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Measurable Rigidity of Algebraic Z?- Actions

Klaus Schmidt

1. Introduction

Let X be a compact abelian group with identity element 0, Borel field B x and
normalized Haar measure Ax. An algebraic Z¢-action on X is a group homomorphism
a:n o from Z% d > 1, into the group Aut(X) of continuous automorphisms of
X. An algebraic Z%-action o on X is expansive if there exists an open set O C X
with (,cze @™ (O) = {0x}, where Ox is the identity element of X, and irreducible
if every closed, a-invariant subgroup Y C X is finite. The action « is ergodic or
mizing if the Haar measure A x of X is ergodic or mixing under a.

If o is an algebraic Z%action on X and Y C X a closed, a-invariant subgroup,
then we denote by ay and ax/y the Z%-action induced by a on Y and X/Y,
respectively.

Algebraic Z% actions can be classified algebraically, topologically or measurably.
In order to introduce the appropriate notions of conjugacy we assume that «; is an
algebraic Z?-action on a compact abelian group X; with Haar measure \y,, where
i = 1,2. A surjective Borel map ¢: X1 — X5 is a measurable factor map of oy
and (%) if

/\lebil = AXas (11)
and if
boat(x) = af o (a) (1.2)
for every n € Z¢ and \x,-a.e. z € X;. A bijective measurable factor map ¢: X; —
X5 is a measurable conjugacy of a; and .

A continuous surjective group homomorphism ¢: X; — Xo is an algebraic
factor map of a; and a if it satisfies (1.2) for every n € Z? and z € X;. A
bijective algebraic factor map ¢: X7 — X5 is an algebraic conjugacy of a; and
as. Topological factor maps and topological conjugacy are defined similarly.

The action as is a measurable, algebraic or topological factor of o if there exists
a measurable, algebraic or topological factor map ¢: X; — X5 of a1 and as. The
actions aq, ag are measurably, algebraically or topologically conjugate if there exists
a measurable, algebraic or topological conjugacy ¢: X; — X5 of a1 and as, and
they are weakly measurably (resp. weakly algebraically) conjugate if each of them is
a measurable (resp. algebraic) factor of the other.

Finally we call a map ¢: X7 — X5 affine if it is of the form

¢(z) = ¥(z) + ' (1.3)
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for every x € X7, where¢: X; — X5 is a continuous surjective group homomorphism
and 2’ € X,.

For expansive algebraic Z%-actions on compact connected abelian groups the
topological and algebraic classifications coincide (i.e. topological conjugacy implies
algebraic conjugacy), by [20, (4.10) and Theorem 5.9]. For algebraic Z%-actions on
disconnected groups this is no longer true: let A be a finite abelian group, and
let © = A%’ be the compact abelian group consisting of all maps w: Z¢ — A,
furnished with the product topology and coordinate-wise addition. We write every
we€Qasw= (wp) with w, € A for every n € Z? and define the shift-action o of
74 on ) by

(CmW)n = Wm+tn (1.4)

for every w € Q and m, n € Z¢. Clearly, o is an expansive algebraic Z%-action on Q.
If A’ is a second abelian group with the same cardinality as A, then the resulting

shift-actions o and o’ of Z4 on Q = A% and @ = A" are obviously topologically,
but not necessarily algebraically, conjugate.

For d = 1, any algebraic Z-action is determined by the powers of a single group
automorphism «. If « is ergodic, then it is Bernoulli (cf. e.g. [1], [2], [7], [12], [14]),
which implies that two such actions with equal entropy are measurably conjugate
even if they are algebraically non-conjugate. If d > 1 and aj,as are algebraic
Z%-actions on compact abelian groups X, X, with completely positive entropy
(with respect to Haar measure), then they are Bernoulli by [17], and can thus
again be measurably conjugate without being algebraically conjugate. However, if
these actions have zero entropy, measurable conjugacy may have much stronger
implications.

THEOREM 1.1 ([6], [11]). Letd > 1, and let oy and ag be mizing and expansive
algebraic Z%-actions on compact abelian groups X; and X, respectively. If ay is
irreducible, and if ¢: X1 — Xs is a measurable conjugacy of oy and ag, then as
is irreducible and ¢ is Ax,-a.e. equal to an affine map.

COROLLARY 1.2. Letd > 1, and let ay and as be measurably conjugate irreducible,
mizing and expansive algebraic Z%-actions on compact abelian groups X1 and Xo,
respectively. Then oy and oo are algebraically conjugate.

Actions with completely positive entropy and irreducible actions lie at opposite
ends of the spectrum of ergodic algebraic Z%actions. As mentioned above, the
kind of isomorphism rigidity described in Theorem 1.1 is impossible for actions
with completely positive entropy. However, it could conceivably hold for all mixing
algebraic Z%-actions with zero entropy (i.e. without Bernoulli factors — cf. [13]).
In this context it is worth pointing out the similarity between Theorem 1.1 and
M. Ratner’s rigidity theorem for horocycle flows (or their time-l1-maps) in [15]:
in both situations any measurable conjugacy carries with it the ambient algebraic
structure. However, the underlying dynamical properties of the systems differ considerably:
horocycle flows have zero entropy and are uniquely ergodic, whereas the algebraic
Z4%-actions under consideration here have a dense set of periodic orbits and their
individual automorphisms are Bernoulli.

