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THE COHOMOLOGY OF THE DIFFEOMORPHISM GROUP OF A MANIFOLD IS A GELFAND-
FUKS CcoHoMoLOGY L

Peter W. Michor

Abstract: The real singular cohomology of the connected component of the identity
of the group of diffeomorphisms with compact support of a smooth manifold M is
shown to coincide with Gelfand-Fuks cohomology of the Lie algebra XE(M) of smooth
vector fields with compact support on M, with coefficients in the pepresentation
space of all smooth functions on the group DiffO(M):

HY(DIFF_(M);R ) = Hop (X (M)5 C(DifF_(M),R)).

0. INTRODUCTION

For compact connected Lie groups the real cohomology coincides with the cohomology
of the Lie algebra (with real coefficients), which in'turn is the exteriour alge-
bra over the graded vector space of primitive elements in the dual of the Lie alge-
bra. This uses invariant integratioh. For noncompact Lie groups one can reduce to
the compact case by Iwasawa decomposition. This is no longer true for diffeomor-
phism groups. The orientation preserving diffeomorphisms on the 2-sphere contain
S0(3,R ) as a strong deformation retract (Smale 1959), so H*(Diff+(52)) = H*(RP3 ),
but the continuous cohomology (also called Gelfand-Fuks cohomology) of the Lie al-
gebra XE(SZ) of vectar fields on 5% has 10 independent and free generators.

A similar statement is true for S3 (Hatcher 1983),

In this paper I will show that for a large class of connected Lie groups inclu-
ding all diffeomorphism groups the singular cohomology with real coefficients
equals the continuous cohomology of the Lie algebra with coefficients in the re-
presentation space of all smooth functions on the group. This class consists of
all groups G, which are manifolds modelled on certain locally convex
spaces, paracompact with smooth partitions of unity, such that multiplication and
inversion are smooth. For an explanation of these =~ spaces and the notion of

differentiability we use see section 1.

1 This paper is in final form and no version of it will be submitted for publi-

cation elsewhere.
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The algebraic topological properties of the diffeomorphism group have been

attacked by D. Burghelea, W. Thurston, J. Mather, Dusa McDuff. The continuous
cchomology of C(M) has been treated by I. M. Gelfand, D, B. Fuks, G. Segal,

V. Guillemin, A. Haefliger, T. Tsujishita and others, mainly using spectral sequen-
ces and the theory of minimal models. HEF( C(M); Cm(DifFo(M)) has notlyet been
treated in the literature. There are some obvious spectral sequences one can set

up but I was not able to compute the first step of one of them or to decide whether
ane of them converges or not.

The method presented here also opens a new approach for camputing the cohomolagy
for finite dimensional Lie groups.

The plan of the paper is as follows: in the first section we collect background
material on calculus on locally convex vector spaces, on manifolds of mappings and
the diffeomorphism group and set up the conventions. The second section is devoted
to Analysis on Lie groups. The third section studies vector fields and differen-
tial forms on Lie groups. These two sections can be read independently of the rest
of the paper if one imagines each Lie group appearing to be finite dimensional.

In the fourth section the formalism obtained so far is interpreted in such a way

as to give the main result.
BACKGROUND MATERIAL ON DIFFEOMORPHISM GROUPS

l.1. Let E, F be locally convex vector spaces. A mapping f: E + F is called Ci ’
if df(x)v = limt_”0

df: ExE » F is continuous. By iteration one gets the notion of differentiability

(F(x+tv)-f(x))/t exists for all x, v in E and the mapping

C; for all natural r and C:.Clearly df(x) is linear and higher derivatives are
symmetric, also the chain rule holds. See (Keller 1974) for exhausting information
on this concept. Here we just note that it is not cartesian closed: the equation
C:(E, C:(F, G)) = C:(E xF, G) dnes not hold in general.

