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ABSTRACT. On the manifold M(M) of all Riemannian metrics on a compact
manifold M one can consider the natural L?-metric as decribed first by [10].
In this paper we consider variants of this metric which in general are of higher
order. We derive the geodesic equations, we show that they are well-posed
under some conditions and induce a locally diffeomorphic geodesic exponential
mapping. We give a condition when Ricci flow is a gradient flow for one of
this metrics.

1. INTRODUCTION

On the manifold M (M) of all Riemannian metrics on a compact manifold M one
can consider the natural L?-metric. It was first described by [10]. Geodesics and
curvature on it were described by [13] and [14] who also described the Jacobi fields
and the exponential mapping. This was extended to the space of non-degenerate
bilinear structures on M in [15] and restricted to the space of almost Hermitian
structures in [16]. In his thesis [7] which was published in two subsequent papers
8, 9], Brian Clarke showed that geodesic distance for the L?-metric is a positive
topological metric on M(M), and he determined the metric completion of M (M).
In contrast, it was shown in [23, 22] that the natural L2-metric on the space of im-
mersions from a compact manifold into a Riemannian manifold has indeed vanishing
geodesic distance. This also holds for the right invariant L2-metric on diffeomor-
phism groups [22], and even on the Virasoro-Bott group [4] where the geodesic
equation is the KdV-equation.

In this paper, guided by the results of [1, 2, 3], we investigate stronger metrics
on M(M) than the L% -metric. These are metrics of the following form:

Gy(h, k) = ®(Vol) / g3(h, k) vol(g) see 4.2
M
or :/ ®(Scal).gd(h, k) vol(g) see 4.3
M
or :/ g9((1 4 A)Ph, k) vol(g) see 4.4
M

where ® is a suitable real-valued function, Vol = [, vol(g) is the total volume of
(M, g), Scal is the scalar curvature of (M, g), and where g3 is the induced metric
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on (g)—tensors. We describe all these metrics uniformly as

GY(hk) = /M g5(Pyh, k) vol(g) = /M Tr(g~'.Py(h).g~" k) vol(g),

where P, : T'(S?T*M) — T(S?*T*M) is a positive, symmetric, bijective pseudo-
differential operator of order 2p,p > 0, depending smoothly on the metric g. We
derive the geodesic equation for the general metric and all particular cases. We
show that under certain assumptions on P, the geodesic equation is well posed and
that the geodesic exponential mapping is a diffeomrophism from a neighborhood of
the 0 section in the tangent bundle T M (M) onto a neighborhood of the diagonal
in M(M) x M(M). The assumptions are satisfied for the metrics in 4.2 and 4.4,
but not for the metric in 4.3.

Finally we derive a condition on P, which is sufficient for the Ricci vector field
to be a gradient field in the GF-metric.

2. NOTATION

2.1. Metric on tensor spaces. For a Riemannian metric g, let
b=g:TM —T*M and $=g ':T*M — TM.
g can be extended to the cotangent bundle 7*M = TY M by setting

97, 8) = gi (. B) = a(5)
for a, B € T*M, and the product metric

9= Qoo Qs
extends g to all tensor spaces T, M. A useful formula is
g3(h, k) = Tr(g~*hg'k) for h,k € TYM if h or k is symmetric.

For a proof using orthonormal frames see [2].

2.2. Directional derivatives of functions. We will use the following ways to de-
note directional derivatives of functions, in particular in infinite dimensions. Given
a function F(x,y) for instance, we will write:

Dy, F' or dF(z)(h) as shorthand for 0;|oF'(z + th,y).

Here (z,h) in the subscript denotes the tangent vector with foot point  and di-
rection h. If F' takes values in some linear space, we will identify this linear space
and its tangent space.

2.3. Volume density. The volume density on M induced by the metric g is given
by vol(g) = vol(g) € T'(vol(M)), where vol(M) denotes the volume bundle. The
volume of the manifold with respect to the metric g is given by Vol = [, vol(g).
The integral is well-defined since M is compact. If M is oriented we may identify
the volume density with a differential form. Furthermore we have the following
formula for the first variation of the volume density (see for example [1, section 3.6]
for the proof):
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Lemma. The differential of the volume density

{F(SiT*M) —  T'(vol(M))
g —  vol(g)

is given by

1 _
D g,m) vol(g) = B Tr(g 1.m) vol(g).

