corre-
sponding property of a4, on (Xf(m), )\Xf(m)) proved in [20], since the two systems are
measurably conjugate. O
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7. CONCLUSIONS AND FINAL REMARKS

(1) In [11], toppling invariants have been constructed for the abelian sandpile model in
finite volume. These are functions which are linear in height variables and are invariant
under the topplings. It is also obvious that the definition [11, Equation (3.3)] cannot
be extended to the infinite volume. The underlying problem (non-summability of the
lattice potential function) is precisely the problem overcome by the introduction of £!-
homoclinic points {v = g - w® : g € I;}. The inevitable drawback is a larger kernel
&g 2 @ - 0>(Z%, 7). Nevertheless, we are tempted to conjecture that for d > 2, the set
{v € Roo : there exists 0 € R : 0 # v and &, (v) = £7,(0)} has measure 0 with respect
to any measure of maximal entropy. As in the dissipative case, this would imply that R
carries a unique measure of maximal entropy.

(2) In the present paper we did not address the properties of the infinite volume sandpile
dynamics, see e.g. [13]. We note that the sandpile dynamics takes a particularly simple
form in the image space, the harmonic model Xy or its factor group X #ta). Namely,
given any initial configuration v, suppose one grain of sand is added at site n. For every
g€ly=1I4~ (f9),

Eg(v +6W) = &4 (v) + & (8™ = & (v) + p(a™™29),

where 6™ = ¢25(0) (cf. Footnote 2) and 2(9) = p(g*-w®) A (X f(@)) is the homoclinic
point appearing in (3.14). It might be interesting to understand whether any statistical
properties of the harmonic model can be used to draw any conclusions on the distribution
of avalanches and other dynamically relevant notions in Rxe.

Finally, as already mentioned in the introduction, the group Gg = Rg/(f¥) is the
appropriate infinite analogue of the groups of addition operators in finite volumes: on
the sandpile model, G5 can be viewed as the abelian group generated by the elementary
addition operators {ay : n € Z?} satisfying the basic relations

afld = H ax
k:[|[k—n|max=1
for all n € Z?. These addition operators are well-defined on Rg, E € Z%, but for the
infinite volume limit R, these operators are not defined everywhere. Under the maps
§g: Roo — Xf(d), g€c€lg,oré:Re — Xf(d) = Xf(d)/X[d, the addition operator ay
is sent to addition of the homoclinic points &,(5™) = p(g* - w@) = g(a)(z?) (on X t(a))
and &, (6 (1)) (on X F@ ), respectively. These additions are defined everywhere on X (@ and
X F(d) and the isomorphism between X ) and R/~ implies that the addition operators
an, n € Z2, are defined everywhere on Roo/~ (cf. Subsection 5.2.1).
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