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Abstract

Let H be a countable subgroup of the metrizable compact abelian
group G and f: H — T = R/Z a (not necessarily continuous) character
of H. Then there exists a sequence (xn)n=; of (continuous) characters of
G such that limp—o xn(a) = f(a) for all &« € H and (xn())nz; does
not converge whenever a € G\ H. If one drops the countability and
metrizability requirement one can obtain similar results by using filters
of characters instead of sequences. Furthermore the introduced methods
allow to answer questions of Dikranjan et al.
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1 Introduction

1.1 Motivation

In [?] several techniques have been developed to prove the existence of sequences
(kn)22; of positive integers characterizing countable subgroups H of the circle
group T = R/Z in the sense that for « € T,

a€ H < lim k,a=0.
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These methods were extended in [?] to show that if H is generated freely by
finitely many elements, a characterization is possible in an even stronger sense:
One can choose a characterizing sequence such that Y>> | ||k,af] < oo for a €
H, while limsup,,_, ||kna| > 1/4fora € T\H. (Forz =r+Z € R/Z, r € R,
the norm ||z|| denotes the distance between r and the nearest integer.)

In [?] arbitrary subgroups of T were characterized by filters on its dual Z. This
approach was used in [?] to extend the results from [?].

A different approach to the characterization of finitely generated dense sub-
groups of compact abelian groups by sums has recently been introduced in [?]
and [?].

Dikranjan et. al. investigated related questions concerning the characterization
of subgroups of more general topological abelian groups G (cf. [?], [?], [?], [?])-
In this article we lift the techniques of [?] to this general setting and answer
questions stated in [?] and [?].

Our Theorems 7?7 and 7?7 have contemporaneously and independently been
proved by Dikranjan and Kunen, cf. [?]. They also treat questions related
to descriptive set theory. More results in this directions were, for instance, also
obtained by Elias in [?].

1.2 Content of the paper

In Section ?? we modify the filter method from [?] for our purposes. Theorem
?7? essentially states that arbitrary subgroups of compact abelian groups G can
be characterized by filters on the (discrete) Pontryagin dual G of G. (Such
filters are intended to be the neighborhood filters of 0 w.r.t. precompact group
topologies on G.)

In Section 7?7 this characterization is used to prove Theorem ?7: Among the
compact abelian groups G exactly the metrizable ones have the property that
every countable subgroup H is characterizable in the sense that there is a se-
quence of characters (x,)52; in G such that

a€ H < lim y,(a)=0.
n—oo

This solves Problem 5.3 from [?]. Theorem ?? (which solves Problem 5.1 and
Question 5.2 from [?]) states that in an arbitrary compact abelian group every
countable subgroup is the intersection of subgroups characterizable in the above
sense.

Section ?? is motivated by Question 5.2 from [?]: Consider the case G = T
and G = Z. It was established in [?] that for any countable H < T there
exists a sequence of integers k1 < ko < ... characterizing H. Is it possible to
choose the k,, in such a way that the quotients kz“ are bounded? We answer
this question affirmatively by proving a stronger anssertion, cf. Theorem 77. It
states that, in a certain sense, characterizing sequences can be arbitrarily close
to having positive density. This seems to be best possible insofar as (apart from
trivial cases) characterizing sequences always have density 0. Theorem ?? is a




counterpart to Theorem ??7 and describes how sparse characterizing sequences
of subgroups of T can be.

In Section ?? we introduce a refined characterization of subgroups of a compact
metrizable group G by sequences: For a sequence (x,)%; in G we consider
the set H of all @« € H for which (xn(a))22, converges (not necessarily to
0 € T). H is easily seen to be a subgroup of G and the pointwise limit is a
(not necessarily continuous) homomorphism f : H — T. Theorem ?? gives a
complete description of the situation: Given any subgroup H of a metrizable
compact abelian group G and any homomorphism f : H — T there is a sequence
(xn)22; in G such that y,, — f pointwise on H. If H is countable then one can
even achieve that H is exactly the set of convergence. If G is a compact (not
necessarily metrizable) group and H is an arbitrary (not necessarily countable)
subgroup of G, this result is still valid when the convergence of sequences is
replaced by the more general convergence of filters. By considering the trivial
homomorphism f = 0 we see that Theorem 7?7 nicely extends Theorem ?77.
Furthermore this result allows to construct counterexamples to Question 5.4
from [?]. (For the complete statement of this question cf. Section ??.)