2.4. Metric on tensor fields. A metric on a space of tensor fields is defined by
integrating the appropriate metric on the tensor space with respect to the volume
density:

T k) = [ g7 (h(a) k(@) vollo) o)
for h,k € T'(TTM). According to section 2.1, if h and k are tensor fields of type

(9) and A or k is symmetric, then

R(h k) = /M Te(g ™ h(z)g™ "k(x)) vol(g) (x).

2.5. Covariant derivative on M. We will use covariant derivatives on vector
bundles as explained in [21, especially section 19.12]. Let X be a vector field on M.
The Levi-Civita covariant derivative Vx on (M, g) can be extended uniquely to an
operator on the space I'(T7 M) of all tensor fields on M. This covariant derivative
depends on the metric g.

We define its derivative with respect to g as
(1) N;(m) = N;(g,m) = D(gm)(V : T(ITTM) = D(T, 1 M)),

where m is a tangent vector to g. The operator N7 (m) € I'(L(TIM,Tr, M)) is
tensorial since

D(g,m)v(fh) = D(g,m)(df ®@h+ th) = fD(g,m)Vh
holds for f € C*°(M) and h € T(T?M). In abstract index notation one has

i L
(2) (No(m)) 5 = 29 H(Vm) e+ (Ym) kg — (Ym)ii),
as can be seen from the formula [5, theorem 1.174]:
1
9(Digm)(VxY),Z) = 5((me)(Y, Z) + (Vym)(X, Z) = (Vzm)(X,Y)).
Furthermore, N{(m) = —Ng(m) since one has for a € QY(M) and X,Y € X(M):

(D(g,m)Vxa)(Y) = D(gm)(d(a(Y)).X —a(VxY)) = —a(Dgm) VxY).

Since Vx is a derivation on tensor products, one gets a similar property for N7 (m):

(3) (N:(m)) 01 eoidp Il s _

Gkio ke kepr o kegs
= (Ng(m)) 2 612 .00 + . 40 ot (NP (m))

jkl ! kr+s o kr+s—1 jkr+s’

where one has N{ in the first r summands and N in the last s summands.
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2.6. The adjoint of the covariant derivative. The covariant derivative, seen
as a mapping V : I(T/ M) — I'(T7, ;M) admits an adjoint V* : I'(T7, M) —
[(T7 M) with respect to the metric g, i.e.: gZ_EL(VB7 C) = g7(B,V*C). It is given
by V*B = —Tr9(VB), where the trace contracts the first two tensor slots. This
formula is proven in [2].

2.7. Second covariant derivative. When the covariant derivative is seen as a
mapping V : [(T, M) — I'(T}, M), then the second covariant derivative is simply
VV = V2 : I(TiM) — T(T7,M). For X,Y € X(M), it is given by V%, =
tytxV? = 1yVxV = VxVy — Vy,y. Higher covariant derivatives are defined
accordingly.

2.8. Laplacian. The Bochner-Laplacian is defined as Ah := V*Vh = —Tr?(V?2h).
It can act on all tensor fields h, and it respects the degree of the tensorfield it is
acting on. Using 2.5 we get:

Lemma. The differential of the Laplacian acting on (f;) -tensors is given by:
D(g’m)Ah = _D(g,m) Trg(VZh)
= Tr(g~'mg~'V?h) — Tv? (NP (m)Vh) — Tr? (VNE(m)h).
2.9. Curvature. The Riemann curvature tensor is given by
R(X,Y)Z =VxVyZ —VyVxZ =V xy|Z.

The Ricci tensor field Ricci(X,Y") is the trace of the map Z — R(Z,X)Y. The
scalar curvature is Scal = Tr?(Ricci).

Lemma. [5, theorem 1.17/] The differential of the scalar curvature

D(SIT*M) — C>®(M),
g — Scal

is given by

D g,m) Scal = —A(Tr(gfl‘m)) —V*(V*(m)) — gg(Ricci,m).