Theorem 1.1 implies that every Haar-measure-preserving invertible transformation
T on a compact abelian group X which commutes with an irreducible, expansive
and mixing Z%action a on X is affine. This makes it possible — at least in principle
— to determine the measurable centralizer of a. In order to provide the necessary
notation we assume that a is an algebraic Z%action on a compact abelian group
X and write Aff(X) for the group of all continuous surjective affine bijections
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¥: X — X. Put
Z(a) ={p € Af(X): poa™ =a o) for every n € Z},

p (1.5)
Z(a)={¢p € Aut(X) : poa™ =a" o ¢ for every n € Z}.

COROLLARY 1.3. Let a be an irreducible, expansive and miving algebraic 7.-
action on a compact abelian group X, and let Zx . (a) be the measurable centralizer
of a, i.e. the group of all Ax-preserving invertible transformations T: X — X
with Toa™ = a®oT Ax-a.e., for everyn € Z%. Then the following properties hold.

(1) Bvery T € Zy, () coincides Ax-a.e. with an element 1 € Z(a);
(2) Z(a) is countable and has an abelian subgroup of finite index.

PrOOF. The first assertion is clear from Theorem 1.1. For the second assertion
we have to appeal to terminology and results from later sections. Proposition 2.2
shows that « is weakly algebraically equivalent to a Z%-action of the form awm, /p
for some prime ideal p C Ry. Since « is irreducible, the algebraic factor maps
x: X — Xn,/p and x': Xg,/, — X between a and aw,/, are finite-to-one.
Hence there exists a subgroup of finite index Z’ C Z(«) such that every ¢ € Z’
acts trivially on ker(x) and thus induces an element ¢/ € Z(an,/p). As Z(as,/p)
is abelian this implies the second assertion of this corollary (cf. [6] and [11]). Note
that the abelian subgroup of finite index A C Z(«) obtained in this manner is
isomorphic to a subgroup of finite index in Z(a, /p). O

This brief survey is organized as follows. In Section 2 we give a description
of irreducible algebraic Z?-actions. Section 3 deduces Theorem 1.1 from a result
about invariant measures of algebraic Z?-actions (Theorem 3.3). The Sections 4
and 5 contain brief sketches of the proofs of Theorem 3.3 in the two relevant cases
of connected and zero-dimensional groups, respectively. The last section illustrates
Theorem 1.1 with examples.

2. Irreducible Z%-actions

Following [8], [18] and [20] we denote by %y = Z[uf',...,ul'] the ring of

Laurent polynomials with integral coefficients in the commuting variables u1, . . . , uq4,
and write every f € Ry as f = > cpacp(m)u™ with «™ = uf" ---uj'? and
cs(m) € Z for every m = (myq,...,mq) € Z%.

Let a be an algebraic Z%-action on a compact abelian group X. We denote
by X the additively written dual group of X, write (a,x) the value of a character
a € X at a point 2 € X, and define the dual action &: n — &® of Z% on X by

(&"a,z) = (a,a™z)
foreveryneZd,xEXandae)?.ForfeiRd,meXandae)A(,weset
fla)(z) = Z cf(n)ax, f(&)(a) = Z cf(n)da, (2.1)
nezd nezd
and note that f(a): X — X is a group homomorphism with dual homomorphism
7(@) = f(a): X — X,
The group X is a module over the ring Ry with operation

fra=f(@)(a) (2.2)
for f € Ry and a € X.In particular,
u™ - a=a"a (2.3)

for m € Z% and a € 9M. This dual module M = X of « is Noetherian (and hence
countable) whenever « is expansive (cf. [18, Proposition 5.4]).
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Conversely, if M is an Myg-module, we define an algebraic Z%-action agy on the
compact abelian group .
Xogp =M (2.4)
by setting
dgpa =u™ - a (2.5)
for every m € Z¢ and a € M.
A prime ideal p C Ry is associated with an Rgz-module M if there exists an
a € M with p = ann(a) = {f € R4 : f - a = 0}. The set asc(IM) of all prime ideals
associated with 91 has the property that

U p = {f € Ry : multiplication by f on 9 is not injective}. (2.6)
pEasc(IM)

According to [18], [13] and [20], many properties of an algebraic Z%action
« can be expressed in terms of the prime ideals associated with the dual module
M =X of a.

PROPOSITION 2.1. Let 9 a countable Rq-module.

