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ABSTRACT. In this article we study Sobolev metrics of order one on diffeo-
morphism groups on the real line. We prove that the space Diff; (R) equipped
with the homogeneous Sobolev metric of order one is a flat space in the sense
of Riemannian geometry, as it is isometric to an open subset of a mapping
space equipped with the flat L?-metric. Here Diff; (R) denotes the extension
of the group of all either compactly supported, rapidly decreasing, or W1~
diffeomorphisms, which allows for a shift toward infinity. Surprisingly, on the
non-extended group the Levi-Civita connection does not exist. In particular,
this result provides an analytic solution formula for the corresponding geo-
desic equation, the non-periodic Hunter—Saxton (HS) equation. In addition,
we show that one can obtain a similar result for the two-component HS equa-
tion and discuss the case of the non-homogeneous Sobolev one metric, which
is related to the Camassa—Holm equation.

1. INTRODUCTION

In recent decades it has been shown that various prominent partial differential
equations (PDEs) arise as geodesic equations on certain infinite-dimensional man-
ifolds. This phenomenon was first observed in the groundbreaking paper [I] for
the incompressible Euler equation, which is the geodesic equation on the group of
volume preserving diffeomorphisms with respect to the right-invariant L?-metric.
It was shown that this geometric approach could be extended to a whole variety
of other PDEs used in hydrodynamics: the Camassa-Holm equation [6, [I7], the
Constantin-Lax-Majda equation [40} 4] and the Korteweg—de Vries equation [39] [2]
to name but a few examples.

It was later realized that the geometric interpretation could be used to prove
results about the behaviour of the PDEs. The first such result was [9], where the
researchers showed the local well-posedness of Euler equations. Similar techniques
were then applied to other PDEs, which arise as geodesic equations, see e.g. [T, [8]
101 131 [5].

The analysis in this paper is mainly concerned with the Hunter—Saxton (HS)
equation. For the periodic case it was shown in [I6] that the HS equation is the
geodesic equation on the homogeneous space Diff (S!)/S! with respect to the homo-
geneous Sobolev H*'-metric of order one. Lenells used this geometric interpretation
in [27, 28] to construct an analytic solution formula for the equation. In fact, he
showed that the Riemannian manifold (Diff(S*)/S?, H 1) was isometric to an open
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subset of an L%-sphere in the space C°°(S!,R) of periodic functions and thereby
obtained an explicit formula for the corresponding geodesics on Diff(S1)/S*.

The aim of this article is twofold. First, we extend the results of [27] to groups of
real-analytic and ultra-differentiable diffeomorphisms and show that the solutions
of the HS equation are analytic in time and space. Second we consider the H-
metric and the HS equation on the real line. Our main result can be paraphrased
as follows (see Sect. [d)).

Theorem. The non-periodic HS equation is the geodesic equation on the space
Diff 4, (R) with respect to the right-invariant H'-metric. Furthermore, the space
(Diﬂ?A1 (R),Hl) s isometric to an open subset in (A(R),LQ) and is thus a flat
space in the sense of Riemannian geometry.

Here A(R) denotes one of the function spaces C°(R), S(R) or W>}(R) and
Diff 4, (R) is an extension over the diffeomorphism group including shifts near +oo

(Sect. [2).

The first surprising fact is that the normal subgroups Diff 4(R) do not admit the
geodesic equation (or the Levi-Civita covariant derivative) for this right-invariant
metric. The extended group Diff 4, (R) admits it but in a weaker sense than realized
in [I] and follow-up papers (Sect. . We also sketch Arnold’s curvature formula
in this weaker setting.

The second surprising fact is that Diff 4, (R) with the H'-metric is a flat Rie-
mannian manifold, as opposed to Diff(S!), which is a positively curved one.

The main ingredient for the proof of this result is the R-map, which allows us to
isometrically embed Diff 4, (R) with the right-invariant H'-metric as an open subset
of a (flat) pre-Hilbert space. This phenomenon has also been observed for the space
Imm(St, R?)/R? of plane curves modulo translations (see. e.g., [26] [42] [3]), and on
the semi-direct product space Diff(S1) x C>°(S*,R) (the corresponding geodesic
equation is the periodic two-component HS equation; see [29]).

In the periodic case we extend the results to groups of real-analytic diffeomor-
phisms and ultra-differentiable diffeomorphisms of certain types and show that the
HS equation has solutions which are real-analytic or ultra-differentiable if the initial
diffeomorphism is.

In Sect. [5] we apply the same techniques to treat the two-component HS equation
on the real line. We discuss the existence of the geodesic equation and construct
an isometry between the configuration space Diff 4 (R) x A(R) and an open subset
of a pre-Hilbert space.

Finally, we generalize the constructions to the case of the right-invariant non-
homogeneous H!-metric on Diff(S'), whose geodesic equation is the dispersion-
free Camassa—Holm equation. In this case we define an R-map, whose image is a
subspace of a pre-Hilbert space, no longer open.

Acknowledgments. We thank Yury Neretin for helpful discussions and comments
regarding the space H>°(R).
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2. SOME DIFFEOMORPHISM GROUPS ON THE REAL LINE AND THE CIRCLE

The group of all orientation-preserving diffeomorphisms Diff (R) is not an open
subset of C*(R,R) endowed with the compact C*°-topology and so it is not a
smooth manifold with charts in the usual sense. One option is to consider it as a
Lie group in the cartesian closed category of Frolicher spaces (see [2I Sect. 23])
with the structure induced by the injection f — (f, f~!) € C*°(R,R) x C=(R,R).
Alternatively, one can use the theory of smooth manifolds based on smooth curves
instead of charts from [34], [35], which agrees with the usual theory up to Banach
manifolds. In this paper we will restrict our attention to subgroups of the whole
diffeomorphism group, which are smooth Fréchet manifolds.

Let us first briefly recall the definition of a regular Lie group in the sense of [19];
see also [21, Sect. 38.4]. A smooth Lie group G with Lie algebra g = T,G is called
regular if the following conditions hold:

e For each smooth curve X € C*®(R,g) there exists a smooth curve g €
C*>(R, G) whose right logarithmic derivative is X, i.e.

1) g(0) =e
Deg(t) =To(n9D)X(t) = X(t).g(t).

The curve g, if it exists, is uniquely determined by its initial value ¢(0).
e The map evolg(X) = ¢g(1) where g is the unique solution of , considered
as a map evoly, : C°(R, g) — G is C*°-smooth.

2.1. The Group Diffs(R). The ‘largest’ regular Lie group in Diff (R) with charts
is the group of all diffeomorphisms ¢ = Idg +f with f € B(R) such that f’ > —1.
B(R) is the space of functions which have all derivatives (separately) bounded. It
is a reflexive nuclear Fréchet space.

The space C*(R, B(R)) of smooth curves t — f(t,-) in B(R) consists of all func-
tions f € C(R?,R) satisfying the following property:

e For all k € N> and n € Nsq the expression OFOf(t,x) is uniformly
bounded in x € R, locally in t.

We can specify other regular Lie groups by requiring that ¢ lies in certain spaces
of smooth functions. Now we will discuss these spaces, describe the smooth curves
in them, and describe the corresponding groups, specializing the results from [38§],
where most of these groups are treated on R™ in full detail.

2.2. Groups Related to Diff.(R). The reflexive nuclear (LF) space C°(R) of
smooth functions with compact support leads to the well-known regular Lie group
Diff .(R), see [21] Sect. 43.1].

We will now define an extension of this group which will play a major role in
subsequent parts of this article.

Define C%(R) = {f : f' € C*(R)} as the space of antiderivatives of smooth
functions with compact support. It is a reflexive nuclear (LF) space. We also
define the space CZ§(R) = {f € C2%(R) : f(—o0) =0} of antiderivatives of the
form z — [*_ g dy with g € C°(R).

Diff. »(R) = {ap =ld+f:feCXHMR), f > —1} is the corresponding group.
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Define the two functionals Shift,, Shift, : Diff . o(R) — R by
Shifte(p) = ev_uo(f) = EIEI f(z), Shift,(¢) =eveo(f) = lim f(z)

Tr— 00

for ¢(z) = z + f(z). Then the short exact sequence of smooth homomorphisms of
Lie groups

(Shift,Shift,.)

Diff,(R) >— Diff.5(R) (R?,+)

describes a semi-direct product, where a smooth homomorphic section s : R? —
Diff, 5(R) is given by the composition of flows s(a, b) = FI o Fli(T for the vector
fields Xy = f¢0:, X, = fr0, with [X,, X,.| = 0 where fy, f, € C(R, [0, 1]) satisfy

(2) fg(:c){l for x < —1 fr(w){o forz <0

0 forz>0, 1 forz>1.

The normal subgroup Diff. ; (R) = ker(Shift;) = {¢ =Id+f : f € C2I(R), f' >
—1} of diffeomorphisms which have no shift at —oco will play an important role
subsequently.

2.3. Groups Related to Diffs(R). The regular Lie group Diff s(R) was treated
in [36, Sect. 6.4]. Let us summarize the most important results: the space S(R)
consisting of all rapidly decreasing functions is a reflexive nuclear Fréchet space.
The space C*(R,S(R)) of smooth curves in S(R) consists of all functions f €
C*(R2,R) satisfying the following property:

e For all k,m € N>q and n € Nxq, the expression (1 + |z|)mOFon f(t,z) is
uniformly bounded in © € R, locally uniformly bounded in t € R.

Diff s(R) = {¢ = Id+f : f € S(R), f' > —1} is the corresponding regular Lie
group.

We again define an extended space:

S2(R) = {f € C®(R) : f' € S(R)}, the space of antiderivatives of functions in
S(R). It is isomorphic to R x S(R) via f — (f(0), f'). It is again a reflexive
nuclear Fréchet space, contained in B(R).

The space C*(R,S2(R)) of smooth curves in S2(R) consists of all functions f €
C*(R2,R) satisfying the following property:

e For all k,m € N>q, and n € Nx, the expression (1 + |z|?)mOFon f(t,x) is
uniformly bounded in = and locally uniformly bounded in t.

We also define the space S;(R) = {f € S2(R) : f(—o0) = 0} of antiderivatives
of the form z — [*_ g dy with g € S(R).

Diffs,(R) = {¢ = Id+f : f € S2(R), f' > —1} is the corresponding regular Lie
group. We have again the short exact sequence of smooth homomorphisms of Lie
groups
(Shift,,Shift,.)

