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raalfolds of differentiable\maps

Peter Michor

1. ILet X, Y be smooth finite dimensional manifolds, let

- C™(X,Y) be the set of smooth mappings from X to Y; for any
non negative integer n let JU(X,Y) denote the fibre bundle
of n-je;s of smooth maps from X to Y, equipped with the ca-
nonical manifold structure which makes it s X —» JHX,Y)
into a smooth section for each i‘GC“(X,Y) , whers jRf(x) is
the n-jet of f at x& X, _

Usually C*°(%,Y) is equipped with the so called Whitney-C*™-
topology: a basis of open sets is given by all sets of the
form M(U) = {feC‘(x,Y) : J°t(x)= U} , where U is any open
set in Jn(X,Y) and neN. See [3] and [6] for accounts of this
topdogy. We may describe it dintuitively by the following words:
if you go to infinity on X yéu may control better and better

partial derivatives up to a fixed order.

2 Anyone‘familiar with functional analysis may have heard
the following words: if you go to infinity (on X) you may
control better and better more and more partial deriQatives.
This describes the inductive 1imit topology on IJ(R) =

= %ig J’(K), where fJ(R) is the space of all smooth functions
with compact support on R and & (K) is the subspace of those
functions which have support contained in some fixed cbmpact
K of X, equipped witﬁ the topology of uniform convergence‘in
all partial derivatives.,

The topology induced by the Whitney-C™-topology on 33&&)
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could be described by .the formula Tw) = 2im ( lim fQK)),
I'poe 4

where $r(K) is the space of all Cr—-functions on It with
support contained in K. This discussion shows (I hope) that
the Whitney-C>-topology is not the most natural topology on

c™(x,Y).

"%, Ue now give an intrinsic description in terms of jets

of the topology on C™(X,r) referred to in 2. We call it the

J -topology. .. detalled account of it can be found in [7] .

there are Athree equivalent descriptions of the :D ~-topology

on C(X,¥): | : |

(a) Fix a sequence' K = (Kn) of compact sets in X such that

£y = £z, Kpoq € Kno, X = UK, . Then the system of sets of

the form M(m,U) = ifeC”(X,Y): jmﬂf-(X—Kn")sUn for all n}

is a base of open sets for the X -topology on C (X,Y), where

m =(mnj ‘runs through all sequences of non négative integers

and U = (UnA)Awith U, open in I (X,Y). The § -topology is

independent of the cholce of the sequence (K. ). |

(b) Fix a sequence (d,) of metrics d, on Jn(X,Y), compatible

with the manifold topologles. Then the system of sets of the

form Vo (f) = (ged™x,1): 9,00 a,(3"£(x),3%x)) <1 for
all x in X and for all n} is a neighbourhood base for
fed(X,Y) in the ﬁ-topology‘, consisting of open sets,

where ‘f = ( Tn) runs through all sequences of continuous
strictly ﬁasitive functions on X’with (supp P/ locally

tinite. The m-topology is independent of the choice of the

metrics dn.'



(¢, The system of seté of the form

1(L,0) = {fe ™(X,¥): 4°£(X-L,°) S U, for all n}

is a base of open sets for the J -topology on CM(X,Y),
where I = (Ln) runs trough all sequences of compact sets
L,S X such that (X-I_°) is locally finite and U = (U,) runs

. thrcugh all seguences of open sets UnSJn(X,Y).

4, ihe ;-topolo!gy on C”(X,Y) is finer than the whitney-C™-
topology. It is exactly ‘the topology 'tw of MORLET in[E] R
who proves that C?o(X,“f) is a Baire space in this topology.
it was mistoken to be the Whitney-topology by LESLIE (5] .
We now list some properties of the P -topology:

(a) A sequence &fﬁ; in U“CX,Y) converges to £ if and only if

there exists a compact set K€ X such that all but finitely

many of the fn's equal £ off X and jkfnw-b jkf' "uniformly"

on K for all k. So convergence of sequences is the same for

the Whitney-topology and for the D - opology. See [7] .

(b) Lf © is a connected metrizable compact topological. space and

£f: P—> C”(X,Y) is any continuous mapping (for the d - opology),

then there is a compact set K€ X such that t+»—£(t)(x) is

cons*ant on T for xe X-K,

Proof: Any t € T has a neighbourhood Vt in T such that the
stated property holds on Vt: if not one may find a sequence
t,—t%t in 7T such that the sequence f(tn) does not satisfy

the condition in (a). Now use t}?:é.t T is compact and connected.

(¢) Tor cach k> O the map ;jk: C“(X,Y)Q-—v C”(X,JK(X,Y)) is

sontinuous for the J -topology. See [7] .