(1) For any n € Z4, the following conditions are equivalent.
(a) afy is ergodic;
(b) O‘&d/p is ergodic for every prime ideal p associated with I ;
(¢) No prime ideal p associated with M contains a polynomial of the form
u™ — 1 with 1 > 1.
(2) The following conditions are equivalent.
(a) agm is ergodic;
(b) am,/p is ergodic for every prime ideal p associated with IN;
(c) No prime ideal p associated with 9 contains a set of the form {u'™ —
1:n€Z% withl > 1.
(3) The following conditions are equivalent.
a) aum 1S mizing;
b) afy is ergodic for every non-zero n € VA
c) agy is mizing for every non-zero n € VA
d) am,/p is mizing for every prime ideal p associated with I;
) None of the prime ideals associated with M contains a polynomial of
the form u™ — 1 with 0 # n € Ry.
(4) The following conditions are equivalent.
(a) « is expansive;
(b) 9M is Noetherian and aw,/, is erxpansive for every prime ideal p
associated with IN;
(c) For every prime ideal p associated with M, Ve(p) NS? = @, where

Ve(p) = {c€ (C~{0)?: f(c) =0 for every f € p}.
(5) The following conditions are equivalent.
(a) asm is has positive entropy;
(b) am,/p has positive entropy for some prime ideal p associated with M;
(c) At least one prime ideal p associated with M has the property that p
is principal and asg , /p is mizing.

P e Y N

e

For a proof we refer to [20, Propositions 6.6 and 19.4, and Theorem 6.5]. The
next result is contained in [20, Proposition 6.6 and Theorem 29.2], or in [6] and
[11].

PROPOSITION 2.2. Let o be an irreducible and ergodic algebraic Z%-action on a
compact zero-dimensional abelian group X. Then there exists a unique prime ideal
p C Ry with the following properties.
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1) am,/p is ergodic;

2) For every ideal I 2 p in Ry, Rq/I is finite;

3) « is weakly algebraically conjugate to asm, )y ;

4) The group X is zero-dimensional if and only if p contains a rational prime
p > 1, and connected otherwise.

(
(
(
(

Conversely, if p C Ry is a prime ideal satisfying the conditions (1)—(2) above,
then the Z%-action o = Qg /p 0N Xem,/p 18 irreducible and ergodic.

PROPOSITION 2.3. Let o be an irreducible and ergodic algebraic Z*-action on
a compact abelian group X. Then h(a®) < oo for every n € Z2, where h(-) denotes
topological entropy.

Conversely, if a is an expansive, ergodic (and mizing) algebraic Z%-action on
a compact abelian group X with h(a™) < oo for every n € Z%, and if p C Ry is a
prime ideal associated with the module M = X’, then the Z%-action amy,/p 0N Xy /p
is irreducible, ergodic (and mizing).

The proof of Proposition 2.3 is similar to that of Corollary 2.3 in [11].

REMARKS 2.4. (1) Let o be an irreducible and ergodic algebraic Z?-action
on a compact abelian group X, and let p C SRy be the prime ideal satisfying the
conditions (1)—(3) in Proposition 2.2. Proposition 2.1 shows that « is mixing if and
only if o™ # idx whenever 0 # m € Z¢, where idx is the identity automorphism
of X.

(2) If ¢ C Ry is a prime ideal satisfying the conditions (1)—(2) in Proposition
2.2, and if a = ag,/q, then the the prime ideal p C Ry satisfying the conditions
(1)—(3) in Proposition 2.2 is equal to g.

Motivated by Proposition 2.2 we take a closer look at Z%-actions of the form
(gn, /ps Where p C Ry is a prime ideal. Let T = R/Z, and let Q = T, furnished
with the product topology and component-wise addition. We write every w € ) as
w = (wp) With wy, € T for every n € Z? and define the shift-action o of Z? on Q by
(1.4). The pairing

(h,w) = ¥ Xnezd rMen e Ry W€ Q, (2.7)
identifies the additive group R, with the dual group Q of . With this identification
the automorphism 6™ of 33, dual to the shift ™ on 2 consists of multiplication by
u™. If I C Ry is an ideal, then

IL:@:de/[:{WEQ:<h,w>:1 for every h € I} (2.8)

is a closed, shift-invariant subgroup of €2, and iy, /1 is the restriction of o to Xg, /7.

Now consider the special case where I = p C R, is a prime ideal containing a
rational prime p > 1. For any £ > 1 we denote by F,x the field with p* elements
and write

k
D‘i&p ) = Fx Wit ud (2.9)
for the ring of Laurent polynomials in the variables uy,...,uq with coefficients in

F,.. Again we write every h € %gpk) as h =), cpa cn(n)u® with c;(m) € Fr for
every m € Z<.
We define a ring homomorphism f — f/, from Ry to 9‘{;1” ) by reducing each
coefficient of f modulo p. If
p=A{fp:fert (2.10)
then p C Eﬁff ) is again a prime ideal, and the map f +— [/, induces an R4-module
isomorphism
R,/p = R /p. (2.11)
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We set Q, = FpZd, write every w € Q, as w = (wn) With wy € F), for every
n € Z%, and use the pairing

(h,w) = 2™ (Sncoa cnmwn) /v e jW e Q)

to identify 9‘{((1:” ) with the dual group (AZp of €2,. Then

m = {)f{{(ip)/ﬁ = X%(dp)/ﬁ ={w e Qy,: (h,w) =1 for every h € p}, (2.12)

and « is the restriction to X of the shift-action o of Z% on Qp.

mfip) /P mfil’) /P

3. Mixing sets and invariant measures

Let o be an algebraic Z%-action on a compact abelian group X, and let p be
an a-invariant probability measure on the Borel field Bx of X. Following [9]-[10]
we call a nonempty finite set S C Z¢ p-mizing under o if

. —kn _
klggou(ﬂ a (Bn)> = 1 #(Bn)
ncS nes
for every collection (By, n € S) in By, and p-nonmizing otherwise. A nonempty
finite set S C Z< is minimal p-nonmizing if it is y-nonmixing, but every nonempty
subset S’ C S is p-mixing. A Ax-(non-)mixing set is called a (non-)mixing set of
a.