1.2. The best' remedy for this fact is the calculus of frélicher-Kriegl on
convenient vector spaces.(Frélicher 1982, Kriegl 1982, 1983). Let us say that a
mapping f: E » F is smooth (or C*) if f c is c” for any smooth curve c: R - E.
Here E and F may be arbitrary locally convex'spaces. It follows then that

df: ExE ~ F exists, is again smooth and is linear in the second variable. The
chain rule is of course true. A linear mapping is c” if and only if it is bounded.
The smoothness structure depends only on the set of smooth curves into £ (and F),
not on the topology; it turns out that it depends only on the bornology. But, alas,
in general there are smooth maps which are not continuous, even on bornological
locally convex vector spaces. On the space J of test functions on the real line
there are quadratic smooth functions with real values which are not continuous.
This follows directly from the property of cartesian closedness which holds for

the notion of differentiability explained here. The equation
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c®(E, C*(F, G)) = C®(ExF, G) holds for all spaces for a suitable topology on
c”(F, G). All smooth mappings are conti;uous with respect to the final topology
induced by all smooth curves - call the outcome c E. The finest locally convex
topology coarser than c"E is the bornologicalisation of E. If £ is a Fréchet space
or sequentially determined then ¢ E = E. So on Fréchet spaces the notions C~ and
C: coincide, so also on finite dimensional spaces (this was proved first by

Boman ).

A locally convex vector space is called convenient, if for any smooth curve

c: R+ E there is an antiderivative f: R + E with f' = ¢, This is the case if and
only if E is bornologically complete (so it bornologicalisation is an inductive
limit of Banach spaces). Cw(E,F) is convenient if and only F is it. One may regard
convenient spaces with their bornological locally convex taopology, with the cE
topology explained above, or just with the given tepology; in any case the category
of convenient spaces and smooth mappings is cartesian closed and complete, but it
is badly behaved with respect to quotients. As an offspring we also get that the
category of convenient spaces and bounded linear mappings is monoidally closed
with a certain completed tensor product ® : L(E,L(F,G)) = L(E®F,G) holds in full
generality. For more information see the papers of Frélicher, Kriegl, the forth-
coming book by Kriegl, or alsc chapter 1 in (Michor 1984). The notion of differen-
tiability described here is the weakest of all notions admitting a chain rule, by
its very definition.

1.3. Let X, Y be smooth finite dimensional second countable manifolds. Consider
the space Cw(X,Y) of smooth mappings from X to Y, equipped with the Whitney c™-
topology. This space is not locally contractible. In fact any continuous curve

c: [0,1] > C7(X,Y) has image in the set of all f which equal c(0) off some compact
set in X. Refining the Whitney Caltopology in such a way that all these sets be-
come open one gets the (F&)-topalogy on C (X,Y). With this topology, C (X,Y) is
locally contractible and even a manifold, modelled on spaces_FC(f*TY) of smooth
sections with compact support of pullbacks to X of the tangent bundle of Y, equip-
ped with the usual inductive limit topology over all compact subsets of X. The
carts are constructed with the help of an exponential mapping on Y. See (Michor
1980) for all this. The chart changes are C: ore stronger. Composition

c® (X, Y)xCp (z, X) +C (Z Y) is C* o where Cp op denotes the subset of all proper
mappings f (so £ (compact) is compact)

1.4, Diff(X), the group of all diffeomorphisms of X, is open in cprop(x,x),
composition and inversion are Cc. Ileff(X), the tangent space at the identity,
turns out to be the space FC(TX) = ];(X) of all smooth vector fields with compact
support on X, equipped with the usual inductive limit topology. But the usual Lie-
bracket on'XC(X) corresponds to the Lie bracket of right invariant vector fields
on Diff(X). This fact cannot be avoided by changing convention. So for us }%(X)

will bear the negative of the usual Lie bracket when regarded as Lie-algebra of
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Diff(X). The exponential mapping Exp: }%(X) + Diff(X) is given by integrating
vector fields with compact support. Exp is a smooth mapping, but is not analytic
in any sense. Exp is not locally surjective, but its image generates lef (X) as a
group, where Diff (X) is the connected component of Diff(x), con51st1ng of all
dlffeomorphlsms w1th compact support which are diffeotopic (within a compact sub-
set) to the identity. This is due to the fact, that Diff (X) is a perfect group
(Epstein 1970). All this is true if X is a smooth flnlte dimensional manifold with
corners. See (Michor 1980, 1983) faor it.
1.5. If X is compact and y is a smooth positive measure of total mass 1 on X
(a density), then Diff(X) splits topologically and smoothly as Diff(X) =
lefU(X) x M(X) where lef (X) is the subgroup of p-preserving diffeomorphisms