(d) If X,Y,Z are smooth finite dimensional manifolds then

composition C (Y, z)xcpmp(x,y) —» ¢™(X,2), given by
f,g)~sfeg , is continuous in the 3—-topology, where

prop( ,Y) is the space of all smooth proper maps f: X —» ¥,

i.e, £~ (K) is compact if K is compact., See [7].

5. Theorem: Let X,Y be smooth manifolds. Then C®(X,Y) is s

Baire space with the J -topology.

This was proved by MORIET [2]. We give here a quite different
proof using the explici‘t description of the $—topology.
Proof: Let Uy, Uy, ... be a countable sequence of P -open-
dense subsets of Cw(X,Y). We have to show that QUn is again
& ~dense. Choose metrics d_  on J2(x,¥), n = 0,9,..., compatible
‘with the topologies, such that each Jn(X,Y) becomes a complete
metric space with 4 . Let be f e c™*(X,Y) and V;P(fo) be any -
neighbourhood of £  as in 3(b). It suffices to show that
?(f dn ﬂU 0.

Let #¢-= (i-tfsn), then f e V‘H'(f )CV{?(f )CV?(f ) , where

Ve o (F, Ve () = § ge ™0, 0): dg () ;@3 2e(x),3%(x) €1 for all
x&X and for all n2 0O } . It clearly suffices to show that
Tey(E) n QUy # 2.

To do this we choose inductively a sequence of functions (fi)
in C“(X,Y); a sequence (Y(i)) of families as in 3(b) such
that the following holds:

(h1) 25 € Vyolf) n O Vyen(fy) A Ty

(Bi) VY“’(fi) < Uy

(CLIE> 1) A (3%, (x), 3585 4(x)) <1721 | 0gs¢i .

Choose f,e X{_?(.& n U, which is possible, since U, 1s dense.




o (A1) holds, U, is'open and f,] €U, so we cnn find a family

a2

¥ such that Vyym(£4) € Uy , then Vyw(i,) € Uy so (B1) holds,
(C1) is empty. Now assume inductively that the data is chosen
for all jgi-1. We will choose fy satisfying (Ai, and (Ci)

and not using any (Cj), j€i, and then we can easily find

Y“’ such that (B:L) holds. Consider the open set V (fl oy,

where n = (0,2 ,...,21 0,0,...) with i-times 21,

let Ei = V,‘?(f ) A (]V“,a,)(f Jn Vv (fl 1) then Ly is open
and fi ,]eE by (A ,1), 50 By # @ and we may pick f e kg nU

by density of u;. ihen clearly (Al) holds since we have

I e vi‘f@o) n éij,(fj) n Uy. Furthermore we have for 1§s¢1i
ds(jsfi__q(x), jsf.(x)) < ’1/2i by the form of n , so (Ci) is

satisfied, Finally f; € U;, U; is open, so there is a family

10

‘such that Ypem(fy) € Uy, so ";T;IEE”) U; and (Bi) helds too.
now we use this data to prove the theorem. Define ‘

g%(x, = }_3;15 35 fix) €4 (X,Y). fis limit exists_since for

ezch 8 d_ is a complete metric on JS(X,Y) and fo:; each X the

sequence jsfi(x) is a Cauchy-sequence by (C). Since

jofi(}c) = (x,fixx)), the graph of f., we can define g:X~—»Y

by g%(x) = (x,2(x)). We claim that g is smooth, ‘this is a local

guestion and in Aa chart-neighbourhood we see that all partial

derivatives of f, converge uniformly by (C), so ¢ is smooth

by a elassical theorem of subini.

Now £ € Vgo(fy) by (A1), i.e. ¢, (x) dn(jnfo(x), JtE (X)) <2

fdr all xe £ and n» O, Since jnifi(x)v--—?;jngf;x) for all x and n

we conclude that (.Pn(}{) dn(_jnfo(x), iPg(x)) € 2 for all x and n,

s Vo, (£ B i & I n 80 that vym(f:) &
S0 B € Lo o). By (Bi) ¢™was chose 5 ovgm(f;) &



2nd by (A1) we have that f €V ,;,(fi) for all s> 1i, i.e.
("(X) d (a f30x), Oy g(¥)) <1 for all x and n. since
e (}:)--93 z(x) for all x and n we conclude that
"’(x) a (,3 05 (%), 4 g %)) &1 for all x and n, i.e.

ge m wvhis holds for all i. So by (B) wehave

géWnnm MERE AU,  aed.

©. Examples: In his lecture Mather introduced a topology
on Diffgrii , the space of Cr-dii‘feomorphisms with compact
support of a smooth manifold M, by the formula -

DIFEZM = lim DiffpM , K compact in M, If T =eo, then this
is exactly the topology induced from the & -topology on
*°(1,1i), if r<ee then it is the topology induced from the

‘ir!hitney-ur-topology. | , _ ‘

The same topology was used by Banyaga in his talk on.the
space of smooth symplectic diffeomorphisms with c;;ompact

sunport.