Diff s (R) o DiﬁSQ (R) (RZ’ +) )

which splits via the same smooth homomorphic section s : R? — Diffs, (R) as in
and, thus, describes a semi-direct product. The normal Lie subgroup Diffs, (R) =
ker(Shifty) of diffeomorphisms which have no shift at —oco will also play an impor-
tant role later on.
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2.4. Groups Related to Diffyye.1(R). The space W L(R) = 5, WF(R) =
{f € C*R) : f® ¢ LY(R) for k = 0,1,2,...} is the intersection of all Besov
spaces of type L'. It is a reflexive Fréchet space. By the Sobolev inequality we
have WoH(R) C B(R); thus also W'(R) ¢ W>P(R) = {f € C®(R) : f*) ¢
LP(R) for p = 0,1,2,...}. For any f € W°(R) each derivative f*) is smooth
and converges to 0 for # — +oo since it is in B(R) and since C°(R) is dense in
WeoL(R).

The space C=(R, W>1(R)) of smooth curves t — f(t,-) in W(R) consists
of all functions f € C*°(R?,R) satisfying the following property:

e For all k € N>q and n € N>q the expression ||0F01 f(t, )|rr(r) is locally
bounded in t.

Diffyyeci(R) = {o =Id+f : f € WXR), f > —1} denotes the corresponding
regqular Lie group.

We again consider an extended space:

WOl (R) = {f € C(R) : f' € W*!(R)} is the space of bounded antiderivatives
of functions in W°1(R). It is isomorphic to R x W1(R) via f ~ (£(0), f/).
The space C=(R, W5 (R)) of smooth curves in W5 (R) consists of all functions
f € C*(R% R) satisfying the following property:

e For allk € N>g, n € N5g and t € R the expression ||0F07 f(t, )llri(r) is
locally bounded in t.

We also define the space W' (R) = {f € Ws*'(R) : f(—oc) = 0} of antideriva-
tives of the form z — [ gdy for g € W*1(R).

DiffW;o,l(R) ={p=Id+f:f € WXR), [ > —1} denotes the corresponding
regqular Lie group.

We have again the following exact sequence of smooth homomorphisms of regular
Lie groups:

Shift,,Shift,.
Diffyyoc.t (R) = Diff o1 (R) — oS0

2

(R%,+),

which splits with the same section as for Diff.2(R). The group Diffwloc,l(IR) =

ker(Shift,) of diffeomorphisms, which have no shift at —oo, will play an important
role later on.

Remark on the H® = W>2_case. One may wonder why we use the groups
related to Diffyye.1 (R) instead of those modelled on the more usual intersection
H*®° of all Sobolev spaces. The reason is that H> ¢ L'; thus, for f € H*(R) the
antiderivative x — ffoo f(y) dy is not bounded in general, and the extended groups
are not contained in Diffz(R) and thus do not admit charts. If we model the groups
on H* N L', then they are not Lie groups: right translations are smooth, but left
translations are not. See [25, Sect. 14] for this surprising fact.
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Theorem. All the groups Diff .(R), Diff.;(R), Diff.2(R), Diffs(R), Diffs, (R),
Diffs, (R), Diffyyree.1 (R), Diﬁwfc,l(R), DiHW;o,l(R), and Diff g(R) are smooth reg-
ular Lie groups. We have the following smooth injective group homomorphisms:

Diff,(R) — Diff 5(R) — Diffyyoc.1 (R)

L |

Diff,.1 (R) —> Diffs, (R) — Diff .1 (R)

] |

Diff, 5(R) — Diffs, (R) — Diff,<.1 (R) — Diff (R)

Each group is a normal subgroup in any other in which it is contained, in particular
in Diffs(R).

Proof. That the groups Diff .(R), Diffs(R), and Diff 3(R) are regular Lie groups is
proved (for R™ instead of R) in [38], and in [2I] Sect. 43.1] for Diff .(R). Moreover,
the group Diff o (R™) (where H>® = W°2) is treated in [38]; the proof for W1
is the same. See also [25, Theorem 8.1]. The extension to the semi-direct products
is easy and is proved in [2I], Sect. 38.9]. That each group is normal in the largest
one is also proved in [38]. O

2.5. A Remark on the Existence of Normal Subgroups. This section will
not be used in the remainder of the paper. It is a well-known result that Diff.(R)
is a simple group (see [30], [31], [32]). We want to discuss some effects of this result
for the diffeomorphism groups introduced in the previous sections.

Ezistence of normal subgroups in Diff; o(R): We first claim that any non-trivial
normal subgroup N of Diff. 5(R) intersects Diff.(R) non-trivially: let Id # ¢ € N.
If ¢ has compact support, we are done. If ¢ does not have compact support,
without loss of generality assume that Shift,.(¢) = a > 0. Thus, for some xg
we have p(x) = x + a for x > xg. Choose g + 2a < x1 < 23 < zo + 3a and
1 € Diff .(R) with support in the interval [z, 23], so that ¢ (z) = x for x ¢ [z1,x2].
For x € [x1, 2] we then have (¢ "1 o o ¥)(x) =~ (¢(x) +a) = ¥(x) + a. Thus,
1o po 1 € N differs from ¢ just on the compact interval [z1,z2]. But then
1o po o p~! € N has compact support, and we are done.

By simplicity of Diff.(R) we obtain N D Diff.(R). Therefore, the lattice of
normal subgroups of Diff. 5(R) has a Diff .(R) as minimal element and, thus, is
isomorphic to the lattice of subgroups of (R2?,+), which is quite large (see [11],

[12]).

Ezistence of normal subgroups N with Diff .,(R) — N — Diff s(R): By conjugat-
ing with  — 1/z we see that the quotient group Diff s(R)/Diff.(R) is isomorphic
to the group of germs at 0 of smooth diffeomorphisms ¢ : (R,0) — (R, 0) such that
¢(z) —x is flat at 0: () — 2 = o(|z|") for each N. This group contains infinitely
many normal subgroups: ¢(z) — x = o(e~'/1#l) or = o(exp(—exp(1/|z]))), and so
on.

We have not looked for normal subgroups N with

Diffy .1 (R) = N — Diff o1 (R).
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2.6. Groups of Real-Analytic Diffeomorphisms. Since the HS equation will
turn out to have solutions in smaller groups of diffeomorphisms, we give here a
description of them. For simplicity’s sake, we restrict our attention to the periodic
case. Let Diff*(S!) be the real-analytic regular Lie group of all real-analytic dif-
feomorphisms of S!, with the real-analytic structure described in [I8, Sect. 8.11],
see also [21, theorem 43.4]. Recall that a mapping between ¢>°-open sets of conve-
nient vector spaces is real-analytic if preserves smooth curves and also real-analytic
curves.

2.7. Groups of Ultra-Differentiable Diffeomorphisms. Let us now describe
the Denjoy—Carleman ultra-differentiable function classes which admit convenient
calculus, following [22], [23], and [24]. We consider a sequence M = (M},) of positive
real numbers serving as weights for derivatives. For a smooth function f on an open
subset U in R™, a compact set K C U, and for p > 0 consider the set

d*f ()

We define the Denjoy—Carleman classes

CM(U) :={f € C®(U) : ¥ compact K CU Vp > 0: (3) is bounded},

MUY .= {f € C®(U) : ¥ compact K CU 3p > 0: () is bounded}.
The elements of CM)(U) are said to be of Beurling type; those of CIM}(U) of
Roumieu type. If Mj, = 1, for all k, then C™)(R) consists of the restrictions to U
of the real and imaginary parts of all entire functions, while C{™}(R) coincides with
the ring C“(R) of real-analytic functions. We shall also write CI™] to mean either

CM) or C1M} We shall assume that the sequence M = (Mj) has the following
properties:

e M is log-convex: k +— log(My) is convex, i.e. M,? < My—1 My, for all k.
1

. My itk
e M has moderate growth, i.e. sup; pen., (M,]X/}‘k) < o0.
’ J

e In the Beurling case CIM = CM) we also require that C¥ € CM) or

equivalently M ,i/ b .

Then, both classes C™] are closed under composition and differentiation, can be
extended to convenient vector spaces, and form monoidally closed categories (i.e.
admit convenient settings). Moreover, on open sets in R”, C™M]_yector fields have
C™]_flows, and between Banach spaces, the CI™! implicit function theorem holds.

For mappings between ¢*°-open subsets of convenient vector spaces we have the
following statements:

e For non-quasi-analytic M, the mapping f is C1M?} if it maps C{M}-curves
to CtM}_curves, by [22].

e For certain quasi-analytic M, the mapping f is C1M} if it maps C{N}-
curves to C{N}-curves, for all non-quasi-analytic N which are larger than
M and have the aforementioned properties, by [23].

e For any M, the mapping f is C!™] if it respects C™]-maps from open balls
in Banach spaces, by [24].

For every M with the aforementioned properties we have the regular Lie groups
DifftM}(§1) and Diff™)(S1) (we write Diff ™ (S1) if we mean any of the two)
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of CMI_diffeomorphisms of S' which is a C™l-group (but not better), by [22]
Sect. 6.5], [23], Sect. 5.6], and [24] Sect. 9.8].

3. RIGHT-INVARIANT RIEMANNIAN METRICS ON LIE GROUPS

3.1. Notation on Lie Groups. Let G be a regular Lie group, which may be
infinite-dimensional, with Lie algebra g. Let u : G x G — G be the group mul-
tiplication, u, the left translation and p¥ the right translation, given by u.(y) =

p(x) = zy = p(@,y).
Let L,R : g — X(G) be the left- and right-invariant vector field mappings,

given by Lx(g) = Te(pg). X and Rx = Te(p9).X respectively. They are related by
Lx(g9) = Raa(g)x (g). Their flows are given by

FI[% (g) = g.exp(tX) = u=PE) (g),  FI¥(9) = exp(tX).g = fexp(tx)(9)-

We also need the right Maurer—Cartan form x = x” € Q'(G, g), given by k. (§) :=
T, (,u“”fl) -&. It satisfies the left Maurer—Cartan equation dx — [k, 5], = 0, where
[ , ]a denotes the wedge product of g-valued forms on G induced by the Lie
bracket. Note that 3[x,k]A(&,n) = [k(£),k(n)]. The (exterior) derivative of the
function Ad : G — GL(g) can be expressed by

dAd = Ad.(adok') = (adox"). Ad

since we have d Ad(Tpy.X) = 4|y Ad(g. exp(tX)) = Ad(g). ad(r' (Tpge.X)).

