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Introduction

This is the extended version of a lecture course given at the University of
Vienna in the spring term 2005. Many thanks to the audience of this course
for many keen questions. The main aim of this course was to understand the
papers [11] and [13].

The purpose of this review article is to give a complete account of existence
and uniqueness of the solutions of the members of higher order of the hierar-
chies of Burgers’ equation and the Korteweg-de Vries equation, including their
derivation and all the necessary background. We do this both on the circle,
and on the real line in the setting of rapidly decreasing functions. These are
all geodesic equations of infinite dimensional regular Lie groups, namely the
di Ledmorphism group of the line or the circle and the corresponding Virasoro
group.

Let us describe the content: Appendix A is a short description of con-
venient calculus in infinite dimensions (beyond Banach spaces) where every-
thing is based on smooth curves: A mapping is C* if it maps smooth curves
to smooth curves. It is a theorem that smooth curves in a space of smooth
functions are just smooth functions of one variable more; this is the basic as-
sumption of variational calculus. Appendix B gives a short account of infinite
dimensional regular Lie groups. Here regularity means that a smooth curve in
the Lie algebra can be integrated to a smooth curve in the group whose right
(or left) logarithmic derivative equals the given curve. No infinite dimensional
Lie group is known which is not regular. Section 1, as a motivating example,
computes the geodesics and the curvature of the most naive Riemannian met-
ric on the space of embeddings of the real line to itself and shows that this can
be converted into Burgers’ equation. Section 2 treats Hamiltonian mechanics
on infinite dimensional weak symplectic manifolds. Here ‘weak’ means that
the symplectic 2-form is injective as a mapping from the tangent bundle to
the cotangent bundle. Section 3 computes geodesics and curvatures of right
invariant Riemannian metrics on regular Lie groups as done by Arnold [4].
Section 4 redoes this in the symplectic approach and computes the associ-
ated momentum mappings and conserved quantities. Section 5 shows that the
geodesic distance vanishes on any full di Ledmorphis group for the right invari-
ant metric coming from the L2-metric on the Lie algebra of vector fields for
a given Riemannian metric on a manifold. In particular, Burgers’ equation is
the geodesic equation of such a metric. Section 6 treats the group of diled-
morphisms of the real line which decrease rapidly to the identity as a regular
Lie group. This will be important for Burgers’ equation as geodesic equation
on this group, and also for the KdV equation. Here we also give a short pre-
sentation of Sobolev spaces on the real line and of the scale of HC"-spaces for
which we were able to give simple proofs of the results which we need later.
Section 7 treats geodesic equations on the di Ledmorphism groups of the real
line or S which leads to Burgers’ hierarchy. We solve these equations start-
ing at certain higher order, following [13]. Section 8 does this for the Virasoro
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groups on the real line or S!. For the solution of the higher order equations
we follow [11].

Note that in this paper we concentrate on in the smooth (= C°) aspect.
We also do not treat complete integrability for Burgers’ and KdV equation,
although we prepared almost all of the necessary background.

1. A general setting and a motivating example

1.1. The principal bundle of embeddings

Let M and N be smooth finite dimensional manifolds, connected and sec-
ond countable without boundary, such that dimM < dimN. Then the space
Emb(M, N) of all embeddings (immersions which are homeomorphisms on
their images) from M into N is an open submanifold of C>(M, N) which
is stable under the right action of the diledmorphism group of M. Here
C>(M, N) is a smooth manifold modeled on spaces of sections with com-
pact support I'.(f*TN). In particular the tangent space at T is canonically
isomorphic to the space of vector fields along ¥ with compact support in M.
If f and g dilerd on a non-compact set then they belong to dilerent con-
nected components of C>(M, N). See [31] and [37]. Then Emb(M, N) is the
total space of a smooth principal fiber bundle with structure group the di [ed-
morphism group of M; the base is called B(M, N), it is a Hausdor Csmooth
manifold modeled on nuclear (LF)-spaces. It can be thought of as the ”non-
linear Grassmannian™ or "di [erkntiable Chow variety” of all submanifolds of
N which are of type M. This result is based on an idea implicitly contained
in [51], it was fully proved in [7] for compact M and for general M in [36].
See also [37], section 13 and [31]. If we take a Hilbert space H instead of
N, then B(M, H) is the classifying space for DiL(M) if M is compact, and
the classifying bundle Emb(M, H) carries also a universal connection. This is
shown in [38].

1.2

If (N, g) is a Riemannian manifold then on the manifold Emb(M, N) there
is a naturally induced weak Riemannian metric given, for s;,S, € I'c(F*TN)
and ¢ € Emb(M, N), by

Gy(s1,52) = /M a(s1,52)vol(@°g), @ € Emb(M, N),

where vol(g) denotes the volume form on N induced by the Riemannian metric
g and vol(¢*g) the volume form on M induced by the pull back metric ¢*g.
The covariant derivative and curvature of the Levi-Civita connection induced
by G were investigated in [6] if N = R4™M+1 (endowed with the standard
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inner product) and in [25] for the general case. In [40] it was shown that
the geodesic distance (topological metric) on the base manifold B(M,N) =
Emb(M, N)/ Di (W) induced by this Riemannian metric vanishes.

This weak Riemannian metric is invariant under the action of the diled-
morphism group Di (M) by composition from the right and hence it induces
a Riemannian metric on the base manifold B(M, N).

1.3. Example

Let us consider the special case M = N = R, that is, the space Emb(R, R) of
all embeddings of the real line into itself, which contains the di ledmorphism
group Di[{R) as an open subset. The case M = N = S! is treated in a
similar fashion and the results of this paper are also valid in this situation,
where Emb(S!,S!) = Di[{3!). For our purposes, we may restrict attention
to the space of orientation-preserving embeddings, denoted by Emb™ (R, R).
The weak Riemannian metric has thus the expression

Ge(h, k) = /Rh(x)k(x)|f’(x)|dx, f ¢ Emb(R,R), h,k € C°(R,R).

We shall compute the geodesic equation for this metric by variational calculus.
The energy of a curve T of embeddings is

b b
E) =1 [ Gefufodt=} [ | Fifaxat
a a

If we assume that f(x,t,s) is a smooth function and that the variations are
with fixed endpoints, then the derivative with respect to s of the energy is

b
ds|oE (f( ,s))=6s|0%//ft2fxdxdt
aJR

b
= %//(thftsfx + fEfXS)dth
aJR

b
-1 / / (@ ucfofy + 2Fcfs o + 2FeFifs)dxalt
aJR
b
= / / Fro + 2780 ) £ axat,
aJr x

so that the geodesic equation with its initial data is:

ftftx
fx '
= rf(fty ft)1

fre= -2 f( ,0) cEmb"(R,R), fi( ,0)€CX®R,R) (1)
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where the Christolell symbol I' : Emb(R,R) x C°(R,R) x C(R,R) —

C (R, R) is given by symmetrisation:

hkx +hyk _ (hk)x
x R

Me(h, k) :=— ()]

For vector fields X,Y on Emb(R,R) the covariant derivative is given by
the expression VE™PY = dY (X) — I'(X,Y). The Riemannian curvature
R(X,Y)Z = (VxVy — VyVx — Vixy))Z is then determined in terms of
the Christo [ellform by
R(X,Y)Z = (VxVy = VyVx — Vixy))Z
=Vx(dZ(Y)-T(Y,2Z2)) - Vy(dZ(X)-T (X, 2)
—dZ(X, YD+ (X, Y],2)
=d?Z(X,Y)+dz@dY (X)) — (X, dZ(Y))
—dF(X)(Y,Z) =T (Y (X),Z) =T (Y,dZ(X)) + T (X, (Y,2))
—d?Z(Y,X) —dZ(dX(Y)) + [ (Y,dZ(X))
+dl(Y)(X,Z) + T (dX(Y),Z)+T (X, dZ(Y)) —-T (Y, [ (X, 2))
—dZ(@dY (X) —dX(Y))+ T (Y (X)—dX(Y),2)
= —dr (X)(Y,Z2) + T X, F(Y,Z2)) +dr (Y)(X,Z) - T (Y, (X,2)

so that
Re(h, k) [F
= —dr (F)(h)(k, DH-dr (F)(K)(h, D Te(h, Te(k, D) — Te(k, Te(h, D)

(kD (hDd
_ s ko, (M), (K, @)
2 T2 T T

1

== (fXXthE—L o hk, 3 F hkoo (3 Fy hoo k 3 2F, hk, Gd— 2thxk|g).
X

Now let us consider the trivialisation of T Emb(RR, R) by right translation (this
is most useful for Di(R)). The derivative of the inversion Inv : g — g~ ' is
given by

Tg(Inv)h=-T(g )ohog™' =~

Oxog~t
for g € Emb(R, R), h € C(R, R). Defining

u:=Tfcof!, or, in more detail, u(t,x)=F(t, F(t, ) ' (X)),

we have

1 f
Ux = (Fro F 1) = (fox o F ) g = 2o,
X X
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Uy = (ft o fﬁl)t = ftt o f71 =+ (ftX o fﬁl)(fil)t
1
f 1

which, by (1) and the first equation becomes
Ug = Frof 1 — (ftxft> of 1=-3 (ftxft) of ™t = —3uyu.
L% Tx

The geodesic equation on Emb(R, R) in right trivialization, that is, in Eulerian
formulation, is hence

=fpof ' — (fixof 1) (fe f71)

U = —3uyU, “)

which is just Burgers’ equation.

Finally let us solve Burgers’ equation and also describe its universal com-
pletion, see see [10], [2], or [26].

In R? with coordinates (x,y) consider the vector field Y (x,y) = (3y,0) =
3yox with dilerkntial equation x = 3y,y = 0. It has the complete flow
FIY (x,y) = (x +3ty, ).

Let now t — u(t, X) be a curve of functions on R. We ask when the graph
of u can be reparametrized in such a way that it becomes a solution curve
of the push forward vector field Y, : f — Y o f on the space of embeddings
Emb(R, R?). Thus consider a time dependent reparametrization z — X(t, z),
i.e., x € C®(R?%,R). The curve t — (X(t,2), u(t, x(z,t))) in R? is an integral
curve of Y if and only if

3uox —a X _ Xt
0 ) ""luox/) ™ \ugox+ (UxoX)- Xt

Xy =3UuoX
—
0 = (ug + 3uuy) o X

This implies that the graph of u(t, -), namely the curve t — (X — (X, u(t, x))),
may be parameterized as a solution curve of the vector field Y, on the space
of embeddings Emb(R, R?) starting at x — (X, u(0,x)) if and only if u is a
solution of the partial di[erential equation u¢ + 3uuyx = 0. The parameteriza-
tion z — X(z,t) is then given by X(z,t) = 3u(x(t, z)) with x(0,z) =z € R.

This has a simple physical meaning. Consider freely flying particles in R,
and trace a trajectory x(t) of one of the particles. Denote the velocity of a
particle at the position x at the moment t by u(t, x), or rather, by 3u(t, x) :=
x(t). Due to the absence of interaction, the Newton equation of any particle
is X(t) =0.

Let us illustrate this: The flow of the vector field Y = 3udy is tilting the
plane to the right with constant speed. The illustration shows how a graph of
an honest function is moved through a shock (when the derivatives become
infinite) towards the graph of a multivalued function; each piece of it is still
a local solution.
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Fig. 1. The characteristic flow of the inviscid Burgers’ equation tilts the plane.

2. Weak symplectic manifolds

2.1. Review

For a finite dimensional symplectic manifold (M, w) we have the following
exact sequence of Lie algebras:

0 — H(M) — C¥(M, R) —224", X(M, w) — H'(M) — 0.

Here H*(M) is the real De Rham cohomology of M, the space C>°(M,R)
is equipped with the Poisson bracket { , }, X(M, ) consists of all vector
fields & with Lgw = 0 (the locally Hamiltonian vector fields), which is a Lie
algebra for the Lie bracket. Furthermore, grad” f is the Hamiltonian vector
field for f € C>°(M,R) given by i(grad® f)o = df and y(€) = [izw]. The
spaces HY(M) and H!(M) are equipped with the zero bracket.

Consider a symplectic right action r : M x G — M of a connected Lie
group G on M; we use the notation r(x,g) = r9(x) = rx(g) = Xx.g. By
{x(X) = Te(rx)X we get a mapping ¢ : g — X(M,w®) which sends each
element X of the Lie algebra g of G to the fundamental vector field X. This
is a Lie algebra homomorphism (for right actions!).

HO(M)'@:W(M,%& o) —TH1(m)
i

g

A linear lift j : g — C°(M,R) of { with grad® oj = T exists if and only
if yol = 0in H'(M). This lift j may be changed to a Lie algebra ho-
momorphism if and only if the 2-cocycle TI g x g — HY(M), given by
(o DX, Y) ={CX),J(Y)} =X, Y], vanishes in the Lie algebra cohomol-
ogy H2(g,H(M)), for if T3 da then j —ioa is a Lie algebra homomorphism.
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If j:g— C>(M,R) is a Lie algebra homomorphism, we may associate
the moment mapping p : M — g’ = L(g, R) to it, which is given by p(x)(X) =
X(X)(x) for x € M and X € g. It is G-equivariant for a suitably chosen (in
general a [ne) action of G on ¢'.

2.2

We now want to carry over to infinite dimensional manifolds the procedure of
subsection (2.1). First we need the appropriate notions in infinite dimensions.
So let M be a manifold, which in general is infinite dimensional.

A 2-form w € Q?(M) is called a weak symplectic structure on M if it is
closed (dw = 0) and if its associated vector bundle homomorphism &": TM —
T*M is injective.

A 2-form w € Q2(M) is called a strong symplectic structure on M if it is
closed (dw = 0) and if its associated vector bundle homomorphism &: TM —
T*M is invertible with smooth inverse. In this case, the vector bundle TM has
reflexive fibers TyM: Let i : TxM — (TxM)” be the canonical mapping onto
the bidual. Skew symmetry of w is equivalent to the fact that the transposed
W)= (@) oi:TxM — (TxM)' satisfies (W)t = —. Thus, i = — (W)~ H)* o
is an isomorphism.

2.3

Every cotangent bundle T*M, viewed as a manifold, carries a canonical weak
symplectic structure wpm € Q%(T*M), which is defined as follows. Let T}, :
T*M — M be the projection. Then the Liouville form 8y € QY(T*M) is
given by 8m (X) = (Ttr i (X), T(113,)(X)) for X € T(T*M), where ( , )
denotes the duality pairing T*M xpm TM — R. Then the symplectic structure
on T*M is given by wp = —dBy, which of course in a local chart looks
like we((v,V’), (w,w)) = (W,v)g — (V/,w)e. The associated mapping " :
T,0(E xE')=E xE’ — E’ x E" is given by (v,V') — (=V',ig(v)), where
ie : E — E” is the embedding into the bidual. So the canonical symplectic
structure on T*M is strong if and only if all model spaces of the manifold M
are reflexive.

2.4

Let M be a weak symplectic manifold. The first thing to note is that the
Hamiltonian mapping grad® : C>(M, R) — X(M, w) does not make sense in
general, since @: TM — T*M is not invertible. Namely, grad® f = (&) ! odf
is defined only for those f € C>°(M, R) with df (x) in the image of « for all
X € M. A similar di Cculity arises for the definition of the Poisson bracket on
C>(M,R).
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Definition

For a weak symplectic manifold (M, ) let T®M denote the real linear sub-
space TYM = wx(TxM) C TiM = L(TxM,R), and let us call it the smooth
cotangent space with respect to the symplectic structure w of M at x in view
of the embedding of test functions into distributions. These vector spaces fit
together to form a subbundle of T*M which is isomorphic to the tangent
bundle TM via & : TM — T®M C T*M. It is in general not a splitting
subbundle.

2.5. Definition
For a weak symplectic vector space (E, w) let
CY(E,R) C C*(E,R)

denote the linear subspace consisting of all smooth functions f : E — R such
that each iterated derivative d“f(x) € LK _(E;R) has the property that

Sym

d“FO)( ,Ya,...,Yk) € E®

is actually in the smooth dual E® c E’ for all X,ys,...,yx € E, and that the
mapping

k
[[E—~E
(Y2, Yk) = (@) HAFCNC Y2, YK))
is smooth. By the symmetry of higher derivatives, this is then true for all

entries of d“f(x), for all x.

2.6. Lemma.
For f € C*°(E, R) the following assertions are equivalent:

(1) df : E — E’ factors to a smooth mapping E — E®.

(2) f has a smooth w-gradient grad® f € X(E) = C>(E, E) which satisfies
df (x)y = w(grad® f(x),y).

(3) f e C(E,R).

Proof. Clearly, (3) = (2) & (1). We have to show that (2) = (3).
Suppose that f : E — R is smooth and df (x)y = w(grad® f(x),y). Then

d“FOOY1, ... i) = dFO) (Y2, - ., Vi, Y1)
= (dHAR)) () (Y2, - .-, Vi) Y1)
= w(d“ *(grad® F)()(y2, .-, Yk),¥1).0
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2.7
For a weak symplectic manifold (M, w) let
CX(M,R) Cc C*(M,R)

denote the linear subspace consisting of all smooth functions f : M — R
such that the diCerkntial df : M — T*M factors to a smooth mapping M —
T®M. In view of lemma (2.6) these are exactly those smooth functions on
M which admit a smooth w-gradient grad® f € X(M). Also the condition
(2.6.1) translates to a local dilerential condition describing the functions in
C> (M, R).

2.8. Theorem.
The Hamiltonian mapping grad® : C*(M, R) — X(M, ), which is given by

igrade 0 =dfF  or grad” f:= (W) ' odf
is well defined. Also the Poisson bracket
{ , }:CE(M,R) x CX(M,R) — C*(M,R)

{f,9} = igrad~ Figraa~ g0 = w(grad®” g, grad® f) =
= dg(grad” f) = (grad” f)(q)

is well defined and gives a Lie algebra structure to the space C2°(M, R), which
also fulfills

{f.gh} = {f,g}h +g{f, h}.

We have the following long exact sequence of Lie algebras and Lie algebra
homomorphisms:

0 — H(M) — CZ(M, R) —#24°, X(M, 0) - HA (M) — 0,
where HY(M) is the space of locally constant functions, and

{p € CX(M — T°M) : dd = 0}
{df : T € C*(M,R)}

HyM) =

is the first symplectic cohomology space of (M, w), a linear subspace of the
De Rham cohomology space H!(M).

Proof. It is clear from lemma (2.6), that the Hamiltonian mapping grad® is
well defined and has values in X(M, w), since by [31], 34.18.6 we have

£gradwfw = igradufdw + digradwf(.k) = ddf = 0.

By [31], 34.18.7, the space X(M, w) is a Lie subalgebra of X(M). The Poisson
bracket is well defined as a mapping { , } : C(M,R) x C3°(M,R) —
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C>(M, R); it only remains to check that it has values in the subspace
C(M,R).

This is a local question, so we may assume that M is an open subset of
a convenient vector space equipped with a (non-constant) weak symplectic
structure. So let f, g € C(M, R), then {f,g}(x) = dg(x)(grad® f(x)), and
we have

d({f,g)(x)y = d(dg( )y)(x).grad® f(x) + dg(x)(d(grad® )(x)y)
= d((grad” g( ), y)(3). grad® F(x) + (grad® g(x), d(grad® F)(x)y )
= o (d(grad® g)(x)(grad® f(x)) — d(grad® F)(x)(grad” g(x)).y ),

since grad® f € X(M,w) and for any X € X(M, ) the condition £xw = 0
implies w(dX(X)y1,y2) = —w(y1, dX(X)y2). So (2.6.2) is satisfied, and thus
{f,9} € CF(M,R).

If X € X(M, ) then dixw = Lxw =0, so [ixw] € HY(M) is well defined,
and by ixw = & 0X we even have y(X) = [ixw] € HL(M), so y is well
defined.

Now we show that the sequence is exact. Obviously, it is exact at H°(M)
and at C3°(M, R), since the kernel of grad® consists of the locally constant
functions. If y(X) = 0 then wo X = ixw = df for f € C3*(M, R), and clearly
X = grad® f. Now let us suppose that ¢ € ' (T®M) c Q'(M) with d¢ = 0.
Then X := (&)~ o p € X(M) is well defined and Lxw = dixw = d¢p =0, so
X € X(M, w) and y(X) = [¢].

Moreover, H. (M) is a linear subspace of H!(M) since for ¢ € ' (T®M) C
Q(M) with ¢ = df for f € C°°(M, R) the vector field X := (@)~ todp € X(M)
is well defined, and since & oX = ¢ = df by (2.6.1) we have T € C3(M,R)
with X = grad® f.