7. We now introduce a refinement of the ﬁ-topology on
¢™(X,Y) which is needed for the manifold structure later
on. It is called the P ~topology in (7], not & very good
name. It is given by the following process:

if f,geo”(X,Y) and the set ixe X: £(x) # g(x)} has
compact closure in X we call f equivalent to g (f~g).
This is an equivalence relation. The J“—topology is now
the coarsest among all topologies on Cw(X,Y), which are
finer tian the & -topology and for which all equivalence
classes of the above relation are open. Another description
is: equip ench equivalence class with the trace of the

d ~topolosy and take their disjoint uniom.




-7 -
“ne intrinsic descriptions of section 3 are still wvalid with
alterations, just add f~rg to the definition of V?(f) in (b)
end intersect M(m,U) resp. M'(L,U) with equivalence classes.
Tne properties 4(a) -~ #(d) remain valid for the 3ﬂ°~topology
too, since the maps and constructions used there are compatibel
with the equivalence relation. |
¢*(X,¥) is no longer a Paire space with the J-tovology since
it looks locally like the model space J(f*TY) as we shall see
in the next section and functional analysis tells us, that this
is no Baire space. But it is a Lindeldf space if X is second

countable, so C°(X,Y) is normal and paracompact with the

9™ -topology.

.8. We now describe the manifold structure on C(X,Y). Let

T : T'fm-aY be a amooilh map such that for each y& Y the map
*ty: TyY —>»Y is a diffeomorphism onto an open néighbourhood
of ¥ in Y. Such a map may be constructed by usirg a fibre-'
respecting diffeomorphism from TY onto an open neighbourhood
of the zero-section in TY followed by an appropriaete exponential
map. If fe d”CK,Y) consider the pullbach %oy whiqh is a
vectorbundle over X, and the space & (f¥TY) of all smooth
sections with compact support of this bundle, eguipped with
the ¥°- (or 3-—) topology.

Tet o T (£%1Y7) — C™(X,Y) be the mapping

arf<s}(x) = tf(x)s(x) € Y. Denote the image of . by U,.
ip o= \:) ( {} x 't'f(@ (Tf(_x)‘f)) is an open neighbtourhood of
the p;rai:;h {(:{,f(x)), X €& X} of £ in XxY = J%(X,Y) (in fact
» tubular neishbtourhood), and U, consists of all & C™(X,Y)

sucn that the grapn of ¢ is contained in Zf and g~~1f, so



-~ i3 opa2n in the @’&—topolong'. Y. is continvoug by &4(d) and
a5 a continuous invarue i?f: Uf‘--—)J’\f*zY), iziven by
safe\g’)(:v:) = ’t’;z{x)(ggx)), as 1s essily checked up.

HE Use Y. oas coordinate aap. L.ow '}.e":: us chack the form of
the coordinate change: let f, ge C™(X,z) with Upn Ug £ &,
(¥ pis2(x))

L]

ror s € xflgU AU ) we have ‘? q,f(s,)(x) ngx)
’tg(m

PO Yr tff(Bfn Ug;) = m'(f"TY) —> J(g*rY) is given by

(’t"; a"tf)* y by pushing forward sections by a fiber bundle

f(x)<s(x))’ so the map

diffeomorphism ‘C;'e t . This is clearly continuous.
30 we have constructed on C (X Y) a structure of a topological
manifold, where each feC *(X,1) has a coordinate neighbourhood

U, homeomorphic to a whole space 5(f’"ﬂ‘f) of sections with

‘compact support of the vector bundle f£¥.Y over X.

The construction we have given here is a simplified version of

the one given in C7]1.

9. To make ¢™(X,Y) into a differentiable manifold we just have
to take a suitable notion of CF - mappings and to show that
the coordinate change ‘(1’.';] o f') ig CT. we remark that it is
of class C;ro in the sense of [4], a rather strdy notion, as is
shown in [7], and probably of class ¢*® for any notion of
differentiability that has appeared in the literature until
now. The tangent snace at fe ¢ (X,7) turps out to be

J.(X,77) = F(£*7) and the whole tangent bundle is Jo,my,
the space of all smooth maps x-2TY waich differ frowm zero orly

Vaad
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on a compsct ot, Lt is a vector cundle over C (X,Y) (i.e.
locally trivial, in the manifold structure it inhericc irom

(X, T7) as =n open subset. .his tangent bundle sfeus to be

e hes [7Js
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wieoinverse [uncrion theorsa T presented ir my talk is

wrong due to wilfficulties with chain-r-uie for the notion
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