1.3 Conventions and notation

If not stated otherwise, G is always an infinite locally compact abelian group.
(For finite G most assertions turn out to be trivial.) Since we are only interested
in abelian groups, we use additive notation. In particular we shall do so in the
group T = R/Z where characters x : G — T take their values. Elements of G
will be denoted by «, 8,.... If H is a (not necessarily closed) subgroup of G, we
write H < G. If A C G is any subset, (A) denotes the subgroup generated by
A. For finite A = {a1,...,a,} € G and M € N we put (A)yr = {> 1 ki :
ki €Z, kil < M}.

Recall that a group compactification of (any topological group) G is defined to
be a pair (¢,C) where C is a compact group and ¢ : G — C is a continuous
homomorphism with dense image. Relative topologies on G induced by group
compactifications are called precompact. The so called Bohr compactification
(tve, bG) of G is the compactification of G which is maximal in the sense that
for each compactification (¢, C) of G there is a continuous homomorphism ¢ :
bG — C with ¢ o tpe = e

G = {x : x is a continuous homomorphism from G to T} denotes the dual group
of G, equipped with the compact open topology. By Pontryagin’s DualiAty The-
orem (cf. for instance [?] or [?]) we know that for LCA groups G = G in the
algebraic as well as in the topological sense via the canonical mapping o — x,
ZTo X x(@).

We take G4 to be G endowed with the discrete topology. Duality theory can/b\e
applied to construct the Bohr compactification bG of G by setting bG := (é)d
and (g : @ — x,. Accordingly, the Bohr compactification of G is é\d. It is

natural to call the precompact topology on G induced by G the Bohr topology.
On the dual group G the Bohr topology can be described by the so called Bohr



sets which are defined by

Blay,.ane) = {X cq - lIx(c)]| < e forie {1,2,...,t}},

where aq,...,a; € G and € > 0. These sets generate the neighborhood filter of
0 in G endowed with the Bohr topology. Further we put B(a, .. a, ) (E) =

Bay,...are) N E for E C G. For @ € G and B C G we write ||aB]| :=
sup{[Ix(a)l| = x € B}.

2 Characterizing filters

We will make use of so called filter limits: Let S be any set, let F be a filter
on S, let y be a point in a topological space X and let f : S — X be function.
Then

F—lim f(s) =y

iff for every neighboorhood U of y, {s € S: f(s) e U} € F.
We remark that filter limits are more general then limits along sequences: For
a sequence (2,,)%; in X put

Fam, ={AC X :3m € Nsuch that {z,, : n >m} C A}

Then Fy,)ee  — limg f(s) exists iff limy, o f(zn) exists and in this case they
coincide.

Let H < G be a subgroup of the compact abelian group G. Our task is to
show that H can be characterized by a filter F on G in the sense that we have
Fu—lim, x(8) =0iff 5 € H. It is clear that for all @ € G and all € > 0 the set
B(q,) has to be an element of Fp to assure convergence for elements of H. By
the filter properties of Fg the intersection of finitely many such sets will again
be an element of Fry. Thus it would be natural to define Fy to be the filter
generated by the sets B(q, ... a,,c) Where a1,...,a; € H,e > 0. This definition
yields the minimal filter with the required property and corresponds to the
precompact group topology on G induced by H. Later it will be important to
us that we may neglect finite sets of characters. Therefore we will also take all
cofinite sets to be elements of Fp. This leads to the following definition:

Fu:={FCG: 3041,...,04teH,s>07AF§G,|F|<OO .
such that B(al,___m,g)(G\F) CF

Theorem 2.1 Let G be an infinite compact abelian group, let H be a subgroup
of G and let the filter Fg be defined as above. Then for all p € G

fH*h)I(IlX(ﬂ):O <~ [fE€H.