Measurably conjugate algebraic Z%-actions obviously have the same nonmixing
sets. Furthermore, the nonmixing sets of an algebraic Z%actions on a compact
abelian group X are determined by the prime ideals p C Ry associated with the
dual module MM = X of a.

PROPOSITION 3.1 ([20], [10]). Let a be an algebraic Z%-actions on a compact
abelian group X with dual module 9 = X. For every nonempty finite set S C Z%
the following conditions are equivalent.

(1) S is a mizing set of a;
(2) S is mizing for every am, with p € asc(IM).

If the group X is connected and A x is mixing under «, then « is mixing of every
order, and hence every nonempty finite set S C Z? is mixing under «, by [21]. If
X is disconnected, then a mixing algebraic Z%action o on X has nonmixing sets if
and only if Ax does not have completely positive entropy (cf. [11], [20, Section 27]
and Proposition 3.2 below). In particular, if « is an irreducible and mixing algebraic
Z%-action on a compact zero-dimensional abelian group X, then o has nonmixing
sets.

PROPOSITION 3.2 ([11]). Let d > 1, a an irreducible and ergodic algebraic Z.%-
action on a compact zero-dimensional abelian group X, and let p C Ry be the prime
ideal and 1 < p € p the rational prime described in Proposition 2.2. We define the

prime ideal p C Sﬁgp) by (2.10).

(1) The Z%-actions a and Qmy/p = have the same nonmizing sets;

=P /5
(2) For every nonzero element h € p C ?ﬁff), the support
S(h) = {n € Z: cy(n) #0}
of h is a nonmizing set of an,p, and hence of .

In this terminology we can express Theorem 1.1 as a consequence of the following
result.



MEASURABLE RIGIDITY 7

THEOREM 3.3. Letd > 1, a; and as irreducible, mixing and expansive algebraic
Z%-actions on compact abelian groups X1 and Xo, respectively, and let ¢p: X1 —
X5 be a measurable factor map of vy and az. We set X = X3 x Xy, denote by
a = a1 X ag the product-action of Z¢ on X, and assume that one of the following
two conditions is satisfied.

(1) @y is mizing of every order;
(2) a1 and ay share a minimal nonmizing set S C Z2.

Then every joining v of A\x, and Ax, such that the Z%-action o on (X,v) is
measurably conjugate to a; on (X1,\x,), is a translate of the Haar measure of
a closed a-invariant subgroup Y C X.

PROOF OF THEOREM 1.1, USING THEOREM 3.3. Let ¢: X7 — X5 be a mea-
surable conjugacy of a1 and aa. We choose a prime ideal q C R4 which is associated
with My = )/(\'2 and an element a € My with ¢ = ann(a). The inclusion N =Ry a C
My determines a dual factor map ¢: Xy — X} = 9N of as and o = agp. We set
o =vood: X1 — X}, X! = X5 x X}, & = a1 X a, and denote by v’ the o'~
invariant probability measure on I'(¢') = {(z, ¢'(z)) : * € X1} C X’ which satisfies
that /77! = Ay, and /7" = Axy, where m: X — X; and 75: X — X are
the coordinate projections.

Since a is irreducible, h(ad) = h(ad) < oo for every n € Z¢ by Corollary 1.2.
Hence o is irreducible, mixing and expansive by the Propositions 2.1 and 2.2.

If X, is connected, then «; is mixing of every order by [21], and Theorem 3.3
implies that v’ is a translate of the Haar measure of a closed, a)-invariant subgroup
of X'. Tt follows that ¢’ coincides Ax, -a.e. with an affine map.

We denote by ¢': X; — X} the homomorphism part of ¢’ (cf. (1.3)). As a3
is irreducible, 1)’ is finite-to-one. Hence ¢’ = 1) o ¢ and 1) are both finite-to-one, and
ag is irreducible by Proposition 2.2. We repeat the first part of the proof with o
and X/ replaced by as and Xs and obtain that ¢ coincides Ax,-a.e. with an affine
map.