3.2. Geodesics of a Right-Invariant Metric on a Lie Group. Let vy =gxg —
R be a positive-definite bounded (weak) inner product. Then

(4) Ye(&m) = (T )& T(u® ) -n) = 7(k(€), w(n))

is a right-invariant (weak) Riemannian metric on G, and any (weak) right-invariant
bounded Riemannian metric is of this form, for suitable . We shall denote by
% : g — g* the mapping induced by 7 from the Lie algebra into its dual (of bounded
linear functionals) and by (@, X)4 the duality evaluation between o € g* and X € g.

Let g : [a,b] — G be a smooth curve. The velocity field of g, viewed in the right
trivializations, coincides with the right logarithmic derivative

57(g) = T(1 ") - rg = £(Dug) = (g°%)(3r), where & = 2.

ot
The energy of the curve g(t) is given by
I 1P
6 EB@=; [ w@s)d=; [ (0. @ 0@) d.

For a variation g(s,t) with fixed endpoints we then use that

d(g*’%)(ataas) = 8t(g*ﬁ(as)) - 85(9*’4“(8:‘,)) -0,
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partial integration and the left Maurer—Cartan equation to obtain

0.50) = § [ 2100000, (7))
=Lﬁﬁm¢mm&—a¢&mmmm¢m&»w
-/ (@ R)(@2), k) (@) dt - / (IR0, (@), (5 )(@0) di
Luﬂ@wmwmmf@@»ﬂt

-/ (600, a0 (90 (@2)), dt

b
= —/ (309" K)(0r)) + (ad(g-wy(2)) " T((g7K)(Dr)), (97K)(D5))  dt.
Thus the curve ¢(0,¢t) is critical for the energy if and only if

Y(0:(g7 k) (1)) + (ad (g ) (61)) V(g7 ) (D)) = 0.

In terms of the right logarithmic derivative u : [a,b] — g of ¢ : [a,b] — G, given by
u(t) == g* k() = Ty (ug(t)_l) - ¢'(t), the geodesic equation has the expression

©) | o= —5"adw)" 3(w) |

Thus the geodesic equation exists in general if and only if ad(X)*¥(X) is in the
image of ¥ : g — g*, i.e.

(7) ad(X)"¥(X) € ¥(g)

for every X € X. Condition then leads to the existence of the so-called Christof-
fel symbols. Interestingly, it is not neccessary for the more restrictive condition
ad(X)*¥(Y) € ¥ € g to be satisfied in order to obtain the geodesic equation,

Christoffel symbols and the curvature; compare with [36, Lemma 3.3]. Note here
the appearance of the geodesic equation for the momentum p := y(u):

pe=—ad(y~"(p))"p.
Subsequently, we shall encounter situations where is satisfied but where the
usual transpose ad ' (X) of ad(X),

(8) ad" (X):=4""oadko ¥

does not exist for all X.

3.3. Covariant Derivative. The right trivialization (7g,k") : TG — G X g in-
duces the isomorphism R : C*°(G,g) — X(G), given by R(X)(z) := Rx(x) :=
T.(1®) - X (), for X € C*°(G, g) and z € G. Here X(G) := T'(TG) denotes the Lie
algebra of all vector fields. For the Lie bracket and the Riemannian metric we have

[Rx,Ry} = R(—[X, Y]g +dY -Rx —dX - Ry),
R™'Rx,Ry] = —[X,Y]g + Rx(Y) — Ry (X),
’yI(Rx($>7Ry(SL’)) = 'y(X(a?),Y(x)) ;v E€G.

In what follows, we shall perform all computations in C*°(G, g) instead of X(G).
In particular, we shall use the convention

VxY = R} (Vg,Ry) for X,Y € C™(G,g).

to express the Levi-Civita covariant derivative.
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Lemma. Assume that for all & € g the element ad(£)*¥(§) € g* is in the image
of ¥ : g — ¢* and that & — ¥~ Lad(€)*¥(€) is bounded quadratic (or, equivalently,
smooth). Then the Levi-Civita covariant derivative of the metric v exists and is
given for any X,Y € C*(G,g) in terms of the isomorphism R by

1
VxY =dY.Rx + p(X)Y — 3 ad(X)Y,
where

p(&)n = 377" (adgy, 7(€ +n) — adi_, 7(€ — ) = 57" (adg 5(n) + ad;, 7(€))

is the polarized version. p : g — L(g,9) is bounded, and we have p(§)n = p(n)¢.
We also have

1(P€)1,€) = 37(6,ad()0) + 57, ad(€)C),
Y(p(E)n, Q) +v(p()¢, ) +7(p(C)€, ) = 0.

Proof. 1t is easily checked that V is a covariant derivative. The Riemannian metric
is covariantly constant since

RxA(Y, Z) = 1(dY.Rx, Z) + 1Y, dZ.Rx) = 4(VxY, Z) + 1Y, Vx 2).
Since p is symmetric, the connection is also torsion-free:

VxY —Vy X + [X, Y]g —dY.Rx +dX.Ry =0.

3.4. Curvature. For X, Y € C*(G, g) we have
[Rx,ad(Y)] = ad(Rx(Y)) and [Rx,p(Y)] = p(Rx(Y)).
The Riemannian curvature is then computed by

R(X,Y) =[Vx,Vy] = V_[x,¥],+Rx (Y)=Ry (X)
= [Rx + px — 3adx, Ry + py — 3 ady]
— R(—[X,Y]g + Rx(Y) — Ry (X)) — p(—[X,Y]g + Rx(Y)— Ry (X))

+ %ad(—[X, Y]g + Rx(Y)~ Ry (X))

1 1 1
= [px, py] + pix,v), — §[px,adY] + §[py, adx] — 1 ad[x,y], -

which is visibly a tensor field.

3.5. Sectional Curvature. For the linear two-dimensional subspace P C g, that
is spanned by linearly independent X, Y € g, the sectional curvature is defined as

7(R(X,Y)X,Y)
IXIENYIE — (X, Y)>

k(P) =
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For the numerator we obtain

Y(RIX, V)X, Y) =v(pxpy X,Y) = v(py px X, Y) +7(px v X, V)
~ 57(ox[¥, XL,Y) + 5 (1Y, px X], )
+0— (X, oy X1Y) = J9((1X, Y, X))
= 2(ox X, oy ¥) ~ lox Y 2 + X, V]I
- S X VI + 578, XX, V)

3
=v(pxX,pyY) — HPXYHi + Z”[Xa Y]H?,

—7(pxY, [X7 Y]]) +7(Y, [Xv [Xv Y”)

If the adjoint ad(X)" : g — g exists, this is easily seen to coincide with Arnold’s
original formula [I],

Y(R(X,Y)X,Y) = —%II ad(X)TY +ad(Y) X |2 + y(ad(X) " X,ad(Y)"Y)

+ %v(ad(X)TY —ad(Y)"X,ad(X)Y) + %ll[X, V|12

4. HOMOGENEOUS H!-METRIC ON Diff(R) AND THE HUNTER—SAXTON
EQUATION

In this section we will study the homogeneous H' or H'-metric on the various
diffeomorphism groups of R defined in Sect. It was shown in [I6] that the
geodesic equation of the H'-metric on Diff (S1) is the HS equation. We will show
that suitable diffeomorphism groups on the real line also have the HS equation as
geodesic equation. In [27] a way was found to map Diff(S!) isometrically to an
open subset of an L2-sphere in C*°(S!,R). We will generalize this representation
to the non-periodic case.

In the situation studied here — diffeomorphism groups on the real line — the
resulting geometry will be different from the periodic case. Some of the diffeomor-
phism groups will be flat in the sense of Riemannian geometry, while others will
be submanifolds of a flat space (see [19, Sect. 27.11] for the definiton of (splitting)
submanifolds in an infinite dimensional setting).

4.1. Setting. In this section, we shall use any of the following regular Lie groups:

(1) We will denote by A(R) any of the spaces C>(R), S(R), W1(R), or
H§°(R). By Diff 4(R) we will denote the corresponding groups Diff.(R),
Diffs(R), and Diff .1 (R). as defined in Sects. and respec-
tively.

(2) Similarly A;(R) will denote any of the spaces C29 (R), Si(R), or W (R).
By Diff 4, (R) we will denote the corresponding groups Diff. 1 (R), Diff s, (R),
or Diffwloo,l (R). as defined in Sects. and H respectively.

4.2. H'-Metric. For Diff 4(R) and Diff 4, (R) the homogeneous H'-metric is given
by

Go(Xo0p,Y o) = Gu(X,Y) = /R X' (2)Y () da,
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where X,Y are elements of the Lie algebra A(R) or A;(R). We shall also use the

notation
<" '>H1 = G('v )

Theorem. On Diff 4, (R) the geodesic equation is the HS equation

) (roe =u  w=—unt s [ ()P

and the induced geodesic distance is positive.

On the other hand, the geodesic equation does not exist on the subgroup Diff 4(R),
since the adjoint ad(X)*G1a(X) does not lie in Giqa(A(R)) for all X € A(R).

Note that this is a natural example of a non-robust Riemannian manifold in the
sense of [37, Sect. 2.4].

Proof. Note that Giq : A (R) — Ay (R)* is given by G1qa(X) = —X" if we use the
L2-pairing X ~ (Y J XYdz) to embed functions into the space of distributions.
We now compute the adjoint of the operator ad(X) as defined in Sect.

(ad(X)*Gr(Y), >=Gm(y ad(X)Z) = Gu(Y, —[X, Z])
/Y 12(2) - X (2)2'(x)) da
- / Z() (X" (@)Y (x) — (X ()Y (2))") da.

Therefore, the adjoint as an element of A7 is given by
ad(X)*Gra(Y) = X"Y' — (XY')".

For X =Y we can rewrite this as

()" Gua(X) = (%) = (0)") = 3 ([ X2y - (%)

"

— 30l [ Xwray <X2>’).

If X € A;(R) then the function —3 [*  X'(y)?dy + 3(X?) is again an element
of A;(R). This follows immediately from the deﬁnltlon of A;(R). Therefore, the
geodesic equation exists on Diff 4, (R) and is given by (9).