In the course of the proof we will employ the following lemma which will also
be useful later on:

Lemma 2.2 Let G be a compact abelian group. Then G is dense in é;l w.r.t.
pointwise convergence. Thus, for any countable subset H of G and any x € Gq
there exists a sequence (xn)So 4 in G such that xn(a) — x(a) (n — 00) for all
ac H.

Proof: As explained in the introduction, the compact group (/l\d is, with the set
theoretic inclusion as dense embedding, the Bohr compactification of the dis-
crete group G. This proves the first part. Thus for H = {a1,a3,...} € G and
every n € N there is a x,, € G with || xn (o) —x(as)|| < Lforallie {1,2,...,n}.
It follows that x,, — x pointwise on H. [J

Proof of Theorem ?77?: The definition of Fy guarantees that F—lim,, ||x(8)| =0
for all B € H. For the converse we prove that, given 8 ¢ H, for all ay,..., a4 €
H and every € > 0 there exist infintely many characters x € B(q, ... .a,,c) With
Ix(8)]| > 1/4 which implies that {y € G : ||x(8)|| < 1/4} & F. First we sce that
there exists at least one such character: Consider the Bohr compactification Gd

of G. Gd separates subgroups and points of G. Hence there exists some ¢ € Gd
such that

¢p(a) =0for all @ € (a1,...,04) and c=¢(8) #0,

w.lo.g. ||#(8)]| > 1/3 (otherwise take an appropriate multiple 2¢, 3¢,...). By
Lemma 77 ¢ can be approximated arbitrarily well on finitely many points by a
character. Thus we find some x € G such that ||x(a;)| <e,1 <i<t,|x(8)| >
1/4.

Next we prove that for ¢ > 0 each B(,, ... o, ) contains infinitely many x with

Ix(B)| > 1/4. Let U = {(x(a1),...,x(cw),x(B)) : x € G} < Tt We
distinguish two cases:

1. U is finite, say U = {uq,...,ur}. There is some i, say ¢ = 1, with uy :=
(0,...,0,¢). Then the sets

T; = {XECAY':(X(al),...,x(at),x(ﬁ)):ui}, 1=1,....,k,

and particularly T are infinite, or

2. U is an infinite subgroup of T**!. But then each point of U is an accumulation
point.

In both cases we find infinitely many x with the required property. [

3 Characterizing countable subgroups

We solve Problem 5.3 from [?]: For which compact abelian G can every count-
able subgroup H be characterized by a sequence of characters?



For A C G we write limyca x(B) = 0iff {x € A: x(B) > ¢} is finite for all
e > 0. (Le. instead of the characterizing sequence (xn)32; we consider the
characterizing set A = {x,, : n € N}.)

Theorem 3.1 Let G be an infinite compact abelian group and let H < G be a
countable subgroup. Then the following statements are equivalent:

(i) G is metrizable.
(ii) There exists a countable set A C G, such that

feH iié{qu(ﬁ)zo.

Remark. The proof of Theorem ?? actually shows that (if G is metrizable)
for every o < 1/3 the characterizing set A can be chosen in such a way that
B ¢ H implies limsup, ¢ 4 [x(B)|| > 0. Using a diagonalization argument it is
not difficult to achieve limsup, ¢ 4 [[x(8)[| > 1/3 and it is easy to see that this
is best possible.

The proof of (i) = (ii) employs several lemmas which we formulate now and
verify at the end of this section. According to our assumptions, in these lemmas
G is an infinite compact abelian metrizable group.

Lemma 3.2 Let 7 € T and n € N. Assume that |it|| < o < 1/3 for all
i€{1,2,...,n}. Then ||7|| < o/n.