and M(X) is the set of all smooth positive measures of total mass 1, an open
convex subset in an affine hyperplane in the Fréchet space of all densities,
So Diff(X) is homotopy equivalent to Diff, (X). See (Michor 1985) for this.
1.6. The theorem of De Rham: In (Michor 1980 1983) it is shown that Diff(X),with
the (FY)- -topology described above, is paracompact (a sllght easily correctable
mistake there). It is also shown, that Diff(X) admits C. o-Partitions of unity.
This is then used in (Michor 1983) to show that the theorem of De Rham holds
for Diff(X), in fact for any CC-manlfold which is paracompact and modelled on
(NLF )-spaces (nuclear LF spaces): The cohomology of Co c~differential forms equals
the 51ngular cohomology. The notion of C -dlfferentlal form is a little complicated
there due to the lack of cartesian closedness. Here we prefer to work with
(Frélicher-Kriegl-) smooth differential forms. An irspection of the proof shows
that this does not change the result. The uses fine sheafs. So we have: _
1.7. Theorem: Let M be a paracompact topological space and a smooth manifold

(in the sense of Frélicher Kriegl) which admits smooth partitions

of unity. Then the singular cohomology of M (and many others) with

real coefficients equals the De Rham cohomology of smooth differen-

* tial forms.

Remark: If M is paracompact and modelled on (NLF)-spaces, then it admits automatie
cally smooth partitions of unity. This is shown in (Michor 1983); mistakenly it is
not assumed there, that M is paracompact.
1.8. So in the following pages we assume that G is a paracompact topalogical space,
a (Frolicher-Kriegl-) smooth manifold modelled on convenient locally convex vector
spaces, which admits smooth partitions of unity. Furthermote G is group, multipli-
cation and inversion are smooth. The Lie algebra of G is denoted by Y, it is a
convenient space and the bracket is (bilinear-) bounded. In parts of section 2 we
also need that G has a smooth exponential mapping exp: Yy > G with the usual
properties with respect to smooth one parameter groups; local sur jectivity is not
assumed. Note that the regular fréchet Lie groups of Omori et. al. (see Kobayashi

et al. 1985) satisfy all these requireménts. For a smooth finite dimensional
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paracompact manifold (possibly with corners) the diffeomorphism group Diff(X)

will be equipped with the (Eﬂ)-topolog; described in 1.3. It is a C:Lmanifold then
modelled on (NLF )-spaces, paracompact and admits Cc—partitions of unity. This is
stronger than the requirements above. But we will use the Friélicher-Kriegl--calculus
on Diff(X), so be aware that smooth functions, vector fields and differential forms
are nat continuous on Diff(X). We could take the c“ttopology on Diff(X), as descri-
bed in 1.2, but it is possible that we loose paracompactness then and cannot apply
the theorem. If we stick to C:Lcalculus on Diff(X) then we are forced to work with
rather awkward constructions of spaces of smooth multilinear mapping since we have

to circumvent the lack of cartesian closedness.
2 ANALYSIS ON LIE GROUPS

2.1. Let G be a Lie group as described in 1.8 above with Lie algebra .

So the bracket on @ comes from the left invariant vector fields on G.

We will dencte elements of G by x, y, z and elements of 4 by X, Y, Z and so on.
The mappings Ax, Py ¢ G + G will denote left and right translation by x.

let ¢ : GxG + G denote the group multiplication and let v : G + G be the inversion
Then as usual we have the following formulas for their tangent mappings:

T(x,y) i (Ex, ny) = Ty(lx) n, + Tx(py) g, for £ e TG and ny ¢ TyG.

T oi(A) T (o)) = Ad(x) : g =>4 , Ad e C7(G, L(g,q)).
(TeAd.X)(Y) = [Xx,¥] . T = - Te(Ax_l) Tx(px_l).