If X7 is not connected, it is zero-dimensional by irreducibility, and «; has
nonmixing sets by Proposition 3.2. We fix a minimal nonmixing set S C Z? for
a1 and ag. Proposition 3.1 allows us to choose the associated prime ideal q C Ry
considered above such that S is minimal nonmixing for ag, /. Theorem 3.3 implies
that v/ is a translate of the Haar measure of a closed, a-invariant subgroup of X'.
It follows that ¢’ coincides Ax, -a.e. with an affine map, and the proof is completed
as in the connected case. (]

4. The proof of Theorem 3.3 in the absence of nonmixing sets

If @; has no nonmixing sets, then it is mixing of every order, and the same is
true for ag, and X; and Xs are connected (cf. the Propositions 2.1-2.3 and 3.1-
3.2). In this case Theorem 3.3 is in essence a consequence of a result by Katok and
Spatzier ([5]) on invariant measures for commuting toral automorphisms.

DEFINITION 4.1. An algebraic Z%-action a on a compact abelian group X is
semi-irreducible if there exist an integer n > 1, irreducible algebraic Z?-actions a;
on compact abelian groups X;, ¢ = 1,...,n, and a continuous, surjective, finite-to-
one group homomorphism ¢: X — X = X; x --- x X, such that ¢ -a® = a" - ¢
for every n € Z%, where & = a; X -+ - X ay, is the product-action of Z¢ on X.

The class of semi-irreducible actions is easily seen to be closed under taking
direct products and algebraic factors. The following version of the result by Katok
and Spatzier is suited for proving Theorem 3.3.
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THEOREM 4.2. Let d > 1, and let o be an semi-irreducible expansive and
mizing algebraic Z%-action on a compact connected abelian group X and p an
a-invariant and mizing probability measure on X. Then there exists a closed o-
invariant subgroup Y C X with the following properties:

(1) p is invariant under translation by Y,
(2) The projection of p onto X/Y has zero entropy under oy for every

n € Z%, where axyy 18 the action induced by o on X/Y.

Theorem 4.2 clearly implies Theorem 3.3 for connected groups, since g has
completely positive entropy under each a™. By using an induction argument we
may reduce the proof of Theorem 4.2 to the case where p is not invariant under
translation by any infinite subgroup of X.

In order to explain the proof of Theorem 4.2 in this special case we assume
initially that X = T™ for some n > 3 (no smaller n is possible, since d > 1 and
« is mixing), and that the matrices ™ € GL(n,Z), m € Z¢, can be diagonalized
simultaneously over C. Then there exists a decomposition of R™ into eigenspaces
Vi,..., Vi of the linear action & of @ on R™ with eigenvalues

ni: 28 — R* if V; =R, n;: 28 — C* if V; = C,
where a™v = n;(n)v for every i = 1,...,k, v € V; and n € Z<.

Fix m € Z¢ such that o™ is hyperbolic, set P~(n) = {i : |n;(n)| < 1}, and
assume without loss in generality that P~ (n) = {1,...,l}, I < k.

We intersect the leaves of the foliation F of X = T™ = R"/Z™ by the cosets
of V1 C X with a finite partition P of X into ‘nice’ convex sets: the resulting
measurable partition generates a countably generated Borel sigma-algebra A C Bx.
The following illustration shows part of a typical leaf L of F (on the left), and some
of the atoms of A into which L is decomposed by P (on the right).

Wi

_7

/ | /

Let {u7' : © € X} be the decomposition of u with respect to A, and let Jf : 7%
X — R be the information cocycle of A, given by
a”™(A)
dut [ ([z] ava-n(a))
Jit(n,z) = log — =55 (x) = log
: duy " t7 ([z] ava-n(a))

for every n € Z% and x € X. The cocycle equation

A n’ A _7A
Jy (o™ x) + J7 (0 2) = J;) (n 40, z)

is just the chain-rule of Radon-Nikodym derivatives. If
neS=1{kez: mk) -1 <1/2},

then each atom of A intersects only a bounded number of atoms of a™™(A) and
vice versa. This implies that [ |J7*(n, )| du is bounded on the infinite set S. As p is
mixing under « this can be used to show that there exists an A-measurable Borel
map b: X — R with

b(a™x) + Jf(n7 x) —b(z) = 6(n)
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p-a.e. for every n € Z?, where §: Z* — R is a group homomorphism.
We ‘correct’ the measures ut by setting

A

Vg = e_b(x)/’[’x

for every z € X. Then
dvy
log o (z) = 6(n)

for every n, x.

Fix x € X for the moment and combine the measures vy, y € x + V1 C X, to
a sigma-finite measure p, on = + Vi. The bijection = + v — v from = + V7 to 1}
sends p, to a sigma-finite measure p, on V;. This map = — p, has the following
properties:

(1) pz = ee(n)p(x“acMm(n)
(2) potv = puT—y,
where M; is multiplication by ¢ and T;, translation by v on V.

Ergodicity implies that there are only two possibilities: either each p, is concentrated
in a single atom, or the map = +— p, is constant and each p, is translation-invariant
(some caution is needed in this part of the argument).

The latter possibility is excluded, since it would imply the invariance of p under
V1 and hence under the closure of Vi in X. In the former case the measure p is
concentrated on a set which intersects each leaf of F in at most one point.

We repeat the argument with V5 replacing V;. After [ steps we obtain that p is
supported on a set which intersects each coset of Vi +---+ V] in at most one point,
which implies that o™ has zero entropy.