3. RIEMANNIAN METRICS ON THE MANIFOLD OF RIEMANNIAN METRICS
Let P, : T'(S?*T*M) — T'(S?T*M) be a positive, symmetric, bijective pseudo-

differential operator of order 2p depending smoothly on the metric g. Then the
operator P induces a metric on the manifold of Riemannian metrics, namely

G;’(h,k):/Mgg(Pgh,k)vol(g):/M Tr(g~*.Pyh.g~t.k) vol(g).
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3.1. Geodesic equation. Given H and K such that
D(g,m)G_zI;(hv k) = Gi;(Kg(ha m)v k) = Gf;(mv Hg(hv k))a

the geodesic equation is given by the following variant of the Christoffel symbols

1
*Hg(gtagt) - Kg(gtugt)ﬂ

git = 5

see [24, 1, 2].

We will now compute the metric gradients H and K. The calculations at the
same time show the existence of the gradients. For this aim, let m,h,k € Ty M.
Using the formula for the variation of the volume density from section 2.3 we get

G (Ky(h,m), k) = D(gm)GE (h,k) = Dy m) /M Tr(g~*.Ph.g~".k)vol(g)

= / Tr ((D(g’m)g_l).Ph.g_l.k) vol(g) + / Tr (g_l.(D(g’m)P)h.g_l.k:) vol(g)
M M

+ /M Tr (9" . Ph.(Dg.myg~")-k) vol(g) + /M Tr (g~ " Ph.g~".k) Dy m) vol(g)
= /M [ —Tr (g_l.m.g_l.Ph.g_l.k) + Tr (g‘l.(D(g,m)P)h.g_l.k‘)
—Tr (g ".Ph.g 'm.g~" k) + Tr (g7 ".Ph.g™ ' k) % Tr(g_l.m)} vol(g)
- /M gg( —m.g~".Ph+ (D(gmP)h — Ph.g"".m + %Tr(gfl.m).Ph, k) vol(g).
Therefore the K-gradient is given by

1
Ky(h,m) = P~ { —m.g~!Ph+ (D(gumP)h— Ph.g™"m + 5 Tr(g’l.m).Ph} :

To calculate the H-gradient we will assume that there exists an adjoint in the
following sense

(1) (@ﬁ@%mﬂhmm@=ﬂﬁ%m@mWW%Dm@

which is smooth in (g, h, k) and bilinear in (h, k). The existence of the adjoint needs
to be checked for each specific operator P, usually by partial integration. Using
the adjoint we can rewrite the equation above as follows:

G (Hy (1)) = (Dl G ) = Digmy [ 48(PI.E) vol(g)
1
= / gg< —m.g~".Ph+ (Dg,m)P)h — Ph.g™".m + 5 Tr(g~*.m).Ph, k) vol(g)
M
— /M gg (m, fPh.gfl.k) + gg (m, (D(g,_)Ph)*(k)) + gg (m, fk.gfl.Ph)

1 —_ —
+ igg (m, g. Tl“(g 1.Ph.g 1]{:)) vol(g)

Here we can easily read off the H-gradient:

Hy(h,m) =P~ ((D,, Ph)*(k) — Ph.g” "k — k.g~ ' .Ph+ %.9.Tr(¢" ' .Ph.g”".k)).
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Therefore the geodesic equation on the manifold of Riemannian metrics reads as:

1

git = §Hg(9t79t) - Kg(gt,gt)

_ " 1 _ _
= P~ (Dig.)Pgr)"(90) + 7-9-Te(g ™" Pgr-g™".g0)

1 B 1 _ 1 _
+ 591‘,-9 l-Pgt + ipgt-g l-gt - (D(g,gt)P)gt - iTr(g 1~gt)-Pgt

We can rewrite this equation to get it in a slightly more compact form:

(Pgt)t = (D(g,g,,)P)gt + Pgtt
* 1 — —
(2) = (Dg.)Pg0)"(90) + 7.9-Tr(g ™" Pgrg™".g0)
1 B 1 _ 1 _
+ igt.g L Pg, + §Pgt.g Lge — 3 Tr(g 1.gt).Pgt

3.2. Well-posedness of some geodesic equations. For any fixed background
Riemann metric § on M and its Levi-Civita covariant derivative V, the Sobolev space
H*(S?T*M) is the Hilbert space completion of the space I'(S?T*M) of smooth
sections, in the Sobolev norm

k
2 — a0, (V) V)7 h) vol(§).
In)2 —g / 85 (9)h, (9 h) vol(3)