2.2. Now let V be a convenient vector space. For f € Cm(G, V) we have df e Ql(G;V)
a 1-form on G with values in V. We define 8f : G » L(g,V) by &f(x).X = df Te(kx) X.
Then f ¢ C®(G, L(g,V)).
2.3. Lemma: For f ¢ C*(G,R) and g € C*(G,V) we have §(f.q) = f.8g + &§f®q ,
where 4*®V < L(4,V). This is true for any bounded bilinear operation.
Proof: &§(f.g)(x) X = d(f.g) (T_(A ) X) = dF((T,(X) X).g(x) + F(x).dg (T,(\ ) X)
= (6f@g + f.8g)(x) X. a
2.4. Lemma: For f e¢ C¥(G,V) we have 88F(x)(X,Y) - 88F(x)(Y,X) = 8f(x) [X,Y].
Proof: Let LX be the left invariant vector field associated with X €9, SO
Lx(x) = Te(Ax) X. Then &§f(x) X = df (Lx(x)) = (LX F}(x). So we have
SSF(x)(X)(Y) = (8(8F)(x) X) Y = 8§(8F(.) Y)(x) X , since evaluation is bounded
linear L(9,V) + V. Then we continue:
88F(x)(X)(Y) = 8Ly FIC) X =Ly Ly F (x).
SSFOOON(Y) = 88F(x)(Y)(X) = (Ly Ly - Ly L) F (x). a
2.5, Fundamental theorem of calculus on Lie groups: If G admits an exponential
mapping, then for f ¢ C¥(G,V), Xeg , x ¢ G we have
Fix.exp(X)) - F(x) = (f5 &6f(x.exp(tX) dt)(X).
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Proof: -g? f(x.exp(tX)) = g—E (fo Axoexp)(tx) = df T(A )g' exp(tX) =

= df T(xx) Ly(exp tX) = df T(xx) T() ) X = §f(x.exp tX) X.

exp tX
Fx.expX) - F(x) = s} %E Fx.exptX ) dt = /1 6F(x.exptX) X dt =

= (S} sf(x.exptX)dt) X. ° ‘ . o
2.6. Theorem on Taylor expansion with remainder on Lie groups: For f ¢ C.(G V):
' « j .(1-t) vl kel
f(x.expX) = % T 8 F(x)(XJ) + ) f(x.exp tX)dt (X7 7),
. Jj=0
where XJ = (XyXyeaayX) j times.

Proof: Use the fundamental theorem of calculus and repeated partial integration.
If you are afraid of doing so in a convenient vector space, apply a continuous
linear functivonal, do it in R, and use the theorem of Hahn Banach. a
Remark : Tayloi‘ expansion on a Lie group for analytic functions can be found in

(Varadarajan 1974). The remainder seems to be new.

2.7. Power series. Let f e C~ (G V). Then GJf(x) Yx. Lxq > V is a J -linear
bounded mapping, G‘JF G+ LJ(q V) is smooth. Define P «f = Z D GJF(x) in
i L‘](q,;V) = T L( é(, V) = L( eéq, V) = L(§4, s V), where& is the j-th iterated
(convenient) tensor product & 3 and where 64, is the "convenient tensor algebra".

Definition: The universal envelopping algebra Ug of 49 is &4, modulo the closed
ideal generated by all elements of the form X®@V - YoX - [X,Y] , X,Y in 9.
Attention: The quotient need not be bornologically complete again, so U9 might
be not convenient. This does not matter very much since we only consider L(Uy,V)
which is convenient if and only if V is it. )
Theorem: For f ¢ C"(G,V) we have P.feLug, V), P feC, L(ug, V).
Proof: P.fe L(&, V) and we have:
Pxf (Xl@ X ®(XeY < YoX - [X, Y])@Yle...@Y ) =
= 6”*m+2f(x)(xl,...,x e A B A A COT¢ SRR R 2R AR
- 5”*”*1f( X)Xy ee s DYDYy eenyY ) =

= s"( §2( s f( Y e, Y DY) - 8 2( ™ (. )(Yl,...,Y MWY,X) -

- 8C 8™ (. )(vl, ..,v MADGYT IO Kyeee )X ) =8 "0(x)(...) = 0.
The last assertion follows from the categorlcal propertles of the Frolicher Kriegl
calculus. Note the heavy use of cartesian closedness in {:he c‘omputation. (]
2.8. If G is finite dimensional, then UA’ is isomorphic to the algebra of all left
invariant differential operators on G. For A € U(, let LA be the corresponding left
invariant differential operator.
Lemma: Then (P f)(A) =L A(F)(x).
Proof‘ Look again at the proof of 2.4. One may conclude 1nduct1ve1y from it that

§ r(x)(xl,...,x )= Ly Ly .. Ly F)(x). ‘ a
l 2 k
Remark: The Taylor formula looks like f(x.expX) = P.f (1 +X+ -%XZ +oeen + X

X<+l

$03A0E D) dt (A
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If f is analytic then we can write for small X the following formula:

