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MOTIVATION

Theme of the talk:

When are stochastic processes similar?

When are their laws ‘close’?

Motivation:

1 continuity of optimal stopping?

2 continuity of pricing / hedging?

3 sensitivity of option pricing wrt model uncertainty:
-) γ(X )...path dependent payoff
-) P...reference model
-) Br(P) ∶= {Q ∶ Q calibrated mart.,d(P,Q) ≤ r}

ΦP(γ) ∶= lim
r→0

1

r
( sup
Q∈Br (P)

EQγ(X ) − inf
Q∈Br (P)

EQγ(X ))

Question: which metric d?

M. Beiglböck (Univ. Vienna) Adapted Wasserstein Distances 2 / 6



MOTIVATION

Theme of the talk:

When are stochastic processes similar?

When are their laws ‘close’?

Motivation:

1 continuity of optimal stopping?

2 continuity of pricing / hedging?

3 sensitivity of option pricing wrt model uncertainty:
-) γ(X )...path dependent payoff
-) P...reference model
-) Br(P) ∶= {Q ∶ Q calibrated mart.,d(P,Q) ≤ r}

ΦP(γ) ∶= lim
r→0

1

r
( sup
Q∈Br (P)

EQγ(X ) − inf
Q∈Br (P)

EQγ(X ))

Question: which metric d?
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M. Beiglböck (Univ. Vienna) Adapted Wasserstein Distances 2 / 6



DEFINITIONS

Setup: P,Q on ΩX = ΩY = RN , X = (Xi),Y = (Yi) . . . canonical processes

Wasserstein dist: W2
(P,Q) = inf

T ∶RN→RN ,T(P)=Q
∫ ∑(Ti(x) − xi)

2

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
=∥T(x)−x∥22

dP(x)

T (P) = Q ⇐⇒ (T1(X1, . . . ,XN), . . . ,TN(X1, . . . ,XN)) ∼ (Y1, . . . ,YN)

adapted version: (T1(X1), . . . ,TN(X1, . . . ,XN)) ∼ (Y1, . . . ,YN)

Ð→ W
2
causal(P,Q) ∶= inf

T ∶RN→RN ,T(P)=Q,T adapted
∫ ∑(Ti(x) − xi)

2 dP(x)

official definition [Lasalle ’15]

W
2
causal(P,Q) ∶= inf

π∈Cplcausal(P,Q)
∫ ∑(yi − xi)

2 dπ(x)

here π ∈ Cpl(P,Q) is causal if

∀t ≤ N ∶ (Y1, . . . ,Yt), (Xt+1, . . . ,XN) cond. ind. given (X1, . . . ,Xt)
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DEFINITIONS

Wcausal(P,Q) is not symmetric – possible remedies/alternatives:

1 d(P,Q) ∶=Wcausal(P,Q) +Wcausal(Q,P)
2 replace Πcausal(P,Q) with Πbi-causal(P,Q), (≈ T , T−1 adapted)

introduced by [Rüschendorf ’85, Pflug–Pichler ’12, Bion-Nadal–Talay ’17]

3 ‘extended weak convergence of processes’ [Aldous ’81]

4 ‘information topology’ [Hellwig ’96]

Thm (Backhoff, Bartl, B., Eder): All these topologies are equivalent.

ad (2): W2
ad(P,Q) ∶= inf

π∈Cplbi-causal(P,Q)
∫ ∑

i≤N

(yi − xi)
2 dπ(x)

our choice: W
2
ad(P,Q) ∶= inf

π∈Cplbi-causal(P,Q)
∫ ∑

i≤N

(∆yi −∆xi)
2 dπ(x),

= inf
π∈Cplbi-causal(P,Q)

Eπ[X −Y ]N

where ∆xi = xi − xi−1, x0 = 0.

M. Beiglböck (Univ. Vienna) Adapted Wasserstein Distances 4 / 6
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RESULTS OPTIMAL STOPPING and EXAMPLES

-) optimal stopping: (Gt)
N
t=1 adapted, bounded, x ↦ Gt(x) cont.