However, if X € A(R), a neccessary condition for [*_ (X'(y))*dy € A(R) would
be fix;o X'(y)?dy = 0, which would imply X’ = 0. Thus, the geodesic equation
does not exist on A(R).

The positivity of geodesic distance will follow from the explicit formula given in

Corollary O
Remark. One obtains the classical form of the HS equation
1
Uty = —UlUgge — iuia

by differentiating the preceding geodesic Eq. @D In Sect. we will use a geo-
metric argument to give an explicit solution formula, which will also imply the
well-posedness of the equation. For A;(R) = W' (R) an analytic proof of well-
posedness could also be carried out similarly to that in [B, Sect. 10] by adapting
the arguments to R. Furthermore, using this geometric trick, we will conclude that
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the curvature of the H' metric vanishes. One can also show this statement directly
using the adaption of Arnold’s formula presented in Sect. From the foregoing
proof one can easily deduce the formula for the mapping p:

Q(

1 @ad(X)*G(Y) + ad(X)*G(Y))

)

—~
»

S~—
I

Q(

-1 (Xllyl . (Xy/)// + Y'"Xx' — (YX/)//)

Q(

-1 ((X/Y/)/ + (XY)/”)

N~ N~ DN~ DN~

/N

- / Sy dx+(XY)’>

—0o0
Using this formula, the desired formula for the curvature is a straightforward cal-
culation.

Remark. For general X # Y € A;(R) we will have ad(X)*G14(Y) ¢ Gra(A;(R)).
If there were a function Z € A;(R) such that —Z” = X"Y’ — (XY’)” then a
necessary condition would be 0 = Z'(—o0) = fffooo X"Y'dx, which would in
general not be satisfied. Thus, the transpose of ad(X) as defined in does not
exist; only the symmetric version X + G (ad(X)*Gra(X)) exists.

4.3. The Square-Root Representation on Diff 4, (R). We will define a map R
from Diff 4, (R) to the space

AR, Rs o) ={f € AR) : f(z) > -2},

such that the pullback of the L?-metric on A(R,Rs_5) is the H'-metric on the
space Diff 4, (R). Since A(R,Rs_5) is an open subset of C°°(R) this implies that
Diff 4, (R) with the H'-metric is a flat space in the sense of Riemannian geometry.
This is an adaptation of the square-root representation of Diff (S1)/S! used in [27];
see also Sect. [6] where we review this construction.

Theorem. We define the R-map by
. {DiﬁAl R) - A(R,R>_5) C AR,R)
' v 2 ()2 -1).
The R-map is invertible with inverse

A(R,Rs_5) — Diff 4, (R)

R 1 [®
w—>;z:+1/ (v? + 4v) da.

The pullback of the flat L?-metric via R is the H'-metric on Diff 4, (R), i.e.
R*(ope = (o) g

Thus the space (DiffA1 (R), Hl) is a flat space in the sense of Riemannian geometry.

Here (-, )2 denotes the L2-inner product on A(R) interpreted as a Riemannian
metric on A(R,Rs _5), which does not depend on the basepoint, i.e.

GE (h, k) = (h, k)2 :/h(x)l-c(x) da,
R

for b,k € A(R) = T, A(R,R>_»).
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Proof. We will first prove that for ¢ € Diff 4, (R) the image R(yp) is an element of
A(R,R-_3). To do so, we write ¢(x) = x + f(z), with f € A;. Using a Taylor
expansion of v/1 4+ z around x = 0,

11 1t )
Vi+zr=14 -z — - —dt z*,
2 4 0 (1+t_’1§)§

we obtain

R(p) =2((¢)/? =1) =21+ f =2
R B e
T s
= '+ F(f)f',
with F € C*(Rs_1,R) satisfying F(0) = 0.

Because ¢ = Id+f is a diffeomorphism, we have f/ > —1 and since f’ € A(R)
implies that f’ vanishes at —oo and at co we can can even conclude that f/ > —1+¢
for some € > 0. Therefore, F(f’) is a bounded function for each f’ € Diff 4, (R).
Using that all the spaces A(R) are B(R)-modules we conclude that F(f’)f’ and,
hence, R(p) are elements of A(R).

To check that the mapping R : Diff 4, (R) — A(R, ]R>_2) is bijective, we use the
identity 1(y(z) +2)%—1 = f'(z) with v = R(p) = R(Id +f). Using this identity it
is straightforward to calculate that

RoR ' =1dyu, R 'oR=1dp;g.

To compute the pullback of the L2-metric via the R-map we first need to calculate
its tangent mapping. To do this, let h = X o ¢ € T, Diff 4, (R) and let ¢t — 1(t) be
a smooth curve in Diff 4, (R) with ¢(0) = Id and 9¢|o¢(t) = X. We have:

TLPR'h = at|0R(w(t) © 90) = at|02(((¢(t) o @)I)1/2 _ 1) _ 8t|02((¢(t)z o 80) @I)1/2
= 2 PO (00 0 ) = ()2 (o )

((0),) 172 ¥
= (a)2(X 0 ) = (¢")/2(X" 0 o).

Using this formula we have for h = X1 0 o,k = X5 0 ¢:

R*(h, k)2 = (T,R.h, TyR.E) 2 = / X! () X5 (@) dz = (h, k) g O
R
Corollary. Given g, p1 € Diff 4, (R) the geodesic ¢(t,z) connecting them is given
by
(10) o(t.2) = R (1= )R(p0) + tR(e1) ) (@)
and their geodesic distance is
2

) g er)? =4 [ (02 = (60)?)’ do.

Furthermore, the support of the geodesic is localized in the following sense: if
o(t,x) =x + f(t,z) with f(t) € A1 (R) and similarly for ¢o, 1, then supp(0; f(t))
is contained in supp(0, fo) Usupp(0y f1).
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FIGURE 1. A complete geodesic ¢(t,z) € Diff 4, (R) sampled at
time points ¢ = 0, %, 1, %, 2, %, 3. Left image: The geodesic in the
R-map space. Right image: The geodesic in the original space,
visualized as ¢(t,z) — .

Proof. The formula for the geodesic ¢(t, x) is clear. The geodesic distance between
©o, 1 is given as the L? difference between their R-maps:

d° (g, p1) = dM(R(¢0), R(1)) =/O \//]R (R(¢1) — Rlpo))” da dt

_2¢A(@nv2wa%2m.

To prove the statement regarding the support of the geodesic, we use the inver-
sion formula of R to obtain

Ft.) = ¢/ (6,) = 1= (6,20 (6,2) + 4),

where y(t,2) = (1 —t)R(po)(x) + tR(p1)(x) is the image of the geodesic under the
R-map. Next we note that at the points where f/(z) = 0 we have ¢}(z) = 1 and
R(p;)(x) = 0. Hence, at the points where both fli(x) = f{(z) = 0 we also have
f'(t,x) =0 for all t € [0, 1]. O

Example. A geodesic connecting the identity to the diffeomorphism ¢;(z) =
z + e 1/ @+D?e=1/@=1" can be seen in Fig. [I] In all the examples presented in
this article, we consider diffeomorphisms ¢ with supp(¢’ — 1) C [-1,1]. We ap-
proximated the diffeomorphisms with 1000 points on this interval. In the following
lemma it is shown that this behaviour does not hold in general.

Lemma. The metric space (DinAl (R), Hl) is path-connected and geodesically con-
vex but not geodesically complete.

In particular, for every po € Diff 4, (R) and h € T,, Diff 4, (R), h # 0 there
exists a time T € R such that p(t,-) is a geodesic for |t| < |T| starting at po with
01 (0) = h, but ¢ (T,z) =0 for some x € R.

Proof. Set 79 = R(po) and k = T, R.h. Then R maps the geodesic ¢(t) to
R(p(t))(x) = ~(t, ) = 70(x) + th(z)
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0.0, 0.0,

-2.0] —0.4]

FIGURE 2. An incomplete geodesic ¢(t,x) € Diff 4, (R). Left

image: The geodesic in R-map space at time points ¢t =

0,2,1,3,2,2,3. At time ¢ = 3 (red line) the geodesic has already

left the space of R-maps. Right image: The geodesic in original

space visualized as @(t,x) — = sampled at time points ¢t =

0,3,1,3,2,2.
and the geodesic ¢(t) ceases to exist when ~(t) leaves the image of the R-map,
ie. when v(t,x) = —2 for some pair (¢,2). Consider the function g(z) = |2 +
~Yo(x)|/|k(x)| and set g(x) = oo where k(x) = 0. Since we assumed h # 0, there is
at least one x € R, such that g(z) is finite. Since k(x) — 0 as |z| — oo we have
g(x) — oo for z large, and ¢ attains the minimum at some point. Let this point
be xy and define T = —(2 4 vo(z9))/k(x0). Then |T| is the time when (¢, ) first
reaches —2. So for |t| < |T| the geodesic y(t) lies in A(R, R _2) and v(T, x¢) = —2.
Then we have

1
0 (T)20) =1+ Z’y(T, x20)(Y(T,z9) +4)=1—-1=0,
as required. This proves that the space is not geodesically complete.

The statement regarding path connectedness and geodesic convexity are direct
consequences of the path connectedness and convexity of A(R,Rs _o). O

Example. This behaviour is illustrated in Fig. where we have again chosen
o = Id and we have solved the geodesic equation in the direction

_ p-—1 -1
h(z) =R <4+46101

until the geodesic leaves the space of diffeomorphisms — which happens approxi-
mately at time ¢ = 2.58.

4.4. The Square-Root Representation on Diff 4(R). We will now study the ho-
mogeneous H'-metric on diffeomorphism groups which do not allow a shift towards
infinity. We can still use the same square-root representation as in the previous sec-
tion, but now the image of this map will be a splitting submanifold in the image

space A(R,Rs _5).

Theorem. The square-root representation on the diffeomorphism group Diff 4(R)
is a bijective mapping given by

. {DiffA(R) = (Im(R), || - Iz2) € (A(R,Rs_2), | - [|2)
' o2 ()2 -1).



THE SOBOLEV H!-METRIC ON Diff(R) 17

The pullback of the restriction of the flat L*-metric to Im(R) via R is again the
homogeneous Sobolev metric of order one. The image of the R-map is the splitting
submanifold (in the sense of |21, Sect. 27.11]) of A(R, R~ _5) given by:

Im(R) = {’y € AR,Rs_5): F(y) := /R’y(’y—kll) dx = O}.