The Sobolev space does not depend on the choices of g; the resulting norms are
equivalent. See [25] for more information. The following results hold:
dim(M)

e Sobolev lemma. If k > <5~ then the identy on I'(S*T*M) extends to

a injective bounded linear mapping H**?(S?T*M) — CP(S?T* M) where
CP(S2T*M) carries the supremum norm of all derivatives up to order p.

e Module property of Sobolev spaces. If k > di%% then pointwise evalu-
ation H*(L(S2T*M,S2T*M)) x H*(S?T*M) — H*(S?T*M) is bounded
bilinear. Likewise all other pointwise contraction operations are multilinear
bounded operations. See [12], or [11, 1.3.12].

The Sobolev lemma allows us to define the Sobolev space M*(M) := H*(S2T*M)

for k > di%(M).

Assumptions. Let Py(h), P, ' (k) and (D4, yPh)*(m) be linear pseudo-differential

operators of order 2p in m,h and of order —2p in k for some p > 0.

As mappings in the foot point g, we assume that all mappings are non-linear,
and that they are a composition of operators of the following type:

(a) Non-linear differential operators of order | < 2p, i.e.

A(g)(x) = A(=, g(x), (Vg)(@), ..., (V'g)(x)),
(b) Linear pseudo-differential operators of order < 2p,
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such that the total (top) order of the composition is < 2p.

Since h — FP,h induces a weak inner product, it is a symmetric and injective
pseudodifferential operator. It is natural to assume that it is elliptic and selfadjoint.
Then it is Fredholm and it has vanishing index by [25, theorem 26.2]. Thus it is in-
vertible and g — P, ! is smooth H*(STT*M) — L(H"*(S*T*M), H*+2*(S2T*M))
by the implicit function theorem on Banach spaces.

Theorem. Let the assumptions above hold. Then for k > &%%, the initial value

problem for the geodesic equation (3.1.2) has unique local solutions in the Sobolev
manifold M*T2 (M) of H*2P-metrics. The solutions depend C> on t and on
the initial conditions g(0, . ) € M**2P(M) and ¢,(0, . ) € H**?P(S?T*M). The
domain of existence (in t) is uniform in k and thus this also holds in M(M).

Moreover, in each Sobolev completion M*T2P(M), the Riemannian exponential
mapping exp’ exists and is smooth on a neighborhood of the zero section in the
tangent bundle, and (m,exp”) is a diffeomorphism from a (smaller) neighborhood
of the zero section to a neighborhood of the diagonal in M*T2P (M) x MF+2P (M),

dim (M)
2

All these neighborhoods are uniform in k > and can be chosen H*12P_open,

where kg > dm) - Thys all properties of the exponential mapping continue to hold

2
This proof is an adaptation of [2, section 4.2]

Proof. We consider the geodesic equation as the flow equation of a smooth (C°°)
vector field X on the open set

MFF2P 5 /HR(S2T* M) ¢ HFF2P(S2T* M) x H*(S?T* M).

We now write the geodesic equation as the flow equation of an autonomous
smooth vector field X = (X1, Xs) on M*+2P x H* as follows (using (3.1.2):

gt = (Py)""h =t X1(g, h)

hy = ((D(g,.)Pg)(Pg)_lh)*((Pg)_lh) + i.g.Tr(g_l.h.g_l.(Pg)_lh)

1 B B 1 - - 1 _ _
(1) +§(Pg) lh-g 1.h+§h.g 1-(Pg) th— §Tr(g 1'(P9) 1h)'h
= X2(gah)

For (g,h) € M*2 x H* we have (P,)"'h € H¥™?’. Thus a term by term in-
vestigation of (1), using the assumptions on the orders, shows that Xs(g,h) is
smooth in (g, h) € M*+2P x H* with values in H*. Likewise X;(g,h) is smooth in
(f,h) € MFH2P x H* with values in H**2P. Thus by the theory of smooth ODE’s
on Banach spaces, the flow FI* exists on M*+2° x H* and is smooth in ¢ and the
initial conditions for fixed k > &%M.