FlexpX) = P F (L X+ 2, X2 v o) £ (B D = LM 7,

where eX is in a su1table locally convex completlon of Ug (rapidly decreasing

with degree, say). L(e ) is then a left invariant differential operator of infinite

order, with kernel a hyperfunction.
3. VECTOR FIELDS AND DIFFERENTIAL FORMS

3.1. Let f e C”(G,q). Then f defines a smooth vector field Lr ¢ ¥(G) on G by
Lf(x) = Te(kx) f(x). Clearly any vectar field on G is of this form. If g € C7(G,V)
then LF g (x) = Lf(x) g = dg (Lf(x)) = dg (Te(kx) f(x)) = 8g(x) f(x). We will write
Lf g = §g.f to express this formula.
3.2, Lemma: For f,g e ﬁn(G,q) we have [Lf, Lg] = L{K(f,g)), where
K(fF,g)(x) = [F(x), g(x)L’ + 69(3) f(x) - 6f(x) g{x), or shorter
K(F,g) = [f,ql, +8g.f - 6f.q .
Proof: Let h ¢ C°(G,R). Then Lg h (x) = 8h(x) g{x). So we have (using 2.3)
(Lf. Lg h)(x) <S§6h(.)-g(.))(x) f(x) = §(8h(.) g(x))(x) f(x) + Sh(x)(8g(x) f(x))
§h(x)(F(x),g(x)) + &h(x) 8g(x) f(x).
Le Lg h = 62h.(F,g) + 8h.8g.f. Now we will use 2.4.
[Lep L h=lel oh-L Lohs= §2h.(f,g) + 6h.8g.F - §%h.(qg,f) - 8h.8F.q
= 5h..([f,g] + 5g f-sf.g) = L{[f,g] + 8qg.f - §f.g)h
Remark: 1. So L: CW(G,Q) + X(G) is a linear isomorphism and a Lie algebra homo-

morphism, where C”(G,q) is equipped with the bracket K.
2. For (NLF)-manifolds the C -vectorflelds are the continuous derivations of the
algebra C. (M), see (Michor 1983) In general one may see first that [£,n] exists
as a derlvatlon on local smooth functions, and then one can check in local
coordinates that it is given by a smooth vector field.
3. Note that for f, g in Cm(G,q) and h in Cw(G,R) we have K(h.f,g) = h.K(f,g) ~
- (8h.g).f and K(f,h.g) = h.K(f,g) + (6h.f).qg.
3.3. Let L lt(q) denote the convenient vector space of all bounded alternating
p-linear mapplngs 9x...xg-+.R. (Attention: qu is in general smaller).
For g in c” (G, L (’)) we define a differential form Lg in QP(L) for C eT G by
(L ) (El,-.-,i ) = g )T O ) Eypeney T O )E ), or (L )y

alt(T (A _,)) g(x). Clearly any p-form ¢ in Q (G) can be wrltten in the form
¢ = Lg for a unique g in C*(G, LP lt(‘,)) For f. in c*(G, 7) we have
(L f'li"" )(X) = g(x) (T O ) L(F )(X), eee) = g(x) (Fl(x),...,fp(x)) =

= g. (fl,...,fp) (x).
3.4. Exteriour derivative. For g in C™(G, L lt(q)) it suffices to test the exte-
riour derivative d L_ on leftinvariant vector fields L(Xi) X, ing :
(dLg) (LX) yeeesl X)) = 2P, L) (g (LKg)seeny LUK puees LX) +
% I GIPL L LOGI T L) ey LX)y LK) ey L))

L
g
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A~

_ p v i+ A <
= 5P n? (sg X;) (X gras Xiree X)) o gy DX X P ST PR
Now let d¥ : lt(c}) > Lplt(q) be the exterlour derivative oF the L1e algebra ,
sa  (dlw)(x oreeeXp) = Ty (- it RIS IS SRR S eeiX ).
Furthermore we deflne the mapping 8" CW(G Lplt(q)) Cm(G L *1(7)) by

(8" 9 (X, v X ) = L P (-1)* (8q.x, )(x ,...,xi,...,x )

~ aP
Lemma: d Lg. L(((S * d‘)g) and (5 ) + 8797,
Eroof‘ The first formula has been checked above and the second follows from
= 0 and (d¥)2

3.5. Lie derlvatlve For f in Cm(G,(,), g in C*(G, LP lt(g)) and X in g we have
for the Lie derivative O(L )(L ) of the p-form L along the vector field L
o(L )(L J(L(X ),...,L(X )) =Ll (L (L(x ),...,L(X )) +

+ I P ety Ly ([l LX) L ),...,L(X )yers)