Proof. The statement regarding the image of R, follows from the fact that a diffeo-
morphism ¢ = Id+g¢ € Diff 4, (R) is also an element of Diff 4(R) iff

[@@-1de= [y =0

Using that for v = R(p) we have (v(z) +2)? — 1 = ¢/(z) we obtain the desired
result. The mapping A(R,Rs o) > f — 2((f + D2 —1) € AR,R>_,) is a
diffeomorphism, and it maps A(R,R~_1)N{f : [ fdz = 0} diffeomorphically onto
Im(R), which is therefore a splitting submanifold. O

Remark. Note that we have dF(v)(6) = [,(2y + 4).0dz, but 2y + 4 is not in
A, only in the dual A*. So the so-called normal field along the codimension 1
submanifold Im(R) has no length; methods like the Gauss formula or the Gauss
equation do not make sense. This is a diffeomorphic translation of the nonexistence
of the geodesic equation in Diff 4(R).

4.5. Geodesic Distance on Diff 4(R). We have seen that on the space Diff 4(R)
the geodesic equation does not exist. It is, however, possible to define the geodesic
distance between two diffeomorphisms g, 1 € Diff 4(R) as the infimum over all
paths ¢ : [0,1] — Diff 4(R) connecting these:

d*(¢o, 1) = inf /\/G ) (Osp(t), Opo(t)) dt

»(0)=wo
90(1) P1
In Corollary we gave an explicit formula for the geodesic distance d' on the
space Diff 4, (R). It turns out that the geodesic distance d* on Diff 4(R) is the same
as the restriction of d1 to Diff 4(R). Note that this is not a trivial statement, since
in the definition of d* the infimum is taken over all paths lying in the smaller space
Diff 4(R).

Theorem. The geodesic distance d* on Diff 4(R) coincides with the restriction of
d*t to Diff o(R), i.e. for wo, 1 € Diff 4(R) we have

dA((AOOv @1) = dAl (%007 4101)

Proof. Because the space Diff 4(R) is smaller than Diff 4, (R), we have the inequality
da, < da. The following argument will establish the other inequality d4 < d4,
and hence with both of these inequalities together we will be able to conclude that
da, =da.

Take ¢g,p1 € DiﬂA( ) nd 1
space Diff 4, (R) . Then ~(t) =
measured by

©(t) be a path connecting them in the larger
(t

et
R(p(t)) is a path in A(R,R~_5) and its length is

/(:Wdt.
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We also have the functional
F() = [ 22 + t@)is.
R

which measures whether v lies in the image of Diff 4(R) under the R-map.

We will construct a sequence 7, of paths with n — oo, such that these paths
satisfy F'(7,) = 0 and L(%,) — L(¥). This will show that each path in Diff 4, (R)
can be approximated arbitraily well by path in the smaller space Diff 4(R) and
hence we will have established the other inequality d 4 < d 4, .

Since «(t) and 9;y(t) decay to 0 as © — oo there exists for each n > 0 some
T, € R such that

y(t,2)] <5

Oyt <2 T
We also define ¢,, = % Let ¥ : R — R be a smooth function with support in
[-1,1], ¥(z) > 0 and [ (z)dz =1 as well as [ p(x)*dz = 1. Now define the new

path
Fu(t,z) = 7(t, @) + an(t)ent) (en(a — 2, — ;1))

with the function an(t) determlned by F(3,(t)) = 0. To make the calculations
easier, we set 1, (z ( T — Ty —E, )) and we note that

En/RdJn(:E)dx =1, en/Ri/}n(aj)zdx =1

Writing the condition F'(%,(t)) = 0 more explicitly we obtain

F(n(t) = / V() + 20m (Denthny(t) + an(t)*en iy + 4 (V(1) + an(t)enthn) do

R
= epan(t)? + (4 + 2e, / @/}nfy(t)das) an(t) + F(y(t)) .
R
We need to estimate the integral

= 6n/ U ()Y (t, x)dx

to be able to control a(t). We have

/w 5n — Tn _57:1)) V(t,x)dx

Tn+2e,,
S{‘:n/ w(gn(x*xnf{‘:;l)) |’y(t,$)|d.’£

n

Hence we see that for large n we will have ay,(t) — —F(v(t))/4 and the convergence
is uniform in ¢. To see that «(t) is smooth in ¢ we can use the explicit formula

an(t) = —e; ' (2+ Cul(t) — \/&?2 (24 Cu()* — e F(Y(1))

and note that for ¢, sufficiently small the term under the square root will always
be positive.
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Now we look at the length of the path 7,,. Let us consider only the inner integral
Jg A (t, z)dz. We will show the convergence

/ (OFa(t, )2 dz — / (B (t,))? d
R R

uniformly in ¢, which will imply the convergence L(5,) — L(v). To do so, we look
at

/R(@%(t))Q dr = / (06v(1))* + 20 (D)2n 0y (1) + (Gran(1))? eptn(x) da

R
- / (B7())? da + 20,00 (t)en / Vn0yy(t)da + (Dyan(t))? en.
R R
The integral
D, (t) := en/ U (x)0py(t, x)dx
R

can be estimated in the same way as Cy,(t) previously to obtain D, () < . It
remains to bound J;«(t) uniformly in ¢ to show convergence. We differentiate the
equation

cucan(® + (44250 [ 6a2(0)de) an(®)+ F3(6) =0
R
that defines «(t), which gives us

Oran(t) (2enan(t) +4 +2C, (1)) + Ty F.0iy(t) = 0

and thus
B Tv(t)Fﬁt'y(t)
4+ 280, (t) +2C,(t)
We see that Oy, (t) — —Ty ) F.0;y(t)/4 and the convergence is uniform in ¢. Thus
we have shown that convergence L(%,) — L(7) of the length functional. O

6tan (t) =

4.6. Submanifold Diff 4(R) Inside Diff 4, (R). The following theorem deals with
the question how Diff 4(R) lies inside the extension Diff 4, (R). We give an up-
per bound for how often a geodesic in Diff 4, (R) might intersect or be tangent to
Diff 4(R). Tt is only an upper bound because the geodesic might leave the group of
diffeomorphisms before intersecting Diff 4(R).

Theorem. Consider a geodesic o(t) in Diff 4, (R) starting at p(0) = o with initial
velocity yp(0) = ug o o and denote by u(t) = O;p(t) o p(t)~! the right-trivialized
velocity. Then the size of the shift at infinity is given by

2
Shift ((#)) = Shift(0) -+ fuo(00) + tz /R (ub)2da

u(t,00) = ugp(o0) + t/(ug)zdx.
R
This means that every geodesic in Diff 4, (R) intersects Diff 4(R) at most twice, and
every geodesic is tangent to a right coset of Diff 4(R) at most once.

For ¢g, 1 € Diff 4(R) we can give the following formula for the size of the shift
along the connecting minimal geodesic:

2 —t

Shift((1)) = ——[[Rlgo) = R(1)|I72 = (¥ = O]V = V/éh ||
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Proof. To make the computations easier, define the following variables:
Yo = R(tﬂo)
ko =Ty R.(uo © o) = \/luf © %o
V() = ( () =0 + tko.
)

For a diffeomorphism ¢ € Diff 4, (R) the size of the shift at oo is given by

Shift(p) = lim o(z) — 2 = h ¢ (z) —1de = i/m R(p)? +4R(p) da.

r—r00 — 00 — 00

Similarly, the value of a function u € A; at co can be computed by

uoo) = [ s = [ o p)@)p' (o) ds

—o0 —o0
1

-1 /_O;(R(gp) + )T, R.(uo ¢)(z) dr.

Note that this holds for any ¢ € Diff 4, (R). Since the R-map pulls back the L?-
metric to the H'-metric we also have the identity
oo o0
/ o (z)dx = / (T,R.(uo ¢))*dr.
—0o0 — 00
For the sake of convenience let us rewrite the last two equations using the variables
ug, Yo and kg.

1 o) o (o)

up(00) = 5/ (v0 + 2)ko dx / (up)? dx = / k2 dx
— 00 —00 — 00

Now computing the shift of ¢(t) at oo is easy:

/ (Y0 + tho)? + 4(yo + tho) da

— 00

Shift(p(t)) =

N

oo
/ V8 + 4o + 2tyoko + Atky + t2k2 da

—00

t2 [
= Shift(pg) + tug(oo) + Z/ (up)?de.

Computing the value of u(t) at oo is just as simple:

1 o
u(t,00) = 5/ (70 + tho + 2)ko dx

— 00

= up(o0) + t/R(ué))de.

If we start with g, 1 € Diff 4(R), then the geodesic connecting them has ko =
Y1 — Yo With v1 = R(p1). Some algebraic manipulations, keeping in mind that
Shift(¢;) = 3 [ 72 + 4v; = 0, give us

1 [ 1 [
up(00) = 5/ (0 +2)(71 —0) do = 5/ Yoy1 — Y5 — 270 + 271 dx
— 00 — 00
1 [ 1 1 1 [®
= 5/700%% -5+ 573 - 5’7% dr = —Z[M(M —%)? dz,

which in turn leads to

2 oo 2 oo
Shift(p(t)) = tug(oo) + —/ (ug)? dz = et (71 — 70)? da.

This completes the proof. O
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FIGURE 3. Geodesic ¢(t,x) € Diff 4, (R) between two diffeomor-

phisms in Diff 4(R) sampled at times ¢ = 0, %, %, %, %, %,1. Left

image: The geodesic in R-map space. Right image: The geodesic
in original space, visualized as ¢(t, z) — x.

An example of a geodesic illustrating the behaviour described in the lemma can
be seen in Fig.

4.7. Solving the Hunter—Saxton Equation. The theory described in the pre-
ceding sections allows us to construct an analytic solution formula for the HS equa-
tion on A;(R). Here A;(R) denotes one of the function spaces C29(R), S1(R) or

W' (R), as defined in Sects. [2.2

Theorem (Solutions to the HS equation). Given an initial value ug in Ai(R) the
solution to the HS equation is given by

u(t,r) = @i (t, o (t,x)), with o(t,x) = R_l(tug) ().

In particular, this means that a solution with initial condition in one of the spaces
C(R), S(R) or W L(R) exists for all time t > 0, if and only if uy(z) > 0 for all
x € R. All solutions are real-analytic in time in the sense of [21l Section 9].