Lemma 3.3 Assume that v1,...,7va € G freely generate H < G. For arbitrary
nonempty open sets Iy, ..., I4 in T there exists x € G such that x(v;) € I; for
alli e {1,2,...,d}.

Lemma 3.4 Let ay,...,a; € G, e >0 and o < 1/3.

1. For all finite I’ C G and all seqG

.....

.....

3. IfV O {aq,...,q:)n is an open subset of G then for all finite T C G there
exists a finite set E C G\ T such that for 8 € G

18B(as,..ane) (BN S0 = BEV.

Lemma 3.5 Let Ry C Ry C ... be finite subsets of G. There exists a sequence
of open sets V,, C G,n € N such that



1. V, O Ry,
2. liminf, oo Vo = Ui Moess Vo = U R

Proof of Theorem 77?: R
(i) = (4i): We will first construct the set A C G and then prove that 5 € H

iff limyea x(8) = 0.
Let H =: {a; : t € N} and pick e = 0 € (0,1/3). Using Lemma ??,2 we can
choose a sequence (M;)s2, such that for every finite ' C G and all 8 € G

8By, (G\ DI € & = B € (o, an)u,-

Next put for t € N, R := (a1, ..., a¢)n, and define V; O R, according to Lemma
?77? such that liminf, .. V; = H. R

Using Lemma 77,3 we choose a finite set Ey C G such that ||3B,, ) (E1)|| <€
implies B € V5. By employing Lemma 77,3 again, we find Fs C G \ Ep such
that ||3B(a,,a0,c)(F2)| < € implies 3 € V5. Continuing in this fashion we arrive
at a sequence (EF¢)$2, of disjoint subsets of G such that for each ¢t € N

1BBas,....ane) (B <6 = BEV.

Finally we put A := ;2 B(a,,....ar.e)(Et).

Assume that 8 € H. To prove limye 4 ||x(8)|| = 0 note that, for arbitrary n € N,
there exists T'= T'(n) € N such that i8 € {ay : ¢ < T} for all i € {1,2,...,n}.
Thus whenever x € Bq, ... a,.e)(Et) for some t > T we have [|ix(5)| < ¢ for all
1 <4 <n. By Lemma ?7? this yields ||x(8)| < e/n. Since n was arbitrary we

get limyea [[x ()] = 0.

Conversely assume that limsup, ¢4 [[x(3)]| < ¢ for some 3 € G. Then for all
but finitely many ¢t € N we have [|3Ba,.... .a,.e)(Et)|| < €. Thus there exists
to € N such that 8 € V; for all ¢ > tg which yields 8 € H by the choice of the
sequence (V;)52;.

(i1) = (i): Let H < G be an arbitrary countable subgroup characterized by
the countable set A C G. Define A := (A) and

A :={ge€G:x(g)=0forall y € A},

the annihilator of A. Clearly A° < H, thus |A°] < Rg. Since A = G/A° we have
w(G/A%) = w(A) = |A| = Ro, where w denotes the topological weight, i.e. the
least cardinal number of an open basis (cf. [?], 24.10 and 14.14). Hence G/A°
and AY have at most countable weight and therefore also G ([?], 5.38), implying
that G is metrizable. [

Let G be a compact abelian group. In [?] subgroups characterized by a sequence
(xn)S2; in G are denoted by

S(Xn)ff’:l(G) = {a €G: nlLII;O Xn(a) = 0} .



Furthermore such subgroups are called basic g-closed subgroups. According to
Theorem ?? every countable subgroup of G is basic g-closed iff G is metrizable.
A group H < G is called g-closed if it is representable as the intersection of
basic g-closed subgroups. The next theorem deals with g-closed subgroups and
solves Problem 5.1 from [?].

Theorem 3.6 FEvery countable subgroup H of a compact abelian group G is
g-closed.