The mapping grad® maps the Poisson bracket into the Lie bracket, since
by [31], 34.18 we have

igrad“’{f.g}w = d{f, g} = dﬁgrad“’ £0 = Egrad“’ fdg =
= Egrad“’ f igrad“’ gw - igrad‘*’ g‘Cgrad“’ 0
= [Egrad“’ s igrad“’ g](*) = i[grad‘“ f,gradv g]('o'

Let us now check the properties of the Poisson bracket. By definition, it is
skew symmetric, and we have

{f. 9}, h} = Loraaw 15,930 = Ligraaw ,grade g)N = [Lgrad 1 Lgraaw g]n =
= Lgrad« fLgradw g — Lgradw gLeraa~ £h = {F, {9, h}} — {9, {f, h}}
{f,gh} = Lgraae £(gh) = (Lgradw £9)N + 9Lgraae £h =
= {f.gth+g{f,h}.

Finally, it remains to show that all mappings in the sequence are Lie algebra
homomorphisms, where we put the zero bracket on both cohomology spaces.
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For locally constant functions we have {cq,C2} = Lgraa~ ¢, C2 = 0. We have al-
ready checked that grad® is a Lie algebra homomorphism. For X,Y € X(M, )

i[x‘y](x) = [ﬁx,iy]&) =Lxiyw+0=dixiyw +ixLy® =dixiyw

is exact. O

2.9. Weakly symplectic group actions

Let us suppose that an infinite dimensional regular Lie group G with Lie
algebra g acts from the right on a weak symplectic manifold (M, ®) by r :
M x G — M in a way which respects w, so that each transformation r9 is a
symplectomorphism. This is called a symplectic group action. We shall use the
notation r(x, g) = r9(x) = rx(g). Let us list some immediate consequences:

(1) The space C(M)® of G-invariant smooth functions with w-gradients
is a Lie subalgebra for the Poisson bracket, since for each g € G and f,h €
C>(M)® we have (r9)*{f, h} = {(r9)*f, (r9)*h} = {f, h}.

(2) For x € M the pullback of w to the orbit x.G is a 2-form, invariant
under the action of G on the orbit. In the finite dimensional case the orbit is an
initial submanifold. In our case this has to be checked directly in each example.
In any case we have something like a tangent bundle Tx(X.G) = T(rx)g. If
i : X.G — M is the embedding of the orbit then r9 oi = ior9, so that
i*0 = i*(r9*w = (r¥)*i*w holds for each g € G and thus i*w is invariant.

(3) The fundamental vector field mapping { : g — X(M,w), given by
{x(X) = Te(ry)X for X € g and x € M, is a homomorphism of Lie algebras,
where g is the Lie algebra of G (for a left action we get an anti homomorphism
of Lie algebras). Moreover, { takes values in X(M, w). Let us consider again
the exact sequence of Lie algebra homomorphisms from (2.8):

grad®

X(Myw) ——THiM) —1
‘ 4
g

0——MHomMm) L@:g;o(lvlh

One can lift ¢ to a linear mapping j : g — C>°(M) ifand only if y o = 0. In
this case the action of G is called a Hamiltonian group action, and the linear
mapping j : g — C°°(M) is called a generalized Hamiltonian function for the
group action. It is unique up to addition of a mapping aot fort : g — HO(M).

(4) If H (M) = 0 then any symplectic action on (M, ) is a Hamiltonian
action. But if yo # 0 we can replace g by its Lie subalgebra ker(yo{) C g and
consider the corresponding Lie subgroup G which then admits a Hamiltonian
action.

(5) If the Lie algebra g is equal to its commutator subalgebra [g, g], the
linear span of all [X,Y] for X,Y € g (true for all full di Cedmorphism groups),
then any infinitesimal symplectic action ¢ : g — X(M, w) is a Hamiltonian
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action, since then any Z € g can be written as Z = ) ,[X;, Yi] so that {z =
Y x,, Ly,] € im(grad®) since y : X(M, ®) — H(M) is a homomorphism into
the zero Lie bracket.

®)Ifj:g—(CM),{ , }) happenstobenotahomomorphism of Lie
algebras then c¢(X,Y) = {(X),j(Y)} —i([X,Y]) lies in H(M), and indeed
c:gxg— HY(M) is a cocycle for the Lie algebra cohomology: ¢([X,Y],Z) +
c([Y,Z], X)+c(Z,X],Y) =0. If cis a coboundary, i.e., c(X,Y) = —=b([X,Y]),
then j + aob is a Lie algebra homomorphism. If the cocycle ¢ is non-trivial
we can use the central extension HO(M) x. g with bracket [(a, X), (b,Y)] =
(cCX,Y),[X,Y]) in the diagram

grad®

0 —THom) —* &) X (My0) Ty (M) —8

Zé
HY(M) xcg ——r

where (&, X) = j(X) + a(a). Then Tis a homomorphism of Lie algebras.

2.10. Momentum mapping.

For an infinitesimal symplectic action, i.e. a homomorphism { : g — X(M, w)
of Lie algebras, we can find a linear lift j : g — C5°(M) if and only if there
exists a mapping

J eCX(M,g") = {f € C®(M,g"): (F( ),X) € Cx(M) forall X g}

such that
grad®((J,X)) =x forall X €g.

The mapping J € C*(M,g*) is called the momentum mapping for the
infinitesimal action { : g — X(M, w). Let us note again the relations between
the generalized Hamiltonian j and the momentum mapping J:

J:M—=g" j:g—=CFrM), C:g— X(M,w)
(3, X) =j(X) e C(M), grad®((X)) =1(X), Xeg, @
iz(x)(A) = dj(X) = d<J,X>,

where (, ) : g* x g — R is the duality pairing.

2.11. Basic properties of the momentum mapping

Let r : M x G — M be a Hamiltonian right action of an infinite dimensional
regular Lie group G on a weak symplectic manifold M, letj : g — C5°(M) be a
generalized Hamiltonian and let J € C°(M, g*) be the associated momentum
mapping.

(1) For x € M, the transposed mapping of the linear mapping dJ(x) :
TxM — g* is
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dIX)" :g— TiM, dI(X)" = ¥y 0,
since for £ € TxM and X € g we have
(dJ(€), X) = (igdJ, X) = igd(J, X) = gz, 0 = (@x({x (X)), €)-

(2) The closure of the image dJ(TxM) of dJ(X) : TxM — gx is the anni-
hilator g5, of the isotropy Lie algeba g« := {X € g : {x(X) = 0} in g*, since
the annihilator of the image is the kernel of the transposed mapping,

im(dJ (x))° = ker(dJ(x) ") = ker(tx o {) = ker(evy ol) = gx.
(3) The kernel of dJ(x) is the symplectic orthogonal
(T(r)g) " = (Tx(x.G))"® C TxM,

since for the annihilator of the kernel we have

ker(dJ (x))° = im(@dI(x)T) = im(Bx 0 {) =
= {0x(x () 1 X € g} = 0x(Tx(x.G)).

(4) If G is connected, x € M is a fixed point for the G-action if and only if x
is a critical point of J, i.e. dJ(x) =0.

(5) (Emmy Noether’s theorem) Let h € C3°(M) be a Hamiltonian function
which is invariant under the Hamiltonian G action. Then dJ(grad®(h)) = 0.
Thus the momentum mapping J : M — g* is constant on each trajectory (if
it exists) of the Hamiltonian vector field grad®”(h). Namely,

(dJ (grad®(h)), X) = d(J, X)(grad®(h)) = dj (X)(grad®(h)) =
= {h,j(X)} = —dh(grad® j (X)) = dh(Zx) = 0.

E. Noether’s theorem admits the following generalization.

2.12. Theorem.
Let G; and G5 be two regular Lie groups which act by Hamiltonian actions ry
and r, on the weakly symplectic manifold (M, ), with momentum mappings
J; and Jo, respectively. We assume that J, is G;-invariant, i.e. J, is constant
along all G;-orbits, and that G, is connected.

Then J; is constant on the Gs-orbits and the two actions commute.

Proof. Let ' : gi — X(M,w) be the two infinitesimal actions. Then for
Xy € g1 and X, € g we have
Eziz <J1, X1> = iz§2d<\.]1, X1> = IZ§(2 izkl&) = {<JQ, X2>, <J1, X1>}

= —{(J1, X1), (J2, Xo)} = —iz§1d<32,xz> = —ﬁzil (J2,X2) =0



16 Peter W. Michor

since Jo is constant along each G;-orbit. Since G, is assumed to be con-
nected, J; is also constant along each Gs-orbit. We also saw that each Pois-
son bracket {(Js, X3), (J1, X1)} vanishes; by grad® (J;, X;) = %, we conclude
that [¢} ,{%,] = 0 for all X; € g; which implies the result if also G; is con-
nected. In the general case we can argue as follows:

(r#") 4, = (r*)* grad® (3, Xo) = (r{*)* (&~ 'd(J2, X2))
= (((r3) @) M d((r#*)* 3z, Xo) = (G~ 'd(Ja, Xo) = grad® (Jp, Xy) = T,

Thus r¥* commutes with each ri*™2) and thus with each r%, since G, is

connected. O

3. Right invariant weak Riemannian metrics on Lie
groups

3.1. Notation on Lie groups

Let G be a Lie group which may be infinite dimensional, but then is supposed
to be regular, with Lie algebra g. See appendix (B) for more information. Let
M : G x G — G be the multiplication, let pyx be left translation and Y be
right translation, given by px(y) = @Y (xX) = xy = u(x,y).

Let L,R : g — X(G) be the left and right invariant vector field mappings,
given by Lx(9) = Te(Mg).X and Rx = Te(Mn9).X, respectively. They are
related by Lx(9) = Raa(g)x(9)- Their flows are given by

FIEX(g) = g.exp(tX) = u=P)(g),  FIFX(g) = exp(tX).g = Hexp(ex) (0)-

We also need the right Maurer-Cartan form kK = k" € Q!(G, g), given

by kx(§) := Tx(px_l) - &. It satisfies the right Maurer-Cartan equation dk —
%[K, K]r = 0, where [ , ]» denotes the wedge product of g-valued forms on
G induced by the Lie bracket. Note that %[K, KA, ) = [K(&), k()] The
(exterior) derivative of the function Ad : G — GL(g) can be expressed by

dAd = Ad.(ad ok") = (ad ok"). Ad,

since we have d Ad(T pg.X) = %\0 Ad(g. exp(tX)) = Ad(g). ad(K' (T pg.X)).

3.2. Geodesics of a right invariant metric on a Lie group

Lety = (, ) :gxg— R be a positive definite bounded (weak) inner product.
Then

YxEN) = (T ETWE) ) = (KE), k() )

is a right invariant (weak) Riemannian metric on G, and any (weak) right
invariant bounded Riemannian metric is of this form, for suitable (, ).
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Let g : [a,b] — G be a smooth curve. The velocity field of g, viewed in the
right trivializations, coincides with the right logarithmic derivative

87(@) = T(HY ) - 0y = K(3e0) = (g"K)(@r), where d = %'

The energy of the curve g(t) is given by

b
a

b
E@@) = %/ Gy(g',g")dt = %/ ((g"K)(01), (97K)(0y)) dt.

For a variation g(s,t) with fixed endpoints we have then, using the right
Maurer-Cartan equation and integration by parts,

b

0.E(g) = } / 2(05(g"K)(@0), (¢"K)@) dt

a

b
=/ (0:(9"K)(9s) — d(g"K)(0r, 05), (9"K)(Ay)) dt
b
=/ (—((@"K)(9s), 0t(3"K)(9r)) — ([(g"K)(Br), (37K)(9s)], (97K)(0r))) dt

b
== / {(@*K)(@s), 0¢(g"K)(9r) + ad((g"K)(3)) ' (g K)(9y))) dt

where ad((g*k)(d¢))" : g — g is the adjoint of ad((g*K)(d¢)) with respect to
the inner product (, ). In infinite dimensions one also has to check the exis-
tence of this adjoint. In terms of the right logarithmic derivative u : [a,b] — g
of g: [a,b] — G, given by u(t) := g*K(dr) = Ty (MM ) - g'(1), the geodesic
equation has the expression:

ug = —ad(u) "u (2

This is, of course, just the Euler-Poincaré equation for right invariant systems
using the Lagrangian given by the Kinetic energy (see [34], section 13).

3.3. The covariant derivative

Our next aim is to derive the Riemannian curvature and for that we develop
the basis-free version of Cartan’s method of moving frames in this setting,
which also works in infinite dimensions. The right trivialization, or framing,
(e, K) : TG — G x g induces the isomorphism R : C*(G, g) — X(G), given
by R(CX)(X) := Rx(X) := Te(U*) - X(X), for X € C*°(G,g) and x € G. Here
X(G) :=T (T G) denote the Lie algebra of all vector fields. For the Lie bracket
and the Riemannian metric we have
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[Rx,Ry] = R(—[X, Y], +dY - Rx — dX - Ry), 1)
R7'Rx,Ry]=—[X,Y]g + Rx(Y) — Ry (X),
Yx(Rx (X), Ry (X)) = y(X(X),Y (X)), X € G.

In the sequel we shall compute in C*(G, g) instead of X(G). In particular,
we shall use the convention

VxY =R Y(VrRy) for X,Y € C®(G,qg).

to express the Levi-Civita covariant derivative.

Lemma.

Assume that for all & € g the adjoint ad(€) " with respect to the inner product
(, ) exists and that & — ad(§)" is bounded. Then the Levi-Civita covariant
derivative of the metric (3.2.1) exists and is given for any X,Y € C>(G,Qg)
in terms of the isomorphism R by

VxY =dY.Rx + 3ad(X)'Y + ad(Y)" X — Lad(X)Y. )

Proof. Easy computations show that this formula satisfies the axioms of a
covariant derivative, that relative to it the Riemannian metric is covariantly
constant, since

Rxy(Y,Z) =y(dY.Rx,Z) +y(Y,dZ.Rx) = y(VxY,Z) +y(Y,VxZ),
and that it is torsion free, since

VxY — Vy X +[X,Y], — dY.Rx + dX.Ry = 0.0

For & € g define a(€) : g — g by a(é)n := ad(n) "&. With this notation,
the previous lemma states that for all X € C*°(G, g) the covariant derivative
of the Levi-Civita connection has the expression

Vx =Rx + 2ad(X)" + Ja(X) — 3 ad(X). ©)

3.4. The curvature
First note that we have the following relations:

[Rx,ad(Y)] = ad(Rx (Y)), [Rx, a(Y)] = a(Rx(Y)), 1)
[Ry,ad(Y) ] =ad(Rx(Y))", [ad(X)",ad(Y)"]= —ad(X,Y],)".

The Riemannian curvature is then computed by

ROKY) =[Vx, Vy] = V_[x.¥],4Rx (Y)~Ry(X)
=[Rx + Jad(X)" + Ja(X) — 2 ad(X),Ry +1ad(Y)" + La(Y) — Sad(Y)]
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— R_x,v],+Rx (Y)—Ry (x) — 3 ad(—[X, Y13 + Rx(Y) — Ry (X)) "
— 50a(=[X, Y] + Rx(Y) — Ry (X)) + 3 ad(—[X, Y ]; + Rx(Y) — Ry (X))
= —1ad(X)" +ad(X),ad(Y)" +ad(Y)] )
+ $[ad(X) " —ad(X), a(Y )] + f[a(X),ad(Y )" —ad(Y)]
+ 3[a(X), a(Y )] + Fa(lX, Y]y).
If we plug in all definitions and use 4 times the Jacobi identity we get the
following expression
Y@R(X,Y)Z,U) = +2y([X,Y],[Z,U]) — y([Y, Z], [X,U]) + y([X, Z], [Y,U])
=Y(Z U X, YD + vy, [Z,[X, YD) = y(Y, X, [V, Z]])) = yCX, [Y, [Z,U]])
+y(ad(X)"Z,ad(Y) "U) +y(ad(X)"Z,ad(U)"Y)
+y(ad(Z)"X,ad(Y) U) — y(ad(U) "X, ad(Y) ' 2) ®)
—vy(ad(Y)"Z,ad(X)"U) — y(ad(Z)"Y,ad(X)"U)
—vy(ad(U)"X,ad(Z)"Y) +y@dU) Y, ad(Z) " X).
This yields the following expression which is useful for computing the sectional
curvature:
4y(R(X,Y)X,Y) = 3y(ad(X)Y,ad(X)Y ) — 2y(ad(Y ) " X, ad(X)Y)
—2y(@d(X) Y, ad(Y )X) + 4y(ad(X) "X, ad(Y)"Y) 4)
—y(@(X)TY +ad(Y) X, ad(X) Y +ad(Y)"X).

3.5. Jacobi fields, |

We compute first the Jacobi equation directly via variations of geodesics. So
let g : R2 — G be smooth, t — g(t,s) a geodesic for each s. Let again
u = K(0t9) = (g*K)(0¢) be the velocity field along the geodesic in right
trivialization which satisfies the geodesic equation uy = —ad(u)"u. Then
y = K(0s0) = (0*K)(0s) is the Jacobi field corresponding to this variation,
written in the right trivialization. From the right Maurer-Cartan equation we
then have:

Yt = 0t(9"K)(0s) = d(g"K)(t, 0s) + 0s(9"K)(dr) + 0
= [(9"K)(0), (3"K)(9s)]g + Us
=[u,y] + us.

Using the geodesic equation, the definition of a, and the fourth relation in
(3.4.1), this identity implies

Ust = Ugs = OsU¢ = _as(ad(u)Tu) =- ad(us)Tu - ad(u)Tus

= —ad(ye + [y, ul) "u —ad(u) " (y + [y, ul)
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= —a(u)y: — ad(ly, u]) "u — ad(u) "y — ad(u) " (fy, ul)
= —ad(u) "yt — a(u)ye + [ad(y) ", ad(u) "Ju — ad(u) " ad(y)u.

Finally we get the Jacobi equation as

Yee = [Ug, Y] + [U, ye] + Ust
= ad(y) ad(u) "u + ad(u)y: — ad(u) "y
— a(u)y: + [ad(y) ', ad(u) "Ju — ad(u) " ad(y)u,
yee = [ad(y) " +ad(y),ad(u) "Ju — ad(u) "yt — a(u)yr +ad(u)yr. (1)

3.6. Jacobi fields, 11

Let y be a Jacobi field along a geodesic g with right trivialized velocity field u.
Then y should satisfy the analogue of the finite dimensional Jacobi equation

Va,Va,y +R(y,u)u=20

We want to show that this leads to same equation as (3.5.1). First note that
from (3.3.2) we have

Vo,y =yt + zad(u) 'y + za(u)y — 5 ad(u)y
so that, using uy = —ad(u) "u, we get:
Vo,Va,y = Vo, (v + S ad(W)Ty + Ja(uly - $ad(u)y)
=yuts ad(u) "y + 3 ad(u) "yt + sa(uy)y
+ Ja(uye - §ad(uyy — 3 ad(u)ye
+3ad) (ve + S ad)y + Ja(uy - 3 ad(uy)
+ Ja() (e + S ad(W) Ty + Jauy - ad(uy)
~ Jad(u)(ye + Fad() Ty + Ja(uly - §ad(uy)

=y +ad(u) "y + a(u)ye — ad(u)y:
— ta(y)ad(u)"u — Jad(y) " ad(u) "u — 1 ad(y) ad(u) "u

+}ad(W" (Ja@)u+$ady)Tu+ } ad@)u)
+ Ja(u) (Sa@)u+ Fad(y) "u+ L ad(y)u)

_ %ad(u)(%a(y)u + Zad(y) 'u+ %ad(y)u) .



Geometric Evolution Equations 21
In the second line of the last expression we use
—Sa(y)ad(u)"u = —1a(y) ad(u) Tu - fay)au)u
and similar forms for the other two terms to get:

Vo, Va,y = Yur +ad(u) "ye + a(u)yr — ad(u)yt
+ Lad(u) ", a(y)lu + Lfad(u) ", ad(y) "Ju + tad(u) ", ad(y)lu
+ La(u), a(y)lu + Ha(u), ad(y) "Ju + {a(u), ad(y)]u
— 1[ad(u), a(y)lu — t[ad(u), ad(y) " + ad(y)]u,

where in the last line we also used ad(u)u = 0. We now compute the curvature
term using (3.4.2):
R(y,u)u = —jlad(y)" +ad(y),ad(u) " +ad(u)lu

+ 1lad(y) " —ad(y), a(u)]u + j[a(y),ad(u) " — ad(u)]u

+ gla(y), a)] + sa(ly, ul)u

= —1[ad(y)" + ad(y),ad(u) "Ju — ;[ad(y) " +ad(y), ad(u)]u
+ 1lad(y) ", a(u)lu — fad(y), a(u)]u + j[a(y), ad(u) " — ad(u)]u
+ 1lacy), a(u]u + § ad(u) " ad(y)u.