= (4q. f)(x veeosX )+ I(- 1) g (K(F, X;), xl,...,xl, ..,xp)
Now K(F,X) = [F, X] + 0 - 8f.X, and so we get
o(L )(L ) (L(X ),...,L(Xp)) (8q. 1")(X’l ...,Xp) + I(- l) g. (SF, X, Xl....,X Xp
+  I(- l) g([f‘X]X X, ,...Xp)

Now consider the Lie denvatlon of'g
(%o w)(xl, ..,xp) = I(-DY w(lx, X ] X
apply this pointwise.
We also consider 60 s C (G,g) x C2(G, LP lt(q)) + (@G, LP 1t(1’)), defined by
(0p 9O e0X) = (8a(x) FGIK ere ) - o

- I (- l) g(x)(Gf(x)X xl,...zxi,...,xp).
Lemna: O(LE)(L ) = L(Te, + %0,)g).
For shortness sake we also wrlte G £t c=(c,LP lt(q)) ai(H Lplt (9)) for the mapping
defined by Of -q@ + GOF or equ1valent1y O(L )(L ) = L(@f g).
3.6. Collectlon af deflnltlons For the convenlence of the reader we collect here

l,...,Xi,...X ). For f in C*(C,g) we will

all definitions given so far and some more. Let F, f‘ in C® (G,q),
9,9; in c>(G,LP lt(4’)) and X, iny.
1. K(fl,f ) = [fl,f ], + GF -F) - 8Fy. f, is a Lie bracket on C (G,g)
2. (d'g)(x NSNS ( 1) g (XX 10X, ..,xl,...,xJ X))
(8" g)(X ,...,X ) = 2 (-1) (sq. X, ) (X ,...,Xl,...,X ). :
We have d = d’ + 8" if we put dLg L(dg).
3. (’@f DXpseensX ) == g (Xp,unn, [F,X glgreeeiX)
(8 O 9)(Xp5.n0,X ) = (Sq. r)(xl,...,x ) + z g(xl,...,sr X, freeeaX)e
Then ef. = ‘!@f_ + "0¢ satisfies e(L )(L ) = L(Gf.g)
4. C*(G, Lalt(q)), with the pointwise exterlour product, is a graded commutative

algebra. We will write 9;~9, for this product.
5. We have the insertion operator ig: c (g, Lglt(q))-»C@(G Lp-t(q)), given by
(if.g)(x-)(Xl,...,_Xp_l) = g(x)(f(x),Xl,...,Xp_l). We have L(lf.g) = 1(Lf)(Lg).
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7. Iheorem; Let f,f; in C7(G,9), let g,g; in C"(G,L%, @), u,v in C°(G,R).
1. i (glA»gz) = lfgl g, + (- l)deg 9 g9;4 1fg2 and 1(f ) 1(F ) = - 1(f i(fl).
2. i(k(f},f,)) = 0(F))i(f,) - i(f0(f)) = Lefy), 1(f .
0p(9y49y) = (efgl) 9, + 9y~ (Ofgz)
O (K(f),f,)) =e(fe(f,) - o) f) = Lef)), Af,0] .
@uf‘ = uBp + Suaig )
3. @ i d + d if and d Gf = @ d.
4. 1<[r1,r2],> =90(F)) i(F,) - 1<r y¥e(r)) = tor)), i(F1 .
’ef is a derlvatlon of degree 0 for the exter1our product
ﬂe([fl,rzj ) =Yo(f) Ya(f,) - Ya(r,) Yo(f)) = Mo(f 1) 0F01 .

% (u. f) O

5. %, = "d +"d 1f , (’d) =0 ‘7d"e -’e W .

6. i(df l-éf )-e(f)l(f)-l(f)e(r)-[e(f),z(f)]
§

@f is a derlvatlon of degree 0O for the exteriour product.

S0 (u.f) = u Ger + Suaic.