Proof: For arbitrary 8 € G\ H there is a x € Gy with x(a) = 0 for all o« € H
and [[x(8)|| > 3. Thus Lemma ?? immediately yields a sequence of (x7)52, in

G characterizing a subgroup

Hp = s i":l(G) = {a €G: lim x?(a) = 0} <G

n—oo

with H < Hg and 8 ¢ Hg. Thus H = ﬂﬁeG\H Hg. O
Proofs of Lemmas 7?7 to 77 :

We assume the group G to be compact abelian and metrizable. Lemma ?7 is
elementary, so we skip the proof.

Proof of Lemma ?7: Assume that

A= é(’Yla---a’Yd> :{X(OZ) P X€ G,Oée </71’"'a’yd>}

is not dense in T¢, i.e. H := A < T?. There is a nontrivial character of T¢ van-
ishing on H, i.e. a nonzero vector h = (hy, ..., hq) € Z% such that 2?21 hiz; =0
holds for all x = (21,...,z4) € H. Fix an arbitrary x € G and put z; = x(v:).

Then 4 }
0= Z hix(vi) = x (Z hi%‘) :
i=1 i=1

Since this holds for all x € G we have Zle hiv; = 0, contradicting the inde-
pendence of the free generators v;, 1 <i<d. O

Proof of Lemma 77: Let Bg := B(q,,..., at’s)(@ \T).

1. Let F = Fla,,....a,) be the filter of Theorem ?7? characterizing (a1, ..., at)
and let 6 > 0 be arbitrary. Under the assumption ||5By]| < o < 1/3 we have to
show that

Fyi={xeG\T: |x(@8)| <o} e F.

Choose m € N such that § > o/m and let B; := B(al,___ﬂhg/m)(é \T). By
definition of F we have By € F. For all x € By, i € {1,2,...,m}, we have
ix € Bp. Thus ||ix(8)|] < o for all i € {1,2,...,m} and Lemma ?? yields



Ix(B)|l < o/m < 6. Thus By C Fs and hence F5 € F.

2. Assume that H := (aq,...,q) is infinite (otherwise the assertion follows
immediately). Since H is a finitely generated abelian group there exists a
decomposition H = T & F where F is freely generated by ~1,...,7¢ and
T = (v1,...,v) = ®._,(1;) is the torsion subgroup of H. Hence (v;) = Z,
for some e¢; € N and

(01, n) = () © (1) 2 200 B L
Let § > 0 be such that ||x(v;)|] < é for ¢ € {1,2,...,d} and x(v;) =0 for j €
{1,2,...,1} implies ||x(ax)|| < e for k € {1,2,...,t}. Pick now any 8 € G with
I8Bo|| < o < 1/3. By 1. above we have § € H, thus 8 = Zle mﬁZj-:l SV
for some r; € Z, s; € {0,1,...,e; — 1}, 1 € {1,2,...,d},5 € {1,2,...,1}. Let
€= Hé’:l ej. By Lemma ?7 there exist infinitely many x € eG := {ex’ : X’ €
G} such that

1 2
sign(r;)x(vi) € l 7 , 7 1 +7Z
3Zj:1 ;] 3Zj:1 |51

holds for ¢ € {1,2,...,d}. Therefore we have
|4 2|4
TiX(’Vi) S l d s d +7Z
3Zj:1 ;] 3Zj:1 I

for all ¢ € {1,2,...,d}. Summing up and using that x(v;) = 0 for j €
{1,2,...,1} this leads to

X0 =3 ) € [% g] L7,

Thus x & B,
therefore § <

as,e) and hence there is j € {1,...,t} with |[x(a;)|| > € and
. Equivalently Zle Iril < 2. So there are only finitely

.....

2
3 Z?:l 71
many choices for 8 and we may put an universal bound M on the coefficients
in the linear combination 3 = Y"!_, k;a;.

3. Clearly, the set

I:'={BeG: BBl <o} = [ {v€G:x() <o}

X€Bo
is closed and by 2. we have I C (ai,...,a:)py € V. Thus INVE = (). By

compactness of G there exists a finite set £ C By such that

N eG:IxM<otnve=0.