Proof. By the theory of the previous sections, we know that the path

o(t,z) = R~ (ty)(x),

with ¢(0,2) = x is a solution to the geodesic equation for every v € A;(R). It
remains to choose v such that the initial condition

e(0,971(0,2)) = ¢¢(0, 2) = uo(x)
is satisfied. This can be achieved by choosing v = T1q R.ug, since
v = dilo(ty) = BiloR(p(t)) = Ty R-p1(t)|, = Tra Rouo.

Using the formula T,R.h = (¢')"'/2} from the proof of Theorem yields
TIdR.uo = u6

The solution is real-analytic in ¢ since t — t.ug is a real-analytic curve in 4; (R)
and since R™! respects real-analytic curves; see [21, Section 9.

Given zg, ug such that uf(xg) < 0 there exist o € R with toug(xo) < —2. Thus
the geodesic at time tg has left the R-map space, and the solution of the HS equation
leaves the space A;. O



22 MARTIN BAUER, MARTINS BRUVERIS, PETER W. MICHOR

A more explicit formula for the solution is given by

1 ¢ ®o) Y
ut.a) = (o™ () + 5 [ ) dy

— 00

oty =v+q [ Pbw)? + i) dy

Remark. The HS equation on the real line also provides an example of how geom-
etry and PDE behaviour influence each other. It was shown in Sect. [£.2] that the ge-
odesic equation on Diff 4(R) does not exist because the condition ad*(u) u € Grq(u)
is not satisfied. From a naive point of view we could start with the energy

(12) E(u) :/01 /O:O u? dx dt

defined on functions u € C*°([0,1], A(R)) and take variations of the form du =
Nt + nzu — nu, with fixed endpoints 7(0,x) = ¢o(z) and n(1,2) = pi(x). This
would lead, after some integration by parts, to

1 o0
(DE(u), du) = / / (Utze + (UUg) g — Uglgy) 1) da di
0 — o0

and we could now declare
Utgr + (uuz)mz — UgUgy = 0

to be the geodesic equation. It is in any case the equation which the critical points
of the energy functional (12]) must satisfy. But this equation has no solutions in A.
It is shown in Theorem that a solution v € C*°([0, 1], A;(R)) intersects A(R)
at most once. To find solutions, we must enlarge the space to .4;(R) and then the
preceding theorem via the R-map gives us the existence of solutions.

4.8. Continuing Geodesics Beyond the Group, or How Solutions of the
Hunter—Saxton Equation Blow Up. Consider a straight line v(¢) = 79+t in
A(R,R). Then v(t) € A(R,R~ _5) precisely for ¢ in an open interval (¢g,¢1) which
is finite at least on one side, say, at t; < co. Note that

_ L[*
p(t)(z) = R (v(1)) () = = + 1/ V(1) (u) + 4(t) (u) du
makes sense for all ¢, that ¢(¢) : R — R is smooth and that ¢(¢)'(z) > 0 for all x and
t; thus, ¢(t) is monotone non-decreasing. Moreover, (t) is proper and surjective
since «y(t) vanishes at —oo and co. Let

Mon 4, (R) := {Id+f : f € Ai(R,R), f* > —1}
be the monoid (under composition) of all such functions.

For v € A(R,R) let () := min{z € RU {oo} : v(x) = —2}. Then for the line
~(t) from above we see that xz(y(t)) < oo for all ¢ > ¢;. Thus, if the ‘geodesic’
©(t) leaves the diffeomorphism group at t1, it never comes back but stays inside
Mon 4, (R) \ Diff 4, (R) for the rest of its life. In this sense, Mon 4, (R) is a geodesic
completion of Diff 4, (R), and Mon 4, (R) \ Diff 4, (R) is the boundary.

What happens to the corresponding solution u(t, ) = (¢, p(t)~*(z)) of the HS
equation? In certain points it has infinite derivative, it may be multivalued, or its
graph can contain whole vertical intervals. If we replace an element ¢ € Mon 4, (R)
by its graph {(x,¢(x)) : € R} C R we get a smooth ‘monotone’ submanifold,
a smooth monotone relation. The inverse ¢! is then also a smooth monotone
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relation. Then ¢t — {(x,u(t,z)) : € R} is a (smooth) curve of relations. Checking
that it satisfies the HS equation is an exercise left for the interested reader. What
we have described here is the flow completion of the HS equation in the spirit of
[15].

4.9. Soliton-Like Solutions. For a right-invariant metric on a diffeomorphism
group one can ask whether (generalized) solutions u(t) = ¢;(t) o (t)~! exist such
that the momenta G(u(t)) =: p(t) are distributions with finite support. Here the
geodesic p(t) may exist only in some suitable Sobolev completion of the diffeomor-
phism group. By the general theory (see in particular [36, Sect. 4.4], or [33]) the
momentum Ad(p(t))*p(t) = p(t)*p(t) = p(0) is constant. In other words, p(t) =
(e(t)™H*p(0) = p(t)«p(0), i.e., the momentum is carried forward by the flow and
remains in the space of distributions with finite support. The infinitesimal version
(take Oy of the last expression) is p;(t) = —L,4)p(t) = —ady) * p(t); c.f. Sect.
The space of N-solitons of order 0 consists of momenta of the form p,, , = Eil a;idy,
with (y,a) € R?N. Consider an initial soliton py = G(ug) = —uj = vazl a; Oy,
with y; <y < --- < yn. Let H be the Heaviside function

0, x<0,
H(zr)=143%, z=0,
1, >0,

and D(z) = 0 for z < 0 and D(z) = x for x > 0. We will see later why the
choice H(0) = # is the most natural one; note that the behavior is called the Gibbs
phenomenon. With these functions we can write

N

@) = = Y aid (o)
1;1

up(z) = = 3 aiH(z = yi)
1;1

uo(z) = — ZaiD(x — ;).

We will assume henceforth that Zf;l a; = 0. Then ug(z) is constant for x > yn
and thus ug € H{(R); with a slight abuse of notation we assume that Hy(R) is
defined similarly to H{°(R). Defining S; = >_"

j=10j We can write

N

wh() = =57 S (H(w = ys) — H(w — i) -

i=1
This formula will be useful because supp(H (. — y;) — H(. — ¥i+1)) = [¥s, Yit+1]-
The evolution of the geodesic u(t) with initial value u(0) = ug can be described

by a system of ordinary differential equations (ODEs) for the variables (y,a). We
cite the following result.

Theorem ([I4]). The map (y,a) — Zf\il a;dy, is a Poisson map between the
canonical symplectic structure on RV and the Lie—Poisson structure on the dual
T Diff A(R) of the Lie algebra.
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In particular, this means that the ODEs for (y,a) are Hamilton’s equations for
the pullback Hamiltonian

1
E(y,a) = iGId(u(y,a)vu(y,a))v
with gy q) = G’_l(zij\il a;by,) = — Zfil a;D(. — y;). We can obtain the more

explicit expression

2
1
E(y,a) = 5 /}R (u(y,a)(x)l) dr = / (ZS Ly yisa] > dx
| X
3 > S (Yis1 — i)
i=1

Hamilton’s equations y; = 0F/da;, a; = —OF/Jy; are in this case

N-1

Ui(t) = Si(t) (Yir1(t) — vi(?)),

=1

ai(t) = = (Si(t)* — Si—1(t)?) .

N = .

Using the R-map we can find explicit solutions for these equations as follows.
Let us write a;(0) = a; and y;(0) = y;. By Theorem the geodesic with initial
velocity ug is given by

x

o) =at g [ Pl + () dy

— 00

o~ (L)
u(t.a) = ol ) 5 [ upl) do

— 00

First note that

¢t = (1+ gug@))z

up (9~ (8, 2))
1+ up (97 (t,2))
Using the identity H (¢~ 1(t,2) — y;) = H(z — ¢(t,y;)) we obtain

u'(t,z) =

up (7' (L, 2)) = Zal o(t,yi)),
and thus

N
(uh (7 (t,2))) = - Z @i (1, (2)

" 2) = 1 a;
u”(t,2) ) ( Z 0ty ( )

N Ca
= Z ﬁ%(t,ym)(ﬁ
; v
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From here we can read off the solution of Hamilton’s equations
yi(t) = o(t, yi)
a;(t) = —a; (1+ Suh(y:) >
When trying to evaluate uf(y;),
up(yi) = a; H(0) — S;

we see that wu( is discontinuous at y; and it is here that we seem to have the
freedom to choose the value H(0). However, it turns out that we observe the
Gibbs phenomenon, i.e., only the choice H(0) = % leads to solutions of Hamilton’s
equations. Also, the regularized theory of multiplications of distributions (see the
discussion in [20} Sect. 1.1]) leads to this choice. Thus we obtain

i-1 ,,9
t
vilt) =i+ (45’? - tSj) (Yi+1 — Y5)
j=1

a‘(t) o —a; _ ( S _ Si—1 )
TR A TR e )

It can be checked by direct computation that these functions indeed solve Hamil-
ton’s equations.

5. Two-COMPONENT HUNTER-SAXTON EQUATION ON REAL LINE

In this section we will show, similarly to the previous section, that one can adapt
the work of Lenells on the periodic two-component HS equation [29] to obtain results
for the non-periodic case. On the real line this system has been studied from an
analytical viewpoint in Sect. [41, Section 4].

Theorem. Let M = Diff 4(R) x A(R,R) and M = Diff 4, (R) x A(R,R) be the
semi-direct product Lie groups with multiplication

(o, ) (¥, B) = (poth, B+ aor),

where A and Ay are_as defined in [/3 Consider the following weak Riemannian
metric G on M and M :

Gaao((X.0).(V:0) = [ X'@)Y'(@) + ala)b(e) da.
where (X, a) and (Y,b) are elements of the corresponding Lie algebra.

Then the geodesic equation on M is the two-component non-periodic HS equation
given by

(u,p) = (prop Lazop™)

1 x
Ug = —Uly + f/ ug(2)% + p%(2) dz
2 — 00

pr = —(p)s

The geodesic equation does not exist on M, since the adjoint ad((X,a))*G a0y is
not in Ga,o)(Lie algebra) for all (X,a). These are not robust Riemannian mani-
folds in the sense of [31, Sect. 2.4].
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Remark. Note that one obtains more so-called classical forms of the HS equation
by differentiating the equation for w;:

1
Uy = —UlUgy + 5(—u§ +p°);

1
Utzer = ( — Ulgy + 5(77“@ + pz))w = —2UglUzy — Ulggy + PPz-

The second of the precedeing equations is the version which Lenells called the two-
component HS equation in [29].