We consider C* initial conditions go = g(0, ) and hg = P,g:(0, )=h(0, )
for the flow equation (1) in M(M) x T'(S*T*M). Suppose the trajectory F1F (g, o)
of X through these intial conditions in M**2P x H* maximally exists for t €
(—ak,by), and the trajectory FI; 1! (go, ho) in MFHIH2P x FF+1 maximally exists
for t € (—agt1,br+1) with agy1 < ap and bgy1 < by, say. By uniqueness of
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solutions we have F1FT(go, ho) = F1¥(go, ho) for t € (—ags1,bxr1). We now apply
the background derivative V to both equations (5):

(Vg)e = Vg = VXi(g,h)
(Vh); = Vh, = VXa(g, h)
We claim that for i = 1,2 we have
VXi(g,:h) = Xi1(9, B) (VP g) + Xio(g, h)(VPHh) + Xia(g, )

where all X; ;(g,h)(l) and X;3(g,h) (i,j = 1,2) are smooth in all variables, of
highest order 2p in g and h, linear and algebraic (i.e., of order 0) in I. This claim
follows from the assumptions: (b) For a linear pseudo differential operator B of
order ¢ the commutator [V, B] is a pseudodifferential operator of order ¢ again. (a)
For a local operator we can apply the chain rule: The derivative of order 2p + 1 of
g appears only linearly.

Then we write @2”+1g = @2’7@ and V2P+1p = V2], for the highest derivatives
only. The last system now becomes

gt = Xl,l(g7 h)(¢2p§) + X1,2<g7 h)($2pib) + X1,3(g7 h)
hi = X2,1(9, D) (V) + X2,2(9, h)(V*Ph) + X25(g, )

which is inhomogeneous bounded linear in (§,h) € M*2P x H* with coefficients
bounded linear operators on H¥+2P and H”, respectively. These coefficients are C'>°
functions of (g, h) € M**+2P x H* which we already know on the intervall (—az, by,).
This equation therefore has a solution (j(t, ),h(t, )) for all ¢ for which the
coefficients exists, thus for all ¢t € (ag,by). The limit lim; ~, ,, (§(¢, ), h(t, )
exists in MFT22 x H* and by continuity it equals (Vg, Vh) in M*+20 x H* for
some t > bg41. Thus the H k+1_flow was not maximal and can be continued. So
(—ak+1,b6+1) = (—ag,br). We can iterate this and conclude that the flow of X
exists in [),,5, M™T?P x H™ = M x I,

It remains to check the properties of the Riemannian exponential mapping exp”.
It is given by exp} (h) = ¢(1) where ¢(t) is the geodesic emanating from value g
with initial velocity h. From the form gy = 2Hgy(gt, 9t) — Kg(gt,9¢) =: Dg(gs, g¢)
(see subsection 3.1), namely linearity in g4 and bilinearity in g;, and from local
existence and uniqueness on each space M**+2P(M) the properties claimed follow:
see for example [21, 22.6 and 22.7,] for a detailed proof in terms of the spray vector
field S(g,h) = (g,h;h,Ty(h,h)) on TM(M) which works on each TM*+2P(M)
without any change in notation. So we check this on the largest of this spaces
MPFo (M) (with the smallest k). Since the spray on M*o (M) restricts to the spray
on each MF*+2P(M), the exponential mapping exp? and the inverse (7,exp?)~!
on MP¥o (M) restrict to the corresponding mappings on each M*+2P(M). Thus the
neighborhoods of existence are uniform in k. [

3.3. Conserved Quantities. Consider the right action of the diffeomorphism
group Diff (M) on M(M) given by

(9,9) — ¢"g.
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For this action we can calculate the fundamental vector field as follows:

Cx(9) = Lxg = —28ym V(g(X)).

For a proof of the last equality see [5, section 1]. If the metric G is invariant under
this action, we have the following conserved quantities (see for example [1]):

const = G¥ (g1, Cx (g)) = / 4 (Pge, —28ym V (g(X))) vol(g)
M
= =2 [ (9" Sym P, g(X)) vollg) = 2 [ (V" Pan)(X) vol(g)

= —2/ g(g*IV*Pgt,X) vol(g)
M

Since this equation holds for all vector fields X this yields

’ (V*Pg;)vol(g) € T(T* M ®p vol(M)) is const. in time.