XEE



This F is as required. [

Proof of Lemma ?7?: Let p be a metric on G compatible with its topology. Since
the sets Ry € Rp C ... C @ are finite there is a sequence (d, )2, of positive
reals decreasing to 0 such that

2d, < min{p(a,d’) : a,a’ € Rp,a#a’}
dp +dny1 < min{p(a,a’) : a € Ry, @ € Ryt \ Ry}

Define
Vo ={f€G : Jae R, with p(f,a) <d,}.

By monotonicity of the sets R,, 3 € (Jo—; R, implies 3 € Uro_; N2, Va-
Conversely, assume 3 € Uf:zl ﬂff:m V,, or, equivalently, that there exists an m
with 8 € V,, for all n > m. According to the definition of the sets V,, there exists
a unique «, € R, such that p(a,,3) < d, for n > m. Moreover the choice of
the d,, guarantees that a,,, = apmy1 = ... and so p(08, ) = p(B, ) < d,, — 0.
Hence 8 = aymm € Ry, C U Ry O

4 Thick and thin characterizing sequences

Question 5.2 from [?] asks: Does every countable subgroup H of T admit a
characterizing sequence (ky)5 ; with bounded quotients, i.e. ¢, = k;—:l < C for
all n € N and some C' € R?

We answer this question affirmatively by proving a stronger result. Which type
of statement can be expected? Assume that o € H is irrational. Then, by uni-
form distribution of the sequence (na)S,, the set of all k € N with ||ka| < e
has density 2e. Thus (with the exception of trivial cases) characterizing se-
quences have zero density. Furthermore the length of their gaps is tends to
infinity. In particular the thickest characterizing sequences we can expect might
have a density which converges to zero very slowly in some sense. This is the
content of the following result.

Theorem 4.1 Let H < T be a countable subgroup and let (£;)52; be a se-
quence with 0 < ¢; < 1 that converges to 0 (arbitrarily slowly). Let N be par-
titioned into nonempty intervals I; = {ij,i; +1,...,4ij41 — 1} with ig = 0 and
lim;_oo(ij41 — ;) = 0o. Then there exists a sequence (k,)5%; of nonnegative
integers characterizing H such that

Hn:k, € I;}|

T >¢e;  for all j.

Proof: Let, according to Theorem ?? (or to [?]), ¢1 < ¢c2 < ... € N be any
sequence characterizing H. We are going to construct a sequence di < da <
... € N containing at least €;|I;| elements in each I; such that ||k,a| — 0 for

10



alla € H. Then A = {k1 <ke <...} ={d,:n € N}U{e,:n € N} clearly has
the desired properties.

Let H =: {ay : t € N}, put I;F(O) :=1I; and

IF () ={k € I;: |kay|| < 1/t for all i € {1,2,...,t}}

J

for ¢ > 1. For each j € N let ¢; be the maximal ¢t € {0,1,...,7} such that
L7 (t)] = &;|I;| and put

{di <do < ...} =Uj2, I} (1))

It suffices to show that ¢t; — oo for j — oo or, equivalently, that for each tp € N
there exists jo such that for all j > jo

{delj:|da| <1/toforalli=1,...,t0}| > €;1;.

Since €; — 0 for j — oo this is an immediate consequence of the well distribu-
tion (cf. [?]) of the sequence (ng)S° ; in the closed subgroup G < T generated
by g = (a1,...,0a4,) € T?: The open subset O C G of all (8, ..., 3,) with
IG:l < 1/to has positive Haar measure p(O) and the set of all k& € Z with
kg € O has uniform density x(O) > 0. O

Theorem ?7? indeed answers the question about quotients: Take, for instance,
i; = j* and choose the £; in such a way that at least one k,, lies in each I;.