7. For F in CT(G, L(9,q)) define OF' c(, Lalt(g)) > c(G,L lt(q)) by
(ng)(x)(Xl,...,X ) =-1z g(x)(X F(x)(X Y. X )
Furthermore deflne A: C° (G,g)x(I(G,q)-* c” (G L(g g)) by
A(f f ) = [Gf y ad fl] - [6f , ad fz]

C e(f ), O(f‘ )] O(K(f‘l,f )) - G)(A(f‘l,f' ).
OF is aderlvat1on for the exteriour product, [lf’ OF] = i(F(f)),
and [O(F )y G)(F )] = e([Fl,Fz]) = G)(FlF2 - FF )

Then we have

af = 1 5 + 6" ic. §” is a derivation of degree 1 (like d).
- (502 2 6 e d¥ s
(8™ fa (XgpererX)) = - J( -1 (g9.1x;, X, 1D (X, YT PP S SO B

( 1)1+J9(6f [x X . ] - [Sf X. ,X ]l- [X y8F. X ]1

J
...,X . ..,X ,...,X )

K (X, X)) s(-1)Y(sq.[F, x])(xl >?J xp>
[8", ef]g reeeiXy g. reeesXgeeann Xy

( 1)1+J g([Gf X WX ] + [XI’GF X, ]' o'"" ’ii,-.-

8", f]g (x yeersX ) = - 510 (59, [F,X, J)(X ree e XgreeenXy)
i AT P
I R X1 X KR )

5. 1, %,1g (x,..,x)

>> +

j,...,Xp)

The proof of all these formulas does not offer difficulties. Some of them are valid
on the Lie algebray, others are known from calculus on manifolds. For the others
Jjust plug in the definitions and compute, using the previously checked formulas.

Only the ptoof of 9 is a little longer.
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4. COHOMOLOGY OF LIE GROUPS

4.1. Let G be a Lie group in the sense of 1,8, with Lie algebra 9 but we do not
need the existence of an exponential mapping here. By theorem 1.7 we know that the
singular cohomology of G coincides with the De Rham cohomology of smooth differen-
tial forms (all with real coefficients). By the results of section 3 we see that
the space of smooth differential forms is isomorphic to Cw(G,LZItCQ)), with the
differential d. Thanks to cartesian closedness of the category of convenient vector
spaces and smooth mappings and its relation to the cartesian closed category of the
same spaces and the bounded linear mappings we see that Cm(G,Lzlt(q))¢is isomorphic
to the space Lglt(%; C*(G,R)) of bounded p-linear alternating mappings from P in
C”(G,R ). We will use the same symbols as in section 3 for all mappings treated
there. In particular we have several actions of the Lie algebra 49 on
Lglt(q,c“(c,R )), namely ex,‘9ox, <Sex, ©,4 x + We use ©, as the main action.
If G = Diff(X) as in section 1, then the complex Lglt(a%(x),cm(oirfo(x))
is exactly the differential complex for the Gelfand Funks cohomology of )%(X) with
coeffivients in the representation space Cm(DifFO(X),R ) , up to differences which
come from the non-continuity of smooth and bounded multilinear mappings. Thus we
get the following result:
Theorem: Let X be a finite dimensional smooth paracompact manifold with corners.
Then the singular cohomology with real coefficients of Difo(X), the group
of diffeomorphisms with compact support diffeotopic to the identity through
diffeomorphisms with compact support, equals the cohomology of the differ-
rential complex Lglt(xc(x), Cw(Diffo(X),R )) with differential d.
4.2, For the rest of this paper let Lzlt(q,cm(G,R )) =: Kp, let the differential
be d = d' + d", where d' =d and d" = ", Then d2= o, dr? 0, but an? # 0.
Define the following filtration of K: K := {geKk:d"g=0}. This filtration
is graded and increasing. Let i: Kz > Kg+l be the embedding.. Then d = d' + id".

"

For the spectral sequence associated with the filtration we have the following

results:
. g-1 q N s . .
Lemma: Let a, e Kp-i and bj € Kp-j' Then d(Z i an) = Zlmbm if and only if for
suitable c. € K3 . we have: '
J P-J

. . . e L
d'a, = dc; +b , ¢, +d"a, )+ d'aj =dcj g+ bj (1<j<k), €y + d"ay = 0.

Lemma: For the first term Eg’q = Hg,(Kp/K ) of the spectral sequence we have:

p-1

1,0 - 2,0 _ . Mg
El = R, If 4= [g,g] then El’ = 0 (true if G = le%(X)).
4.3. Some other observation. Of course one may consider first the d'-cohomology

of K. Unfortunately d" does not induce a mapping in the d'-cohomology, buat (d")2
does and (d")2 is even chain homotopic to 0 in the d'-chain complex. So
H(d")z(Hd,(K)) = H(GA)Z(CQ(G.H*(Q))) makes sense, but the relation to the

d-cohomology is not clear.
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