In order to deal with the general case, where X is not necessarily a finite-
dimensional torus, we have to give an alternative description of irreducible Z9-
actions on compact connected abelian groups, taken from [18]-[20]; the algebraic
background can be found in [3] and [22].

Let d > 1, ¢=(c1,...,cq) € (Q°)%, and let K = Q(c) be the algebraic number
field generated by {ci, ..., cq}. We write PX, PX and PE | for the sets of places (=
equivalence classes of valuations), finite places and infinite places of K. For every
v € PX we write K, for the completion of K at the place v, and choose a Haar
measure A, on the locally compact additive group K,. Since K, is a topological
ring, we can define a distinguished valuation | - |,: K, — R in v by setting

Av(aB) = |alyAv(B)
for every a € K, and every compact set B C K,. The set
R,={reK,:|rl, <1}

is a compact subset of K,. If v € P]f{, then R, is, in addition, open, and is the
unique maximal compact subring of K,. Furthermore,

K
UEPf

is the ring of integral elements in K. Let

F=PEuU{ve Pf{ s |eily # 1 for some ¢ € {1,...,d}}, (4.2)
Then F is finite by Theorem I11.3 in [22], and we denote by
L:KI—>V:HKv (4.3)
veF

the diagonal embedding 7 +— (r,...,r), r € K, and put
R={a€ K :|a|, <1 for every UEP;(\F}DDK. (4.4)
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Then ¢(R) is a discrete, co-compact, additive subgroup of V', and we consider the
compact quotient group

Y,=R=V /(R)= ( IT & x I Rv) /L(oK), (4.5)

veEPK vEFNP[

where R is the Pontryagin dual of R, and write
T Vi Y, (4.6)

for the quotient map. In the special case where F' = PX (i.e. where each ¢;, i =
1,...,d, is a unit in og),
R=og, V=RW® vy =sg=1®), (4.7)
with
r(K)=|{ve PX:K,=R}+2/{ve Pk :K,=C}. (4.8)
For every a € Rand b = (b,,v € F) € V we set a-b = (ab,,v € F).
Since a - t(R) C ¢(R), multiplication by a defines a surjective group homomorphism
Oo: Yo — Y. by
Oa.(b+ (R)) =a-b+ (R), (4.9)
for every b € Vp. Then 040 = 0, - 0, for all a,a’ € Rp. In particular, if Ry C Rp
is the group of units (i.e. invertible elements) in R, then 6, is a continuous group

automorphism of Yz for every a € Rj. This allows us to define a Z4%-action 3, by
automorphisms of Y, by setting

Bey = Ocn(y) (4.10)
for every n = (ny,...,nq) € Z¢, where
=t
PROPOSITION 4.3 (Proposition 7.2 in [20]). Suppose that d > 1, and that « is
a mizing and expansive algebraic Z-action on a compact connected abelian group
X. Then « is irreducible if and only if there exist a point ¢ = (c1,...,cq) € (Q)4
with the following properties.
(i) |c™] # 1 for every nonzero m = (my,...,mq) € Z2,
(ii) « is weakly algebraically conjugate to the Z-action B, on Y.
Furthermore,
h(a™) = h(B2) = > log max {1, ||, } (4.11)
veF
for every n € Z%, where F appears in (4.2).

We return to the proof of Theorem 4.2 in the general case. Equation (4.5)
allows us to assume the following (perhaps after modifying o and X by a finite-to-
one algebraic factor map):

(1) X =TI/, K; / D, where each K; is a locally compact abelian field with
characteristic zero and D C H?Zl K; is a discrete co-compact subgroup;
(2) There exist homomorphisms ~;: Z¢ — K, i = 1,...,d, where K is

the multiplicative group K; ~ {0}, with the following property: if

0™ (a,...,an) = (M1(m)aq,...,yn(m)ay,)
for every m € Z¢ and (ay,...,a,) € [[;—, Ki, then ™(D) = D and o™
is the automorphism of X induced by 6™.

This description of @ and X is sufficiently similar to the toral case described earlier
to allow essentially the same proof as before.



MEASURABLE RIGIDITY 11

5. The proof of Theorem 3.3 in the presence of nonmixing sets

If o; and ay share a nonmixing set S C Z¢ then the following lemma allows us
to synchronize the ‘nonmixing times’ of a; and as.

LeEMMA 5.1 ([11]). Let ay and g be algebraic Z%-actions on compact abelian
groups X, and X, respectively. If oo is a measurable factor of oy, and if S C Z2
is a nonempty finite set which is minimal nonmizing for both ay and oo, then there
exist nonzero elements a;(n) € )?i, nes, i=1,2, such that

> ™ (a(m) =) ab"(a =0 (5.1)
nes nes
for every k in an infinite subset K C N.