Summing up we get
Va,Va,y + R(Y, U)U = yre +ad(u) "yr + a(u)yr — ad(u)yx
— 3[ad(y)" + ad(y),ad(u) "Ju
+ L[a(u), ad(y)Ju + 3 ad(u) " ad(y)u.

Finally we need the following computation using (3.4.1):

sla(u), ad(y)lu = ja(u)ly, u] - 3 ad(y)a(u)u
= Lad(ly,u]) "u — % ad(y)ad(u) "u
= —1[ad(y)",ad(u) "Ju — $ ad(y)ad(u) "u.
Inserting we get the desired result:

Vo, Va,y + Ry, u)u = yg + ad(u) "y + a(u)y: — ad(u)y;
— [ad(y) " + ad(y), ad(u) "u.
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3.7. The weak symplectic structure on the space of Jacobi fields
Let us assume now that the geodesic equation in g

Uy = —ad(u) "u

admits a unique solution for some time interval, depending smoothly on the
choice of the initial value u(0). Furthermore we assume that G is a regular
Lie group (B.9) so that each smooth curve u in g is the right logarithmic
derivative of a smooth curve g in G which depends smoothly on u, so that
u = (g*K)(0¢). Furthermore we have to assume that the Jacobi equation along
u admits a unique solution for some time, depending smoothly on the initial
values y(0) and y¢(0). These are non-trivial assumptions: in (A.4) there are
examples of ordinary linear di[erkntial equations ‘with constant coe [ciehts’
which violate existence or uniqueness. These assumptions have to be checked
in the special situations. Then the space J, of all Jacobi fields along the
geodesic g described by u is isomorphic to the space g x g of all initial data.

There is the well known symplectic structure on the space 7, of all Jacobi
fields along a fixed geodesic with velocity field u, see e.g. [28], II, p.70. It is
given by the following expression which is constant in time t:

w(y,z) 1 =(Y,Vea,2) — (Va,y,2)
=(y,z¢ + tad(u) 'z + fa(u)z — L ad(u)z)
— (ye + Sad(u) 'y + Ja(u)y —  ad(u)y, z)
=¥, zt) = (Y. 2) + ([u,y], 2) — (Y, [u, z]) — ([y. z], u)
= ({y,z; —ad(u)z + %a(u)z> — (yt — ad(u)y + %a(u)y, z).

It is worth while to check directly from the Jacobi field equation (3.5.1) that
w(y, z) is indeed constant in t. Clearly w is a weak symplectic structure on
the relevant vector space J, = g x g, i.e., 0 gives an injective (but in general
not surjective) linear mapping Jy, — J.. This is seen most easily by writing

Wy, z2) =¥,z — Tg(U, 2)) |t=0 — (Yt — Tg(U,¥), Z)|t=0

which is induced from the standard symplectic structure on g x g* by applying
first the automorphism (a,b) — (a,b—T4(u, a)) to g x g and then by injecting
the second factor g into its dual g*.

For regular (infinite dimensional) Lie groups variations of geodesics exist,
but there is no general theorem stating that they are uniquely determined
by y(0) and y(0). For concrete regular Lie groups, this needs to be shown
directly.
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4. The Hamiltonian approach

4.1. The symplectic form on T*G and G x g*

For an (infinite dimensional regular) Lie group G with Lie algebra g, elements
in the cotangent bundle  : (T*G,wg) — G are said to be in material or
Lagrangian representation. The cotangent bundle T*G has two trivializations,
the left one

(Mg, K) : TG — G x ¢,

TgG 3 ag — (9, Te(Hg)“0g = Tg (Hg—1)ag),
also called the body coordinate chart, and the right one,

(Mg, K") : TG — G x ¢g*,

T*G 3 0g — (9, Te(M9) 0g = T4 (M9 o), (1

Tg(u® )*a— (g,0) € G x g*
also called the space or Eulerian coordinate chart. We will use only this from
now on. The canonical 1-form in the Eulerian chart is given by (where ( , ):
g* x g — R is the duality pairing):

B xg(Eg, O, B) = (((m, Kr)il)*eG)(g,G) (&g o, B)
= 06 (T(g.o) (T, K") (&g, 01, B))

= (Tr 6 (T(g.e0 (T K) " (g, 0, B, T (M) (Tg,00 (T, K) " (g, 0, B)) )
= (k) (M6, My ), 0, B), T (o (1, K) ) (g, 1, B)))

= (k)7 (9.@). T(Pr) &, a.B)) = (To®® ) ky)

= (0, Ty ) = (0, K (&) &)

Now it is easy to to take the exterior derivative: For X; € G, thus Rx, € X(G)
right invariant vector fields, and g* > B; € X(g*) constant vector fields, we
have

B x g (Rx, (9), (o, Bi)) = (&, Xi)
Bxg(Rx,, Bi) = (IdgeXi) = ( , Xj)
wGXEE«RXy B1), (Rx,,B2)) = _dergE«Rxly B1): (Rx,,B2))
= —(Rx,, B1)(Bcx g R, B2)) + (Rx,, B2)(Bc x g {Rx,, B1))
+ (B x g {(Rx,, B1), Rx,, B2)])
= —(Rx,, B(( ,X2)) + (R, B2)(( ,X1))
+ (86 x g —Rx;,x,], 0g )
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= —(B1, Xa) + (B2, X1) — { ,[X1, X2])
(WG xgNg,0 (T M) X1, B1), (T (M) X2, B2))
= (B2, X1) — (B1, X2) — (a1, [Xy, X2]) ©))

4.2. The symplectic form on TG and G x g and the momentum
mapping

We consider an (infinite dimensional regular) Lie group G with Lie algebra
g and a bounded weak inner product y : g x g — R with the property the
transpose of the adjoint action of G on g,

Y(Ad(9) "X, Y) = y(X,Ad(g)X),

exists. It is then unique and a right action of G on g. By dilerkntiating it
follows that then also the transpose of the adjoint operation of g exists:

y(@d(X)"Y,Z) = d¢loy (Ad(exp(tX)) 'Y, Z) = y(Y,ad(X)Z)

exists.

We exted y to a right invariant Riemannian metric, again called y on G
and consider y : TG — T*G. Then we pull back the canonical symplectic
structure wg to G x g in the right or Eulerian trivialization:

y:Gxg—Gxg,(9,X) (9 yX)
(V" 0) (g, ) ((T (19).X1, X, Y1), (T () Xz, X, Y2))
= W(g,y(x)) (T (L) X1, y(X), y(Y1)), (T (1) X2, y(X), Y(Y2)))
= (y(Y2), X1) — (y(Y1), X2) — (Y(X), [X1, X2])
=Y (Y2, X1) = y(Y1, X2) — Y(X, [X1, X2]) (1)
Since y is a weak inner product, y*w is again a weak symplectic structure on

TG = G x g. We compute the Hamiltonian vector field mapping (symplectic
gradient) for functions f € CJ?%5(G x g) admitting such gradients:

(v*0)g.) (grad” HE)(@, X), (T (19Xa, X, Y2)) = dF (T (19)Xz: X, Ya)

= di T (g, X)(T (u9)Xs) + daf (g, X)(Y2)
= y(x"(grady (F)(g, X)), X2) + y(grad} (f)(g, X), Y2)
=y(X1,Y2) +y(=Y1 —ad(X;) "X, Xz) by ((1)).

Thus the Hamiltonian vector field of £ € CJ?5(G x g) = Cy°(G x g) is

grad” “(F)(g, X) = @
(T (u9) grady (F)(g, X), X, — ad(grad} (F)(g, X)) "X — K" (grad) (F)(g, X)))
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In particular, the Hamiltonian vector field of the function (g, X) — y(X, X) =
X[y on TG is given by:

grad” “GIl (@ X) = (T(H)X; X, —ad(X)"X) ©)
We can now compute again the flow equation of the Hamiltonian vector field
grady%(%n [[9): For ge(t) € TG we have

(M, K")(@e(D) = (1), u(®) = (1), T (Y )ge(1))

and
de(g,u) = grad” C( | [2)(g,u) = (T (u%)u, u, — ad(u) Tu). 4
which reproduces the geodesic equation from (3.2).

4.3. The momentum mapping

Under the assumptions of (4.2), consider the right action of G on G and
its prolongation to a right action of G on TG in the Eulerian chart. The
corresponding fundamental vector fields are then given by:

TWY): TG —TG,
(M, KT EOHT @MX = (1, kDT @)X = (h.g, X), (h,X) ~ (hg, X)
Zﬁxg(h,Y) = 0tfo(h.exp(tX),Y) = (T(Mn)X,0v) e TG xTg (1)

Consider now the diagram from (2.1) in the case of the weak symplectic man-
ifold (M =G x g,y*w):

grad” =

@X?OLH(G X 0 |{\)

X(Gax 9. y*w)

1
y

HO

From the formulas derived above we see that for j(X)(h,Y) ;= y(Ad(h)X,Y)
we have:

y(grad} (§ (X))(h,Y), Z) = dx(§ (X))(h, Y )(Z) = y(Ad(h)X, Z)
grad;’(j X)N(h,Y) = Ad(h)X
y(@radfG(X))(h, Y), T (uMZ) = dG (X))(T (W")Z,Y,0)
= y(dAd(T (U")Z)(X),Y) = y(((ad ok") Ad)(T (") Z)(X), Y)
=y(ad(Z) Ad(h)X,Y) = —y(Ad(h)X,Z],Y) = —y(Z,ad(Ad(h)X) "Y)
Kr(grad‘{(j(X))(h, Y)=- ad(Ad(h)X)TY

Thus the momentum mapping is
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J:Gxg—g" JeCyig(Gxg,g9)=
= {f €C®(G x9,9") : (F( ), X) € CJfe(G x g) ¥X € g}
((h,Y),X) =jX)(h,Y) = y(Ad(h)X,Y) = y(Ad(h) Y, X)
= (y(Ad(h)TY), X),
J(h,Y)=y(Ad(h)TY) e g«
Ji=yl0J:Gxg—y,
J(h,Y)=Ad(h)TY €g. )
(3) Note that the momentum mapping J : G xg — g* is equivariant for the
right G-action and the coadjoint action, and that J : G x g — g is equivariant
for the right action Ad( )" on g:
(3(hg,Y), X) = (y(Ad(hg) "Y), X) = y(Ad(g) " Ad(h)"Y,X)
= y(Ad(h)"Y, Ad(g)X) = (V(Ad(h)"Y), Ad(g)X)
= (Ad(9)"Y(Ad(h)TY), X) = (Ad(g)*I(h,Y), X)
J(hg,Y) =Ad(hg) 'Y = Ad(g)"I(h,Y).

(4) For x € G x g, the transposed mapping of dJ(x) : Tx(G x g) — g is
W g-THGxg), A = wkol,
since for & € Tx(G x g) and X € g we have
Y(EI®),X) = dy(3, X)(@) = di (X)) = (V' ©)(@x).5).

(5) For x € G x g, the closure dJ(Tx(G x g)) of the image of dJ(X) :
T«(G x g) — g is the y-orthogonal space g5 of the isotropy Lie algeba gx :=
{X € ¢g:{x(x) =0} in g, since the annihilator of the image is the kernel of
the transposed mapping,

im(dJ (x))° = ker(dJ(x) ") = ker((y*w)x o {) = ker(evy ol) = gx.

Attention: the orthogonal space with respect to a weak inner product need
not be a complement.

(6) For (h,Y) € G x g, the G-orbit (h,Y).G = G x {Y } is a submanifold
of G x g. The kernel of dJ(h,Y) is the symplectic orthogonal space

(T ) (G x LY DY ¥ c T(uMg x g
since for the annihilator of the kernel we have

ker(dJ(h,Y))° =im(dJd(h,Y)T) = im((y*0ny) 0 0), by ((4),
= {(y*@0)(h,y ) (Cx (X)) : X € g} = (Y*©)(h,y)(T(h,y)(G x {Y })),
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= ((Thy (G x {Y )Y '9)°.
The last equality holds by the bipolar theorem for the usual duality pairing.
(7) Thus, for (h,Y) € G x g,
T (W")X4, Y1) € ker(dJ(h, Y))
= (Y 0)(hy) (T(M")X1, Y1), (T(UM)Z,0)) =0 forall Z e g
= 0=0-Yy(Y1,Z) = y(Y,[X1, Z]) = —y(Y: +ad(X1) 'Y, Z) VZ € g
— Y; = —ad(X;)'Y.
(8) (Emmy Noether’s theorem) Let h € C°(G x ) be a Hamlltonlan func-

tion which is mvarlant under the right G-action. Then dJ (grady (hy)=0¢
g and also dJ (grady (h)) =0 € y(g9) € g*. Thus the momentum mappings

J:Gxg—gandJ:Gxg— y(g C g* are constant on each trajectory
(if it exists) of the Hamiltonian vector field grady%(h). Namely, consider the
function y(J, X) = (3, X) = j(X).
y(d(grad’ 9 (h)), X) = grad” “(h)(y(J, X)) =
={h,y(@,X)} = —{j(X),h} = =Ix(h) = 0.
(dJ (grad¥ 9 (h)), X) = grad” “(h)((3, X)) =
={h.i(X)} = —{i(X),h} = =L (h) =0.

4.4. The geodesic equation via conserved momentum

We consider a smooth curve t — g(t) in G and (nG, KN ge(t) = (g(t), u(t)) =
(g(t), T(UIO )ge(t)) as in (4.2.4). Applying J : G x g — g to it we get
J(g,u) = Ad(g)"u. We claim that the curves t — g(t) in G for which
J(g(t), u(t)) is constant in t are exactly the geodesics in (G,y). Namely, by
(3.1) we have

0 = 0 Ad(g(1)) Tu(t) = ((ad ok")(3:g (). Ad(g(t))) " u(t) + Ad(g(t)) Tdeu(t)
= Ad(g(t) " (ad(u(t)) "u(t) + ue(t))
<  ug=—ad(u) u.

4.5. Symplectic reduction to transposed adjoint orbits

Under the assumptions of (4.2) we have the following:
(1) For X € J(G x g) the inverse image J~!(X) C G x g is a manifold.
Namely, it is the graph of a smooth mapping:
J'X)={(h,Y)eGxg:Adh)TY = X}
={(h,Ad(h™)TX):he G} = G.O
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(2) At any point of J—!(X), the kernel of the pullback of the symplectic
form y*w on G x g from (4.2.1) equals the tangent space to the orbit of the
isotropy group Gx := {g € G : Ad(g) "X = X} through that point.

For (h,Y = Ad(h—!)TX) € J-1(X) the Gx-orbit is h.Gx x {Y } and its
tangent space at (h,Y) is T (Un)gx x 0 where gx = {Z € g:ad(Z)"X = 0}.
The tangent space at (h,Y) of J71(X) is

Tih,aa(h—1) tsad ~(X) = {B¢lo(exp(tZ)-h, Ad((exp(tZ2).h) ™) TX) : Z € g}
= {(T(U"Z,—ad@Z)" Ad(h ) TX):Z eg} c ThG x g.
For Z,,Z, € g consider the tangent vectors (T (u") Ad(h)Z,,Y, —ad(Z;)X)
and (T(U™Z,Y, —ad(Z)" Ad(h=)"X) in T,y )J ~1(X). From (4.2.1), we get
(V@) ) (T (M) Ad(h)Z1,—ad(Z1) " X), (T (") Z2,~ad(Z2) " Ad(h~) X))
=y(—ad(Z:) " Ad(h~') "X, Ad(h)Z;) — y(—ad(Z;) " X, Z)
= Y(Y,[Ad(h)Z1,Z;])
= —y(Ad(h~") "X, ad(Z;) Ad(h)Z1) + y(ad(Z1) " X, Z2) -
—y(Ad(h~) "X, [Ad(h)Z1, Z,])
=vy(@d(Z,)"X,Z,) =0 VZ,e€g < Z, €gx. 0O
(3) The reduced symplectic manifold J~!(X)/Gx with symplectic form
induced by y*w|5-1(x) is symplectomorphic to the adjoint orbit Ad(G)"X cg
with symplectic form the pullback via y : g — g* of the Kostant Kirillov

Souriou form
Wa(ad(Y)*a,ad(Y2)*a) = (a, [Y1, Ya])

which is given by

wz(ad(Y1)"Z,ad(Y2) " Z) = wy(z)(yad(Y1) ' Z,yad(Y;) ' Z)
= Wy (z)(@d(Y1)"yZ,ad(Y2)"yZ) = {y(Z),[Y1, Ya2]) = Y(Z,[Y1,Y2]),

since for Y, Z,U € g we get

(yad(Y)'Z,U) =y(ad(Y)"Z,U) = y(Z,ad(Y)V) =
= ({y(2),ad(Y)U) = (ad(Y)"y(2),U).

The quotient space is J71(X)/Gx = {(h.Gx,Ad(h~1)"X) : h € G} =
Ad(G) "X 2 G/Gx. The 2-form y*w|j_1(x) induces a symplectic form on
the quotient by (2) and it remains to check that it agrees with the pullback
of the Kirillov Kostant Souriou symplectic form. But this is obvious from the
last computation in (2) (for the special case h = e if the reader insists). O
(4) Reconsider the geodesic equation on the reduced space J ~1(X)/Gx =
Ad(G) T X. The energy function is E(Ad(g) " X) = || Ad(g) " X|3. For Z =
Ad(g) "X € Ad(G)"X the tangent space is given by Tz(Ad(G)'X)
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{ad(Y)"Z : Y € g}. We look for the Hamiltonian vector field of E in the
form grad® E(Z) = ad(Heg(Z))'Z, for a vector field Hg. The dilerential
of the energy function is dE(Z)(ad(Y)"Z2) = y(Z,ad(Y)"Z) = y([Y,Z],2)
which equals wz(grad® E(Z),ad(Y)"Z) = wz(ad(He(Z))'Z,ad(Y)'z) =
Y(Z,[He(Z),Y]) from which we conclude that He (Z) = —Z will do (which is
defined up to annihilator of Z). Thus grad® E(Z) = —ad(Z) " Z which leads
us back to the geodesic equation uy = —ad(u) "u again.

5. Vanishing H°-geodesic distance on groups of
diffeomorphisms

This section is based on [40].

5.1 The HC-metric on groups of di Cedmorphisms

Let (N, g) be a smooth connected Riemannian manifold, and let Di[c(N) be
the group of all di Ledmorphisms with compact support on N, and let Di [5(N)
be the subgroup of those which are di [edtopic in Di Lc(N) to the identity; this
is the connected component of the identity in Di Lc(N), which is a regular Lie
group in the sense of [42], section 38. This is proved in [31], section 42. The Lie
algebra is X¢(N), the space of all smooth vector fields with compact support
on N, with the negative of the usual bracket of vector fields as Lie bracket.
Moreover, Dig(N) is a simple group (has no nontrivial normal subgroups),
see [18], [50], [35]. The right invariant H®-metric on Di[g0N) is then given as
follows, where h,k : N — TN are vector fields with compact support along ¢
and where X =ho ¢~ 1Y =ko ! € Xc(N):

V3 (h k) = /N a(h, k) vol(¢-g) = /N g(X 0 B, Y o )b vol(g)
- /N 90X, Y ) vol(g). )

5.2. Theorem.
Geodesic distance on Di[g{IN) with respect to the H%-metric vanishes.

Proof. Let [0,1] > t — ¢(t, ) be a smooth curve in Di[g(IN) between ¢,
and ¢;. Consider the curve u = ¢ o ¢! in Xc(N), the right logarithmic
derivative. Then for the length and the energy we have:

1 .
Lyo(¢) = /0 N /N 2 vol(g) dt &

1
Ep@= [ [ Juljvolce) o @
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Lyo(9)* < Eyo() (3)

(4) Let us denote by Di[5(IN)E=0 the set of all di Ledmorphisms ¢ € Di[;{N)
with the following property: For each € > 0 there exists a smooth curve from
the identity to ¢ in Di[4(N) with energy < .

(5) We claim that Di 5N )E=" coincides with the set of all di [edmorphisms
which can be reached from the identity by a smooth curve of arbitraily short
y%-length. This follows by (3).