Then the quotients ¢,, = kz“ tend to 1. This example can be modified in many
ways. ’

It has been proved in [?] that g, — oo implies that the corresponding charac-
terized group H is uncountable. Thus, for a given countable H, characterizing
sequences cannot be arbitrarily sparse in this sense. Nevertheless we have:

Theorem 4.2 Let H be a countable subgroup of T and let m1 < mo < ... be
an (arbitrarily fast) increasing sequence of positive integers. Then there is a
characterizing sequence k1 < ko < ... for H with m,, < k, for alln € N.

Proof: Let ()22, be any characterizing sequence of H. Put kg, := ¢;, and
kony1 := cj, + cn where j, is large enough in the sense that ks, > mo, and
kon41 > maopy1. Clearly a € H implies ko — 0. On the other hand, if 5 € T
and k,8 — 0 then also (k2nt1 — kon)B = cnf8 — 0. (¢y)52; characterizes H,
therefore g € H. OJ

Theorem ?? implies that for any countable H < T there are sequences (k)22

n=1
characterizing H with limsup,,_, kz“ = oo: In Theorem ?? put m,, = n" and
let k1 < ko < ... be a characterizing sequence of H such that m,, < k, for all
n € N. Then
sup —— > sup y/ > sup 1/ = 00.
neN n neN neN
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For more sophisticated methods to generate sparse characterizing sequences
we refer to [?] and [?]: E.g. for a countable subgroup H < T one can con-
struct a characterizing sequence (k,)%2; such that for all » > 0 and « € H,
2o [lkna|” < o0

The idea of the proof of Theorem 7?7 has further remarkable extensions. We will
analyze them more detailed in the next section.

5 Groups as sets of convergence

The following theorem presents a generalized approach to the characterization
of subgroups.

Theorem 5.1 Let G be a compact abelian group.

1. Let F be a filter on G. Then the set H of alla € G for which F—lim, x(«a)
exists is a subgroup of G. The mapping f : H — T, o — F —lim, x(c) is
a group homomorphism.

In particular if (xn)S2, s a sequence in é, the set H of all « € G for
which lim, o Xn (@) exists is a subgroup and the mapping f : H — T,
a — limy, 00 Xn (@) is a group homomorphism.

2. Let conversely H be a subgroup of G and let f: H — T be a homomor-
phism. Then there exists a filter F on G such that F —lim, x(o) = f(c)
for all € H and F —lim,, x(8) does not exist whenever 3 ¢ H.

3. If furthermore H < G is countable then there exists a sequence (Xn)5 4
in G such that
Xn(a) — f(a) foralla € H.

4. If G is metrizable and H is countable then there exists a sequence (x1,)22
in G such that
Xn(a) = f(a) foralla € H

and (x,,(8))$2, does not converge if 3 & H.
Proof: 1: Clear.

2. For ay,...,a4 € H and € > 0 put
F(oa,...,qp,€) = {x € G |Ix(a) — flay)|| < e fori = {1,2,...,t}}
and

ff(]if){Fgé Jaq,...,ap € H, e >0 }

such that F(aq,...,as,e) CF

We have to show that
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a) F is a filter.

(a)
(b) Forall o € H : F —lim, x(a) = f(a).
(c) Forall B¢ H : F — lim, x(B) does not exist.

ad (a): Since the set F(ay,...,a4, b1, .., 0, min(e1,e2)) € F is contained in
F(aq,...,a,e1)NF (B, ..., B, e2) it suffices to show that each F(aq,..., a4, €)
is not empty. .
There exists an extension of f : H — T to x : G — T such that x € Gg4. By
Lemma ?? there is a x’ € G such that ||x'(c;) — x(au)| < e fori=1,... ¢t
Hence X' € F(ai,...,q4,¢€) # 0.

ad (b): Let a € H and U € U(f(a)). There exists an € > 0 such that ||€ —
f(a)|| < e implies £ € U. x € F(a,e) € F implies ||x(c) — f(a)|| < € proving
F —lim, x(a) = f(«).