VP(G) ∶= supτ EP[Gτ ]

Thm (Backhoff, Bartl, B., Eder)

Wad(Pn,P)→ 0 ⇐⇒ ∀G , VPn(G)→ VP(G)

-) cont. time, P,Q mart. measures

W
2
ad(P,Q) ∶= inf

π∈Cplbi-causal(P,Q)
Eπ[X −Y ]T ,

some relations to familiar concepts:

W2
ad(σ1W, σ2W) = T (σ1 − σ2)

2

argmin{Wad(P,W) ∶ X0 ∼P δ1,X1 ∼P log normal} = geometric BM

argmin{Wad(P,W) ∶ Xt ∼P µt , t ∈ [0,T ]} = local vol model

M. Beiglböck (Univ. Vienna) Adapted Wasserstein Distances 5 / 6



RESULTS OPTIMAL STOPPING and EXAMPLES

-) optimal stopping: (Gt)
N
t=1 adapted, bounded, x ↦ Gt(x) cont.

VP(G) ∶= supτ EP[Gτ ]

Thm (Backhoff, Bartl, B., Eder)

Wad(Pn,P)→ 0 ⇐⇒ ∀G , VPn(G)→ VP(G)

-) cont. time, P,Q mart. measures

W
2
ad(P,Q) ∶= inf

π∈Cplbi-causal(P,Q)
Eπ[X −Y ]T ,

some relations to familiar concepts:

W2
ad(σ1W, σ2W) = T (σ1 − σ2)

2

argmin{Wad(P,W) ∶ X0 ∼P δ1,X1 ∼P log normal} = geometric BM

argmin{Wad(P,W) ∶ Xt ∼P µt , t ∈ [0,T ]} = local vol model
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RESULTS HEDGING

hedging – discrete time or X ,Y cont. semi-martingales

Ð→ W
2
ad(P,Q) ∶= inf

π∈Cplbi-causal(P,Q)
Eπ([X −Y ]T +TV (AX

−AY
)
2)

definition: c(X )...derivative, m + (H ⋅X ) is ε-almost super-hedge if

EP(c(X ) −m − (H ⋅X )T )+ ≤ ε

Thm (Backhoff, Bartl, B., Eder). Let ∣HX ∣ ≤ k , c L-Lip. ⇒ ∃HY s.t.

EQ(c(Y ) −m − (HY ⋅Y ))+ ≤ EP(c(X ) −m − (HX ⋅X ))+

+ 2(k + L) Wad(P,Q)

Note: Xt = σ1B
1
t ,Yt = σ2B

2
t , c ...call option Ô⇒ sharp up to 1/2π

H L̃-Lip⇒ EQ(c(Y )−m− (HX ⋅Y ))+ ≤ EP(c(X )−m− (HX ⋅X ))+

+ (L̃ Wad(P, δ0) + 2(k + L)) Wad(P,Q)
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M. Beiglböck (Univ. Vienna) Adapted Wasserstein Distances 6 / 6



RESULTS HEDGING

hedging – discrete time or X ,Y cont. semi-martingales

Ð→ W
2
ad(P,Q) ∶= inf

π∈Cplbi-causal(P,Q)
Eπ([X −Y ]T +TV (AX

−AY
)
2)

definition: c(X )...derivative, m + (H ⋅X ) is ε-almost super-hedge if

EP(c(X ) −m − (H ⋅X )T )+ ≤ ε

Thm (Backhoff, Bartl, B., Eder). Let ∣HX ∣ ≤ k , c L-Lip. ⇒ ∃HY s.t.

EQ(c(Y ) −m − (HY ⋅Y ))+ ≤ EP(c(X ) −m − (HX ⋅X ))+

+ 2(k + L) Wad(P,Q)

Note: Xt = σ1B
1
t ,Yt = σ2B

2
t , c ...call option Ô⇒ sharp up to 1/2π

H L̃-Lip⇒ EQ(c(Y )−m− (HX ⋅Y ))+ ≤ EP(c(X )−m− (HX ⋅X ))+

+ (L̃ Wad(P, δ0) + 2(k + L)) Wad(P,Q)
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