4. SPECIAL CASES OF P

4.1. The H%-metric. The simplest and most natural example is the operator P
of order zero given by P(h) = h. The induced metric is the so called L?-metric or
HO-metric, which is well studied as mentioned in the introduction. We can easily
read off the geodesic equation from the previous section:

1 _ 1 _
==.9.95(9t,9¢) + 909" "9t — = Tr(g7 " .g4).9

it 1 5

This coincides with the equation derived in [13] and [14]. All conditions from 3.2
are obviously satisfied. Thus the geodesic equation is well-posed.

4.2. Conformal metrics. Here we consider metrics of the form
G (k) = B(Vol) [ 480, 1) vol(g).

where @ is some positive function and Vol = [ 2 Vol(g). To calculate the adjoint
we will use the variational formula for the volume form from section 2.3:

| ablom, Dy PR 0) vol9) = [ g3(Dlymy PIRE) vl
= &' .(Dg,m) Vol). /g (h, k) vol(g)
M
/Tr(gfl.m)vol(g)./ Tr(gfl.h.gfl.k)vol(g)
M M
Tr (g_l.m.q)'. /M g3(h, k) vol(g)) vol(g)

/
i

95 (m @' g. /M g5 (h, k) Vol(g)) vol(g)
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Using this formula for the adjoint, the geodesic equation reads as:

@’ 1
st =59 | dBlar.g)vollo) + 1963190
M
!/

_ d 1
+9e.9" " g + 5./ 95(gt, g) vol(g) — 598(gt,g)~gt
M

or

_ _ d _ _
(@.gt)t:@.g./ Tr(g Lgig 1.gt)vol(g)+z.g.Tr(g Lgig 1.gt)
M

_ ® _
+®.91.97 gt — B) Tr(g 1-9t)'9t

All conditions from theorem 3.2 are satiesfied. Thus the geodesic equation is well-
posed and the geodesic exponential mapping exists and is a local diffeomorphism.

4.3. Curvature weighted metrics. We consider metrics weighted by scalar cur-
vature:

Gl (h k) = / ®(Scal).g9(h, k) vol(g).
M

Using the variational formula from section 2.9 we can calculate the adjoint as fol-
lows:

[ 98, Dy, Py () vollg) = [ g3((Digumy P 1) vl(g)
M M
= / ®'.(Dg,m) Scal)g3 (h, k) vol(g)
M
= / <I>'.< — A(Tr(g~tm)) — V*(V*(m)) — ¢9(Ricc, m))gg (h, k) vol(g)
M
= [ @[~ (Ve ). V() - (V). V0. 8)
— g5 (gg(h, k) Ricc,m)} vol(g)
:/ @’.[— Tr(g~ .m).V*Vgd (h, k) — ¢ (m,VQgg(h,k))
M
— g9 (gg (h, k) Ricc, m)] vol(g)
= / @' .g9 (m, —9.A¢3(h, k) — V2g9(h, k) — g3(h, k) Ricc) vol(g)
M

Using the formula for the geodesic equation from section 3.1 yields

(®.9¢)¢ = ‘I’/( - Q-Aggg(gt,gt) - v293(9t79t) - Qg(gt,gt) RiCC)

) _ _ _ P _
+ Z.g.Tr(g Lgig 1.gt) +®.gi.g g — §Tr(g 1.gt).gt.

The conditions of theorem 3.2 are violated and therefore it is not applicable. We
do not know whether the geodesic equation is well-posed.
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4.4. Sobolev metrics using the Laplacian. We first consider the Sobolev
metric of the form

Gk = [ 1+ Ayh ) vollg
M

where AY is the geometric Bochner-Laplacian described in 2.8. To calculate the
adjoint we will need the following lemma:

Lemma. The differential of the Laplacian acting on (g) -tensors admits an adjoint
with repect to the metric g3, which is given by:

98 (D(gam)Ah’ k) = gg (m7 (D(g,.)Ah)*(k))
= G2 (m. "9 (V) uhyngs — (NSOIVRY (9.9 R) -+ (N9()A)* (V).
Here (N)(.)h)* denotes the adjoint of the differential of the covariant derivative:
9941 (NG (m)h, k) = g§ (m, (NG ()h)* (k) = g8 (m, V* (o(Ng) ()h)*k),

where h € T(TYM), k € T(T2, ;M) and where o(NJ) denotes the total symbol of
Ng. It is tensorial and of the form

o (Ng)(m)(h)(Xo, ..., Xq) =
2

1 q . . —~
=YX X S ) Ko X)) K X ),
J=1 i=0

where m € T(T*M ® S3T*M), h € T(T)M), Xo,..., X, € X(M), and where 7" is
the i-th power of the cyclic permutation T(@ @ LR ¥) = 7R a® S.

