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1. If (Mn) is a simple symmetric random walk then (M2
n−n) is a martingale.

Use this to calculate ET−a,b for a, b ∈ N, T−a,b = inf{n : Mn ∈ {−a, b}}.

2. Assume that (Mn) is a simple symmetric random. For which adapted (Hn)
do we have supn ‖Xn‖2 < ∞ for the martingale Xn = (H ·M)n, n ∈ N.
Can you detect a Hilbert-space isometry?

3. Assume that {Xn}n is a UI family and that limn Xn exists almost surely.
Show that the limit also exists in L1.

4. Show that 1), 2), 3) and 1′), 2′), 3′) are equivalent, where

1) B0 = 0.

2) B has independent increments.

3) For all s ≤ t, Bt −Bs ∼ N(0, t− s).

and

1’) B0 = 0.

2’) (Bt1 , . . . , Btn) is centered Gaussian for all t1, . . . , tn ≥ 0.

3’) For all s ≤ t, Cov(Bs, Bt) = s ∧ t.