(6) We claim that Di[gIN)E=0 is a normal subgroup of Di[z(N). Let ¢, €
Di[gIN)E=° and ¢ € Dig{N). For any smooth curve t — ¢(t, ) from the
identity to ¢, with energy E,o(¢) < & we have

1 — ! -1 2 -1 *
Eyo(W™ odoy) [TW™" o droWllgvol((W™" o doy)*g)
0 JN

1112 ! 2 1
T, W™ . o o P)* vol —)*
< sup [T~ A/Nwt WI2( o W) vol(( ") q)

vol((W—")"g)
Sen  vol(g)

vol((9—1)*g)
Sen T vol(g)

w

1
- / / e 0 W[12 (& o 4)* vol(g)
0 N

< sup [Ty ™!
XEN

w

< sup [T~ > -Eyo(¢).

XeN
Since Y is a diledmorphism with compact support, the two suprema are
bounded. Thus ="' o ¢; o P € DiGIN)E=0.
(7) We claim that Di GIN)E=? is a non-trivial subgroup. In view of the sim-
plicity of Dig(N) mentioned in (5.1) this concludes the proof.

It remains to find a non-trivial di Ledmorphism in Di [IN)E=C. The idea
is to use compression waves. The basic case is this: take any non-decreasing
smooth function ¥ : R — R such that f(x) = 0 if x < 0 and f(x) = 1 if
X > 0. Define

o(t,x) =x+ f(t—Ax)

where A < 1/ max(f’). Note that
Ox(t,X) =1 — AF/(t — AXx) >0,

hence each map ¢(t, ) is a diledmorphism of R and we have a path in the
group of diedmorphisms of R. These maps are not the identity outside a
compact set however. In fact, p(x) = x+ 1 if x < 0 and ¢(x) = x if x > 0.
As t — —oo, the map ¢(t, ) approaches the identity uniformly on compact
subsets, while as t — +oo, the map approaches translation by 1. This path is
a moving compression wave which pushes all points forward by a distance 1
as it passes. We calculate its energy between two times ty and t;:

t1 151
iy — —1 ()2 — 2
EL(9) /t /R et 0t ) () dxdt /t /R du(t, ) by (t, y)dy dt
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Z/tl/f’(z)2-(1—)\f’(z))d)\z dt
to R

max f'?

< (t — to) - (1 AF(2))dz

A supp(fT}
If we let A =1 — € and consider the specific ¥ given by the convolution
T(z) = max(0, min(1, z)) [G(2),

where G¢ is a smoothing kernel supported on [—¢, +¢€], then the integral is
bounded by 3¢, hence
E&(9) < (i —to) 5.
We next need to adapt this path so that it has compact support. To do

this we have to start and stop the compression wave, which we do by giving
it variable length. Let:

The starting wave can be defined by:
be(t,X) = x+ f(t — Ax,g(X)), A <1, g increasing.

Note that the path of an individual particle x hits the wave at t = Ax — € and
leaves it at t = Ax + g(x) + &, having moved forward to x + g(x). Calculate
the derivatives:

(fe)z = lo<z<a [(G(2)Ge(a)) € [0, 1]

(fe)a = lo<a<z [{:(2)Ge(a)) € [0,1]

(de)r = (Fe)2(t — A%, 9(X))

(de)x =1 — A(fe)z (t — AX, g(x)) + (Fe)a(t — A%, g(X)) - ¢'(X) > 0.

This gives us:
t1
e5@ = [ [ @@aaxat
t
< [ e Ax.g00) - (- AT (e~ Ax. gl
to R

t1
+ / / (F2)2(t = A, 909)) - (Fe)alt — Ax, g00)g' ()dx dt
1o R

The first integral can be bounded as in the original discussion. The second
integral is also small because the support of the z-derivative is —¢ <t—Ax <
g(x) + &, while the support of the a-derivative is —€ < g(X) <t — AX+ €, s0
together |g(x) — (t — Ax)| < €. Now define x; and X3 by g(x;) +Ax; =t+¢
and g(Xp) + AXg = t — €. Then the inner integral is bounded by
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/ 9090 = gx1) — g(x0) < 2¢,
lg(x)+Ax—t|<e
and the whole second term is bounded by 2g(t; —ty). Thus the length is O(g).
The end of the wave can be handled by playing the beginning backwards.
If the distance that a point x moves when the wave passes it is to be g(x), so
that the final di Ledmorphism is x — X + g(X), then let b = max(g) and use
the above definition of ¢ while g’ > 0. The modification when g’ < 0 (but
g’ > —1 in order for x — x + g(x) to have positive derivative) is given by:

de(t, X) =X+ Fe(t — Ax — (1 = A)(b — 9(x)), 9(x)).
Consider the figure showing the trajectories ¢g(t, X) for sample values of x.

Particle trajectories under @, A = 0.6
35
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It remains to show that Di [gIN)E=0 is a nontrivial subgroup for an arbi-
trary Riemannian manifold. We choose a piece of a unit speed geodesic con-
taining no conjugate points in N and Fermi coordinates along this geodesic;
so we can assume that we are in an open set in R™ which is a tube around
a piece of the u'-axis. Now we use a small bump function in the slice or-
thogonal to the u'-axis and multiply it with the construction from above for
the coordinate u'. Then it follows that we get a nontrivial di [edmorphism in
Di [IN)E=" again. O

Remark

Theorem (5.2) can be proved directly without the help of the simplicity of
DilgIN). For N = R one can use the method of (5.2.7) in the parameter
space of a curve, and for general N one can use a Morse function on N to
produce a special coordinate for applying the same method.
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5.3. Geodesics and sectional curvature for v° on Di [{(IN)

According to (3.2), (3.4), or (4.4), for a right invariant weak Riemannian
metric G on an (possibly infinite dimensional) Lie group the geodesic equation
and the curvature are given in terms of the transposed operator (with respect
to G, if it exists) of the Lie bracket by the following formulas:

ug = —ad(u)*u, u=¢rodp?
G(ad(X)"Y, Z) := G(Y, ad(X)Z)
AG(R(X, Y )X, Y) = 3G(ad(X)Y, ad(X)Y ) — 2G(ad(Y )* X, ad(X)Y)
— 2G(ad(X)*Y, ad(Y )X) + 4G(ad(X)*X, ad(Y )*Y )
— G(ad(X)*Y +ad(Y)*X,ad(X)*Y +ad(Y)*X)

In our case, for Di[g(N), we have ad(X)Y = —[X, Y] (the bracket on the Lie
algebra X.(N) of vector fields with compact support is the negative of the
usual one), and:

YOOX,Y) = / 90X, Y) vol(g)
N
yo(@d(Y)*X,z) =y'(X, -[Y,Z]) = /N g(X, —Ly Z) vol(g)
:/ g(L:Yx + (g1 Ly g)X + dive(Y )X,Z)vol(g)
N

ad(Y)* = Ly +g~ 'Ly (9) +divi(Y) Idr N = Ly +B(Y),

where the tensor field B(Y) = g~ 1Ly (g) + div¥(Y)Id : TN — TN is self
adjoint with respect to g. Thus the geodesic equation is

Ue = ~(@ 7 La@)(W) — ViU = B, u=eod
The main part of the sectional curvature is given by:
4G(R(X,Y)X,Y) =
= [ (310X, Y113 + 2902y + BOIX, X, YD+ 20((Ex + BOK)Y. [Y, X)
+4g(BO)X, B(Y)Y) — [BOY +B(Y)X|2) vol(g)
= [ (FIBOOY =BV )X + X, Y13 ~ 49BOC). BV IX. Y)) vol(@)

So sectional curvature consists of a part which is visibly non-negative, and
another part which is di Ccullt to decompose further.

5.4 Example: n-dimensional analog of Burgers’ equation

For (N, g) = (R™, can) or ((S')", can) we have:
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@)Y= (@iX* )Y = X' (@Y *))

(ad(X)'2) = >_(@XHZ" + (@ixhZ* + X'(8:2Y) ),

so that the geodesic equation is given by

0 = —(ad(u) W = = > (@eu)u’ + @)Uk + Ui,

the n-dimensional analog of Burgers’ equation.

5.5. Stronger metrics on Di (V)
A very small strengthening of the weak Riemannian H°-metric on Di[g{N)

makes it into a true metric. We define the stronger right invariant semi-
Riemannian metric by the formula:

GAX o ,Y o) = /N(g(X,Y)+Adivg(x).divg(Y))voI(g).

Then the following holds:

Theorem.
For any distinct dieadmorphisms ¢q, ¢;, the infimum of the lengths of all
paths from ¢, to ¢, with respect to GA is positive.

Proof. We may suppose that ¢y = Idn. If ¢; # Idy, there are two functions
p and f on N with compact support such that:

/ DY) F (01 () vol(@)(y) # / p(Y)F () Vol(g) (y).
N N

Now consider any path ¢(t,y) between ¢, = IdN to ¢, with left logarithmic
derivative u = T($)~! o ¢ and a path in X.(N). Then we have:

1
/N p(fo¢1)vol<g);/N of vol(g) = /0 /N pOLF(O(t, ) vol(g)dt
1 1
=/ / p(df.cbt)vol(g)dt:/ /p(df.ch.u)voI(g)dt
0 N 0 N
1
= / / (OF T &.(du)) vol (g)dt
0 N

Locally, on orientable pieces of N, we have:

div((f o ¢)pu) vol(9) = L(fop)pu VOI(@) = (i(fop)pud + di(fog)pu) VOI(Q)
= d((f o d)ipu vol(g)) = d(f o §) A ipy VoI(g) + pdiv(u) vol(g),
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= d(f o ¢)(pu) vol(g) + (f o ¢) div(pu) vol(g), since
d(f o ¢) A ipu vol(g) = —ipu(d(f o §) A vol(9)) + (ipud(f o ¢)) vol(9)).

Thus on N we have:
0= / div((f o ¢)pu) vol(g)
N
- / d(F o b)(pu) vol(g) + / (F o ) div(pu) vol (g)
JN N

and hence
0<| /N O(F o b1) vol(g) — /N pf vol(g)| = | /0 1 /N d(F o $)(6u)) vol(g)dt

= ‘/Ol/N —(f o ¢) div(pu) vol(g)dt‘

.1
<suplfl- [ \/ | Gollul? + Cl vyl vol(g) e

for constants C,, C; depending only on p. Clearly the right hand side gives a
lower bound for the length of any path from ¢, to ¢,. O

5.6. Geodesics and sectional curvature for G* on Di[(R)

We consider the groups Di [(R) or Di [(S') with Lie algebras X.(R) or X(S*')
whose Lie brackets are ad(X)Y = —[X,Y] = X’Y — XY’. The GA-metric
equals the H!-metric on X.(R), and we have:

GAX,Y) = /(xv + AX'Y )dx = / X (1 - Ad2)Y dx,
R R
GA(ad(X)*Y,Z) = /(Y X'Z =Y XZ'+AY'(X'Z — XZ"))dx
R

= / Z(1-02)(1-32) 'YX +Y'X —2AY "X’ — AY " X)dx,
R
ad(X)*Y = (1 —02) QY X' +Y'X —2AY "X’ — AY"'X)
ad(X)* = (1 — 82) 12X’ + X0x)(1 — Ad2)

so that the geodesic equation in Eulerian representation u = (0;f) o f~! €
Xc(R) or X(S1') is
du = —ad(u)*u = —(1 — 02) ' (Buu’ — 2AU" U — Au'u), or
Ut — Ugxx = Alyxx.U + 2AUxx.Ux — 3Ux.U,
which for A = 1 is the dispersionless version of the Camassa-Holm equation,

see (7.3.4). Note that here geodesic distance is a well defined metric describing
the topology.
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6. The regular Lie group of rapidly decreasing
diffeomorphisms

6.1. Lemma.
For smooth functions of one variable we have:

(m) (a;)
(fFo g)(p)(x) = p! Z w Z H 9 (X)

m!

m>0 aeN>O i=1
01+ +0p,=p
g(M(x)
LRSS ,H( )
m>0 7\:FQ\V,L)€NN>O -n>0
pn)\n:ﬁq
n AnN=p

Let f € C°(RX) and let g = (g1,...,gx) € C¥(R",R¥). Then for a multiin-
dex y € N" the partial derivative 0Y(f o g)(x) of the composition is given by
the following formula, where we use multiindex-notation heavily.

0¥ (f 0 g)(x) = P

i Nia
=Y eneen Y LI (2 IT @%aicoy™
A al

k — kx(N™\0) T aeN™ i,a>0
BeN A=(3 ) EN cx€>0
P o Nia=B:
X Ai(’a:y

- Y rI(a) ™ (07 ) g [T @70

A=(Pua ) ENFOMNO) “a€>NSL i,0=0
ia NiaO=Y

The one dimensional version is due to Faa di Bruno [19], the only beatified
mathematician.

Proof. We compose the Taylor expansions of

fQe)+h): g f =Y whm
m>0
()
g+t iFg® =g0)+ Y 2 nI(X)tn
n>1

(m) () "

fx+0): ponm =) 9 (Z gm(x)t)
m2>0 ) n>1 H

-y ) 5 (.H a..(X)> —

m>0 ai,...,00, =0
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Or we use the multinomial expansion

a m m!
(a) = X )\1!...)\q!a?l"'ag‘\q

j:l Al,eens )\QENEO
A1+F+Ag=m
to get
. (M) (g(x m! ™M)\ P
iFrogm=)y T o (H (9 K )) ) ¢
m>0 ) 7\:FQ\n)ENN>%° T \n>0 ’
 Ap=m
where Al = A{IA5! ...; most of the A; are 0. The multidimensional formula

just uses more indices. O

6.2

The space S(R) of all rapidly decreasing smooth functions f for which x —
(1 + |x|?)oRf(x) is bounded for all k € N and all n € N>, with the locally
convex topology described by these conditions, is a nuclear Fréchet space. The
dual space S’(R) is the space of tempered distributions.

S(R) is a commutative algebra under pointwise multiplication and convo-
lution (u *Vv)(x) = [u(x —y)v(y)dy. The Fourier transform

FOE=0@ = [l F@M = 5 [ Fa@d,

is an isomorphism of S(R) and also of L2(R) and has the following further
properties:
OxU(E) = —iE-O(E), X-u(E) = —idza(®),
u(x - a)(®) = e *0(E), ePxu(x)(E) = €0 (),
u@)(@) = H0E),  u(-x)E) = a(-2),
a-v=0x7, axv==0a-9.
In particular, for any polynomial P with constant coe [ciehts we have
F(P(=i0)u)(€) = P (§)0(?).

S(R) satisfies the uniform V-boundedness principle for every point separating
set V of bounded linear functionals by [31], 5.24, since it is a Fréchet space;
in particular for the set of all point evaluations {evy : S(R) — R, x € R}.
Thus a linear mapping [Z1E — S(R) is bounded (smooth) if and only if evy of
is bounded for each x € R.

6.3. Lemma.
The space C*(R, S(R)) of smooth curves in S(R) consists of all functions
f € C>(R?, R) satisfying the following property:
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e For all n,m € N3, and each t € R the expression (1 + [x|2)*oPof (t, X)
is uniformly bounded in X, locally in t.

Proof. We use (A.3) for the set {evy : x € R} of point evaluations in S'(R).
Note that S(R) is reflexive. Here c®(t) = aff(t, ). O

6.4. Di ledmorphisms which decrease rapidly to the identity

Any orientation preserving di ledmorphism R — R can be written as Id +f
for ¥ a smooth function with f/(x) > —1 for all x € R. Let us denote by
DiLs{R), the space of all di Ledmorphisms Id+f : R — R (so f/(x) > —1 for
all x € R) for f € S(R).

Theorem.
DiLCs{R), is a regular Lie group.

Proof. Let us first check that DiLs{R), is closed under multiplication. We
have

((1d+f) o (1d +9))(x) = x +g(x) + F(x +g(x)), M

and x — f(x +g(x)) is in S(R) by the Faa di Bruno formula (6.1) and the
following estimate:

m _ 1 _ 1
Fmec+909) = 0 (i goorye) = Clawpew) @

which holds since g(x) — 0 for |x| — oo and thus

1+ |x?

1+|x+—g(x)|2 is globally bounded.

Let us check next that multiplication is smooth. Suppose that the curves
t— Id+f(t, ), l1d+g(t, ) are in C>*(R, Di[s{R)q) which means that the
functions f, g € C>°(R?, R) satisfy the conditions of lemma (6.2). Then

(L + xI)OPaF(t, x + g(t, X))

is bounded in x € R, locally in t, by the 2-dimensional Faa di Bruno formula
(6.1) and the more elaborate version of estimate (2)

1 1
(n,m) + = = .
OO X +90) =0 amome) =l @r ) @
which follows from (6.3) for f and g. Thus the multiplication respects smooth
curves and is smooth.
To check that the inverse (Id+g)~! is again an element in Di Cs{R), for
g € S(R), we write (Id+g)~!' = Id+f and we have to check that f € S(R).

(Id+f)o(ld+g) = Id = x+g(X) + f(Xx +g(x)) = x
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= X Ff(X+g(Xx)=-gX) isin S(R). (4)
Now consider

Ox(F(x +9(x))) = F'(x +g(x))(1 +g'(x))

Ox(F(x +g(x))) = F"(x + gL +9'(x))* + F'(x + 9(x))g" (x)

O (F(x +g(x))) = FP(x +g()) (1 + g'(x))*+ ®)
+3F"(x + () (L +g'(x))g" (x) + F'(x + g())g® ()

O (F(x +g(x))) = F™ (x + g(x))(L +¢'(x))™+

3

-1
+ Y FM(x + g(x))ami(x),
1

~
I

where ank € S(R) for n > k > 1. We have 1 +g’(x) > € > 0 thus ﬁ@x)
is bounded and its derivative is in S(R). Hence we can conclude that (1 +
IX|2)<F (M (x+g(x)) is bounded for each k. Since (1+|x+g(x)|?)X = O(1+|x|?)
we conclude that (1 + |x + g(x)|?)*f (™ (x + g(x)) is bounded for all k and n.
Inserting y = x+g(x) it follows that f € S(R). Thus inversion maps Di Ls(R)
into itself.

Let us check that inversion is also smooth. So we assume that g(t, x) is a
smooth curve in S(R), satisfies (6.3), and we have to check that then f does
the same. Retracing our considerations we see from (4) that f(t,x+g(t,x)) =
—g(t, x) satisfies (6.3) as a function of t, x, and we claim that f then does the
same. Applying o;' to the equations in (5) we get

PO (F(t, x +g(t,x))) = (@™ ™F)(t, x + g(t, X)) (L + dxg(t, )™+
+ > @M RRIF)(t X + g(t, X))ak, k(T X),

ki<n
ko<m-+n

where ay, k,(t,X) = O(m) uniformly in x and locally in t. Again 1 +
0xq(t,x) > € >0, locally in t and uniformly in x, thus the function m is
bounded with any derivative in S(R) with respect to x. Thus we can conclude
T satisfies (6.3). So the inversion is smooth and Dil[s(R) is a Lie group.

We claim that DiLs(R) is also a regular Lie group. So let t — X(t, ) be
a smooth curve in the Lie algebra S(R)0x,i.e., X satisfies (6.3). The evolution
of this time dependent vector field is the function given by the ODE

Evol(X)(t, x) = x + f(t, X),

{at(x + T(t, X)) = fe(t,x) = X(t, x + (L, X)),

£(0,x) = 0. ©

We have to show that f satisfies (6.3). For 0 <t < C we consider
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t t
Fe1 < [ fGs0lds = [ X (s x+ F(s0)]ds. @)

Since X(t,x) is uniformly bounded in x, locally in t, the same is true for

T (t, X) by (7). But then we may insert X (s, x+f(s, x)) = O(W) =

O(W) into (7) and can conclude that f(t,x) = O(m) globally in
X, locally in t, for each k. For 007" f (t,x) we di [erkntiate equation (6) and
arrive at a system of ODE’s with functions in S(R) which we can estimate in
the same way. O

6.5. Sobolev spaces and HC"-spaces

The di [erkntial operator
K o k
Ak = Pi(—i0x) = Y (-D)'o', P =) &,
i=0 i=0
will play an important role later on. We consider the Sobolev spaces, namely
the Hilbert spaces
H'R) = {f e S'R): f, ¥, 2 . £ ¢ L2(R)}.
In terms of the Fourier transform f we have, by the properties listed in (6.2):
feH" <« Q+EN"FE) L’ — @+[EH* @)L’
= L+ E)"HPE)F(E) € L? = Ac(f) e H"
We shall use the norm
IFllrn = IFEQ + &)l

on H"(R). Moreover, for 0 < a < 1 we consider the Banach space

C%(R) = {f € CO(R) : sup [f(X)| + sup [fe9 =TI féy” <
XER xzyeR X =Y

oo}

of bounded Hdolder continuous functions on R, and the Banach spaces
CM(R) = {f e C"(R) : f,f,..., "~V bounded, and (™ € C)*(R)}.