For the proof of Theorem 3.3 in the zero-dimensional case (i.e. in the presence

of nonmixing sets) we use Lemma 5.1 to find nonzero elements a;(n) € X;, n €
S, i =1,2, such that (5.1) holds for every k in an infinite subset K C N. Tt follows

that
> et (fi(aa)( = > 45" (f2(62)(az(n))) =0 (5.2)
nes nes
for every k € K and f1, fo € Ry.
Put X = X; x X, and denote by a = a; X as the product-Z%-action on X.
We fix a nonempty finite set S which is minimal nonmixing simultaneously for
>\X1a /\X2 and v. As every proper subset of S is v-mixing, the Fourier transform
X = X1 X X2 — C satisfies that

(f1(é1)(ar(m)), f2(é2)(az(m)))
= 0(=a"™(f1(a1)(a1(m))), —a5™ (f2(62) (az(m))))

= lim 1/( > (d’f"(fl(dl)(al(n))%@Qn(fz(dz)(az(n))))>

k—o0

keK  ‘neS~{m}
= JI #(f@)(ai@), f2(42)(az(n)))
neS~{m}

for every m € S. By varying m € S we see that

(f1(d1)(a1(m)), f2(d2)(az(m)))| € {0,1}

for every m € S and fi, fo € Ry.
We fix an element n € S, consider the &-invariant subgroup

N = {(fi(é1)(a1(n)), fo(62)(a2(n))) : fr, fo € Ra} C X.
Since |2(a)| € {0, 1} for every a € M, the projection of v onto the quotient group

Z = X/t = N is a translate of the Haar measure of a closed, a-invariant
subgroup, where az is the Z%action induced by a on Z. Since the map m: X —
Z is finite-to-one by irreducibility and v is ergodic, an elementary skew-product
argument shows that v is also a translate of the Haar measure of a closed, a-
invariant subgroup Y C X. This proves Theorem 3.3 in the zero-dimensional case.

REMARK 5.2. There is a significant difference between the connected and zero-
dimensional cases in Theorem 3.3. Assume for simplicity that d > 1, and that «
is an irreducible, expansive and mixing algebraic Z?-action on a compact abelian
group X. If X is connected, then it is not known whether there exists a nonatomic
probability measure p # Ax on X which is invariant and ergodic under «; in some
special cases it has even been conjectured that no such measures exist (cf. e.g. [4],
[16]). Even the existence of nonatomic mixing measures y # Ax has not been ruled
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out. However, if p is an o-invariant mixing measure with h, (o) > 0 for some
expansive o™, then = Ax by [5].

If X is zero-dimensional, then there always exist nonatomic a-invariant and
ergodic probability measures p # Ax with h,(a™) > 0 for some nonzero n € YA
One can also construct nonatomic a-invariant and ergodic probability measures p
with h,(a™) = 0 for every n € Z<. We refer to [9] and [19] for examples.

6. Examples
EXAMPLE 6.1. The matrix
0 1 0
A=10 0 1| eGL(3,%Z)
1 3 0

has the irreducible characteristic polynomial
f=a2%-3x—-1
with roots
a; =—1.532..., a0 =-0.3473..., a3 = 1.879...

Hence A has a two-dimensional expanding subspace, but the expanding subspace
of A~! has dimension 1. It follows that A and A~! are not algebraically conjugate,
although they are measurably conjugate. Since the characteristic polynomial of A
is irreducible, A does not have an invariant subtorus and the Z-action n — A" is
irreducible.

EXAMPLE 6.2. Let

3 4 0 1 3 2
= (1) e ) e 1)
1 3 , (1 3
(5 1) =6 03),

then AM = M B and M € SL(2,Z), i.e. A and B are algebraically conjugate.

Also, CM' = M’'B, but M’ ¢ GL(2,Z). Since there is no M"” € GL(2,Z) with
CM" = M"B, B and C are not algebraically conjugate, but they are measurably
conjugate: they are Bernoulli with equal entropy. The Z-actions n +— A™, n — B™,
n +— C™ are all irreducible.

If

Theorem 1.1 shows that for irreducible, expansive and mixing algebraic Z?-
actions with d > 1 topological and algebraic conjugacy are equivalent. The following
elementary observations, taken from [6], are sometimes useful for checking that two
given Z% actions are algebraically nonconjugate.

Let a be an algebraic Z%-action on a compact abelian group X. We say that &
is cyclic if the dual module 9 = X is singly generated, i.e. if 9T = Ry - a for some
a € M. In this case M = R, /1 for some ideal I C Ry.

PROPOSITION 6.3. Let a be an irreducible and mizing algebraic Z4-action on a
compact connected abelian group X . Then & is cyclic if and only if o is algebraically
conjugate to as,, for some prime ideal p C Rq (cf. Proposition 2.2).

If & is cyclic, and if 3 is an algebraic Z*-action on a compact abelian group Y
which is weakly algebraically conjugate to «, then B is algebraically conjugate to «
if and only zfﬁ is cyclic.

COROLLARY 6.4. Let a be an irreducible algebraic Z%-action on a compact
abelian group X with the property that 6™ is cyclic for some n € Z%. If 3 is an
algebraic Z-action on a compact abelian group Y which is weakly algebraically
conjugate to a, but for which Bn 18 not cyclic, then B s not cyclic.
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COROLLARY 6.5. Suppose that a and 3 are algebraic Z%-actions on compact
abelian groups such that & is cyclic, but not 3. Then « is not algebraically conjugate

to any re-parametrization of B (i.e. to any Z%-action of the form n — A% with
A€ GL(d,Z)).