Proof. To proof the formula for the geodesic equation we need to calculate the
adjoint as defined in Sect. For vector fields (X, a) and (Y, b) the Lie bracket is
given by
[(X7 a’)7 (Y7 b)] = (_[X7 Y]? _(£Xb - ACYG')) :
We calculate
(ad((X,a))"G((Y))),(Z,¢))
= G((Y,b),ad((X,a))(Z,¢))

- G((Y, b). (—[X, Z], ~Lxc+ cza))

)
(

- /R Y (2) (X (2) Z(x) — X (2)2'(x)) + b(x) (—Lxve(x) + La(x)) da

- /R Y () (X" (@) Z(x) + X' (@) Z'(z) — X' (2)Z'(2) — X(2)2" () do
+ /R b(z)(~ ()X (2) + d'(2)Z()) da

- /R 2(2)(X"(2)Y (z) + (X(2)Y(2))" + b(z)d'(x)) do

+/dmwuu@wwmxw»m
R

_ <(X”Y + (XYY 4 bd WX +bX'), (2, c)>.
Therefore, the adjoint is given by
ad(X,a)*G(Y,b)(z) = (X”Y + (XY +ba’ V' X + bX').

Note that for general (X, a), (Y, b) € Ax A the adjoint is not an element of G(Ax A);
the same statement is true for A; x A. But for (X, a) equal to (Y,b) we can rewrite
the precedeing equation in a form similar to that in Sect. to obtain

ad(X,a)*G(X,a)(z) = <;(X’2)' + %(XQ)”’ + %(aQ)’,a’X + aX')

1 x "
= (2 (/ X"? 4 a?dr + (XQ)/> 7cL'X~¢—aX’>

=G (; (/ X2+ a’de + (XZ)’> ,a' X + aX’> .

An argumentat similar to that in Sect. proves the existence of the adjoint and,
thus, of the geodesic equation on M and the non-existence on M. O

Theorem (R-map for 2HS equation). Define the map

n. ] M (ARC/{=2)), |- [z2)
(e a) 22002 g,
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The R-map is invertible with inverse

AR,C/{-2}) = M

v (JH— i /;(|~H—2|2 —4) dx,2arg(vy(z) + 2))

R':

The pullback of the flat L2—metfic via R is the metric G as defined in the previ-
ous theorem. Thus the space (M,G) is a flat space in the sense of Riemannian
geometry.

Proof. An argument similar to that in Sect. shows that the image R(y, @) is an
element of A(R, C/{—2}). The bijectivity follows from a straightforward calculation
using that for v = R(p, a) = R(Id+f, a) we have

1
@) +2P —1= (),
which proves the identities Ro R~! = Ro R~ =1d.

Since the mapping R is bijective, the pullback via R yields a well-defined metric
on M. To obtain its formula, we must calculate the tangent mapping of R. Let
(h,U)= (X o¢,U) € T, oM. We have

TpoR(h,U) = o7 120 /% 4 ipl/ 262y,
Using this formula we have for h = X; 0 o, k = X5 0 ¢:

R*((h,U), (k, V) = = Re /R (T R, U), Ty ROF, V) da

- /R X/ () X}(2) + a(z)B(z)dx
= Gpal(h.U), (k,V)). =

We can now again use this result to construct an analytic solution formula for
the corresponding geodesic equation — the two-component HS equation.

Theorem (Solutions to 2HS -equation). Given an initial value (ug, po) in A; (R) x
A(R) the solution to the HS equation is given by

(u,p) = (prop !, —aocp+arop ") with (p,a)=R"(t(uj+ipo)).

In particular, this means that a solution breaks in finite time T, if and only if there
ezists a © € R such that ug(x) < 0 and po(x) = 0.

Proof. By the previous theorem we know that the path

(¢(t,2), p(t, ) = R™(t v0) ()

is a solution to the geodesic equation for every 7o € A; (R, C/{—2}). It remains to
choose v such that the initial conditions are satisfied. This can be achieved exactly
by choosing vy = T1a,0R(uo, po) = (ugy + ipo)- O

Remark. This theorem holds also in more general situations, i.e., for the spaces
A1 (R) x C(R) with A # C, e.g., W' (R) x S(R). The result holds in this situation
since the diffeomorphism group Diff 4, (R) acts on C(R) for all choices of A and C
among C°(R), S(R) and W>1(R).
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6. REMARKS ON PERIODIC CASE

In this section we will briefly review the results of [27] and extend them to the
case of real-analytic or ultra-differentiable functions on the circle. In this section,
Diff°(S')/S! denotes one of the following homogeneous spaces:

(1) Diff(S1)/S* the space of smooth diffeomorphisms on the circle modulo
rotations.

(2) Diff(S1)/S?t the space of real-analytic diffeomorphisms on the circle mod-
ulo rotations; c.f. Sect

(3) Diff™)(§1) /S the space of ultra-differentiable diffcomorphisms of Beurling
type or Roumieu type on the circle modulo rotations; c.f. Sect. 2.7

A diffeomorphism ¢ € Diff°(S?) is related to its universal covering diffeomorphism
@ by ¢(e'®) = €@ Then @(z) = z + f(x) where f is a 27m-periodic real-valued
function. Rotations correspond to constant functions f. Let f)FfO(S 1) denote the
regular Lie group of lift to the universal cover of diffeomorphisms. The correspond-

ing homogeneous space is then Diff (S1)/R, factoring out all translations.

Theorem ([27]). On the homogeneous space ﬁTO(SI)/R the square oot represen-
tation is a bijective mapping given as follows:

R: ]:/Ef (Sl)/R — (Im(R)7 || : ||L2([0,27r])) - (Csﬂ-peT(R7 R>0)7 H : ||L2)
P 2@

The image of the R-map is the sphere of radius \/87, i.e.,

2w
() = {7 € Cir pur®Ro0) : ol = [ 770 = ).

The pullback of the restriction of the L*-metric to Im(R) via R is the homogeneous
Sobolev metric of order one, i.e.,

R*<'7 > = <'7 >H1

Thus the spaces (Diffo(Sl)/Sl, Hl) have constant positive sectional curvature.

Here O3, . (R,R50) denotes the corresponding space of sufficiently smooth
functions, i.e., either the space of C'°°, real-analytic or ultra-differentiable functions.

Proof. The case of C*°-functions is proven in the work of Lenells [27]. The state-
ment about the image of R follows from

2 27
|m@W:M@w%%ﬂ/ amm:g/1+f@mzw
0 0

The remaining cases follow similarly using that Diff(S1) and Diff™}(S!) are Lie
subgroups of Diff(S1), c.f. [2.6/ and O

As a direct consequence we obtain the following result:

Theorem (Solutions to the periodic HS equation). Given an initial value ug in
C°(S',R+) the solution to the HS equation stays locally in the same space. A
solution exists for all time t, if and only if uy(0) > 0 for all € S*.
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Remark. From our setup in Sects. and it is obvious that the results of
[29] for the two-component HS equation extend to the cases of real-analytic and
ultra-differentiable functions.

7. SIMILAR REPRESENTATION FOR CAMASSA-HOLM EQUATION

In this article we have shown that certain non-trivial Riemannian spaces that
have flat or constant curvature can be represented as a simple submanifold of the
flat manifold of all sufficiently smooth functions equipped with the L2-metric. In
this section we will present a natural example of a metric space with non-trivial
curvature which can also be represented as a (complicated) subspace of the flat
manifold of all smooth functions, namely the Lie group Diff(S*) equipped with the
right-invariant non-homogeneous H!'-metric.

Theorem ([I7]). The right-invariant H'-metric on the Lie group Diff(S') is given
by

Gol(XopYop) = [ X@Y (@) + X @)Y () dr,
where X,Y are vector fields in the Lie algebra X(S1). The induced geodesic distance

is positive, and the corresponding geodesic equation is the Camassa-Holm Eq. [60]
given by

‘ Ut — Uyt + SUUL = 2UpUgy + Ulgpr-

The geodesic equation is well posed and the exponential map is a local diffeomor-
phism.

Using the ideas of [29] we can introduce an R-map for this space. We use again
o(e) = ¢®@) with G(x) = x + f(z) for periodic f. Again let Diff(S!) denote
the regular Lie group of lifts to the universal cover of diffeomorphisms. For curves
we obtain 0;|o(t, €®) = i0;|0@(t, x).e'?®) = id;|o f(t,x).’?). Thus, for tangent
vectors we obtain dp = i.0p.0 = .0 f.¢.

Theorem. The R-map is defined by
R(P) =252/ PIV/2 = o1 4 f)2 /2,
R: Diff(S') = C52_,..(R,C).
The image under the R-map of the diffeomorphism group is the space S given by
§ := R(DIH(S")) = {7 € O35 pur (R, C\ {0)) : F3) = (Fi(3), Fo()) = 0}

2
where Fy(v) : = / (|v]* — 1) do,
0

and F3(y) : = 8arg()' — 7[>,
The R map is injective, and for any curve in S the inverse of R is given by
R7'(y) =2arg(y) +1dz  R™': S~ Diff(S").

Furthermore, the pullback of the L?-inner product on C°°(S,C) to the diffeomor-
phism group by the R-map is the right-invariant Sobolev metric of order one.

Proof. To prove the characterization for the image of R we observe that for v €
C>(S',C\ {0}) the function R~1(y) € C*°(]0.27), [0,27)) is periodic if and only
if F1(y) = 0. Furthermore, we have that R(R~!(v)) = v if and only if Fy(y) = 0.
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To calculate the formula for the pullback metric, we need to calculate the tangent
of the R-map where h is tangent to @, i.e., to f.

TsRh =3~ 21'el/? 42l /2,

Thus the pullback of the L? inner product on C*°(St,C) is given by
2m -
0

27 112
:/ = HhPde= | X*+X7dr,
o ¥ 51

with h = X o 3. O

REFERENCES

[1] V. Arnold. Sur la géométrie différentielle des groupes de Lie de dimension infinie et ses
applications & I’hydrodynamique des fluides parfaits. Ann. Inst. Fourier (Grenoble), 16(fasc.
1):319-361, 1966.