Finally we shall consider the space

HC"(R) =H"R)NCI'R),  [[Fllnce = [Flln + [[Fllc;.

6.6. Lemma. o
Consider the di [erential operator Ay = Z:(:O(—l)'a?('.
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(1) Ax:SR) — S(R) is a linear isomorphism of the Fréchet space of rapidly
decreasing smooth functions.

(2) A : HM2K(S1) — HM(S!) is a linear isomorphism of Hilbert spaces for
each n € Z, where H"(S!) = {f € L%(S!) : An(f) € L%(SY)}. Note that
H"(S!) C Ck(SY) if n > k + 1/2 (Soholev inequality).

(3) Ak :C>®(S') — C>(S1) is a linear isomorphism.

(4) Ax : HC"tZK([R) — HC"(R) is a linear isomorphism of Banach spaces
for each n > 0.

Proof. Without loss we may consider complex-valued functions.

(1) Let F : C>(S') — s(Z) be the Fourier transform which is an iso-
morphism on the space of rapidly decreasing sequences. Since F(fxx)(n) =
—(2nn)2F(F)(n) we have FoAoF 1 : (cn) — ((1+(2mn)2+- - -+(21n)<) ¢cp)
which is a linear bibounded isomorphism.

(2) This is obvious from the definition.

(3) can be proved similarly to (1), using that the Fourier series expansion
is an isomorphism between C>(S') and the space [ of rapidly decreasing
sequences.

(4) follows from (2). O

6.7. Sobolev inequality.
We have bounded linear embeddings (0 < a < 1):

H"(R) c CK(R) if n >k + 1,
H"(R) C CXO(R) if n >k + i+a

Proof. Since 8% : H"(R) — H"K(R) is bounded we may assume that k = 0.
So let n > 1. Then we use the Cauchy-Schwartz inequality:

1
—d
@+ ey ®

< ([1o@rarierns) ([ qiigm®) =Clube

€= (/ @+ ey dz) =00

2nju(x)| = ‘/e‘xﬁa(z)da‘ < /|0(a)\d£ - /\a<z)|(1+ %

where

depends only on n > % For the second assertion we use x >y and

1
eixE _ eiyE — (X _ y)/ iEei(y'H(X_y))Edt,
0
e — e8| < |x —yl.[¢]

to obtain
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u(x) — u(y) g€ _ @iy | ixe  _iyg|l-a -
o |2 g/ o | e e T o) g
<2 [ @I+ )" o+ e O

H»

<2 (/a<z)|2(1+ |a)2“dz)% (/af'm)da) = Cuul

where C; depends only on n —a > % O

6.8. Banach algebra property.
If n > % then pointwise multiplication S(R) x S(R) — S(R) extends to a
bounded bilinear mapping H™"(R) x H"(R) — H"(R).

For n > 0 multiplication HC"(R) x HC"(R) — HC"(R) is bounded bilin-
ear.

See [17] for the most general version of this on open Riemannian manifolds
with bounded geometry.

Proof. For f,g € H™"(R) we have to show that for 0 < k < n we have

k

(F9) =5 (T>f<'>-g<k'> € L’(®)

1=0

with norm bounded by a constant times ||f||n.]|g||n~. If | < n then () ¢
CY(R) by the Sobolev inequality and gx=P € H' c L2 so the product is in
L2 with the required bound on the norm. If | = 0 we exchange f and g.

In the case of HC", the L2-norm of each product in the sum is bounded
by the sup-norm of the first factor times the L2-norm of the second one. And
the sup-norm is clearly submultiplicative. O

6.9. Di[erentiability of composition.
If n > 0 then composition S(R) x S(R) — S(R) extends to a weakly CX-
mapping HC"tK(R) x (Idg +HC"(R)) — HC"(R).

A mapping f : E — F is weakly C! for Banach spaces E, F if df : ExXE —
F exists and is continuous. We call it strongly C! if df : E — L(E,F) is
continuous for the operator norm on the image space. Similarly for C¥. Since
I could not find a convincing proof of this result for the spaces H" under the
assumtion n > % I decided to use the spaces HC™(R). This also inproves on
the degree n which we need.

Proof. We consider the Taylor expansion

K
FOH900) = - FP60.900°+
p=0""

O1 w (f(k)(X +tg(x)) — f(k)(x)) dt .g(x)k
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For fixed T this is weakly CK in g by invoking the Banach algebra property
and by estimating the integral in the remainder term. We have to show that
the integrand is continuous at (f¥, g = 0) as a mapping H" x H" — H".
The integral from 0 to 1 does not disturb this so we disregard it. By (6.1) we
have

OR(F (x +g(x)) — £ (x) =

DG TCR S SCSR G R SCR 1)
m=0 m! q1,...,00, >0 (11! Gm!
a1+ +0m=p

The most dangerous term is the one for p = n. As soon as a derivative of g of
order > 2 is present, this is easily estimated. The most di Cculit term is

I (4 g(x)) — FRH ()

which should go to 0 in L2 N C for fixed f and for g — 0 in HC". £ is
continuous and in L2. O [Csbme big compact intervall it has small H"-norm
and small sup-norm (the latter by the lemma of Riemann-Lebesque). On this
compact intervall £ is uniformly continuous and if we choose ||g|c» small
enough, £ (x + tg(x)) — FX(x) is uniformly small there, thus small in the
sup-norm, and also small in L2 (which involves the length of the compact
intervall — but we can still choose g smaller). 0O

The last result cannot be improved to strongly CK since we have:

6.10. Attention.
Composition HC"(R) x (Idg +HC"(R)) — HC"(R) is only continuous and
not Lipschitz in the first variable.

Proof. To see this, consider (f,t) — f( —t.g) for a given bump function
g which equals 1 on a large intervall. For each t > 0 we consider a bump
function £ with support in (—%, %) with ||f|[_.= = 1. Then we have |[f —
f( —t)||.= = V2 by Pythagoras, and consequently ||f — f( —t.9)||ncn >
If-f( -Dl==v2 O

6.11. The topological group Di[(R)

For n > 1 we consider f : R — R of the form f(x) = x +g(x) for g € HC".
Then T is a C"-di Ledmorphism i [gI'(x) > —1 for all x. The inverse is also of
the form f-1(y) =y + h(y) for h ¢ HC"(R) i CgI'(x) > —1 + ¢ for a constant
€. Indeed, h(y) = —g(f~'(y)). Let us call Di HC"(R) the group of all these
di Ledmorphsms.

Lemma.
Inversion Di CHC"t*(R) — Di [HC"(R) is weakly CK.
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Proof. As we saw above, Di IZEII:”*k(R) is stable under inversion. (f, g) — fog
is a weak CK submersion by (6.9). So we can use the implicit function theorem
for the equation fFof~' =1d. O

6.12 Proposition.

For n > 1 and a € HC"(R), the mapping HC"(R) x Di[HC"(R) —
HC"—1(R) given by (f,g) — (adx(fog~')) og is continuous and Lipschitz in
f.

For n > k + % and for each linear dilerential operator D of order k,
the mapping HC"(R) x Di[HC"(R) — HC"¥(R) given by (f,g) — (D(f o
g~1)) og is continuous and Lipschitz in f.

Here Di [(R) = {ldg +h : [|h[|co > —1}.
Proof. We have

1
gxog~!

which is Lipschitz by the results above. 0O

1
Ox(Fog ™)) og= (a.(fxog™* og=(aog).fx.—
(adx(fog™)) og = (alfxog™) )eo=(ac0)fi -

6.13 Proposition. o
For the operator Ax = Z'i‘zo(—l)'ai' and for n > 2k, the mapping
(F.9) — (A" (Fog1))og is Lipschitz HC"(R) x Di [HC" (R) — HC"T2X(R).

Proof. The inverse of Ay is given by the pseudo di [erkntial operator
. 1
-1 = I(X_y)E
AH) = [ SO ety
Thus the mapping is given by
: 1
—1 -1 — i(9()—Y)Ef (g1
A Fog N0 = [ e O Oy st

/
_ [ iteto—a@)E 9'(2)
_/Rz ei(909)-9(2)) @y et

which is a genuine Fourier integral operator. By the foregoing results this is
visibly locally Lipschitz. O

7. The diffeomorphism group of S or R, and Burgers’
hierarchy

7.1. Burgers’ equation and its curvature

We consider the Lie groups Di[s(R) and Dil[(3!) with Lie algebras Xs(R)
and X(S') where the Lie bracket [X,Y] = XY — XY’ is the negative of
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the usual one. For the L2-inner product y(X,Y) = (X,Y )o = [ X(X)Y (x) dx
integration by parts gives

X, Y1,Z)o = /R(X’YZ — XY'Z)dx
= /(ZX’Y Z + XY Z)dx = (Y,ad(X) " Z),
R

which in turn gives rise to

ad(X)'z =2X'Z2 + XZ', D
a(X)Z =ad(Z2) "X =2z2'X +zX/, )
(ad(X)" +ad(X))Z =3X'zZ, 3)
(@d(X)" — ad(X))Z = X'Z +2XZ' = a(X)Z. @)

Equation (4) states that —%O((X) is the skew-symmetrization of ad(>X) with
respect to the inner product {( , )q. From the theory of symmetric spaces
one then expects that —%a is a Lie algebra homomorphism and indeed one
can check that

—1a(X, Y] = [-3a(X), —a(Y)]

holds for any vector fields X, Y . From (1) we get the geodesic equation, whose
second part is Burgers’ equation [10]:

{ ge(t, X) = u(t, g(t, X)) )

ug = —ad(u) "u = —3uxu
Using the above relations and the general curvature formula (3.4.2), we get

RCX,Y)Z = —X'"YZ+XY"Z =2X'YZ'+2XY'Z’
= 2[X,Y]Z' —[X,Y]Z = —a(X, Y])Z. (6)

Sectional curvature is non-negative and unbounded:

—GIREX, Y)X,Y) = (a(X, Y(X),Y) = (ad(X) " (X, Y]),Y)
= (X, YLIX YD) = [IBX, Y]1%,
Gg(R(X,Y)X,Y)
XY 2 = Ga(X, Y)?

_ o YP
TIXEYE = (kv e =Y @

KX AY) =

Let us check invariance of the momentum mapping J from 4.3):

y(3(9,X),Y) = y(Ad(g) "X, Y) = y(X,Ad(g)Y) = /X((g’Y) og~Hdx
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= / X(g 0 g~ )(Y og~')dx = sign(g’) /(x 5 g)(@)?Y dx

~ = sign(g)y((@")*(X 2g),Y)
(g, X) = sign(gx).(9x)*(X © 9). ©

Along a geodesic t — g(t, ), according to (5) and (4.3), the momentum
J(@.u=grog™') =gZge is constant. )

This is what we found in (1.3) by chance.

7.2. Jacobi fields for Burgers’ equation

A Jacobi field y along a geodesic g with velocity field u is a solution of the
partial di Lerential equation (3.5.1), which in our case becomes:
yee = [ad(y) " +ad(y), ad(u) "Ju — ad(u) "yr — a(u)y: + ad(u)y: (1)
= —3U%yyx — AUYx — 2UxYt
U = —3uxU.
If the geodesic equation has smooth solutions locally in time it is to be ex-
pected that the space of all Jacobi fields exists and is isomorphic to the space

of all initial data (y(0), y+(0)) € C>(S!,R)? or C°(R, R)?, respectively. The
weak symplectic structure on it is given by (3.7):

W(Y,Z) = (Y, Zt — UxZ + 2UZy) — (Yt — SUxY + 2UYx, Z)

- / (V2 — Yoz + 2u(yzx — yx2)) dx. e
Slor R

7.3. The Sobolev HX-metric on Di[(3') and Di[(R)

On the Lie algebras Xc(R) and X(S') with Lie bracket [X,Y]= X'Y — XY/’
we consider the HX-inner product

k - -
VLYY = (XY= Y [@BO@Y )= [ A ) dx
i=0

k
= /XAk(Y)dx, where Ay ZZ(_l)ia)Q(i 0
i=0

is a linear isomorphism X¢(R) — Xc(R) or X(S!) — X(S') whose inverse
is a pseudo dilerkential operator. Ax is also a bounded linear isomorphism
between the Sobolev spaces H't2¥(S') — H!(S!), see lemma (6.5). On the
real line we have to consider functions with fixed support in some compact
set [-K,K] C R.
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Integration by parts gives
(X, Y], Z)k = / XY = XYNA(Z)dx = /(ZX’Y Ax(Z) + XY Ac(Z))dx
R R
= / Y ARAL (2X A(Z) + XAK(Z'))dx = (Y, ad(X) T, Z),
R

which in turn gives rise to

ad(X) " Z = A1 (2X'A(Z) + XA(Z))),
ax(X)Z = ad(Z) T (X) = A (2Z'Ac(X) + ZAK(X)) )

Thus the geodesic equation is

gt(tv X) = U(t, g(t! X))
ue = —ad(u) "*u = —A (2uxAx(u) + uAK(Ux))

¢ K @3)
=-A" (2ux Z(—l)ia)z(iu +u Z(_l)ia)z(i+1u)_
i=0 i—0

For k = 0 the second part is Burgers’ equation, and for k = 1 it becomes

Ut — Ugxx = —3UUx + 2UxUxx + Ulxxx 4)
& Ug+ Ul + (1—03) (U + ui)x =0

which is the dispersionfree version of the Camassa-Holm equation, see [11],
[44], [29]. We met it already in (5.6), and will meet the full equation in (8.7).
Let us check the invariant momentum mapping from (4.3.2):

yE(@X),Y) = (Ad@TX, Y )i = (X, Ad(@)Y
= /Ak(x)(g’ 0g™)(Y og™)dx = sign(g’)/(Ak(X)og)(g’)QY dx
=sign(@) (A (@A 0 9)). Y )
3(g. X) = sign(g)-Ac ' (@0 (A(X) 2 9)). ®)

Along a geodesic t— g(t, ), by (3) and (4.3), the expressions
Sign(@03 (@, u =000~ = A (G (Acw) 0 9)) ©)

and thus also (gx)?(Ax(u) o g) are constant in t.

7.4. Theorem.

Let k > 1. There exists a HC?**1-open neighborhood V of (Id, 0) in Di [{3') x
X(S1) such that for each (go, Ug) € V there exists a unique C3 geodesic g €
C3((—2,2),Di(8Y)) for the right invariant HX Riemann metric, starting at
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g(0) = go in the direction g¢(0) = upogo € Tq, Di[(3'). Moreover, the solution
depends C! on the initial data (gg,Up) € V.

The same result holds if we replace Di[{3') by Dilgjz, and X(S') by
Xs(R) = S(R)0.

This result is stated in [13], and also this proof follows essentially [13]. But
there is a mistake in [13], p 795, where the authors assume that composition
and inversion on H"(S') are smooth. This is wrong. One needs to use (6.12)
and (6.13). The mistake was corrected in [12], for the more general case of the
Virasoro group.

In the following proof, Di[ X, Di[HC", HC" should stand for either
Di[(381'), X(S!), DIiHLC"(S?), HC"(SY) or for Di[s(R), Xs(R), Di [(HC"(R),
HC"(R), respectively.

Proof. For u ¢ HC", n > 2k + 1, we have

k k 2i
Ar(uu) =D (D)0 (uu) = Y (D' Y (T) @ku@ )

i=0 = =
k 2i

= UAk(LIX) + Z(,l)l Z (%i)(aiu)(aiifj+1u)
i=0 j=1

=:uAk(ux) + By(u),

where By : HC™ — HC"2K is a bounded quadratic operator. Recall that we
have to solve
ue = —ad(u) "u = —AT (2uxAx (u) + UAK(uUx))

= —A ' (2uxAx(u) + Ax(uuy) — Bi(u))

= —uuy — A" (2uxAk(u) — Bk (u))

= —uuy + A ' Ck(u),
where C, : HC™ — HC" 2K is a bounded quadratic operator, and where
U=geog ! € X. Note that

Ck(u) = —2uxAx(u) + Bk (u)

2i

Kk
= —2uA(u) + (D" (F) @@z ).

i=0 j=1

We put

gt=:v=uog
Vi =Utog+ (Uxog)gt =Utog+ (Uux)og =A;1CK(U)09 ()
=A'Ck(vog™)og=:pra(Dk o Ex)(g,v), where

Ek(9,V) = (9. Ck(vog ) og),  Dk(g,v) = (9, A'(vog ') og).
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Now consider the topological group and Banach manifold Di (HC" described
in (6.11).
(2) Claim. The mapping Dy : DIi[HC" xHC"2 — Di[HC" xHC" is
strongly C!.

First we check that all directional derivatives exist and are in the right
spaces.

For w € HC" we have

Oslo(uo (g +sw)) = (ux o g)w
W o g*1

gxog!
Os|o pro Dk(g + sw,v) =

= 0s[oA ' (VogT) o (g +sw) + ds[o(A (Vo (g +sw) ) og

= (A (Vo g ) o)W — (A (k09 )28 )) o g

= (A (Vog DxWog ) og— (A((vog Dx(wog ) og.
Therefore,

Os[o(g +sw) ™" = —

Ai((@s|o pry Dy (g +sw,v))og™") =

= A(AL (Vo g Dxwog ™)) — (vog Hx(wog™)
K 2i-1 ..
21\ L; ;
=WVog Hx.(Wog H)+ < >6”1A_1(v og .02 I(wog™h)
X ; J:ZO j X k X
—(Vog Hx(Wog™) e HC" 2k,

By (6.12) and (6.13) this is locally Lipschitz jointly in v,g,w. Moreover we
have 0s|o pr, Dk (g +sw,v) € HC™, and Dy is linear in v. Thus Dy is strongly
cl.

(3) Claim. The mapping Ex : DIi[HC" xHC" — DIi[HC" xHC" %k js
strongly C!. This can be proved similarly, again using (6.12) and (6.13).

By the two claims equation (1) can be viewed as the flow equation of a
C!-vector field on the Hilbert manifold Di[HC" xHC". Here an existence
and uniqueness theorem holds. Since v = 0 is a stationary point, there exist
an open neighborhood Wy, of (Id,0) in Di[HC" xHC" such that for each
initial point (go, Vo) € Wy, equation (1) has a unique solution FI{(go, Vo) =
(g(t), v(t)) defined and C? in t € (—2,2). Note that v(t) = g¢(t), thus g(t) is
even C3 in t. Moreover, the solution depends C! on the initial data.

We start with the neighborhood

War,1 C DIiLHC?* xHC?+! 5 DIHC" xHC"  forn > 2k +1

and consider the neighborhood Vy, := Wy ; N DIiHC" xHC" of (Id, 0)

(4) Claim. For any initial point (go, Vo) € Vn the unique solution FI{(go, Vo) =
(g(b), v(t)) exists, is C2 in t € (=2,2), and depends C! on the initial point in
Vh.
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We use induction on n > 2k + 1. For n = 2k + 1 the claim holds since
Vors1 = Waor1. Let (9o, Vo) € Voxso and let FIFT2(go,vo) = (@(t), (1))
be maximally defined for t € (t;,t;) > 0. Suppose for contradiction that
ty < 2. Since (Qo, Vo) € Vario C Vary1 the curve FIZ<T2(gg, vo) = (§(1), V(1))
solves (1) also in Di [HC?™! xHC2k+! thus FIZ*™2(go, vo) = (§(1), V(1)) =
(9(t), v(t)) := FIZ¥T1(go, vo) for t € (t;,t,)N(—2,2). By (7.3.6), the expression

J(®) =39, v, 1) = g« (©*Ac (1)) 0 g(t) = gx()>Ax(v(t) 0 g(1) ") o g(t) (5)

is constant in t € (—2,2). Actually, since we used C°°-theory for deriving
this, one should check it again by di[erkentiating. Since u = gy o g~! we get
the following (the exact formulas can be computed with the help of Faa di
Bruno’s formula (6.1).