We illustrate Proposition 6.3 and its corollaries with some examples.

EXAMPLE 6.6. Let a be the Z2?-action on T2 given by o™ = A™ B™ for every
n = (ny,n2) € Z*, where

1 -1 -1 1 2 -1
A=|-1 -2 -1|, B=[-1 -2 2
—1 —4 -2 2 5 -2

The matrices A and B have the same irreducible characteristic polynomial
g=a>+32% -6z +1,

A is irreducible and hyperbolic, and « is irreducible, expansive and mixing.

Let
2 -2 -1
v=[0o -3 o],
1 —4 =2
2 —4 -1
A=v1tav=1[1 -4 -1},
1 -5 —1
0 1 0
B=v1BV=( 0 0 1],
-1 6 -3

and denote by o' the irreducible Z2?-action n — A’"*B’"*. It is clear that o™ and
o™ are measurably conjugate for every n € Z¢, but o and o/ are not algebraically

conjugate, since B’ is cyclic, but B is not. Hence they are measurably non-conjugate
by Theorem 1.1.

EXAMPLE 6.7. Denote by o the shift-action (1.4) of Z% on X = (Z/2Z)Zd. For
every nonempty finite set £ C Z¢ we denote by Xz C X the closed shift-invariant
subgroup consisting of all z € X whose coordinates sum to 0 in every translate of
E in Z®. If E has at least two points then Xz is uncountable and the restriction
og of o to X is an expansive algebraic Z%action.

For d = 2 and the subset

E= {(0,0), (1,0), (071)} C ZQ,

the Z2-action o on X is called Ledrappier’s example: o is mixing and expansive,
but not mixing of order 3 (for every n > 0, (g,0y + Z(2n,0) + Z(0,2n) = 0).
We also consider the subsets

Ey :{(an)a (17 ) (

E, :{(070)7 (27 ) (

E3 :{(05 0)7 (1a )a (

of Z2. The shift-actions o; = op, of Z
expansive.

For every n € Z2, the automorphisms o® are measurably conjugate, but for

i # j the Z?-actions o; and o; are measurably nonconjugate by Theorem 1.1.
The shift-action o4 of Z? on Xg, with

Ey = {(0’ 0)’ (27O)v (Oa 2)}

Y )

2,0), (1,1),(0,2)},
0,1), (1,1),(0,2)},
2,0),(0,1),(1,1), (0,2)}.

2 on X; = Xp, are mixing, irreducible and

2
, 2

)
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is also mixing and expansive, but reducible: the map ¢: Xz, — Xg, given by

¢(x)(m,n) = Tm,n + T(m+41,n) + T(m,n+1),

is a shift-commuting surjective group homomorphism with kernel Xp.

EXAMPLE 6.8 (Conjugacy of Z2-actions with positive entropy). We define the
sets By, By, B3 C Z2 as in Example 6.7, set

Y, = {x = (zn) € (Z/47)* : Z ZTm+n = 0 (mod 2) for every n € ZQ},
mekE;

and denote by 7; the restriction to Y; of the shift-action (1.4) of Z%? on Q =
(Z/AZ)Z . The entropy formula in [13, Theorem 4.2 and Lemma 4.2] (or a fairly
straightforward direct calculation) shows that h(7;) = log2 for ¢ = 1,2, 3. Theorem
6.5 in [13] implies that the Pinsker algebra 7(7;) of 7; is the sigma-algebra By, ,z,
of Z;-invariant Borel sets in Y;, where

Zi ={x = (xn) €Y : 2n = 0(mod?2) for every n € Z?}.

Then the Z%-action 7/ induced by 7; on Y;/Z; is algebraically conjugate to the
shift-action o; on the group X; = Xg, in Example 6.7.

Since any measurable conjugacy of 7, and 7; would map =(r;) to n(7;) and
induce a conjugacy of 7/ and TJ{ and hence of o; and o, Example 6.7 implies that
7; and 7; are measurably nonconjugate for 1 <14 < j < 3.

EXAMPLE 6.9. Let f = 1 + wuy + w?us € 9‘{24), where w € Fy and 1 4+ w +
w? = 0 (cf. (2.9)). The inclusion R c MY induces an injective My-module
homomorphism j: 9 = %52) /p— M = %54) /4, where

P=(14u +us +ud+ujug + u%)iﬁg) C 9‘&%2)
and
_ 4
q= R,
Since 7(9) has index 2 in M, there exists a two-to-one surjective dual homomorphism
¥ Xop =M — X' =M with ol -y = ¢ - oy, for every n € Z2.
Since gy is cyclic, but agy is not, Proposition 6.3 implies that the irreducible
and mixing Z2-actions asy and agy are not measurably conjugate, although they
are weakly algebraically conjugate.

Further examples can be found in [6] and [11], where we also compute explicitly
the measurable centralizers of such actions.
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