Proof. To prove the formula for Ng it suffices to show that
Ng(m)(h) = a(Ng)(Vm)(h).
This follows from (2) and (3) in 2.5. The formula for D, A follows from 2.8. [

We can use this lemma to calculate the adjoint of P:
0 * _ 0
| d8m (D) PR (0)) vol(9) = [ 68((Digmy PILE) voll)

95((L+ A) "1 (DgmyA) (1 + AP, k) vol(g)

|
.Mﬁ

-
Il
_

I
NE

95 ((D(g,m)A) (1 + A)P~"h, (1 + A) k) vol(g)

©
I
-

I
'M"S

«
Il
-

g8 (m, (Do, A)(1+ A" 7h)"(1+ A) ') vol(g)
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Using the formula for the geodesic equation from section 3.1 and the formula for
the adjoint of D, P yields the geodesic equation for Sobolev type metrics:

(L4 A)gy)e = g" 71 g2 (VAL 4+ AP ge) L ivia (1 + A7 ge)juso
— (N§()V(L+ AP )" (g® 1+ A) " g)

+ (NS ()AL +A)PTig) (VL +A) g + i-g- Tr(g~'.(1+ A)Pgi.9~ " .g1)

1 1 - 1.
+ 5019 L1+ A)g + 5L+ 48)%g:.g Lo — 5 Trlg Lo).(1+ A)Pg,.

The conditions of theorem 3.2 are valid, so the geodesic equation is well-posed.

5. THE RICCI VECTOR FIELD

The space of metrics M(M) is a convex open subset in the Fréchet space
[(S?T*M). So it is contractible. A necessary and sufficient condition for Ricci
curvature to be a gradient vector field with respect to the G'-metric is that the
following exterior derivative vanishes:

(dG” (Ricci, ) (h, k) = hG" (Riccl, k) — kG (Ricci, ) — GP (Ricci, [k, k]) = 0.
It suffices to look at constant vectorfields h, k, in which case [h, k] = 0. We have
hG® (Ricci, k) — kG* (Ricci, h)
_ / (=T (9 hg™ (P Ricci)g™'k) + Tr (g™ kg™ (P Ricci)g™'h)
+ Tr (97" Dg,n(PRicci)g™'k) — Tr (g7 ' Dy (P Ricci)g~'h)
—Tr (gfl(P Ricci)gflhgflk) + Tr (gfl(P Ricci)gflkgflh)
+ Tr (¢~ ' (P Ricci)g™ k) Tr(g~"h) — Tr (g~ (P Ricci)g'h) Tr(g_lk‘)) vol(g).
Some terms in this formula cancel out because for symmetric A, B, C one has
Tr(ABC) = Tr((ABC) ") = Tr(C"BTAT) = Tr(ATCTB") = Tr(ACB).
Therefore
hG”® (Ricci, k) — kGF (Ricci, h)
= / (Tr (97" Dy, (P Ricci)g™'k) — Tr (97" Dy, (P Ricci)g™'h)

+Tr (97 (P Ricei)g'k) Tr(g~'h) — Tr (¢ ' (P Ricci)g™'h) Tr(gflk)) vol(g).

We write Dy (P Ricci) = Q(h) for some differential operator () mapping symmetric

two-tensors to themselves and Q* for the adjoint of @ with respect to 3.

hG”® (Ricci, k) — kGF (Ricci, h)
= [ (8@t 1) ~ g8 (Qeb. 1)
+ g2 (P Ricei, k) Tr(g~"h) — g9 (P Ricci, h) Tr(gflk)) vol(g)

_ / 63 (Q(h) — Q" (h) + (P Ricci). Te(g k) — g.g3 (P Ricci, ), ) vol().
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We have proved:

Lemma. The Ricci vector field Ricci is a gradient field for the G -metric iff

[

Q(h) — Q* (k) + (P Ricci). Tr(g~ ') — g.99 (P Ricci, h) = 0.
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