U = @009 )@ Dx= T 0g !
Ox
0x0t 0%9y .-
02u=(ZF —gx—=)og !
X g)2( tx g)?z
ax(g_l) = i © 9_1
Ox
_ 02
0x(@ o9 = —g%g
X
a2kg
059" ") og = — i3 + lower order terms in g
Ox
2k 2k
(Oxfu)og = O Ot 99 4 ower order terms in 9,0t = V.

)2(k - th g)2(k+1
Thus
(—1)Xg2K"13(t) = gu02Xg — gix@2g + lower order terms in g, ge = V.
Hence for each t € (-2, 2):
0x0%Gt — O0x°g = (—1) g3 (gi"‘?’j (t) + Py(g, V)) , where

Qk(9,0x9, -, 059, v, 0xv, ..., 3 V)
g%

Pk(gv V) =

for a polynomial Qy. Since J(t) = J(0) we obtain that

(63"9(0
gx(t)

This implies

0zg(t) _ 0359(0) ., .k [ ([ ok 3,5
S =20+ D [ (6030 + Pul@). vs) .

) = (—1)% (gik—3(t)5 ) + Pk(g(t),v(t))) for all t € (—2,2).
t
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For t € (t1,t2) we have

a2k
g SO ®)

XY0

t ~
+ (- ox(® /0 (922(9)3(0) + Pu(9(s). v(s)) ) .

05q(t) =

Since (9o, Vo) € Vakio We have J(0) = J(go,V0,0) € HC?2 by (5). Since
k > 1, by (6) we see that a2Xg(t) € HC?2. Moreover, since t, < 2, the limit
lime_¢, 02KF(t) exists in HC?, so lim¢_.¢,  §(t) exists in HC?+2, As this
limit equals g(t,), we conclude that g(t;) € Di[HC?**2. Now ¥ = §i; so we
may di Lerbntiate both sides of (6) in t and obtain similarly that lim_,_ V(t)
exists in HC?*2 and equals v(t;). But then we can prolong the flow line
(§, V) in Di (HC?*2 x HC2k+2 peyond t,, so (t;, t2) was not maximal.
By the same method we can iterate the induction. 0O

8. The Virasoro-Bott group and the Korteweg-de Vries
hierarchy

8.1. The Virasoro-Bott group

Let Dil[—denote any of the groups Di[HC"(S'), Di[(R), (di [edmorphisms
with compact support), or Dil[s{R) of section (6). For ¢ € DilIet ¢’ :
S! or R — R* be the mapping given by Tyx® - 0x = ¢’(X)dx. Then

c:DILXdDICF+ R
1 1
c(0.4):= 5 [ log(@ouYdlogy' = ; | log(@’ o u)dlogy

satisfies c(d,¢~!) = 0, c(ld,p) = 0, c(¢,1d) = 0, and is a smooth group
cocycle, i.e.,

c(d2, d3) — c(d1 0 b2, d3) + (b1, D2 0 d3) — c(P1, d2) =0,

called the Bott cocycle.
Proof. Let us check first:

/ log(¢ o )dlog y’ = / log((4' o Y)y)d logy’ =
= / log(¢ o y)d log Y’ + / log(y')d log ¥/,
/Iog(w’)d logy’ = %/d log(y’)? = 0.

2c(ld, @) = /Iog(l)d logy’ = 0.
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2¢(¢, Id) = /Iog(q)’)d log(1) = 0.

260", §) = / log((¢~" o ¢))d log ¢ = / log(1)d log ¢’ = 0.
@4 =0.

For the cocycle condition we add the following terms:
20(02,0) = | log(@} o s)dlog &
~20(1 < 02, 05) = — [ log((h: o 62’ o bs)dlog &
=~ [ 10g((# = 62 = $2)(@% o ha))d log &
=~ [ 10g(& < 62 o d)llogd% — [ loa(@ o d)elog ¢
20(01.02.62) = [ Tog(®] o b2 4a)d10g(ds © )’
= [ 100(8 = 62 o ) log (8} o 6)¢%)
= [ 1og(@} o 62 0 02)d10g(8 = ¢:) + [ 109(@% b2 = ¢:)dlog ¢
= [ 1oa(} o d2)dlogd% + | log(@; o 62 o ds)dlog ¢
~20(1,2) = — [ 1og(@ < ¢)dlogd;, O

The corresponding central extension group S! x. Di [HC(S?), called the
periodic Virasoro-Bott group, is a trivial S'-bundle S* x Di[HC(S!) that
becomes a regular Lie group relative to the operations

()(3)= (pdntin) () =)

for ¢, € DIACT(S') and a, B € S*. Likewise we have the central extension
group with compact supports R x. Di [{IR), with group operations

()E)= (avslom) () =)
a/\B a+B+cdy)) \a —a
for ¢, p € DIHCT(R) and a, B € R. Finally there is the central extension of

the rapidly decreasing Virasoro-Bott group R x. Di [Z{R) which is given by
the same formulas.
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8.2. The Virasoro Lie algebra

Let us compute the Lie algebra of the two versions of the the Virasoro-Bott
group. Consider R x. Di [ where again Dil[_denotes any one of the groups
Di[HC*(SY), DiL[(R)y, or Dils(R). So let ¢, : R — DilWith ¢(0) =
W) = Id and ¢:(0) = X, U(0) = Y € Xc(R), X(S!), or S(R)dx. For
completeness’ sake we also consider o, : R — R with a(0) = 0, 3(0) = 0.
Then we compute:

OO\ (Y ) _ 4 (OO (WO (6O
Ad (a(t)) <B’(O)) = slo (a(t)) (B(S)) <—a(t)>
_ as|0< B(t) o W(S) 0 b(D)! >
a(t) + B(S) + c(d(t), W(S)) — at) + c(d(t) o Y(S), b))
( B(1).Y = Ad(@®)Y )
Be(0) + 5 oc((t), W(S)) + dsloc(d() 0 W(S). (D))

[(G:EO))’ (BtY(O)N -

. |0< (FI).Y = Ad(o(D)Y )
TAB(0) + As[oc((1), W(S)) + Bs[oc(@(1) 0 W(S), (B 1)

M

( —[X,Y] ) @
0tl00s|oC(P(1), W(S)) + Ot|o0s|oC(P(t) o W(s), d(t)~1)

Now we di [erentiate the Bott cocycle, where sometimes f’ = 0, f:

20s[oc(d(D), W(s)) = as\o/log(tb(t)’ o Y(s)) dlog(y(s)’)

Y ECIORIIONS , o
~ ) e o w(0) d'og(‘&(flz)““ / log($(t)’) dY

= / log(d(t))Y ” dx
— ! 1 — /Y H 1!
204]00s o c((1). Y(S)) = delo / log(e(t))Y " dx = [ 2 / XY "dx.

For the second term we first check:

—1y — 1 -1y — dxx 0 ¢!
@ =g @ T ey
_ 1
X)) =y Y= -dx = dy
1 _ ¢// ¢ 1 :_¢7//
dlog((® ™20 = — gt six =~y

and continue to compute
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20soc(§(t) o W(s), H() ") = 050 / log((§(t) o W(s))x o d(H) ™) d log(d(t)x ")

_ /(¢(t)"o PO ~H(Y 0 D)) + (D)0 BB ~)(Y "0 (B~
@M © 6O HWOY o d®) )
B / (GO)Y +o@OM)" Y
@)

20¢00s[oc(P(t) 0 W(s), d(1) ) = —0xlo

/0+0+¢(0) x”Y’—OOI
(9(0) = 1)*

/X”Y dy = /X Y " dx.

Finally we get from (2):
X\ Y\ _ /DX YT _ /XY — XY’ 3
Ka)’(bﬂ‘(w(xﬂ)‘( O(X,Y) ) ©
where

WX, Y) =wX)Y = /x’dY’ = /X’Y "dx = /det (X” ,,) dx,

is the Gelfand-Fuchs Lie algebra cocycle w : g x g — R, which is a bounded
skew-symmetric bilinear mapping satisfying the cocycle condition

dlog($(t)x ")

(GM®)")?Y + o)1) Y’
(®)?

dy

w([X,Y1],2) + (Y, Z], X) + o([Z, X],Y) = 0.

It is a generator of the 1-dimensional bounded Chevalley conomology H2(g, R)
for any of the Lie algebras g = X(S1), Xc(R), or S(R)dx. The Lie algebra of the
Virasoro-Bott Lie group is thus the central extension R x, g of g induced by
this cocycle. We have H2(X.(M), R) = 0 for each finite dimensional manifold
of dimension > 2 (see [21]), which blocks the way to find a higher dimensional
analog of the Korteweg — de Vries equation in a way similar to that sketched
below.

For further use we also note the expression for the adjoint action on the
Virasoro-Bott groups which we computed along the way. For the integral in
the central term in (1) we have:

! [ (toat@yr - @Y O L (8 (1)) =
= /((‘E);)' - (‘g,/) )Y dx = /S(¢)Y dx,

where a new character appears on stage, the Schwartzian derivative:
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s@= (%) -3() =5 - 3(E) =t0a@y - Soa@yy @

which measures the deviation of ¢ from being a Moebius transformation:

2

S($)=0 = ¢(x) = j)%g for (i‘ g) € SLQR).

Indeed, S(¢) = 0 if and only if g = log(¢’)’ = q;)—né.]satisfies the di[erkntial

equation g’ = g2/2, so that 2% =dxor ?2 = x+% which means log(¢’)'(x) =
9(X) = i or again log(¢'(x)) = [ 225 = —2log(x + d/c) — 2log(c) =
109 (rgayz)- Therefore, ¢'(X) = g = 0x 248,

For completeness’ sake, let us note here the Schwartzian derivative of a
composition and an inverse (which follow since the adjoint action (5) below

is an action):

S@)

“@r°t

S(dow)=(S(P) o)) +SW), S )=
So finally, the adjoint action is given by:

(@) (0) = s Y@

8.3. H°-Geodesics on the Virasoro-Bott groups

We shall use the L2-inner product on R x,g, where g = X(S1), X¢(R), S(R)0x:

<<§) (z)>o = /XY dx + ab. &)

Integrating by parts we get

ORI ().

= /(2x'z +XZ' +cX")Y dx

(1)) 2)), e
w(3) (2)= (77 ),

Using matrix notation we get therefore (where 0 := 0x)
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(3)

(o0 0)

< ) <2X’+Xa X”’)
o) ( ) ()-( 7

. (?) ~a () = ES&S )

X' +2Xa9 X"
—w(X) 0

Formula (3.2.2) gives the H® geodesic equation on the Virasoro-Bott group:

(£)=w() (=) e o
(Zg) =% @8) | (qi(;)(;)) ot
s b(s) o p(1) !
° (a(s) - °ﬁ(f) +c(9(s), ¢(t)1)) s=t
(o "8

since we have

205c(§(S), D))=t = s / log(¢(s)’ o d()~") dlog(($(t) ")) s—t

By cd® ! [ GO 0 d(t)"!
d(t) o () ! <_(¢(t)’ ¢(t)1)2> dx by (8.2)
% .

e ) e =

Thus a is a constant in time and the geodesic equation is hence the Korteweg-
de Vries equation
Ut + 3UXU + aUXXX = O. (3)

with its natural companions

¢tX¢XX
262 dx.

bt =uoo, o =a+

It is the periodic equation, if we work on S*.
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The derivation above is direct and does not use the Euler-Poincaré equa-
tions; for a derivation of the Korteweg-de Vries equation from this point of
view see [34], section 13.8.

Let us compute the invariant momentum mapping from (4.3.2). First we
need the transpose of the adjoint action (8.2.5):

(&) ()-(2)), = () (®) ),
(I )}

= /Y (&' 0 d1)(Z o d~ 1) dx + b + /bS(q))Z dx
= / ((Y o 0)(")* +bS($))Z dx + be

Ad (2)T (D _ ((Y o ¢)(¢22 + bS(¢)>_

Thus the invariant momentum mapping (4.3.2) turns out as

5((2) (E)) — Ad @TG ) <(Y o¢><¢22 +bs<¢))_ @

Along a geodesic t — g(t, ) = (q’(ot"(t) ), according to (3) and (4.3), the
momentum

J—(<2> , <U = ¢;O ¢1)> _ ((U ° ¢)¢>2;+ aS(¢)> _ (¢t¢§ ;a3(¢)>
©®)

is constant in t.

8.4. The curvature

The computation of the curvature at the identity element has been done
independently by [41] and Misiolek [42]. Here we proceed with a completely
general computation that takes advantage of the formalism introduced so far.

Inserting the matrices of di[erential- and integral operators ad (f,:)T a(y),

and ad (¥) etc. given above into formula (3.4.2) and recalling that the matrix

is applied to vectors of the form (f) where ¢ is a constant, we see that

4R ((Xl), (X;)> is the following 2 x 2-matrix whose entries are di [efential-

ax a.
and integral operators:
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40X XY — X{'Xa) +2(a XS — apsX (M)

+(8(X1 X, — X! Xy) +10(a; XL — a,X/"))d 2(X{"X5 — X1X3")
+18(a; X — a;X/)a? +206 X5 = X{VX,)
+(12(ar X}, — ayX]) + 20(X1, X2))d? +(@aX{¥ — a;x(?)

—X{"0(X2) + X3 0 (X1)

w(X2)(4X] +2X,0 + a,0%)
—0(X1)(4X, + 2X,0 + a,0%)

Therefore, 4R ((xl), (XZ)) (32) has the following expression

ag az

40X XY — XTXo)Xs + 2@ X5 — axX (V)X
+ (8(X1 X5 — X[ Xy) +10(a; X5 — axX{")) X
+18(a1 X5 — @ X{)Xy +12(a1 X} — a; X ()X

x| xixyax - xp [ xgxgaxrxy [ xixqox

+ 285 (X} X4 — XIXJ) + 2a5 (X X5 = X B X,) + ag(a; XS —a,x (V)

/ XY (a1 Xy — a; X} )dx

+ / IXLKLXY — XIXy — 2XIXY + 2XIX4)dx

which coincides with formula (2.3) in Misiolek [42]. This in turn leads to the
following expression for the sectional curvature

X X X X —

(4r (). 02)) (2. (), =
- /(4(x1xg — XU X5)X1 Xo + (X1 X, — X X2)X! X
+2(ar XY — aaX MYX X, + 10(a XY — a;X]")X| X
+ 18(a1X§' — aQX{/)X{/XQ
+12(ar X} — asX])X " Xy + 20(X1, X2) X/ X5
— X1I,(J.)(X2, Xl)XQ + Xé”(.\)(xl, Xl)XQ
+ 2(X]" X5 — XU XY ar X,
+ 20X — XWx,)a; X,
+ (a1X2(6) — 32X£6))31X2
+ (AX] X XY+ 2X X XY+ ag XXy
— AXX X — 2K XX — azx;”xg”)ag) dx
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= /( — A[Xy, Xo]? + 4(ar Xy — a3 Xq) (X X5 — XIXY + XX — X P Xy)

— (Xg")%a} +2X["X3 a3z — (X{")?a3 ) dx
+3w(X1, X2)?.

This formula shows that the sign of the sectional curvature is not constant.
Indeed, choosing h; (X) = sinx, hy(X) = cos x we get —n(8+a?+aZ—3m) which
can be positive and negative by choosing the constants a;, a; judiciously.

8.5. Jacobi fields

A Jacobi field y = () along a geodesic with velocity field (}) is a solution of
the partial dilerkntial equation (3.5.1) which in our case looks as follows.

()= oo (1) oo (l)ose () ] (2
~aa(8) (1) -a(8) (1) e () (2)
(@) (5] )

+ _ZUX — 4uax — aa)?z —Uxxx Yt
w(u) 0 be /)’

which leads to

Yir = —U(4Yix + 3UYxx + @Yxxxx) — Ux(2Yt + 28Yxxx) ¢))
- Uxxx(bt + w(y, U) - 38-YX) — AYtxxx;
bee = W(U, Yi) + (Y, 3uxu) + O(Y, QUxxx)- )

Equation (2) is equivalent to:
b = [ (~Yo0cl + Yo (Bt + b)) @)
Next, let us show that the integral term in equation (1) is constant:
be+ 0y 1) = b+ [ Yoo dx =: B ©

Indeed its t-derivative along the geodesic for u (that is, u satisfies the
Korteweg-de Vries equation) coincides with (2'):
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Bt + /(ytxxxu + YyxxUt) AX = bee + /(thxxu + Yxxx (—3UxU — AUxxx)) dX = 0.

Thus b(t) can be explicitly solved from (3) as

t
b(t) = BO + Blt - //yxxxu dx dt. (4)
a

The first component of the Jacobi equation on the Virasoro-Bott group is a
genuine partial di [erkntial equation. Thus the Jacobi equations are given by
the following system:

Yt = —U(4Yix + 3UYxx + @Yxxxx) — Ux(2Yt + 2ayxxx)
— Uxxx(B1 — 3ayx) — @Ytxxxs @)
Ug = —3UxU — @Uxxx;
a = constant,

where u(t, x), y(t, x) are either smooth functions in (t,x) € I xS! orin (t,x) €
I x R, where | is an interval or R, and where in the latter case u, y, y; have
compact support with respect to x.

Choosing u = ¢ € R, a constant, these equations coincide with (3.1) in
Misiolek [42] where it is shown by direct inspection that there are solutions
of this equation which vanish at non-zero values of t, thereby concluding
that there are conjugate points along geodesics emanating from the identity
element of the Virasoro-Bott group on S*.

8.6. The weak symplectic structure on the space of Jacobi fields on
the Virasoro Lie algebra

Since the Korteweg - de Vries equation has local solutions depending smoothly
on the initial conditions (and global solutions if a # 0), we expect that the
space of all Jacobi fields exists and is isomorphic to the space of all initial
data (R x¢ X(S1)) x (R x¢ X(S1)). The weak symplectic structure is given in
section (3.7):

() () =6 ), (G)- €)= Q) G- (),
_/<<ﬁ>’ )61, G- G)),

= /(th — YtZ + 2u(yzZx — yx2)) dx )



Geometric Evolution Equations 61
+bC; —cB; — a/y’z” dx, (@))
where the constant C; relates to ¢ as B; does to b, see (8.5.3) and (8.5.4).

8.7. The geodesics of the HX-metric on the Virasoro group

We shall use the H*-inner product on R x,g, where g is any of the Lie algebras
X(S1) or Xs(R) = S(R)0x. The Lie algebra X.(R) does not work here any
more since Ax = Zf:o(—l)j 82} is no longer a linear isomorphism here.

(L Q)) = for e e

= /Ak(X)Y dx +ab = /XAk(Y)dx+ab,

Kk
where A, = "(~1)'03" as in (7.3.1).
i=0

Integrating by parts we get
q X\ /Y Z _ X'Y — XY’ Z
()6 €)= oy ) ),
= /(X’Y Ar(Z) — XY'A(Z) + cX'Y ") dx
= /(ZX’Y Ax(Z) + XY A(Z') + cX"") dx

= / Y AAL (X Ak(Z) + XAK(Z) + eX) dx

(=) (), v

0

od (x) T (z) _ (A;l(zx'Ak(Z) + XA (Z') + cX’”))

a c 0

2
Using matrix notation we get therefore (where 0 := 0x)
ad (X)) = (X =Xa0
a/ L oX) o0

od (x>T B (Akl.(ZX’.Ak + X Ay.0y) Akl(x”f))
a 0 0

a(>;> o ( )T<>a() _ (Akl.(Ak(X’) +€Ak(x)ax + ad?) 8) .
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Formula (3.2.2) gives the geodesic equation on the Virasoro-Bott group:

<ut> _ g <u) ! (u) _ (—A;l(zuxAkw) * UAK) + auxxx>)' @

a a

e (29) = o T 50

as in (8.3.2) Thus a is a constant in time and the geodesic equation contains
the equation from the Korteweg-de Vries hierarchy:

Ak (Up) = —2uxAx(u) — UAK(Ux) — aUxxx 4)

For k = 0 this gives the Korteweg-de Vries equation.
For k = 1 we get the equation

Ug — Utxx = —3UUx + 2UxUxx + Ulxxx — QUxxx,

the Camassa-Holm equation, [13], [36]. See (7.3.4) for the dispersionfree ver-
sion.