[2] M. Bauer, M. Bruveris, P. Harms, and P. W. Michor. Vanishing geodesic distance for the
Riemannian metric with geodesic equation the KdV-equation. Ann. Global Anal. Geom.,
41(4):461-472, 2012.

[3] M. Bauer, M. Bruveris, S. Marsland, and P. W. Michor. Constructing reparametriza-
tion invariant metrics on spaces of plane curves. Differential Geom. Appl.
doi:10.1016/j.difgeo.2014.04.008.

[4] M. Bauer, M. Bruveris, P. Harms, and P. W. Michor. Geodesic distance for right invariant
sobolev metrics of fractional order on the diffeomorphism group. Ann. Global Anal. Geom.,
44(1):5-21, 2013.

[5] M. Bauer, P. Harms, and P. W. Michor. Sobolev metrics on shape space of surfaces. J. Geom.
Mech., 3(4):389-438, 2011.

[6] R. Camassa and D. D. Holm. An integrable shallow water equation with peaked solitons.
Phys. Rev. Lett., 71(11):1661-1664, 1993. [1} 9]

[7] A. Constantin, T. Kappeler, B. Kolev, and P. Topalov. On geodesic exponential maps of the
Virasoro group. Ann. Global Anal. Geom., 31(2):155-180, 2007.

[8] A. Constantin and B. Kolev. Geodesic flow on the diffeomorphism group of the circle. Com-
ment. Math. Helv., 78(4):787-804, 2003.

[9] D. G. Ebin and J. Marsden. Groups of diffeomorphisms and the motion of an incompressible
fluid. Ann. of Math. (2), 92:102-163, 1970.

[10] J. Escher, B. Kolev, and M. Wunsch. The geometry of a vorticity model equation. Commu-
nications on Pure and Applied Analysis 11(4):1407 - 1419, 2012.

[11] L. Fuchs. Infinite abelian groups. Vol. I. Pure and Applied Mathematics, Vol. 36. Academic
Press, New York, 1970. |§|

[12] L. Fuchs. Infinite abelian groups. Vol. II. Academic Press, New York, 1973. Pure and Applied
Mathematics. Vol. 36-11. [6]

[13] F. Gay-Balmaz. Well-posedness of higher dimensional Camassa-Holm equations. Bull. Tran-
silv. Univ. Bragov Ser. II1, 2(51):55-58, 2009.

[14] D. D. Holm and J. E. Marsden. Momentum maps and measure-valued solutions (peakons,
filaments, and sheets) for the EPDIiff equation. In The breadth of symplectic and Poisson
geometry, volume 232 of Progr. Math., pages 203-235. Birkhauser Boston, Boston, MA,
2005. 23

[15] B. Khesin, P. Michor. The flow completion of Burgers’ equation. In: Infinite dimensional
groups and manifolds. Editor: Tilmann Wurzbacher. IRMA Lectures in Mathematics and
Theoretical Physics 5. De Gruyter, Berlin, 2004. pp. 17-26. 23]

[16] B. Khesin and G. Misiotek. Euler equations on homogeneous spaces and Virasoro orbits. Adv.
Math., 176(1):116-144, 2003.

[17] S. Kouranbaeva. The Camassa-Holm equation as a geodesic flow on the diffeomorphism group.
J. Math. Phys., 40(2):857-868, 1999. [I] 29|

[18] A. Kriegl and P. W. Michor. The convenient setting for real analytic mappings. Acta Math.,
165(1-2):105-159, 1990.

[19] A. Kriegl and P. W. Michor. Regular infinite-dimensional Lie groups. J. Lie Theory, 7(1):61—

99, 1997. B} [[]



THE SOBOLEV H!-METRIC ON Diff(R) 31

[20] M. Grosser, M. Kunzinger, M. Oberguggenberger, and R. Steinbauer. Geometric theory of

generalized functions with applications to general relativity, volume 573 of Mathematics and
its Applications. Kluwer Academic Publishers, Dordrecht, 2001. [25]

[21] A. Kriegl and P. W. Michor. The convenient setting of global analysis, volume 53 of Mathe-

matical Surveys and Monographs. American Mathematical Society, Providence, RI, 1997. 3]

Bl [ 7 21

[22] A. Kriegl, P. W. Michor, and A. Rainer. The convenient setting for non-quasianalytic Denjoy-

23]
[24]
[25]

[26]

27]
(28]
29]

(30]
(31]

(32]

(33]

(34]
(35]

(36]

(37]

(38]
(39]
[40]
[41]

42]

Carleman differentiable mappings. J. Funct. Anal., 256(11):3510-3544, 2009. E

A. Kriegl, P. W. Michor, and A. Rainer. The convenient setting for quasianalytic Denjoy-
Carleman differentiable mappings. J. Funct. Anal., 261(7):1799-1834, 2011.

A. Kriegl, P. W. Michor, and A. Rainer. The Convenient Setting for Denjoy-Carleman Dif-
ferentiable Mappings of Beurling and Roumieu Type. 2012.[7]

A. Kriegl, P. Michor, and A. Rainer. An exotic zoo of diffeomorphism groups on R™. 2014. [5]
(§

S. Kurtek, E. Klassen, Z. Ding, and A. Srivastava. A novel riemannian framework for shape
analysis of 3D objects. Computer Vision and Pattern Recognition, IEEE Computer Society
Conference on, 0:1625-1632, 2010. |Z|

J. Lenells. The Hunter—Saxton equation describes the geodesic flow on a sphere. Journal of
Geometry and Physics, 57(10):2049-2064, 2007.

J. Lenells. The Hunter-Saxton equation: a geometric approach. SIAM J. Math. Anal.,
40(1):266-277, 2008.

J. Lenells. Spheres, Kéhler geometry, and the two-component Hunter-Saxton equation. 2011.
(2 25} 28 29

J. N. Mather. Commutators of diffeomorphisms. Comment. Math. Helv., 49:512-528, 1974. |§|
J. N. Mather. Commutators of diffecomorphisms. II. Comment. Math. Helv., 50:33—40, 1975.
(6

J. N. Mather. Commutators of diffeomorphisms. III. A group which is not perfect. Comment.
Math. Helv., 60(1):122-124, 1985. [f]

M. Micheli, P. Michor, D. Mumford. Sobolev Metrics on Diffeomorphism Groups and the
Derived Geometry of Spaces of Submanifolds. Izvestiya: Mathematics, 77(3):541-570, 2013.
23

P. Michor. A convenient setting for differential geometry and global analysis. Cahiers Topolo-
gie Géom. Différentielle, 25(1):63-109, 1984.

P. Michor. A convenient setting for differential geometry and global analysis. II. Cahiers
Topologie Géom. Différentielle, 25(2):113-178, 1984.

P. W. Michor. Some geometric evolution equations arising as geodesic equations on groups
of diffeomorphisms including the Hamiltonian approach. In Phase space analysis of partial
differential equations, volume 69 of Progr. Nonlinear Differential Equations Appl., pages
133-215. Birkhéuser Boston, 2006. [4 [0

M. Micheli, P. Michor and D. Mumford. Sobolev metrics on diffeomorphism groups and the
derived geometry of spaces of submanifolds. . STAM J. Imaging Sci., 5(1):394-433, 2012.
P. W. Michor and D. Mumford. A zoo of diffeomorphism groups on R™. To appear in: Ann.
Glob. Anal. Geom., 2013. 3 [6]

V. Y. Ovsienko and B. A. Khesin. Korteweg—de Vries superequations as an Euler equation.
Funct. Anal. Appl., 21:329-331, 1987.[T]

M. Wunsch. On the geodesic flow on the group of diffeomorphisms of the circle with a frac-
tional Sobolev right-invariant metric. J. Nonlinear Math. Phys., 17(1):7-11, 2010.

M. Wunsch. The generalized Hunter-Saxton system. SIAM J. Math. Anal., 42(3):1286-1304,
2010.

L. Younes, P. W. Michor, J. Shah, and D. Mumford. A metric on shape space with explicit
geodesics. Atti Accad. Naz. Lincei Cl. Sci. Fis. Mat. Natur. Rend. Lincei (9) Mat. Appl.,
19(1):25-57, 2008.

MARTIN BAUER, PETER W. MICHOR: FAKULTAT FUR MATHEMATIK, UNIVERSITAT WIEN, OSKAR-

MORGENSTERN-PLATZ 1, A-1090 WIEN, AUSTRIA.

MARTINS BRUVERIS: INSTITUT DE MATHEMATIQUES, EPFL, CH-1015 LAUSANNE, SWITZERLAND
Email address: bauer. .martin@univie.ac.at
Email address: martins.bruveris@epfl.ch

Email address: peter.michor@univie.ac.at



	1. Introduction
	Acknowledgments

	2. Some Diffeomorphism Groups on the Real Line and the Circle
	2.1. The Group DiffB(R)
	2.2. Groups Related to Diffc(R)
	2.3. Groups Related to DiffS(R)
	2.4. Groups Related to DiffW,1(R)
	Remark on the H=W,2-case
	2.5. A Remark on the Existence of Normal Subgroups
	2.6. Groups of Real-Analytic Diffeomorphisms
	2.7. Groups of Ultra-Differentiable Diffeomorphisms

	3. Right-invariant Riemannian Metrics on Lie Groups
	3.1. Notation on Lie Groups
	3.2. Geodesics of a Right-Invariant Metric on a Lie Group
	3.3. Covariant Derivative
	3.4. Curvature
	3.5. Sectional Curvature

	4. Homogeneous H1-Metric on Diff(R) and the Hunter–Saxton Equation
	4.1. Setting
	4.2. 1-Metric
	Remark
	Remark
	4.3. The Square-Root Representation on DiffA1(R).
	Example
	Example
	4.4. The Square-Root Representation on DiffA(R).
	Remark
	4.5. Geodesic Distance on DiffA(R)
	4.6. Submanifold DiffA(R) Inside DiffA1(R)
	4.7. Solving the Hunter–Saxton Equation
	Remark
	4.8. Continuing Geodesics Beyond the Group, or How Solutions of the Hunter–Saxton Equation Blow Up
	4.9. Soliton-Like Solutions

	5. Two-Component Hunter-Saxton Equation on Real Line
	Remark
	Remark

	6. Remarks on Periodic Case
	Remark

	7. Similar Representation for Camassa-Holm Equation
	References