ad (c): Let 8 ¢ H and F € F be arbitrary. We will show that there exist
X1, X2 € F such that [|[x1(8) — x2(8)|| > 1/4. F € F implies that there exist
a1,...,a; € H and € > 0 such that F(aq,...,a:e) C F. Note that there is a
X' € Gg with /(h) = 0 for all h € H and x'(8) > 1/3. By Lemma ?? there
exists a x € G such that ||x(o)|| < e/2 fori =1,...,t and x(8) > 1/4. Pick
x1 € F(aaq,...,at,e/2) C F arbitrary and let xo = x + x1. Then x2 is also in
F and [|xa2(8) — xa(8)| = Ix(B)] > 1/4.

3. Let H = {as,t € N}. The proof of 2. shows that for each n € N there is
a xn € G such that ||xn(a;) — f(as)|]] < 1/n for ¢ = 1,...,n. The sequence
(xn)S2; has the desired properties.

4. If G is metrizable and H is countable we know by Theorem ?7? that there
exists a sequence (X»,)22; in G such that

Ixn(a)]| — 0 iff acH.

Let furthermore (x, )52 be as in 3. and define x5, := X, and X5, 41 := Xn+Xn-
Then x/, () — f(«) for all « € H.

Conversely, for 5 ¢ H the sequence (x,(3))52; cannot converge: If x/, (8) — ¢
for some ¢ € T, then x,,(8) = x5n41(3) — X5,(3) — 0. Hence § € H, contra-
diction. [J

We want to apply Theorem ?? to Question 5.4 in [?] which, in our notation,
reads as follows. Let (¢,)52; be a sequence in Z. Are the subsequent conditions
(i) and (ii) equivalent?

(i) There exists a precompact abelian group G 2 Z such that ¢,, — h in G
and (h) NZ = {0}.

(ii) There exists an infinite subgroup A < T such that ¢, — 0 holds for all
ac A
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Conditions (i) is obviously equivalent to (i’) below:

(i) There exists a group compactification (¢, G) of Z such that ¢ is 1-1, ¢(¢cp,) —
hin G and (h) N «(Z) = {0}.

We remark first that (ii) implies (i’): Let ¢ : Z — T4, n + (na)aeca and put
G = (Z). Obviously (¢, G) is a compactification of Z and since A is infinite, ¢
is 1-1.

To see that the converse does not hold, pick a,3 € T, such that a and § are
linearly independent over the rationals. Define a homomorphism f : (a) —
(8),na — nB. By Theorem ?? choose a sequence (¢,,)%; in Z such that
ena — f(a) =0 and (¢,7)22, does not converge for v € T\ ().

Then ¢ : Z — T,n — na gives rise to a group compactification of Z. Put h :=
such that ¢(c,,) = ¢, — (. Since « and [ were chosen to be linearly indepen-
dent we have (h) N «(Z) = (B) N (a) = {0}. Thus (i') is valid. On the other
hand (47) fails since ¢,y — 0 only for v = 0.

For a different type of counterexample fix a prime p and consider the p-adic
integers Z,. Choose an arbitrary sequence (k,)5%; in {0,1,...,p — 1} which
contains infinitely many non zero elements and satisfies k1 = 1. Using this, put
for each n € N, hop, = hopy1 =y kip® and let ¢, = p™ + hy,. Then

n—oo n—oo

lim ¢, = lim h, ZZkzipi =heZ,\Z.
i=1

Hence kh € Z, \ Z for all k € Z \ {0}, so (¢) holds.

Next pick a € T such that lim,, . cpa = 0. It follows that also lim,,— oo (¢rt1 —
cn)a = 0. Since hg, = hopi1 this yields p"a — 0 so a = a/p' + Z for some
leNandac{01,...,p! —1}. But then, for all n > 1

(a/p") (p% + Z kipi> || -

The last term tends to 0 only if @ = 0. Hence v = 0 and (4¢) fails.

[lacan]| =

!
(a/p") Z kip'
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