Let us compute the invariant momentum mapping from (4.3.2). First we
need the transpose of the adjoint action (8.2.5):

(2a(@) (0(2) = ()2 () (D)),
=((0) (er s 3@,
:/Ak(Y)(¢*Z)dx+bc+/bS(¢)Z dx
=/Ak(Y)((¢’Z)o¢*1)dx+bc+/le(q))Z dx
= [y o o@yzdy +be+ [bS@)Z dx
= [ (@A) o @Y +bS@)Zdx + be

= / AAL ((A(Y) 0 9)(9')? +bS($))Z dx + be

- <(Ak1((Ak(Y) ° 4;)(4)’)2 + b3(¢))) , (i) > _

Ad (i)T (Yb> _ (Ak (A D@y +bS(¢))>

Thus the invariant momentum mapping (4.3.2) turns out as
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J—<(¢>, (Y)> — Ad <¢>T<Y> _ (Akl((Ak(Y) o d)(¢')* + b5(¢))>‘
a b a b b

®)
Along a geodesic t — g(t, ) = (q’(ot"(t) ), according to (4) and (4.3), the

momentum

J_<(2)'<u_¢to >) E (Ak(u) o ¢)¢X+a8(¢))>

(Ao 1) o d)bZ + aS((b))) ®)
a
is constant in t, and thus also
I ¢) == (Ac(drod7') o d)d3 +aS(¢) @)

is constant in t.

8.8. Theorem.
[12] Let k > 2. There exists a HC?**'-open neighborhood V of (Id,0) in the
space (S! x¢ DIi{31)) x (R x X(S1)) such that for each (go, a,up,a) € V
there exists a unique C3 geodesic g € C3((—2,2), S x. Di[({8')) for the right
invariant H Riemann metric, starting at g(0) = g in the direction g¢(0) =
Up o go € Ty, DIL(3'). Moreover, the solution depends C' on the initial data
(9o, Ug) E V..

The same result holds if we replace S! x. Di[(3') by R x. Di[s{R) and
X(S") by S(R)dx = Xs(R).

In the following proof Di X, Di[HC", HC" will mean either Di[{3'),
X(S1), DILHC"(S'), HCM(SY), or DiLs(R), Xs(R), Di[HC"(R), HC"(R),
respectively.

Proof. For u e HC", n > 2k + 1, we have as in the proof of (7.4)

k 2i

Ak(Utx) = UAKU) + D (=1' D (3)(@ku)@5 1+ u) =1 uAx(ux) + Bi(u),
i=0 j=1

where By : HC™ — HC" 2% is a bounded quadratic operator. Recall from
(8.7.4) that we have to solve (where a is a real constant)
Ut = _A|Z1 (ZuxAk(u) + lflAk(ux) + auxxx)
= _AE1 (ZUXAK(U) + Ak(uux) - Bk(u) + auxxx)
= —uuy — A" (2uxAx(U) — Bi(U) + aUxxx)
=! —Uux + A 'Ck(u,a),

where u = gro g~ € X, and where Cx : HC" — HC" 2K is a bounded
polynomial operator, given by
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Ck(a,u) = —2uxAx(u) + Bk(u) — AUxxx
2i

—2uxAk(u)+Z( D' (3) @ku)@3 ' u) —

=0 j=1

Note that here we need 2k > 3. In [43] this result was obtained for k > 3/2.
We put

Jgt=v=uog
Ve =Ugo g+ (Ux 0Q)ge = Ug o g + (Uux) og = A 'Ck(a,u) og
= A 'Ck(avog ) og=:pra(Dk o Ex)(g,v), where
1)
Ex(a,9,v) = (9,Ck(@veog )og),  Dk(gVv)=(9,A ' (vog ')oQ).
Now consider the topological group and Banach manifold Di [HC".
Claim. The mapping Dy : DIi[HC" xHC"~2 — DIi[HC" xHC" is
strongly C'.
Let us assume that we have C'-curves s — g(s) € Di[HC" and s — v(s) €
HC" =2, Then we have:

95 pry Dic(a,4(s), V(s)) = 0sA; (Vo g ) og
= A (Vs0g ) og + AL ((vx og ) (-2 3_1)) o9
+ (A (Vo g )x00)gs
A ( (95 Pra D@ 9(9). v(s)) ) 097" =
=Vs0og ' = (vog Ix(@s 097" + A(AL (Vo g Dx(gs 0 g))

1

=vsog ' —(Vog Hx(gsog )+ (Vog Dx(@sog )+
+§kjmzl(i')(a“1(Ak1<vog )02 (gs 0 g 1) € HCN 2
ds pr; t:kj(aog(s) V() =A'(vsog ) og
+Zk;2zg( A (kA o)z e 0a) o0
22

and by (6.12) and (6.13) we can conclude that this is continuous in a, g, gs, V, Vs
jointly and Lipschitz in gs and vs. Thus Dy is strongly C*.

Claim. The mapping Ex : DIi[HC" xHC" — Di[HC" xHC" 2k is
strongly C'.

This can be proved in a similar way as the last claim.

By the two claims equation (1) can be viewed as the flow equation of a
C!-vector field on the Hilbert manifold Di[HC" xHC". Here an existence
and uniqueness theorem holds. Since v = 0 is a stationary point, there exists
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an open neighborhood Wy, of (Id,0) in Di[HC" xHC" such that for each
initial point (go, Vo) € Wy equation (1) has a unique solution FI{'(go, Vo) =
(g(t), v(t)) defined and C2 in t € (—2,2). Note that v(t) = g¢(t), thus g(t) is
even C3 in t. Moreover, the solution depends C! on the initial data.

We start with the neighborhood

Wi y1 C DiTHC?H! xHC+! 5 DIHC" xHC"  forn>2k +1

and consider the neighborhood Vy, := Wy ; N DiHC" xHC" of (Id, 0).

Claim. For any initial point (go,Vo) € Vn the solution FI{(go,vo) =
(g(t), v(t)) exists, is unique, is C? in t € (—2,2), and depends C'! on the
initial point in Vp,.

We use induction on n > 2k + 1. For n = 2k + 1 the claim holds since
Vi1 = Wapr. Let (90,Vo) € Vawyo and let FIZ*T2(go,vo) = (§(t), ¥(t))
be maximally defined for t € (t;,t;) > 0. Suppose for contradiction that
ty < 2. Since (go, Vo) € Va2 C Vaiy1 the curve FIFM2(go, vo) = (@(t), (1))
solves (1) also in Di [HC?T! xHC2k+1 thus FIZT2(go, vo) = (§(t), V(1)) =
(g(t), v(t)) := FIZKT1(go, vo) for t € (t1, ;)N (=2, 2). By (7.3.6), the expression

J(®) =39, v, t) = gx(©)>Ac(u(D)) 0 g(1) = gu (D A (V(D) 0 g(1)) 0 g(t)  (2)

is constant in t € (—2,2). Actually, since we used C°-theory for deriving
this, one should check it again by di[erentiating. Since u = gy o g% we get
the following (the exact formulas can be computed with the help of Faa di
Bruno’s formula (6.1):

-1

Uy = (G0 0@ D = X og

Ox
a2gt a2g
2 = -1
o5u = ( 5)2( - txé)og
ax(gil) = i © 971
Ox
2
02g)og=-22
9%
a2kg
03(9™") 09 = ——1 + lower order terms in g
Ox
2k 2k
(0“u)og = ax)2(3t — Otx ;T(fl + lower order terms in g,g¢ = V.
Thus

(—1)Xg2K=13(t) = gu02Xg — gex@2g + lower order terms in g, ge = V.

Hence for each t € (-2, 2):

0x02Gt — 0030 = (-1} (93 2T (0 + P(g,v)) , where
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Qk(9,0x0, ..., 025 1g,v,0yv, ..., 02k 1v)

Pk(g,V) = 92
X

for a polynomial Q. Since J(t) = J(0) we obtain that
<6§kg(t)

9x ()
This implies

02g(t) _ 03%0(0) | , .k [F (k-3 T
=+ 0 [ (930 + Pula). vis)) .

For t € (t, tz) we have

) = (~1)K (gik’g(t)j () + Pk(g(t),v(t))) for all t € (~2,2).
t

ok 024go
259V = gx (H)+ 3
xJo

t . -
+ (-D¥gx(® / (6 2©)3© + Pu(9(s), v(s))) ds.

Since (9o, Vo) € Vakio We have J(0) = J(go,Vo,0) € HC? by (2). Since
k > 1, by (3) we see that a2Xg(t) € HC?2. Moreover, since t, < 2, the limit
lime_¢, 025F(t) exists in HC?, so lim¢_.¢,  §(t) exists in HC?*2, As this
limit equals g(t,), we conclude that g(t;) € Di[HC?**2. Now ¥ = §i; so we
may di Lerbntiate both sides of (3) in t and obtain similarly that lim_,_ V(t)
exists in HC?*2 and equals v(t;). But then we can prolong the flow line
(§,¥) in Di (HC?*2 x HC2k+2 peyond t,, so (t;, t2) was not maximal.
By the same method we can iterate the induction. 0O

Appendix A. Smooth calculus beyond Banach spaces

The traditional dilerkntial calculus works well for finite dimensional vector
spaces and for Banach spaces. For more general locally convex spaces we sketch
here the convenient approach as explained in [20] and [30]. The main di Cculity
is that the composition of linear mappings stops to be jointly continuous at
the level of Banach spaces, for any compatible topology. We use the notation
of [30] and this is the main reference for the whole appendix. We list results
in the order in which one can prove them, without proofs for which we refer
to [30]. This should explain how to use these results. Later we also explain
the fundamentals about regular infinite dimensional Lie groups.

A.l. Convenient vector spaces

Let E be a locally convex vector space. A curve ¢ : R — E is called smooth
or C° if all derivatives exist and are continuous - this is a concept without
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problems. Let C*(R, E) be the space of smooth functions. It can be shown
that C>°(RR, E) does not depend on the locally convex topology of E, but only
on its associated bornology (system of bounded sets).

E is said to be a convenient vector space if one of the following equivalent
conditions is satisfied (called c>-completeness):

1. For any ¢ € C*(R, E) the (Riemann-) integral f01 c(t)dt exists in E.

2. Acurve c: R — E is smooth if and only if Ao c is smooth for all A € E’,
where E’ is the dual consisting of all continuous linear functionals on E.

3. Any Mackey-Cauchy-sequence (i. e. tam(Xn —Xm) — 0 for some tpm — o
in R) converges in E. This is visibly a weak completeness requirement.

The final topology with respect to all smooth curves is called the c>-topology
on E, which then is denoted by ¢c>*E. For Fréchet spaces it coincides with
the given locally convex topology, but on the space D of test functions with
compact support on R it is strictly finer.

A.2. Smooth mappings

Let E and F be locally convex vector spaces, and let U C E be c*>-open.
A mapping f : U — F is called smooth or C>, if f oc € C>*(R,F) for all
¢ € C*°(R,U). The main properties of smooth calculus are the following.

1. For mappings on Fréchet spaces this notion of smoothness coincides with
all other reasonable definitions. Even on R? this is non-trivial.

2. Multilinear mappings are smooth if and only if they are bounded.

3. If f: E DU — F is smooth then the derivative df : U xE — F is smooth,
and also df : U — L(E, F) is smooth where L(E, F) denotes the space of
all bounded linear mappings with the topology of uniform convergence on
bounded subsets.

4. The chain rule holds.

5. The space C>°(U, F) is again a convenient vector space where the structure
is given by the obvious injection

C*UFR) -~ J[ Cc*®F)-— 11 C>(R,R).
ceC=(R,U) ceC=(R,U),AcF D

6. The exponential law holds:
C>®(U,C>®(V,G)) =C>*U x V,G)

is a linear di Cedmeorphism of convenient vector spaces. Note that this is
the main assumption of variational calculus.

7. A linear mapping f : E — C*(V, G) is smooth (bounded) if and only if
E > C>®(V,G) —=»— G is smooth for each v € V. This is called the
smooth uniform boundedness theorem and it is quite applicable.
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A.3. Theorem. [20], 4.1.19..

Let c : R — E be a curve in a convenient vector space E. Let V C E’ be a
subset of bounded linear functionals such that the bornology of E has a basis
of o(E, V)-closed sets. Then the following are equivalent:

1. c is smooth
2. There exist locally bounded curves cX : R — E such that [d ¢ is smooth
R — R with ([dc)® = [dck.

If E is reflexive, then for any point separating subset V c E’ the bornology of
E has a basis of o(E, V)-closed subsets, by [20], 4.1.23.

A.4. Counterexamples in infinite dimensions against common
beliefs on ordinary di[Cerfential equations

Let E := s be the Fréchet space of rapidly decreasing sequences; note
that by the theory of Fourier series we have s = C>(S!,R). Consider
the continuous linear operator T : E — E given by T (Xg,X1,X2,...) =
(0,12%4, 22Xy, 3%X3,...). The ordinary linear dilerential equation X'(t) =
T (x(t)) with constant coe [ciehts has no solution in s for certain initial values.
By recursion one sees that the general solution should be given by

xa® =3 (550 g

i=0

If the initial value is a finite sequence, say X,(0) = 0 for n > N and xn (0) # 0,
then

N 2 tn-i
0= () %07
i=0 ’
n!)?2 N ;
B (n(—)N)l z% ()" %) G €
(n)2 n—N 1 ~ 1 N—N)! 1 N—i
o] > o (xN(on W)’ = 3 (1) O )

Z -
-

2
> _(n)” gn—N (XN O (1) -

(h—N)! (#)° xi(0>|tNi>

i=0

where the first factor does not lie in the space s of rapidly decreasing sequences
and where the second factor is larger than € > 0 for t small enough. So at least
for a dense set of initial values this di[erkntial equation has no local solution.

This shows also, that the theorem of Frobenius is wrong, in the following
sense: The vector field X — T (X) generates a 1-dimensional subbundle E of
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the tangent bundle on the open subset s\ {0}. It is involutive since it is
1-dimensional. But through points representing finite sequences there exist
no local integral submanifolds (M with TM = E|M). Namely, if ¢ were a
smooth nonconstant curve with ¢’(t) = f(t).T (c(t)) for some smooth function
T, then x(t) := c(h(t)) would satisfy x’(t) = T (x(t)), where h is a solution of
h'(t) = 1/f(h(t)).

As next example consider E := RY and the continuous linear operator T :
E — E given by T (Xg, X1,...) := (X1, X2, ...). The corresponding di [erential
equation has solutions for every initial value x(0), since the coordinates must
satisfy the recusive relations X1 (t) = X (t) and hence any smooth functions
Xo : R — R gives rise to a solution x(t) := (x{(t))x with initial value
x(0) = (xf)k) (0))k- So by Borel’s theorem there exist solutions to this equation
for any initial value and the di[erknce of any two functions with same initial
value is an arbitray infinite flat function. Thus the solutions are far from being
unique. Note that RY is a topological direct summand in C>=(R, R) via the
projection f — (f(n))n, and hence the same situation occurs in C*°(R, R).

Let now E := C*(R,R) and consider the continuous linear operator T :
E — E given by T(X) ;= X'. Let x : R — C*(R,R) be a solution of the
equation x'(t) = T(x(t)). In terms of X : R? — R this says %f((t, s) =
%)“((t, s). Hence r — X(t — r, s + r) has vanishing derivative everywhere and
so this function is constant, and in particular x(t)(s) = X(t,s) = X(0,s+1t) =
X(0)(s + t). Thus we have a smooth solution x uniquely determined by the
initial value x(0) € C*°(R,R) which even describes a flow for the vector
field T in the sense of (A.6) below. In general this solution is however not
real-analytic, since for any x(0) € C*(R, R), which is not real-analytic in a
neighborhood of a point s the composite evs ox = X(s+ ) is not real-analytic
around 0.

A.5. Manifolds and vector fields

In the sequel we shall use smooth manifolds M modelled on c>°-open subsets
of convenient vector spaces. Since we shall need it we also include some results
on vector fields and their flows.

Consider vector fields X; € C>*(TM) and Y; € T (TN) for i = 1,2, and
a smooth mapping f : M — N. If X; and Y; are f-related for i = 1,2, i. e.
Tf oX;=Yjof, then also [X;, X5] and [Y1, Y5] are f-related.

In particular if f : M — N is a local di [edmorphism (so (Txf)~! makes
sense for each x € M), then for Y € I' (TN) a vector field f*Y € ' (TM) is
defined by (F*Y )(X) = (TxF)~L.Y (F(X)). The linear mapping f* : T (TN) —
" (TM) is then a Lie algebra homomorphism.
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A.6. The flow of a vector field

Let X € I'(TM) be a vector field. A local flow FI* for X is a smooth mapping
FI*:M xR > U — M defined on a c>-open neighborhood U of M x 0 such
that

1. SR (x) = X(FR(X)).

2. FIX(x) = x for all x € M.

3. Un({x} x R) is a connected open interval.

4. FIF s = FI¥ o FIZ holds in the following sense. If the right hand side exists

then also the left hand side exists and we have equality. Moreover: If FIZ
exists, then the existence of both sides is equivalent and they are equal.

Let X € ' (TM) be a vector field which admits a local flow Fli(. Then for
each integral curve ¢ of X we have c(t) = Fli( (c(0)), thus there exists a unique
maximal flow. Furthermore, X is FI¥-related to itself, i. e. T(FIF) o X =
X o FIX.

Let X e F(TM)and Y € I'(TN) be f-related vector fields for a smooth
mapping f : M — N which have local flows FI* and FI'. Then we have
f o FIX = FI{ of, whenever both sides are defined.

Moreover, if T is a di (edmorphism we have Flfb—*‘J =f Lo Fly of in the
following sense: If one side exists then also the other side exists, and they are
equal.

For f = Idy this implies that if there exists a flow then there exists a
unique maximal flow FI¥.

A.7. The Lie derivative

There are situations where we do not know that the flow of X exists but
where we will be able to produce the following assumption: Suppose that
¢ :RxM DU — M is a smooth mapping such that (t,x) — (t, p(t,x) =
d¢(x)) is a diledmorphism U — V, where U and V are open neighborhoods
of {0} x M in R x M, and such that ¢, = Idyy and 9¢pr = X € ' (TM). Then
again dto(¢o)*f = 0¢foT o Py = df o X = X(F).

In this situation we have for Y € I'(TM), and for a k-form w € QK(M):

Otlo(pe)"Y =[X,Y],
Oto(Pe)*w = Lxw.

Appendix B. Regular infinite dimensional Lie groups

B.1. Lie groups

A Lie group G is a smooth manifold modelled on c>°-open subsets of a conve-
nient vector space, and a group such that the multiplication p: G x G — G
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and the inversion v : G — G are smooth. We shall use the following notation:
U: G x G — G, multiplication, u(x,y) = x.y.
Ma : G — G, left translation, pa(X) = a.x.
p2 : G — G, right translation, p2(x) = x.a.
v :G — G, inversion, v(x) = x~ L.
e € G, the unit element.
The tangent mapping TapnH : TaG x TG — TapG is given by

T(a,b)u-(xav Yb) = Ta(ub)-xa + Tb(“a)-Yb

and Tav : TaG — T,—1G is given by

Tav = —Te(uail)-Ta(Ua—l) = _Te(Ua—l)-Ta(uail)-

B.2. Invariant vector fields and Lie algebras

Let G be a (real) Lie group. A vector field & on G is called left invariant, if
piE =& for all a € G, where P& = T (Ua—1) o & o Ha. Since we have pZ[E,n] =
[ME&, pianl, the space X (G) of all left invariant vector fields on G is closed
under the Lie bracket, so it is a sub Lie algebra of X(G). Any left invariant
vector field & is uniquely determined by §(e) € TG, since §(a) = Te(Ha)-§(€).
Thus the Lie algebra X (G) of left invariant vector fields is linearly isomorphic
to TG, and on T.G the Lie bracket on X, (G) induces a Lie algebra structure,
whose bracket is again denoted by [ , ]. This Lie algebra will be denoted
as usual by g, sometimes by Lie(G).

We will also give a name to the isomorphism with the space of left invariant
vector fields: L : g — X_(G), X — Lx, where Lx(a) = TeHa.X. Thus
X, Y]=[Lx,Ly]().

Similarly a vector field n on G is called right invariant, if (u®)*n =n for
all a € G. If & is left invariant, then v*¢ is right invariant. The right invariant
vector fields form a sub Lie algebra Xgr(G) of X(G), which is again linearly
isomorphic to TG and induces the negative of the Lie algebra structure on
TeG. We will denote by R : g = TG — Xr(G) the isomorphism discussed,
which is given by Rx (a) = Te(u?).X.

If Lx is a left invariant vector field and Ry is a right invariant vector
field, then [Lx, Ry] = 0. So if the flows of Lx and Ry exist, they commute.

Let ¢ : G — H be a smooth homomorphism of Lie groups. Then ¢’ :=
Ted :g=TeG — h=TcH is a Lie algebra homomorphism.

B.3. One parameter subgroups

Let G be a Lie group with Lie algebra g. A one parameter subgroup of G is
a Lie group homomorphism a : (R, +) — G, i.e. a smooth curve a in G with
a(s +t) = a(s).a(t), and hence a(0) =e.
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Note that a smooth mapping 3 : (—¢, €) — G satisfying B(t)B(s) = B(t+S)
for |t|, ||, |t + s| < € is the restriction of a one parameter subgroup. Namely,
choose 0 < ty < €/2. Any t € R can be uniquely written as t = N.ty + t/ for
0 <t <tyand N € Z. Put a(t) = B(to)NB(t). The required properties are
easy to check.

Let a : R — G be a smooth curve with a(0) = e. Let X € g. Then the
following assertions are equivalent.

1. a is a one parameter subgroup with X = g:a(t).

2. a(t) is an integral curve of the left invariant vector field Lx, and also an
integral curve of the right invariant vector field Rx.

3. FI"*(t,x) := x.a(t) (or FIEX = pe®) is the (unique by (A.6)) global flow
of Lx in the sense of (A.6).

4. FIRX(t,x) := a(t).x (or FIRX = pg) is the (unique) global flow of Rx.

Moreover, each of these properties determines a uniquely.

B.4. Exponential mapping

Let G be a Lie group with Lie algebra g. We say that G admits an exponential
mapping if there exists a smooth mapping exp : g — G such that t — exp(tX)
is the (unique by (B.3)) 1-parameter subgroup with tangent vector X at 0.
Then we have by (B.3)

1. FIX(t,x) = x. exp(tX).

2. FIRX(t,x) = exp(tX).x.

3. exp(0) = eand Toexp = Id : Topg = g — TG = g since Toexp.X =
Ot|o exp(0 + t.X) = ¢|o FIX (t,e) = X.

4. Let ¢ : G — H be a smooth homomorphism between Lie groups admitting
exponential mappings. Then the diagram

1
g% m
expG 0 Elpo
G 0y

commutes, since t — ¢p(exp®(tX)) is a one parameter subgroup of H and
OtoP(exp® tX) = ¢'(X), so d(exp® tX) = exp (t¢’(X)).

We shall strengthen this notion in (B.9) below and call it a ‘regular Fréchet
Lie groups’.

If G admits an exponential mapping, it follows from (B.4).(3) that exp
is a diLedmorphism from a neighborhood of 0 in g onto a neighborhood of
e in G, if a suitable inverse function theorem is applicable. This is true for
example for smooth Banach Lie groups, also for gauge groups, but it is wrong
for di Ledmorphism groups.
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If E is a Banach space, then in the Banach Lie group GL(E) of all bounded
linear automorphisms of E the exponential mapping is given by the von Neu-
mann series exp(X) = >";2, # X'

If G is connected with exponential mapping and U C g is open with0 € U,
then one may ask whether the group generated by exp(U) equals G. Note that
this is a normal subgroup. So if G is simple, the answer is yes. This is true for
connected components of di Ledmorphism groups and many of their important

subgroups.

B.5. The adjoint representation

Let G be a Lie group with Lie algebra g. For a € G we define conj, : G — G
by conj,(x) = axa~!. It is called the conjugation or the inner automorphism
by a € G. This defines a smooth action of G on itself by automorphisms.

The adjoint representation Ad : G — GL(g) C L(g,9g) is given by Ad(a) =
(conj,)’ = Te(conj,) : g — g for a € G. By (B.2) Ad(a) is a Lie algebra
homomorphism. By (B.1) we have Ad(a) = Te(conj,) = Ta(ua_l).Te(ua) =
Tam1 (Ha)- Te (K™ ).

Finally we define the (lower case) adjoint representation of the Lie algebra
g, ad: g — gl(g) := L(g,9), by ad := Ad’ = T Ad.

We shall also use the right Maurer-Cartan form k" € Q!(G,g), given
by Ky = Tg(ugfl) : TgG — g; similarly the left Maurer-Cartan form k' €
Q'(G, g) is given by K = Tg(lg—1) : T¢G — g.

1. Lx(@) = Raq@ax(@) for X e g and a € G.
2. ad(X)Y =[X,Y] for X,Y €qg.
3. dAd = (adok"). Ad = Ad.(adok') : TG — L(g, 9).

B.6. Right actions

Letr : M x G — M be a right action, so F : G — Di[[(IM) is a group
anti-homomorphism. We will use the following notation: r2 : M — M and
rx : G — M, given by rx(a) = r3(x) = r(x,a) = x.a.

For any X € g we define the fundamental vector field Ix = € X(M)
by {x(X) = Te(rx).X = T(xe)r-(0x, X).

In this situation the following assertions hold:

1. {:g— X(M) is a Lie algebra homomorphism.

2. Tx(r?).Lx (x) = Lada—1)x (X.2).
3. Om X Lx € X(M x G) is r-related to {x € X(M).

B.7. The right and left logarithmic derivatives

Let M be a manifold and let ¥ : M — G be a smooth mapping into a Lie
group G with Lie algebra g. We define the mapping "f : TM — g by the
formula
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8 F (&) 1= T (M) ToeF &y for & € TxM.
Then 8"f is a g-valued 1-form on M, 8"Ff € Q'(M;g). We call "F the right
logarithmic derivative of f, since for f : R — (R™,.) we have 3'f(x).1 =
&) = (log of ) (%).
Similarly the left logarithmic derivative 3'f € Q'(M, g) of a smooth map-
ping f : M — G is given by

3'F.&x = T (Mro—2) - TxF&x.
Let f,g: M — G be smooth. Then the Leibniz rule holds:

57 (F.g)(X) = 87 F(x) + Ad(F(x)).5"g(X).

Moreover, the dilerential form 8'f € Q'(M;g) satifies the ‘left Maurer-
Cartan equation’ (left because it stems from the left action of G on itself)

do"f (&, n) — [B"F(),8"F(n)]® =0,
or dé"f— %[?Yf,érf]A =0,

where &,n € TxM, and where for ¢ € QP(M;g),y € Q%(M;g) one puts

[, WIAG1, - &pra) = ﬁ > sign(@)[9Eor - - ) WEo(psnys -+ I

For the left logarithmic derivative the corresponding Leibniz rule is uglier, and
it satisfies the ‘right Maurer Cartan equation’:

8'(Fg)(x) = 3'g(x) + Ad(g(x))3'f(x),
do'f + %[é'f, 5'F]2 =0.

For ‘regular Lie groups’ a converse to this statement holds, see [30], 40.2.
The proof of this result in infinite dimensions uses principal bundle geometry
for the trivial principal bundle pr; : M x G — M with right principal action.
Then the submanifolds {(x, f(x).g) : x € M} for g € G form a foliation of
M x G whose tangent distribution is complementary to the vertical bundle
M x TG C T(M x G) and is invariant under the principal right G-action.
So it is the horizontal distribution of a principal connection on M x G — G.
Thus this principal connection has vanishing curvature which translates into
the result for the right logarithmic derivative.

B.8

Let G be a Lie group with Lie algebra g. For a closed interval I C R and for
X € C*(l,g) we consider the ordinary diLerkntial equation
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1
() = Te(OX(®) = Rxu@D).  of K@) = X,

for local smooth curves g in G, where ty € 1.

{g(to) =e

(2) Local solution curves g of the di Cerkntial equation (1) are unique.

(3) If for fixed X the diLerbntial equation (1) has a local solution near each
ty € I, then it has also a global solution g € C*(l, G).

(4) If for all X € C>°(l,g) the dilerkntial equation (1) has a local solution
near one fixed ty, € I, then it has also a global solution g € C>°(1, G) for
each X. Moreover, if the local solutions near ty, depend smoothly on the
vector fields X then so does the global solution.

(5) The curve t — g(t)~! is the unique local smooth curve h in G which
satifies

h(t)) =e
0th(t) = Te(Un) (=X (1)) = L_x o (h(®), or k'(@:h(t)) = —X(¥).

B.9. Regular Lie groups

If for each X € C*°(R, g) there exists g € C>*(R, G) satisfying

g(0) =,
0:9(t) = Te(MIMW)X (1) = Rx (1 (a(1)), 1)
or K"(0:g(t)) = 3"g(0r) = X(1),

then we write
evolg (X) = evolg(X) = g(2),
Evolg (X)(t) := evolg(s — tX(ts)) = g(t),

and call it the right evolution of the curve X in G. By lemma (B.8) the solution
of the di Lerkntial equation (1) is unique, and for global existence it is su [cieht
that it has a local solution. Then

Evolg : C®(R,g) — {g € C*(R,G) : g(0) = e}

is bijective with inverse the right logarithmic derivative 6".

The Lie group G is called a regular Lie group if evol” : C*(R,g) — G
exists and is smooth.

We also write

evoli; (X) = evolg(X) := h(1),
Evoli; (X)(t) := evoll (s — tX(ts)) = h(t),
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if h is the (unique) solution of

h(0) = e

0th(t) = Te(Hn() ) (X (1)) = Lx @ (h(1)), 2
or K'(@:h(t)) = 8'h(dy) = X(t).

Clearly evol' : C>(R,g) — G exists and is also smooth if evol” does, since we
have evol'(X) = evol" (—=X)~! by lemma (B.8).

Let us collect some easily seen properties of the evolution mappings. If
f € C>*(R, R), then we have

Evol" (X)(f(t)) = Evol" (f'.(X o F))(t). Evol" (X)(f(0)),
Evol' (X)(f (1)) = Evol' (X)(f(0)). Evol' (f'.(X o ))(t).

If ¢ : G — H is a smooth homomorphism between regular Lie groups then
the diagram

Co(R, g) &= (R, h)

evoly
] |
c— 2 [

commutes, since d¢p(g(t)) = TH. T (IW). X (1) = T (uPO®)).¢'. X (t).

Note that each regular Lie group admits an exponential mapping, namely
the restriction of evol” to the constant curves R — g. A Lie group is regular
if and only if its universal covering group is regular.

Up to now the following statement holds:

evolg

All known Lie groups are regular.

Any Banach Lie group is regular since we may consider the time dependent
right invariant vector field Rx ) on G and its integral curve g(t) starting
at e, which exists and depends smoothly on (a further parameter in) X. In
particular finite dimensional Lie groups are regular.

For diCedmorphism groups the evolution operator is just integration of
time dependent vector fields with compact support.

B.10. Extensions of Lie groups

Let H and K be Lie groups. A Lie group G is called a smooth extension of
H with kernel K if we have a short exact sequence of groups

{e} = K- G - H — {e}, M

such that i and p are smooth and one of the following two equivalent conditions
is satisfied:
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2 p admits a local smooth section s near e (equivalently near any point),
and i is initial (i. e. any f into K is smooth if and only if iof is smooth).

1. i admits a local smooth retraction r near e (equivalently near any point),
and p is final (i. e. f from H is smooth if and only if ¥ o p is smooth).

Of course by s(p(x))i(r(x)) = x the two conditions are equivalent, and then G
is locally di Ledmorphic to K x H via (r, p) with local inverse (iopr;).(Soprsy).

Not every smooth exact sequence of Lie groups admits local sections as
required in (2). Let for example K be a closed linear subspace in a convenient
vector space G which is not a direct summand, and let H be G/K. Then
the tangent mapping at 0 of a local smooth splitting would make K a direct
summand.

Let {e} — K - G -2 H — {e} be a smooth extension of Lie groups.
Then G is regular if and only if both K and H are regular.

B.11. Subgroups of regular Lie groups

Let G and K be Lie groups, let G be regular and let i : K — G be a smooth
homomorphism which is initial (see (B.10)) with T.i = i’ : k — g injective.
We suspect that K is then regular, but we know a proof for this only under
the following assumption. There is an open neighborhood U ¢ G of e and
a smooth mapping p : U — E into a convenient vector space E such that
p~1(0) = KN U and p constant on left cosets KgNU.

References

1. V. Arnold and B. Khesin. Topological methods in fluid dynamics. Applied Math.
Sciences. Springer-Verlag, 1998.

2. V. |. Arnold. Geometrical methods in the theory of ordinary di Cerential equa-
tions. Springer-Verlag, New York, xi+334 pp, 1983. Fundamental Principles of
Mathematical Sciences, 250.

3. V.I. Arnold. An a priori estimate in the theory of hydrodynamic stability.
Izvestia Vyssh. Uchebn. Zaved. Matematicka, 54,5 (1966), 3-5. Russian.

4. V.l. Arnold. Sur la géometrie dil&rentielle des groupes de Lie de dimension
infinie et ses applications a I’hydrodynamique des fluides parfaits. Ann. Inst.
Fourier, 16 (1966), 319-361.

5. V.I. Arnold. Mathematical methods of classical mechanics. Springer-Verlag,
New York, Heidelberg, 1978. Graduate Texts in Math. 60.

6. E. Binz. Two natural metrics and their covariant derivatives on a manifold of
embeddings. Monatsh. Math., 89 (1980), 275-288.

7. E. Binz and H.R. Fischer. The manifold of embeddings of a closed manifold.
Proc. Dilerkntial geometric methods in theoretical physics, Clausthal 1978.
Springer Lecture Notes in Physics 139. 1981.

8. R. Bott. On the characteristic classes of groups of di Ledmorphisms. Enseign.
Math., 23, 1977.



78

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24,

25.

26.

27.

28.

29.

30.

Peter W. Michor

. Jean-Luc Brylinski. Loops spaces, characteristic classes, and geometric quanti-

zation. Birkhduser, Boston, Basel, Berlin, 1993. Progress in Math. 107.

J. Burgers. A mathematical model illustrating the theory of turbulence. Adv.
Appl. Mech., 1 (1948), 171-199.

R. Camassa and D. Holm. An integrable shallow water equation with peaked
solutions. Phys. Rev. Lett., 71 (1993), 1661-1664.

A. Constantin, T. Kappeler, B. Kolev, and P. Topalov. On geodesic exponential
maps of the Virasoro group. Preprint 13-2004, University of Ziirich

A. Constantin and B. Kolev. Geodesic flow on the di ledmorphism group of the
circle. Comm. Math. Helv., 78 (2003), 787-804.

K. Deimling. Ordinary di [erkntial equations in Banach spaces. Lecture Notes
in Mathematics, Vol. 596. Springer-Verlag, Berlin-New York, 1977.

J. Eichhorn. The manifold structure of maps between open manifolds. Ann.
Global Anal. Geom. 11 (1993), no. 3, 253-300.

J. Eichhorn. Diledmorphism groups on noncompact manifolds. Zap. Nauchn.
Sem. S.-Peterburg. Otdel. Mat. Inst. Steklov. (POMI) 234 (1996), Di el Geom.
Gruppy Li i Mekh. 15-1, 41-64, 262; translation in J. Math. Sci. (New York) 94
(1999), no. 2, 1162-1176

J. Eichhorn and J. Fricke. The module structure theorem for Sobolev spaces on
open manifolds. Math. Nachr. 194 (1998), 35-47.

D.B.A. Epstein. The simplicity of certain groups of homeomorphisms. Compo-
sitio Math., 22 (1970), 165-173.

C.F. Faa di Bruno. Note sur une nouvelle formule du calcul di [&rkntielle. Quart.
J. Math., 1 (1855), 359-360.

A. Frolicher and A. Kriegl. Linear spaces and di [erkntiation theory. Pure and
Applied Mathematics, J. Wiley, Chichester 1988.

D. Fuks, Cohomology of infinite dimensional Lie algebras. Nauka, Moscow, 1984
(Russian). Transl. English, Contemporary Soviet Mathematics. Consultants
Bureau (Plenum Press), New York, 1986.

I.M. Gelfand and 1.Y. Dorfman. Hamiltonian operators and the algebraic struc-
tures connected with them. Funct. Anal. Appl., 13 (1979), 13-30.

L. Hormander. The Analysis of linear partial di Cerkntial operators I, II, IlI,
IV. Springer-Verlag, Berlin, 1983, 1983, 1985, 1985. Grundlehren 256, 257, 274,
275.

Gelfand I.M. and Fuchs D.B. The cohomologies of the Lie algebra of the vector
fields in a circle Funkts. Anal. Prilozh., 2 (1968), 92-93.

Gerd Kainz. A note on the manifold of immersions and its Riemannian curva-
ture. Monatshefte fiir Mathematik, 98 (1984), 211-217.

B Khesin and P.W. Michor. The flow completion of Burgers’ equation, pages 17—
26. De Gruyter, Berlin, 2004. IRMA Lectures in Mathematics and Theoretical
Physics 5.

A.A. Kirillov. The orbits of the group of di Ledmorphisms of the circle, and local
Lie superalgebras. Funct. Anal. Appl., 15 (1981), 135-136.

S. Kobayashi and K. Nomizu. Foundations of DiLerkntial Geometry. Vol. I.
Vol. 11. J. Wiley-Intersci-ence, 1963, 1969.

S. Kouranbaeva. The Camassa-holm equation on as a geodesic flow on the
di ledmorphism group. J. Math. Phys., 40 (1999), 857-868.

A. Kriegl and P. W. Michor. A convenient setting for real analytic mappings.
Acta Mathematica, 165 (1990), 105-159.



31

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44,

45.

46.

47.

48.

49,

50.

51.

Geometric Evolution Equations 79

. A. Kriegl and P. W. Michor. The Convenient Setting for Global Analysis. AMS,
Providence, 1997. Surveys and Monographs 53.

A. Kriegl and P. W. Michor. Regular infinite dimensional Lie groups. J. Lie
Theory (http://ww w.emis.de/journals/JLT), 7,1, 1997. ESI Preprint 200.

A. Lasota and J.A. Yorke. The generic property of existence of solutions of
di [erkntial equations in Banach space. J. Dilerkntial Equations, 13 (1973),
1-12.

J Marsden and T. Ratiu. Introduction to mechanics and symmetry. Springer-
Verlag, New York, Berlin, Heidelberg, 1994.

John N. Mather. Commutators of di Lledmorphisms I, II. Comm. Math. Helv.,
49 (1974), 512-528.

P. W. Michor. Manifolds of smooth maps Il1l: The principal bundle of embed-
dings of a non compact smooth manifold. Cahiers Topol. Geo. Di [, 121 (1980),
325-337.

P. W. Michor. Manifolds of di Cerentiable mappings. Shiva Mathematics Series,
3. Shiva Publishing Ltd., Nantwich, 1980.

P. W. Michor. Gauge theory for diledmorphism groups. Proceedings of the
Conference on Dilerkntial Geometric Methods in Theoretical Physics Como
1987, K. Bleuler, M. Werner (eds.), 345-371. Kluwer, Dordrecht, 1988.

P. W. Michor and D. Mumford. Riemannian geometries on spaces of plane
curves. J. Eur. Math. Soc. (JEMS) 8 (2006), 1-48, arXiv:math.DG/0312384.
P. W. Michor and D. Mumford. Vanishing geodesic distance on spaces of
submanifolds and di[edmorphisms. Documenta Math. 10 (2005), 217-245,
arXiv:math.DG/0409303.

P.W. Michor and T. Ratiu. Geometry of the Virasoro-bott group. J. Lie Theory,
8 (1998), 293-3009.

G. Misiolgk. Conjugate points in the Bott-Virasoro group and the KdV equation.
Proc. Amer. Math. Soc. 125 (1997), 935-940.

G. Misiolgk. Classical solutions of the periodic Camassa-holm equation. GAFA,
12 (2002), 1080-1104.

G. Misiolgk A shallow water equation as a geodesic flow on the Bott-virasoro
group. J. Geom. Phys., 24 (1998), 203-208.

J.P. Ortega and T. Ratiu. Momentum maps and Hamiltonian reduction.
Birkhduser, Boston, 2004. Progress in Mathematics 222.

V.Y. Ovsienko and B.A. Khesin. Korteweg—de Vries superequations as an Euler
equation. Funct. Anal. Appl., 21 (1987), 329-331.

A. Pressley and G. Segal. Loop groups. Oxford University Press, 1986. Oxford
Mathematical Monographs.

T. Ratiu. The motion of the n-dimensional rigid body. Indiana Univ. Math. J.,
29 (1980), 609-629.

G. Segal. The geometry of the Kdv equation. Internat. J. Modern Phys. A , 6
(1991), 2859-2869.

W. Thurston. Foliations and groups of di Ledmorphisms. Bull. AMS, 80 (1974),
304-307.

A. Weinstein. Symplectic manifolds and their Lagrangian manifolds. Advances
in Math., 6 (1971), 329-345.



